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In this paper we address some issues about theenafisecondary teacher mathematical
knowledge in the area of Calculus. Our researcladaimes from observing classroom
teaching of nine teachers and from interviews withm. In particular, we indicate some
qualitative characteristics of the specialised neatiatical knowledge for teaching that
allow the teacher to create a rich mathematical oamication in the classroom. These
characteristics includéeacher’s ability to make connections between rdiffe
mathematical areas; to be aware of the role of ¢hesnnections in the discipline of
mathematics; to extend these connections to otiseiptines; to blend mathematical and
pedagogical dimensions.

The last two decades a number of studies have piiteinto define the nature and the
components of teacher knowledge that is necessamdthematics teaching. In most of
these studies the investigation of this knowledgeaised on the analysis of data that come
from the actual teaching practice. It seems thateélacher knowledge required for teaching
is rooted in the mathematical demands of teachsajfiand it differs from the knowledge
that a teacher has acquired in the formal educéBah and Bass, 2003; Cooney and
Wiegel, 2003). An initial characterization of teaclknowledge comes from Shulman’s
work (Shulman, 1986; 1987) who distinguishes tluaegories that describe teacher
content knowledge, th&ubject matter content knowleddleepedagogical content
knowledgeand thecurricular knowledgeAlthough these categories are not specific to
mathematics teaching, many researchers in mathesreatucation have used these as a
framework of their work. In particular, the notiohpedagogical content knowledge which
identifies the special kind of teacher knowledga tinks content and pedagogy is used as
the basis to define the specialized mathematicamedge that the teacher needs. Ball and
Bass (2000) used the termathematics knowledge for teachimgcapture the complex
relationship between mathematics content knowleahgketeaching. They also distinguished
in this knowledge two key elements: “common” knosdge of mathematics that any well-
educated adult should have and “specialized” ma#tieal knowledge that only teachers
need to know (Ball, Hill and Bass, 2005). RowlaHdckstep and Thwaites (2005) also
constructed a framework, thkaowledge quarteto describe mathematics content
knowledge of prospective primary school teacherasdh (1998) elaborated further the
notion of teacher knowledge and talked about tleeels of awareness, awareness in
action, in discipline and in counsel both in mathéos and in mathematics teaching.

There is a rather small number of studies thatfamrumathematics secondary school
teacher knowledge. For example, Even and Tiros@q)LStudied teachers’ subject matter
knowledge and knowledge about students in the @fagmction concept, discriminating
each of these in terms of “knowing that” and “knog/iwhy”. An,Kulm and Wu (2004)
also considered a network of pedagogical conteotledge and investigated the
differences in teachers’ pedagogical content kndgaebetween middle school
mathematics teachers in China and the United St@tesnappan and Lawson (2005)
examined the connectedness of secondary schoblaisageometric knowledge by using
as an analytic tool, the concept map. However, mtueies are needed investigating



teacher knowledge on topics included in the higiestcurriculum and also identifying
what constitutes this knowledge. In this case ctir@ent knowledge is rather complex so
we need more specific frameworks to describe th@\edge. Mason and Spence (1999)
consider that mathematical and pedagogical knoveledgstitutes not only knowing-that,
knowing-how, knowing-why but also knowing to actldenowing to act in the moment.
The last two elements are related to teacher’ &yabol recognise the appropriate method of
approaching a particular mathematical situatiorMaluate teaching situations and to make
on the spot decisions. Killpatric (2001) descrifigd strands that define mathematical
proficiency: conceptual understanding, proceduuarfcy, strategic competence, adaptive
reasoning and productive disposition. Boaler (2@8ked about elements of a rich
mathematical activity such as creativity, inquistiess, making connections, viewing
mathematical representations dynamically.

Mason’s, Killpatric’s and Boaler’'s work attemptdefine what we consider as quality of
mathematics knowledge which goes beyond procednhconceptual knowledge and
requires deep understanding of connections in madlies itself and between mathematics
and other situations. In our study, we draw eles&oim the above characterisation to
form a framework for analyzing the quality of teacdi mathematical knowledge
concerning Calculus. In this paper, we will discisther some of the issues that emerged
from our data about the nature of this knowledgeitsrelation to teachers’ practice and
have been presented in Potari et al (2007)

METHODOLOGY

Our data was comprised of classroom observatiaf@nnal discussions before and after
teaching and audiotaped semi-structured interviel¥ge researchers observed and took
field notes from three teaching sessions on deveaonducted by each of nine teachers.
The interviews focused on teachers’ experienceeamimtg mathematics and mathematics
teaching; teachers’ views about teaching and iegmmathematics in general and calculus
and derivative in particular; and teachers’ intetations of specific pedagogical actions
that were identified during the observations. Thalysis of the classroom data aimed at
identifying elements of teachers’ knowledge as theerged from their practice. These
elements were discussed in terms of our concepturaework of teachers’ mathematical
knowledge. The analysis of the transcribed intevgigvas initially done vertically for each
teacher and then horizontally across the nine txaah order to identify general patterns
and relations among the different elements of tiektedge.

RESULTS

The elements of teachers’ mathematical knowledgewkere identified from our analysis
concerned their conceptual understanding, thergmtoral fluency, their ability to make
connections, to prove and justify, their realizatad the role of symbols and their ability to
reflect and extend the mathematical activity. Tthese elements will be discussed in this
paper and we will attempt to see what goes beyeadarmal mathematical knowledge that
someone with a mathematics degree should haveadadds to the specialised knowledge
of teaching (Ball, Hill and Bass, 2005)

The quality of conceptual understandifiggachers’ conceptual understanding is necessary
for teaching. However, the nature of this undeditagnneeds further clarification. For
example, understanding the tangent of a curven@ateoncept that was considered in the
observed lessons, goes beyond the formal defingnwhit includes different qualitative
characteristics. Most teachers in our study didseeim to realize that the tangent of the



circle is a particular case of the tangent of tinve. They gave as a starting example the
tangent of the circle, an approach that was sugdestthe school textbook, for reminding
the students where they had met before this contlph, they introduced the tangent of a
curve, they wrote its equation on the board witreot further reference to the circle’s
tangent. In the interview, a teacher (teacher Ajinyuished two types of tangents, one that
has only one common point with the curve whichailbed “tangent of the curve” and
another which has more than one common point acallisd “tangent of the curve at a
point”. On the contrary, another teacher (teachesd®@med to believe that there is possibly
a relation between the tangent of the circle aedggmeral notion of the tangent of a curve
but she could not identify it. In the interviewgesiwondered: “Can we give a global
definition for the tangent of a curve like in these of circle? | have looked to find a
definition as we say this is... but | haven’t fouhéhithe textbooks...”. In the case of the
tangent of the circle she recognized a global aterstic property- exactly one common
point — while in the general case of the curvedégnition is of a local nature as it refers to
a specific point. These teachers seemed to haatherifragmented view of the concept of
tangent and they could not identify relations bemthe tangent of circle and of curve.
This is an indication that their mathematical awass has not reached the level of
awareness in discipline. Teachers’ realisation waproperty is local or global and that a
local property could become global in some speaxaaks, as in the tangent of the curve,
seemed to be crucial for the teaching of this cphaad it is an example of the specialised
mathematics knowledge for teaching.

The integration of mathematical and pedagogicaMdedge In most of the observed
teaching sessions the mathematical activity rendladthéhe level of action without further
explorations at a meta-level. However, there weve dases where such explorations
occurred. For example, a teacher (teacher C) aft&ad “how” and “why” questions in his
teaching. He also encouraged the students to noaleatures and think about some
uncommon cases. In one episode, the teacher dskestiidents to find the equations of
tangents of a parabola in two different points. Slope of one of these tangents by using
the derivative was found to be zero. The teachiezdhthe students to interpret this: “A lot
of you tend to believe that when you find the slapbe zero something is wrong... What
is the special for a straight line with slope z&rbRe students made conjectures and the
teacher asked them to think further about theiditsd He also encouraged them to think
and interpret what is happening when the sloperbesanfinity and he used the metaphor
as a way to motivate them that “this is food fayught”. In the above example, teacher’s
mathematical knowledge is integrated to his pedagbgnowledge about his students’
understanding. However, his teaching behaviourcatds teacher’s ability to identify
critical points in mathematics and also a probleiwisg view of mathematics that the
teacher has. It appears that teachers’ mathematidgbedagogical experiences cannot be
two distinct forms of knowledge. The specialiseatimematics knowledge for teaching
allows for such integration.

Teachers’ mathematical knowledge and mathematmalnsunication in the classroom
The teachers in our study often attempted to creatain norms that would possibly allow
a rich mathematical communication. They encouragedents to think about different
solutions or how to prove certain formulas for céting derivatives in case that they had
forgotten. However, most of them conceived thesensat a practical level - the students
had to find the shortest solution in order to sawe in the exams — and emphasized in
their teaching the development of skills. On theeothand, few teachers considered these
norms as a way to develop students’ understandidgatended the mathematical
communication at a metacognitive level by askirgstudents to compare and evaluate
their solutions. For example, teacher C when hiseelstudents’ homework in the



classroom, he encouraged his students to desdffbeedt solution methods they had used
and to discuss in the classroom their relationssipdities and limitations. This teacher has
the mathematical knowledge which allows him toeetfflon different solution methods and
to seek the important mathematical characterigtiasdifferentiate these methods. This
knowledge indicates teacher’s awareness in théptlise of mathematics and allows him to
transform classroom communication to a real mattiealacommunication.

Mathematics knowledge for teaching is content $jgedihis claim is illustrated by two
examples. The pedagogical knowledge that one tegieaeher D) developed especially
during his postgraduate studies helped him to taimdktry to implement alternative
teaching approaches in his teaching. This hadfectedn the way that the teacher
interacted with the students. However, this knogtety being independent from teaching
and learning mathematics was not enough to devebogher's mathematical and
pedagogical awareness in the specific area of kml¢aaching. On the other hand, teacher
C had attended at a postgraduate level a courdalaatics of calculus and he considered
the knowledge that he gained was crucial in hisgzional development. However, he
could not “transfer” automatically this knowledgedther mathematical areas. Talking
about relations between geometry and calculusphsidered that “geometry is only
formulas and if the students know these, they easugcessful ... analysis has difficult
concepts and understanding them is important ®sthdents”. In the case of geometry,
this teacher’s knowledge is the formal mathematoalledge that he developed at school
and university while in the case of calculus tmsWwkledge has become specialised for
teaching.

POINTS FOR FURTHER DISCUSSION

The mathematics knowledge that is required for erattics teaching in secondary schools
is beyond the knowledge that someone with a mattiesndegree can have. This
knowledge seems that it can be distinguished, #teicase of primary school teachers, in
common and specialised mathematical knowledge @all, 2005). However, in the case
of secondary education the common content knowledgebe defined as the knowledge
that an adult with a mathematics degree can hdwe specialised mathematical knowledge
is the knowledge that allows the teacher to intege#fectively mathematical and
pedagogical knowledge and create a rich mathenhatisgronment in the classroom. It is
characterised by teacher’s ability to make connestbetween different mathematical
areas; to be aware of the role of these connectiotine discipline of mathematics; to
extend these connections to other disciplinesleéndomathematical and pedagogical
dimensions. From our data, it also appears thaspkeialised mathematical knowledge
seems to be content specific and it requires teveloped parallel to the pedagogical
content knowledge, something which has been adettdsgother researchers in the area of
mathematics teacher education (Cooney and Wie@B8)2 More research is needed on
teacher knowledge in different mathematical aresmeerning secondary education that
would allow us to examine in what ways existed feararks on teacher knowledge can be
used or extended. Another important issue thatsyeete further investigated in secondary
mathematics teacher education is the ways thapbeialised mathematics knowledge for
teaching can be developed.
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