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Abstract

| want to suggest that mathematics is more thdts skich as addition, solving
equations and differentiating basic functions.elidve this because to a research
mathematician, mathematics is more than skillse fgitocesses that are required to
link skills together in a useful way and to genenag¢w skills are equally as important
as the skills themselves. If students are to getiaded view of what mathematics is
they need to see more than skills alone. | ilatstthis by means of a problem.

The Sum Problem and Its Conjectures

The Sum Problem What numbers cannot be expressed as the surstong of two
or more consecutive positive integers?

The only way to get started on this, that | canktof, is to try a few small numbers to
see what can and what can’'t be done. To helpamigcussion, I'll call a number
‘nice’ if it can be expressed as the sum of a gtahtwo or more consecutive positive
intergers. You can see pretty quickly that

3=1+2;5=2+3;6=1+2+3;and 9=8+

are nice numbers.

It's clear too that 1 and 2 aren’t nice — teyust too small to find positive
integers that will add up to them. And 8 isntteneither. Try a few connective
starts. 1+2+3=6 but 6+4=10>8; 283 but 5+4=9>8; 3+4=7 but
7+5=12>8; and 4+5>8.

It might be useful drawing up the following tablehere we show the numbers less
than or equal to 20 and their niceness.
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At this point we see thatonly 1, 2, 4, 8 and drén’t nice. That should make us
sufficiently suspicious to make a conjecture.

Conjecture 1:If n=2 for =0, 1, 2, ..., them s not nice.

But while we're thinking about, that it's worth mog that, in our table, all the other
numbers are nice. So we can make a stronger ¢orgegvhich may not of course be
true.

Conjecture 2 nis not nice if and only ifn = 2",



Naturally you might prefer the next conjecture,retleough it is identical to
Conjecture 2.

Conjecture 3:nis nice if and only ifn # 2°.

The thing about Conjecture 1 is that it only regsiius to prove one thing.
Conjectures 2 and 3 require us to prove twogthione with the “if” and one with
the “only if”. However these last two conjectuggge a much more powerful result,
if they’re true. They actually tell wdl numbers that are nice. Conjecture 1 doesn’t
assure us that there are no other “not nice’ nusaber

The Conjectures and Their Proofs

It's by no means clear either that any of our cojees is true nor how we might go
about proving any of them. So maybe we can fiosdumnter-example.

The first power of 2 that we don’t have in ousleais 32. So let’s assume that 32
is nice. That means that

2=a+@+l)+@+2)+...+a+r-1)
:r(2a+r—1)
2

wherea =1 andr = 2.
We know then that
64 =r (2a+r—1).

What does this tell us? Singeand 2 + r—1 are factors of and= 2 and a+r

—1>2a =2, thenrand 2 +r — 1 must both be powers of two. So 32 looks like
being nice after all! Until you realize thatifis a power of 2 it's even. So—1 is
oddand d+r —1 is also odd. No way thatand 2 +r — 1 can both be powers of
two.

But look at what we’'ve done. Where did it mattettwe assumed that it was 32
that was nice? Wouldn’t the same proof apply dgwedll to 64, 128, 256, ... and
any old power of 2 we liked? Well, maybe we'é&dd¢o do something slightly
different for 2= 1. Putting that aside though we see that amepof two is not
nice. We've actuallproved Conjecture 1!

Can we go the other way? Is it possible to shat ¢lery number thatisot a power
of twois nice? Perhaps we should go the same way as weittlid32. How would
we show that 367 is nice? We'll assume it is s@el what happens.

368 :r(2a+r -1)

0736 =r(2a+r—1)



What factors does 736 have? Can they give usamd a 4 +r —1? Perhaps we
should look for one odd and one even factor? Hedlg 91 = 736. Solet =8 and
then 2+ 7 =91;a=42. That was easy enough!

Sure but how can you convert that into a proofalbnatural numbers not equal to a
power of 2? That needs a little work but the sthgs been set.

What Next?

This is one of the fun parts of mathematics — gaigeng and extending. What
guestions could you ask now? Are there any nunmtheatsare 1-nice? That is, are
there any numbers that can only be made up of emeesce of consecutive numbers?
It's almost certain that 3 is 1-nice. And @=#4+5=4+5isn'tlt What can be
said about 1-nice numbers or 2-nice or 3-nice.Gr

Maybe there are other things that can be donethigshproblem. It's time to use the
imagination.

What's It All About Then?

Let’s go back over the steps we've just been thnoufwe do, and there is license to
imagine other steps, we find the following diagram.

Problem
Experiment
Conjecture
Proof /Counte|r argument\ Give Up
Gen ralis%\Extend For@w \ForrEve

New maths

All maths starts with a problem, whether it's addmown and revered one or
something someone just made up. But a problemnething that you can’t solve
immediately. You have do scratch around for a jtekperiment in some way. Here
we experimented by seeing what nice numbers weldouhd.

This experimentation led us to a guess, a conjectiiow these are not always good
guesses, research mathematicians especially getvwheng all the time. But
guessing itself is good if the problem is hardit @nables us to whittle the problem
away and get successively better conjectures.

When we’'ve got a pretty decent conjecture we milgimk of trying to prove it. How
would we do that? It's not easy, especially atfirlt definitely needs practice. At
this point, then, we either find a proof or we domst a counter-argument. In the
latter case it's back to experimenting and ontoayeither conjectures. In the former



case there’s hopefully a proof and a theorem. Haatpossibly popped some new
maths. And then it's time to think about geneiafizor extending the original
problem and so you are back at a new problem and/lhiole process starts again.

Why Do this?

First of all it's important to say that somethinigel the process described in the last
section is gone though by pure mathematicians wilinnare doing research. There’s
a fundamental series of steps that are gone thralighgh generally in a very
haphazard manner — this is no linear process.

Second we should say that students of all ageg@dimrough this process and
experience the joy of discovery. At the same tihey are experiencing an important
part of mathematics that is often hidden away bgtkext book writers and by
research mathematicians when they are writing ap gapers.

Further, | believe that it's possible to go througany of the individual steps with
school students — of all ages. There are probt#naarying difficulty for varying
ability. One of the individual steps is proof!sla fundamental part of mathematics.
| think it should be introduced to all childrenat mathematics right from the start.
It's very important for children to be able to jigtthings if for no other reason than
the power it gives them over the content of thgestib

Now | have taken an interesting and none too egsplalem here. But it is artificial
in some sense — there is no obvious link with treral school curriculum.
However, there are certainly things in the secondarriculum that can be posed as
problems that students can work through in the Weysuggested here. For
instance, after students have explored Pythag®tesorem they can be asked to
consider what happens if the triangle doesn’t leaxight angle. This can lead them
to the Cosine Rule.

Finally | want to say that it may not be possildelo this kind of thing with every
piece of mathematics at every level of the curtioul First there may not be time.
You may need to cover more material than you caohrdy allowing the students to
explore. Second, some result/skills at a giveellave too hard to be discovered at
that level. Much of what is in the secondary dyliatook years to develop after a
great deal of effort by the finest minds. And thehcourse, students should begin to
learn how to learn to use books and people as esurc

But at leassomeof every course should be approached this waynetbe the
students are being short-changed. They are niigst themselves part of the
mathematical process and worst of all, they aredbdenied the joy of discovery.

So | strongly advocate a wider view of mathematicschool (and possibly even at
university too) that encompasses more than simplg sAs a step in this direction |
would propose that examinations be set that areneo¢ repetitions of learned
algorithms. That way students might be tempte@aon about a wider and more
interesting view of mathematics.



