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1. Episodes

In D’Amore (2006) and in D’Amore, Fandifio Pinill2007), we have reported and discussed,
exclusively from a semiotic structural point of wieepisodes taken from classroom situations in
which students are mathematics teachers in thiilitraining, engaged in facing representations

problems. The task consisted in this: working irargroups the trainee teachers received a text
written in natural language; such texts had tor@esformed into algebraic language. Once they had
come to the algebraic formulation, this was ex@diby the group and collectively discussed. Our
duty as university teachers was to suggest thddurtransformation of the obtained algebraic

expressions into other algebraxpressionsto face collective discussions on their meaning.

We present below three examples:

Example 1

[We omit the original linguistic formulation whicim this case, is not relevant];

the final algebraic formulation proposbkg group 1 isx*+y*+2xy-1=0, which in natural language is
interpreted as follows: «A circumference» [the iptetation error is evident, but we decide to pass

. : 1 .
over]; we carry out the transformation which Ieadsx+y=T that after a few attempts is
X+y

interpreted as «A sum that has the same valus oédiprocal»;

guestion: «Bukﬂcx%y is it or not the “circumference” we started with?»

student A: «Absolutely no, a circumference mustehdwy?»;

student Bx«If we simplify, yes».

One can ask whether or not it is the transformataih gives aensefrom the episode it seems that
if one would perform the inverse passages, thennamgd return to a “circumference”. But it could
also instead be that the meanings are attributeth@¢ospecific representations, without links
between them, as if the transformation that hamnaesfor the teacher has not one for who performs
it.

Example 2

The text written in natural language requires tlyelaraic writing of the sum of three consecutive
natural numbers and the proposal of group lInsl)tn+(n+1) [obviously the doubt remains in the
case oih=0, but we decide to pass over]; we carry out thesformation that leads to the following
writing: 3n that is interpreted as: «The triple of a naturahbar»,

guestion: «But 8 can be thought as the sum of three consecutivealatumbers?»;

student C: «Nadljke thisno, like thisit is the sum of three equal numbers, thaimis

Example 3



We consider the sum of the first 100 natural pesitiumbers: 1+2+...+99+100; we perform Gauss
classical transformation; 101x50; this represenmais recognized as the solution of the problem
but not as the representation of the starting ¢bfee presence of the multiplication sign compels
all the students to look for a sense in mathemlatibpects in which the “multiplication” term (or
similar terms) appears;

guestion: «But 101x50 is it or not the sum of tin&t fLOO positive natural numbers?»;

student D: «That one, is not a sum, that is a piidétion; it corresponds to the sum, but it is not
the sum».

In these episodes we witness a constant changesahing during the transformations: each new
representation has a specific meaning of its owh neferable to the one of the starting
representations, even if the passage from the tiirshe second ones has been performed in an
evident and shared manner.

2. The causes of the changes of meaning
What are the causes of the changes of meaning,oxilgat do they have?

We can start from this diagrathatwe appreciate a lot because of its attempt to pube right
place the ideas aenseandunderstandingRadford, 2004a)
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The process of meanings endowment moves at the samewithin various semiotic systems,
simultaneously activated; we are not dealing wiffuee classical dichotomy: treatment/conversion,
that leaves the meaning prisoner of the internadigc structure, but with something much more
complex. Ideally, from a structural point of viethe meaning should come from within the
semiotic system we are immersed in. Therefor&xample 2the pure passage from-{)+n+(n+1)

to 31 should enter the category: treatment semioticstoamation. But what happens in the
classroom practice, and not only with novices igehbfa, is different. There is a whole path to
cover, that starts from single specific meaningkucally endowed to the signs of the algebraic
language (B is the triple of something; 101x50 is a product, @sum). Thus, there are sources of
meanings relative to the algebraic language thah@nto meanings culturally constructed,
previously in time; such meanings often have towdt the arithmetic language. From a, so to
speak, “external” point of view, we can trace backseeing the different algebraic writings as
equisignificant, since they are obtainable throsgmiotic treatment, but from inside this vision is
almost impossible, bound as it is to the cultunestaucted by the individual in time. In other words
we can say that students (not only novices) tuinboidied to sources of meaning that cannot be
simply governed by the syntax of the algebraic legg. Each passage gives rise to forms or



symbols to which a specific meaning is recognisedalise of the cultural processes THROUGH
which it has been introduced.

In Luis Radford’s semiotic anthropological appro@al$A) mathematical knowledge is seen as the
product of a reflexive cognitive mediated praxiKnewledge as cognitive praxipraxis cogitany
underlines the fact that what we know and the waycame to know it are underlaid by ontological
positions and by cultural processes of meaning yotioh that give form to a certain way of
rationality within which certain types of questioasd problems are posed. Tiedlexivenature of
knowledge must be understood in llyenkov’'s sensa, is, as a distinctive component that makes
cognition an intellectual reflexion of the extermairld in accordance with the forms of individuals’
activity (llyenkov, 1977, page 252). The mediatetiune of knowledge refers to the role played by
tools and signs as means of knowledge objectiboasind as instruments that allow to bring to a
conclusion the cognitivpraxis» (Radford, 2004b, page 17).

On the other hand, «the object of knowledge isfitteted only by our senses, as it appears in Kant,
but overall by the cultural modes of significatipn). (...) the object of knowledge is filtered the
technology of the semiotic activity. (...) knowledgs culturally mediated» (Radford, 2004b, page
20). «(...) These terms are the semiotic means @fotibgation. Thanks to these means, the general
object that always remains directly inaccessikdetstto take form: it starts to become an “objdct o
consciousness” for the pupils. Although generakséh objects however rematontextuab
(Radford, 2004b, page 23).

The approach to the object and its appropriatiothenpart of the individual who learns, are the
result of personal intentions with which individsi@xpress themselves through experiences that see
the objects used in suitable contexts: «Intentmrtur in contextual experiences that Husserl called
noesis The conceptual content of such experiences neettnoema Thus, noema corresponds to
the way objects are grasped and become known bpdheduals while noesis relates to the modes
of cultural categorial experiences accounting foe way objects become attended and disclosed
(Husserl, 1931)» (Radford, 2002, page. 82).

In the cases we presented above, and in genemhihematics, it is specific that the objects are
attended from the first moment in their formal eeg®ion, in our case in the algebraic language; the
individual learns to formally handle these signat twhat happens to the starting mathematical
object? What happens to the starting meanings?upjeose that these meanings are tightly bound
to the arithmetic experience of the pupil and oWei@ the way in which such an experience
becomes objective through its objective transpmsitnto ordinary language. Deep understanding
of algebraic or, more in general, formal manipwiatholds a prominent position.

Through an interesting comparison, Radford expeess@self on this point as follows: «While
Russell (1976, page 218) considered the formal pudetions of signs as empty descriptions of
reality, Husserl stressed the fact that such a pudation of signs requires a shift of intention, a
noematic change: the focus becomes the signs thezasbut not as sigrnser se And he insisted
that the abstract manipulation of signs is suppobenew meanings arising from rules resembling
the rules of a game (Husserl 1961, page 79), wkadhhim to talk about signs havinggame
signification(...)» (Radford, 2002, page 88).

After having shown the broad and complex signifeanf the phenomenon, we must refer to other
disciplines in order to understand better and bdéfte issue of the different meanings of algebraic
expressions, that is, in order to give a significaantribution to this aspect of mathematics
education.

3. Analysis of the phenomenon thanks to theories “extral” of mathematics education

We believe that some theories “external” of math@saeducation can have, and that in fact they
already have, a strong influence on the analysgarafus phenomena, like the ones here described,



therefore giving a contribution to changing theattetical frame of our discipline, in its future
research developments.

Philosophy. We have seen in section 2 how philosophy (Hussphlenomenology) is able to give
a remarkable contribution and we will not repeatselves.

Learning is taking consciousness of a general blojeaccordance with the modes of rationality of
the culture one belongs to.

Sociology.In D’Amore (2005), D’Amore and Godino (2007), wkosv how the results of the
analyses relative to the behaviours of individwelgaged in an activity of conceptual learning of
mathematical objects, their transformations of tescriptions of such objects from ordinary
language to formal language, the manipulationsushsformalizations can be framed within a
sociological interpretation key: the learning eomment is framed within a sociological
interpretation key and the individuals’ behavioars interpreted through the notion of “practice”
and its “meta-practice” evolution. Essentially tiadividuals shift from a shared practice,
recognized as characteristic of the social groey thelong to, to a meta-practice that modifies such
characteristic; the interpretative behaviour themefceases to be global and social and becomes
local and personal; the notions that come into ptaysuch interpretations are specific of the
occasion and not of the situation in its entirety.

We pass over this point, referring back to the gdaéxts.

Anthropology. In D’Amore and Godino (2006, 2007) we go into sglyranthropological details in
order to explain the nature of the choices of tlttvidual who learns mathematics. In such articles
we highlight how «Having obliged the researchepamt all his attention to the activities of human
beings who have to do with mathematics (not onlyisg problems, but also communicating
mathematics) is one of the merits of the anthrogiold point of view, inspiring other points of
view, amongst which the one that today we call Hampological” in the proper sense: the ATD,
anthropological theory of didactics (of mathemati¢€hevallard, 1999; page 221). Why this
adjective “anthropological™? It is not an exclusiess of the approach created by Chevallard in 80s,
as he himself declares (Chevallard, 1999), but afie¢t of the language” (page 222); it
distinguishes the theory, identifies it, but itnst peculiar to such theory in a univocal way »
(D’Amore, Godino, 2006, page 15). The ATD is almesgtlusively centred on the institutional
dimension of mathematical knowledge, as a developroé the research program started with
fundamental didactics. The crucial point is thatT&A places themathematicalactivity, and
thereforethe studyin mathematics activityin the set of human activities and of social ingitns»
(Chevallard, 1999).

This kind of analyses, although subjected to ¢sitics in D’Amore, Godino (2006, 2007), has
opened the way to the use of anthropology as malrinstrument, as a new theoretical frame at
research into mathematics education, in accordastewhat has been already highlighted in the
above quoted articles. It is the human being, strointhe acquired culture, strong of the specific
expressive, communicative luggage, who handlesdbwmitings and gives them a meaning that it
cannot be anything else but coherent with his $duistory; every meaning of each formal
expression is the result of an anthropological canspn between a lived history and a here-and-
now that must be coherent with that history.

We pass over this point, referring back to the gdaéxts.

Psychology.In D’Amore and Godino (2006) we show how the slHiiim the anthropological

vision to the onto-semiotic one is made necessanyo(igst other things) by the need of not
trivializing the presence of psychology in the stadl learning and, in general, classroom situations
In D’Amore (1999) we show, for example, how ideasrepresentation drawn from psychology,
regarding the explanation of the passage from infagak) to model (stable) of concepts (Paivio,



1971; Kosslyn, 1980; Johnson Laird, 1983; Vecch292), can be placed as a unitary basis of the
explanation of several didactic phenomena, astimtumodels, the shift from internal to external
models, the figural concepts, up to misconceptistisdied mainly in the 80s. Also the ideas of
frame and script (Bateson, 1972; Schank, Abels®r7)Lhave been used for the same purpose.
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