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Mathematics education researchers have recentpptedlcomplexity theories to
understand curriculum, teaching and learning (seexample, Davis & Simmt, 2006;
Namukasa & Simmt, 2003). In this paper, | attempobi@mplexity science interpretation of
the contribution of multiple disciplines of influea to mathematics education. | focus on
the problem of conceptualizing mathematical thigkin

There are a variety of schools of thought on whath@matical thinking is, all depending
on theoretical framework espoused. Although theslshof thought might appear

distinct, B. Davis, Sumara and Luce-Kapler (200@yayve that some of them share
overriding metaphors and basic assumptions abauitbon in general and mathematical
thinking in particular. In this paper | suggestttbehools of thought that share a
discipline of influence are likely to share basss@amptions. For instance schools that are
influenced by individual psychology may share tesumption that learning is

individually based, those influenced by sociololggttiearning is socially based and those
influenced by anthropology that it is culturallysed. | have grouped schools of thought
that share fundamental assumptions into ¢héd andstructural(individual and content)
psychologyparadigmcognitiveandinformationparadigmco-emergenaindcontext
paradigmgcoherentandpost-structuralparadigm and, recently, tieeologicaland
systemparadigm. In the first five sections | briefly ewae how mathematical thinking

is construed in each of these paradigms. Due fitaliilons of space | do not go into the
details nor do | give a conclusive list. Views sashthe genetic approach (Safuanov,
2007) and the modeling approach that are risingiglish publications) are beyond the
scope of this paper. In Section 6, from the viewmpof complexity science, | outline
some contributions of having multiple disciplindsrdluences in mathematics education.

1 Individual and Content Psychology

The influence of psychology on mathematics edunatiay be traced back to Brownell's
(1935/1970) movement toward meaningful arithmétlds movement later consisted of
psychological studies, most of which were base®iagetian theorythough a few arose
out of structuralists’andconceptuanalisstudies ( e.g. Cuisenaire & Gattegno,1957;
Dienes & Goldings,1971; Hadamard, 1945/1996; PbB#5/1973) andestaltsand
others remained loyal to Thorndike’s (1970/19@dnnectionisstudies. Subject matter
was the basis for students’ thoughts. Fundametntaitares of mathematics were
highlighted (Bruner, 1960; Steffe & Kieren, 199¥)athematical thinking was mainly
construed as masterly or proficient performance.

Researchers who turned to experimental and betsysychology in the 1960’s for a
tradition of scientific inquiry considered the mitalbe, for matters of analysis, a black
box (Schoenfeld, 1994). As well, since they focusednstruction, the structuralists
insufficiently took into account the details of kclien’s thinking (Dreyfus, 1990).
Teachers found it difficult to understand theirlgaas (Confrey, 1991). In the early
1970s, Piagetian studies, such as Steffe’s (1®&@gn to draw from Piaget’s
developmentgbsychology to demonstrate how Piagetij@metic structuresould,
alongside the basic mathematical structures, explaidren’s thinking in terms of stages
(Steffe & Kieren, 1994). Together with Piaget’'s @&miner’'s work on play, Dienes and



Goldings (1971), Cuisenaire and Gattegno (1957)Gategno’s (1970) modern
mathematics work ushered in studies, such as Kig@ril), that explored the role of
children’s hands-on activities, story and play mm&ncing concept learning (English &
Halford, 1995; Steffe & Kieren, 1994).

2 The Cognitive and Information Paradigm

Later in the 1970s and 1980s, the cognitive reumbutenewed interest in studying mind.
Whereas many researchers in the 1980s only dreapmetical language from
information-processing, the cognitivists were sglgrinfluenced by communication and
information processing studies. They construed ematttical thinking as acquisition,
processing or representation (Bereiter, 1997). Klestates—the processing unit or
software—were key (Dehaene, 1997). Cognitive aneldpmental psychology studies
raised educators’ awareness of the significan¢beo&énvironment and of the thinker’s
structure—patrticularly the age and mental strustu@obb & Bauersfeld (1995)
nevertheless observe that these early paradigneslingted in their ability to explain the
richness and messiness in classrooms. They werdiraiged in their assumption of pre-
existing fixed mathematical structures (Nufiez, Bdiwa& Matos, 1999), and in their
construal of mathematical thinking as solely areaspf an individual’s processes.

3 The Co-emergent and Context Paradigm

Radical constructivistfocus on the individual child actively construcgtiknowledge.
Drawing from disciplines such as sociology, acyittieory, anthropology, cultural
studies and linguistic studies, social theoristst@od that mathematical thinking is an
aspect of social practices and discourses. Theroas situation does not only influence
mathematical thinking but it determines what isegted as thinking mathematically
(Balacheff, 1990). | refer to these schools of tilduthat seek explanations from either
the: (a) material context (includimgdical constructiviste.g. Confrey, 1994; Steffe &
Wiegel, 1992; von Glasersfeld, 1995; Steffe & Themp 2000), (b) social context
(includingsocial constructiviste.g. Balacheff, 1990; Boaler, 2000a; Bauersfe3®5]
Cobb, Yackel & Wood, 1992; Driver et al. 1994; EBsn.994; (c) cultural and
communal contextincludingsituated cognitionists.g. Greeno,1991; Lave & Wenger,
1991 or (d) from connectionism and distributediézg in cognitive science as the-
emergenandcontextschools of thought. | also include in this paradigempts to
juxtapose the various perspectives (e.g. Cobb 2000)

| use the ternco-emergencéor three reasons. Firstly, most researchersigngdradigm
view cognition as a property that occurs within #mdugh—emerges from—individual
or social activity or community and expert pracsicEhe other two reasons have origin in
complexity science. | will return to these lateratdematical thinking in this paradigm is
considered to be synonymous with mathematicalatfle, communication or
participation. It is the sense that emerges throndividual, inter-individual or

community experiences (Sfard, 2001).

4 The Coherent and Post-structuralist Paradigm

A more recent paradigm is what | refer to as tHeecence and post-structural paradigm.
Researchers in this view uniquely draw from antblogy, sociology, political and
cultural studies. In particular (a) Socio-cultuttaorists (e.g. Boaler, 2000; Lerman,
2001; van Oers, 2001) draw from social, literalfural and political theories to
examine the coherence or dialectic between thinkamguage, culture and (b) the
interaction theoristge.g. Bauersfeld, 1995; Voigt, 1994) draw fromistmgist
particularly from Blumer'symbolic interaction(c) Thepolitical-critical theorists(e.g.



Apple, 2000; Lerman, 2001; Walkerdine, 1990) draawrf critical education scholars to
understand macro aspects that economically, ardlogieally and politically subjugate
or emancipate people. In this paradigm the whdealirse of mathematical thinking as it
is constructed around the fear of the marginalaéer to be positioned as a non-
mathematical thinker (Walkerdine, 1990) is questthn Thinking happens between, not
inside or outside, individuals, and in relatiorcamventions (Voigt, 1994) or cultural
capital (Walkerdine, 1990). Whereas to construstsvand social theorists, thinking is
about circumnavigating social or cognitive con8litd politico-critical theorists it is
about pose hard and critical questions about palithjustices and social inequalities
(Skovsmose, 2001). Critical theorists are critiqt@dunderplaying the influence of the
biological structures that shape knowing, as mamyas and cultural theorists did (NUfiez
et al., 1999), and for overemphasizing social aeft@sm.

5 Ecological and Systems Paradigm

Researchers now draw from juxtapositions of digogd. Some of the perspectives that
have been taken on by mathematics educators ipdingligm are eco-feminism
(Confrey, 1995), enactivism (biology-activity) (Daet al., 2000; Gordon, 2002; Kieren,
2000; Simmt, 2000; Towers 1998), neuro-biology (Buwvorth, 1999), mathematical
idea analysis—cognitive-structuralism (Nufiez’, 20@hd social-cultural semiotics
(Radford, 2003), to mention but at few. | have atsxtuded in this paradigm researchers
who draw metaphors from complexity and other nesegznce theories such as chaos
theory to investigate cognitio@omplexity theoristmaintain that cognition is a
complex, dynamic and adaptive phenomenon (see Ba8isnmt, 2002; Kieren &
Simmt, 2002; Towers & Davis, 2002). It is from w@mplexity perspective that | have
undertaken this brief review. | find the complexityetaphor of emergence particularly
helpful.

Emergence illustrates the budding of new structfrms existing ones and is at the core
of exploration of mathematical thinking as a higbeter activity that emerges from
lower order activity (Namukasa, 2005; Stanley, 20&8acial collectives bud from
individual learners, micro-cultures from socialleotives and societal traditions from
micro-cultures as shown in Figure 1. In terms dlience of other disciplines, a
psychological influence paves way to a sociologistiience and sociological to a
cultural influence. This is the second connotabbemergence as | used it to refer to the
context paradigm.

Thinking mathematically is aboekpanding possibilitieas well as bringing forth
individual, social, cultural and political world$ mathematical significance (Kieren,
2000; Simmt, 2000). Two other complexity notions kaelpful in understanding
emergence in a non-linear manner: mutual pertwbatnd nested wholes. Mutual
perturbation illustrates how there is two-way iatg#ion among the many layer or nesting
spheres of cognition—psychological, social, techgmal and cultural. By using bigger
outer spheres, the figure also illustrates thédgtaradigms address the deficiencies of
prior ones. The figure is limited at showing trettér paradigms ignore some of the focus
of earlier paradigms. For instance it may not stioat constructivists focused on actions
but brushed aside the structural emphasis on cofémsburg & Seo, 1999)

6 Contributions of Multiple Influences

Psychology, communication studies, sociology, agblogy, political science and the
other disciplines that have influenced mathemagtiscation seek to understand human
action. Davis & Sumara (2000) assert that thesaddgms share a metaphoric



commitment to a single body—nbiological, social,tatal, epistemological or political.
From a complexity point of view each of the scha®sms to be focusing on cognition at
a different scale or emergent level—knowledge végtiinteractions, culture, and the

like.

Figure 1. Theorizing the Problem of Learning: Andging but Partial Whofe
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Evolutionally speaking, research in the co-emerg@utcontext paradigm was necessary
for further paradigm shifts toward the ecologicadl &ystems theories. Future disciplines
of influence are motivated by critiques of todagtaminant paradigms. Kieren and Steffe
(1994) maintain that constructivism was implicitie critiques to some of the
perspectives in the structuralists and cognitivagigm. As well, attempts to understand
incompatibility of schools of thought (e.g. by Cey (1995); Kieren (2000); Lerman,
2001 & Sfard, 2000) evoke deeper understanding¢maohing.

Lerman (1999, 2001) insists on the impossibilityhadoretical conflation of the
individualistic psychological views with the dissiwre, sociological views. Rightly so,

the overemphasis on the individual person as theamgnizing system does not go away
by conflating radical constructivism with socialnsbructivism. Each emergent body has
unique patterns and behaviors (Davis & Sumara, 2R@mukasa, 2005). Any two
emergent bodies—individual learner and collectivelearners in this case—might not
usefully be studied from one paradigm

When the varied perspectives are considered in difjpach other, they produce dramatic
iterations to bring forth hybrid perspectives (B3a& Sumara, 2000; Kieren, 2000). That
novel metaphors for understanding thinking are lfimm the interaction of insights from



varied schools of thought, say in the context amémergence paradigm, is the third
connotation of co-emergence.

Latter paradigms have expanded perceived limitoghitive activities away from

strictly head-based structures, passive and limeales of thinking (Confrey, 1994;
NUfiez et a].1999). Practically speaking, they have offereddrethetaphors of thinking.
For example, understanding thinking as making sgogkes teaching in more practical
ways than understanding thinking as processingekié2000), in his paper entitled
“Binoculars or Dichotomies”, calls on researchersiew their theories as partial truths
in order to “occasion for new and perhaps differgays of thinking/acting” (p. 231). For
example construing mathematical thinking as theasdmat arises, say through individual
activity, may still not elaborate on how studenktshking, given two-way, mutual
perturbation among complex systems, turns bachkflioeince the individual activity.
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