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Constructing irreducible representations of discrete groups 
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Abstract. The decomposition of unitary representations of a discrete group obtained 
by induction from a subgroup involves commensurators. In particular Mackey has 
shown that quasi-regular representations are irreducible if and only if the corresponding 
subgroups are self-commensurizing. The purpose of this work is to describe general 
constructions of pairs of groups F 0 < F with F 0 its own commensurator in F. These 
constructions are then applied to groups of isometries of hyperbolic spaces and to lattices 
in algebraic groups. 
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1. Introduction 

Let G be a separable  locally compac t  group.  The  unitary dual G of G is the set of  
equivalence classes of  irreducible representat ions  of  G, together  with its Mackey  Borel 
structure. In this paper ,  " representa t ion"  means  "cont inuous  uni tary  representa t ion in 
a separable  Hi lber t  space". 

Let us recall the definition of this s t ructure  [Dix, 18.5]. Fo r  each n e {1, 2 . . . . .  oo}, 
let I rr ,  (G) denote  the space of all irreducible representat ions  of  G in a given Hilber t  
space of d imension n. The  set Irr~ (G) is endowed with the topo logy  of the weak 
simple convergence on G (making the functions n~--~(n(g)r cont inuous  for 
all g e G and 4, r / in  the Hilber t  space of  d imension n), and with the cor responding  
Borel structure. The  dual  (~ is the quot ient  of  LI1-<~-< ~ I r r ,  (G) by uni tary  equiva-  
lence, and the M a c k e y  Borel s tructure on G is the quot ient  of  the previously defined 
Borel structure. 

In  case of a countab le  group  F, it follows f rom results of  G l i m m  and T h o m a  that  I" is 
a s tandard  Borel space if and only i f F  is virtually abelian (see [Dix] ,  numbers  9.1, 9.5.6 
and 13.11.12, or  [Ped,  6.8.7]); in this case the representat ion theorff of  F is well 
unders tood.  In all o ther  cases there is no natura l  Borel coding of F, i.e. F is not  
countab ly  separated;  for lack of a systematic  procedure  of construct ing all irreducible 
representat ions  of  F, a natural  p rob lem is to construct  large classes of  irreducible 
representat ions.  

Recall that  two subgroups  G O and G 1 of a g roup  G are commensurable if Goc~ G 1 
is of  finite index in both  G O and G r The  commensurator of G O in G is defined to be 

ComG(G o] = {g ~ G!G o and gGog- i are commensurable} .  

Let  (F,),~I be a family of  pairwise non conjugate  subgroups  of a countable  g roup  F such 
that  C o m r  (F,) = F, for all zel.  It follows f rom work  of Mackey  (see e.g. [Mac] ,  and w 2 
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