
Strong ergodicity, invariant measures and relative

Kazhdan’s property (T)

Ghislain Jaudon

24th May 2007

Abstract

We show that a pair (G,H) has Kazhdan’s property (T) if and only if
every H-ergodic measure preserving action of G on a standard non-atomic
probability space (X,B, µ) is actually strongly ergodic. This result extends
to the relative case a characterization of property (T) due to A. Connes
and B. Weiss. In the countable case this will allows us to generalize on
one part a result of K. Schmidt about the uniqueness of invariant mean
on L∞(X,B, µ)1.

0 Introduction

Let G be a Hausdorff, locally compact and σ-compact topological group. Let
H be a subgroup of G.

0.1 Some prerequisites

0.1.1. Definition. A standard Borel space is a topological space X, endowed
with the σ-algebra generated by its open subsets, which is Borel-isomorphic to
a subset of a complete separable metric space. Then by a ”standard probability
space” (X,B, µ) we mean that X is a standard Borel space and µ is a probability
measure defined on B.

In what follows we will need the following results (see for instance [H50] theorem
C p. 173, and [P67] § I.1, I.2):

0.1.2. Proposition. A countable product of standard Borel spaces endowed
with the product topology is a standard Borel space.

0.1.3. Proposition. For every standard Borel Space X and for every proba-
bility measure µ on X without atom, there is a Borel isomorphism φ : X → [0, 1]
such that φ∗(µ) is the Lebesgue measure.

0.1.4. Definition. Given a measure preserving action of G on a standard
probability space (X,B, µ), we will say that this action is H-ergodic if every
B ∈ B which is H-invariant satisfies µ(B)(1− µ(B)) = 0.

1This work was supported by the Swiss National Science Foundation, No. PP002-68627.
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0.1.5. Definition. Given a measure preserving action of G on a standard
probability space (X,B, µ), a sequence (Bn)n≥1 of Borel subsets of X is said to
be asymptotically invariant if for every compact subset K of G one has:
supg∈K µ(gBn4Bn) → 0 as n → ∞. Such a sequence is said to be non-trivial
if moreover lim infn→∞ µ(Bn)(1 − µ(Bn)) > 0. The action of G is said to be
strongly ergodic if there is no non-trivial asymptotically invariant sequence.

0.1.6. Definition. Given a measure preserving action of G on a standard
probability space (X,B, µ), then G acts in a natural way on L∞(X,B, µ) (g.φ(x) =
φ(g−1x) for every g ∈ G, φ ∈ L∞(X,B, µ) and x ∈ X). A mean on L∞(X,B, µ)
is a linear functional m ∈ (L∞(X,B, µ))∗ satisfying: m(1X) = 1 and m(φ) ≥ 0
for every φ ≥ 0. A mean m on L∞(X,B, µ) is said to be G-invariant if
m(g.φ) = m(φ) for every φ ∈ L∞(X,B, µ).

0.2 Statement of the main results

In section 1 we will show:

0.2.1. Theorem. The following two assertions are equivalent:

(i) The pair (G,H) has Kazhdan’s property (T );

(ii) Every H-ergodic measure preserving action of G on a standard non-atomic
probability space (X,B, µ) is strongly ergodic.

By proposition 0.1.3 we will deduce:

0.2.2. Corollary. Given a fixed standard non-atomic probability space (X,B, µ),
the following are equivalent:

(i) The pair (G,H) has Kazhdan’s property (T );

(ii) Every H-ergodic measure preserving action of G on (X,B, µ) is strongly
ergodic.

In section 2 we will prove the following generalization of a result due to K.
Schmidt (see [S81] theorem 2.5):

0.2.3. Theorem. Suppose that G is countable. Given a fixed standard non-
atomic probability space (X,B, µ), the following are equivalent:

(i) The pair (G,H) has Kazhdan’s property (T );

(ii) For every H-ergodic measure preserving action of G on (X,B, µ) there is
a unique G-invariant mean on L∞(X,B, µ).
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1 Strong ergodicity

1.1 preliminaries

In the proof of theorem 0.2.1 we will need the following characterization of
relative property (T ) (see [BV93]):

1.1.1. Proposition. The pair (G,H) has Kazhdan’s property (T) if and only
if for every orthogonal representation π of G such that 1G ≺ π, π|H contains a
finite dimensional sub-representation”.

The link between strong ergodicity and relative property (T) is based on the
following lemmas:

1.1.2. Lemma. Let G acting H-ergodically by measure preserving automor-
phisms on a standard probability space (X,B, µ). If φ : X → R is an H-
invariant mesurable function then φ equal a constant µ-a.e.

Proof of lemma 1.1.2: Let C := {Cn}n∈N a family of Borel subsets of R sep-
arating points (that is for every α 6= β in R there is an element C ∈ C such
that α ∈ C and β /∈ C). Without loss of generality we can suppose that C is
stable under passing to complement. Now we want to prove that the measure
ν := φ∗µ is supported on a point. By H-invariance of φ, for every C ∈ C we
have φ−1(C) = g.φ−1(C) for every g ∈ G and then, by H-ergodicity, we obtain
that ν(C) = µ(φ−1(C)) ∈ {0, 1}. So, let:

C0 :=
⋂

C∈C/ν(C)=1

C

As C is stable under passing to complement then ν(C0) = 1 (the intersection is
non-trivial) and by construction C0 is reduced to a point. Indeed, if there was
α 6= β in C0, we could find C ∈ C such that α ∈ C and β /∈ C. But ν(C) = 1
or ν(Cc) = 1 and then α or β can’t be in C0.

1.1.3. Lemma. With the same notations, let πX denote the orthogonal repre-
sentation associated to this action, that is πX : G → U(L2(X,B, µ)) is defined
by:

[πX(g)(φ)](x) := φ(g−1x)

for every g ∈ G, x ∈ X and φ ∈ L2(X,B, µ). Let L2
0(X,B, µ) denote the

orthogonal of the constants in L2(X,B, µ) and denote by π0
X the restriction of

πX to this invariant subspace. Then, if the action is not strongly ergodic, one
has 1G ≺ π0

X (in particular (G,H) doesn’t have property (T )).

Proof of lemma 1.1.3: Let (Bn)n≥1 a sequence of Borel subsets in X which is
asymptotically invariant and non-trivial. Put φn := 1Bn − µ(Bn)1X for every
n ≥ 1. Then by construction, for every n À 1, φn ∈ L2

0(X,B, µ)−{0} (‖φn‖2
2 =

µ(Bn)(1−µ(Bn)) ≥ α/2 for n À 1, where α := lim infn→∞ µ(Bn)(1−µ(Bn)) >
0), and moreover for every compact subset K of G we have: supg∈K ‖πX(g)φn−
φn‖2

2 = supg∈K µ(gBn4Bn) → 0 as n →∞. Then this shows that 1G ≺ π0
X and
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in particular this shows that the pair (G,H) can’t have property (T). Indeed,
if (G,H) had property (T) then π0

X|H would have a non-zero invariant vector
in L2

0(X,B, µ) and by the preceding lemma this is impossible.

1.2 Proof of theorem 0.2.1

Suppose that the pair (G,H) doesn’t have property (T). We want to construct
a standard non-atomic probability space and an action of G on it which is H-
ergodic but not strongly ergodic. We follow the approach of [GW97] (theorem
2) and [CCJJV01] (theorem 2.2.2):

By proposition 1.1.1 there exists an orthogonal representation σ of G such that:
1G ≺ σ and σ|H does not any contain finite dimensional sub-representation.
Then let (ξn)n≥1 be a sequence of unit vectors satisfying:

sup
g∈Kn

‖σ(g)ξn − ξn‖ ≤ 1
n

for every n ≥ 1, where (Kn)n≥1 denotes an exhaustion of G by compact subsets.
For every n ≥ 1, let

φn : G → R, g 7→< σ(g)ξn, ξn >

By construction, (φn)n≥1 is a sequence of continuous functions which converges
to 1 uniformly on the compact subsets of G. On other part, for every n ≥ 1,
we denote by σn the sub-representation of σ in the closed invariant subspace
< σ(G)ξn > := Hn. Then we can consider the orthogonal representation π
of G in Hπ := ⊕n≥1Hn defined by the orthogonal sum π := ⊕n≥1σn. By
hypothesis on σ, one has also: 1G ≺ π and π|H contains no finite dimen-
sional sub-representation. Indeed if π|H had contained a finite dimensional
sub-representation then 1H ≤ (π ⊗ π)|H ' ⊕n,m≥1(σn ⊗ σm)|H , this would im-
ply the existence of (n0,m0) such that 1H ≤ (σn0⊗σm0)|H ≤ (σ⊗σ)|H which is
equivalent to the existence of a finite dimensional sub-representation contained
in σ|H .
Now let F denote an hilbertian basis of Hπ, such that F ⊃ {ξn/n ≥ 1} (where
ξn is naturally identified with 0 ⊕ . . . ⊕ ξn ⊕ . . . 0 ∈ ⊕n≥1Hn). So we consider
the following probability space:

(X,B, µ) :=
∏

f∈F
(R,B(R),

e
−x2

2√
2π

dx)

where B = ⊗f∈FB(R) and µ = ⊗f∈F e
−x2

2√
2π

dx. By proposition 0.1.2, (X,B, µ) is
a standard (non-atomic) probability space.
For every f0 ∈ F , we define af0 : X → R, (xf )f∈F 7→ xf0 . Now let T : Hπ →
L2(X,B, µ) the linear operator determined by T (f) = af for every f ∈ F .
Then this is clear that T is an isometry between Hπ and T (Hπ). Thanks to T
we can define an action of G on (X,B, µ). For each g ∈ G, let φg : X → X
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the unique linear application which maps (δf0,f )f∈F on (< π(g)f0, f >)f∈F
(where (δf0,f )f∈F is the element of X such that δf0,f0 = 1 and δf0,f = 0 for
every f 6= f0). To verify that we have defined an action of G on X it suffices to
remark that, for each g ∈ G, φg gives the coordinate of the vectors corresponding
to the image of the vectors of F under π(g). Moreover this action is measure
preserving and the fact that φg∗µ = µ for every g ∈ G comes from the orthogonal
character of π. As above, we denote by πX the orthogonal representation of
G associated to the considered action. By construction, for every g ∈ G the
following diagram commutes:

Hπ
T−−−−→ L2(X,B, µ)

π(g)

y
yπX(g)

Hπ
T−−−−→ L2(X,B, µ)

Now T extends naturally to an isometry U between ⊕k≥0H×k
π and L2(X,B, µ)

via U : ⊕k≥0H×k
π → L2(X,B, µ) such that:

U(
∑

s∈Sym(n)

fs(1) ⊗ . . .⊗ fs(n)) = af1 . . . afn

for every n ≥ 1 and for every f1, . . . , fn ∈ F (we recall that for every k ≥ 1,
H×k

π denotes the kth symmetric tensor product of Hπ, that is the closure of the
subspace of H⊗k

π generated by the vectors of the form
∑

s∈Sym(n) vs(1) ⊗ . . . ⊗
vs(n); By convention H×0

π = H⊗0
π = R). Hence, by what precedes, U interwines

the representations ⊕k≥0π
×k and πX , moreover as H⊗0

π is mapped via U on
the constant functions in L2(X,B, µ), U interwines also the representations
⊕k≥1π

×k and π0
X . Then we obtain that the action of G on X is H-ergodic.

Indeed, if it were not the case, we would have 1H ≤ π0
X|H ' ⊕k≥1π

×k
|H and this

would imply that π|H contains a finite dimensional sub-representation which is
a contradiction.
To finish the proof we must show that the action of G on X is not strongly
ergodic. To do this, put an := aξn for every n ≥ 1 and put for every g ∈ G:

ag
n := πX(g)an = T (⊕k≥1π

×k(g)ξn) = T (π(g)ξn) =
∑

f∈F
< π(g)ξn, f > af

Now we remark that, by construction, the sequence (an)n≥1 is a sequence of
centered Gaussian random variables of variance 1, and by G-invariance of the
measure µ, for every g ∈ G the sequence (ag

n)n≥1 has the same distribution as
(an)n≥1. For every n ≥ 1 and every g ∈ G, we can write:

ag
n = cos(αn(g))an + sin(αn(g))bn

where αn(g) := arccos(< π(g)ξn, ξn >) ∈ [−π/2, π/2[ and

bn =
1

sin(αn(g))

∑

f∈F ,f 6=ξn

< π(g)ξn, f > af
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for the g ∈ G and the n ≥ 1 such that αn(g) 6= 0. This is the decomposition
of ag

n in the orthonormal basis {an, bn} of the plane generated by ag
n and an

in L2(X,B, µ) (in particular, as random variables, an and bn are independent).
Then we put Bn := {x ∈ X/ : an(x) ≥ 0} and so we have µ(Bn) = 1/2 for
every n ≥ 1. Moreover, the preceding decomposition of ag

n allows us to compute
µ(gBn4Bn) for every g ∈ G and every n ≥ 1. Actually, by independence, the
set {(an(x), bn(x))/ : x ∈ X} can be viewed as R2 endowed with the measure

e
−(x2+y2)

2

2π dxdy. Then for every n ≥ 1 and for every g ∈ G:

µ(gBn4Bn) =
µ({x ∈ X/ : an(x) ≥ 0 and ag

n(x) < 0} ∪ {x ∈ X/ : an(x) < 0 and ag
n(x) ≥ 0})

= 2µ({x ∈ X/ : an(x) ≥ 0 and ag
n(x) < 0}) (by symmetry)

and if αn(g) ∈ ]− π/2, π/2[ (this is the case for n À 1):

µ({x ∈ X/ : an(x) ≥ 0 and ag
n(x) < 0}) =

µ({x ∈ X/ : 0 ≤ an(x) < −tan(αn(g))bn(x)}) =

1
2π

∫ ∞

0
(
∫ −tan(αn(g))

0
e
−(x2+y2)

2 dx)dy =
1
2π

∫ 0

−αn(g)
(
∫ ∞

0
re

−r2

2 dr)dθ =
αn(g)

2π

Hence, for every n ≥ 1 and for every g ∈ G: µ(gBn4Bn) = αn(g)
π , and we know

that this last quantity converges to 0 uniformly on the compact subsets of G.
Form this we deduce that the sequence of Borel subsets of X, (Bn)n≥1, is a non-
trivial asymptotically invariant sequence for the action of G on X.

Proof of corollary 0.2.2: The proof of (i) ⇒ (ii) is exactly the same that in the
theorem 0.2.1. In order to prove the converse, let us fix a standard non-atomic
probability space (X,B, µ). By theorem 0.2.1, if (G,H) doesn’t have property
(T), there exists a standard non-atomic probability space (Ω,A, ν) on which G
acts H-ergodically but in a non strongly ergodic way. Now by proposition 0.1.3
there exists a Borel isomorphism φ : Ω → X such that φ∗ν = µ. Then, via
φ, we can define an action of G on (X,B, µ), that is for each g ∈ G and each
x ∈ X we put: gx := φ(gφ−1(x)). By definition, for every A ∈ A, one has:
φ(gA) = gφ(A) and then this proves that this new action is also H-ergodic.
Moreover, if (An)n≥1 is a non-trivial asymptotically invariant sequence in Ω, to
obtain one in X it suffices to put Bn := φ(An) for every n ≥ 1. This concludes
the proof.

2 Uniqueness of invariant mean

2.1 preliminaries

In this section the group G is supposed to be countable. Given an action
of G by measure preserving automorphisms on a probability space (X,B, µ),
there is always at least one G-invariant mean, that is the mean I defined by:
I(φ) :=

∫
X φdµ. Hence, the question of the uniqueness of a G-invariant mean
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on L∞(X,B, µ) is whether I is the only G-invariant mean. The link between the
uniqueness of a G-invariant mean and strong ergodicity of the corresponding
action of G is based on the following two results (see [R81] theorem 1.4 and
[S81] §2):

2.1.1. Proposition. Let G acting H-ergodically by measure preserving auto-
morphisms on a standard non-atomic probability space (X,B, µ), then there is
a G-invariant mean m 6= I on L∞(X,B, µ) if and only if there exists a sequence
(Fn)n≥1 of Borel subsets of X satisfying:

(i) µ(Fn) > 0 for all n ≥ 1 and µ(Fn) → 0 as n →∞,

(ii) µ(gFn4Fn)/µ(Fn) → 0 as n →∞ for every g ∈ G.

The sequence (Fn)n≥1 is called a Folner sequence.

The following lemma appears in [S81] without proof. The proof we purpose
is inspired from lemma 2.3 in [JS87] and also holds in the non-countable case:

2.1.2. Lemma. Given an H-ergodic action of G by measure preserving auto-
morphisms on a non-atomic probability space (X,B, µ), then the existence of a
non-trivial asymptotically invariant sequence implies the existence of asymptot-
ically invariant sequences with measures prescribed in ]0, 1[. In particular this
proves that the existence of a non-trivial asymptotically invariant sequence in
X implies the existence of a Folner sequence.

Proof of lemma 2.1.2: Let L denote the set of c ∈ [0, 1] for which there exists
an asymptotically invariant sequence (Bn)n≥1 ⊂ B such that µ(Bn) = c ∀n ≥ 1.
By hypothesis we have {0, 1} & L, and we want to prove that actually L = [0, 1].

First we prove that L is closed. Let (ck)k≥1 a sequence in L which converges
to c ∈ [0, 1]. For each k ≥ 1 there is an asymptotically invariant sequence
(B(k)

n )n≥1 such that µ(B(k)
n ) = ck. Therefore, even if it means to extract a

sub-sequence, we have: supg∈Kn
µ(Bn

n4gBn
n) ≤ 1/n and µ(Bn

n) → c as n →∞
(where (Kn)n≥1 denotes an exhaustion of G by finite subsets). Now for each
n ≥ 1 we fix a Borel subset Cn such that Cn ⊃ Bn

n or Cn ⊂ Bn
n and µ(Cn) = c

(we can do this because (X,B, µ) is standard and non-atomic). Now we have:

µ(Cn4gCn) ≤ µ(Bn
n4gBn

n) + 2|µ(Bn
n)− µ(Cn)|

for every n ≥ 1 and every g ∈ Kn. This proves that (Cn)n≥1 is also an asymp-
totically invariant sequence and then that c ∈ L.

The proof of the first part of the lemma will follows from ”good mixing proper-
ties” of an asymptotically invariant sequence. More precisely, if (Bn)n≥1 is an
asymptotically invariant sequence then for every Borel subset A of X we have:

lim
n→∞(µ(Bn ∩A)− µ(Bn)µ(A)) = 0 (∗)
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To prove this, take a weak* limit of the sequence (1Bn)n≥1 in the unit ball of
L∞(X,B, µ) (such a limit exists by the well known Banach-Alaoglu theorem).
Then even if we are led to extract a sub-sequence, we have for every h ∈
L∞(X,B, µ):∫

X
h(x)(f(g−1x)− f(x))dµ(x) = lim

n→∞

∫

X
h(x)(1gBn(x)− 1Bn(x))dµ(x)) = 0

because for every n ≥ 1:

|
∫

X
h(x)(1gBn(x)− 1Bn(x))dµ(x)| ≤ ‖h‖∞µ(gBn4Bn)

This shows that f is G-invariant and then by ergodicity f equal µ-almost ev-
erywhere a constant α ∈ R (lemma 1.1.2). Thus, for every fixed A ∈ B:

lim
n→∞(µ(Bn ∩A)− µ(Bn)µ(A)) = lim

n→∞

∫

X
1Bn(1A − µ(A)1X)dµ

= α

∫

X
(1A − µ(A)1X)dµ = 0

Now, using (*), we can show that 1/2 ∈ L. Indeed, if c ∈ L − {0, 1} and if
c 6= 1/2, we can suppose that 0 < c < 1/2 (even if we have to replace c by
1− c, 1− c being in L because the complement of an asymptotically invariant
sequence for c is one for 1−c). Let (Bn)n≥1 an asymptotically invariant sequence
associated to c. By (*), for every n ≥ 1, we can find mn ≥ n such that
|µ(Bmn ∩ Bn)− µ(Bmn)µ(Bn)| = |µ(Bmn ∩ Bn)− c2| < 1/n. For every n ≥ 1,
put Cn := Bmn4Bn. Hence: limn→∞ µ(Cn) = 2(c− c2). Moreover, as for every
n ≥ 1:

sup
g∈Kn

µ(Cn4gCn) ≤ sup
g∈Kmn

µ(Bmn4gBmn) + sup
g∈Kn

µ(Bn4gBn)

(Cn)n≥1 is also an asymptotically invariant sequence. Then we have proved the
implication: c ∈ L ⇒ 2(c − c2) ∈ L. To conclude that 1/2 ∈ L it suffices to
remark that the sequence (ck)k≥1 defined by c0 = c and ck+1 = 2(ck − c2

k) for
every k ≥ 0 converges to 1/2.
The property (*) shows also that L is stable under product. Actually, if c1, c2 ∈
L and if (B(1)

n ) and (B(2)
n ) are associated asymptotically invariant sequences, as

above, even if we must extract a sub-sequence, (*) gives: µ(B(1)
n ∩B

(2)
n ) → c1c2

as n →∞. Moreover it is clear that (B(1)
n ∩B

(2)
n )n≥1 is also an asymptotically

invariant sequence, and then this proves that c1c2 ∈ L.

Finally, by what precedes, we know that for every c ∈ L, L contains {c/2n, 1−
c/2n}n≥0. To conclude that L = [0, 1] it suffices now to remark that for every
odd integer m and for every n ≥ log2(m), m/2n = 1 − l/2n with l < m odd.
Therefore an induction proves that {m/2n/ : m ≤ 2n, n, m ∈ N} ⊂ L and this
subset is dense in [0, 1].

Now the second part of the lemma follows easily because for every n ≥ 1, by
what precedes, we can find a Borel subset Fn of X satisfying: µ(Fn) = 1/n and
supg∈Kn

µ(Fn4gFn) < 1/n2. By construction (Fn)n≥1 is a Folner sequence.¤
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2.2 Proof of theorem 0.2.4

(i) ⇒ (ii): By proposition 2.1.1, if there exists a G-invariant mean m 6= I on
L∞(X,B, µ) then there must exists a Folner sequence (Fn)n≥1. By the same
kind of argument as in lemma 1.1.3, if we put for every n ≥ n0 (where n0 is
such that µ(Fn) < 1 ∀n ≥ n0) : φn := (1Fn − µ(Fn)1X)/(µ(Fn)(1− µ(Fn)))1/2,
then (φn) is a sequence in the unit ball of L2

0(X,B, µ) satisfying for every n ≥ 1
and for every compact subset K of G:

sup
g∈K

‖πX(g)φn − φn‖2
2 = sup

g∈K

µ(gFn4Fn)
µ(Fn)

µ(Fn) n→∞−→ 0

This shows that 1G ≺ π0
X and then that the pair (G,H) doesn’t have property

(T).

(ii) ⇒ (i): If the pair (G,H) doesn’t have property (T), then by corollary 0.2.2,
there exists an H-ergodic action of G on (X,B, µ) which is not strongly ergodic.
By lemma 2.1.2 and proposition 2.1.1 we deduce the existence of a G-invariant
mean on L∞(X,B, µ) for the corresponding action.

2.2.1. Remarks. The characterization of the property (T) in terms of unique-
ness of invariant mean does not hold in the non-countable case. Actually, given
an ergodic action of G by measure preserving automorphisms on a non-atomic
probability space (X,B, µ), there is always a unique [G]-invariant mean on
L∞(X,B, µ) (where [G] denotes the full group of G, that is the group of all
Borel automorphisms of (X,B, µ) preserving the G-orbits, see [S81]).
Moreover, the strong ergodicity of a fixed ergodic measure preserving action of
G on a fixed standard non-atomic Borel space and the uniqueness of an invari-
ant mean on L∞(X,B, µ) are not equivalent in general, even in the countable
case (see example 2.7 in [S81]).
On other hand, one can show that as soon as there is strictly more than one in-
variant mean on L∞(X,B, µ) then the cardinality of the set of invariant means
on L∞(X,B, µ) is at least 2ℵ1 (see [C87]).
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