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DRAMATIS PERSONAE

1.) Differential characters (Bär-Becker [2014], LNM 2112, Springer)

Zp(M,Z) = {group of degree p smooth singular cycles, Z-coefficients}.

A group homomorphisms h : Zk−1(M,Z) → U(1) is called a differ-

ential character if ∃curvh ∈ Ωk(M,R) satisfying

h(∂c) = exp
(

2πi
∫
c

curvh
)
, ∀ smooth singular k-chains c.

k-th Cheeger-Simons differential cohomology (sub)group is:

Ĥk(M,U(1)) := {differential characters} ⊂ Hom(Zk−1(M,Z),U(1)).

The differential form curvh in the definition, called the curvature

of h, has the following properties: it is uniquely determined by h ∈
Ĥk(M,U(1)), dh = 0, h has integral periods, so curvh ∈ Ωk

cl,Z(M,R).
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Cheeger-Simons differential characters provide a model for differen-
tial cohomology theory in the sense that we get a functor Ĥ∗(·,U(1))
from the category of smooth manifolds to the category of Z-graded
Abelian groups, together with four natural transformations:

• curvature curv : Ĥ∗(·,U(1))→ Ω∗cl,Z(·,R)

• inclusion of flat classes ι : H∗−1(·,U(1))→ Ĥ∗(·,U(1))

• characteristic class c : Ĥ∗(·,U(1))→ H∗(·,Z)

• topological trivialization τ : Ω∗−1(·,R)/Ω∗−1
cl,Z (·,R)→ Ĥ∗(·,U(1))

Definition of c: Zk−1(M,Z) free Z-module ⇒ ∃h̃ : Zk−1(M,Z)→ R
homomorphism satisfying h(z) = exp

(
2πih̃(z)

)
, ∀z ∈ Zk−1(M,Z).

Ck(M,Z) 3 c 7−→
∫
c

curvh− h̃(∂c) ∈ Z
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is a cocycle (dcurvh = 0), takes values in Z (defining relation of

curvh), its cohomology class c(h) ∈ Hk(M,Z) does not depend on

the choice of h̃ and its image in Hk(M,R) coincides with the de

Rham cohomology class of curvh under the de Rham isomorphism.

Definition of τ : Given α ∈ Ωk−1(M), define α̂ ∈ Ĥk(M,U(1)) by

α̂(z) := exp
(

2πi
∫
z
α

)
, ∀z ∈ Zk−1(M,Z).

Homomorphism Ωk−1(M) 3 α 7→ α̂ ∈ Ĥk(M,U(1)) descends to the

injective homomorphism τ : Ωk−1(M,R)/Ωk−1
cl,Z (M,R)→ Ĥk(M,U(1)).

Definition of ι: ι(u)(z) := u ([z]) ∈ U(1), where u ∈ Hk−1(M,U(1))
∼−→ Hom(Hk−1(M,Z),U(1)) by the Universal Coefficient Theorem

(since U(1) divisible⇒ Exti(·,U(1)) = 0, ∀i > 0), and z ∈ Zk−1(M,Z).

Moreover, for every smooth manifold M and k ∈ N the following

diagram commutes and all rows and columns are exact:
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Jacl(M) := Hl(M,R)/Hl(M,Z) =Jacobian torus. ExtAb(Hk−1(M,Z),Z)
:= {Abelian group of equivalence classes of Z-extensions of Hk−1(M,Z)}
is canonically identified with the torsion subgroup of Hk(M,Z).

The main topological information is contained in the vertical se-
quences. The surjective map c : Ĥk(M,U(1)) → Hk(M,Z) shows
that differential cohomology refines integer-valued cohomology.
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Horizontal sequences give information about the connection. For
principal U(1)-bundles (k = 2): every closed, integer 2-form can be
realized as the curvature of a connection; flat bundles are parametrized
by their holonomy on generators of π1(M).

Let M be a compact manifold. For every k ≥ 1, the group Ĥk(M,U(1))
is an infinite-dimensional Fréchet Lie group diffeomorphic to

Hk(M,Z)×
(
Ωk−1(M,R)/Ωk−1

cl,Z (M,R)
)
.

Lie algebra ĥk(M,U(1)) ∼= Abelian Fréchet Lie algebra

Ωk−1(M,R)/dΩk−2(M,R).

With this differentiable structure, all natural maps curv, ι, c, τ are
smooth, so diagram above is a commutative diagram of Lie groups.

Ĥ2(M,U(1)) ∼= {gauge equivalence classes of circle bundles with
connection} is the most important Abelian Lie group for us.

Construction due Kobayashi [1956]:
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• P , P̃ principal right U(1)-bundles, form their fiber product P ×M P̃

• U(1)-action (p, p̃) ·z := (p ·z, p̃ ·z−1), for p ∈ P , p̃ ∈ P̃ , and z ∈ U(1)
• Get a new principal U(1)-bundle P + P̃ := (P ×M P̃ )/U(1), where
the U(1)-action on P + P̃ is translation on the first factor.
• This operation is associative and commutative. The trivial bundle
is the identity element, i.e., P + (M × U(1)) ∼= P . Let −P be the
U(1)-bundle having the same underlying bundle structure as P but
carrying the opposite U(1)-action p ∗ z := p · z−1, where the right
side is the given U(1)-action on P . Then P + (−P ) is isomorphic
to the trivial bundle.

Connections A on P and Ã on P̃ induce the connection pr∗1A+pr∗2 Ã
on P ×M P̃ (pr1 : P ×M P̃ → P , pr2 : P ×M P̃ → P̃ projections), which
descends to a connection on P+P̃ , denoted by A+Ã. The curvature
of A+ Ã is the sum of the corresponding curvatures.

Moreover, Ĥ2(M,U(1)) is an Abelian Fréchet Lie group with Lie
algebra Ω1(M)/dΩ0(M).
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2.) Teichmüller space

M a 2-dimensional paracompact connected orientable boundaryless
manifold, so it admits complex structures (= holomorphic atlases).

1.)Two complex structures on M are equivalent if ∃η ∈ Diff(M) s.t.
• η is holomorphic, i.e., its tangent map is complex linear relative
to the complex structures on the source and target
• η is isotopic to the identity, i.e., ∃γ : [0,1]→ Diff(M) continuous
such that γ(0) = η, γ(1) = idM .
Teichmüller space = {complex structures on M}/∼ =: T(M)

2.) (R1, ϕ1) ≈ (R2, ϕ2), Ri Riemann surfaces, ϕi : M → Ri diffeos,
i = 1,2⇐⇒ ϕ2 ◦ ϕ−1

1 : R1 → R2 is isotopic to a holomorphic diffeo.
(Ri, ϕi) are called marked Riemann surfaces, ϕi is the marking.
Teichmüller space = {marked Riemann surfaces of M}/≈ =: T(M)

Examples: T(S2) = {point}, T(R2) = {C,unit disk}, T(open annu-
lus) 3 {z ∈ C | r < |z| < 1/r} ∼←→ r ∈ [0,1), T(T2) 3 C/(Z + wZ)

∼←→
w ∈ {z ∈ C | Imz > 0}.
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References: Lehto [1987], Nag [1988], Gardiner-Lakic [2000] also
treats {universal Teichmüller space} = QS(S1)fix = {first parabolic
orbit of the Bott-Virasoro group}, where

QS(S1)fix := {quasi-symmetric homeomorphisms of S1 fixing ± 1,−i}.

From now on M is compact. So M is always a smooth, compact,
connected, oriented, boundaryless 2-manifold.

Classical result: M,N manifolds as above. Then M,N are homeo-
morphic ⇐⇒ M,N are diffeomorphic.

However: If c, c′ are complex structures on M then the Riemann
surfaces (M, c) and (M, c′) need not be holomorphically equivalent
(= ∃ holomorphic diffeomorphism). Go back to T2. Classical result:
C/L is holomorphically isomorphic to C/L ′ ⇐⇒ ω1/ω2 = ω′1/ω

′
2,

where {ω1, ω2} is a basis of the lattice L and {ω′1, ω
′
2} is a basis of

the lattice L ′. So, for genus 0 and 1, everything is known.

From now on the genus of M is ≥ 2.
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• C := {all complex structures (i.e., holomorphic atlases) c on M}
• Diff(M)+ := {η ∈ Diff(M) | η orientation preserving}
• Diff(M)◦ := {η ∈ Diff(M) | η homotopic to idM}, the connected

component of Diff(M)+ containing idM , so normal subgroup

• Right action by pull-back: C ×Diff(M)+ 3 (c, η) 7−→ η∗c ∈ C

• R(M) := C /Diff(M)+ is the Riemann moduli space of M

• T(M) := C /Diff(M)◦ is the Teichmüller space of M

• Diff(M)◦ acts freely on C , Diff(M)+ does not

• Diff(M)+/Diff(M)◦ ∼= Outπ1(M) := Autπ1(M)/Innπ1(M) is an

infinite discrete group (Nielsen [1929] for surjectivity, Baer [1928]

for injectivity, both done for homeomorphisms, but the same proofs

work for diffeomorphisms)

• R(M) = C /Diff(M)+
∼= (C /Diff(M)◦) /

(
Diff(M)+/Diff(M)◦

)
=

T(M)/
(
Diff(M)+/Diff(M)◦

)
as sets. To my knowledge, it is not

known if this is a homeomorphism. The approach we take may

clear this up, if singular symplectic reduction is carried out in the

Fréchet category.
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Global analysis point of view: Earle-Eells [1967, 1969], Fischer-

Tromba [1984-1987], Tromba [1986]; only book Tromba [1992].

• Almost complex structures compatible with the orientation

A :=
{
J ∈ T 1

1(M) | J2 = −idM , {v, J(m)v} oriented basis

of TmM, ∀v ∈ TmM, ∀m ∈M
}

Orientation of the basis chosen such that in R2 it is J :=
[
0 −1
1 0

]
,

i.e., multiplication by i in C. TJA = {H ∈ T 1
1 (M) | HJ + JH = 0}.

• Almost complex structure on A : J : TJA 3 H 7→ JH ∈ TJA

• Given c ∈ C on M define for any chart (U,ϕ) ∈ c, ϕ : U → C,

Jϕ(m) := (Tmϕ)−1 ◦ J ◦ Tmϕ,

independent of (U,ϕ) ∈ c, so it defines Γc ∈ A . Γ : C
∼←→ A .

Diff(M)+ and Diff(M)◦ act on A by pull-back

J · η := η∗J,
(
η∗J

)
(m) := (Tmη)−1 ◦ J(η(m)) ◦ Tmη.

Γ : C → A is equivariant: Γ (η∗c) = η∗Γ(c).
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• S2(M) covariant symmetric 2-tensors on M

• M := {g ∈ S2(M) | g(m)(v, v) > 0, ∀v ∈ TmM} Riemannian met-

rics on M , open cone in S2(M), so TgM = S2(M).

• Diff(M)+ and Diff(M)◦ act on M by pull-back

• g ∈M induces:

� an inner product on each S2(M)m: s · t := gij(m)gkl(m)siktjl
� an area form µg: ± if {u, v} positive (negative) basis in TmM

µg(m)(u, v) := ±
(

det

[
g(m)(u, u) g(m)(u, v)
g(m)(v, u) g(m)(v, v)

])1/2

• weak L2 Riemannian metric on M : 〈〈σ, τ〉〉g :=
∫
M σ(m)·τ(m)µg(m)

• S2(M) = TgM = S2(g)C ⊕ S2(g)T , L2-orthogonal, where

S2(g)C := {H | H = fg, f ∈ C∞(M)} S2(g)T := {H | trgH = 0}

• P := {f ∈ C∞(M) | f > 0} acts on M by usual multiplication

• T[g] (M /P) ∼= S2(g)T (T = traceless)
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• Φ̃ : M 3 g 7→ −g−1µg ∈ A , i.e.,

g(m)(u, Φ̃(g)v) := −µg(m)(u, v), ∀u, v ∈ TmM ⇐⇒ Φ̃(g)ij = −gik(µg)kj

induces Φ : M /P
∼←→ A which is Diff(M)+-equivariant

• M−1 := {g ∈ M | S(g) = −1} Riemannian metrics on M whose

scalar curvature is −1

Notation: Curvature R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ] : X(M)→ X(M),

∀X,Y ∈ X(M); Rjklm = ∂lΓ
j
km − ∂mΓjkl + ΓjplΓ

p
km − ΓjpmΓpkl.

Ricci tensor Ric(X,Y ) := tr (X(M) 3 V 7→ R(V,X)Y ∈ X(M))

Rickm := R
j
kjm = Ricmk (because Rijkl = Rklij)

Scalar curvature

S := Rickk = gijRicij, where Rickj := gkpRicpj

Since dimM = 2⇒ Rickm = 1
2Sgkm and S is twice the Gaußian cur-

vature (= κ1κ2, where κ1, κ2 are the principal curvatures = eigen-

values of the second fundamental form). So S(S2
r ) = 2/r2.
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Warning: These are the conventions in Lichnerowicz [1961], Misner-

Thorne-Wheeler [1973], Taylor [1996 vol 2], Tromba [1992], Wikipedia.

There are other conventions, e.g., Spivak [1979 vol 3 page 120]:

Ricjl := Rijli, so the sign of the Ricci tensor and hence of the scalar

curvature is different.

• TgM−1 = kerdS(g) =
{
£Xg + h | X ∈ X(M), h ∈ STT2 (g), ⊥L2

}
STT2 (g) := {h ∈ S2(M) | δgh = 0, trgh = 0}

(δgh)i := ∇khki,
∫
M
〈δgh,X〉µg := −〈〈£Xg, h〉〉

• Poincaré: M compact connected oriented surface of genus ≥ 2.

Then ∀g ∈M ∃!f ∈P such that S(fg) = −1.

• So M /P
∼←→M−1 turns out to be Diff(M)+-equivariant.

C
∼←→ A

∼←→M /P
∼←→M−1 Diff(M)+-equivariant
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• Diff(M)◦ acts freely on M−1. Diff(M)+ does not.
• Ebin, Palais: Diff(M)+ acts properly on M . Even formally there
appears a problem: properness of the Diff(M)◦-action on M−1.

Hint of technical problems:
♦ Put lim← Hs-topology on Diff(M)◦, i.e., ILH, not C∞-topology
♦ For g0 ∈ M , ∃ local submanifold g0 ∈ Σ ⊂ M s

−1, ∀s > 3, of
dimension 6genus(M)-6 and Tg0Σ = STT2 (g0)

♦ ∃g0 ∈ U ⊂ M−1, ∃g0 ∈ W ⊂ Σ, ∃idM ∈ V ⊂ Diffs+1(M)◦, open
sets, such that Σ×Diffs+1(M)◦ ⊃W ×V 3 (g, η)

∼7−→ η∗g ∈ U ⊂M−1
♦ ∃g0 ∈ U ⊂M−1 such that every orbit subset {η∗g | g ∈W, η ∈ V }

intersects Σ only once.
♦ If η and g are C∞ ⇒ η∗g is C∞. If η∗g is C∞ ⇒ η is C∞; follows

from proof of properness of the action.
♦ If Σ is small enough, every Diff(M)◦-orbit intersects it only

once, i.e., η∗g ∈ Σ⇒ η = idM . This is false for Diff(M)+.
♦ So TgM−1 = kerdS(g) (remember we are in ILH category). To

prove this in the tame Fréchet category needs Nash-Moser. I have
not seen a proof.
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•M−1 → T(M) = M−1/Diff(M)◦ is a weak smooth principal bundle.
Diff(M)◦ is ILH Lie group, M−1 is ILH manifold.
• T(M) is a cell, M−1 is contractible, Diff(M)◦ is contractible. This
bundle is trivial. The proof that T(M) is a cell is long, uses Dirichlet
energy, harmonic maps, Mumford compactness theorem, etc.
• T[g]T(M) = STT2 (g) := {h ∈ S2(M) | δgh = 0, trgh = 0}
• Diff(M)+-invariant L2-metrics on A and M−1

〈〈H,K〉〉J :=
∫
M

tr(HK)µg(J), 〈〈h, k〉〉g :=
∫
M

tr(h]k])µg

g(J)= metric with S(g(J)) = −1 associated to J, ] = raise one index
• A ←→ M−1 not isometry, but its tangent map takes horizontal
vectors to horizontal vectors and vertical vectors to vertical vectors
• Non-degenerate Diff(M)+-invariant metric on M−1, not on M :

〈〈〈h, k〉〉〉g =
∫
M

tr(HTKT )µg, HT := h] −
1

2

(
trh]

)
I

• Metrics descend to M−1/Diff(M)◦ ∼= A /Diff(M)◦ = T(M)
• (A , 〈〈·, ·〉〉)←→ (M−1, 〈〈〈·, ·〉〉〉) isometry
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• H̃ ∈ TJA decomposes uniquely and L2-orthogonally (for µg(J))

H = HTT + £XJ, for some X ∈ X(M)

So, H ∈ T[J]T(M) and J ∈ π−1([J]) uniquely determine a horizontal

lift H̃ ∈ TJA (i.e., TT ) such that TJπ(H̃) = H.

• So can horizontally lift vector fields. The horizontal lift of a vector

field on T(M) is a Diff(M)+-invariant vector field on A (or M−1)

• 〈〈·, ·〉〉 and 〈〈〈·, ·〉〉〉 coincide on the horizontal part (i.e., the TT -part).

So both induce the same metric on T(M): U, V ∈ T[J]T(M), relative

to g(J) horizontally lift them to Ũ , Ṽ ∈ T[J]T(M) and define

〈U, V 〉[J] :=
〈〈
Ũ , Ṽ

〉〉
J

• Weil-Petersson metric: Choose conformal (i.e., complex) co-

ordinates on (M, g): gij = λδij, λ ∈ P. So g = λ|dz|2. Let

αk = γkdz ⊗ dz, k = 1,2 be holomorphic quadratic differentials.

〈α1, α2〉WP
[g] := Re

∫
M

γ1γ2

λ
dxdy, µg = λdx ∧ dy.
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For k = 1,2, let αk = (uk + ivk)dz ⊗ dz and

hTTk = Re ((uk + ivk)dz ⊗ dz) = ukdx⊗dx−2vkdx⊗dy−ukdy⊗dy ∈ STT2 (g)

=⇒ HTT
k =

1

λ

[
uk −vk
−vk −uk

]
=⇒ 〈h1, h2〉[g] =

〈〈
HTT

1 , HTT
2

〉〉
J

=
∫
M

tr(HTT
1 HTT

2 )µg = 2
∫
M

u1u2 + v1v2

λ
dxdy = 2 〈α1, α2〉WP

[J]

•
(
T(M), 〈·, ·〉WP

)
not complete, but any two points can be joined

by a unique WP -geodesic. Geodesics “crash” into surfaces of lower
genus in finite time (a handle collapses).
• Almost complex structure J on A drops to an almost complex
structure [J] on T(M). Nijenhuis tensors of J and [J] vanish. Cannot
apply Newlander-Nirenberg to A but could on Hilbert manifold A s.
Can do better: Abresch-Fischer holomorphic coordinates on A ,
they are global, induce holomorphic coordinates on T(M). So pro-
jection A → T(M) is holomorphic; local holomorphic sections and
global sections exist, but not holomorphic global sections (Earle).
• Weil-Petersson metric is Kähler has < 0 sectional curvature.
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GROUP-VALUED
MOMENTUM MAPS

Inspiration is the momentum map for Poisson Lie group actions.

Our group-valued momentum map is not built on the pattern from

the theory of quasi-Hamiltonian actions; in the Abelian case it ex-

tends this theory, but it is totally different for non-Abelian groups.

Poisson Lie group momentum maps

All manifolds and Lie groups are finite-dimensional. The theory is

due to Lu [1990], Lu and Weinstein [1990].

A Lie group G is a Poisson Lie group if it is simultaneously a Poisson

manifold and group multiplication and inversion are Poisson maps.

Let $G ∈ X2(G)(= bivector fields) denote the Poisson tensor of G.

Let (M,$M) be a Poisson manifold.
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A Poisson action of the Poisson Lie group G on (M,$M) is a smooth
(left) action G × M → M which is, in addition, a Poisson map
(with G×M endowed with the product Poisson structure $G×$M .
(Functions on G Poisson commute with functions on M).

The Poisson tensor $G of a Poisson Lie group G, with Lie algebra
g, necessarily vanishes at the identity element e ∈ G, which then
allows for the definition of the intrinsic derivative ε : g → g ∧ g by
ε(A) := (LX$G)e, where X ∈ X(G) is an arbitrary vector field sat-
isfying Xe = A and LX denotes the Lie derivative in the direction
X. The dual map ε∗ : g∗ ∧ g∗ → g∗ satisfies the Jacobi identity, thus
endowing g∗ with a Lie algebra structure. The unique connected
and simply connected Lie group G∗ whose Lie algebra is g∗ is called
the dual group of G. The Lie group G∗ has a unique Poisson struc-
ture $G∗ relative to which G∗ is a Poisson Lie group such that the
intrinsic derivative of $G∗ is the Lie bracket on g. If G is connected
and simply connected, the intrinsic derivative ε is a cocycle which
uniquely determines both Poisson Lie tensors $G and $G∗.
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Let G ×M → M be a left Poisson action of the Poisson Lie group

(G,$G) on the Poisson manifold (M,$M). A smooth map J : M →
G∗, if it exists, is called a momentum map of this action if

A∗+$M
(
·, J∗Al

)
= 0, for all A ∈ g.

Here, A∗ denotes the fundamental (or infinitesimal generator) vec-

tor field on M induced by the infinitesimal action of A ∈ g, i.e.,

A∗(m) :=
d

dt

∣∣∣∣
t=0

exp(tA) ·m, for all m ∈M,

g ·m action of g ∈ G on m ∈M . Interpretation of second term:

Since g is the dual of g∗ (which is the Lie algebra of G∗), we think

of A as a linear map on g∗ and hence it defines a unique left in-

variant one-form Al ∈ Ω1(G∗) whose value at the identity is A, i.e.,

(Al)a(v) =
〈
A, TLa−1v

〉
, ∀a ∈ G∗, ∀v ∈ TaG∗; La−1 = left translation

by a−1 ∈ G∗ in G∗.
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Assume now that the Poisson manifold (M,$M) is symplectic with
symplectic form ω and let us unwind the definition in this case. For
any Xm ∈ TmM we have

ωm(A∗m, Xm) = ($M)m

((
$
]
M

)−1
A∗m,

(
$
]
M

)−1
Xm

)
= −

(
J∗Al

)
m
Xm

= −
(
Al
)
J(m)

(TmJ(Xm)) = −
〈
A,LJ(m)−1TmJ(Xm)

〉
= −〈A, (δJ)m(Xm)〉 ,

where TmJ : TmM → TJ(m)G
∗ is the derivative (tangent map) of

J : M → G∗ and δJ ∈ Ω1(M, g∗), defined by the last equality, is its
left logarithmic derivative.

Key observation: The identity ωm(A∗m, Xm) + 〈A, (δJ)m(Xm)〉 = 0
proved above does not use the Poisson Lie group structure on G.
This identity makes sense if the momentum map is replaced by a
smooth map J : M → H with values in an arbitrary Lie group H, as
long as there is a duality between the Lie algebras of G and H. This
observation leads to our generalization of Lu’s momentum map.
To define this generalization, we need a few preliminary concepts,
inspired by their counterparts in the theory of Poisson Lie groups.
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Dual pairs of Lie algebras

A dual pair of Lie algebras (not necessarily finite dimensional)

consists of two Lie algebras g and h, which are in duality through

a given (weakly) non-degenerate bilinear map κ : g × h → R. Like

in functional analysis, we often write the dual pair as κ(g, h). Intu-

itively, we think of h as the dual vector space of g, endowed with

its own Lie bracket operation, so sometimes we write g∗ := h, even

though g∗ is not necessarily the functional analytic dual of g.

Two Lie groups G and H are said to be dual to each other if there

exists a bilinear form κ : g× h→ R relative to which the associated

Lie algebras are in duality. We use the notation κ(G,H) in this case.

As for Lie algebras, we often write G∗ := H, intuitively thinking of

G∗ as the dual group, as in the theory of Poisson Lie groups.
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Examples 1.) κ(g, h) dual pair with h Abelian, so the coadjoint

action ad∗µ : g→ g is trivial for every µ ∈ h.

2.) (Group of volume-preserving diffeomorphisms) M be a compact

manifold with a volume form µ. Then the group G = Diffµ(M) of

volume-preserving diffeomorphisms is a Fréchet Lie group (already

known to Hamilton [1982]). Its Lie algebra is

g = Xµ(M) := {X ∈ X(M) | LXµ = 0} = {X ∈ X(M) | divµX = 0}.

So identify Xµ(M) with ΩdimM−1
cl (M) via X 7→ iXµ, where Ωk

cl(M) =

{α ∈ Ωk(M) | dα = 0}. Thus Ω1(M)/dΩ0(M) is the regular dual

with respect to the weakly non-degenerate integration paring

κ(X, [α]) := (−1)dimM−1
∫
M

(iXµ) ∧ α =
∫
M

(iXα)µ.

Interpret α ∈ Ω1(M) as a trivial principal circle bundle with cur-

vature dα. From this point of view, Ω1(M)/dΩ0(M) parametrizes

equivalence classes of connections on a trivial principal circle bundle.
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So, it is natural to think of Ω1(M)/dΩ0(M) as the Lie algebra of
the Abelian group H := Ĥ2(M,U(1)) of all principal circle bundles
with connections, modulo gauge equivalence. So we get a dual pair
κ(Diffµ(M), Ĥ2(M,U(1))) of Lie groups.

3.) (Group of symplectomorphisms) (M,ω) compact symplectic
manifold. The group G = Diffω(M) of symplectomorphisms is a
Fréchet Lie group (Kriegl and Michor [1997]) with Lie algebra

g = Xω(M) := {X ∈ X(M) | diXω = 0} 3 X ∼←→ iXω ∈ Ω1
cl(M).

ĥdimM(M,U(1)) := ΩdimM−1(M)/dΩdimM−2(M), pairing

κ(X,α) :=
(−1)dimM−1(
1
2 dimM − 1

)
!

∫
M

(iXω) ∧ α

The Abelian Lie algebra ĥdimM(M,U(1)) is integrated by the group
ĤdimM(M,U(1)) of Cheeger-Simons differential characters with de-
gree dimM ; think of it as equivalence classes of circle n-bundles
with connections in the sense of higher differential geometry.
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Remark: Diffµ(M), Diffω(M) have an Abelian dual group, so are
special cases of the first example; so dual pairs (Xµ(M), ĥ2(M,U(1)))
and (Xω(M), ĥdimM(M,U(1))) are Lie bialgebras.

Ignoring the particularities of the infinite-dimensional setting for a
moment, Drinfeld’s theorem states that there are essentially unique
connected and simply connected Poisson Lie groups, whose Lie
algebras are Xµ(M) and Xω(M), respectively.

We do not know if

• the groups Diffµ(M) or Diffω(M) carry a non-trivial Poisson Lie
structure integrating the above Lie bialgebras (this would require
to find a non-trivial integration of the adjoint action);

• there are any Poisson Lie structures on these groups, such that
the actions used later in the examples are Poisson maps.

In spite of these, apparently, serious problems, the theory works.
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Group-valued momentum maps

Let M be G-manifold endowed with a symplectic form ω (not nec-

essarily G-invariant). A group-valued momentum map is a pair

(J, κ), where κ(G,G∗) is a dual pair of Lie groups and J : M → G∗

is a smooth map satisfying

iA∗ω + κ(A, δJ) = 0, ∀A ∈ g;

A∗ = fundamental vector field induced by A ∈ g, δJ ∈ Ω1(M, g∗) is

the left logarithmic derivative of J, g = Lie(G), and g∗ = Lie(G∗).

Examples: 1.) (Standard momentum map) View G∗ = g∗ as an

Abelian group, κ : g × g∗ → R duality pairing. Thus a g∗-valued

momentum map is J : M → g∗ satisfying the usual relation

iA∗ω + dJA = 0, ∀A ∈ g.

Here JA = κ(A, J) : M → R (the A-component of J) and the Abelian

nature of g∗ implies dJA = κ(A,TJ) = κ(A, δJ).
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2.) (Lie algebra valued momentum map) κ : g × g → R continu-

ous, weakly non-degenerate, AdG-invariant symmetric bilinear form;

identify formally functional analytic dual g∗ with g. Same as before.

3.) (Poisson momentum map) (M,ω) finite-dimensional symplectic.

Definition repeats the standard one for Poisson Lie groups.

4.) (Circle-valued momentum map) (M,ω) symplectic manifold,

symplectic G = U(1)-action. We let G∗ = U(1) and take κ :

u(1)× u(1) → R, κ(x, y) = xy (usual multiplication of real numbers

under the identification u(1) = R), as the pairing between the Lie

algebras of G and G∗. Thus, a map J : M → U(1) is a group-valued

momentum map if and only if

i1∗ω + δJ = 0,

i.e., recover the usual definition of a circle-valued momentum map.
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5.) (Cylinder-valued momentum map) In a finite-dimensional con-

text, Condevaux-Dazord-Molino [1988] introduced a momentum

map with values in the cylinder C := g∗/H, where H is the holonomy

group of a flat connection on some bundle constructed in terms of

the symplectic form and the action.

If the holonomy group H is discrete, then C is a Lie group with

Lie algebra g∗. Thus C is a dual group. Under the identification of

the Lie algebra c = g∗, the cylinder-valued momentum map satisfies

the defining identity for a group valued momentum map (shown in

Ortega-Ratiu [2003], Theorem 5.2.8), and hence is a group-valued

momentum map.

The case when the holonomy group H ⊆ g∗ has accumulation points

is pathological both in the framework of cylinder- as well as group-

valued momentum maps.
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Despite its general nature, a group-valued momentum map still

captures conserved quantities of the dynamical system, i.e., it has

the Noether property .

Let (M,ω) be symplectic G-manifold. Suppose that the action has

a G∗-valued momentum map J : M → G∗. Let h ∈ C∞(M) for

which the Hamiltonian vector field Xh exists and has a local flow.

(Recall that vector fields on Fréchet manifolds do not need to have

flows. This is more or less equivalent to local in time solutions of

the corresponding partial differential equation.) If h is G-invariant,

then J is constant along the integral curves of Xh.
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Example: Teichmüller space

Donaldson [2003]: The scalar curvature produces a momentum

map Jex for the action of the group Diffµ,ex(M) of exact volume-

preserving diffeomorphisms of a surface (M,µ) on the space Mµ of

all compatible Riemannian structures.

Even though the symplectic quotient J−1
ex (c)/Diffµ,ex(M) is related

to the Riemann moduli space, they do not coincide because the

latter is the quotient by the full group Diffµ(M) of all volume-

preserving diffeomorphisms. Donaldson [2003]: the ”difficulty is

that there is no way to extend the moment[um map] Jex to an

equivariant moment[um] map for the full action of Diffµ(M)”.

We show that the action of Diffµ(M) admits a differential character

valued momentum map. Then realize the Riemann moduli space

and the Teichmüller space as symplectic orbit quotients.
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Let M be a closed surface endowed with an area form µ. The space

Mµ of Riemannian metrics on M compatible with µ is endowed with

the symplectic form

Ωg(h1, h2) = −
1

2

∫
M

tr
((
g−1h1

)(
g−1µ

)(
g−1h2

))
µ ,

where g ∈ Mµ and h1, h2 ∈ TgMµ. The left action of Diffµ(M) on

Mµ by push-forward preserves Ω and has a group-valued momentum

map

J : Mµ → Ĥ2(M,U(1)), g 7→ KgM,

where Ĥ2(M,U(1)) is the Abelian group of gauge equivalence classes

of circle bundles with connection over M and KgM is the canonical

circle bundle.

Explanation of the terminology:
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1.) A Riemannian metric g on M is compatible with the volume

form µ on M if the volume form induced by g coincides with µ.

For such metrics, we have ∇µ = 0, where ∇ is the Levi-Civita

connection defined by g.

The space Mµ of Riemannian metrics compatible with µ is identified

with the space of sections of the associated bundle

LM ×SL(2,R)

(
SL(2,R)/SO(2)

)
,

where LM denotes the SL(2,R)-frame bundle induced by the vol-

ume form µ. So Mµ naturally comes with the structure of an

infinite-dimensional Fréchet manifold.

The space of g-trace-free symmetric covariant 2-tensors is the tan-

gent space to Mµ at g. So, h1 and h2 are trace-free symmetric

covariant 2-tensors.
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2.) Given a symmetric covariant 2-tensor h and a Riemannian
metric g on M , the notation g−1h is the (1,1)-tensor obtained
by raising the first index, i.e., (g−1h)ij = gikhkj, or intrinsically,
(g−1h)(α,X) = h(g−1α,X) for α ∈ Ω1(M), X ∈ X(M), where g−1 :
Ω1(M)

∼−→ X(M). Hence the integrand is the trace of the product

of three matrices: tr
((
g−1h1

) (
g−1µ

) (
g−1h2

))
= (h1)ij µ

j
k (h2)ki .

3.) Let I be the almost complex structure on M induced by the
symplectic form µ and the Riemannian metric g on M . The com-
plex line bundle Λ1,0M of holomorphic forms is called the canonical
line bundle. The form µ is a non-vanishing section of Λ1,1M =
Λ1,0M⊗Λ0,1M and thus induces a Hermitian metric on Λ1,0M . The
associated Hermitian frame bundle KgM is a principal circle bundle,
called the canonical circle bundle. The Levi–Civita connection of g
naturally induces a connection in KgM .

4.) We already know that Ĥ2(M,U(1)) is an Abelian Fréchet Lie
group with Lie algebra Ω1(M)/dΩ0(M).
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Reduction

Curvature of canonical bundle KgM is −Sgµ; Sg scalar curvature of
g. Hence, symplectic reduction at the subset curv−1(µ) of all bun-
dles with constant curvature µ yields the Riemann moduli space:

J−1(curv−1(µ))/Diffµ(M) =
{
g ∈Mµ | Sg = −1

}
/Diffµ(M).

Show that Diffµ(M) acts (infinitesimally) transitively on curv−1(µ),
so that the reduction is a singular symplectic orbit reduction.

Diffµ(M)◦ ⊂ Diffµ(M) connected component, so same momentum
map, but action is free. Thus, Diffµ(M)◦-symplectic quotient is a
smooth manifold = T(M), whose symplectic form is proportional
to the Weil–Petersson symplectic form on the Teichmüller space.

Remark: Besides the scalar curvature as a geometric datum, the
group-valued momentum map J contains topological information
in the form of the Chern class of M . The momentum map Jex

for the action of the group Diffµ,ex(M) of exact volume-preserving
diffeomorphisms does not contain this topological information.
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Remark: There is much more going on here, most of it open. The

Lie algebra sl(2,R) is generated by

e+ =

[
1 0
0 −1

]
e− =

[
0 1
1 0

]
h =

[
0 1
−1 0

]
with to the commutation relations [h, e±] = ∓2e∓ and [e+, e−] = 2h.

The Killing form κ(A,B) = 1
2trace(AB) is non-degenerate and thus

yields an identification of sl(2,R) with sl(2,R)∗. The generators

form an orthonormal basis of sl(2,R) with signature (+ +−). The

Killing form is Ad-invariant and so identifies the coadjoint action

with the adjoint action. Every non-vanishing elementin sl(2,R) can

be brought into one of the following four normal forms under the

adjoint action:

Nλ
e = λ

[
0 1
−1 0

]
, Nλ

h = λ

[
0 1
1 0

]
, N+

p =

[
0 1
0 0

]
, N−p =

[
0 0
1 0

]
.
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• The orbit through Nλ
e is an elliptic hyperboloid (or two-sheeted

hyperboloid). λ > 0 parametrize the family of the upper sheets

and λ < 0 parametrize to the lower sheets. The stabilizer of Nλ
e

is independent of λ and is isomorphic to SO(2). The coadjoint

orbit for λ = 1 is symplectomorphic to Sp(2,R)/U(1). Sections

of LM ×SL(2,R) (SL(2,R)/SO(2)) correspond to reductions of the

SL(2,R)-frame bundle to SO(2), i.e., Riemannian metrics g com-

patible with the prescribed area form σ. In our abstract construc-

tion, this gives rise to the Teichmüller space.

• The orbit through Nλ
h is a hyperbolic hyperboloid (or one-sheeted

hyperboloid). The stabilizer of Nλ
h is again independent of λ, con-

sists of elements of the form(
± cosh r sinh r

sinh r ± cosh r

)
, r ∈ R,

and hence is isomorphic to SO(1,1).
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Sections of LM ×SL(2,R) (SL(2,R)/SO(1,1)) are reductions of the

SL(2,R)-frame bundle, this time, to SO(1,1). Geometrically, these

are semi- (or pseudo-, in another terminology) Riemannian metrics

η. Hence the space of semi-Riemannian metrics inducing the given

area form σ is an infinite-dimensional symplectic manifold.

• The parabolic orbits, that is, the two light-cones, are orbits

through N+
p (for the upper) and N−p (for the lower cone). Their

stabilizers are

P+ :=

{[
±1 r
0 ±1

] ∣∣∣∣∣ r ∈ R
}
, P− :=

{[
±1 0
r ±1

] ∣∣∣∣∣ r ∈ R
}
,

so we consider LM ×SL(2,R)

(
SL(2,R)/P±

)
whose sections are re-

ductions of the SL(2,R)-frame bundle to P±.
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N1
e

N1
h

N+
p

N−p

Coadjoint orbits of SL(2,R) projected onto the e−- h plane.
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Fµ denotes the space of sections of LM ×SL(2,R) (SL(2,R)/Gµ). Pµ
is the associated circle bundle of the reduced Gµ-frame bundle using

the Lie group homomorphism ρµ : Gµ → U(1) that integrates the

Lie algebra homomorphism ρ̌µ = µ|gµ : gµ → R
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The real work on the general theory

• obstruction to existence, characterization of uniqueness

• introduce actions that “integrate” the adjoint and coadjoint ac-
tions: “coconjugation action” on the dual pair κ(G,G∗) is a pair
(Υ,Υ∗) consisting of left actions Υ : G×G∗ → G∗, Υ∗ : G∗×G→ G

integrating coadjoint actions in the sense that Υg(e) = e, Υ∗η(e) = e

TeΥg(µ) = Ad∗
g−1 µ, TeΥ

∗
η(A) = Ad∗

η−1 A

holds for all g ∈ G, η ∈ G∗, µ ∈ g∗, and A ∈ g.

• obstructions to equivariance, links to dressing transformations

• when does coconjugation induce Poisson Lie structures on G, G∗

• momentum maps for group extensions

• symplectic forms on spaces of sections
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• actions on Aut(P ) and subgroups whose diffeomorphism on the
base preserves a (volume or symplectic) form µ, or Gau(P )

id→ Gau(P )→ Autµ(P )→ Diffµ,P (M)→ id,

Diffµ,P (M) = subgroup of µ-preserving diffeomorphisms which is
the range of the projection given by the third arrow; it consists
of those diffeomorphisms that preserve the equivalence class of P
under pull-back, and thus it is an open subgroup of Diffµ(M).

• momentum map for the gauge group (if Diffµ,P (M) = Diffµ(M))

• momentum map for the diffeomorphism group

• momentum map for the volume preserving diffeomorphism group

• momentum map for the symplectomorphism group

• treat seven applications in great detail:
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♦ hydrodynamics
♦ Lagrangian embeddings
♦ Kähler manifolds
♦ Teichmüller space
♦ weighted Lagrangian subbundles
♦ action of the quantomorphism group
♦ gauge theory

µ volume, ω symplectic form. Q → M prequantum circle bundle
with connection. P →M principal G-bundle, LM frame bundle.
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THANK YOU!
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