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Multisymplectic manifolds

Multisymplectic manifold : (M, w), such that w € Qk+1(M)
is closed and non-degenerate.

Non-degeneracy : The map tew : TM — AKT*M, v = 1w
is injective.

Examples :
> k=1:wis symplectic.
» k=dim(M)—1:wis a volume form.
» k=2:Let G be a semsisimple Lie group and (-, -) its Killing
form. Then ([, ], -) extends to a biinvariant (multisymplectic)
form w.



Reminder : Symplectic moment maps

Let (M,w) be symplectic and ¥ : M x G — M a Lie group action
that preserves w.

Definition

Moment map : f € C>°(M, g*), such that
1. dfe() = w(we, ) for all £ € g.
2. f(g(x)) = Adg(f(x)) forallge G, xe M.




Reminder : Symplectic moment maps

Let (M,w) be symplectic and ¥ : M x G — M a Lie group action
that preserves w.

Definition

Moment map : f € C>°(M, g*), such that
1. dfe() = w(we, ) for all £ € g.
2. f(g(x)) = Adg(f(x)) forallge G, xe M.

Assume G is connected, then from a dual perspective,

f:g— C*(M)

1. that lifts the infinitesimal action v : g — X(M).
2. and is a Lie algebra homomorphism.

is called comoment.
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Let (M,w) be multisymplectic.

Qkfl(/\/],w) = {a | da = —ix,W for some Xa c :f(/\/l)} C Qk_l(/\/l)

Ham

Li_4 Ly Lo
C°(M) QF2(M) —— Qf L (M, w)
{}, : /\Lo—) L,'_2
i(i+1)

{oa,...,ai}i =—(-1) 2 w(Xal,...,Xai,-,--- ,)



The L, algebra of observables
Definition/ Proposition (Rogers2012)

The Ly-algebra of multisymplectic observables : Lo.(M,w)

1. vector spaces L; fori=0,..,k—1
2. differential {-}; :=d
3. higher brakets {--- }; fori=2,...,k+1

is an L.-algebra.
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The L, algebra of observables
Definition/ Proposition (Rogers2012)

The Ly-algebra of multisymplectic observables : Lo.(M,w)

1. vector spaces L; fori=0,..,k—1
2. differential {-}; :=d
3. higher brakets {--- }; fori=2,...,k+1

is an L.-algebra.

0= > (-1 sgn(0)e(c:x) {{x(1): s Xo(i)} s Xo(i41) s Xo(n)
i+j’7=({1+1_)
oecush(i,n—i

[ Moreover, Loo(M,w) — X(M) is a Loo-homomorphism. ]




Homotopy comoments

Let (M, w) multisymplectic and v : g — X(M,w) an action
preserving w.

Definition FRZ-2013 Loo(M,w)
A (homotopy) comomentis an L., homo- F.7 l
morphism f : g — Loo(M,w) projecting e g

g —= X(M)

to v.
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Let (M, w) multisymplectic and v : g — X(M,w) an action
preserving w.

Definition FRZ-2013 Loo(M,w)
A (homotopy) comomentis an L., homo- F.7 l
morphism f : g — Loo(M,w) projecting -7

to v. g— x(M)

le. it is given by fi : A’ g — Lj_1 for i € {1,..., k}, such that

L df(§) = —tyw

2. e — (D ([ G A e A N ENLE) =
i(i—1)

dfi(Gi A ANE) = (1) 2 wlvey, oo Ve, 0)




Homotopy comoments

Theorem (RW15 and FLZ15)

Let (M,w) be multisymplectic and v : g — X(M,w).
> The map {1 A .o A& = Fw(vgy, .o, Vg, - - ) defines
classes ¢; € H'(g) ® Hg,;rlf’(/\/l)

» A homotopy comoment f for the action exists if and
onlyifcg=0forallie{1,..,k+1}
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Theorem (RW15 and FLZ15)

Let (M,w) be multisymplectic and v : g — X(M,w).
> The map {1 A .o A& = Fw(vgy, .o, Vg, - - ) defines
classes ¢; € H'(g) ® Hg,;rlf’(/\/l)

» A homotopy comoment f for the action exists if and
onlyifcg=0forallie{1,..,k+1}

Symplectic case : The obstructions to the existence of a comoment
live in H!(g) ® Hip(M) and H?(g) ® HIx(M).
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Theorem (MR19)

Let (M,w) as above, G compact, ¥ : M x G — M preserves
w. A comoment exists if and only if

[0*w — m*w] = 0 € HXIY(M x G)

Corollaries :

» If w has an (invariant) potential, then there is a comoment.
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Homotopy comoments

Theorem (MR19)

Let (M,w) as above, G compact, ¥ : M x G — M preserves
w. A comoment exists if and only if

[0*w — m*w] = 0 € HXIY(M x G)

Corollaries :
» If w has an (invariant) potential, then there is a comoment.

> If w can be extended to an equivariant cohomology class
we HéH(M), then there is a comoment.

» If G; has a comoment on (M;,w;) and G, has a comoment on
(Ma,ws), then Gi x G has a comoment on
(Ml X Mo, 7'('?0.)1 + W;WQ)

» ... and on (Ml X Mz,ﬂ'fwl /\71';(4}2). [5216]



Comoments for spheres

Theorem (MR19)

Let M = 5", w a volume form and G compact, acting effec-
tively, preserving the volume. The action admits a homotopy
comoment map if and only if

> nis even,

» or the action is not transitive.
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Theorem (MR19)

Let M = 5", w a volume form and G compact, acting effec-
tively, preserving the volume. The action admits a homotopy
comoment map if and only if

> nis even,

» or the action is not transitive.

Examples :
» SO(2n+1) O S?" : has a comoment
» SO(2n) O S?"~! : has no comoment
» SO(n) © S™ : has a comoment
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Comoments for spheres

Idea of proof :

» The obstructions live in :
H"1(S") @ HY(G)
®D...
SHY(S™) ® H"1(G)
®H(S") ® H"(G) = H"(G)

» intransitive case : There exists an orbit p- G C S” of dim < n.

» transitive case : classification
> SO(n)/SO(n—1) = S"-1 > G,/SU(3) = S°
> SU(n)/SU(n—1) = §2n-1 > Spin(7)/Gy = S”
» Sp(n)/Sp(n—1) = S4~1 > Spin(9)/Spin(7) = S1°.
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Weak comoment maps

Let (M,w) and G as above. P = ker(Akg — Ak~1g)
Definition (H2018)

A weak comoment map is a collection f; : P,S' — L;_q for
i€{1,...,k}, such that
L dh(§) = —tyw
i(i=1)
2. 0= df,(fl AN /\g,') = (—1) 2 w(v&, coey Vit )

> If a homotopy comoment exists, it exists.
> If Hio(M) = ... = H5o(M) = 0, then it exists.
» Especially, for (5", w) it exists. (n = k + 1).
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Weak comoment maps

If ckr1 # 0 € HI5(M) ® H**1(g), then there is no homotopy
comoment, but there still might be a weak comoment.

Theorem (MR2020)

A weak comoment f for the action exists if and only if ¢; =0
forall i € {1,..., k}.




Thank you for your attention !
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