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Exercise 1. A ribbon graph is the graph corresponding to a cell decomposition

of a compact oriented surface. It is of type (g, n) if the number of faces is n
and the genus of the compact oriented surface is g.

Let

Rg,n =
⊔

Γ ribbon graph
of type(g,n)

Re(Γ)
+ /AutΓ;

construct the topological space R1,1.

Exercise 2. We will show thatM1,1 = H/SL2(Z)

1. Let ω1, ω2 ∈ C∗ such that =(ω1/ω2) > 0. What does this condition

mean?

2. We call periods two complex numbers ω1, ω2 ∈ C∗ as in the previous

point. A Weierstrass function for the periods ω1, ω2 is a meromorphic

function p over C such that

� p(z +mω1 + nω2) = p(z) for integer m and n;

� p(z) ∼ 1
z2

for z → 0;

� the only poles of p are on the points of the lattice generated by ω1

and ω2, and such poles are double.

Show that a Weierstrass function exists and it is unique.

3. Show that

p(z) =
1

z2
+
∞∑
h=2

(2h− 1)G2h(ω1, ω2)z2h−2

for complex numbers G2h(ω1, ω2).

4. De�ne g2 = 60G4 and g3 = 140G6, show that

(p′(z))2 = 4p(z)3 − g2p(z)− g3
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5. We call an a�ne elliptic curve a smooth subvariety of C2 de�ned by an

equation of the form

y2 = 4x3 − g2x− g3.

Show that the above equation de�nes an a�ne elliptic curve if and only

if g3
2 − 27g2

3 6= 0.

6. For τ ∈ C with =(τ) > 0, let

Eτ = C/Z⊕ τZ.

Show that Eτ is isomorphic to the projectivization of an a�ne elliptic

curve. We call it simply an elliptic curve.

7. Show that Eτ ' Eτ ′ if and only if τ ′ =

(
a b
c d

)
τ for some matrix of

SL(2,Z). Conclude thatM1,1 ' H/SL2(Z).

8. Draw a picture ofM1,1. Show that it is an orbifold whose group is Z/2Z
at all points except two, in which it is Z/4Z and Z/6Z respectively.
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