NOTES ON RUELLE’S THEOREM

STANISLAV SMIRNOV

Abstract. This is an excerpt from the minicourse given in Stockholm in 1998. Following Ruelle’s ideas, we give a self-contained proof of his theorem. By no means results or proofs are new, though some places are streamlined and some errors are corrected.

Let F be a rational map on the Riemann sphere, of degree d ≥ 2. We write F^n for the n-th iterate of F . Distances and derivatives are measured in the spherical metric. The Julia set of F is denoted by J_F . We assume that F is hyperbolic. We refer to [6, 29] for definitions and basic facts of complex dynamics.

Theorem A. For a hyperbolic rational map F , the Hausdorff dimension of the Julia set is real analytic in F .

For a hyperbolic rational map F , one can introduce the pressure function P_F (t) which turns out to be real analytic in t ∈ R and F ∈ Hyp. It has only one root, which is the Hausdorff dimension HDim (J_F ). Thus application of the implicit function theorem reduces Theorem A to the following

Theorem B. For a hyperbolic rational map F , the pressure function P_F (t) is real analytic in t ∈ R and F ∈ Hyp. It is concave, strictly decreasing, and its only root is HDim (J_F ) (Bowen’s formula).

We will derive the real analyticity of pressure by showing that it is equal to the logarithm of the spectral radius of an appropriate Ruelle transfer operator. In “good” functional spaces this spectral radius turns out to be a simple isolated eigenvalue; then one checks that Ruelle operator depends real-analytically on t and F and by perturbation theory derives the real-analyticity of pressure.

1. Ruelle transfer operator

In this Section, we consider Ruelle(-Perron-Frobenius) transfer operator with general smooth weight.

Let L = L_g denote the Ruelle transfer operator with weight g which acts in appropriate function spaces according to the formula

L_gf(z) = ∑ y∈F^{−1}(z)

g(y) f(y) . (1)

The formal adjoint operator L^∗ = L^∗_g acts in the space of measures by d ( L^∗_gμ(z) ) = g(z)dμ(F (z)) . (2)

Date: 1999. 1

It is easy to see that powers of these operators satisfy

L^n_g f(z) = ∑ y∈F^{−n}(z)

g_n(y) f(y) , d (( L^∗_g

)_n μ(z) ) = g_n(z)dμ(F^n(z)) ,

where g_n(z) :=

∏_{n−1} j=0 g(F^j z).

The hyperbolic dynamic is expanding, and looking at the definition one can see, that Ruelle operator makes “smooth” functions even “smoother.” This makes the Ruelle operator “quasicompact” in various “smooth” spaces, which can be made rigorous in several ways:

• In very “smooth” spaces the operator is compact; e.g. this is easy to show when the weight is holomorphic: then transfer operator is a sum of compositions of multiplication operator (which is bounded), and “stretching” (which is compact by Cauchy formula). In our setting there seems to be no Banach space where the transfer operator would be compact; nevertheless similar to above arguments show that it is nuclear in the nuclear space C^∞. This is the original approach of Ruelle introduced in [35]. Unfortunately, though short and elegant, it requires invoking not so well-known and highly non-trivial (but beautiful) papers [13, 14] of Grothendieck on nuclear operators and their Fredholm determinants.

• We will follow another standard approach. In Hölder space the operator is quasicompact, i.e. it behaves like compact outside the essential spectral radius. The standard method of proof given by two-norm inequality of Ionescu-Tulcea and Marinescu from [19]. It will work in any space of “smooth” functions, the “smoother” is the space, the smaller will be essential radius. Among “smooth” spaces tried by different authors in various situations are Sobolev, BV , Zygmund, . . . .

Space BV is especially good for one dimensional real dynamics, since composing with an isomorphism does not change the variation of a function, calculations thus are much simplified and can be done for very general dynamics. Unfortunately, there is only “partial” analog BV_2 of this space for complex situation, see [39].

If dynamics lacks expansion, one can still prove quasicompactness, provided additional conditions like “pressure is strictly bigger than topological pressure” are satisfied. Such conditions ensure that to “obtain” spectral radius of the transfer operator at least exponentially many inverse branches are needed, then one can use principle that out of exponentially many inverse branches most will be expanding.

• Another approach which works in the same situations, uses Banach space cones, and was developed by Liverani in [20].

We will consider transfer operator on the spaces C(J) and H_α(J), the latter with the norm

‖f‖_α := sup

|f(x) − f(y)| |x − y|^α

+ ‖f‖_∞ .

Proposition 1. Assume that g is positive and Hölder-continuous with exponent α. Then operator L_g is bounded on the spaces H_α and C, and its spectral radii satisfy

r_{ess}(L_g, H_α) < r(L_g, H_α) = r(L_g, C) =: λ_g ≡ λ .

Moreover, λ is a simple eigenvalue of L_g on H_α and the only eigenvalue with modulus λ.

1.1. Two-norm inequality.

Lemma 1.1. Operator L_g is bounded in the spaces C and H_α, moreover, the following two-norm inequality holds:

‖L^nf‖_α ≤ Cq^n ‖L^n‖_∞ · ‖f‖_α + M_n‖f‖_∞ . (3)

Proof: It is trivial that L_g is bounded on the space C. To establish boundness and quasicompactness of L_g on the space H_α we write 1 |z − z^′|^α | |(L^n_g f) (z) − (L^n_g f) z^′) | | ≤ 1 |z − z^′|^α ∑ y∈F^{−n}z | |g_n(y)f(y) − g_n(y^′)f(y^′) | |

≤ sup

y∈F^{−n}z | | | y − y^′ z − z^′ | | | α ∑ y∈F^{−n}z

|g_n(y) − g_n(y^′)| |y − y^′|^α

|f(y^′)| + ∑ y∈F^{−n}z

g_n(y)

|f(y) − f(y^′)| |y − y^′|^α

≤ Cq^n

(deg F )^n ‖g_n‖_α ‖f‖_∞ + ∑ y∈F^{−n}z

g_n(y) ‖f‖_α

= C q^n ‖f‖_α ‖L^n‖_∞ + M^′_n ‖f‖_∞ ,

with some positive constants C, M^′_n, and q < 1. Above we used that for a hyperbolic Julia set preimages of two points z, z^′ can be assigned in pairs y, y^′ so that |y − y^′| < C_1q^n_1 |z − z^′| with some positive absolute (depending on J only) constants C_1 and q_1 < 1. This follows easily from the fact that preimages under F^{−n} of small balls centered on the Julia set are univalent and shrink exponentially as n → ∞.

Thus the two-borm inequlaity (3) holds and it immedeately follows that L_g is bounded in H_α. Since λ := r(L, C) = lim_{n→∞} ‖L^n‖^{1/n}_∞ , by the two-norm inequality (3), we can find an integer m such that

‖L^m f‖_α ≤ 1 2 λ^m‖f‖_α + M_m‖f‖_∞ . (4)

Denote C_n := sup_{i+j<n}{λ^i ‖ L^j ‖ ∞}, clearly lim_{n→∞} (C_n)^{1/n} = λ. By induction we have

‖L^{km} f‖_α ≤ 1 2 λ^{km}‖f‖_α + 2M_mC_{km}‖f‖_∞, (k = 1, 2, . . . ) ,

therefore r(L, H_α) = lim_{n→∞} ‖L^n‖^{1/n}_α ≤ lim_{n→∞} (λ^n + C_n)^{1/n} = λ = r(L, C) .

Inverse inequality follows from easy

‖L^n‖_∞ = ‖L^n1‖_∞ ≤ ‖L^n1‖_α ≤ ‖L^n‖_α ,

and we deduce that r(L, H_α) = r(L, C). �

1.2. Finite rank approximation.

Lemma 1.2. There is a constant C such that for any ε > 0 there exists a finite rank operator K in H_α with ‖K‖_α ≤ C, ‖f − Kf‖_∞ ≤ ε ‖f‖_{1,p}. (5) Proof: By the Whitney extension theorem there is a bounded in H_α by some constant C linear operator, extending f to the whole plane. Consider a grid of equilateral triangles Δ of size < ε/(2C). Define Kf to be a continuous function coinciding with f in the vertices and linear on each triangle. Clearly, ‖Kf‖_{α,J} ≤ ‖f‖_{α,C} ≤ C‖f‖_{α,J} . Moreover, on any triangle Δ one has ‖f − Kf‖_L∞_{(Δ)} ≤ ε 2 · ‖f − Kf‖_{Hα(Δ)} ≤ ε‖f‖_α . � 1.3. Quasicompactness. This method of establishing quasicompactness using two-norm inequality and finite rank approximation is due to Ionescu-Tulcea and Marinescu, [19] (compare also [30]). Lemma 1.3. Transfer operator L_g is quasicompact in the space H_α, that is its essential spectral radius is strictly smaller than its spectral radius.

We remind that spectral radius of L in the space X is r(L, X) := lim_{n→∞} ‖L^n‖^{1n}_X , and the essential spectral radius is r_{ess}(L, X) := inf {r(L − K, X) : K compact operator in X}.

The latter is the spectral radius of L in the Calkin algebra (= bounded operators modulo compact operators). The spectrum of L in X lying outside of the disk {|z| ≤ r_{ess}} consists of a finite number of eigenvalues that all have finite geometric multiplicity. Proof: Chose n so large that in the two-norm inequality Cq^n ‖L^n‖_∞ < 1 4 r(L, C)^n , with n fixed take operator K from the Lemma 1.2 with such ϵ that M_nϵ <^1_4 r(L, C)^n. Then we have ‖L^n(f − Kf)‖_α ≤ Cq^n ‖L^n‖_∞ · ‖f − Kf‖_α + M_n‖f − Kf‖_∞ ≤ C^′q^n ‖L^n‖_∞ · ‖f‖_α + M_nϵ‖f‖_α < 1 2 r(L, C)^n‖f‖_α .

Since L^nK is a finite rank operator, we deduce that r_{ess}(L, H_α) ≤ ‖L^n(I − K)‖^{1/n}_α < r(L, C) . �

1.4. Existence of eigenmeasures.

Lemma 1.4. There exists a probability measure ν_g supported on the whole Julia set such that

L^∗_g ν_g = λ_g ν_g.

Proof: Clearly, operator L^∗ is bounded on M(J), and maps positive measures to positive measures. Thus we can consider the following operator on the (convex and weak-∗ compact) space of probability measures Prob(J):

P : μ →

L^∗μ VarL^∗μ . By the fixed point theorem, P fixes some measure ν, which is the eigenmeasure of L^∗: L^∗ν = λ^′ν. To show that the eigenvalue λ^′ is equal to λ, we write

λ^n ≍ ‖L^n‖_∞ ≍ (L^n1, ν) = (1, (L^∗)^nν) = (λ^′)^n ,

where ≍ means up to a multiplicative e^{o(n)}.

It is clear from (2) that F^{−1}spt ν ⊂ spt ν, and since preimages of any point are dense in J_F we deduce that spt ν = J_F . �

1.5. Multiplicity of λ.

Lemma 1.5. λ ≡ λ_g is a simple eigenvalue of the operator L_t in H_α, and the only eigenvalue with modulus λ:

dim ker (L_g − λ_g)^2 = 1 .

Proof: Consider some eigenvalue λ^′, |λ^′| = λ with a non-zero eigenfunction p, such should exist since r_{ess}(L, H_α) < r(L, H_α) = λ. Then we can write

|λ^′|(|p|, ν) = (|Lp|, ν) ≤ (L|p|, ν) = (|p|, L^∗ν) = λ(|p|, ν) .

The integral (|p|, ν) is positive, the first and the last terms above are equal, and using that spt ν = J we can write |Lp| ≡ L|p| ≡ λ|p|.

By the definition of L the latter implies that for any z values of p at all preimages of z have the same argument (i.e. there is no cancelation, which would lead to |Lp| < L|p|). Since preimages are dense in the Julia set, we conclude, that p has constant argument and without loss of generality is positive.

It immediately follows that λ^′ = λ and that dim ker (L_g − λ_g) = 1 (otherwise a difference of two distinct eigenfunctions would have non-constant argument)

Suppose now that (L_g − λ)^2h = 0 for some h ∈ H_α. We need to show that p := (L_g − λ)h is trivial. Since there is a positive eigenfunction and dim ker (L_t − λ) = 1, non-trivial p can be assumed to be strictly positive. Then we have 0 < (p, ν) = (L_gh, ν) − (λh, ν) = (h, L^∗_gν) − λ (h, ν) = 0 , leading to contradiction, which proves the Lemma. �

Remark 1. One really needs to check that geometric multiplicity of λ is one, and not just that eigenfunction is unique, as is shown by the following example of a Jordan cell. Operator

Q_t := ( o 1 x^2 0 ) , acting on R^2 depends real analytically on t. But σ (Q_t) = {±t} and therefore r (Q_t) = |t| is not a real analytic function.

1.6. Alternative approaches. There are alternative ways to do lemmas 1.4 and 1.5 which work in more general situation than methods discussed above, and we outline them. Alternative construction of eigenfunctions: The following argument, showing that there is a positive eigenfunction with eigenvalue λ (before existence of an eigenmeasure is known) is taken from [39].

Since r_{ess}(L_g, H_α) < r(L_g, H_α)λ, there should be eigenvalues λ_j satisfying |λ_j | = λ, but there are only finitely many of them and the corresponding spectral projections have finite ranks. Denote

g_j := P_j 1; g_0 := 1 − ∑ g_j .

Applying L^n_g , we have L^n_g g_0 + ∑ L^n_g g_j = L^n_g 1, and since ‖L^n_g g_0‖_∞ ≲ ‖L^n_g g_0‖_α = o(‖L^n_g 1‖_∞) as n → ∞, at least one of g_j ’s is not zero.

We also have ‖L^n_g g_j ‖_α ≍ n^{kj} λ^n as n → ∞, where k_j ≥ 0 is the maximal integer number such that

φ_j := (L − λ_j )^{kj} g_j ≠ 0, (i.e. k_j is the size of the corresponding Jordan cell). Let k := max{k_j }. Then

p_n := n^{−k} (L^n_g 1) = ∑ j: k_j =k

λ^n_j φ_j + o(λ^n) (6)

in H_α and also in C(Ω̄). Since the functions φ_j are linearly independent, we have ‖p_n‖_∞ ≍ ‖p_n‖_α ≍ λ^n, and we also have p_n(z_0) ≍ λ^n for some fixed z_0 ∈ ∂Ω. Since p_n ≥ 0, it follows that ‖ ‖ ‖ 1 N N∑ n=1 p_n λ^n ‖ ‖ ‖ ∞ ≳ 1 N N∑ n=1 p_n(z_0) λ^n

≍ 1 .

By (6), this is possible only if one of the eigenvalues λ_j is positive. � Alternative construction of eigenmeasures: What follows below is a version of construction of conformal measures due to Patterson [32] and Sullivan [42].

Fix a point z and consider the sequence of positive measures

μ_n := λ^{−n} (L^∗_g)^n δ_z = λ^{−n} ∑ y∈F^{−n}(z)

g_n(y) δ_y .

Clearly, L^∗_gμ_n = λ μ_{n+1}, and by the proof above we have

‖μ_n‖ = λ^{−n} L^n_g 1(z) ≍ n^k for some integer k ≥ 0. Next we define

ν_n := n∑ j=0 μ_n ,

and take some (weak-∗) limit point ν of the sequence ν_n / ‖ν_n‖. Then ν is a probability measure supported on J_F , and since ‖L^∗_gν_n − λν_n‖ ‖ν_n‖ = ‖λ(μ_{n+1} − μ_0)‖ ‖ν_n‖ ≍ n^k n^{k+1} = 1 n → 0,

we have L^∗_gν = λν. �

2. Analyticity of pressure Now we turn to the proof of Theorem B.

Consider the transfer operator L_{(t,F )} with (positive Hölder) weight g_{(t,F )} = |F^′|^{−t}. It has the main eigenvalue λ(t, F ), and we define pressure by P_F (t) := log λ(t, F ) .

For a general weight g the pressure is usually defined by P (log g) := log λ_g, so our particular case P_F (t) corresponds to P (−t log |F^′|) in standard notation.

It follows from the definition of transfer operator and Koebe distortion theorem that for a fixed point z

P_F (t) = 1 n ‖L^n‖_∞ + o ( 1 n ) = 1 n log ∑ y∈F^{−n}z | |(F^n)^′(y) | |^{−t} + o ( 1 n ) , n → ∞ .

And since |(F^n)^′| > CQ^n with Q > 1, it easily follows that P_F (t) is strictly decreasing and convex in t, therefore continuous. Exponential decay of correlation, discussed below, implies that the error term o(1/n) actually decays like τ^n with τ < 1.

2.1. Bowen’s formula. Sketch:

Pressure is strictly decreasing, P (0) > 0, P (2) ≤ 0, thus there is unique δ such that P (δ) = 0 and hence λ_δ = 1. Thus the measure ν_δ has Jacobian |F^′|^δ (like δ-dimensional Haudorff measure would), it is called δ-conformal measure.

Alternatively one can arrive at it via Patterson-Sullivan construction.

Pulling back a fixed cover by small balls and applying Koebe distortion one shows that for every balll B of radius R, centered on the Julia set, ν_g(B) ≍ R^δ. Then with Besikovitch covering theorem we deduce that δ-dimensional Hausdorff measure of J is positive and finite, hence Hausdorff dimension of J is δ.

2.2. Perturbation theory. Fix hyperbolic rational function F̃ and number t̃. Then for hyperbolic rational function F ≈ F̃ by Mañé-Sad-Sullivan [28] there is a quasiconformal conjugation H_F : J_{F̃} → J_F between dynamical systems (J_F , F ) and (J_{F̃} , F̃ ), which depends holomorphically on F .

Consider the transfer operator L̃ = L̃_{(t,F )} corresponding to the (fixed!) dynamics F̃ and weight |F^′(H_F )|^{−t}.

First note that conjugation H_F transforms operator L̃_{(t,F )} into operator L_{(t,F )} (corresponding to dynamics F and weight |F^′|^{−t}), preserving the space of continuous functions; therefore they have the same main eigenvalue. Thus P_F (t) is the logarithm of the main eigenvalue λ(t, F ) of L̃_{(t,F )}.

Take α > 0 such that weight |F^′(H_F )|^{−t} ∈ H_α for all t and F ’s in some neighborhoods of t̃ and F̃ . The dynamics for operator L̃_{(t,F )} is fixed (i.e. independent of F and t). Direct checking shows that the weight changes with real analytically (as a function in H_α) with t and F . From the definition of the transfer operator, the map (t, F ) → L_{(t,F )} is real analytic as a map to the Banach space of bounded operators on H_α. Then standard perturbation theory implies that P_F (t) is real analytic in F and t.

In fact, chose a single closed curve γ separating λ(t̃, F̃ ) from the rest of the spectrum of L̃_{(t̃,F̃ )}. If t, F are sufficiently close to t̃, F̃ , the point λ(t, F ) lies inside γ and the operators ( L̃_{(t,F )} − z ) are invertible for all z ∈ γ. Consider the spectral projection

Π_{(t,F )} = 1 2πi ∫ γ ( L̃_{(t,F )} − z

)_{−1} ∂z. Then (t, F ) → Π_{(t,F )} is a real analytic map and hence rank Π_{(t,F )} ≡ rank Π_{(t̃,F̃ )} = 1. It follows that Π_{(t,F )} is a projection onto the eigenspace of L̃_{(t,F )} corresponding to λ(t, F ), and

λ(t, F ) =

L̃_{(t,F )}Π_{(t,F )}f Π_{(t,F )}f

, (f ≢ 0, P_{(t̃,F̃ )}f = f),

is an analytic function.

3. Bonuses (i) Perron-Frobenius Theorem: exponential decay of correlations.

The probability eigenmeasure ν ≡ ν_g in Lemma 1.4 is unique, and if f_g ∈ H_α denotes the nonnegative eigenfunction of L_g satisfying ν_g(f_g) = 1, then the rank one operator P := (·, ν_g)f_g is the spectral projection of L_g : H_α → H_α corresponding to the isolated eigenvalue λ ≡ λ_g. We have shown that λ is the only eigenvalue with modulus λ (or bigger) and it is simple, hence r((I − P)L_g, H_α) < λ, (7) which implies that λ^{−n}L^n_g → P , with exponential rate of convergence in the uniform operator topology. The latter can be rewritten as exponential decay of correlations with respect to (invariant) measure dμ_g := f_gdν_g: | | ∫ ϕdμ_g ∫ ψdμ_g − ∫ ϕ(F^n)ψdμ_g | | ≤ Cτ^n

for some τ < 1.

(ii) Equilibrium states.

Let μ_g denote the probability measure f_gν_g. It is immediate that μ_g is an ergodic, F -invariant measure. We claim that μ_g is a unique equilibrium state, i.e. it is a unique invariant measure μ, for which the free energy h(μ) − χ_g(μ) , attains its maximum, and the latter appears to be equal to the pressure P (log g) := log λ_g. Here we write h(μ) for the entropy of μ and χ_g(μ) := ∫ log g dμ. Partcularly, P (log g) = h(μ_g) − χ_g(μ_g) =: h_g − χ_g . (8)

The equality (8) follows from the Rokhlin-type formula

h_g = ∫ log J_g dμ_g, (9)

where J_g := dμ_g ∘ F dμ_g

≡ λ_g f_g ∘ F

f_g

|F^′|^t ∈ L^1(μ_g)

is the Jacobian of μ_g. The formula (9) follows from the well-known estimate

h_g ≥ ∫ log J_g dμ_g

and from the variational principle.

To prove the uniqueness result, it is sufficient to show that if μ is an equilibrium state, then μ(Ψ) = μ_g(Ψ) for all Ψ ∈ C^∞.

For the latter see [34].

(iii) Derivatives of the pressure function.

One can establish formulas for the derivatives of P (t) (see [36, 37, 38]). Denote χ(μ) := ∫ log |F^′|dμ, so that χ_{|F} ′_|−t ≡ −tχ(μ_t).

Then for the first derivative we have P^′(t) = −χ(μ_t) , and also P^′(+∞) = − inf_{invariant μ} χ(μ) = lim_{n→∞} 1 n inf_J log |(F^n)^′| ,

P^′(−∞) = − sup_{invariant μ} χ(μ) = lim_{n→∞} 1 n sup_J log |(F^n)^′| .

These statements follow easily from the variational principle applied to particular case g = |F^′|^{−t}. (iii) Ruelle expansion for the Hausdorff dimension of J_z2_{+ϵ}. (iv) Zdunik’s theorem for hyperbolic polynomials. (v) Multifractal formalism for measure of maximal entropy. (vi) Generalizations to non-hyperbolic polynomials.

References

[1] Baladi, V.: Periodic orbits and dynamical spectra. Ergodic Theory Dynamical Systems 18, 255-292 (1998) [2] Bohr, T., Cvitanović, P., Jensen, M. H.: Fractal aggregates in the complex plane. Europhys. Lett. 6, 445–450 (1988) [3] R. Bowen, R.: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture Notes in Math.

470. Berlin: Springer, 1975 [4] Brolin, H.: Invariant sets under iteration of rational functions. Ark. Mat. 6, 103–144 (1965) [5] Bruin, H., Keller, G.: Equilibrium states for S-unimodal maps. Ergodic Theory Dynamical Systems 18, 765–789 (1998) [6] Carleson, L., Gamelin, T. W.: Complex dynamics. New York: Springer, 1993 [7] Denker, M., Urbański, M.: Ergodic theory of equilibrium states for rational maps. Nonlinearity 4, 103–134 (1991) [8] Denker, M., Seck, Ch.: A short proof of a theorem of Ruelle, Monatsh. Math. 108, 295–299 (1989) [9] Douady, A., Hubbard, J. H.: A proof of Thurston’s topological characterization of rational functions. Acta Math.

171, 263–297 (1993) [10] Douady, A., Sentenac, P., Zinsmeister, M.: Implosion parabolique et dimension de Hausdorff. R. Acad. Sci. Paris Sér. I Math. 325, 765– 772 (1997) [11] Feigenbaum, M. J., Procaccia, I., Tél, T.: Scaling properties of multifractals as an eigenvalue problem. Phys.

Rev. A (3) 39, 5359–5372 (1989) [12] Freire, A., Lopes, A. O., Mañé, R.: An invariant measure for rational maps. Bol. Soc. Brasil. Mat. 14, 45–62 (1983) [13] Grothendieck, A.: Produits tensoriels topologiques et espaces nucléaires. Mem. Amer. Math. Soc., No. 16 (1955) [14] Grothendieck, A.: La théorie de Fredholm. Bull. Soc. Math. France 84, 319–384 (1956) [15] Haydn, N.: Convergence of the transfer operator for rational maps. Preprint (1996) [16] Haydn, N., Ruelle, D.: Equivalence of Gibbs and equilibrium states for homeomorphisms satisfying expansiveness and specification. Comm. Math. Phys. 148, 155–167 (1992) [17] Hofbauer, F., Keller, G.: Equilibrium states for piecewise monotonic transformations. Ergodic Theory Dynamical Systems 2, 23–43 (1982) [18] Hofbauer, F., Keller, G.: Equilibrium states and Hausdorff measures for interval maps. Math. Nachr. 164, 239–257 (1993) [19] Ionescu-Tulcea, C. T., Marinescu, G.: Théorie ergodique pour des classes d’opérations non complètement continues. Ann. of Math. (2) 52, 140–147 (1950) [20] Liverani, C., Decay of correlations. Ann. of Math. (2) 142, 239–301 (1995) [21] Lopes, A. O.: Dimension spectra and a mathematical model for phase transition. Adv. in Appl. Math. 11, 475–502 (1990) [22] Ljubich, M. Ju.: Entropy properties of rational endomorphisms of the Riemann sphere. Ergodic Theory Dynamical Systems 3, 351–385 (1983) [23] Makarov, N.: Fine structure of harmonic measure. Algebra i Anal. 10, 217–268 (1998) [24] Makarov N., Smirnov, S.: Phase transition in subhyperbolic Julia sets. Ergodic Theory Dynamical Systems 16, 125–157 (1996) [25] Makarov N., Smirnov, S.: On “thermodynamics” of rational maps I. Negative spectrum, Comm. Math. Phys., 211 (2000), 705–743 [26] Makarov N., Smirnov, S.: Thermodynamics of rational maps II. (in preparation) [27] Mañé, R.: The Hausdorff dimension of invariant probabilities of rational maps. In: Dynamical systems. Valparaiso 1986, pp. 86–117. Lecture Notes in Math. 1331. Berlin, New York: Springer, 1988 [28] Mañé, R.; Sad, P.; Sullivan, D.: On the dynamics of rational maps, Ann. Sci. École Norm. Sup. (4) 16 (1983), no. 2, 193–217 [29] Milnor, J.: Dynamics in One Complex Variable: Introductory lectures. SUNY Stony Brook Institute for Mathematical Sciences Preprints 5, 1990 [30] Nussbaum, R. D.: The radius of the essential spectrum. Duke Math. J. 37, 473–478 (1970) [31] Ott, E., Withers, W. D., Yorke, J. A.: Is the dimension of chaotic attractors invariant under coordinate changes?

J. Statist. Phys. 36, 687–697 (1984) [32] Patterson, S. J.: The limit set of a Fuchsian group. Acta Math. 136, 241–273 (1976)

[33] Pesin, Y.: Dimension theory in dynamical systems. Chicago University Press, 1997 [34] Przytycki, F.: On the Perron-Frobenius-Ruelle operator for rational maps on the Riemann sphere and for Hölder continuous functions. Bol. Soc. Brasil. Mat. (N.S.) 20, 95–125 (1990) [35] Ruelle, D.: Zeta-functions for expanding maps and Anosov flows. Invent. Math. 34, 231–242 (1976) [36] Ruelle, D.: Thermodynamic formalism. The mathematical structures of classical equilibrium statistical mechanics.

Encyclopedia of Mathematics and its Applications 5. Addison-Wesley, 1978 [37] Ruelle, D.: Repellers for real analytic maps. Ergodic Theory Dynamical Systems 2, 99–107 (1982) [38] Ruelle, D. The thermodynamic formalism for expanding maps. Comm. Math. Phys. 125, 239–262 (1989) [39] Ruelle, D.: Spectral properties of a class of operators associated with conformal maps in two dimensions. Comm.

Math. Phys. 144, 537–556 (1992) [40] Ruelle, D. Dynamical zeta functions for piecewise monotone maps of the interval. CRM Monograph Series 4.

Providence, RI: American Mathematical Society, 1994 [41] Sinai, Ya. G.: Gibbs measures in ergodic theory. Russ. Math. Surveys 27, 21–69 (1972) [42] Sullivan, D.: onformal dynamical systems. In: Geometric dynamics. Rio de Janeiro, 1981, pp. 725–752. Lecture Notes in Math, 1007. Berlin, New York: Springer, 1983 [43] Walters, P.: An introduction to Ergodic Theory. New York: Springer, 1982 [44] Young, L.-S.: Statistical properties of dynamical systems with some hyperbolicity. Ann. of Math. 147, 585–650 (1998) [45] Zdunik, A.: Parabolic orbifolds and the dimension of the maximal measure for rational maps. Invent. Mat. 99, 627–649 (1990) [46] W. Ziemer: Weakly differentiable functions. Sobolev spaces and functions of bounded variation. New York:

Springer, 1989 [47] Zinsmeister, M.: Formalisme thermodynamique et systèmes dynamiques holomorphes. Paris: Panoramas et Synthèses. Société Mathematique de France, 1996

Royal Institute of Technology, Department of Mathematics, Stockholm, S10044, Sweden E-mail address: stas@math.kth.se