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In this paper we develop a detailed analysis of critical prewetting in the
context of the two-dimensional Ising model. Namely, we consider a two-
dimensional nearest-neighbor Ising model in a 2N x N rectangular box with
a boundary condition inducing the coexistence of the + phase in the bulk and
a layer of — phase along the bottom wall. The presence of an external mag-
netic field of intensity h = A/N (for some fixed A > 0) makes the layer of
— phase unstable. For any 3 > (¢, we prove that, under a diffusing scaling

by N —2/3 horizontally and N —1/3 vertically, the interface separating the
layer of unstable phase from the bulk phase weakly converges to an explicit
Ferrari-Spohn diffusion.

1. The model and the result.

1.1. Introduction. The study of interfaces separating different equilibrium phases has a
very long history that goes back at least to Gibbs’ famous monograph [18]. Of particular
interest are the surface phase transitions that such systems can undergo, which manifest in
singular behavior of the interfaces as some parameter is changed.

Probably the most investigated surface phase transition is the wetting transition. The latter
can occur in systems with three different coexisting phases (or with two different phases
interacting with a substrate). Wetting occurs when a mesoscopic layer (that is, a layer the
width of which diverges in the thermodynamic limit) of, say, phase C' appears at the interface
between phases A and B. Various aspects of the wetting phase transition have been discussed
rigorously: wetting of a substrate in the Ising model [32, 16, 33, 2], wetting of the interface
between two ordered phases by the disordered phase in the Potts model (when the transition
is of first order) or wetting of the +/— interface by the 0 phase in the Blume-Capel model at
the triple point [3, 11, 20, 30], etc.

In this phenomenon, the mesoscopic layer wetting the interface (or the substrate) is made
of an equilibrium phase. It is interesting to understand how such a layer behaves when the pa-
rameters of the model are slightly changed in order that the corresponding “phase” becomes
thermodynamically unstable (but the two phases separated by the interface remain equilib-
rium phases). In that case, when the free energy of the unstable phase is close enough to that
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of the stable phases, an interface separating the latter phases may remain wet by a micro-
scopic layer of the unstable phase (that is, a layer the width of which remains bounded in the
thermodynamic limit). See, for instance, the numerical analysis in [9] of the layer of unstable
disordered phase in the two-dimensional Potts model when the temperature is taken slightly
below the temperature of order-disorder coexistence. Here, one usually speaks of interfacial
adsorption (that is, the appearance of an excess of the unstable phase along the interface, as
compared to its density in the bulk of the system), or of prewetting. When the width of the
layer of unstable phase continuously diverges as the system is brought closer and closer to
the coexistence point, the system is said to undergo critical prewetting.

In this paper, we provide a detailed analysis of critical prewetting in the two-dimensional
Ising model. Let us briefly describe the setting in an informal way, precise definitions being
provided in the next section. We consider the Ising model in a square box of sidelength n in
7?2. We consider + boundary condition on three sides of the box and — boundary condition
on the fourth (say, the bottom one). At phase coexistence (that is, in the absence of a magnetic
field and when the temperature is below critical), the bulk of the system is occupied by the
+ phase, with a layer of — phase along the bottom wall. The width of this layer is of order
\/n (thus mesoscopic). The statistical properties of the interface in this regime are now well
understood: after a diffusive rescaling, the latter has been proved to converge weakly to a
Brownian excursion [23].

In order to analyze critical prewetting in this model, we
make the — phase unstable by turning on a positive mag-
netic field h. The width of the layer now becomes micro-
scopic, with a width of order h~1/3 [36]. Our goal in this
paper is to provide a detailed analysis of the behavior of
this layer in a suitable scaling limit. Namely, we shall let
the intensity h of the magnetic field vanish at the same time
as we let the size n of the box diverge. It turns out that a
natural way to do that is to set h = \/n, for some fixed con-
stant A > 0. (One reason this particular choice is natural is
given in the next paragraph.) Our main result is a proof that
the interface, once rescaled by h'/3 vertically and 7h%/3 hor-
izontally, weakly converges to an explicit, nondegenerate
diffusion process (a Ferrari-Spohn diffusion with suitable parameters, see the next section).

One way to understand why the particular choice h = A/n is natural is to consider a
slightly different geometry. Namely, consider a two-dimensional Ising model in a square box
of sidelength n, with — boundary on all four sides. Of course, in the absence of a magnetic
field and below the critical temperature, the — phase fills the box. When a positive magnetic
field h is turned on, the — phase becomes unstable. It follows that, when the box is taken
large enough, the bulk of the box must be occupied by the + phase (with a possible layer of
unstable — phase along the boundary). However, for small enough boxes (or a weak enough
magnetic field h), the effect of the boundary condition should dominate and the unstable
— phase should still fill the box. Intuitively, the critical scale can be obtained as follows:
the energetic contribution due to the boundary condition is of order n, while the effect of
the magnetic field is of order hn?. These two effects will thus compete when A is of order
1/n. This argument was made precise in [35]. Namely, setting h = A/n with A > 0, it was
proved that there exists A. > 0 such that, when n is taken large enough, the unstable —
phase occupies the box when A < A, while the + phase occupies the box when A > A.. A
detailed description of the macroscopic geometry of typical configurations in large boxes was
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actually provided: when A > A, typical configurations contain a macroscopic droplet of +
phase squeezed in the box; the droplet’s boundary is made up of four straight line segments,
one along each of the four sides of the box (at least as seen at the macroscopic scale), with
four arcs joining them near the corners of the box (these arcs being suitably scaled quarters of
the corresponding Wulff shape). The layers corresponding to the four line segments should
have precisely the same behavior as the layer in the geometry we analyze in the current paper.

FIG 1: Typical configurations in a box of sidelength n with — boundary condition and
magnetic field h = A/n > 0. Left: A < A¢; right: A > Ac.

We now briefly discuss some earlier rigorous results pertaining to the problem investi-
gated here. Most of those were dealing with the simpler case of effective models, in which
the Ising model interface is replaced by a suitable one-dimensional random walk in an ex-
ternal potential mimicking the effect of the magnetic field. The first work along these lines
is [1], in which a particular choice of the random walk transition probabilities made the re-
sulting system integrable and thus allowed for the explicit computation of various quantities
of interest. Similar, but somewhat less precise, results were then obtained for a very general
class of random walks (and external potentials) in [21]. In essentially the same setting, the
scaling limit of the random walk trajectory was proven to be given by a suitable Ferrari—
Spohn diffusion in [27]. The first results for the Ising model itself were obtained in [36],
where the order of the width of the layer of unstable phase was determined in a weak sense
and up to logarithmic error terms. These results were very recently considerably improved
upon in [17]. In the latter work, the precise identification of the width of the layer was finally
obtained, together with detailed information about various local and global properties of the
interface (area, maximum, etc).

It should be noted here that, although being both based on some ideas introduced in [36],
the current paper and [17] are very different, both in their goals and from a technical point of
view. In particular, the present work does not rely on results from [17].

Roughly speaking, from a technical point of view, [17] improves on the arguments in [36]
and combines them with clever local resampling and coupling ideas. In contrast, our approach
is based on a coupling between the interface and a directed random walk under area-tilt,
relying on a suitable version of the Ornstein—Zernike theory, as developed in [4, 5, 31]. We
can then analyze the tilted random walk using ideas from our previous works [27, 29].

In the present paper we prove the invariance principle to the Ferrari-Spohn diffusion for
the interface described above. The authors of [17] consider their paper as a step in this direc-
tion, but their actual results are of a rather different nature and it is not clear to us how the



4

technology introduced in [17] might be adapted to get the invariance principle. On the other
hand, one might address some of the remaining open problems in [17] using our coupling
between the interface and a direct random walk with area-tilt, though we have not done it,
this paper being long enough as it is. The only exception is Lemma 5.6, in which we provide
one of the estimate missing in [17], as it is useful for our undertaking. We should stress,
however, that in its current form our coupling is not particularly well suited to prove the type
of global estimates that [17] are interested in. It should be possible, by improving parts of the
current work, to lift these restrictions and to get asymptotically sharp versions of the bounds
obtained in [17].

1.2. The model. Let A € Z?, 3 >0 and h € R. For any configuration o € Q e
{—1,1}%°, we define

HA;ﬁ,h(U)d:ﬁ—ﬁ Z (O‘iO'j—l)—hZUi.
{i.71NA#2 i€A
ll7—ill.=1

In the sequel, we will always assume that 3 > ., the inverse critical temperature of the 2d
nearest-neighbor Ising model. As we will work with 3 fixed, we shall casually remove it from
the notation. It should be kept in mind, however, that various numerical constants we employ
below are allowed to depend on it.
Given n € Q and A € Z2, set
Q?\d:ﬁ{UGQ cop=m Vig A}
The Gibbs measure in A with boundary condition 7 is defined as

1 7
def c
5. (0) 2 = exp (Mg (@)
A;B,h
where
def
Z30 = Y oxp (= Hapn(0)).

oeQ}

Let us introduce

def

Hy = {i= (i1,i2) €Z% 1 ip > 0}, H_ £ 7%\ Hy

and
Edéf{x: (z1,22) € R? : xng%}
Given a subset A C Z2, we write
(1.1) AZUiea (i+1[-1/2,1/2)?) C R?
and
OMAEieZ*\A:JjeA, |li—jll,=1}.
We will be mostly interested in the behavior of the model in the box
By ={—N,...,N}x{0,...,N}

and with a magnetic field of the form h = A/N for some A > 0. Moreover, the following
choices for the boundary condition will be important in the sequel: the constant boundary
conditions 1t =1 and n~ = —1 and the mixed boundary condition n* defined by

def

mi = ]l{iGH+} - ﬂ{ie]HL}-
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FIG 2: The primal box By (in black) and its dual B (in red) for N = 4. The two
bottom corner Vertlces of the dual box J;e and x are also indicated, as well as the
boundary condition n acting on By .

The corresponding measures and partition functions will be denoted ME; BA/N®
Z+

_ - + + :

NiBA/N NN ZN;@)\/N, IN BN and ZNﬂ AN respectively.

In the sequel, we use Z>* = (3,1) + Z? to denote the dual lattice and
B*de[{( ) ZQ*|Z‘§N+1 % SN-F }

to denote the box dual to B (see Fig. 2).

def

Consider a configuration o € Q§N = ngv One can see the boundary of the set

Uiezzio,——17 + [—%, %]2 as a collection of edges of the dual lattice. Two dual edges in
this collection are said to be connected if they still belong to the same component after ap-

plying the following deformation rules:

e e
The resulting connected components of dual edges are called the Peierls contours of the con-
figuration. Among those, all form finite, closed loops, denoted 1, ...,%m, except for one
infinite component that coincides with £ outside the dual box B%;. We denote by -y the re-
striction of this infinite component to B, or more precisely, the part connecting the lower
left corner 27 ; to the lower right corner m , that is,

def ef
xéV:t(_N_%a_%% Nd (N+ 29 %)

The open contour  will be the central object in our investigations.

1.3. Scaling, Ferrari-Spohn—diffusions and the main result. Before stating our main re-
sult, we need to introduce the relevant limiting diffusion, as well as the properly rescaled
interface.

def

1.3.1. Limiting Ferrari-Spohn diffusion. Let Ay = {—N,...,N}2. Let us denote by

my Eimy oo MKN; 5.0(00) the spontaneous magnetization and by X3 o (Ta(e2) + i )_1,
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with 74 = (d%)zm(cos(ﬁ), sin(#)) ‘9:0, the curvature of the Wulff shape Kz (see (2.11) be-
low) in direction e. Here, 75 is the surface tension defined below in (2.8).

Let Ai denote the Airy function and let —w; be its first zero. Let us introduce ¢g(r) =
Ai((4xmx5"?) /3 r — w1). The relevant Ferrari-Spohn diffusion for our setting is the dif-
fusion on (0, c0) with generator

def 1

(12) L 2 Sy + Zow

and Dirichlet boundary condition at 0: ¢/(0) = 0. See Appendix C for more information on
this class of diffusion processes.

1.3.2. Scaled interface. Given arealization of the interface -, let us denote by w-, € Q:E‘;N
the configuration having  as its unique contour. We can then define the upper and lower
“envelopes” y* : Z — 7Z of y by

’y+(i)d:ermax{j€Z:U(iy)(w7 -1} +1,
def

Y ()= min{j €Z: o(; j)(wy) =+1} — 1.

Note that v+ (i) >~ (i) for all i € Z. It will follow from our analysis in Section 5 that there
exists K = K (3) < oo such that, with probability tending to 1 as n — oo,

(1.3) lnllglgh (1) =y (i) < Klog R.

for any R > 0. We use the same notation y= for their extension to functions on R by linear
interpolation.
Finally, we define the rescaled profiles 4% : R — R by

(1.4) A (t) = N~V g 724 (N3,
Thanks to (1.3),

- + o+ 5= _
ngnoouN;ﬁ,i/N(igﬂg An () =An(t) <€) =1, Vex>0,
so that in order to analyze the scaling limit of +, it is sufficient to understand the limiting
behavior of 47, ~- More precisely, for any 7' > 0, we are interested in the distribution of 4, N on
the space of continuous functions C[—7', 7| induced by the measure T NiBA/N

1.3.3. The main result.

THEOREM 1.1. Consider the 2D Ising model at the inverse temperature 5 > . with
boundary condition 0™ in the box By and under the magnetic field h = A\/N, X > 0. Let y be
the corresponding interface (open contour), and @Jff be its scaled version (defined by (1.4)).
As N — oo, the distribution of &JJ{, converges weakly to the distribution of the trajectories
of the stationary Ferrari-Spohn diffusion on (0,00) with generator Lgip = %W’ + i—/gv,b/,
see (1.2), and Dirichlet boundary condition at 0.

REMARK 1.2. In particular, the typical height of the interface ~y is ~ N1/3X51/2.
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1.4. Structure of the proof. The proof of Theorem 1.1 is based on a coupling between
the interface v of the Ising model and the interface of an effective model based on a directed
random walk with area-tilt. The proof of convergence to the corresponding Ferrari—-Spohn
diffusion then follows the scheme used for a similar class of effective models in [27, 29]
(see also Appendix C of [28]). Here we briefly sketch the main steps to provide the reader
with a picture of the whole argument. Precise statements and detailed proofs are given in
later sections. We also emphasize that, as the present paper builds on previous work of some
subsets of the authors, some arguments will not be repeated in full details. Therefore many
references to previous papers are to be expected. In particular, while not necessary to follow
the proofs, some familiarity with (a subset of) [27, 29, 28, 31, 23] will definitely smoothen
the reading.

First note that any realization of the interface ~y partitions the box B into two (not neces-
sarily connected) pieces: the part located “above the interface”, denoted Bj\’,[fy], and the part
located “below the interface”, denoted B[] (see Section 2 for precise definitions).

Weak localization of the interface. We start with a very weak result on the maximal height
reached by the interface (much stronger bounds could be extracted from the same argument,
but are not needed). Namely, we fix some arbitrary ¢ € (0, 1) and show that, with high prob-
ability, the maximal height reached by the interface v is lower than N (Lemma 3.1). This
follows from the simple observation that the same is true in the absence of a magnetic field
and that the presence of the latter only makes such an event less likely. In particular, we
deduce the following rough bound on the area below ~:

(1.5) |By[Y]| <6(2N +1)N.

All other contours are small. The next step consists in proving the existence of xk =
k() such that, with high probability, all closed contours have diameter at most xlog N
(Proposition 3.3). The proof consists of two parts, dealing respectively with the contours
inside B}, [] and those inside B} [7].

The validity of the claim in Bj(,['y] is rather obvious, since the plus phase is stable, and
indeed follows immediately from the validity of the corresponding statement in the absence
of a magnetic field and the fact that the presence of the latter only makes the diameter of
contours smaller.

The claim in By [y] is more delicate, since the spins in this set are subjected to the —
boundary condition and the — phase is only metastable: the competition between the bound-
ary condition and the magnetic field may lead to the creation of giant contours inside B [7].
However, thanks to (1.5), one can check that there is not enough room in B[] to accom-
modate a supercritical droplet once ¢ has been chosen small enough.

We denote uﬁ’%’ AN the measure ujj\c,; BA/N conditioned on the absence of contours larger
than xlog N. The above shows that both measures lead to the same behavior as N — oo.

Effective weight due to the magnetic field. The probability of a realization v under the
Gibbs measure with and without the magnetic field can be related by

+, +, A +,
NN (1) X HN G0 <eXp[N > Uz} "7> 1g.0(7)-
i€Bx
Now, since all closed contours are small under uﬁ’% A/ We expect that, conditionally on 7,

> icBy Ti = my ‘Bj{,[fy]} —mj ‘BI_\,[fyH =mj IBn| — 2m ‘BJ_\,M , where m; is the spon-
taneous magnetization. This can be made precise using results in [24], which allows us to
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obtain

Am
(1.6) U (1) o exp| =22 (B 1] + Wj{f” | 130
where |¢n(7)| < vgl|v|, for all N and for any realization of the interface . The precise
formulation appears in Proposition 3.5.

From this, it is easy to show that there exists C' = C'() such that, with high probability,
|7] < CN (Proposition 3.6). Note that this implies, in particular, that the term Ay (vy)/N
above can be neglected when considering events the probability of which vanishes as N —
00.

Entropic repulsion and reduction to infinite-volume weights. In the next step, we prove
the following rough entropic repulsion bound (Proposition 4.1): for any small € > 0,

(1.7) inpan(YNB=2)>1-N"3,

where B £ {z = (i1,92) € By : |i1]| < N17%60 <ip < NE}. To prove this, one first estab-
lishes a similar claim for a small box of width N2/3~¢ and height N1/3+¢. In such a box,
the effect of the magnetic field A/ is weak enough to be ignored. This allows us to deduce
the claim by importing a recent entropic repulsion result from [23] that applies to the model
without magnetic field. Claim (1.7) then follows from a union bound (over translates of the
small box).

Coupling of the interface with an effective random walk model. Section 5 is devoted
to the construction of a coupling between the law of ~ under ,uﬁ; BA/N and the law of the
trajectory of a directed random walk with area-tilt. Let us first describe the latter and then
make a few comments on the derivation of this coupling. The presentation here is simplified
(in other words, take what is said here with a grain of salt or, better, look at the actual claims
in Section 5), since being precise would require the introduction of too much terminology.

We consider a (directed) random walk on Z?2, with transition probabilities p supported on
the cone Y4 = {x = (x1,22) € Z? : |z5| < z1} and having exponential tails. Given u,v €
72 both in the upper-half plane and with v — u in the cone J)¥, we denote by P“’\jr the law
of this random walk conditioned to start at u, end at v and remain inside the upper half—plane
(the number of steps is not fixed).

Given a trajectory s = (sg = u, S1,...,5y = v) sampled from sz‘;, we denote by A(s)
the area delimited by the (linearly-interpolated) trajectory and the first coordinate axis. We
then define the area-tilted measure by

u,v 2)\771/2 u,v
P57,>\/N7+(§) x exp{fTA(Q}PB’&(Q.

The main result of Section 5 is then the existence of a coupling between the measure P BA/N 4+

and the law of ~ under uﬁ, BA/N Of course, the transition probabilities p have to be chosen
properly and one has to appropriately average over the endpoints u and v.

The construction of this coupling rests on an combination of the Ornstein—Zernike theory
with the rough estimates mentioned above. We first show that a typical realization of the
interface under uf,; 5,0 can be written as a concatenation of microscopic pieces, sampled
from a suitable product measure conditioned on the fact that the concatenation must be a
path from xév to V. Moreover, using (1.6) and the comment following this equation, we can

r
extend this result to a typical interface v under ,u]j\tf, BA/N
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FI1G 3: Three consecutive microscopic pieces in the decomposition of the interface .
Each piece is contained inside a “diamond”. The area |BN[W]| is well approximated by
area delimited by the polygonal approximation and the first coordinate axis (blue shaded
region).

By construction, the microscopic pieces are confined inside “diamonds”, so that the area
‘B;V (7] ’ is well approximated by the area delimited by the corresponding polygonal approx-
imation and the first coordinate axis, see Fig. 3.

By (1.7), all the microscopic pieces located far from the two vertical walls of B are, with
high probability, above B. In particular, their distance to the boundary of By diverges with
N. This allows us to replace their finite-volume distributions by some limiting translation-
invariant infinite-volume distribution.

After that, the coupling is essentially a book-keeping exercise, apart from the need to have
some weak control on the associated boundary points u and v.

Proof of convergence for the effective random walk (ERW) model. At this stage, we are
left with proving the convergence of a suitably rescaled version of the area-tilted random
walk to a Ferrari—-Spohn diffusion. We already proved such a result in a slightly different
setting in [27]. The difference is that in the latter work, we were considering the space-time
trajectory of a one-dimensional random walk rather than the spatial trajectory of a directed
two-dimensional random walk. Technically, the main issue is that the number of steps of our
directed random walk between two points is random, while it was deterministic in the setting
of [27].

Section 6 is devoted to a proof of the convergence, focusing mainly on the necessary
adaptations from [27]. Let us briefly sketch the main steps of the argument.

First, we introduce “partition functions” associated to our directed random walks with
area-tilt:

2 m’%

G /v + LF)(0) = B3 [exp (= 2 AS[0,m)) £(Z,), S[0.m) C H |,

where Ej denotes expectation with respect to the ERW S starting at u, S[0, n] denotes the first
n steps of the trajectory of S and Z,, is the vertical coordinate of the endpoint of S[0,n]. It is
easy to express the finite-dimensional distributions of S in terms of (ratio of) such partition
functions (this is done in Section 6.7). This reduces the proof of convergence of the finite-
dimensional distributions to the convergence of these partition functions. The latter is done
using a convergence theorem in [15], as explained in Lemma 6.3.

Finally, tightness can be proved by a straightforward adaptation of the approach we used
in [29], but we provide an alternative approach relying on a suitable time-change, which
reduces the analysis to a fixed number of steps; this allows us to conclude as in [23] (this is
explained in Section 6.6).
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1.5. Open problems. We list here some open problems that it would be interesting to
address in the future.

* In this paper, we have assumed from the start that h = A/N. One would expect, how-
ever, that the same limiting process should appear when h | 0 as N — oo under only mild
assumptions on the speed (obviously, A cannot tend to O too fast, otherwise one would
recover the usual Brownian bridge as scaling limit; this would trivially be the case if
h = o(N~2) for instance). However, it seems that one should be allowed to let h go to
0 arbitrarily slowly. In fact, one should even be able to first take the limit as N — oo at
fixed h > 0 and then, in a second step, let h | 0. Namely, one can consider the Ising model
in the upper half plane with — boundary condition and under a magnetic field A > 0. Such
a model has an infinite interface -y, separating the — phase region near the boundary from
the + phase in the bulk. As A | 0, the mean height of the interface diverges. However,
if one scales it by a factor h'/? vertically and by h%/3 horizontally, the rescaled interface
should converge in the limit & | O to the Ferrari—Spohn diffusion process on the line.

* We have dealt here with boundary condition forcing the interface to lie along the bottom
wall of the box. As mentioned in the Introduction, an alternative geometric setting of in-
terest corresponds to working in the box A with — boundary condition on all four sides
of the box and a positive magnetic field h = A/N with A > A.. In this case, typical config-
urations exhibit the behavior described in the right panel of Fig. 1. It would be interesting
to prove that the scaling limit of the boundary of the macroscopic droplet of 4 phase far
away from the corners is the same Ferrari—-Spohn diffusion we obtained in Theorem 1.1.

* Another related problem would be to derive the scaling limit of the Ising model in A 5 with
=+ boundary condition and a magnetic field & > 0 in the upper half plane and /h < 0 in the
lower half plane. The limiting diffusion process (as N — oo and h — 0 in a suitable way
and after a similar scaling as used here) should be a variant of the Ferrari—Spohn diffusion
obtained in Theorem 1.1 (of course, now a diffusion on R rather than R ).

* More general spatial dependence of magnetic fields might be of interest as well. In princi-
ple, [27, 29] cover a large family of self-potentials for effective models of one or finitely
many ordered random walks. Scaling limits for effective models with magnetic fields (self-
potentials) of the type h(z,y) = & acting in a strip of width IV were derived in [13]. The
motivation for the latter work came from desire to understand the phenomenon of Up-
hill diffusions as driven by non-equilibrium dynamics in the phase transition regime. See
[10, 14, 12] for more detail.

* It would be interesting to extend the analysis made in the current paper to situations in
which the unstable phase appears at the interface between two stable phases, rather than
along the system’s boundary (the phenomenon of interfacial adsorption).

* Another related problem is the description of the scaling limit of the level lines of a two-
dimensional SOS interface above a hard wall, as discussed in [8], or of the level lines of
SOS models coupled with bulk high and low density Bernoulli fields, as discussed in [25,
26]. Note that, in these two problems, one has an unbounded collection of interacting
random paths. The analysis of the scaling limit of such a system is still open, although
progress has been made (see [29] for the scaling limit in the case of finitely many paths,
and [6, 7] for preliminary results for infinitely many paths).

2. Surface tension; random-line representation.
2.1. Surface tension. Recall the notation Ay = {:U = (z1,m9) €Z? : =N < 1,29 < N}.

We write a - b for the scalar product between two vectors a and b and e;; ¢ = 1, 2, for the coor-
dinate vectors. Given any unit vector e € S! C R2, the surface tension in direction e is defined
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as
o . lle Hoo Z .50
(2.8) m5(e) = lim — log —=22=
N—o0 2N ZAN,,BO

where, for e = (e1, e5), the notation ||e||.. = max{|e1|, |e2|} stands for the supremum norm

and where Z s is the partition function in Ay with boundary condition 7 given by

car | 1 ifi-e>0,
) =1 ifi-e<0.

Note that, in the above notation, Ze2 B0 = ZjE ~B.0 . In fact, for the axis direction e = e,
(2.8) can be rewritten in terms of the half box B N>

(2.9) 78 = 75(e2) = lim —ilo Z]ivﬁo
' T S

Existence of the limit in (2.8) and its coincidence with the expression on the right-hand side
of (2.9) are well known [16]. The function 74(-) can then be extended to R? by positive
homogeneity:

(2.10) 75(0)=0  and, forallz € R\ {0},  75(x) = 75(x/|z.) 2]
The homogeneous extension of 73 is the support function of the so-called Wulff shape
(2.11) K= () {teR?:t-n<75(n)}.

nest

The surface tension possesses the following properties:

* Forall 3> 3., v — 75(x) is a norm.
* Sharp triangle inequality [4, Theorem B]. There exists x = x()> 0 such that, for all
z,y € R?,

(2.12) m8(x) +78(y) — T8(x +y) > K[|zl + [yl — llz +yll.).-

2.2. Random-line representation. In this section, we collect a number of results on the
random-line representation, as developed in [33, 34]; proofs can be found in the latter works
and precise references will be given below.

Let A € Z2 be such that A is a simply connected subset of R? (remember (1.1)). Fix

u,veA” ef{wGZ2’* : EIZEA,||z—wH2:1} = ANz
V2
Let us denote by C,y the set of all Z**-edge-self-avoiding paths from u to v such that de-
forming the path at each vertex with at least 3 incoming edges according to the deformation
rules on page 5 does not split the path into several components.
One can define a weight gy g : Cy v — R>o with the following properties (see [34] for an
explicit description):

Pi: qa () =0 when~ ¢ A. A
Po: A C A’ C Z? implies that g () > gar (7) for all v C A [34, Lemma 6.3].



12

P3: Forany ¢t € A*,

> s = (X ans) (D ans),

'YEC;N vEC., ¢ YEC:
73

where v > t means that the path ~y visits the vertex ¢ [34, Lemma 6.5].
P4: Forany A C A’ C Z2, [34, (6.9)]

(2.13) S ans(M < Y qnp(y) e,

YECuv YECu v

where 75 is the surface tension defined in (2.10).
Ps: There exist cs and gg, such that, for any A C A’ C Z* and any y C A,

(2.14) q“ 1\<cﬁz S el

. tey et A\ A
Furthermore,
2.15 li =0 and li =
(2.15) g cs g 9 =00

(See [34, Lemma 6.8].)

Ps: Let A C Z? and u,v,t € A* be distinct dual vertices. Two paths v, € Cut and 72 € Cyy
are compatible if they are edge-disjoint and applying the deformation rule to their union
leaves the two paths unchanged. We then denote by 1 0 y2 € Cyy the concatenation of the
two paths. This extends inductively to an arbitrary finite number of paths. One then has
the property [34, Lemma 6.4]

n
aa sy o omm) > [[ans()-
=1

P7: Given a concatenation y; o 2, we can define the conditional weight

det A 6(’}’1 © ’72)
q,5(72)
where A(v2) is the edge-boundary of -, (essentially the edges incident to vertices of o,

but with some adjustments to take into account the deformation rule; see [34, Lemma 6 .4]
for a precise statement). Similarly, given a concatenation ~y; o 2 o 3, we set

aas(712) = = qA\A(2),8(71)s

def
an,8(2[71,73) = AA\A(1)UA (5),8(72)-

We will use the following notations in special cases:

(216) dN,3 =4By,5> 4ap = qz2,5-

We will also write Cy = C,x ,v. Note, in particular, that any path v € Cy that does not stay
inside B, satisfies qn g(7y) = O (by (P1)).

The weight g s is related to our problem through the following identity [34, (2.10), (6.8),
(6.11)]: for any v € C

Z:t
N;3,0
(2.17) qnp(7) = z+ﬁ ip0(7)

N;B,0
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| | | ©) ©) ©) |
\L
~
| ©) ©) | ©) ©) [
©) ©) | | ©) ©) [

FIG 4: A realization of the contour + and the corresponding sets AT [7] (black nodes)
and A~ [7] (white nodes).

(Mﬁ; 5’0(7) denoting, of course, the probability that +y is the realization of the interface con-

necting :I:év and xﬁv when h = 0). In particular, returning to our geometric setting, property P4
above implies that

In fact, Lemmas 3.2 and 3.3 in [23] imply that there exist two constants 0 < cg < g < 00,
such that
213 Nzt _
e _ ¢ ypo ans(v) _ Cs
(2.18) N3/2 = 7+ - £ = N3/2°
N;B,0 MN;B,O(w

e2TgN

for all NV sufficiently large and all v € Cy.
Note also that the following conditional version of (2.17) holds:

4 48,8 (2 ]71,73)
g o2 71,73) = :
N0 >y 4N (Y [71,73)

Let v be one possible realization of the open contour in the box By . Denote by QJBEN [7]
the set of all configurations in Q:BEN in which the open contour is 7. Let

AL = {ieBy : Yo e Qg [V, o0 =1},

(2.19) AJ_V[’y]d:ef{iEBN :VUEQ:BtN[’y},ai:—l}

be the sets of all vertices of the box B at which the spins take deterministically the value
+1, resp. —1, when 7 is the open contour. We then denote by B[], resp. B[], the union
of all the components of By \ (A% [y] U Ay [7]) that are bordered by + spins, resp. — spins,
in any configuration in Qg _[7].

In view of the deformation rules given above, it is natural to define a compatible notion of
connectivity for sets of vertices in Z>.



14

DEFINITION 2.1.  We shall say that two vertices x,1 € 7% are s-connected if either ||y —
x|, =1, or ||y — x||, = /2 and the two vertices are oriented NW-SE (see Fig. 5). An s-path
is then a sequence 1, ...,x, of vertices in Z? such that xj, and xj_, are s-connected for
each n > k > 2. Observe that a contour (in particular, the open contour vy) can never cross
an s-path along which the spins take a constant value.

® ®
® o o
® o

FIG 5: The black nodes are the vertices that are s-connected to the central vertex (white
node).

It follows, for instance, from the skeleton calculus of [4] that, for any 5 > (., there exists
¢ =c(f) > 0 such that

(2.20) uj{,_ﬁ o( and j are connected by an s-path of — spins) < e~clli=il,

3. Localization of ~, absence of intermediate contours and tilted-area approxima-
tion. In this section, we first prove a rough upper bound which yields localization of the
interface v on macroscopic scale; this is the content of Lemma 3.1 below. This leads to a
reduction to the so-called phase of small contours in Subsection 3.2 and then to the crucial
tilted-area representation (3.25) of interface probabilities. The last result of this section is
Proposition 3.6 which warrants a linear (in V') upper bound on the interface length |v|.

3.1. Localization of -y on the macroscopic scale. Consider the events
AL E {oe Q§N : 3t € v such that t; > 6N }.
LEMMA 3.1. Let 8> . and 1 > § > 0. There exists a positive constant c¢([3) such that,
forany N > 1 and any A > 0,
Hvyan (AR < i o (Aly) < e,
PROOF. First, observe that the event A?V occurs if and only if an s-path of —-spins con-

nects the vertex (—N,—1) to a vertex of {i = (i1,i2) € By : 12 > 0N} and is thus clearly
non-increasing. Since we take A > 0, the FKG inequality thus implies that

“ﬁ;ﬁ,,\/N(A?V) < MJ:ET;B,O(A(];V)'

Using now P3, P4 and the sharp triangle inequality (2.12), we have

4
“1%7;/3,0(’4]\7) < Z 'uli\f;/o’,o(7 >t)

teBn
t2>5N
ée(1+0(1))75($r—$l) Z e~ Ta(t—z)—Ts (2, —t)
teEBy
t2>5N

< e~ c(B)N&* ]
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3.2. Reduction to the phase of small contours. Using Lemma 3.1, we can prove the first
main result of this section: all contours (except ) have diameter at most O(log V).

DEFINITION 3.2. Given &, denote by C,; the event that all contours except v have diam-
eter at most klog N. Define also the restricted contour phase

:l:yK/ d_ef :t
Mg N ()= By (1)

PROPOSITION 3.3.  For any 3 > [, there exists ro(3) < oo such that, for all k > ko(5)
and for any A > 0 fixed,

lim uﬁ;@/\/N(C’N) =1

N—oo
. +
Consequently, once k > ko([3), one can construct a coupling V%, of the measures [ NN
and “?’j\/N such that, if (o,0") ~ U%,
N—00

(3.21) UK (0 #0") —=0.

REMARK 34. By (3.21), we are entltled not to distinguish between the original Gibbs
measure u NN and its klog N cut-off ,u N /\ N We shall stress the super-index k whenever
this will faczlltate references to computations that can be found in the literature.

PROOF OF PROPOSITION 3.3. We first write

+ c + + c
g (CR) <Dty 5w () {“BEM;B,A/N(C )+ g i (O )}
Y

Now, observe that C'S occurs in B} [+] if and only if the latter set contains an s-path of —-spin
of diameter at least xlog V. Since this event is obviously non-increasing, we conclude that

s/ (OF) < Mg 16,0 (CR):

and the latter probability tends to 0 as N — oo (for « large enough) by (2.20).
Let us thus turn to the more delicate term B8N/ N(C,.g). Thanks to Lemma 3.1, we

can assume without loss of generality that, for some fixed § > 0 (which we will choose small
enough below), to < JN for any ¢ € 7.
Evidently,

g5, /\/N(CC) Z Z e 15, )\/N( 4 is an external contour),
D>klog N 4:diamA=D

where 4 is an external contour if no contour in By [y] or B};[y] surrounds int 4.
Let us introduce some notation. First, given realizations of the open contour «y and a closed
contour 4 in By [7], let us denote by ¢7»7 the configuration in Q%N whose set of contours is

exactly {v,7}. Let also QEEN [7,7] be the set of all configurations in Q:éEN having « and ¥ as
two of their contours. We then set

Ay =AN[7,7] d:ﬁ{ie By : VUEQi v, 4], 0.:07’&:—1},
AL =A%y def{zGB [v] : VO‘EQi[ ]0—077—1}
and define (see Fig. 6)
ext’ydéf{ie Byl : a;m:—l} \ Ay, inty < {ze Byl : ’”— 1\ AL
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-
. 3 o o

o 0 o o o o

o o o o o o o

e e ‘et astlt

FIG 6: The sets ext# (black nodes) and int 4 (white nodes) associated to an (external)
contour 4 in By [7].

Finally, we let int~ < inty U A}C. An elementary but crucial observation is that, for any
contour 4 of diameter D in B}y [v],

(3.22) int5| < D(D ASN).

Let G denote the event that the contour 4 is external. Note that this is equivalent to say-
ing that there is an s-path of — spins in B} [y] connecting dint 4 to OB, which is a non-
increasing event.

Pg- b1:6.00/N) (% is an external contour)

- +
— o 28131=(V/N)| AR [+(A/N)AY| ZQXW'BV\/N[G] ZmW?ﬁ”\/N
ZBEM;B,A/N

where Ze_xw; B /N[G] denotes the partition function in ext4 with — boundary condition

restricted to configurations in GG. Observe that

- + - - +
Zext'Ay;,B,)\/N[G] Zint'Ay;,B,)\/N . Zext’y;ﬁ,)\/N[G] Zint'Ay;,B,)\/N Zint’y;ﬂ,)\/N
ZEEM;BA/N ngv[v];ﬁA/N Zi;t&;ﬁ)\/N
z;, BA/N
_ (/N AN|FO/N) AL~ . 1vs o a int 4;,
= MISEOMIS (0= —1¥i~ 3} G) |
int4;8,A/N

where ¢ ~ 4 means that ¢ is one of the spins along 4 whose value is the same in all con-
figurations in which 4 is an external contour. The event {o; = —1 Vi ~ 4} N G being non-
increasing, we conclude that

- B8/ N(’y is an external contour)
e Ziis BN/ N
— o 2BI+F2(A/N)IAR ]~ 1\ A int%;5,
¢ MBEM;ﬁ,A/N(JZ Vi 5;G) -
mt’)’?ﬁ,)\/N
< o282/ N)|AY] 1 A 2X|int 4| /N
=¢ g (0 =TIV~ 3 G e

= Hg- e 0(@ is an external contour) 2A[int |/
N e}
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Therefore, in view of (3.22),

Ce) < Z ePAP(DNON)/N Z “;MBUW is an external contour).
D>rlog N Yidiami=D

P i/

The sum over 4 is bounded above by e~ for some ¢ = ¢(/3) > 0 by the usual skeleton upper
bounds [4] (provided that x be large enough). We thus finally obtain

- —(c—2)\8)D
ISTSMIVACORND DL
D>rlog N
which also vanishes as N — oo, provided that we choose § < ¢/(2)). O

3.3. Tilted-area approximation of ,u]iv, PRy, ~(7)- The reduction to the phase of small con-

tours paves the way for our second main result in this section. Given an interface -, define
(3.23)

def =+, +, +, =
onE S Lol = ukfoen )+ X {uiholoin) — uylhelen }-
ieBL[v] i€By[v]
By the exponential relaxation of finite-volume expectations towards their pure phase val-

ues (see, e.g., [24]), the correction term v in (3.23) satisfies the following bound: There
exists vg < oo such that

(3.24) [N <wpll,
for all NV and for any realization of the interface ~.

PROPOSITION 3.5. The following asymptotic formula holds uniformly in interfaces v as
soon as N is sufficiently large:

A¢N(7)i| Mi,/{ ( )

+,k )\mg —
(325 i an () (L o(1) ocexp[ 2P (BRI + S22 i

In view of Remark 3.4, it should not cause ambiguity to drop the small-contour upper
index k on either side of (3.25), which we shall do without further comment in the sequel.

PROOF. For any given A,
=+, +, +,
/‘N;’;,A/N(fy) x HN;’Z’Q (eXP [% Z Uz} ‘ ’7) NN%,()('Y)-
1€By

Next, given a magnetic field g = gn =\ /N, one can proceed as in [24, Section 2.3] and
derive, uniformly in the interface -, the following expansion of conditional expectations:

=+, P o;
log,uN;g0 (egZ‘EBN | v) +0(1)
2
+, g +, .
=9 Z /’LN;’;’O(O-Z‘ |v) + ) Z ,U«N%,()(Uiaaj 17)
i€EBN i,jEBN
e
=N+ gm Byl + T3 [Ba| — 20m [By ] + g99n (),

+.x . +,k *
where, 5 0(03;05|v) denotes the covariance between o; and o under iy (| 7), M
and XZ are, respectively, the spontaneous magnetization and the susceptibility of the infinite-
volume plus state, cy is a boundary term of order N coming from the &+ boundary condition
on 9B and the function ¢ () is precisely the one defined in (3.23). O

Next, we will show that one can restrict attention to interfaces -~ satisfying
7], ¥n(y) <CN.
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3.4. Control of interface lengths |7|.

PROPOSITION 3.6.  For any 3 > f3., and X > 0 fixed, there exists C = C(f,\) < oo such
that

(3.26) (v <ON)=1.

. +
I /N

PROOF. Recall the Definition 3.2 of the restricted phase ,uﬁ’g AN of xlog N-contours
and the statement of Proposition 3.3. Clearly,

C +,Kk
MJj\:f;ﬁ,)\/N(|’y| > CN) < p’ﬁ;ﬂ,)\/]\[(cn) +'LLN;67>\/N<”Y‘ > CN)

We already know that the first term in the right-hand side vanishes as N — oo, so we only
discuss the second one. Using the usual skeleton calculus for Ising phase separation lines
(which is based on a certain BK-type property, see [34, 4]), we infer the existence of @ =
a(fB) >0 and Cy = Cp(f3) < oo such that

+.k _
NN;g,o("ﬂ >CN)<e aonN

simultaneously for all C' > Cj as soon as N is sufficiently large. Our target (3.26) thus fol-
lows from (3.25) and the estimate (3.24), once C' is taken large enough. ]

REMARK 3.7. By (3.24) and in view of Proposition 3.6, we can restrict attention to the

case in which W’Nij\w < Cug. Accordingly, as long as we discuss events whose ,uﬁ; BA/N"

probability asymptotically vanishes, we may ignore the term wsz(v) on the right-hand side

of (3.25).

4. Rough entropic repulsion bound. Define the rectangular boxes and, for further ref-
erence, the vertical semi-strips

def

(4.27) Bar,r = {i = (i1,i2) € By : |i1| < M;0 <izs < R}

def

(4.28) SLR:{Z':(Z'l,Z'Q)GZQ : LSUSR,’ZQZO}

and

def

Sp = {i=(i1,i2) €Z* : |iy| < L}.
For horizontal shifts of rectangular boxes, we shall use By z(£) = (¢,0) + Byy.r. Further-
more, foru,v € H, we use S, , for the semi-strip in (4.28) through the horizontal projections
of uand v.

Let us say that a contour  does not hit a subset A C Z? (which we denote YN A = @)
if yN A=g (recall (1.1) for the definition of fl). Our goal in this section is to prove the
following

PROPOSITION 4.1.  For all € > 0 small enough,
/’Lﬁ;/i)\/]\](’y N B3N1*5‘,N‘ 7& @) < N7z,

. def def
PROOF. To shorten notation, let A; = Byz/a—« e and Ag = Bynajs—c yi/ste.

Observe first that the event {y N A; # @} is equivalent to the existence of an s-path of
+ spins connecting (—N — 1,—1) to Ay; in particular, this is an increasing event. It then
follows from the FKG inequality (by fixing to +1 all spins in By \ Ag) that

Nﬁ;g,)\/N(’Yﬁ A #2) < Miz;@)\/]v(’yﬁAl # 9).
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We can now get rid of the magnetic field: since |Az| < 51V,
o (10 A1 £ @) <Pk (v 0 A1 £ 2).

Our next step is to replace the box Aj by the larger box Az = By y2/s-c gn2/3-« (We want to
import results from [23] which are stated for half square boxes). By the BK-type Property P3
of the path weights and the sharp triangle inequality (2.12), there exists ¢ = ¢(f) > 0 such
that

_ 3e
Nig;ﬁ,o(’Y Z BZNQ/B*E,%NUHC) <e N,
for all N large enough. Thus, writing A for the event that there is an s-path of + spins crossing
{(i1,i2) : |i1| < IN2/3—¢€ %Nl/"”ﬁ <oy < N1/3+6} from left to right, we have /‘ig-ﬁ o(A4) =
14 0(1) (as a direct consequence of the spatial Markov property and exponential decay of —

connections under + boundary conditions).
In particular, as a consequence of monotonicity (FKG),

Haypo(1NAL#D) = (L+0(1) x50 (7 N AL # D).
Indeed, on the one hand, one has ,uimﬂo(yﬂ AL £ D) > /leES;,B,o(Vm Ay #D)as {yNA; #
@} is increasing. On the other hand, denoting X the upper-most path realizing A,
pE so(YNAL#£ @) > ik (v AL £ 2, A)

- Zﬂis;ﬁﬁ(‘x - 77)“?7[‘;5,0(7 noL# o)
n

+
> NZEQ;@()(’Y NAp # @)NAS;gvo(A)v

where the sum is over 7 realizing A, n~ is the volume below 7, and we used FKG and the
spatial Markov property.
At this stage, one can use an entropic repulsion bound derived in [23]:

Mig;ﬁ,o(’Y NA; #2) < NoEE

This is a simple re-running of the proof of [23, Lemma 3.6] with our choice of boxes (the
claim in [23] is actually stronger, as it applies to the FK-percolation cluster that contains the
interface ).

Collecting all the above estimates, we conclude that there exists ¢ = ¢(/3, ) such that

+ i
“N;B,A/N(’m A1 #D)<cN 3%,

Observe that the exact same bound holds for any horizontal translate of A; such that the
corresponding translate of As is contained inside By . Therefore, using a union bound, we
can apply the above inequality to 3N1/3~4€ successive translates of A; to obtain the desired
claim. O

5. Renewal structure and Random Walk representation of interfaces. In this Section
we introduce and develop a factorization of the interface weights gy g and ¢g, as defined
in (2.16).
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5.1. Irreducible decomposition of the interface. Let us recall the notions and basic facts
related to the irreducible decomposition of interfaces [4, 5, 31, 23]. We shall try to keep the
notation close to the one employed in [23].

First of all, one defines cones and the associated diamonds:

yes{i=(inix) €2 ir > [ial}, YW E-Y,
D(u,v) E (u+ Y9N (v+I%).
Let n be a connected subgraph of Z2*, specifically a portion of the interface  or, more
generally, any path satisfying the deformation rules. We will say that u € 7 is a cone-point of
n if
nCu+ (Y>uUYy9).
We denote CPts(n) the set of cone-points of 7.

DEFINITION 5.1.  We will say that 7 is:

 Forward-confined if there exists u € n such that n C u + Y. When it exists, such an u is
unique; we denote it f(n).

 Backward-confined if there exists v € ) such that n C v + Y». When it exists, such a v is
unique; we denote it b(n).

e Diamond-confined if it is both forward- and backward-confined.

e Irreducible if it is diamond-confined and it does not contain cone-points other than its
end-points b(n) and f(n).

In the sequel, we shall employ the following notation:

o

f {n forward-confined with f(n) = u},

o
o,

C

B p(u)
Br(v)
A(u,v) £ B (v) N Bx(u) = {n diamond-confined with f(1)) = u, b(n) = v},

{n backward-confined with b(n) = v},

A (u,v) = {n € A(u,v) and is irreducible}.

Note that the concatenation 7; o 72 is well defined whenever 71 € B (u) and 72 € Br(u).
In the sequel,

Br=|JBr(u), B = JBr(v), A= JA(u,v) and A™ =A™ (u, v).
u \%

u,v u,v

In our context, the irreducible decomposition of the interface -y is quantified by the mass-
gap upper bound (see (5.29) below), which was established in [4] in the case of the infinite-
volume weights gg. The proof there was based on upper bounds and surcharge inequalities,
which were used to control the geometry of contours on large finite scales. By the domain-
monotonicity property Py, these estimates extend to the finite-volume weights gy 5. By rou-
tine adjustments, it then follows that there exist positive finite constants € = g and ¢ = ¢g
such that the following lower bound on the density of CPts(-y) holds in our context for all N
large enough:

(5.29) pni.0(|CPts(y)] < €gN) < e 2P0,
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Choosing § in Lemma 3.1 to be sufficiently small (for instance § < %), we may assume, in
view of (3.25), that the following version of the irreducible decomposition of [4] holds, up to
exponentially small ,uﬁ_ B/ -probabilities, for the interface ~:

(5.30) Y=7YLOY10" 0 Ym OVR,

where v, € B, YR € Br and v1,...,%m € AT, whereas m > egN. The expression irre-
ducible decomposition implies that (5.30) cannot be further refined, that is, the boundary
pieces v, and yr do not contain any non-trivial cone-points.

The following refinement of (5.29) was established in [23] (see Subsection 5.4.1 for more
detail):

PROPOSITION 5.2.  There exists ¢ = ¢g > 0 such that, for any p € (0,1) and d € N fixed,
(5.31) 18,50 (CPts(7) N Spppane = @) < e 200N
foreach ¢ € {—N,...,N —dN"}. (The semi-strip S; ¢+qn» is defined in (4.28).)

Below, we will need twice a lower bound on the probability that a portion of the interface
remains inside a narrow tube. We provide here a result that is sufficient for our purposes (and
essentially follows the corresponding argument for random walks in [21]).

LEMMA 5.3. The following is true for all integers C and M large enough. Let u =
(u1,uz),v = (v1,v2) be such that vi —u; > CM? > C? |vy — us|. Let e denote a unit vector
normal to the line through u and v and

Td:dD(u,v)ﬂ{a:E]RQ Dz —u)-ef <M}

Then, there exists ¢ = c([3) such that, for all M large enough,

S L enap(y) = e HkAL ),
v =
V' €Cu ¢

PROOF. For k an integer, let

def

I = {i=(i1,d2) €T i1 =u1s +kM?|(i —u) -e| < M/2}.

Let K < |(v; —up)/M?| — 1. Then,
Yo lens()= Y Y as(ne-ek),
t

v ECu Lyt K YooY

where the first sum is over vertices t1,...,tx such that ¢ € II; for all 1 < k < K and the
second sum is over paths ), ..., 7} such that each path -y, belongs to A(ty,tx41) and stays
inside 7~ (with the convention that ¢y = u and ¢ = v); see Fig. 7.

By property Pg, gs(7p 0 0 Ygy1) = Hszo q3(7;)- By the invariance principle estab-
lished in [19], each of the sums over 5, 0 < k < K, is bounded below by &M ~Le s (tk1—tx)
for some constant ¢ = ¢(3) > 0. Finally, each sum over ¢, contributes a factor at least M.
Therefore, provided that M was chosen large enough,

MK+1ef S o e (terri—tr) > echefrg (v—u)

)

5\ K1
Z 1o, cpa8(y) = <%> !

vy €Cuy
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where we used Z,If:o 78(tk41 — tg) = 78(v — u) + O(K). Indeed, denoting by 6, the angle
between the vectors 41 — ¢ and v — u and parametrizing the surface tension by the angle:
T8((tet1 — tr)/[[ter — tll=) = 75(6k), we have

Ta(tha1 — te) = T3(0k) | tegr — tello = [78(0) + 75(0)6) + OO I trr1 — till=-
The claim follows by observing that > ", ||tx41 —tx||. = ||v —ull, + O(K), 8, = O(1/M) and
Dok Okllterr — tills =Dk sin(Ok) |tk41 — tills + o(K) = o(K'), since the last sum vanishes,

which is geometrically evident. O
4D DD DD
- 7M2—>

FI1G 7: Sketch (not-to-scale) of the construction in the proof of Lemma 5.3. We restrict
the sum to paths staying inside the shaded area. The probabilistic cost of this confine-
ment is constant in each of the K + 1 intervals, thanks to the invariance principle.

5.2. The set Cx® and rough estimates under u]jf]; s/n- In this subsection, we develop
rough estimates under the measure uﬁ, BA/N that enable a reduction to a certain subset C]r\‘;g C

Cn of interfaces which we call regular interfaces. The definition of C/® is adjusted to our
needs and depends on three scales &, ¢ and e satisfying

2 1
(5.32) 1>H>L>§>§>6>0.

It should be kept in mind that (N 3 , N é) is the natural (and diffusive) scale when considering
the statistical properties of the interface v under ujj\c,_ BA/N The relatively rough estimates we

derive here are adjusted to this scale.
Following (5.32), set

(5.33) dv Ed VN, Iy E N+ N*, ry € N*— N*and hy Z ¢, V/N.

DEFINITION 5.4. Fix C sufficiently large. We say that a realization of the interface -y
belongs to the set

CNE=CrE(ct,dy,kyi,€) CCN
if the following four conditions (C(r]ei,)— (C;e}gv) are satisfied by its irreducible decomposi-
tion (5.30):
1

(C{f}gv) |CPts(v)| > aN and |y|<CN.

Furthermore (see Fig. 8),

(Cf%v) 7y stays above the rectangular box By« e, that is, v N By~ Ny = @.
Next, there is a cone-point of vy in every semi-strip Sp ¢+q, of width d:

(C;efv CPtS(’Y) N Sg7g+dN # & forany { € {—N, o, N — dN}

Finally, v puts at least one cone-point in each of the two shifted rectangular boxes
B ohy (€n) and By o, () (that is, the left-most and right-most sub-boxes of width 2N*
and height 2h sitting on the bottom of the strip Sy~ = S_n«~ N=):

CN CPts(v) N By ony (£n) # @ and CPts(7) N By 2 (1) # 2.
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dn

- =

B ony (UN) By ohy (TN)

2N* 2N*
2NF

F1G 8: Sketch (not-to-scale) of the construction in the definition of regular interfaces:
the latter must have at least one cone-point in each of the semi-infinite vertical strip
Sp.04dy of width dpy (a piece of one of them is drawn in light blue) and in each of the
boxes By op (Un) and By op (7)) (in light red) and must avoid the box By« e
(in teal).

Here is our main reduction statement:

THEOREM 5.5. For any A > 0, there exists a choice of c,dy and of scales k, ., € satis-
fying (5.32) such that

]\}E)noo Mﬁ;ﬁ)\/N (’Y ¢ C;\?g(c-‘r? d+7 Ky, 6)) =0.

5.3. Proof of Theorem 5.5. Property (C(%,) is already established (see Proposition 3.6
and the paragraph before (5.30)).

The same is true regarding Property (Cf%): this is the content of the entropic repulsion
estimate in Proposition 4.1.

Property (C;e‘]gv) is a simple consequence of the following upper and lower bounds on the

area |By[7]|, which we shall prove in Subsection 5.3.1:

LEMMA 5.6. There exists C = Cg such that

—_\m* 1/3_
(5.34) D Ll nem ana(y) 2 e O,
’YECN
In particular,
_ _ x 1/
(5.35) g ([By D] > ONY3) < e dmaeNTe,

forany C > Ca.

Indeed, let us write £ = Ue{7 : CPts(y) NS, (YN = @}, where the union is over £ €
{=N,...,N — dv/N}. It then follows from Lemma 5.6 that
N (E) S i n (BRI > 4CsNY?) 4 1y 5 (€] [By Y]] < 4C5NY?)

—_\m* 1/3 _
<e MmN gl v (€] BRI 40N,
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We can bound the second term in the right-hand side using (3.25), which can be recorded as
follows:

Amy A (v
:“]iv;ﬁ,)\/N('V) (140(1)) exp[_szB ’BN[VH n ]]\\f[( )} e
We thus have
Hnaoyn | [ByI| <4CsN)

Am _ N
ZwecN Lie B2 1<4csNo/s) €XD —2—5" ‘BN[’YH +LN(V) an,s(7)
<

)\m* _ A N
Z“/ECN ]l{|B*[ ||<4C N4/3} €XP [—QTﬁ |BN[’7H 4 ¢T(7)}

ans(y)

Thanks to (3.24) and (Creg ), the exponential term in the numerator can be bounded by
a constant, while the correspondlng term in the denominator can be bounded below by
exp(—cN1/3) for some constant ¢ = ¢(3, \) > 0. Therefore,

i (€ By ] 4CsNY) <e™' 1 5 (€] By ]| < 4CN*Y).

It thus follows from the refinement (5.31) of (5.29), as formulated in Proposition 5.2, and
from the bounds (2.13) and (5.34) that there exists ¢ = ¢g > 0 such that, for any d € N
sufficiently large,

+ —¢s VN
MN;B,A/N(E) se o ’

which is (C)).

5.3.1. Proof of Lemma 5.6. We start again with (3.25):

m’
5 () (14 0(1) ox exp | - 2= By + Aw%@}qu).

By (Creg ), we may restrict attention to |y| < C'N. Hence the term q’bN( ) = O(1). Therefore,
by virtue of (2.17), the upper bound (5.35) is indeed a consequence of the lower bound (5.34).
Now, the lower bound (5.34) is a rather standard assertion of the Ornstein—Zernike theory:

Consider
uy £ (=N + [4VN],[2V/N]) and vy £ (N — [4V/N], [2VN]).

By construction, a;é €uy + Y* and a:ﬁv € vy + Y On the one hand, it is not difficult to
check that there exists x = xg such that

536 Y ans(i)lpcuyiyry 2o YN

N
YL:T, FPUN

and Z QN76(7R)]1{’YRCVN+3)<} Z einﬁ\/ﬁ'

Yr:vy—zN
On the other hand, since gy g(7") > gg(7’) by property Po, it follows from Lemma 5.3 that
there exists g such that, for all IV large enough,
(5.37) S ans( N comayay 2 € YN-2m5N
v EA(un,VN)
By property Pg,
an(vL 07" ovr) > ans(vr)an,s(V)an s(VR),

uniformly in all triples (vz,~’,vr) contributing to (5.36) and (5.37). Our claim (5.34) fol-
lows. -
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AN1/3 N2/3

F1G 9: Sketch (not-to-scale) of the construction in the proof of Lemma 5.6. The lower
bound is obtained by restricting to paths 4y, o 4" o yp with cone-points at the vertices
uy and vy, with o/ staying inside the yellow tube.

2hN /\/\tl BNL’2hN (EN) v IR

FIG 10: Sketch (not-to-scale) of the construction in the definition of the event Ex(u,v).
All cone-points of the path located between u and v (blue dots) have to stay above the
level 2h 7, while the cone-points u and v have to be below this level.

5.3.2. Property (Cgejgv). Recall (5.32) and (5.33). In view of the symmetry, it is sufficient
to derive an upper bound on

K gayn (CPES(7) N By any (En) = 2).

By the already established reduction to (C5%,), we may assume that CPts(-y) contains a vertex

in any semi-strip Sy ¢4 4, of width dy.

We proceed with a disjoint partition of the non-intersection event in question. If CPts(~) N
Bn: ony (¢n) = @, then let u be the first vertex of CPts(vy) left of the strip S_n« _ N« jon:
that sits below the height 24 . Similarly, let v be the first vertex of CPts(~y) right of the strip
S_N+~,—N=+2n that sits below the height 2h . We use En(u, v) to denote the corresponding
event (see Figure 10) and we write v = 7, 0 v o g, where 4/ = v N D(u,v) € A(u,v) is the
portion of v between u and v. In this way,

gy (CPS() N B o (In) = D) =D pixg 3 v (En(u,v)).

By construction, there exist £, € N such that

u€ Br(l) = By, ony (—N% — (20— 1)dy)
and

v € BR(r) £ By ony (~N" +2N* + (2r — 1)dy).
We claim that there exists kg < 0o, such that, for any ¢,r € N,
(538)  max gy gy (En(u,v))

ueBL(¢)
vEBR(T)

N+ (L +r)dy N'+ ({+r)dy
N )

A substitution of (5.32) and (5.33), with c chosen to be sufficiently large, into (5.38) implies

the result:

< exp{ —2)\m20+

15 /n (CPtS(7) N By oy (En) = @) = 0(1).
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It remains to explain (5.38).

Let us start by formulating an approximate domain-decoupling property of ¥ in (3.23).
We shall give a general formulation and then apply it for v = vz 0y’ o yg € En(u,v). Con-
sider n =np on' ong withn, € By, n' €A and nr € Br. Set w =f(n’) and z=b(n). Fix
any path 7, € A(w, z) and define 19 = 1z, o 1}, o nr. Then,

onm=0(N+ 3 {ukpoleilnm) - ihsolon

i€BY [M]\Sw..

(539) D DI 1 SN CATD RPN CAS
1€BN [M\Sw.-

(5.39) is just an expression of the exponential spatial-relaxation properties of finite-volume
expectations for the Ising model at any fixed sub-critical temperature.

Let A(7Y) e AyYN Su7\,| (remember (2.19)) be the area between +' and L inside the
semi-strip Sy . In view of (5.39) and (C{;%;), we have (remember the definition of conditional

weights in Py)

eCl 2Amj’é

e ! R o !
Z(,YLWR)QN,B(’Y"YL:’YR)GXP{ N (7)},

where Z(vr,vr) is a provisional notation for the following partition function

ij\:/;B,A/N (v | vz,7R) <

2am’*
def B
Z(YL,YR) = eg( )QN,,B(U/ | YL VR) eXP{—iN A(n’)}-
n’ u,v

Recall (5.33). By (C;ef\,), we may assume that, for any ¢, CPts(y') NSy ¢+4, 7# @. This means
that if we take d4 < c; /3, then
(540) A(Y) = (2hn —2dN)(2N* + (£ = 1)dy + (r — 1)dn) > hy (N* + (€ +7)dn).
Moreover, by the definition of conditional weights and the GKS inequality,
(5.41) > ans(V | vL,vR) <e Y.

7' €2U(u,v)

Note that both estimates above are uniform in vz, vg.

Let us now derive matching uniform lower bounds on Z(vz,,vr). We proceed in the spirit
of the proof of Lemma 5.6 and rely on the Ornstein—Zernike theory as developed in [4, 19].
Consider

w=|(=N"=20dy +N3,2/N)| and z= [ (—N" + 2N* + 2rdy — N3,2V/N)]|.

Let Gy (u,v) C 2(u,v) be the set of diamond-confined paths 77 = n"" o n¥* o such that the
sub-paths " € 2(u,w), n"* € A(w,z) and n* € A(z, v) each stay inside the strip of width
V/N around the corresponding segments [u, w], [w,z] and [z, V] (see Fig. 11).

Then,

A(™), A(n?) < 3hn N3 and A(7"?) < 3V/N (2N* + max{2(£ + r)dy — 2N5,0}).

By properties P7 and P, gy (7' | v2,7r) > ¢3(7'). We can thus deduce from Lemma 5.3
that

S ans (Y L, R) Ze T TONTEE,
v €GN (u,v)
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ay
e E T T T T O O T Tt T .-
zhy) HE DT w z_ gL R
N2/3 N2/3

FIG 11: Sketch (not-to-scale) of the construction of the set Gy (u,v). We only consider

paths having cone-points at u, w, z and v and staying inside the intersection of the

relevant cones and tubes of width &/ N centered on the segments uw, wz and zv.
Hence, there exists kg < oo such that

« ’ _ R N 4(L4r)d
(542) Z(’YL;'YR) > Z eQ(A/N)m‘BA(/Y)QN,B(7/|'7L7'YR) >e Ta(v—u)—kp ~N2/3 -
v €GN (u,v)

Combined with (5.40) and (5.41), this implies (5.38). ]

5.4. Factorization of the irreducible decomposition. By convention, paths contain at
least two vertices. Consider (5.30) or, more generally, paths 77 C B}, admitting the irreducible
decomposition

(5.43) N=1LONL OO ONR.
We neither exclude k£ = 0, nor the possibility that iy, or ng be empty. The weights

agng(nromio---ongong)

make perfect sense in the context of dual high-temperature models (see [34] for an explicit
description). The fluctuation theory developed in [4] is based on the interpretation of the
infinite-volume weights gg(nz, o n1 o - -- o o nr) in terms of the action of Ruelle operators
for full shifts of countable type. An adjustment to finite volumes gives rise to a representation
of interfaces in terms of effective random walks with exponentially mixing steps. Such a
representation becomes rather complex when combined with a tilt by magnetic fields as we
consider here. A representation in terms of usual random walks with independent steps would
be technically much more convenient.

Let us formulate the corresponding result. The price of factorization is irreducibility. In-
stead of (5.43), consider

(5.44) N=WLowL o oWy OWR = w,

where wy, € B, wr € Br and wy, ...,wy € 2A are not required to be irreducible. In particu-
lar, the representation (5.44) is not uniquely defined. In fact, there are exponentially many (in
the number £ of irreducible pieces in (5.43)) different decompositions (5.44) of a particular
path 1 to be taken into account (see Fig. 12).

Our main objective is to develop a factorization of the weights ¢x g(y) associated to reg-
ular interfaces v € Ci?, but the whole theory applies in the full generality of concatenated
paths 7 as suggested by (5.43) and, in fact, the factorization in question will be formulated in

this framework in order to streamline the way it is used.

DEFINITION 5.7. We shall record (5.44) as a compatibility property w ~ 1. Note that
w ~ v implies that each of wr,w1,...,wy,wg are concatenations of irreducible paths ap-
pearing on the right-hand side of the irreducible decomposition (5.30). For any path w (for
instance for w = wy, or w = w; in (5.44)), we shall use ¢(w) = |CPts(w)| to denote the number
of cone-points of w.
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F1G 12: In yellow, the sequence of diamonds corresponding to one possible decomposi-
tion wy, owj o --- owjps o wg. The diamonds corresponding to the original (irreducible)
decomposition are drawn in a darker shade.

In order to formulate the factorization result, we need one more notation: By its very
nature, any path n = (uy, . .., us) always has the initial point f(1)) £ u; and the terminal point

b(n) “ uy. This notation is compatible with the one introduced for various confined paths in
Definition 5.1.

DEFINITION 5.8.  Given a path n, X(n) = b(n) — f(n) denotes the displacement along 7).
In the coordinate representation, we shall write X(1) = (0(n),¢(n)), where 8(n) = X(1) - 1

and () = X(n) - ex.

0(n)

F1G 13: Notations for the displacement along a path 7.

Given non-negative weights pIL\, zonBr, pﬁ 5 onBpand py g on A, consider the induced
weights Wy g on the set of concatenations w in (5.44).

M

(5.45) Wi s(w) = ok slwr) ol s(wr) [ [ pwvs(ws).
=1

We are ready to formulate our factorization result:

THEOREM 5.9. There exist a number vg > 0 and, for all N sufficiently large, weights
pNB’pNﬁ and py. g such that:

Wi. For any n C By admitting an irreducible decomposition as in (5.43),

(5.46) Mgy 5(n) = Wy s(w

w~n
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In particular, Wy g(n) = eT/*‘)(”)qN,B (n) if n is irreducible.
Woa. Recall the notation ¢(w) for the number of cone-points of w. For any w € 2,

(5.47) pp(w) < e e @em (@ gy 5(w).

The same holds for the weights p]LV g of w € B, and the weights pﬁ 5 0f we Bp.

W3. There exist Z.2-shift-invariant (infinite-volume) weights pg such that the following bulk
relaxation property of the weights py g holds: For w C By,

py5(w) ada (1,083
(5.48) — _1‘§exp{;e o (t,08 >}7

where da(t,0B%) = minggg: (|t — s||.. Moreover, the weights {pg} are probabilistic in

the following sense: For any u,

(5.49) YY) pslw) =1

W weA(u,w)

For maximal effect, the factorization properties W;—W3 above should be combined with
properties P1— P of the path weights g s.

The proof of Theorem 5.9 is relegated to the Appendix A. In particular, the weights {py g}
are defined in (A.72) there. It boils down to a rather simple percolation argument based on a
form of high-temperature expansion for one-dimensional systems with exponentially decay-
ing interactions. This expansion relies on the domain-monotonicity property Po of contour
weights.

REMARK 5.10. We shall use several times the observation that the expectation of {(n)
(remember Definition 5.8) under pg necessarily vanishes. Indeed, were it not the case,
a simple large deviations bound relying on (5.45), (5.46) and (5.47) would imply that
e > _necy IN,8(n) decays exponentially fast in N, which would contradict (2.18).

5.4.1. Interfaces in low-temperature Potts models. A more robust (but slightly more in-
volved) version of Theorem 5.9, which does not require domain monotonicity and applies,
for instance, to a wide range of random-cluster models, is presented in [31] and was very
recently used in [23] to study scaling limits of Potts/FK interfaces above a wall. We shall rely
on these results in the following way: The zero-field measure ujiv; g0 Was analyzed in [23]
on the more general level of nearest-neighbor Potts models below the critical temperature,
in their random-cluster representation. As is the case here, the crucial role was played by
the irreducible decomposition of the corresponding percolation clusters. In particular, the
notion of cone-points was well defined. In fact, under the Edwards—Sokal coupling, all the
cone-points of the underlying random-cluster component associated to «y in [23] belong to
the set CPts(y). We shall therefore routinely import from [23] various upper bounds on the
probability of atypically small densities of cone-points or atypically large sizes of irreducible
components in (5.30). For instance, Proposition 5.2 is an immediate consequence of the com-
putations employed in the proof of Lemma 2.2 in [23].

5.5. Random-walk representation and effective reduction of the interface. Theorem 5.9

paves the way for a probabilistic analysis in terms of random walks under linear area tilts.
Suppose we have a collection wy, . .., wy, of paths, satisfying the property

b(wl) = f(wz), ey b(w(_l) = f(wé).
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Then we can form their concatenation w = w; o - - - o wy, in an obvious way. In the following,
we will naturally restrict ourselves to the admissible concatenations, meaning that the path w
satisfies all the restrictions above.

DEFINITION 5.11.  Given a concatenation w = wi o --- o wy, define So = f(w1), S1 o
f(wa), ..., Se e b(wy) and set

S(w) = {S0,S1,.--,S¢}.

We shall think about S(w) in terms of an effective random walk through the vertices of w with
steps X; o Sl — Sz’_l = X(wi).

In particular, if 77 admits the irreducible representation (5.43), then the induced trajectories
of the effective random walk S(w) correspond to various compatible concatenations w ~ 7
with weights W 5 defined in (5.45).

Let 2 be the set of all compatible concatenations w ~ ~ of the interface v with at least
one cone-point.

DEFINITION 5.12.  We define two probability measures Py g and Py 5 5 /n on Q by
(5.50)
AN (w)

m
Pyg(w) cc Wy g(w) and Py ga/n(w)ocexp {—276 Bylw]| + T} Pns(w),

where the weights W y g were defined in (5.45) and, following (3.25),

def

Bylw] =Byh]  and  dn(w) = n(v)
fwn~n.
Recall the Definition 5.4 of the set C\® of regular interfaces. Define
Q;\e}g = Q;\e}g(CJrv dJra Ry, 6) = U {Q CwW ’7} .
veCRH

In view of (5.46), Theorem 5.5 implies that

THEOREM 5.13.  For any A > 0, there exists a choice of parameters in (5.32) and (5.33)
such that

Sl lim P 0°E =0.
(55 ) Ngnoo N,ﬂ,)\/N(Q¢fN (C-‘r?d-‘m’%vbve)) 0

5.6. Coupling with random walks driven by infinite-volume weights. Our proof of the
invariance principle in Section 6 is based on the coupling between the interface v and effec-
tive random walks under linear area tilts, which is stated in Theorem 5.14 below. We need to
define some additional notation.

Let u,v € HY and let Q2"" be the set of all concatenations w ~ 1 € (u,v). Recall that,
in general, since we have compromised on irreducibility, there are many different concate-
nations w which are compatible with a path n € 2(u,v). Define the following weights on
w=(wi,...,wpr) € Q" and, accordingly, define the probability measures

M
We(w) E [ pa(ws) and  P§(w) ox Wa(w).
=1
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As we are interested in w C H , we define the conditional measure
u,v _ puyVv
P, () =P (|w CHY).

As was already mentioned, for any diamond-confined w € 2 lying above £, one can unam-
biguously define, using the deformation rules as specified in Subsection 2.2, the area A(w)
between w and £ inside the semi-strip S¢(y,) p(w)- fw =wy 0+~ owpr CHY, we set

M
Aw) =D Awi).
=1

Finally, we define

u,v 2)\mz M u,v
PE .1 () o xp{ =7 DD AGn) JPEY ().
=1

More generally, let £, and {r be two probability measures on HY such that {; ® &g is
supported on the set

{(u,v) :veu+ Y},
Then, let us define

P &N "¢ (w)Ep(vPYY  and PSR SN e (W)En(v) PYY
v u,v

Let v € C be an interface as sampled from ,uﬁ; BA/N Given u,v and w € Q"V, let us say
that {w C v} if u and v are cone-points of v and w ~ vy N D(u,v).

THEOREM 5.14. Recall (5.32) and (5.33). For all N sufficiently large, there exist

(i) probability measures §JLV on By hy1og N(¢N) and §g on BNt hylog N(TN);

PglLV Lit such that

(i1) a coupling ®n between ,uﬁ;ﬁ’A/N and BN+

lim ®n(wZv)=0.
N—o00

Consequently, one is entitled to explore v on the (N E,N é)—scale using the effective-

random-walk measure ngxfz% - This is precisely what we shall do in Section 6.

PROOF OF THEOREM 5.14. The claim of Theorem 5.14 is a straightforward consequence
of Theorem 5.13, the bulk-relaxation property (5.48) of the finite-volume weights {px } and
of the approximate domain-decoupling property of ¢ as formulated in (5.39).

Indeed, let w € Q\E(ct, dy, K, 1, €). By (5.47), we may restrict attention to max; ¢(w;) <
Cglog N.

By properties (C;efv) and (Cgef\,), we can choose the leftmost vertex u of S(w) inside
BNt 2hy+Cylog Ndy (fn) and the right-most vertex v inside By: on,+0C;log Ndy ("N)- In-
deed, there is at least one cone-point in the box By ap, (¢n), so the leftmost vertex u of
S(w) is at most at the height 2hy + Czlog Ndy, which is of the order of hylog N. Let
w'=wND(u,v) € A(u,v) be the portion of w between u and v. Let us write w = w; ow' owp.

By property (C%/), w’ stays above the rectangular box By~ n- and, consequently, by the

bulk relaxation property (5.48), we can write Wg(w’) instead of Wy g(w’).
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By construction,
(552)  |Bylw] w'| =o(N"(log N)?),

where the latter bound is uniform in all choices of u and v in question, since the probability
of finding an irreducible piece of diameter larger than (log V)? vanishes with N.

Substituting (5.39) and (5.52) into (5.50), we can factor out, up to a uniform factor of order
(14 0(1)), the terms

=A(w;) +A(W) + A(wg) and, moreover,

, 2Amj ,
Wﬁ(@)exp{—i#\@ )}
N
in the expression for Py 5\ /v (wy, 0w’ owr | QRE).
The rest follows from (5.51) and an application of the total probability formula for
Py g/ (- | QNE) with respect to the partition induced by the choice of the vertices u and
v as above. O

6. Proof of the main result. At this stage, the proof boils down to a derivation of a
uniform invariance principle for the diffusive rescaling of the family {Pff/\fff, +} appearing
in the statement of Theorem 5.14.

From now on, the parameters « and ¢ introduced in (5.32) are chosen in the following way:

w2 w2
(6.53) 52§+25 and L2§+5,

where § > 0 is chosen small enough to ensure that the following two technical conditions are
satisfied:

(6.54) 30<e and 66< %

As will be explained below, (6.54) helps to secure a simple transition from the polymer chains
w to the trajectories of the effective random walk S.

By Theorems 5.14 and 5.5, it suffices to prove that both

a. convergence of finite-dimensional distributions and
b. tightness on fixed intervals [—7, 7]

Un,VN

hold uniformly in all sequences of measures {P BN +} with (note that we redefine /n, 7y
as compared to (5.33))

un = (In,un) € BN py1og N(—N" + N*)\ By v (—N" + NY),

(6.55) _
VN = (1N, N) € Bre iy tog N(N™ = N\ Bye e (N" — NY).
6.1. Transition from the polymer chains w to the effective random walks (ERW) S. Recall
that P;\; N+ is a probability distribution on "-¥, the set of all concatenations of paths 1 €
A(u,v). We define the length of w ~ 7 by

def

|w| = |n].
Following Definition 5.11, we associate with each polymer chain w € Q2" an ERW

§:{U:SO,51,...,SKZV}

from u to v. It will be convenient to record the vertices of S as S; = (T4, Z;) and the corre-

sponding increments as

Xi = (0:,¢) = Si — Si-1.
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Observe that, by Remark 5.10, Eg({;) = 0, where Eg denotes expectation with respect to the
measure pg.

In the sequel, the size of the maximal step will be denoted by
gap(S) < maix X ..

With an abuse of notation, we continue to use Q" for the collection of such walks and

P;‘;\ N+ for the induced distribution. Note that the number ¢ of steps is not fixed under

P;‘:\ N4 that is, we are in the realm of two-dimensional renewals.

There is a convenient definition of the area: For S = {S¢, S1,...,S¢}, we set

¢
AS)ED 0:Zi 1.
i=1
The choice of parameters in (6.53) an (6.54) implies the following controls.

LEMMA 6.1. Let § > 0 and n > 36 be small enough to ensure that 2/3 + 36 +n < 1
(which is an eligible choice by the second condition in (6.54).). The following statements
hold for all N large enough with P;N YN _probability tending to one uniformly in sequences

AN+
{un,vN} satisfying (6.55).
1. Control of the area There exists C such that

|B;,[7w]| 38
— N
N =

2. Control of maximal gaps
gap(S) < N".
3. Control of the length |w| There exists Cy such that
lw| < CoN2/3+26.
4. Control of mismatched area between B [w] and A(S)

SlBRLIl - A(S)| < N/ 1),

PROOF. 1. Control of the area. First observe that

exp{—QAmEClN?"s}

NYVN — 1430
Pisis (Brlwll > CiNT ) < —— o e T
ey~ [exp{ ~ 2 By [wl

so we only need a lower bound on the denominator. This can be achieved using an argument
completely similar to the one in the proof of (5.42), so we only sketch it. We consider the set
of polymer chains whose associated ERW trajectories S visit the two vertices

(€5 + (hnlog N)* hy) and (ry — (hy log N)?, hy)

and stay inside tubes of width hy, as we did in the lower bound (5.42). Each such polymer
chain w satisfies |By[w]| < 3N'*20. The proof thus reduces to proving that the P;NJ;VN—
probability of this set of polymer chains is bounded below by exp{—0(N?%)}, which can be
done by proceeding analogously to the proof of Lemma 5.3.
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2. Control of maximal gaps. It follows from the first point that

P (3D(S) > N7) < OO P (gap(S) > )

< OV) P;N’V” (gap(S) > N")

< O pg (| X1 . > N7) < QN0

which tends to 0 since n > 3.

3. Control of the length |w|. Once more, it follows from the first point that
Plléi\r)\,;xﬂr(‘g’ > C2N2/3+25> < eO(N‘%) PEN,VN (‘Q’ > 612]\72/3-"-25)7

and the result now follows from standard estimates for bulk connectivities (for instance

through skeleton calculus).

4. Control of mismatched area between B [w]| and A(S). Note that the contribution to the

mismatched area from any given increment of S is smaller than 01-2 < 0;N" by the second

point above (remember that the corresponding path is constrained to lie inside a diamond).

Therefore,

¢
“BX/[QH _ A(§)} < N"Z@' < Nn(2N2/3+25 +1)< N2/3+36+n n
i=1

6.2. FS scaling of the interfaces. Let us define the quantity

ot EBl€) _ Varg()
Es(0)  Ep(0)
which is precisely the curvature of the Wulff shape K at the point 73e; (see Appendix B).
Letu,v € H, and let

(6.56)

§: {SOa Sla BRE) Sn} € QU’V-
For N € N, let us define the linear interpolation (LI) through the rescaled vertices of S:
. def TO ZO Tn Zn
(6:37) S =L (7 N1/3\/@) - (a Nl/3m) }

Ifu=(sN?3r xgNY3) andv = (tN?/3 y, /x5N'/3), we shall think of iy[S] as a random
non-negative function on the rescaled time interval [s, t| and, with a slight abuse of notation,
write iy (7), T € [s,].

6.3. ERW partition functions. Let us define the following set of partition functions and
probability measures related to the effective random walks S. We shall use the same symbols
P and E for probability measures and the corresponding expectations, but shall employ the
symbol G for partition functions in order to avoid confusion with the symbol Z used for
partition functions phrased in terms of interfaces/polymer chains and their weights.

n-step partition functions g;;’; N L [f]. Given a function f on N and a vertex u € H, we
define

gg)\/]\[,_._[f](u) = g;i;l/]\/7+[f]

3 foxn (<25 Y200 (20). 0] €
=1

2 Am*
S ASI0,n))) £(Za), S[0,n] € HL |

(6.58) —EY [exp (— ~
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where Ej; denotes expectation with respect to the ERW S with increments of law pg starting
at u and S]0, n] denotes the first n steps of the trajectory of S.

n-step partition functions g;’f}”;v .- Givenu,v e Hy, define

G 2o (-5 o 20) Su=v. s 1]

" 2)\m6
=€} lexp(— 2 AS[0.7]) ), Sn = v, S[0.m] C L.
Of course,
gﬁ ,\/N+ Z QE\I\}INJF v2).
=(v1,v2)

For1<nqy <ng <---<n,, <n, we will also use the notation

u,vin
mw)gmm+11h =
;ll m—1; m:lm my ;lm 1
Z g; \//\/N,Jrf”l( )gﬁ /\/ fnz (1)2) QE,A/N\:Jr fon (vgn)g};J\}lNH: ’
where ll =Ny —Nj—1, Ny = O,nm+1 =n.
6.4. Mixing. Fix T > 0. Recall our notation (4.27) for lattice semi-strips. Let u,u’, v and

v/ be such that
u,u’ € S_oo—TN2s  and v,V € STN2/3 00
LetS={sp,...,s,} € Q" and S’ = {s)),...,s,} € Q**"'. We shall say that S z S’ if there
exist £, ¢ and k such that
S0 Sy €S oo TN2/35 Spily,Sprok € STN2/8 o and Spyj = 52/+j forall j =0,...,k.
By an adjustment of the techniques developed in [27, 29], we obtain the following

PROPOSITION 6.2. Fix 0 < ¢ < C < co. Then, there exist Ko = Ko(8,\) and v =
v(B,\) > 0 such that the following holds: for all N large enough, there exists a coupling

® between P, and P, such that, as soon as N is sufficiently large,

BA/N,+ B, /\/N +
P(STS) >1—e K,
forall K > Ky, T > 0 and all u,u’,v,V' such that
u,u’ € S_oo,—(T+K)N2/3 and v,V € S(T+K)N?/3,00
and, in addition,
u-eg,u -eg,v-eg,V -9 € (cN1/3,CN1/3).
PROOF. The claim can be proved using a variant of the proof of the corresponding claim

in [27, Proposition 5]. Minor adaptations are needed because we deal here with a directed
random walk in Z? rather than with the space-time path of a random walk in Z as in the latter
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paper. Since the changes are mostly straightforward, we only briefly sketch the argument for
the sake of the reader.
The proof relies on a coupling argument. Let S and S’ be independent processes distributed

according to P%" BA/N+ and P! B /N > respectively.

We start by decomposing the interval [T'N?/3 (T + K)N?/3] into consecutive disjoint
intervals I, I, . .. of length N2/3. The first observation is that, in view of our target estimate,
we can assume that there exists € € (0,1/3) such that both trajectories have at least e N2/3
steps in each interval, with the left-most (resp. right-most) step occurring at a distance at
most e N%/3 from the left end (resp. right end) of the interval. Indeed, as we did in the proof
of Lemma 6.1, at a cost at most ¢V, we can set A = 0 and ignore the positivity constraint,
which reduces the estimate to a straightforward large deviations upper bound once ¢ is small
enough.

Fix v > 0 sufficiently large. Then, it is easy to prove that in the vast majority of the in-
tervals Iy, both S and S’ visits points with height below v N'/3. Indeed, when this is not the
case the total area A has to be much larger than NV, which is easily seen to be very unlikely.

This implies that there is a positive fraction of the intervals 55 such that the above occurs
both in I5;_1 and in Ip;q. It is then easy to prove that, in such an interval Io, there is a
uniformly positive probability that both S and S’ never reach a height above 20N'/3. Let us
say that an interval where this occurs is v-good. We conclude that there is a positive fraction
of v-good intervals. (See [27, Lemma 3] for the detailed argument.)

Finally, there exists p > 0, independent of /V, such that, above each v-good interval, uni-
formly in what occurs outside of them, there is a probability at least p that the two trajectories
S and S’ meet. The proof of the corresponding statement when A = 0 can be done using the
second moment method (similarly as in [27, Appendix A]). The extension to A > 0 then
follows from the fact that, in an v-good interval, the scaled area %A is uniformly bounded
above by a constant (depending on v); see [27, Proposition 6].

It follows that, up to an event of probability exponentially small in K, the two trajectories
S and S’ meet above [TN?/3 (T 4+ K)N?/3]. Of course, the same is true over the interval
[—(T + K)N?/3, —TN?/3]. When this happens, it is straightforward to couple the two tra-
jectories over the interval [—~T'N'?/3, T N?/3] and the conclusion follows. O

6.5. Scaling and Trotter—Kurtz formula. In the sequel, we rely on [15, Section 1.6]
(specifically on Theorem 1.6.5 therein) and we refer to [27, Section 1.2] for a concise de-
scription of the functional-analytic setup we employ.

By (6.57), it is natural to consider the following spatial rescaling:

We also define the rescaling operator Scy f(z) = f(xN_1/3xg1/2). Let f be a smooth test
function with compact support in (0, c0). Let us consider the operator

TNf(T)gEﬁ[eXP(—z)\];%WNUS\/’Tﬁ)f< N1/3\ﬁ){ 3 >0}]

Fix r > 0. Then, a second-order Taylor expansion yields, using the fact that the constraint
r+ Nl%\/@ > 0 in the definition of T, can be removed (since f is supported on (0, c0)) and

the fact that Eg({) =0,

]\}gnooNz/g{EB[eXp( 2)\]312’97"N1/3m)f<r+ Nl/g\/@ﬂ - f(r)}
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(6.60) = lim N?2{Tnf(r)— f(r)}
N—oo

—E5(0) (3" (r) — 2xmis /a1 £ (1)) £ E4(0) LS ().
The last equality in (6.60) defines the Airy operator
Laf(r)=51"(r) — 2 mj\/Xprf(r),

which is a singular Sturm—Liouville operator on R with Dirichlet boundary conditions at
Zero.

Let f belong to the domain D(L3) of the self-adjoint extension of the operator Lg, see [27,
equ. (1.4)]. It then follows from [15, Theorem 1.6.5] that

(6.61)

m

: [tN2/3/Es(6)] — otLs
i TR e

uniformly in ¢-s from bounded intervals of R .
Going back to (6.58), we conclude that

LEMMA 6.3. Let f € D(Lg). Then,

Jim U E O fse g = et .

uniformly in t on bounded intervals of R...

PROOF. This is an immediate consequence of (6.61), once one observes that
G /v [Sen Sl =T 1. =

6.6. Time-change and tightness. Fix e > 0 small. Recall our notation (4.27) and consider
u and v living in the shifted boxes

uc (—LN2/3,CN1/3) + BN1/3+‘,CN1/37
(6.62) vV E (LN2/3, CN1/3) + BN1/3+67CN1/3.

The rescaled area A(S) /N has uniform tails with respect to the family of probability measures
{P;\:\ IN +} with u, v satisfying (6.62). Therefore, any asymptotic event which has vanishing
P, -probability as N — oo has also vanishing PZ,\; /. ~Probability and can be ignored. Let
us now apply this observation to two particular families of events.

Time-change: Let S € Q"Y. We shall write n(S) for the number of steps. Then, there exists
¢ > 0 such that

2LN?/3 .
u,v _ /3+51 cpU,v
Pﬂ#(‘”@) E5(0) ‘ZN )SN Ps <

(6.63) <e N

S) = Es(0)

uniformly in u, v satisfying (6.62). The first inequality follows from the fact that in our set-
ting the removal of the positivity constraint results in the power-law correction. The second
inequality in (6.63) follows from the local limit theorem and standard large deviation bounds,
since the increments of S have exponential tails.

As before, let us record u and v as

u= (5N2/3,r./X5N1/3) and v =(tN?? y, /X5N1/3).



38

For S € Q" instead of (6.57), consider the following fixed-time-step interpolation j:

. . t—s Z1 t—s Zo
6.64 “LI{ ( , )( P ) t, }
(6.64) jn[S] (s,7), (s + n(S) N3 s s n(S) N3 /x5 (t,y)
Under Pg,‘jr, both jx and iy are random functions defined on [s,¢]. They are related by a
time-change:

in(T) =in(o(1)),

where ( is the linear interpolation through the points,

(t—S)k Tk
@(8—1- ) = N2/3
Clearly,
def ]' k
50 % e o) 7l S [ (T = To) = (T =To)
and
< —j .
max in (1) —in(7)] < o in(T) —in(n)|

By (6.63), we may restrict attention to

2LN?/3
Es(0)

At this stage, usual stretched exponential moderate deviations upper bounds for the n-step

trajectories T[0,n] and Z[0,n] under P, with n in the range described in (6.65), imply that
there exist €9, €3, co > 0 such that

(6.65) ‘n@) - ’ < N3+,

u,v —€g —co N3
(6.66) Py, (;g[ag]\m() i (r)| > N7 <oV,

uniformly in u, v satisfying (6.62).

Tightness: Uniform tightness on C([—T',T],R..) C C([s, ], R) of the family {P}" }, with
L > T 41 and u, v satisfying (6.62), for the fixed-time-step linear interpolation jx in (6.64),
was explained in [23, end of Section 5.6]. By (6.66), it extends to {P” ‘;\ /N, +} Alternatively,
one can carefully follow the route which was paved in [29, Section 5 2] using the (function-
ally independent) finite-dimensional distribution statement (6.68) below.

6.7. Proof of the invariance principle to FS diffusions. Inthe sequel, wetake L =T+ K.
The invariance principle will be recovered in the limit lim g, oo limy—00-
In view of the uniform mixing estimates stated in Proposition 6.2, it suffices to prove con-

vergence of finite-dimensional distributions for the following family {/P\éi N +} of convex
with u, v satisfying (6.62), (recall (6.59)),

S P ()6 L0 (6) 5, G5 ()G ()61 (0)
519 ar Zauy : BA/N.+ :
N L S () SN AN TR

Above, f,g are two non-negative non-trivial test functions with compact support in (¢, C')
and

combinations of P!, Bl AN+

Fiv(u) gf(wﬁ) and Gy (v) & g (]Vf/;,fj@).
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Furthermore,

def

¢—pn(U) = Dpye,——pn2e)y and dp v (v) =
Fix ¢ <e. By Lemma 6.3,

e, —LN2/sj<vi/3+e) -

1 1 u,v;n
J\}E)noo W UZV: FN(U)¢LL,N(U)W957/\/N7+GN(V)¢L,N(V)

= / F(r)e* e (r,y)g(y)drdy,
R, JR,

uniformly in

’ _2LN2/ )<N1/3+5 N1/3+5

On the other hand, by a slight modification of (6.63),

Fn(0)d- 1 n (1)~ G5 G (v)prn(v) =0,

i s > =
m ———-
N-oo N1/3_ /x5 " N3 /x5 BA/N,+

uniformly in

‘ B 2LN2/ ’_N1/3+5+N1/3+6

Therefore, the denominator in (6.67) satisfies

1 u,vin
Am N1/3+e N1/3FZFN u)¢—r,n ( Nl/SFZgﬁA/N+ (V)orn(v)

- / F(r)e2E5 (1, y) g (y)drdy.
R, JR,

Let -T <71 <mg<---<7, <T. Let hy,...,h; be smooth test functions with compact
support in (¢, C). Literally repeating the above argument for the numerator in (6.67) of the
form

k
S Fx()o-(o Zg;;;;‘m(Hhz(ij)))GN(v)m,N(v),

7'[,/3

(notice that the scaling operator is implicitly present in j ) and setting K, © e7L5, we obtain

k
(6.68)  lim Pﬂjg/N +(H he(ij))) =
=1

Jo Je, FOKen(ry)ha (y1)Keu—r, (Y1, y2)h2(y2) - - Kp—r, (91, )9 (y)dr [T, dyedy
fR+ f]RJr r)Kar(r,y)g(y)drdy '

At this point, we can take the limit L — oo and proceed as in [29, (3.37)].
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APPENDIX A: RENEWAL STRUCTURE VIA PERCOLATION ESTIMATES
A.1. The underlying percolation picture. Consider an irreducible decomposition
(A.69) N=1100N20"0MNn,
where, as usual, 71 € B, 0, € Bp and, for 1 <i <m, n; € A. Set I, « {1,...,m} and let
INts(77) be the set of connected sub-intervals [ = {£, £ +1,...,7} C I, (£ <7).

Consider now Bernoulli percolation n on ©,, = {0, 1}Ns() = {0, 13(2), where an interval

I C INts(n) is independently open with a certain probability Py (I |n) specified below
in (A.78). Let us use Py (- | n) for the corresponding product measure on ©,,.

Any realization n € ©,, of open sub-intervals induces a splitting of {1,...,m} into maxi-
mal connected components in the following way:

1. fI={(¢+1,...,7} €n, then [ is connected.
2. If I; and I5 are connected and such that Iy N Iy # &, then I; U I5 is connected.

Let us denote

(A.70) Q) LA, Jemy
the collection of all maximal connected components of {1,...,m} as induced by n.
O-O-O O=0O 3

000000000000

FIG 14: The set of open sub-intervals of a configuration n (top 3 lines; the vertical po-
sition is irrelevant and only introduced for readability) and the corresponding set Cl(n)
of maximal connected components (bottom line).

d
Define the event ©;7 C ©,, by

@%d < {I,, is connected} = {n : Cl(n) = {I,}}.
The quantity

(A7) Png) EPnsneOF )= [[PvsIn) [[(1—PrsTIn)

nG@g]d Ien Ign

is, thereby, well defined.
We are ready to define the weights py g appearing in (5.45):

DEFINITION A.1.  For any n C HY such thatn € B, U ‘B,

(A.72) pr,5(1) = e Wan 5(0) Py ().
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A.2. Conditional weights and expansions. The proof of Theorem 5.9 is a kind of high-
temperature expansion. Consider 7 in (A.69). Let us rewrite the weight g 3(7) as follows:

an () =ang(m|n2o--onm)ang(nzo---onm).

Next, we factor the conditional weight above as

ang(mi|n2 o onm)
an,(m|m2) an,g(n1 N2 0n3) ang(mm2o---onm)
ans(m)  anpg(m|n2) ang(m |mzo---onm_1)

Proceeding with the very same telescopic factorization of gy g(12 © - - - 0 1, ), we eventually
arrive to the following construction: For r > ¢+ 1and I ={¢, ¢+ 1,...,r}, set

=qn(m)

et qzva(ne\nmo o)

(A.73) PN, n 1
sl Im)= qng(Me|Mev10---0nr1)
For two point intervals I = {¢, ¢ + 1}, set
(A74) o (I ) & 2 er)
qn,6(11e)
Then,
I€INts(n)

def

For any interval [ = {/,...,r} € INts(n), denote by |I| =1 4 (r — ¢) the number of points
in /. Note that the weights py g are non-negative by the domain-monotonicity property P
and, in view of (2.14) and (2.15), satisfy

(A.76) png(In) < cge™9(H1=2)

with

A.77 i =0 d i =

(A.77) 500 P and - grn 9s =0

A.2.1. Probabilities Py g(-|n). Let us define the probabilities Py s(I |n) appearing
in (A.71):

o« pNp(Lln) AIO  g1-2)
(A.78) Pnp(l|n) S 2 7L pge9s
’ Lpons(Tln) = 7

A.2.2. Expansion ofHIEINtS(n) (14 pns(I|n)). Letusexpand the product in the right-
hand side of (A.75):

(A.79) avsm) =ang(m)-anstm) > ] envsIn).
neQ, I'n(I)=1

Given n € 2, one can encode the corresponding decomposition into maximal connected
sub-intervals Cl = Cl(n) in (A.70) as

(A.80) n=wio-owp,

where w; & w J, 1s the concatenation of consecutive paths 7; with indices ¢ in Jy C I,,.
Clearly, the paths wj, belong to 2, but, in general, are not irreducible.
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Rearranging the sum in the right-hand side of (A.79) according to the values of Cl(n) or.
equivalently, according to the values in the right-hand side in (A.80) and using the reduced

. def
notation ©; = 0,,,,

> I patt=Y (S T pwattlen)

neo, I:n( Cl Jell nee Iin(L
(A.81) = [ Prswn) JI (+ens|w).
Cl Jed IT€INts(wy)

Recall Definition A.1. In view of (A.75) and the additivity of displacement, 6(n) =
>k 0(wr), (A.81) implies that

(A.82) avs(me™@ = " T]pws(w;),

w10-0we=n j

as claimed in (5.46) (Property W) of Theorem 5.9.

A.3. Properties of {pn,g}. We still have to justify (5.47) (Property W5) and (5.48)
(Property W3) of Theorem 5.9.

A.3.1. Property Wy. Interms of the representation (A.72), Property Ws reads as follows:
Given an irreducible decomposition n = k1 o - - - o K, we need to check that

(A.83) P g(n) <e van=b),

We use (A.76) and (A.77) as an input. The proof is performed in two steps:
STEP 1. There is a very easy proof of (A.83) when g is large enough:

For a € {1,...,n — 1}, one can define random variables £, on ©,, in the following way:
Givenn € ©,), set

(A.84) €o=Ea(n) Emax{l>0:n({a,...,a+}) =1}

If there is no such ¢, we set &, = 0. Under Pn (- |n), the random variables {{,} are inde-
pendent and, by virtue of (A.78), satisfy the following upper bound: For r € N,

°© e—9s(r—1)
Prsléazrln <3 Prs(n({a.a+) =1]n) S 67—
Therefore, the expectation
c
(A85) En,sl6aln) < 7

(1—e98)2"
The upper bound (A.85) holds uniformly in 7 and a.

By (A.77), the expression on the right-hand side of (A.85) tends to zero as § — oo. In
particular, En 5(&q | n) < 1/2 if § is large enough. Clearly, the occurrence of the event {n €
@%d} implies that 22;11 £a > n. Thus, by the usual Cramér’s upper bound, there exists vg > 0
such that, for any n > 2 and for any 7 as in (A.69),

(A.86) Pn,s(n) =Pnpne O |n) <Pyg <Z &>n ’ n) < cges(n=1),

STEP 2. Recall (A.70). Notice that the above argument actually implies a lower bound on the
number /(n) of disjoint components of Cl(n). Indeed, {/(n) < k} implies that >-"_1 ¢, >
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n — k. Consequently, one can refine (A.86) as follows: For all § sufficiently large, there
exists vg > 0 such that

(A.87) Pr.j (E(n) < g ( n) <Pys (za: €, > %n ‘ n) < cpevelnD),

Let us turn to the case of arbitrary fixed 5 > (.. We cannot anymore assume that
Eng(€a|m) < 1/2. This can be dealt with in the following way: We choose a cutoff value r =

rg € N and say that a connected interval {a, ...,a+m} is short if m < and long if m > r.
In this way, we represent ©,, = O™ x Or™ and Py g(-|n) = PRS- ) ® P]I\?nﬁg( |n).
long

Let us redefine random variables &, in (A.84) as functions on ©;, ° only,

étllong :maX{€> 0 : nlong({a,...,(l+£}) = 1}

In view of (A.78), the expectation Ey.3(£88) < 1/4, once the cutoff value 75 is chosen large

enough. Hence, (A.87) applies for P}s?ﬁgﬂ |m). If £(n'°"&) > 2 then one can still recover the

event
{I‘l _ (nshort7 nlong) c @%d}

by insisting that short intervals cover all £(n'°"8) — 1 spacings between successive maximal
connected long clusters. But this is already a short-range percolation problem in one dimen-
sion, and the corresponding probabilities 77]5\*,‘%”(- | ) have tails that decay exponentially in
n. 0

A.3.2. Property W3. Recall Definition A.1. The infinite-volume weights {pg} are de-
fined as follows:

DEFINITION A.2. Foranyn €5, U‘Bp,

pa(n) £ e Mqg(n)Ps(n),

where Pg is defined as in Subsection A.2.1, but using the infinite-volume weights pg instead
of pn g- In their turn, the weights pg are defined as in (A.73)—(A.74), but using the infinite-
volume path weights qg instead of qn g.

Therefore, (5.48) is a consequence of (2.14). L]

It remains to show (5.49). The latter, however, is a standard consequence of the multi-
dimensional renewal theory under exponential tails [22]: First of all, set 2((0) = |, (0, u)
and note that, for any 7 € 2((0) which admits an irreducible decomposition (5.43), the
infinite-volume analogue of (5.46) and (A.82) holds:

ga(m)e™?™ =>"T] ps(w:).
w~n g
Consider now the series
(A.88) his ) e XM g4,
v€A(0)

For small h, this series converges if and only if 7ge; + h belongs to the interior of the Wulff
shape K. In terms of the weights pg, the right-hand side of (A.88) can be expressed as

S (X X))

k=1 we2A(0)
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By the exponential decay of the weights pg, the series
hs Y e X@ps(w)
weA(0)

converges in a small neighborhood of the origin. Hence the sum should be exactly one at
h=0. O

APPENDIX B: CURVATURE OF THE WULFF SHAPE K AT 73e;

We briefly explain why X in (6.56) can be identified with the curvature of the bound-
ary of the Wulff shape K at 7ge;. The starting point is the characterization of 0K in a
neighborhood of 7ze; by

Tge1 +h e 8K5 < Ep [eh-X(y)] =1,

as explained in Section A.3.2. Remember our notation X(n) = (6(n),{(n)). In the same coor-
dinate representation, we parameterize vectors h such that 7ge; +h € 0Kg by h = —(¢(t),?)
for ¢ in a neighborhood of 0. Observe that ¢(0) = ¢'(0) = 0. Expanding to second order in ¢
thus yields the identity

Es(¢?]
(0= 2,
Es[6]
since Eg[¢] = 0. Finally, since ¢'(0) = 0, the curvature of 0K at 7ge; indeed reduces to

¢"(0).
APPENDIX C: FERRARI-SPOHN DIFFUSIONS

In this appendix, we briefly recall the general definition of Ferrari—-Spohn diffusions on
R, . We refer to [27] and [29] for more details.

Fix a real number o > 0 and a non-negative function ¢ € C2(R ) such that lim, ., q(r) =
o0. Consider the singular Sturm-Liouville operator

def 0'2 d2
0,9 = o dr2 —q(r),

on R with Dirichlet boundary condition at 0. This operator possesses a complete orthonor-
mal family {¢;,7 € N>} of simple eigenfunctions in Lp(R, ) with eigenvalues
0>—ap>—-a;>—-ag>---

satisfying lim;_,~, a; = o0o. The eigenfunctions ;, @ € N>(, are smooth and (; has exactly ¢
zeros in the interval (0, 00).

The Ferrari—Spohn diffusion associated to o and ¢ is the diffusion on (0, co) with generator

1 o? d%y oq dip
Gyt = —(L, S IS R Uk
7qw ©o ( d + 30)(1/’()00) 9 dr2 to ©0 dr

This diffusion is ergodic and reversible with respect to the measure dyg(r) = @ (r)dr.

In the present paper, the relevant choice for the function g is ¢(r) = cr for some suitably
chosen constant ¢ depending on the parameters of the Ising model. In this case, since the Airy
function Ai satisfies %Al(r) = rAi(r), a simple computation shows that

)
C 9y
where —wj is the smallest zero (in absolute value) of Ai (see Fig. 15) and C = (2¢/c?)

wo=Ai(Cr —wy) and ag=

1/3
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FIG 15: The Airy function Ai and its first zero —wj .
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