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absolute continuity of measures, 495
additivity, 4, 469
affine function, 486
Aizenman–Higuchi theorem, 155, 290
algebra, 491
almost everywhere, almost sure, 492
analytic continuation

pressure, Curie–Weiss, 157
pressure, Ising, 156, 216

analyticity, 488
cluster expansion, 228

antiferromagnet, see Ising model
Asano contraction, 123

backward martingale convergence theo-
rem, 284, 502

Blume–Capel
large fields, 271
low-temperature Gibbs measure,

368
phase diagram, 347, 366
pressure, 366

Boltzmann
entropy, 27
principle, 31

Boltzmann weight, 23, 116, 120, 142
surface term, 232, 348
volume term, 232, 349

Borel sets, 492
boundary

edge boundary, 516
exterior, 100, 326
interior, 326
of configuration, 329
thickened, 331

boundary condition
+ boundary condition, 82

− boundary condition, 82
Dobrushin, 147, 209
free, 80
kernel, 255
periodic, 80
stable, 160
wired, 142
with frozen configuration, 81

box, 38
branches, liquid and gas, 186
Brownian bridge, 152

canonical
ensemble, 20
Gibbs distribution, 23, 170, 318
partition function, 23, 26, 170

Carathéodory’s extension theorem, 311,
492

Cauchy’s integral theorem, 489
Central Limit Theorem, 40, 498
chemical potential

grand canonical ensemble, 33
lattice gas, function of ρ, 189
thermodynamics, 7

chessboard estimate, 444
closed set, 491
cluster

FK percolation, 142
of polymers, 228
support of, 233

cluster expansion, 214, 219
convergence, 224

clustering, see short-range correlation
coexistence line, 104, 365
coexistence of phases, 206
coexistence plateau, 14, 187
compactness
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in metric spaces, 491
of M1(Ω), 264
ofΩ, 262

compatibility of contours, 343
complete graph, 58
concave function, 480
concavity

Boltzmann entropy, 31
entropy, 8
free energy, 12, 32
Shannon entropy, 21

concentration, 29, 40
density, lattice gas, 177, 188
magnetization, 1d Ising, 92
magnetization, Curie–Weiss, 60
magnetization, Ising model, 288

condensation, 13, 213
conditional expectation, 500

tower property, 502
version, 501

conditional probability, 503
as a specification, 257
regular, 258, 503

configuration
boundary, 329
equal at infinity, 327
ground state, 327
Ising, 38, 81
lattice gas, 169
restriction, 248
thickened boundary, 331

configuration integral, 24
conjugate variable, 8
connectivity

c-connectivity, 239, 340
maximal component, 340
of subsets of Zd , 340

continuity
function onΩ, 263
function onΩ, uniform, 263
in metric spaces, 491
lower semi-continuous function,

486
continuous spins, 305
contour, 340

2d Ising, 111
admissibility, 239
compatibility of, 343
exterior of, 340
external, 343
interior, 341
interior, Ising, 241
Ising, 238, 454
label, 340

of class n, 355
stability, 348, 360
truncated weight, 356
type, 340
weight, 345

contour representation
X Y anisotropic, 454
Ising, 109
Pirogov–Sinai, 346

convergence
almost sure, 498
configurations, 262, 307
in Lp , 498
in distribution, 498
in metric spaces, 491
in probability, 498
in the sense of Fisher, 471
in the sense of van Hove, 83
of probability measures, 264, 307
of states, 94
of subsets of Zd , 83

convex envelope, 192, 200, 486
convexity

concave function, 480
convex envelope, 486
convex function, 480
epigraph, 486
free energy, 12
free energy, lattice gas, 170
free energy, van der Waals model,

192
midpoint convex function, 482
of G (π), 280
pressure, 301, 309, 326
pressure, Ising, 84
pressure, lattice gas, 174
strongly convex function, 484
supporting line, 484
vs. continuity, 481
vs. differentiability, 482

correct point, 329
correlation inequalities, 97
correlation length, 162, 401
correlations

algebraic decay, 2d X Y model, 428,
433

decay, 1d O(N ) models, 427
decay, O(N ) models, 426
decay, X Y model, 413
decay, Ising, 471
decay, massive GFF, 401, 403
decay, massless GFF, 394
exponential decay, 2d X Y model,

433
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exponential decay, Ising, 119
Ornstein–Zernike behavior, Ising,

471
truncated, 144, 471

coupling, 137, 368
coupling constants, 127, 185
covariance matrix, 384, 504
critical, 61
critical exponent, 162

2d Ising, 45
Curie–Weiss, 72, 77

critical phenomena, 160
critical point, 161
critical temperature

2d Ising, 45, 132
Curie–Weiss, 59, 134
Ising, 107, 134
monotonicity in d , 115
Van der Waals, 15
van der Waals model, 192

cumulant generating function, 499
cumulative distribution function, 497
Curie temperature, 37
Curie–Weiss

Hamiltonian, 191
Curie–Weiss model, 57
cutoff function, 355
cylinder, 249, 305, 523
cylinders, algebra of, 249

degeneracy lifting, 336
delocalization, 392, 402, 425
dense set, 491
diagonalization argument, 262, 523
diameter, 326
differentiability

free energy, lattice gas, 177
left,right, 482
one-sided derivative, 482
pressure, 1d models, 311
pressure, Blume–Capel, 366
pressure, Ising, 108, 311

Dirichlet energy, 422
Dirichlet problem, 389

massive, 397
discrete

Dirichlet problem, 389, 397
gradient, 387
Green identities, 387
harmonic, 389, 397
Laplacian, 387

distance
between configurations, 262
between measures, 264

in metric spaces, 491
total variation distance, 507

distribution function, 497
Dobrushin’s condition of weak depen-

dence, 268
dominated convergence theorem, 495
Doob–Dynkin lemma, 493
droplet model, 216
dual lattice, 110
duality, 132
dusting lemma, 269
Dynkin system, 493

effective interface models, 407
energy density

average, 300
average, Curie–Weiss, 74
Curie–Weiss, 64
ground state, 234

energy shell, 19
energy, thermodynamics, 3
energy-entropy, 42, 191, 224, 297
ensemble, 19

canonical, 20
grand canonical, 23
microcanonical, 19

entropy
Boltzmann, 27
relative, 510
Shannon, 21, 297, 507
thermodynamics, 4

entropy density
Boltzmann, 29, 30, 319
Curie–Weiss, 64

epigraph, 486
equal-area rule, see Maxwell’s construc-

tion
equation of state, 8

ideal gas, 9, 34
real gas, 214
Van der Waals, 14

equilibrium
thermodynamic, 3

equilibrium shape, 211
equivalence of ensembles, 47, 176, 183,

206, 318
van der Waals model, 192

equivalence of measures, 495
ergodic

probability measure, 279
theorem, 47, 279

Euler relation, 8
evaluation map, 293
event
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σ-algebra, 249
increasing, 98
local, 249
tail, 281

exchangeable, 71
excitation, 42, 375
exponential mixing, 371
exponential relaxation, 371
extension of a probability measure, 282
extensive, 3
extensivity, 469
extremal decomposition, 291, 308
extremum principle, 4, 12

Feller property, 265
ferromagnetic model, 39
ferromagnetism, 35, 36

Curie–Weiss, 67
finite-range interaction, 169
finite-size effect, 234
finitely additive set function, 492
first-order phase transition, 37

analytic definition, 89, 309
Pirogov–Sinai, 321, 366
probabilistic definition, 103, 261

FKG inequality, 99, 128, 136
fluctuations, 4
Fourier transform, 460
free energy, 32

canonical ensemble, 32
Curie–Weiss, 61
Gibbs, 302
hard-core lattice gas, 182
Helmholtz, 11
lattice gas, 170
lattice gas, analyticity, 187
van der Waals model, 191

Fubini–Tonelli theorem, 496
fugacity, 214

gas
continuum, 24
lattice, 25

Gaussian
centered, 384
characteristic function, 384
covariance matrix, 384, 504
field, 386, 506
mean, 384, 504
measure, 386
normal standard, 498
vector, 383, 504
vector, convergence, 505

Gaussian domination, 463

Gaussian Free Field, 379
Hamiltonian, 381
link with Ising model, 407
massive, 381, 397
massive, RW representation, 399,

400
massless, 381, 389
massless, RW representation, 391

generating function, cumulant, 88
GFF, see Gaussian Free Field
GHS inequality, 120, 132
Gibbs distribution, 1, 23

canonical, 23, 170
grand canonical, 23, 174

Gibbs measure, 261
Blume–Capel, 368
closedness of G (π), 266
convexity of G (π), 280
extremal, 281, 307
gradient model d = 1,2, 425
Ising, 287
massive GFF, 400
massless GFF d = 1,2, 393
massless GFF d ≥ 3, 394
non-extremal, 289
non-uniqueness, 308
pathologies, 319
prepared with boundary condition,

266
singularity of extremal measures,

285
uniqueness, 268
uniqueness, boundary condition,

267
Gibbs sampler, 137
Gibbs state

2d Ising, 152
3d Ising, 146
Ising, 94

GKS inequalities, 98, 127
gradient gibbs states, 407
gradient model, 380, 424
grand canonical

ensemble, 23
Gibbs distribution, 23, 174
partition function, 26, 174

grand potential, 12
Green identities, 387
ground state, 327

energy density, 328
Ising, 41
periodic, 327
stable, 367
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Hamiltonian, 18, 259
O(N ) model, 412
O(N ) model, torus, 459
X Y model, 412
Curie–Weiss, 58
anisotropic X Y model, 416
associated to a potential, 326
Blume–Capel, 323
continuum gas, 24
formal, 261
Gaussian Free Field, 381
Heisenberg model, 412
Ising, 39, 81
Ising, modified, 323
lattice gas, 26, 169
relative, 327

hard-core, 26, 34, 228
harmonic, 389
m-harmonic, 397
harmonic crystal, see Gaussian Free Field
heat capacity

Curie–Weiss, 74
ideal gas, 9

Helmholtz free energy, see free energy
high-temperature representation

Ising, 116, 132, 237
Hölder inequality, 478
holomorphic function, 488
homogeneous function, 7, 8
homogeneous system, 14, 180
Hubbard–Stratonovich transformation,

70, 407
Hurwitz theorem, 490

i.i.d. random variables, 498
ideal gas, 9, 183
implicit function theorem, 491, 523
increasing event, 98
independence, 498

mutual, 498
pairwise, 498

inequalities
arithmetic-geometric, 478
Brunn–Minkowski, 517
Chebychev, 497
Chernov, 497
FKG, 99
FKG, proof, 128, 136
GHS, 120, 132
GKS, 98
GKS, proof, 127
Hölder, 478
Jensen, 480, 497
Markov, 497

Pinsker, 512
infrared bound, 459
integral with respect to a measure, 494
intensive, 8
interface, 149

2d Ising, 151
3d Ising, 150

interior of contour, 341
Ising, 112

internal energy, 3
inverse critical temperature, see critical

temperature
inverse temperature, 32, 33, 80
Isakov theorem, 159
Ising model, 37, 79

d-dimensional, 114
antiferromagnet, 140, 280, 334
contour, 109, 238, 454
ergodicity, 288
extremality, 287
interface, 149
large field, 229, 271, 450
link with GFF, 407
long-range, 260
modified, 323, 334
one-dimensional, 42, 90
three-dimensional, 146, 286
two-dimensional, 43
two-dimensional, simplex, 290

isolated system, 3
isoperimetric inequality, 349, 516
isotherm, 9

hard-core lattice gas, 183
nearest-neighbor lattice gas, 190
Van der Waals, 15
van der Waals, 195

Isserlis’ theorem, 385

Kac interactions, 198
Kac limit, see van der Waals limit
Kolmogorov

consistency, 251
extension theorem, 251

Kozlov–Sullivan theorem, 472
Kramers–Wannier duality, 132

label of a contour, 340
large deviations

1d Ising, 92
Curie–Weiss, 61, 68
lattice gas, 178

largest term, 31
lattice, 25

bipartite, 141
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cubic, 25
even, odd, 140

lattice gas, 25, 168
hard-core, 26, 34, 181
mapping with Ising model, 45, 184
nearest neighbor (Ising), 184
van der Waals, 190

Law of Large Numbers, 40, 47, 288, 498
Curie–Weiss, 60

Lebowitz–Penrose limit, see van der
Waals limit

Lee–Yang
circle theorem, 122, 186
theorem, 121, 235

Legendre transform, 11, 65, 191, 485
non-differentiable function, 487

Lévy’s continuity theorem, 500
liquid-vapor equilibrium, 14, 167
local function, 94, 444

support, 94
local limit theorem, 513
locally uniformly bounded family of

functions, 490
log-moment generating function, 499
logarithm branch, 489
long-range order

Ising, 108
orientational, 412, 437
Potts, 462
quasi, 413

low-temperature representation
Ising, 109, 132, 238

lower semi-continuity, 486

m-potential, see potential
macroscopic events and observables, 281
macrostate, 3
magnetic field, 35, 80
magnetic susceptibility, see susceptibility
magnetization, 36

1d Ising, 91
2d Ising, 46
Ising, large β, 242

magnetization density, 40
O(N ) models, 416
X Y model, 451
Curie–Weiss, 59
Ising, 87, 105, 126, 288

marginal, 251
Markov property, spatial, 99
mass, 381
Maximum entropy principle, 20
Maxwell’s Construction, 15, 197
Mayer expansion, 236

Mayer’s conjecture, 214
mean-field

“naive”, 69
approximation, 57
bounds, 76
equation, 63, 66, 69
lattice gas, 191
limit, 76

mean-field bounds, 134
measurable

function, 249, 493
function, real, 494
sets, 492
space, 492

measure, 492
equivalent, 495
extension, 492
extremal, 281
finite, 492
Lebesgue, 496
on an algebra, 492
probability, 492
σ-finite, 492
singular, 495
translation invariant, 496

Mermin–Wagner theorem, 415
metastability, 215

Ising, 159
metric space, 491

compact, 491
metric, 491
separable, 491
sequentially compact, 491

microcanonical distribution, 19, 318
microstate, 2, 18
Minlos–Sinai trick, 474
mixing, see short-range correlation
moment generating function, 499
momentum, 24
monotone class, 493
monotone convergence theorem, 495
monotonicity

in boundary condition, 100, 101
in coupling constants, 128
in volume, 99, 100

nearest neighbor, 38
non-uniqueness, see first-order phase

transition
Ising low temperature, 104
of Gibbs measure, 261

nondecreasing function, 98

observable, 18
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occupation number, 25, 96, 169
O(N ) model, 437
open set, 491
order parameter

Ising, 126
Ornstein–Zernike behavior, 471
oscillation, 268

parallelepiped, 479
paramagnetism, 35

1d Ising, 90
Curie–Weiss, 67

partial order, 98
partition function, 1

canonical, 23, 26, 170
Curie–Weiss, 58
grand canonical, 26, 174
Ising model, 80–82
Ising model, zeroes, 121, 125
polymer, 221
polymer representation, 346

pathologies, 319
Pecherski’s counter-example, 335
Peierls’ argument

anisotropic X Y model, 454
Ising, 109

Peierls’ condition, 331
Peierls’ constant, 331, 332

Blume–Capel, 332
rescaled potential, 537

percolation
Bernoulli, 142
FK, 142
FK, cluster, 142

phase coexistence
Curie–Weiss, 61
Ising, 104
Pirogov–Sinai, 324

phase diagram
Blume–Capel, 324, 347
completeness, 374
Ising, 103
Ising d ≥ 2, 104, 322
large-β asymptotics, 375
zero-temperature, 324, 337

phase separation, 206
phase transition, 14, 47

O(N ) model, d ≥ 3, 437
X Y model, anisotropic d ≥ 2, 438
Berezinskĭı–Kosterlitz–Thouless,

433
Blume–Capel, 366
continuous, 72, 161
Curie–Weiss, 59

Ising, 104
Kac interactions, 212
lattice gas, 186

Pinsker’s inequality, 421, 512
Pirogov–Sinai theory, 217, 321
Plancherel theorem, 460
plaquette, 149
Pólya theorem, 514
polymer, 220, 314

activity, 221
cluster, 228
compatibility, 228
decomposability, 228
partition function, 221
support, 314
weight, 221, 314

polymer model, 220
positive correlation, 98, 174
potential, 259

O(N ) model, 306
X Y model, 306
absolutely summable, 259
Blume–Capel, 259
finite-range, 259, 326
Gaussian Free Field, 306
Heisenberg model, 306
invariant under transformation,

277
Ising, 259
m-potential, 333
perturbation, 335
physical equivalence, 261
Potts, 259
rescaled, 339
translation invariant, 326
uniformly absolutely summable,

300
uniqueness criterion, 272

potential kernel, 433
Potts model, 141, 459

antiferromagnet, 272
pressure, 33, 311

1d Ising, 90
2d Ising, 93
O(N ) model, 462
analytic continuation, 214
anisotropic X Y model, 458
associated to a potential, 301, 309,

326
Curie–Weiss, 65, 67, 134
finite volume, Ising, 83
function of ρ, v , 188
grand canonical ensemble, 33
hard-core lattice gas, 182
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Ising, 45, 134
Ising model, terminology, 45
Ising, analyticity, 120, 156, 238, 240
isotherm, 9
lattice gas, 174
lattice gas (Ising), 185
lattice gas, analyticity, 186, 190
polymer models, 352
saturation, 15, 190
thermodynamics, 7, 13
truncated, 338, 355
van der Waals limit, 200
van der Waals model, 191

Principle of Insufficient Reason, 21, 469
probability kernel, 255

composition, 256
consistency, 256
infinite-volume, 293
proper, 255

probability measure, 492
compatible with specification, 256

product
σ-algebra, 496
measure, 251, 298, 496
space, 496

projection map, 248
PST, see Progov–Sinai theory321

quasilocal
function, 263
specification, 265

Radon–Nikodým theorem, 495
random variable, 497

characteristic function, 500
conditional expectation, 500
connected correlation function, 499
cumulant, 499
distribution, 497
expectation, 497
i.i.d., 498
independent, 498
moment, 499
semi-invariant, 499
standard normal, 498
truncated correlation function, 499
Ursell function, 499
variance, 497
with density, 497

random vector, 503
dsitribution, 503

random walk, 390, 422, 513
Green function, 390, 431, 515
killed, 398, 541

potential kernel, 433, 516
recurrence, transience, 514
stopping time, 513

random walk representation, 390
random-cluster representation, 141
random-current representation, 143
range (of potential), 259
rate function

Curie–Weiss, 62, 68
lattice gas, 178

rectangle, 496
reference measure, 306, 442
reflection

through edges, 440
through vertices, 439

reflection positive, 441
relative entropy, 298, 421, 510
relative Hamiltonian, see Hamiltonian
relaxation

2d Ising, 153, 156
high temperature, 274

renormalization group, 162, 320
pathologies, 163

reservoir, 10
restricted ensemble, 376
restriction

of configuration, 101
of probability measure, 282

Riesz–Markov–Kakutani representation
theorem, 95, 250, 312

roughening transition, 151

saturation pressure, see pressure
scaling parameter, 199
sea with islands, 109, 114, 372
short-range correlation, 103, 282
σ-algebra, 491

Borel sets, 492
generated by a function, 493
generated by sets, 492

simple function, 494
sine-Gordon transformation, 409
singular measures, 495
singularity, 47, 216
specific entropy, 299

upper semicontinuity, 300
specific volume, 9
specification, 256

compatible probability measure,
256

finite energy, 472
Gibbsian, 258, 306
invariant, 277, 308
non-null, 472
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quasilocal, 265
spin, 38, 80
spin flip, 39, 113, 277
spin wave, 418
spontaneous magnetization, 36

2d Ising, 45
Curie–Weiss, 59
Ising, 89, 106, 126

spontaneously broken symmetry, 41,
109, 278

stability, 12
stability of contour, 348
stable

boundary condition, 160
state, 94, 250

Dobrushin, 147
Gibbs, 94
metastable, 215
non-translation-invariant, 147
translation invariant, 95

statistical mechanics, 17
Stein’s method, 71
Stirling’s formula, 478
stochastic domination, 138
strict convexity of pressure, 175, 179
subadditivity

for existence of pressure, 87
lattice gas, 172
strong, 471
subadditive sequence, 479

subcritical, 15, 61
supercritical, 15, 61
support

cluster, 233
contour, 340
polymer, 314

supporting line, 484
surface energy, 345
surface tension, 209
surrounding set, 368
susceptibility, 72, 383
switching lemma, 144
symmetry

continuous, 308, 411
explicit breaking, 278
spontaneous breaking, 41, 278
spontaneous breaking, Ising, 109
under a transformation, 277
under global rotation of the spins,

414
under spin flip, 39

tail-σ-algebra, 281
triviality, 282, 307

Taylor series, inverse, 237
temperature

thermodynamics, 6
thermodynamic limit, 46, 83

X Y model, 413
canonical ensemble, 32
extremal Gibbs measure, 286
Gaussian Free Field, massive, 400
Gaussian Free Field, massless, 393
grand canonical ensemble, 33
Ising, 45
Ising model, 39
microcanonical ensemble, 30

thermodynamic potential, 10
thermostatics, 2
thin subset of Zd , 342
topology

on M1(Ω), 264
onΩ, 262

torus, 438
reciprocal, 460

total oscillation, 268
total variation distance, 268, 506
transfer matrix, 91, 139
transformation

internal, 276
spatial, 276

translation, 278
translation invariant

events, 279
probability measure, 278
specification, 280
state, 95

+1−1 trick, 314
triviality of a σ-algebra, 282
truncated correlation, 144, 243
type of a contour, 340

uniqueness
1d Ising, 104
1d models, 275
Gibbs measure, Dobrushin, 268
Gibbs specification, 272
high temperature, cluster expan-

sion, 274
Ising, 104
Ising h ̸= 0, 104, 119
Ising high temperature, 104, 116
long-range Ising, 273
Potts antiferromagnet, 272
vs. differentiability, 311
vs. differentiability, Ising, 108, 311

uniqueness vs. non-uniqueness, 103
universality, 49, 72, 161
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unpredictability, 20, 508
upper critical dimension, 77, 162
Ursell function, 222, 499

Van der Waals equation, 14
van der Waals limit, 198, 217

pressure, free energy, 200
Van der Waals–Maxwell theory, 13
variational principle, 318, 319

finite version, 298
virial coefficient, 236

virial expansion, 215, 235
lattice gas, 237

Vitali convergence theorem, 490

Weierstrass’ theorem, 490
Wick’s formula, 385
Wulff shape, 211

X Y model
anisotropic, 437


