Infinite-Volume Gibbs Measures

In this chapter, we give an introduction to the theory of Gibbs measures, which
describes the properties of infinite systems at equilibrium. We will not cover all the
aspects of the theory, but instead present the most important ideas and results in
the simplest possible setting, the Ising model being a guiding example throughout
the chapter.

Remark 6.1. Due to the rather abstract nature of this theory, it will be necessary
to resort to some notions from measure theory that were not necessary in the pre-
vious chapters. From the probabilistic point of view, we will use extensively the
fundamental notion of conditional expectation, central in the description of Gibbs
measures. The reader familiar with these subjects (some parts of which are briefly
presented in Appendix B, Sections B.5 and B.8) will certainly feel more comfortable.
Certain topological notions will also be used, but will be presented from scratch
along the chapter. Nevertheless, we emphasize that although of great importance
in the understanding of the mathematical framework of statistical mechanics, a
detailed understanding of this chapter is not required for the rest of the book. o

Some models to which the theory applies. The theory of Gibbs measures pre-
sented in this chapter is general and applies to a wide range of models. Although
the description of the equilibrium properties of these models will always follow
the standard prescription of Equilibrium Statistical Mechanics, what distinguishes
them is their microscopic specificities. That is, in our context: (i) the possible values
of a spin at a given vertex of Z¢, and (ii) the interactions between spins contained
in a finite region A € 74.

A model is thus defined by first considering the set Qy, called the single-spin
space, which describes all the possible states of one spin. The spin configurations
on a (possible infinite) subset S c Z¢ are defined as in Chapter 3:

def

Qs = QF = {(0i)jes : w; €QVIES).

When S = 74, we simply write Q = Qza. Then, for each finite subset A € 7%, the
energy of a configuration in A is determined by a Hamiltonian

I Q—R.

245
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246 Chapter 6. Infinite-Volume Gibbs Measures

We list some of the examples that will be used as illustrations throughout the chap-
ter.

* For the Ising model,
Qo =1{+1,-1}.

The nearest-neighbor version studied in Chapter 3 corresponds to

W) =-p Y wwj-h) w;,
{i,j}eé’}\’ ieA

where we remind the reader that 5’}{’ is the set of nearest-neighbor edges of Z¢
with at least one endpoint in A, see (3.2). We will also consider a long-range
version of this model:

Hw)=— Y Jijwwj-h) o,
{i, }nA£D ieA

where J;; — 0 (sufficiently fast) when || j — i|l, — oo.
* For the g-state Potts model, where g = 2 is an integer, we set

QO:{OIIJZI”’)q_l}V

AW == Y buww;-
{i,jle&yp

 For the Blume-Capel model,

QO = {+1y0)_1})

J0(w)=-P Z (wi—w]‘)z—thi—/lZa)?.

{i,j}eo‘"}\’ ieA ieA
e The XY model is an example with an uncountable single-spin space,
Qo ={xeR*: x|, =1},

and Hamiltonian

) =-p ) w;i-wj,
{i,jlesP

where w; - wj denotes the scalar product.

All the models above have a common property: their single-spin space is com-
pact (see below). Models with non-compact single-spin spaces present additional
interesting difficulties which will not be discussed in this chapter. One important
case, the Gaussian Free Field for which Q = R, will be studied separately in Chap-
ter 8.
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About the point of view adopted in this chapter. Describing the above models
in infinite volume will require a fair amount of mathematical tools. For simplicity,
we will only expose the details of the theory for models whose spins take their values
in {#1}; the set of configurations is thus the same as in Chapter 3: Q = {il}zd.

Even with this simplification, we will face most of the mathematical difficulties
that are unavoidable when attempting to describe infinite systems at equilibrium.
It will however allow us to provide elementary proofs, in several cases, and to some-
what reduce the overall amount of abstraction (and notation) required.

Let us stress that the set {1} has been chosen for convenience, but that it could
be replaced by any finite set; our discussion (including the proofs) applies essen-
tially verbatim also in that setting. In fact, all the results presented here remain
valid, modulo some minor changes, for any model whose spins take their values in
a compact set. At the end of the chapter, in Section 6.10, we will mention the few
differences that appear in this more general situation.

So, from now on, and until the end of the chapter, unless explicitly stipulated
otherwise, Qg will be {+1}, and

Q= 10, Q=@1Z.

Outline of the chapter

The probabilistic framework used to describe infinite systems on the lattice will be
presented in Section 6.2, together with a motivation for the notion of specification,
central to the definition of infinite-volume Gibbs measures. After introducing the
necessary topological notions, the existence of Gibbs measures will be proved in
Section 6.4. Several uniqueness criteria, among which Dobrushin’s condition of
weak dependence, will be described in Section 6.5. Gibbs measures enjoying sym-
metries will be described rapidly in Section 6.6; translation invariance, which plays
a special role, will be described in Section 6.7. In Section 6.8, the convex struc-
ture of the set of Gibbs measures will be described, as well as the decomposition
of any Gibbs measure into a convex combination of extremal elements and the lat-
ter’s remarkable properties. In Section 6.9, we will present the variational principle,
which provides an alternative description of translation-invariant Gibbs measures,
in more thermodynamical terms. In Section 6.10, we will sketch the changes neces-
sary in order to describe infinite systems whose spins take infinitely many values,
the latter being considered at several places in the rest of the book. In Section 6.11,
we give a criterion for non-uniqueness involving the non-differentiability of the
pressure, which will be used later in the book. The remaining sections are comple-
ments to the chapter.

The problem with infinite systems

Let us recall the approach used in Chapter 3. By considering for example the +
boundary condition, we started in a finite volume A € 74, and defined the Gibbs
distribution unambiguously by

+ e_t%//)/\;ﬁ,h(w) 4
uA#ihuu)z ——Z:—————, a)ES)A.
A;Bh
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Then, to describe the Ising model on the infinite lattice, we introduced the thermo-
dynamic limit. We considered a sequence of subsets A, 1 7% and showed, for each
local function f, existence of the limit

Prgn= Mm DR, pn

This defined a linear functional (-)E, ,on local functions, which was called an infin-
ite-volume Gibbs state.

This procedure was sufficient for us to determine the phase diagram of the Ising
model (Section 3.7), but leaves several natural questions open. For instance, we
know that

Jim py (00 =—-1) = ,}E{}O%U —(00 50 =3 (1= (00)5 )

exists. This raises the question whether this limit represents the probability that
0o = —1 under some infinite-volume probability measure ,u;g %

i a00=-1)=3(1-(00)j,)- (6.1)

In infinite volume, neither the Hamiltonian nor the partition function are well-
defined. Moreover, it is easy to check that each individual configuration would have
to have probability zero. Therefore, extending the definition of a Gibbs distribution
to the uncountable set of configurations Q requires a different approach, involving
the methods of measure theory.

Events and probability measures on Q

Aswe said above, it is easy to construct a probability distribution on a finite set such
as Q,, since this can be done by specifying the probability of each configuration.
Another convenient consequence of the finiteness of Q is that the set of events as-
sociated to Q, is naturally identified with the collection &2(Q,) of all subsets of Q5.
The set of probability distributions on the finite measurable space (Q, £ (Q,)) is
denoted simply .7 (Qp).

Notation 6.2. In this chapter, it will often be convenient to add a subscript to con-
figurations to specify explicitly the domain in which they are defined. For example
elements of Qa will usually be denoted w, 1y, etc.

Given S c 7% and a configuration w defined on a set larger than S, we will also
write wg to denote the restriction of  to S, (w;);es. We will also often decompose a
configuration wgs € Qg as a concatenation: ws = W ws\p (for some A c S).

These notations should not to be confused with the notation in Chapter 3, where
oA was used to denote the product of all spins in A, while the restriction of w to A
was written w| .

We first define the natural collection of events on Q, based on the notion of cylinder.
The restriction of w € Q to S ¢ Z%, ws, can be expressed using the projection map
HS Q- Qsi

() £ ws.

In particular, with this notation, given A € #(Q,), the event that “A occurs in A”
can be written IT' (A) = {w € Q : wy € A}.
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6.2. Events and probability measures on Q 249

For each A € Z4, consider the set

def

€M) = {II, (A) : Ae Z(Qn)}

of all events on Q that depend only on the spins located inside A. Each event
C € ¥'(A) is called a cylinder (with base A). For example, {wy = —1}, the event
containing all configurations w for which wy = —1, is a cylinder with base A = {0}.

Exercise 6.1. Show that € (A) has the structure of an algebra: (i) @ € € (M), (ii) A€
@ (M) implies A° € € (N), and (iii) A, B € € (A) implies AUB € € (A).

For any S c Z% (possibly infinite), consider the collection

R UEAN
AES

of all local events in S, that is, all events that depend on finitely many spins, all
located in S.

Exercise 6.2. Check that, for all S c Z%, €s contains at most countably many events
and that it has the structure of an algebra. Hint: first, show that € (A) ¢ € (A') when-
ever A\c A

The o-algebra generated by cylinders with base contained in S is denoted by
FsE 0(s)

and consists of all the events that depend only on the spins inside S. When S = 74,
we simply write

C =6, F=0(0).

The cylinders 4 should be considered as the algebra of local events. Although
generated from these local events, the o-algebra .# automatically contains macro-
scopic events, that is, events that depend on the system as a whole (a precise defi-
nition of macroscopic events will be given in Section 6.8.1). For example, the event

1 1

{weQzlimsup > wi>0}=U N U{|B(m)|i€Z cuiz%}

n—oo [B(n)| ieB(n) k=1n=1mzn B(m)

belongs to .# (and is obviously not local). The importance of macroscopic events
will be emphasized in Section 6.8.

Ay
S~

-

@: The reader might wonder whether there are interesting events that do not be-
long to ¥ . As a matter of fact, all events which we will need can be described ex-
plicitly in terms of the individual spins in S, using (possibly infinite) unions and
intersections. Those are all in % . 3

The set of probability measures on (Q,.%#) will be denoted .#;(Q, %), or sim-
ply .#, () when no ambiguity is possible. The elements of .# (Q2) will usually be
denoted p or v.

A function g : Q — R is measurable with respect to .%g (or simply .#s-measur-
able) if g~1(I) € Zs for all Borel sets I < R. Intuitively, such a function should be a
function of the spins living in S:
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250 Chapter 6. Infinite-Volume Gibbs Measures

Lemma 6.3. A function g: Q — R is Fs-measurable if and only if there exists ¢ :
Qs — R measurable such that
gw) =pws).

Proof. Let g be %#g-measurable. On Qg, consider the set of cylinder events €%, and
F§=0(%;). If s : Q — Qg denotes the projection map, we have Hgl (C" € Zs for
all C' € . This implies that .7 is generated by ITs: .#s = o (Ils) (see Section B.5.2).
Therefore, by Lemma B.38, there exists ¢ : 2 — Qg such that g = ¢ oIls. Conversely,
if g is of this form, then clearly g~!(I) € .#s for each Borel set I R so that g is
Fs-measurable. O

Remember that f: Q — Ris local if it only depends on a finite number of spins:
there exists A € Z¢ such that f(w) = f(w') as soon as w, = wi\. By Lemma 6.3, this
is equivalent to saying that f is .% -measurable. In fact, since the spins take finitely
many values, a local function can only take finitely many values and can therefore
be expressed as a finite linear combination of indicators of cylinders. Since, for
each of the latter, f -1() € € = .Z, local functions are always measurable. In the
sequel, all the functions f : Q — R which we will consider will be assumed to be
measurable.

Notation 6.4. In Chapter 3, we denoted the expectation of a function f under a prob-
ability measure pu by ([ ,. For the rest of this chapter, it will be convenient to also use
the following equivalent notations: [ f dy, or p(f).

States vs. probability measures

Remember from Section 3.4 that a state is a normalized positive linear functional
f — (f) acting on local functions. Observe that a state can be associated to each
probability measure p € .#; (Q) by setting, for all local functions f,

def

= ulh).

It turns out that all states are of this form:

Theorem 6.5. For every state -), there exists a unique probability measure p €
A0 (Q) such that {f) = u(f) for every local function f: Q — R.

This result is a particular case of the Riesz—Markov-Kakutani Representation Theo-
rem. Its proof requires a few tools that will be presented later, and can be found in
Section 6.12.

Two infinite-volume measures for the Ising model

Using Theorem 6.5, we can associate a probability measure to each Gibbs state of
the Ising model. In particular, let us denote by u;),‘ , (xesp. Hg, ;) the measure asso-
ciated to (: )E (resp. ()5 5, p)- For these measures, relations such as (6.1) hold. A lot
will be learned about these measures throughout the chapter.

For the time being, one should remember that the construction of “E, , and HE, n
was based on the thermodynamic limit, which was used to define the states (~)E} n
and <'>§’ p- Our aim, in the following sections, is to present a way of defining mea-
sures directly on the infinite lattice, without involving any limiting procedure. As
we will see, this alternative approach presents a number of substantial advantages.

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




6.2. Events and probability measures on Q 251

Why not simply use Kolmogorov’s Extension Theorem?

In probability theory, the standard approach to construct infinite collections of de-
pendent random variables relies on Kolmogorov’s Extension Theorem, in which the
strategy is to define a measure by requiring it to satisfy a set of local conditions. In
our case, these conditions should depend on the microscopic description of the
system under consideration, which is encoded in its Hamiltonian. We briefly out-
line this approach and explain why it does not solve the problem we are interested
in.

Given p € .1 (Q) and A € Z%, the marginal distribution of y on A is the prob-
ability distribution p|j € .#)(Qp) defined by

iy E oty (6.2)

In other words, p|, is the only distribution in .1 (Q5) such that, for all A€ &(Q,),
Ua(A) = pfw € Q : wp € A}). By construction, the marginals satisfy:

pla=plaoMy)™, vAcAez?, 6.3)

where ITR : Q5 — Q4 is the canonical projection defined by IT4 S 1) m, .

It turns out that a measure u € . (Q) is entirely characterized by its marginals
ula, A € 7%, but more is true: given any collection of probability distributions
(A} pezd, With up € .#1(Q4) for all A, which satisfies a compatibility condition
of the type (6.3), there exists a unique probability measure u € . (Q) admitting
them as marginals. This is the content of the following famous

Theorem 6.6. [Kolmogorov's Extension Theorem] Let {} Aczdr HA € M1(Qp), be
consistent in the sense that

forallA€Z%: pp=pao@MY)™, VACA. (6.4)

Then there exists a unique i € .4, (Q) such that ul = i forall A € 2°.

Proof. See Section 6.12. O

Theorem 6.6 yields an efficient way of constructing a measure in .# (Q2), provided
that one can define the desired collection {up}, ¢z« 0f candidates for its marginals.
An important such application is the construction of the product measure, that is,
of an independent field; in our setting, this covers for example the case of the Ising
model at infinite temperature, = 0.

Exercise 6.3. (Construction of a product measure on (), %)) For each i € 79, let Pi
be a probability distribution on {+1} and let, for all A € 77,

,UA((UA)dzeprj(wj)y wp €Qp.
JEA

Check that {up} Aezd IS consistent. The resulting measure on (Q, %) whose existence

is guaranteed by Theorem 6.6, is denoted pZd.

If one tries to use Theorem 6.6 to construct infinite-volume measures for the
Ising model on Z¢, we face a difficulty. Namely, the Boltzmann weight allows one
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to define finite-volume Gibbs distributions in terms of the underlying Hamiltonian.
However, as we will explain now, in general, there is no way to express the marginals
associated to an infinite-volume Gibbs measure without making explicit reference to
the latter.

Indeed, let us consider the simplest case of the marginal distribution of the spin
at the origin, o, and let us assume that d = 2 and h = 0. Of course, g follows a
Bernoulli distribution (with values in {+1}) for some parameter p € [0,1]. The only
thing that needs to be determined is the value of p. However, we already know from
the results in Chapter 3 that, for all large enough values of 8, the average value of o,
and thus the relevant value of p, depends on the chosen Gibbs state. However, all
these states correspond to the same Hamiltonian and the same values of the param-
eters 3 and h. This means that it is impossible to determine p from a knowledge of
the Hamiltonian and the parameters f and h: one needs to know the macroscopic
state the system is in, which is precisely what we are trying to construct. This shows
that Kolmogorov’s Extension Theorem is doomed to fail for the construction of the
Ising model in infinite volume. )

Exercise 6.4. Consider {pi} Aczd where pi is the Gibbs distribution associated to
the two-dimensional Ising model in A\, with free boundary condition, at parameters
B >0 and h =0. Show that the family obtained is not consistent.

The DLR approach

A key observation, made by Dobrushin, Lanford and Ruelle is that if one considers
conditional probabilities rather than marginals, then one is led to a different con-
sistency condition, much better suited to our needs. Before stating this condition
precisely (see Lemma 6.7 below), we explain it at an elementary level, using the
Ising model and the notations of Chapter 3.

Consider A c A € Z¢ and a boundary condition 1 € Q:

\
A

n O\

The Ising model in A with boundary condition 7 is described by /.17\; o Let f bea
local function depending only on the variables w§, j € A, and consider the expec-
tation of f under “X; B Since f only depends on the spins located inside A, this
expectation can be computed by first fixing the values of the spins in A\ A. As we
already saw in Exercise 3.11, /f]\; b conditioned on w4, is equivalent to the Gibbs
distribution on A with boundary condition w\a7ac outside A. Therefore,

<f>7\;/3,h = Z <f1{a)A\A outside A}>1/7\;ﬁ,h

WA\A

= Z (f)Z;AAAhnAC ,u']\;ﬂ'h(w,\m outside A). (6.5)

WA\A
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6.2. Events and probability measures on Q 253

(Notice a slight abuse of notation in the last line.) A particular instance of (6.5) is
when f is the indicator of some event A occurring in A, in which case

Hnpn = Y pasil (A ) s ) (@a outside A). 6.6)
WA\A

The above discussion expresses the idea of Dobrushin, Lanford and Ruelle: the re-
lation (6.5), or its second equivalent version (6.6), can be interpreted as a consis-
tency relation between the Gibbs distributions in A and A. We can formulate (6.5)
in a more precise way:

Lemma6.7. ForallAc A € Z% and all bounded measurable f:Q-R,

D hpn=Papndapn  YNeEQ. 6.7)

Proof of Lemma 6.7. To lighten the notations, we omit any mention of the depen-
denceon fand h. Eachw e 97\ is of the form w = wpNpc, with wp € Q. Therefore,

—t%j\(w/\f)/\c)
. ce
((Pa)h =y — (6.8)
WA A
In the same way;
~ AWy 0\
<f>lXAnA :Zf(w’AwA\AﬂAc)ZwA—nAC. (6.9)
w’ A

A

In (6.8), we decompose wp = warwa\a, and sum separately over wp\a and wp. Ob-
serve that

Hp(@aro AT AC) = HA (@AW AN AC) =
TNy 05\ 7T pe) = HA@ 0 7T ) - (6.10)
Indeed, the difference on each side represents the interactions among the spins in-
side A\ A, and between these spins and those outside A, and so does not depend on

w, or w'. Therefore, plugging (6.9) into (6.8), using (6.10), rearranging and calling
W\, 5 =), We get

! iy
~HA (@, 05\\T ) Yo, € HA(@pA\ATIAC)

. 12 e
<<f>A>7\ = Z Zf(wAwA\AnAC)

n WATIAC
WA W)y ZA ZA

=1
e_%j\(w;\n/\c)
=) fl@hnye)
w)y

=M. O

gl
ZA

Remark 6.8. The proof given above does not depend on the details of the Ising
Hamiltonian, but rather on the property (6.10), which will be used again later.

We now explain why (6.7) leads to a natural characterization of infinite-volume
Gibbs states, more general than the one introduced in Chapter 3.

First observe that, since we are considering the Ising model in which the inter-

actions are only between nearest neighbors, the function w — (f)%. B is local (it
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n
N;B,h

verge to a Gibbs state (-) when A 1 74, in the sense of Definition 3.14, then we can
take the thermodynamic limit on both sides of (6.7), obtaining

depends only on those w; for which i € °A). So, if the distributions (-) con-

=P apn) (6.11)

for all A € 4 and all local functions f. We conclude that (6.11) must be satis-
fied by all states () obtained as limits. But this can also be used to characterize
states without reference to limits. Namely, we could extend the notion of infinite-
volume Gibbs state by saying that a state (-) (not necessarily obtained as a limit)
is an infinite-volume Gibbs state for the Ising model at (B, h) if (6.11) holds for ev-
ery A € Z% and all local functions f. This new characterization has mathematical
advantages that will become clear later.

If one identifies a Gibbs state () with the corresponding measure p given in
Theorem 6.5, then p should satisfy the infinite-volume version of (6.6): by taking
f =14, for some local event A, (6.11) becomes

p(A) = f Hir.p p (AH(dw). (6.12)

Once again, we can use (6.12) as a set of conditions that define those measures that
describe the Ising model in infinite volume. We will say that u € .#,(Q) is a Gibbs
measure for the parameters (B, h) if (6.12) holds for all A € Z% and all local events
A. An important feature of this point of view is that it characterizes probability
measures directly on the infinite lattice Z¢, without assuming them being obtained
from a limiting procedure.

This characterization of probability measures for infinite statistical mechanical
systems, and the study of their properties, is often called the DLR formalism. In
Section 6.3, we establish the mathematical framework in which this formalism can
be conveniently developed.

Specifications and measures

We will formulate the DLR approach introduced in the previous section in a more
precise and more general way. The theory will apply to a large class of models,
containing the Ising model as a particular case. It will also include models with a
more complex structure, for example with long-range interactions or interactions
between larger collections of spins.

We will proceed in two steps. First, we will generalize the consistency rela-
tion (6.7) by introducing the notion of specification.

In our discussion of the Ising model, the starting ingredient was the family of
finite-volume Gibbs distributions {u),. s VNaeza whose main features we gather
as follows:

1. For a fixed boundary condition o, ,LLX s h(-) is a probability distribution on
QR, Z(QY)). It can however also be seen as a probability measure on (Q,.%)
by letting, for all A€ %,

HR.p,n(A) Ly HR.pn (TAOA)LATAAC) . (6.13)

TAEQA

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook



6.3. Specifications and measures 255

In particular,
VBE F)c, #X;ﬂ,h(B)=lB(w)- (6.14)

2. Forafixed Ae 7, uf. 8 »(A) is entirely determined by w,c (actually, even by
woexp). In particular, w — uf. B (A) is Zpc-measurable.

3. When considering regions Ac A € Zd, the consistency condition (6.7) is sat-
isfied.

The maps My, 5, » () depend of course on the specific form of the Hamiltonian of the
Ising model, but the three properties above can in fact be introduced without ref-
erence to any particular Hamiltonian. In a fixed volume, we start by incorporating
the first two features in a general definition:

Definition 6.9. Let A € Z%. A probability kernel from Fxc to .7 is a map m, :
F x Q — [0,1] with the following properties:

e Foreachw € Q, m)(-|w) is a probability measure on (Q, ).
e Foreach Ae F,mp(Al") is Fpc-measurable.

If, moreover,
A (Blw) =1g(w), VB e .Zc (6.15)

forallw e Q, my is said to be proper.

Note that, if 7w is a proper probability kernel from .#c to .#, then the probability
measure 7 (- | w) is concentrated on the set QX. Indeed, for any w € Q,

ﬂA(QXM)):lQX(w):L (6.16)

since Q‘/"\ € % c. For this reason, we will call w the boundary condition of 74 (- | w).
Our first example of a proper probability kernel was thus (A, w) — uf. 8 n(A), de-

fined in (6.13).

For a fixed boundary condition w, a bounded measurable function f: Q — R
can be integrated with respect to 7 (-|w). We denote by 7 f the .#5c-measurable
function defined by

afE f fmaldn|w).

Although this integral notation is convenient, our assumption on the finiteness of
Qo implies that most of the integrals that will appear in this chapter are actually
finite sums. Indeed, we will always work with proper probability kernels and the
observation (6.16) implies that the measure 7 (- | w) is entirely characterized by the
probability it associates to the configurations in the finite set Q. In particular, we
can verify that » is proper if and only if it is of the form (6.13). Namely, using (6.16),
one can compute the probability of any event A € .% by summing over the config-
urations in Qf:
ma(Alw) = Y malnH @) 1a().
neQy

Since each n € Qf is of the form 1 = nyw ¢, this sum can equivalently be expressed
as

ma(Alw)= Y ma(inawactw)lamawae).
NAEQA
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256 Chapter 6. Infinite-Volume Gibbs Measures

In the sequel, all kernels i 5 to be considered will be proper, which, by the above
discussion, means that 7 is entirely defined by the numbers 74 ({nawac}) |w). To
lighten the notations, we will abbreviate

Talnawactlw) =mA(alw).

These sums will be used constantly throughout the chapter. We summarize this
discussion in the following statement.

Lemma 6.10. If my is proper, then, forallw € Q,

ma(Alw)= Y mamalo)laawae), YAEZF, (6.17)
NAEQA

and, for any bounded measurable function f : Q — R,

aaf) = Y, mamalw)fawpe). (6.18)
NAEQA

In order to describe an infinite system on Z4, we will actually need a fam-
ily of proper probability kernels, {m}, ¢z, satisfying consistency relations of the
type (6.6)-(6.7). These consistency relations are conveniently expressed in terms of
the composition of kernels: given 7, and 7, set

mATA(AlD) ‘iffm(mwm(dwm).

Exercise 6.5. Let A c A € Z%. Show that mxm, is a proper probability kernel from
Fac to F.

In these terms, the generalization of (6.6) can be stated as follows.

Definition 6.11. A specification is a family w = {7}, cza Of proper probability ker-
nels that is consistent, in the sense that

TATIA = TTA VAcAeZ?.

In order to formulate an analogue of (6.12) for probability kernels, it is natural
to define, for every kernel 7 and every u € .#;(Q), the probability measure umy €
A1 (Q) via

pnA(A)d:e‘an(Am)y(dw), AeF. (6.19)

Exercise 6.6. Show that, for every bounded measurable function f, every measure
ue 1 (Q) and every kernel my, ump(f) = p(ma f). Hint: start with f =14.

With a specification at hand, we can now introduce the central definition of this
chapter. Expression (6.20) below is the generalization of (6.12).

Definition 6.12. Let 7 = {mp},c7a be a specification. A measure p € /(Q) is said
to be compatible with (or specified by) r if

p=uryn YAEZ4. (6.20)

The set of measures compatible with it (if any) is denoted by ¥ ().
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The above characterization raises several questions, which we shall investigate
in quite some generality in the rest of this chapter.

e Existence. Is there always at least one measure y satisfying (6.20)? This prob-
lem will be tackled in Section 6.4.

* Uniqueness. Can there be several such measures? The uniqueness problem
will be considered in Section 6.5, where we will introduce a condition on a
specification = which guarantees that ¢ () contains exactly one probability
measure: | ()| = 1.

* Comparison with the former approach. We will also consider the important
question of comparing the approach based on Definition 6.12 with the ap-
proach used in Chapter 3, in which infinite-volume states were obtained as
the thermodynamic limits of finite-volume ones. We will see that Defini-
tion 6.12 yields, in general, a strictly larger set of measures than those pro-
duced by the approach via the thermodynamic limit (proof of Theorem 6.26
and Example 6.64). Nevertheless, all the relevant (in a sense to be discussed
later) measures in ¢ () can in fact be obtained using the latter approach
(Section 6.8).

When the specification does not involve interactions between the spins, these
questions can be answered easily:

Exercise 6.7. Foreachi € Zd, let p; be a probability distribution on {+1}. For each
A € 74, define the product distribution p™ onQy by

P2 ) E ] pi@i) .
ieA

Fortp €Qp andneQ, let
aa@Alm E phTp). 6.21)

1. Show that w = {7z}, cza 1S a specification.

2. Show that the product measure pZd (remember Exercise 6.3) is the unique
probability measure specified by n: ¢4 (m) = {pzd}.

In the previous exercise, establishing existence and uniqueness of a probability
measure compatible with the specification (6.21) is straightforward, thanks to the
independence of the spins. In the next sections, we will introduce a general proce-
dure for constructing specifications corresponding to systems of interacting spins
and we will see that existence/uniqueness can be derived for abstract specifica-
tions under fairly general assumptions. (Establishing non-uniqueness, on the other
hand, usually requires a case-by-case study.)

Kernels vs. conditional probabilities

Before continuing, we emphasize the important relation existing between a spec-
ification and the measures it specifies (if any). We first verify the following simple

property:
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Lemma 6.13. Assume that , is proper. Then, forall A€ .7 and all B € % yc,

TA(ANB|) =7 (A])1B(). (6.22)

Proof. Assume first that w € B. Then, since the kernel is proper, B has probability 1
under 7w (- |w): A (B|w) = 15(w) = 1. Therefore

TAANB|w) =7p(Alw) —TA(ANB®|w) = p (Alw) = A (Al w)15(w).
Similarly, if w € B, mx (B |w) = 0 and thus
TA(ANB|lw)=0=7mp(Alw)1p(w). O

Now, observe that if 4 € 4 (), then (6.22) implies that, for all A€ .% and B € Fpc,
anA(AIw),u(dw) = an(Am Blo)p(dw) = urpa(ANB) = (AN B).
But, by definition of the conditional probability,
(AN B) =fBu(A|<%\c)(w)u(dw).

By the almost sure uniqueness of the conditional expectation (Lemma B.50), we
thus see that

WA| Fpac)(-) =mp(Al-), p-almost surely. (6.23)

Since A — 7mp(A|w) is a measure for each w, we thus see that m 5 provides a regular
conditional distribution for i, when conditioned with respect to # pc. On the other
hand, if (6.23) holds, then, for all A € Z% and all A€ .Z,

uma(A) =fﬂA(A|w)u(dw) =f;u(A|«%\c);u(dw) =u(A),

and so p € ¥ (). We have thus shown that a measure p is compatible with a spec-
ification m = {mp} y e za if and only if each kernel wp provides a regular version of
BC 1 Fpe).

Gibbsian specifications

Before moving on to the existence problem, we introduce the class of specifications
representative of the models studied in this book.

\\ ! I’

-’@: The Ising Hamiltonian c%’j\;ﬁ,h (see (3.1)) contains two sums: the first one is
over pairs of nearest-neighbors {i, j} € &, the second one is over single vertices i €
A. It thus contains interactions among pairs, and singletons. This structure can
be generalized, including interactions among spins on sets of larger (albeit finite)
cardinality. o

We will define a Hamiltonian by defining the energy of a configuration on each
subset B € Z4, via the notion of potential.
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Definition 6.14. If, for each finite B € 7%, @5 : Q — R is Fg-measurable, then the
collection ® = {®p} Bezd IS called a potential. The Hamiltonian in the box A € 74
associated to the potential ® is defined by

Hp@E Y Opw), VoeQ. (6.24)

Bez4:
BNA#Q

Since the sum (6.24) can a priori contain infinitely many terms, we must guarantee
that it converges. Let

r(@) €inf{R >0 : ®p = 0 for all B with diam(B) > R}.

If r(P) < oo, @ has finite range and .7%).¢ is well defined. If r(®) = oo, ® has in-
finite range and, for the Hamiltonian to be well defined, we will assume that @ is
absolutely summable in the sense that

Y 10l <00, Viez?, (6.25)

Bez*
B>3i

(remember that || f|l o sup, | f(w)|) which ensures that the interaction of a spin

with the rest of the system is always bounded, and therefore that || 7#}.¢ . < co.

We now present a few examples of models discussed in this book with the cor-
responding potentials.

* The (nearest-neighbor) Ising model on Z¢ can be recovered from the poten-

tial
-fwiw; fB={i,j},i~],
Dp(w) =X —hw; if B = {i}, (6.26)
0 otherwise.

Observe that the corresponding specification describes a model at specific
values of its parameters: in the present case, we get a different specification
for each choice of the parameters 8 and h.

One can introduce an infinite-range version of the Ising model, by introduc-
ing a collection {J; j}i, jezd of real numbers and setting

—-Jijwjw; ifB={i,]},
DPp(w) =1 —hw; if B = {i}, (6.27)

0 otherwise.

¢ The (nearest-neighbor) g-state Potts model corresponds to the potential

_,B(Swi,wj lfB:{l)]})ZNJ’

O] = 6.28
B{w) {0 otherwise. ( )

¢ The (nearest-neighbor) Blume-Capel model is characterized by the potential
Blwi-wp)? ifB={i,j},i~],
Pp(w) =1 —hw; —Aw? if B={i}, (6.29)

0 otherwise.

This model will be studied in Chapter 7.

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




260 Chapter 6. Infinite-Volume Gibbs Measures

Exercise 6.8. If J;; = [j - ill.%, determine the values of @ > 0 (depending on the
dimension) for which (6.27) is absolutely summable.

In the above examples, the parameters of each model have been introduced ac-
cording to different sets B. Sometimes, one might want the inverse temperature
to be introduced separately, so as to appear as a multiplicative constant in front of
the Hamiltonian. This amounts to considering an absolutely summable potential
® = {®p} 74, and to then multiply it by §: f@ = {fPp} g za-

We now proceed to define a specification 7® = (1%} , < 7« such that 7% (- | ) gives
to each configuration Tpwxc a probability proportional to the Boltzmann weight
prescribed by equilibrium statistical mechanics:

LIRS /UNICR (6.30)

w
A;®

[0} def
A (TAlw) =

where we have written explicitly the dependence on wxc, and where the partition
function Z% , is given by

def

785 = Y exp(—Hpo(Trwac). 6.31)

TAEQA

Lemma6.15. 7® = {nf} Arczd is a specification.

Proof. To lighten the notations, let us omit ® everywhere from the notations. It will
also help to change momentarily the way we denote partition functions, namely, in
this proof, we will write

ZA (LUAC) = ZLX;q) .

The fact that each 5 defines a proper kernel follows by what was said earlier, so it
remains to verify consistency. We fix Ac A € 7%, and show that 7 ATta = 7. The
proof follows the same steps as the one of Lemma 6.7. Using Lemma 6.10,

TATA(Alw) =) TA(TA|0)TA(A] TA®AC)
™

=) Y 1AMATAAOAITA(TA W) TAMA | TA\AWAC).
TA A

We split the first sum in two, writing 74 = 7/, 7§, ,. Using the definition of the kernels
7 and mp, the above becomes

0 "
e_‘%lA (5T aa®ac)

_ ron
e %(TATA\AMAC).

PRI VIGIN SN 7
T;’\\A T/A ZA(wAC)ZA(TA\AwAC) TIA
But, exactly as in (6.10),

HATENTNAO ) — HATE TN A O pe) = HAMAT A O ) = AAMAT A Dpe) s

which gives

"

/ wp ” wp "

E o AT TR\ = Za (T'[’\\AwAc)e_ﬂA 1, Tha@ac) @A\ Tz @ p)
!

T
A

Inserting this in the above expression, and renaming n, 7/}, , =1/, we get

AN\ )

AATAAlW) =Y 1400\ 0 o) ———— =77 (Al w). O
ATA(A] %AnA A one) A(A]
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We can now state the general definition of a Gibbs measure.

Definition 6.16. The specification n® associated to a potential ® is said to be Gibb-

sian. A probability measure u compatible with the Gibbsian specification n® is said
to be an infinite-volume Gibbs measure (or simply a Gibbs measure) associated to
the potential ®.

It is customary to use the abbreviation 4 (®) =¥ ®). Actually, when the potential
is parametrized by a few variables, we will write them rather than ®. For example,
in the case of the (nearest-neighbor) Ising model, whose specification depends on
P and h, we will simply write ¢ (B, h).

Remark 6.17. Notice that different potentials can lead to the same specification.
For example, in the case of the Ising model, one could as well have considered the
potential

s —Bwiw; -2 (wi+w)) EB={ij}i~],

Op(w) = .

0 otherwise.
Since they give rise to the same Hamiltonian, up to a term depending only on w xc,
these potentials also give rise to the same specification. They thus describe pre-
cisely the same physics. For this reason, they are said to be physically equivalent.
o

When introducing a model, it is often quite convenient, instead of giving the
corresponding potential {®g} 3 7a, to provide its formal Hamiltonian

def

Hw) = ) Ddpw).

Bez4

Of course, this notation is purely formal and does not specify a well-defined func-
tion on Q. It is however possible to read from .77 the corresponding potential (up
to physical equivalence).

As an example, the effective Hamiltonian of the Ising model on Z¢ may be de-

noted by
—ﬁ Z (Tl'Uj—h Z o;.

{i,jte&%a iezd

In view of what we saw in Chapter 3, the following is a natural definition of
phase transition, in terms of non-uniqueness of the Gibbs measure:

Definition 6.18. If ¥ (®) contains at least two distinct Gibbs measures, |4 (®)| > 1,
we say that there is a first-order phase transition for the potential ®.

Existence

Going back to the case of a general specification, we now turn to the problem of de-
termining conditions that ensure the existence of at least one measure compatible
with a given specification. As in many existence proofs in analysis and probability
theory, this will be based on a compactness argument, and thus requires that we in-
troduce a few topological notions. We will take advantage of the fact that the spins
take values in a finite set to provide elementary proofs.
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The approach is similar to the construction of Gibbs states in Chapter 3. We fix
an arbitrary boundary condition w € Q and consider the sequence (i) =1 < #1 (Q)
defined by

fin () E 1Ry 1), 6.32)

where, as usual, B(n) ={-n,..., n}d . To study this sequence, we will first introduce
a suitable notion of convergence for sequences of measures (Definition 6.23). This
will make .7, (Q) sequentially compact; in particular, there always exists u € .41 (Q2)
and a subsequence of (4y,) n=1, say (Un,) k=1, such that (uy,, ) k=1 converges to u (The-
orem 6.24). To guarantee that u € ¢ (), we will impose a natural condition on 7,
called quasilocality.

Convergence on Q)

We first introduce a topology on (, that is, a notion of convergence for sequences
of configurations.

Definition 6.19. A sequence v € Q converges to w € Q if

limw;”):wj ,  Vjez4.
n—oo

We then write "V — w.

Since {+1} is a finite set, this convergence can be reformulated as follows: 0™ — w
if and only if, for all N, there exists ny such that

(n)

YB()

=w forall n=ny.

B(V)
The notion of neighborhood in this topology should thus be understood as follows:
two configurations are close to each other if they coincide on a large region con-
taining the origin. The following exercise shows that this topology is metrizable.

Exercise 6.9. For w,n € Q, let

def

dms Y 27y, . (6.33)

iezd

Show that d(-,-) is a distance on Q, and that ™ — ©* ifand only if d(w™, w*) — 0.

Another consequence of the finiteness of the spin space is that Q is compact in the
topology just introduced:

Proposition 6.20 (Compactness of Q). With the above notion of convergence, Q) is
sequentially compact: for every sequence (w0'"™),>1 c Q, there exists w* € Q and a
subsequence (w0 "), such that ") — w* when k — oco.

Proof. We use a standard diagonalization argument. Consider (w™),>; ¢ Q and
let iy, iy,... be an arbitrary enumeration of Z%. Then (wg?))nzl isasequence in {1},

. (ny,5) . . .
from which we can extract a subsequence (@;, R j=1 which converges (in fact, it

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




6.4. Existence 263

can be taken constant). We then consider (wgznl’j )) j=1, from which we extract a con-
. (n2,;) . .
verging subsequence (wl.rz’] )j=1, etc., until we have, for each k, a converging sub-
(ng, ;)
sequence (a)l.k ki )j=1. Let ™ € Q be defined by

def . (ng, ;)
= limo, ",
k 73

w Vk=1.

j—oo

Now, the diagonal subsequence (W) j=11s a subsequence of (w"),>1 and satis-
fies ") — w* as j — oo. O

We can now define a function f : Q — R to be continuous if 0" — © implies
f(w(")) — f(w). The set of continuous functions on Q is denoted by C(Q).

Exercise 6.10. Show that each f € C(Q) is measurable. Hint: first show that
€ < {open sets} c &, where the open sets are those associated to the topology defined
above.

We say that f is uniformly continuous (see Appendix B.4) if

Ve > 0, there exists § > 0 such that d(w,n) < ¢ implies | f(w) — f(| <e.

Exercise 6.11. Using Proposition 6.20, give a direct proof of the following facts: if f
is continuous, it is also uniformly continuous, bounded, and it attains its supremum
and its infimum.

Local functions are clearly continuous (since they do not depend on remote spins);
they are in fact densein C(Q) ':

Lemma6.21. f € C(Q) ifand only ifit is quasilocal, that is, if and only if there exists
a sequence of local functions (g,) n=1 such that |8, — flle — 0.

Proof. Let f:Q — R be continuous. Fix some € > 0. Since f is also uniformly con-
tinuous, there exists some A @ 7% such that | f(w) — f(m)| < € for any pair n and w
coinciding on A. Therefore, if one chooses some arbitrary o € Q and introduces the
local function g(w) &« f@a®pc), we have that | f(w) — g(w)| <€ Vw € Q. Conversely,
let (g,) =1 be a sequence of local functions such that || g, — fll., — 0. Fixe > 0 and
let n be such that ||g, — fll. < €. Since g, is uniformly continuous, let § > 0 be such
that d(w,n) < 6 implies |g,(w) — g, ()| < €. For each such pair w,n we also have

[f() = fM]=1f(w) - gnlw)|+1gn(w) — gn|+18n(n) — f(n)] < 3e€.
Since this can be done for all € > 0, we have shown that f € C(Q). O

We will often use the fact that probability measures on (Q,.#) are uniquely de-
termined by their action on cylinders, or by the value they associate to the expecta-
tion of local or continuous functions.

Lemma 6.22. If u,v € .#1(Q), then the following are equivalent:
1. p=v
2. u(C)=v(C) forall cylinders Ce €.
3. u(g) =v(g) forall local functions g.
4. u(f) =v(f) forall f € C(Q).
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Proof. 1=2 is trivial, and 2=1 is a consequence of the Uniqueness Theorem for
measures (Corollary B.37). 2¢3 is immediate, since the indicator of a cylinder is a
local function. 3=4: Let f € C(Q) and let (g,) =1 be a sequence of local functions
such that || g, — fllc — 0 (Lemma 6.21). This implies |u(g,) — (NI < lgn— flle — 0.
Similarly, |v(gy) — v(f)| — 0. Therefore,

p(f) = lim u(gn) = lim v(gn) =v(f).
Finally, 4=3 holds because local functions are continuous. O

Convergence on ./ (Q)

The topology on .#; () will be the following:

Definition 6.23. A sequence (i) n>1 < .#1(Q)) converges to y € .#,(Q) if

,}LIIOIO“”(C) =u(C), forallcylindersCe<% .

We then write p, = p.

The fact that the convergence of a sequence of measures is tested on local events
(the cylinders) should remind the reader of the convergence encountered in Chap-
ter 3 (Definition 3.14), where a similar notion of convergence was introduced to
define Gibbs states.

Before pursuing, we let the reader check the following equivalent characteriza-
tions of convergence on .1 (Q).

Exercise 6.12. Show the equivalence between:
L pn=>p
2. un(f) — pu(f) forall local functions f.
3. un(f) — pu(f) forall f € C(Q).

4. p(un, 1) — 0, where we defined, for all u,v € .#1(Q), the distance

def 1
,V) = sup— max C)—-v(O)].
PULY) k;l)kcég(s(k))lu( D=Ll

Theorem 6.24 (Compactness of .#,(Q)). With the above notion of convergence,
A1 (Q) is sequentially compact: for every sequence (lin)n=1 < #1(Q), there exist
WE M) (Q) and a subsequence ([in,) k=1 Such that (i, = @ when k — co.

Since the proof of this result is similar, in spirit, to the one used in the proof of the
compactness of 2, we postpone it to Section 6.12.

Existence and quasilocality

We will see below that the following condition on a specification 7 guarantees that
Y (m) # .
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Definition 6.25. A specification 1 = {7}y cza is quasilocal if each kernel wp is
continuous with respect to its boundary condition. That is, if for all C € €, w —
A (Clw) is continuous.

INOD ;

Figure 6.1: Understanding quasilocality: when D is large, w5 (A|w) depends
weakly on the values of w; for all i at distance larger than D from A (assuming
all closer spins are fixed). In other words, for all € > 0, if w and 7 coincide on
a sufficiently large region A’ > A, then | p (Alw) — A (A|D)| <e.

The next exercise shows that quasilocal specifications map continuous (and, in par-
ticular, local) functions to continuous functions.

Exercise 6.13. Let = {m},cza be quasilocal and fix some A € Z%. Show that
f € CQ) implies np f € C(Q). (This property is sometimes referred to as the Feller
property.)

We can now state the main existence theorem.

‘Theorem 6.26. If = {7p}pcza is quasilocal, then 9 (m) # @.

Proof. Fix an arbitrary w € Q and let y,(:) d:ean(,,)(- |w). (One could also choose a
different w for each n.) Observe that, by the consistency assumption of the kernels
forming 7, we have that, once 7 is so large that B(n) o A,

MnTtA = TR A (| W) = TR (- |0) = tn. (6.34)

By Theorem 6.24, there exist u € .#,(Q) and a subsequence (u,,)i=1 such that
Hn, = pas k — oco. We prove that y € ¢ (7). Fix f € C(Q), A € 7. Since 7 is
quasilocal, Exercise 6.13 shows that w5 f € C(Q2). Therefore,

UTA(f) = pu@Eaf) = lem Hny (A f) = klgn M A (f) = klgn Ky (f) = u(f).

We used Exercise 6.6 for the first and third identities. The fourth identity follows
from (6.34). By Lemma 6.22, we conclude that pum = p. Since this holds for all
A € 7%, this shows that y € 4 (7). O

Since w should be interpreted as a boundary condition, a Gibbs measure u con-
structed as in the above proof,

By (W)= u,
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is said to be prepared with the boundary condition w. A priori, y can depend on
the chosen boundary condition, and should therefore be denoted by u®. A funda-
mental question, of course, is to determine whether uniqueness holds, or whether
under certain conditions there exist distinct boundary conditions w,’ for which
e #

Adapting the proof of the above theorem allows to obtain the following topo-
logical property of ¢ () (completing the proof is left as an exercise):

Lemma 6.27. Let & be a quasilocal specification. Then, 4 (n) is a closed subset of
M1(Q).

A class of quasilocal specifications of central importance is provided by the
Gibbsian specifications:

‘ Lemma 6.28. If ® is absolutely summable, then n® is quasilocal.

Proof. Fix A € Z%. Let w be fixed, and o' another configuration which coincides
with w on aregion A > A. Let 75 € Q). We can write

1.d e—htUA)
0} ® Nl = -
|nA(TA|w)—7tA(TA|w)|—‘fO {dt Z }dt

, (6.35)

where we have set, for0< t <1, h; (1) & (00T 0, )+ (1 - t)jf/\;q)(rAwkc), and

def _ . .
2t = Y, e ™) As can be easily verified,

d e ,
— ——— | <2 max | QoMW rc) — HA0 M A Wre)
ar z, nA€QA| AT p W pc Ao 7 AC|
< 4|A|max Z 1PB o,
'™ Bezd Bai
diam(B)=D

where D is the distance between A and A€. Due to the absolute summability of @,
this last series goes to 0 when D — co. As a consequence, n‘[l\’(r A l+) is continuous at
w. This implies that nf(Cl -) is continuous forall Ce €. O

Lemma 6.28 provides an efficient solution to the problem of constructing quasi-
local specifications. Coupled with Theorem 6.26, it provides a general approach to
the construction of Gibbs measures. [

In Chapter 3, we considered also other types of boundary conditions, namely
free and periodic. It is not difficult to show, arguing similarly as in the proof of
Theorem 6.26, that these also lead to Gibbs measures:

Exercise 6.14. Use the finite-volume Gibbs distributions of the Ising model with free
boundary condition, ,uf’\, B and the thermodynamic limit, to construct a measure

,ug’h. Show that ,ugh €Y (B, h).

The following exercise [ shows that existence is not guaranteed in the absence of
quasilocality.
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Exercise 6.15. Letn)~ denote the configuration in which all spins are —1, and let ™"
denote the configuration in which all spins are —1, except at the vertex i, at which it
is+1. ForA € Zd, let

mAAlw)E { ﬁ Tieala™) o =npe

14w ,0) otherwise.
Show that T = {7 A} 5 e 7a IS a specification and explain why it describes a system con-
sisting of a single + spin, located anywhere on Z%, in a sea of — spins. Show that
is not quasilocal and that 4 () = @. Hint: Let N*(w) denote the number of ver-
tices i € Z% at which w; = +1. Assume p € 9 (), and show that p{N* = 0} U {N* =
1JU{NT = 2}) =0, which gives u(Q) = 0.

Uniqueness

Now that we have a way of ensuring that ¢ () contains at least one measure, we de-
scribe further conditions on 7 which ensure that this measure is actually unique. As
will be seen later, the measure, when it is unique, inherits several useful properties.

Remark 6.29. We continue using Ising spins, but emphasize, however, that all state-
ments and proofs in this section remain valid for any finite single-spin space. This
matters, since, in contrast to most results in this chapter, some of the statements
below are not of a qualitative nature, but involve quantitative criteria. The point is,
then, that these criteria still apply verbatim to this more general setting. S

Uniqueness vs. sensitivity to boundary conditions

The following result shows that when (and only when) there is a unique Gibbs mea-
sure, the system enjoys a very strong form of lack of sensitivity to boundary condi-
tion: any sequence of finite-volume Gibbs distributions converges.

Lemma 6.30. The following are equivalent.
1. Uniqueness holds: 4 (m) = {u}.

2. Forallw, all A, 1 Z% and all local functions f,

A, f (@) — pu(f). (6.36)

The convergence for all w is essential here. We will see later, in Section 6.8.2, that
convergence can also be guaranteed to occur in other important situations, but
only for suitable sets of boundary conditions.

Proof. Fixsome boundary condition w. Remember from the proof of Theorem 6.26
that, from any sequence (5, (-|w))»=1, One can extract a subsequence converging
to some element of ¢4 (). If ¢ (m) = {u}, all these subsequences must have the same
limit u. Therefore, the sequence itself converges to p.
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On the other hand, if i, v € 4 (1), then one can write, for all local functions f,
() =v(H)l = |ura(f) —vaa(f)]
= f {maf (@) = mA Fhu(dw)vidn)|

< f |7a f (@) = 7a f )| (dw)v(dn).

Since |mA ()| < |l fll, We can use dominated convergence and (6.36) to conclude
that pu(f) = v(f). Since this holds for all local functions, it follows that p=v. O

Dobrushin's Uniqueness Theorem

Our first uniqueness criterion will be formulated in terms of the one-vertex kernels
7433 (- lw), which for simplicity will be denoted by 7;. Each =;(-|w) should be con-
sidered as a distribution for the spin at vertex i, with boundary condition w. We
will measure the dependence of 7;(-|w) on the value of the boundary condition w
at other vertices. We will measure the proximity between two such distributions
using the total variation distance (see Section B.10)

I7i¢lw) — 7l S Y |mimilw) -0 o).

ni=+1
We can then introduce
def /
cijm)= sup |m;i(lo)—m;(-l0)lrv,
w,w'eQ:
0 =0, Vk#]

and .
c(m) =sup Y cij(m).

jezd jezd

Theorem 6.31. Let  be a quasilocal specification satisfying Dobrushin’s Condition
of Weak Dependence:
c(m) <1. (6.37)

Then the probability measure specified by w is unique: |4 ()| = 1.

Before starting the proof, we need to introduce a few notions. Define the oscillation
of f:Q—Ratiezby

5i(NE  sup If@) - fol. (6.38)
w,neQ)
WE=Nk VEk#i
The oscillation enables us to quantify the variation of f(w) when one changes w
into another configuration by successive spin flips. Namely, if wpc = nxc, then

If@) = fml< ) 6:(f). (6.39)
ieA

It is thus natural to define the total oscillation of f by

ANE Y 8:(). (6.40)

iezd
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We denote the space of functions with finite total oscillation by £&'(Q). All local func-
tions have finite total oscillation; by Lemma 6.21, this implies that &'(Q) is dense in
C(Q). Nevertheless,

‘Exercise 6.16. Show that 0(Q) ¢ C(Q) and O (Q) A C(Q).

Intuitively, A(f) measures how far f is from being a constant. This is made clear in

the following lemma. Letting C4 (Q) def C(Q)n O (Q), we have:

‘Lemma6.32. Let f € Co(Q). Then A(f) = sup f —inff.

Proof. Let f € Cx(Q)). By Exercise 6.11, f attains its supremum and its infimum. In
particular there exist, for all € > 0, two configurations !, w? such that w}\c = wic
for some sufficiently large box A, and such that sup f < f(w!) +¢, inf f = f(w?) —e¢.

Then, using (6.39),

sup f —inff < f@") - fl@?) +2e< Y 8;(f) +2e < A(f) +2€. O
ieA

Using Lemma 6.32, we can always write

wH-v(Ol=A), VfeCoQ). (6.41)

Proposition 6.33. Assume (6.37). Let u,v € 4 () be such that
() =v(Hl = alA(f), VfeCsQ), (6.42)

for some constant a < 1. Then,

() —v()l = c@maA(f), VfeCs(Q). (6.43)

Assuming, for the moment, the validity of this proposition, we can easily conclude
the proof of Theorem 6.31.

Proof of Theorem 6.31: Let u,v € 4 (x) and let f be a local function. (6.41) shows
that (6.42) holds with @ = 1. Since c(r) < 1, we can apply repeatedly Proposi-
tion 6.33:

() =v(Hl < Af) = [u(f) —v(Hl < cm)Af)
= |u(f) = v(Hl < cm)*Af)
= |u(f) =v(Hl<cm"A(f), ¥Yn=0.

Since A(f) < oo and c¢(n) < 1, taking n — oo leads to u(f) = v(f). By Lemma 6.22,
n=v. O

The proof of Proposition 6.33 relies on a technical estimate:

Lemma 6.34. Let € Co(Q). Then, 6;(m;f) =0 forall j and, forany i # j,

6i(7ljf)S6i(f)+(,‘ji(7'[)6j(f). (6.44)
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Ay
_’@: The content of this lemma can be given an intuitive meaning, as follows. If f
is constant, then 6;(f) =0 foralli e z4. If f is non-constant, each oscillation 6 ;(f)
can be seen as a quantity of dust present at i, measuring how far f is from being
constant: the less dust, the closer f is to a constant function. With this interpretation,
the map f — n; f can be interpreted as a dusting of [ at vertex j. Namely, before the
dusting at j, the oscillation at any given point i is 0;(f). After the dusting at j,
Lemma 6.34 says that the amount of dust at j becomes zero (6j (m;f) =0) and that
the total amount of dust every other point i # j is incremented, at most, by a fraction
cji(m) of the dust present at j before the dusting. For this reason, Lemma 6.34 is often
called the dusting lemma. o

Proof of Lemma 6.34: 1f i = j, then 6 ; (7 f) = 0 (remember that the function 7; f is
Zjic-measurable). Let us thus assume that i # j. Let w,w’ be two configurations
which agree everywhere outside i. We write

mif@-nif@)=3 {rimjlo)fojoge-m;mle)fn;o);0}

nj=i1

= Y {mimjlo) fmjope) —m;mjlo) oo},

nj:il

where f (-)~d=ef f () —m, for some constant m to be chosen later. We add and subtract
winjl a))f(njw;].}c) from each term of the last sum and use

|f~(njw{j}c) _fh‘(n]ng}c” = |f(njw{j}c) _f(n]ng}c” = 6l(f)y

Y mimjlo)-mimilo =7 lo)-m;¢ o)y < cji(m).
nj==1

Since annj(njlw)z 1,
8i(ni ) =8:(f)+ cﬁ(n)n;]?mf(njw;j}c)l.
/

Choosing m = f((+1)jw{j}c), we have maxy; If(njw;].}c)l = 6;(f) and (6.44) follows.
O

Proof of Proposition 6.33: Fix an arbitrary total order on Z%, denoted >, in which
the smallest element is the origin. We first prove that, when (6.42) holds, one has,
foralli € 74,

) =vNlscma ) s +a) 6k(f), VfeCo(Q). (6.45)

k<i k=i

When i =0, the first sum is empty and the claim reduces to our assumption (6.42).
Let us thus assume that (6.45) has been proved for i.

Observe that, for all k, 7 f € Cx(Q2). Indeed, on the one hand, 7 f is continu-
ous since 7 is quasilocal. On the other hand, by (6.44),

Aef)=).6;mef) <Y 8;(f)+cm)di(f) <oo.
i i

Using (6.45) with f replaced by n; f, and since §;(; f) =0,

() =vOl = lpi H—vEi Pl <cma ) spmif)+a ) Srif).

k<i k>i
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Using again (6.44),

w(H-vPlscma) el +a)d oi(f)

k<i k>i

+ab;(fem) ) ciem) +ad;(f) Y ciklm).
k<i k>i

Now, observe that, since c(7) <1,

cm ) cigm+ ) cim < Y cilm) <clm),

k<i k>i kezd
which yields
I -vPlscmad e +a)d op(f)+cmad;(f)
k<i k>i
=cma ) 6r(H+a) 6r(f).
k=i k>i

This shows that (6.45) holds for all i € Z4. Since ¥ ;. 6(f) = A(f) < 0o, (6.43) now
follows by letting i increase to infinity (with respect to >) in (6.42). O

Application to Gibbsian specifications

Theorem 6.31 is very general. We will now apply it to several Gibbsian specifica-
tions. We will start with regimes in which the Gibbs measure is unique despite
possibly strong interactions between the spins.

Exercise 6.17. Consider the Ising model (d = 1) with a magnetic field h > 0 and ar-
bitrary inverse temperature 3. Use Theorem 6.31 to show that |4 (B, h)| = 1 for all
large enough h. (Contrast this result with the corresponding one obtained in Theo-
rem 3.25, where it was shown that uniqueness holds for all h #0.)

Exercise 6.18. Consider the Blume-Capel modelind =1 (see (6.29)).

1. Consider first (A, h) = (0,0), and give a range of values of 3 for which unique-
ness holds.

2. Then, fix (A, h) = te, with t > 0. Show that if e € st points in any direction
different from (1,0), (-1,1) or (=1,-1), then for all > 0, the Gibbs measure is
unique as soon as t is sufficiently large. (See Figure 6.2.)

h

e

.,

Figure 6.2: The Blume—Capel with parameters (A, h) = te has a unique Gibbs
measure when ¢ > 0 is large enough, and when e points to any direction dis-
tinct from those indicated by the bold line.
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Exercise 6.19. The (nearest-neighbor) Potts antiferromagnet on Z% at inverse tem-

perature 3 = 0 has single spin space Qg £,..., q—1} and is associated to the poten-
tial
op(w) = | TPO0iw; FB=1jhi~],
0 otherwise.
Show that this model has a unique Gibbs measure for all € Rxo, provided that
q>6d.

Let us now formulate the criterion of Theorem 6.31 in a form better suited to
the treatment of weak interactions. Let 6 (f) d:ef sup,y lfmh—fm™l.

Theorem 6.35. Assume that ® = {®p}p5a is absolutely summable and satisfies

sup) > 6(@p)<l1. (6.46)
i€z j#i Bo{i, j}

Then Dobrushin's condition of weak dependence is satisfied, and therefore there is a
unique Gibbs measure specified by n®.

Proof. Fixsome i € Z%, and let w and o’ coincide everywhere except at some vertex
J # i. Starting as in the proof of Lemma 6.28,

1 dv,(n;)
I Clo) =7l = [ {;)# A

def o=ht(;

where, for0<t<1,v,(n;) = T),with

def
hi) = 0 Mioge) + (1 - 000,04,
and z; dgzm e~ ™D A straightforward computation shows that

dv,(n;)
dr

= {ASG - By (A v (D),

where A% (n;) ot %”{i}@(niw;i}c) - jf{i};q;(niw{i}c). We therefore have

UZ| Y| = g, ||t~ B 01|

1/2
< B, | (a7 - By, 18 )|

< Ey, (0 -m)*]",

where the first inequality follows from the Cauchy-Schwartz Inequality, and we in-
troduced an arbitrary number m € R (remember that m — E[(X — m)?] is minimal
when m = E[X]). Choosing m = (maxAJZ; + min A7) /2, we have

A —m| < %magc’A«%ﬂi(ni) - A ()]
ni>n;
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Each A7 (-) contains a sum over sets B 3 i, and notice that those sets B which do
not contain j do not contribute. We can thus restrict to those sets B o {i, j} and get

I AGHENY AT
< Z {|©B(Tliw;i}c)_q)B(T]ll-w;i}c”+|CDB(77i(U{i}C)_(I)B(T]ll'a){i}cﬂ}
B>, j}
<2 Z 0(®p).
B, j}
This proves (6.37). O

Let us give a simple example of application of the above criterion.

Example 6.36. Consider first the nearest-neighbor Ising model with 2 = 0 on
7%, whose potential was given in (6.26). The only sets B that contribute to the
sum (6.46) are the nearest neighbors B = {i, j}, i ~ j, for which §(®p) = 2. (6.46)
therefore reads, since each i has 2d neighbors,

2-2d<1.

In d = 1, this means that uniqueness holds when g < i, although we know from the
results of Chapter 3 that uniqueness holds at all temperatures. In d = 2, the above
guarantees uniqueness when f < % = 0.125, which should be compared with the
exact range, known to be § < §.(2) = 0.4406.... °

We will actually see in Corollary 6.41 that, for finite-range models, uniqueness
holds at all temperatures when d = 1.

More generally, the above criterion allows one to prove uniqueness at suffi-
ciently high temperature for a wide class of models. A slight rewriting of the condi-
tion makes the application more immediate. If one changes the order of summa-
tion in the double sum in (6.46), the latter becomes

Y. Y 6(@p)=) (IBI-1)5(®p). (6.47)
j#i Boli, j} B3i

We can thus state a general, easily applicable high-temperature uniqueness re-

sult. Remember that the inverse temperature § can always be associated to a po-

tential ® %' {®plgeza by multiplication: & = {BDp} Bezd-

Corollary 6.37. Let ® = {®p}y 74 be an absolutely summable potential satisfying

def

b= sup Y (1Bl - D||®@glle <00, (6.48)
iez4 Bai

and let By « z_lb' Then, for all B < By, there is a unique measure compatible with tP®.

Proof. It suffices to use (6.47) in Theorem 6.35, with 6 (D) < 2| Dl . O

Exercise 6.20. Consider the long-range Ising model introduced in (6.27), with h =0
and Jij = || j—il*. Find a range of values of a > 0 (depending on the dimension) for
which (6.48) holds, and deduce a range of values of 0 < 8 < co for which uniqueness
holds.

In dimension 1, the previous exercise guarantees that uniqueness holds at suffi-
ciently high temperature whenever a > 1. We will prove later that, when a > 2,
uniqueness actually holds for all positive temperatures; see Example 6.42.
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Uniqueness at high temperature via cluster expansion

In this section, we consider an alternative approach, relying on the cluster expan-
sion, to establish uniqueness of the Gibbs measure at sufficiently high temperature.
We have seen in Lemma 6.30 that ¢ (8®) = {u} if and only if

ﬂﬁ(ff (@) —p(f), VoeQ, (6.49)

for every local function f. Here we provide a direct way of proving such a conver-
gence.

Theorem 6.38. Assume that ® = {®p}g a4 satisfies

sup Y [®@pll..e*B < oco. (6.50)
i€z4 B3i

Then, there exists 0 < 31 < oo such that, for all § < B, (6.49) holds. As a conse-
quence: 4 (f®) = {u}. Moreover, when ® has finite range, the convergence in (6.49) is
exponential: for all sufficiently large A,

|75 f (@) = u(f)| < DIl fllge CHCPPDAY -y eq, (6.51)

where C >0 and D depend on ®.

Since u(f) = fﬂﬁcb(flw)u(dw) for any p € 4(B®), Theorem 6.38 is a conse-
quence of the following proposition, whose proof relies on the cluster expansion
and provides an explicit expression for u(f). In order not to delve here into the
technicalities of the cluster expansion, we postpone this proof to the end of Sec-
tion 6.12.

Proposition 6.39. If (6.50) holds, then there exists 0 < §; < oo such that, for all
B < B1, the following holds. Fix some w. For every local function f, there exists c(f)
(independent of w) such that

lim 75 f (@) = ¢(f). (6.52)
Atzd
Moreover, if ® has finite range,
|75 f (@) = c(f)| < DIl flloe™ CHCuPPDIAD (6.53)

where C and D depend on ®.

Uniqueness in one dimension

In one dimension, the criterion (6.46) implies uniqueness for any model with abso-
lutely convergent potential, but only at sufficiently high temperatures (small values
of B).

We know that the nearest-neighbor Ising model on Z has a unique Gibbs mea-
sure at all temperatures, so the proof given above, relying on Dobrushin’s Condi-
tion of Weak Dependence, ignores some important features of one-dimensional
systems. We now establish another criterion, of less general applicability, but pro-
viding considerably stronger results when d = 1.
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Theorem 6.40. Let ® be an absolutely summable potential such that

def !
Dsup  sup | A0 @p, ) ~ #Bie@g)Teame)| <oo- (659
(n)

!
N MBmC

Then there is a unique Gibbs measure compatible with n®.

Since

<2 ) |Pale, (655
AnB(n)#2
AnB(n)¢£9

/
|f%pB(n);tD(wB(n)nB(n)c) - %B(n);d)(wB(n)nB(n)c)

condition (6.54) will be satisfied for one-dimensional systems in which the inter-
action between the inside and the outside of any interval B(n) = {—n,..., n} is uni-
formly bounded in n, meaning that boundary effects are negligible.

The sum in the right-hand side of (6.55) is of course finite when ® has finite
range, which allows to state a general uniqueness result for one-dimensional sys-
tems:

Corollary 6.41. (d =1) If ® is any finite-range potential, then |4 (®)| = 1.

However, the sum in the right-hand side of (6.55) can contain infinitely many terms,
as long as these decay sufficiently fast, as the next example shows.

Example 6.42. Consider the one-dimensional long-range Ising model (6.27), with
Jij=1j—ilm®,

with € > 0. Using (6.55),

| 7850 @B NB ) ~ B (my;po (@B Mg nye)

B
s2 ) ) e

ieB(n) jeB(n)¢

1
25y Y Yo
k=1 ieBn): r=k
d(i,B(n)¢)=k
1
SzﬁCEZW<OO
k=1

Theorem 6.40 implies uniqueness for all finite values of § = 0 whenever € > 0. Re-
markably, this is a sharp result, as it can be shown that uniqueness fails at large
values of S whenever e <0 !, o

Since we do not yet have all the necessary tools, we postpone the proof of Theo-
rem 6.40 to the end of Section 6.8.4 (p. 296). It will rely on the following ingredient:

Lemma 6.43. Let D be defined as in (6.54). Then, for all w,n € Q and all cylinders
C e, forall large enough n,

e P8y (Clm =7y, (Clw) < e*Prg , (Cln). (6.56)

Proof. Using (6.54) in the Boltzmann weight, we obtain

e~ D =B Tem MBMmE) < e—%é(n);m(TB(mwB(n)C) < P o= BT MBmS)
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P 1 D ® -2D_®
This yields Zg(m;@ < ZB(m;q)e . Thus, T8 (Temlw) ze B (TR Im. LetCe
¢ . If n is large enough for B(n) to contain the base of C, then 1¢(tg(;) WB(;)) =

1c(TB(mMB (<) Therefore,

(0] (O]
T (Clw) = TZ T TBm |0 1c(TB () @B
B(n)

—2D ® —-2D_@
ze TZ g TBm IMIcTBmNBME) =€ " mg, (Clm. O
B(m)

Symmetries

In this section, we study how the presence of symmetries in a specification 7 can
extend to the measures in ¢ (). We do not assume that the single-spin space Qg is
necessarily {+1}.

We will be interested in the action of a group (G, -) on the set of configurations
Q. That is, we consider a family (7g)gcg of maps 74 : Q — Q such that

1. (1g,0Tg,)w ="Tg g forallg,gr €G, and
2. Tew = w for all w € Q, where e is the neutral element of G.

Note that Tgl =141 for all g € G. The action of the group can be extended to func-
tions and measures. For all g € G, all functions f: Q — R and all y € .#1(Q), we
define

Tef@) = frg'w),  Tgu(A) = prg' A),
for all w € Q and all A€ .%. Of course, we then have Tgu(f) = M(Télf), for all inte-
grable functions f.

We will use 7¢ to act on a specification 7 = {7} A€z and turn it into a new
specification 7g7 = {Tgm} y cz¢. We will mainly consider two types of transforma-
tions, internal and spatial.

1. An internal transformation starts with a group G acting on the single-spin
space Q. The action of G is then extended to Q by setting, for all g € G and
alweQ,

(Tgw); dzefrgwi Viez?.
(We use the same notation for the action on both Qy and Q as this will never
lead to ambiguity.) The action of 7 on a kernel 7, is defined by

(Tgma(Alw) Ema(r AlTg w). (6.57)

2. In the case of a spatial transformation, we start with a group G acting on Z¢
and we extend its action to Q by setting, forallge Gand allw € Q,

def . d
(Tgw); = Wy VieZ".

Basic examples of spatial transformations are: translations, rotations and re-
flections. The action of 75 on 7, is defined by

(Tgm)A(Alw) d:efnrgl,\(r;A 7' w). (6.58)
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A general transformation is then a composition of these two types of transfor-
mations. To simplify the exposition, for the rest of this section, we focus on internal
transformations. However, everything can be extended in a straightforward way to
the other cases. Invariance under translations will play an important role in the rest
of the book. For that reason, we will describe this type of spatial transformation in
more detail in Section 6.7, together with translation-invariant specifications and
Gibbs measures.

So, until the end of this section, we assume that the actions 7 are associated to
an internal transformation group.

Definition 6.44. 7 is G-invariant if (Tgm)) =7p forall A € 7% and all geG.

The most important example is that of a Gibbsian specification associated to
a potential that is invariant under the action of G. Namely, consider an absolutely
summable potential ® = {@abpeza andletus assume that7;®4 = ®4 forall A€ z4
and all g € G. It then follows that, for all A € 7% and all gegG,

() = ) (Tgw) YweQ.

]

As a consequence, the associated specification is G-invariant: 7gn"~ = 7® for all

g € G. Let us mention a few specific examples.

* The Ising model with / = 0. In this case, the internal symmetry group is
given by the cyclic group Z,, that is, the group with two elements: the neutral

element e and the spin flip f which acts on Qg via Tfwg = —wy. As already
discussed in Chapter 3, the Hamiltonian is invariant under the global spin
flip,

%p/\;ﬁ,o (w) = %\;ﬁ,o(wa) .

and the specification of the Ising model with & = 0 is therefore invariant un-
der the action of Z,. When & # 0, this is of course no longer true.

* The Potts model. In this case, the internal symmetry group is S, the group
of all permutations on the set Qg ={0,..., g — 1}. It is immediate to check that
the potential defining the Potts model (see (6.28)) is S,-invariant.

¢ The Blume-Capel model with / = 0. As in the Ising model, the potential is
invariant under the action of Z,, the spin flip acting again on Qy = {—1,0,1}
via Tfwg = —wg. That is, the model is invariant under the interchange of +
and — spins (leaving the 0 spins unchanged).

At the end of the chapter, we will also consider models in which the spin-space is
not a finite set.

Measures compatible with a G-invariant specification

Theorem 6.45. Let G be an internal transformation group and ©t be a G-invariant
specification. Then, ¥ (i) is preserved by G:

pEYG (M) > TgueY (M) VgeG.
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Proof. Letge G, A€Z% weQand Ae.Z. Since T (f) = u(fotg),

(Tgu)ma(A) =f”A(A|Tgw),U«(dw)
= fﬂA(T;AIw)y(dw) = ,LLJTA(T;A) = ,u(T;A) =1gu(A).

It follows that Tgu € ¢ (7). O

The above result does not necessarily mean that 7gu = p for all g € G, but this prop-
erty is of course verified when uniqueness holds: in this case, the unique Gibbs
measure inherits all the symmetries of the Hamiltonian.

Corollary 6.46. Assume that < (w) = {u}. If m is G-invariant, then u is G-invariant:
Tgu=pforallgeG.

However, when there are multiple measures compatible with a given specification,
it can happen that some of these measures are not G-invariant.

Definition 6.47. Let 7w be G-invariant. If there exists u € & () for which tgu # y, the
associated symmetry is said to be spontaneously broken under p.

Ay

’@‘ “Spontaneous” is used here to distinguish this phenomenon from an explicit
symmetry breaking. The latter occurs, for example, when one introduces a nonzero
magnetic field h in the Ising model, thereby deliberately destroying the symmetry
present when h = 0. S

Example 6.48. We have seen that, when h = 0, the interactions of the Ising model
treat + and — spins in a completely symmetric way: 7%}, (Tfw) = H};p,0(w), where
f denotes the global spin flip. Nevertheless, when d = 2 and 8 > f.(d), we know that
the associated Gibbs measures '“E,o # Hg,o are not invariant under a global spin flip,
since <‘70>E,0 >0> (Uo)é}oi the symmetry is spontaneously broken. We nevertheless
have that 7¢ “E;o = Hgo in complete accordance with the claim of Theorem 6.45. ¢

Translation invariant Gibbs measures

The theory of Gibbs measures often becomes simpler once restricted to translation-
invariant measures. We will see for instance in Section 6.9 that, in this framework,
Gibbs measures can be characterized in an alternative way, allowing us to establish
a close relation between the DLR formalism and thermostatics.

Translations on Z¢ are a particular type of spatial transformation group, as de-
scribed in the previous section. Remember from Chapter 3 (see (3.15)) that the
translation by j € Z4, denoted 0;: 7% — 74 is defined by

. def . .
Oji=i+j,

and can be seen as an action of Z% on itself. Notice that 9]71 =0_;.

Definition 6.49. € .#,(Q) is translation invariant if 0 j = u forall j € 74,
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Example 6.50. The product measure pzd obtained with p; = py (some fixed distri-
bution on Q) is translation invariant. 3

Example 6.51. The Gibbs measures of the Ising model, u; , and Mg, are transla-
tion invariant. Namely, we saw in Theorem 3.17 that (-)E h is invariant under any
translation 6. Therefore, for each cylinder C € %, since 1¢ is local,

0115, (C) = pf , 07 C) = (1c00,)5 ), = (Lchj ), = 15, (C).

This implies that 0; ,u;g , and pg , coincide on cylinders. Since the cylinders gener-
ate .#, Corollary B.37 implies 6 “E. n= HE} ;- The same can be done with u;y e S

We will sometimes use the following notation:
M ,9(Q) d:Ef{/J € ./ (Q) : pis translation invariant } .

The study of translation-invariant measures is simplified thanks to the fact that
spatial averages of local observables,

> 0if,

1

lim
n—oo
exist almost surely and can be related to their expectation. To formulate this pre-
cisely, let .# denote the o-algebra of translation-invariant events:
def .
I ={AeF :0jA=A,VjeZ}.

The following result is called the multidimensional ergodic theorem. We state it
without proof. ©

Theorem 6.52. Let ue . #14(Q). Then, forany f € L' (w),

1

mjz 0;f —u(fl#) p-as. andinL'(y). (6.59)

eB(n)

Note that the limit (6.59) remains random in general. However, it becomes deter-
ministic if one assumes that u satisfies one further property.

Definition 6.53. € .#) ¢(Q) is ergodic if each translation-invariant event A has
probability l(A) =0 or 1.

Theorem 6.54. If ue .1 4(Q) is ergodic, then, for any f € L' (w),

1

m]‘ Z 0;f —u(f) wp-as and inL'(w.

eB(n)

Proof. By Theorem 6.52, we only need to show that u(f|.#) = u(f) almost surely.
Notice that g &f u(f1.#) is .7 -measurable, and therefore {g < a} € & forall a € R,
giving (g < a) € {0,1}. Since a — u(g < a) is non-decreasing, there exists some
a. € R for which u(g = a.) = 1. But since u(g) = u(f), we have a. = u(f). O
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Translation invariant specifications

The action of a translation ; on a kernel 7 takes the form (see (6.58))
def — _
O;m)A(Alw) :nnglA(leAIlew). (6.60)

Saythatm = {mp}p € 74 is translation invariant if0jmp =mpforallAandall j € 74,

Theorem 6.45 and its corollary also hold in this situation:

Exercise 6.21. Show that if 7 is translation invariant and yu € 9 (), then 6 juE & ()
forall j € Z%. In particular, if 4 (n) = {4}, then w is translation invariant.

For example, if ® = {®p} Bezd 1S @ translation-invariant (for all B € 7%, (ng glw) =

®p(0-jw)) absolutely summable potential, then n® is translation invariant, and
0jue ¥ (@) for each pe 4 (D).
We will sometimes use the following notation:

Gy(m) € {ue 4 (m) : p translation invariant} .

We leave it as an exercise to check that translation-invariant measures compatible
with a translation-invariant quasilocal specification always exist:

Exercise 6.22. Show that if  is translation invariant and quasilocal, then 9y () #
. Hint: Take u € ¢ (n), and use pi,, B m 2 jeBm Oju.

Let us stress, as we did in the previous section in the case of internal transforma-
tions, that translation-invariant specifications do not necessarily yield translation-
invariant measures:

Example 6.55. The specification associated to the Ising antiferromagnet defined
in (3.76) is clearly translation invariant. Nevertheless, neither of the Gibbs mea-

sures ,uf,jve“ and u‘[’fd constructed in Exercise 3.33 is translation invariant. o

Convexity and Extremal Gibbs measures

We now investigate general properties of ¢ (1), without assuming either symmetry
or uniqueness, and derive fundamental properties of the measures u € ¥ (7).

Let vi,v2 € #1(Q), and A € [0,1]. Then the convex combination Av; + (1 —-1)v;
is defined as follows: for A€ .7,

def

(Avi+ (1= A)v2) (A = Avi(A) + (1 - D)va(A).

Aset . #' < #,(Q)is convex ifitis stable under convex combination of its elements,
thatis, if vi,vo € .4’ and A € (0,1) imply Avi + (1 -AN)vo € .4".

The following is a nice feature of the DLR approach, which the definition of
Gibbs states in Chapter 3 does not enjoy in general. Let & be any specification.

‘Theorem 6.56. ¥ () is convex.

Proof. Let u=Avy+ (1 —A)vy, with vi,vo € 4(m). Forall A € 74,
HUTTA =Avita+ QA =Avompa =Avi + (1 - )y =u,

and so y € 4 (). O
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Since ¥ () is convey, it is natural to distinguish the measures that cannot be
expressed as a non-trivial convex combination of other measures of ¢ (7).

Definition 6.57. 1€ ¥ () is extremal if any decomposition of the form = Avi+(1-
AV, (with A € (0,1) and vy,v, € 4 (1)) implies that p = vy = v,. The set of extremal
elements of ¢4 (m) is denoted by ex¥ ().

This in turn raises the following questions:
1. Is ex¥ (1) non-empty?

2. Are there properties that distinguish the elements of ex% () from the non-
extremal ones?

3. Do extremal measures have special physical significance?

We will first answer the last two questions.

Properties of extremal Gibbs measures

We will see that extremal Gibbs measures are characterized by the fact that they
possess deterministic macroscopic properties. The latter properties correspond to
the following family of events, called the tail-o -algebra:

T N Pac; 6.61)
A€z

its elements are called tail (or macroscopic) events. Remembering that .7 xc is the
o-algebra of events that only depend on spins located outside A, we see that tail
events are those whose occurrence is not altered by local changes: if A€ I, and if w
and o' coincide everywhere but on a finite set of vertices, then

L) =14(").

The o-algebra .7, contains many important events. For example, particularly
relevant in view of what we saw in Chapter 3, the event “the infinite-volume mag-
netization exists and is positive”,

{weQ: lim

_— w; exists and is ositive}
A, Bonl & @ P

jeBm)

belongs to J5,. Indeed, neither the existence nor the sign of the limit are al-
tered if any finite number of spins are changed. The .7,,-measurable functions
f:Q — R are also called macroscopic observables, since they are not altered by
local changes in a configuration. As the following exercise shows, their behavior
contrasts sharply with that of local functions.

Exercise 6.23. Show that non-constant J,-measurable functions are everywhere
discontinuous.

We now present the main features that characterize the elements of ex¥ (r).
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Theorem 6.58. Let i be a specification. Let u € ¥ (). The following conditions are
equivalent characterizations of extremality.

1. pisextremal.
2. wistrivial on I,: if A€ I, then u(A) is either 1 or 0.
3. All T,-measurable functions are (1-almost surely constant.

4. u has short-range correlations: for all A € .7 (or, equivalently, forall A€ %),

lim sup |u(ANB)-pu(A)uB)|=0. (6.62)
AZ% Be.F

A few remarks need to be made:

* These characterizations all express the fact that, whenever a system is de-
scribed by an extremal Gibbs measure, its macroscopic properties are de-
terministic: every macroscopic event occurs with probability 0 or 1. This is
clearly a very desirable feature: as discussed at the beginning of Chapter 1,
all observables associated to a given phase of a macroscopic system in ther-
modynamic equilibrium are determined once the thermodynamic parame-
ters characterizing the macrostate (for example, (8, ) for an Ising ferromag-
net) are fixed. Note however that, as mentioned there, the macrostate does
not fully characterize the macroscopic state of the system when there is a
first-order phase transition. The reason for that is made clear in the present
context: all macroscopic observables are deterministic under each extremal
measure, but the macrostate does not specify which of these measures is re-
alized.

* The statement (6.62) implies that local events become asymptotically inde-
pendent as the distance separating their support diverges. In fact, it even
applies to non-local events, although the interpretation of the statement be-
comes more difficult.

* Notice also that condition 2 above provides a remarkable and far-reaching
generalization of a famous result in probability theory: Kolmogorov's0-1 law.
Indeed, combined with Exercise 6.7, Theorem 6.58 implies triviality of the
tail-o-algebra associated to a collection of independent random variables in-
dexed by 77,

To prove Theorem 6.58, we first need two preliminary propositions. Since it will
be convenient to specify the o-algebra on which measures are defined, we tem-
porarily write .#1 (Q, %) instead of .#1 (Q).

Let A € Z%. We define the restriction ry : .7, (Q,.F) — 1 (Q, Fc) by
rAp(B)E u(B), VBe.Fje.

Observe that if g: Q — Ris .%,c-measurable, then rp p(g) = u(g). Using a specifica-
tion 7, one can define for each A € Z? the extension th L AN (Q, Fpe) — M (Q, F)
by

T v(A) Evap(A), VAeZ.
Note that the composition of t); with ry is such that t}ry : . #1(Q, %) — 41(Q, 7).
We will prove the following new characterization of ¢ (r):
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‘Proposition 6.59. pe¥(n) ifandonlyif p="tirap forall A € VA

Ay
I~

’@‘ This characterization 7! of 4 () can be interpreted as follows. Given a mea-
sure L on (Q,.F), the restriction ry results in a loss of information: from the measure
ralL, nothing can be said about what happens inside A. However, when p € ¥ (1),
that lost information can be recovered using ty : ty rap = p. S

Proof of Proposition 6.59: Composing t} with ry gives, forall Ae .7,

thrap(A) = (rapw)ma(A) =an(AIw)rAu(dw) =an(AIw)u(dw) =unp(A).

In the third identity, we used the .%c-measurability of w5 (A|-). O

Let . be a sub-o-algebra of .# and let u € ., (Q,ﬁ). For a nonnegative F-
measurable function f : Q — R that satisfies u(f) = 1, let fu € .#,(Q,.%) denote
the probability measure whose density with respect to s f:

fuA= fA f@udw), VAeZ.

Observe that fiu = fopifand onlyif f1 = f, p-almost surely (Lemma B.42).

Lemma 6.60. Let A € Z%.

1. Let ue #(Q,.7) and let f : Q — Rxq be an % -measurable function such
that u(f) =1. Then
ra(fu) = p(f 1 Fpcdrap.

2. Letve M (Q, Fc) and let g : Q — Rx, be an F jc -measurable function such
thatv(g) = 1. Then

th(gv) =g -thv.

Proof. For the first item, take B € .%#,c and use the definition of conditional expec-
tation:

rA(fu)(B)=fo(w)u(dw)=fBu(f|%\c)(w)u(dw)=fBu(f|9Ac)(w)rAy(dw).

For the second item, take A € .% and compute:

th (8V)(A) = (gV)a(A) = g(vmp) (A) = g - thv(A). (6.63)

Exercise 6.24. Justify the second identity in (6.63). ‘

Proposition 6.61. Let  be a specification.

1. Let p e 9(m). Let f: Q — Rxg, -7 -measurable, such that u(f) = 1. Then
fue¥(n) ifand only if f is equal p-almost everywhere to a I, -measurable
function.

2. Let u,v € 4 (m) be two probability measures that coincide on Jno: (A) = v(A)
forallAe I,. Thenpu=v.
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We will need the following classical result, called the backward martingale conver-
gence theorem: for all measurable f : Q — R, integrable with respect to y,

n—oo

w1 FBme) = w(f| Too), p-a.s.and in L' (). (6.64)
See also Theorem B.52 in Appendix B.5.

Proof of Proposition 6.61: 1. If fu €% (), we use Lemma 6.60 and Proposition 6.59
to get, for all A € 74,

fu=thra(f) =t {u(f 1 Zadrap} = p(f1.Fae) - thirapt = p(f | F ) - .

Therefore, again by Lemma B.42, this implies f = p(f|.%c) p-almost surely. Since
this holds in particular when A = B(n), and since u(f|.%g(;)c) — p(f| Joo) almost
surely as n — oo (see (6.64)), we have shown that f = u(f| %) u-almost surely.
The latter is .J,-measurable, which proves the claim. Inversely, if f coincides p-
almost surely with a .7,,-measurable function f, then fu = fu, and, since f is Zac-
measurable for all A € 74,

(fWma(A) = (Fma(A) = Fuma)(A) = Fu(A) = fu(A),

for all Ae % (we used Exercise 6.24 for the second identity) and so fu € ¥ ().

2. Define A & %(u +v). Then, A € 4 (1) and both u and v are absolutely continu-
ous with respect to 1. By the Radon-Nikodym Theorem (Theorem B.41), there exist
f,8=0, A(f)=A(g)=1,suchthat u= fA,v=gA. Forall Ae I,

fA(f—g)dA=;u(A)—v(A)=0.

But, by item 1, there exist two .7,,-measurable functions f and g, A-almost surely
equal to f, respectively g. Since A = {f > &} € J5, we conclude that A(f > g) =
AM(f > & = 0. In the same way, A(f < g) = 0 and therefore f = g A-almost surely,
which implies that p=v. O

Proof of Theorem 6.58: 1 = 2: Assume there exists A € 9, such that a = y(A) €

(0,1). By item 1 of Proposition 6.61, p; « élAp and pp o ﬁ 1 pcp are both in ¥ (7).

But since = au; + (1 — @)y, ¢ cannot be extremal.

2 = 1: Let u be trivial on .7, and assume that u = au; + (1—a)uz, with a € (0,1)
and p, 2 € 4 (). Then p; and pp are absolutely continuous with respect to p. Let
now A € 9. Then, since p(A) can be either 0 or 1, y; (A) and u, (A) are either both
0, or both 1. By item 2 of Proposition 6.61, y = py = ».

2= 3:1If f is Jo-measurable, each {f < ¢} € 7, and thus p(f < ¢) € {0, 1} for all
c. Setting ¢, = inf{c: u(f < c) =1}, we get u(f =c.) = 1.

3= 2:If Ae T, then 1,4 is J,,-measurable. Since it must be y-almost surely
constant, we necessarily have that u(A) € {0,1}.

2= 4: Let Ae %, e >0. Using (6.64) with f = 14, one can take n large enough
so that

(Al FB(mye) — (Al Too) s < €. (6.65)

Since p(A| %) is Jx-measurable, item 3 implies that it is p-almost surely con-
stant. This constant can only be u(A), since p(u(A| ) = u(A). Then, for all
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Be <g\B(mc,

|1(AN B) — (A p(B)| = \fB{lA—u(A)}du
=|fB{u(AIfiB(mc)—u(AI%O)}du <e.

4 = 2: Suppose that (6.62) holds for all A€ %. Then, u(An B) = u(A)u(B) for all
A€ % and all B € , (since B € Z. for all A € Z9). If this can be extended to

WANB)=u(AuB), VAe.Z,Be Ty, (6.66)

then, taking A = B implies u(B) = u(BNB) = ,u(B)Z, which is only possible if u(B) €
{0,1} for all B € 7, that is, if y is trivial on 7.
To prove (6.66), fix B € .7, and define

P {Ae F : W(ANB) = p(AuB)} .

IfA A€ 7, with Ac A, then p((A'\ A)n B) = u(A'nB) — u(An B) = u(A’\ A)u(B),
showing that A'\ A € 2. Moreover, for any sequence (A,),>1 € 2 such that A, 1
A, we have that y(An B) = lim, u(A, N B) = lim, u(A,)u(B) = p(A)w(B), and so
A€ 2. This implies that & is a Dynkin system (see Appendix B.5). Since € <
2 by assumption, and since ¢ is an algebra, we conclude that, ¥ = (%) = %
(Theorem B.36), so (6.66) holds. O

In the following exercise, we consider a non-extremal measure for the Ising
model, and we provide an example of events for which the property of short-range
correlations does not hold.

Exercise 6.25. Consider the two-dimensional Ising model with h =0 and > .(2).
Take any A € (0,1) and consider the (non-extremal) Gibbs measure

u= A’IJE,O + (=g

Show that p does not satisfy (6.62), by taking A= {oo = 1}, B; = {0; = 1} and verifying
that
liminf |u(AN B;) — p(A)u(B;)| > 0.

lilli—o0

Hint: Use the symmetry between yE o and Hg0 and the FKG inequality.

To end this section, we mention that extremal measures of ¢ () can be distin-
guished from each other by only considering tail events:

Lemma 6.62. Distinct extremal measures [1,v € ex¥ (n) are singular: there exists a
tail event A € Ty, such that u(A) =0 and v(A) = 1.

Proof. 1f u,v € ¢ () are distinct, then item 2 of Proposition 6.61 shows that there
must exist A € 7, such that u(A) # v(A). Butif y and v are extremal, they are trivial
on 5 (Theorem 6.58, item 2), so either u(A) = 0 and v(A) = 1, or u(A°) =0 and
v(A®) =1. O
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Extremal Gibbs measures and the thermodynamic limit

Since real macroscopic systems are always finite (albeit very large), the most physi-
cally relevant Gibbs measures are those that can be approximated by finite-volume
Gibbs distributions, that is, those that can be obtained by a thermodynamic limit
with some fixed boundary condition. It turns out that all extremal Gibbs measures
enjoy this property:

Theorem 6.63. Let i1 € ex¥ (n). Then, for p-almost all w,

TR (W) = u.

Proof. We need to prove that, for y-almost all w,
mBm (Clo) = u(C) VCe?. (6.67)

Let C € €. On the one hand (see (6.23)), there exists Q, ¢, ((Qy,c) = 1, such that
B (Clw) = u(C| Fp(y)) (W) for all w € Qy c. On the other hand, the extremality
of u (see item 3 of Theorem 6.58) guarantees that there exists Q¢, u(Q¢) =1, such
that u(C) = u(C| %) (w) for all w € Q¢. Using (6.64) with f = 1¢, there also exists
Qc, u(Qc) = 1, such that

WC.ZB ) (@) = W(C| Too) ) Ywe Q.

Therefore, for all w that belong to the countable intersection of all the sets Q¢, Q¢
and Q,, ¢, which has py-measure 1, (6.67) holds. O

The above theorem shows yet another reason that extremal Gibbs measures are
natural to consider: they can be prepared by taking limits of finite-volume systems.
However, we will see in Example 6.68 that the converse statement is not true: not
all limits of finite-volume systems lead to extremal states.

A more basic question at this stage is whether all Gibbs measures can be ob-
tained with the thermodynamic limit. The following example shows that this is not
the case: ¢ () can contain measures that do not appear in the approach of Chap-
ter 3 relying on the thermodynamic limit.

Example 6.64. @ Let us consider the 3-dimensional Ising model, with § > B.(3)
and h = 0, in the box B(n). We have seen in Section 3.10.7 that the sequence of
finite-volume Gibbs distributions with Dobrushin boundary condition admits a

converging subsequence, defining a Gibbs measure ,u%’ satisfying, for any € > 0,

(@000000-1)p0 S —1+€, (6.68)

once f is large enough (see Theorem 3.60). Let us denote by p%‘j(‘)’ the correspond-

ing Gibbs measure. Applying a global spin flip, we obtain another Gibbs measure,
”B%Ob def Tf/.l%og, also satisfying (6.68). Since ¥(8,0) is convex, u &' 3 ,ug"g +3 yE%Ob €
¢ (B,0). We show that it cannot be obtained as a thermodynamic limit. Notice that

(ogiyy=0forallie 79 and that one has, for any € >0,
(00,00000-1p<—1+¢€, (6.69)

once S is large enough. Suppose there exists a sequence (,u’é"(nk), 5 o k=1 converging
to p. By the FKG inequality, forall k = 1,

Nk Nk Mk
(000000,0-17B(n;80 Z (T 0.00783;,),,0 7 0.0-1) B0
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and thus
(0(0,0000,0-1)2u = €00,0,0? {0 ©0,0,-1))u =0.

This contradicts (6.69). o

So far, we have described general properties of extremal Gibbs measures. We
still need to determine whether such measures exist in general, and what role they
play in the description of ¢ (7). Before pursuing with the general description of the
theory, we illustrate some of the ideas presented so far on our favorite example.

More on '“E, B and (B, h)

Hﬁ,]’l

In this section, using tools specific to the Ising model, we provide more informa-
. + _

tions about Hg.n and Hp ne

Lemma 6.65. u;; W pB 5, are extremal.

Proof. We consider u;; 5+ We start by showing that, for any v € 4 (g, h),
v(f) = pgy ,(f)  for every nondecreasing local function f. (6.70)

Remember that, for all A € Z¢ and all boundary condition 7, the FKG inequal-
ity implies that ,uy\_ 5 L) =y 5 »(f) for every nondecreasing local function f (see
Lemma 3.23). Therefore,

V() =f;u7\;ﬁ'h(f)v(dn) < o).

Since lim ;74 ,u;’\,ﬁ W) = ,UE »(f), this establishes (6.70). Now assume that ,ug p1s
not extremal:
”E,h =Avi+(1-ANvs,

where A € (0,1) and v;,v, € 4(B, h) are both distinct from ,u;g n We use (6.70) as

follows. First, since v; # ,ug ,» there must exist alocal function f, such thatv; (fi) #
* (f.). From Lemma 3.19, we can assume that f. is nondecreasing. Therefore,

Hg p g

(6.70) implies that v; (fi) < NE, R (f) and va(fi) < “E, ,(f«). Consequently,

'ug,h(f*) =7W1(f*)+(1—/1)1’2(f*) <“E,h(f*)'

a contradiction. We conclude that ,u;g , 18 extremal. O

Since pE , 18 extremal, it inherits all the properties described in Theorem 6.58. For
example, property (4) of that theorem implies that the truncated 2-point function,

@50 )50 Z 005, = T T

tends to zero when || j —ill,, — co. (Note that this claim was already established,
by other means, in Exercise 3.15.) This can be used to obtain a Weak Law of Large
Numbers:
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Exercise 6.26. Consider |

def
mpg = — E oOj.

Show that mp, — uE L (@0) in pE ,,-probability. That is, for all e > 0,

#E,h(lmB(n) —#E,h(tfo)l >¢)—0 whenn— oo.

Hint: Show that the variance of mpy, vanishes as n — oo.

One may wonder whether the convergence of mp, to ,uE »(00) proved in the
previous exercise also holds almost surely. Actually, we know that

mdzeflimsup mB ) (6.71)
n—oo

is almost surely constant, since it is a macroscopic observable. To show that the
limsup in (6.71) is a true limit, we will use a further property of ,u;g n

Lemma 6.66. ME , and Mg, ), are ergodic.

We start by proving the following general fact:

Lemma 6.67. Let € .#(Q,. %) be invariant under translations. Then, for all A €
I, there exists B € I, such that u(AAB) = 0; in particular, (1(A) = u(B).

Proof. By Lemma B.34, there exists a sequence (Cp);>1 <€ % such that u(AACy) <
27", For each n, let A(n) € Z% be such that C, € €(A(n)). By a property already
used in Lemma 6.2, we can assume that A(n) | Z%. For each n, let i, € Z% be such
that A(n)n0;,A(n) = . Let CZ =0;,Cy. Since A and p are invariant,

HAAC) = u(B;, (0_;, ANCp)) = (B, (AAC,)) = H(AAC,) <27".

In\W—=ln

. def
Since C!, € Z e, we have B = N, Umzn Cly € Too. Moreover,

. / _
U(AAB) < ,}grgon;ny(AACm) =0. O
Proof of Lemma 6.66: Since the measure ,u;g , is invariant under translations, it fol-
lows from Lemma 6.67 that, for all A € .#, there exists B € .7, such that ,LLE n(A) =
pE ,(B). But ,uE , is extremal, therefore ,u;g R(B)€{0,1}. O

Since u% , is ergodic, and since one can always write o j = 09 06 ;, we deduce from
Theorem 6.54 that the infinite-volume magnetization

1
Y Oj

m= lim
n—o0

exists /JE ,-almost surely, and equals p;),‘ »(00). A similar statement holds for Mg
Since /“Eo # Hg0 when g > B.(d), we know from Lemma 6.62 that they are also

singular. The events {m > 0} and {m < 0} thus provide examples of two tail events
on which these measures differ.
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Digression: on the significance of non-extremal Gibbs measures

With the properties of extremal measures described in detail above, we can now
understand better the significance of non-extremal Gibbs measures. We continue
illustrating things on the Ising model, but this discussion applies to more general
situations.

Let A € (0,1) and consider the convex combination

def —
= A:”E,o + (=g -
Assume that d = 2 and 8 > f.(d), so that “E,o # 'UB,O‘ As explained below, a natural
interpretation of the coefficient A (respectively 1 — A) is as the probability that a
configuration sampled from p is “typical” of '“E,o (respectively '“B,o)' The only minor
difficulty is to give a reasonable meaning to the word “typical”. One possible way to
do that is to consider two tail-measurable events T and T~ such that

ho (T = pgo(TT) =1, ifo(T7) = g o(T7) = 0.

In other words the event T* encodes macroscopic properties that are typically (that
is, almost surely) verified under '“Eo’ and similarly for T~; moreover T* and T~
allow us to distinguish between these two measures. A configuration w € Q will
then be said to be typical for “E,o (resp. i) ifwe T* (resp. T7).

Since u;; , and Mg, are extremal and distinct, we know by Lemma 6.62 that

events like T* and T~ always exist. In the case of the Ising model, we can be more
explicit. For example, since ,u;g o and Hp,o are characterized by the probability they

associate to cylinders, one can take

+_ : 1 o +
T = CD%{AITIZIL W iEZAlCOH, exists and equals ,uﬁ’O(C)}.

It is easy to verify that T and T~ enjoy all the desired properties. First, Theo-
rem 6.54 guarantees that u; 0(TJ—’) = 1. Moreover, T* N T~ = &, since for example
'UE,O (0g)>0> ,Ltgyo (09).

Let us then check that if we sample a configuration according to y, then it will
be almost surely typical for either 'UE,O Or fg o

wWTruT) = /I/JE,O(TJr) + (1= pge(T7)=1.
Moreover, A is the probability that the sampled configuration is typical for uZ; o
WTT) = Apg,o(TT) = A€ (0,1).

In the same way, 1 — A is the probability that the sampled configuration is typical
of Hg.0° Let us then ask the following question: If the configuration sampled (under
W) was in T, what else can be said about its properties? Since /JE 0(T+) =1 and
ng(Tﬂ =0, we have, for all Be .%,

PBNT) = Apg o (BNTY) = A o(B) = p(T*) iy o (B).

Therefore,
w(B|TH = “E,O(B) .
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In other words, conditionally on the fact that one observes a configuration typical
for “E,o' the distribution is precisely given by I’LE,O'
For example, taking T* = {m >0}, T~ ={m <0},

u(.|m>0)=ugy0, M(‘|m<0)=l‘;§,o-

This discussion shows that non-extremal Gibbs measures do not bring any new
physics: everything that can be observed under such a measure is typical for one of
the extremal Gibbs measures that appears in its decomposition. In this sense, the
physically relevant elements of ¢ (rr) are the extremal ones.

Digression: on the simplex structure for the Ising Model in d =2

The nearest-neighbor Ising model on Z2 happens to be one of the very few models
of equilibrium statistical mechanics for which the exact structure ¢ () is known.
We make a few comments on this fact, whose full description is beyond the scope
of this book, as it might help the reader to understand the following section on
the extreme decomposition. This is also very closely related to the discussion in
Section 3.10.8.

We continue with & = 0. The following can be proved for any § > .(2):

1. [JE‘O and Hp,o are the only extremal Gibbs states:

ex¥(B,0) = (kg 0, g 0}
This follows from the discussion in Section 3.10.8.

2. Any non-extremal Gibbs measure can be expressed in a unique manner as a
convex combination of those two extremal elements: if yu € 4(f,0), then there
exists A € [0,1] such that

VBe.F, wB)=Aupy(B)+ (1= (B). (6.72)

This representation induces in fact a one-to-one correspondence between
measures in ¢4(f) and the corresponding coefficient A € [0, 1]. Indeed, taking
B = {0 = 1} in (6.72) shows that the coefficient A associated to a measure
1€ (P) can be expressed as

ulog=+1) - u,;yo(ao =+1)

T M@0 =+ =iy (00 =+1)”

In view of the discussion of the previous subsection, it is natural to interpret
the pair (1,1 - A) as a probability distribution on ex¥ (8, 0).

All this can be compactly summarized by writing
4(,0) = {/lygy0+ (1-Dpg, A€ [0,11}. (6.73)

This means that ¢(g,0) is a simplex: it is a closed (Lemma 6.27), convex subset of
#1(Q), which is the convex hull of its extremal elements (that is, each of its ele-
ments can be written, in a unique way, as a convex combination of the extremal
elements). Schematically,
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+

G (p,0) PO

uﬁp ‘f
© AMN(Q)

Accepting (6.73), we can clarify a point raised after Theorem 6.63: the thermo-
dynamic limit does not always lead to an extremal state.

Example 6.68. Let ,LLZ o be the Gibbs measure of the nearest-neighbor Ising model

on Z? prepared with free boundary condition, which is constructed in Exercise 6.14.
By (6.73), ”g,o must be a convex combination of “E,o and Hpo: But by symmetry,

the only possibility is that ”g,o = % 'UE,O + % Hgo- Therefore, ”g,o is not extremal as
soon as pg 07 g0 (that is, when 8 > B.(2)), although it was constructed using the
thermodynamic limit. 3

Extremal decomposition

There are unfortunately very few non-trivial specifications x for which ¢ () can be
determined explicitly. However, as will explained now, one can show in great gener-
ality that something similar to what we just saw in the case of the two-dimensional
Ising model occurs: the set ex¥(n) # @ and ¥ () is always a simplex (although
often an infinite-dimensional one).

Heuristics

Throughout the section, we assume that 7 is a specification for which ¥ (n) # @.
(One can assume, for example, that 7 is quasilocal, but quasilocality itself is not
necessary for the forthcoming results.) Our aim is to show that ex¥ (n) # &, and
that any p € 4 (7) can be expressed in a unique way as a convex combination of
elements of ex¥ (). A priori, there can be uncountably many extremal Gibbs mea-
sures, so one can expect the combination to take the form of an integral:

VBe %, u(B) :f V(B)/lu(dv). (6.74)
ex¥ (m)

Here, A,(:) is a probability distribution on ex¥ (m) (the measurable structure on
sets of probability measures will be introduced later) that plays the role of the coef-
ficients (4,1 — A1) in (6.72); in particular,

Aulex¥ (m) =1. (6.75)

The main steps leading to (6.74) will be as follows. To start, for each B € .7, the
definition of the conditional expectation allows us to write

u(B) = f u(B) Too) (@)p(dw).

The central ingredient will be to show that there exists a regular version of u(-| Jxo).
This means that one can associate to each w a probability measure Q® € .#1(Q) in
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292 Chapter 6. Infinite-Volume Gibbs Measures

such a way that
(1 Too) @) = Q¥ (), for u-almost every .

When such a family of measures Q® exists,

w(B) = f Q*(B)u(dw), (6.76)

which is a first step towards the decomposition of i(B) we are after.

Ay
_’@: The idea behind the construction of Q" given below can be illustrated as fol-
lows (although the true construction will be more involved). Consider the basic local
property characterizing the measures of ¢ (1), written in its integral form: for all
AeZzf,

w(B) = fﬂA(BIw),u(dw).

Then, taking A | Z% formally in the previous display yields

w(B) :f lim 7 (B|w) p(dw).
Atz4

Q“(B)

<o

Let us give two arguments in favor of the fact that, under the map w — Q“, most
of the configurations w are mapped to a Q¥ € ex¥ (n), in the sense that

wQ eex¥9(m) =1.

1. We have already seen (remember (6.64)) that u(-| .7,) can be expressed as a
limit:
BC TR mye) = M| Too) -
But since p € ¥ (), we have p(-|.Zg(;)c) (@) = 71,y (-|w) for p-almost all w
and for all n. We have also seen in Theorem 6.26 that the limits of sequences
TR(n (- w), when they exist, belong to ¥ (7). We therefore expect that

QY eY ), y-a.a.w. (6.77)

2. Moreover, if A € J, then 14 is J5,-measurable and so p(A|.7%) = 14 almost
surely, which suggests that Q“(A) = 14(w); in other words, Q“(-) should be
trivial on Z,, which by Theorem 6.58 means that

Q¥ eex¥(m), p-aa.w.

Ay
-’@: The implementation of the above argument leads to a natural way of obtaining
extremal elements: first take any u € 4 (), then condition it with respect to T, and

get (almost surely): u(-| Js) € ex¥ (m). o

One should thus consider w — Q%, roughly, as a mapping from Q to ex¥ (x):
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Qw

Q)

pushforward

u Y

We would like to push p forward onto ¢ (). Leaving aside the measurability
issues, we proceed by letting, for M c ¥ (1),

def

Ap(M) = p(Q e M). (6.78)

We then proceed as in elementary probability, and push the integration of u over Q
onto an integration of 1, over ex? (). Namely 1 for a function ¢ : ., (Q) — R,

f P(Q”)u(dw) = f PV (dv). (6.79)
Q ex¥ (i)
If one defines, for all B € .%, the evaluation map eg : .7, (Q) — [0,1] by

ez(v) Ev(B), (6.80)

then (6.79) with ¢ = ep and (6.76) give (6.74).

Implementing the idea exposed in the two arguments given above is not triv-
ial (albeit mostly technical); it will be rigorously established in Propositions 6.69
and 6.70 below.

Construction and properties of the kernel Q

The family {Q®}4eq is nothing but a regular conditional distribution for (- | Z5); it
will be constructed using only the kernels of 7. Q" will be defined by a probability
kernel from .7, to .7, which, similarly to the kernels introduced in Definition 6.9,
is a mapping . x Q — [0, 1], (B, w) — Q% (B) with the following properties:

 For each w € Q, B— Q“(B) is a probability measure on (Q,.%).

e Foreach Be %, w— Q“(B) is J-measurable.

Proposition 6.69. There exists, for each w € Q, a probability kernel Q® from J,
to F such that, for each u € 4 (n),

1. For every bounded measurable f : Q — R,
w1900 =Q (f), w-almostsurely, (6.81)

2. {Q €9} € oo, and W(Q €4 (m)) = 1.

l\what we are doing here is the exact analogue of the standard operation in probability theory.

There, one defines the distribution of a random variable X, Ax(-) def P(X € ), and uses it to express

the expectation of functions of X as integrations over R:

f g(X(©)P(dw) = f g(0Ax (dy).
Q R
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294 Chapter 6. Infinite-Volume Gibbs Measures

Proof. » Construction of Q. Let w = {p}, gz« and let
def

Q= () {weQ: lim ngy, (C|w) exists}.
Ce? oo

Clearly, Qy € J5%. When w € QF, we define Q“ « o, where L is any fixed probabil-
ity measure on Q. When w € Q, we define

Q“(0) % lim gy (Clw),
n—oo

for each C € ¥. By construction, Q® is a probability measure on %. By Theo-
rem 6.96, it extends uniquely to .%. To prove J,-measurability, let

2 d=ef{B €7 : w— Q"(B) is J-measurable} .

When C € €, we have, for all a, {Q(C) = a} = (1Q(C) = a}n Q) U ({Q'(C) < a}n
Q%) € oo Therefore, € c 2. We verify that Z is a Dynkin class (see Appendix B.5):
if B,B' € 9, with Bc B/, then Q" (B'\ B) = Q' (B') — Q' (B) is J5-measurable, giving
B'\Be 2. Then, if (By)y>1 < %, B,, < By:+1, B, 1 B, then Q" (B) =lim,, Q" (B,), and
so B € 2. Since % is stable under intersections, Theorem B.36 implies that 2 = .%.

» Relating Q® to ¥ (n). Let now u € ¢4 (m). We have already seen in the proof of
Theorem 6.63 that, on a set of y-measure 1,

7B (C1) = 1(C FR(me) () —= u(C| Ta) () forall CeE.

In particular, u(Q;) =1 and p(C| Z5) = Q' (C) u-almost surely, for all C € %. Again,
we can show that

7' {BeF : W(B| Tn) = Q' (B) p-as.}

is a Dynkin class containing %, giving ' = .%. To show (6.81), one can assume that
f is non-negative, and take any sequence of simple functions f,, { f. Since each
fn is a finite sum of indicators and since u(B| %) = Q' (B) u-a.s. for all B € .7, it
follows that u(fy, | J) = Q' (fy) almost surely. The result follows by the monotone
convergence theorem.

To show that {Q" € ¥ ()} € 94, we observe that

Qedmi= [ [ {QmA(A=Q (A}

AEZ9 AcF

= ] N{QmA(C)=Q (O)}. (6.82)

AEZ4CeE

We used Lemma 6.22 in the second equality to obtain a countable intersection (over
C € ¥). Since each Q'(C) is I, -measurable, Q 7w (C) also is. Indeed, one can
consider a sequence of simple functions f;, { mA(C|-), giving Q' A (C) =lim, Q ().
Since each Q’(f,) is Jx-measurable, its limit also is. This implies that each set
{Q'mA(C) = Q (O)} € I and, therefore, {Q" € 4 (1)} € Too.

Now, if u € ¢ (), we will show that pu(Q A (C) = Q" (C)) =1 for all C € ¥, which
with (6.82) implies u(Q" € ¢4(m)) = 1, thus completing the proof of the proposi-
tion. Using (6.81), #ac D J& and the tower property of conditional expectation
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(the third to fifth inequalities below hold for p-almost all w),

Q“mA(C) = Q% (mA(CI))
= QY(u(C|.Fr0))
= p((C|.Fre) | Too) ()
= u(C| Joo) ()
=Q“(C). O

‘Proposition 6.70. If ue Y (n), then u(Q’ € ex¥ (m)) = 1. ‘

Note that this result has the following immediate, but crucial, consequence:

‘Corollary 6.71. If 9 (n) # O, thenex¥ (n) # D. ‘

The proof of Proposition 6.70 will rely partly on the characterization of .7, given in
Theorem 6.58: extremal measures of ¢ () are those that are trivial on 7. Further-
more, we have:

Exercise 6.27. Show that v € ./, (Q) is trivial on T, if and only if, for all B € F,
v(B| Z%) = v(B) v-almost surely. Hint: half of the claim was already given in the
proof of Theorem 6.58.

Proof of Proposition 6.70: Using Exercise 6.27,

ex¥(m) ={ve ¥ (m) : vis trivial on T}

{ve¥ @) :VAe Z,v(Al Tx) = v(A),v-as.}

{ve¥(n) : VCe ¥, v(C|lT) =v(C),v-as.}

{vedm :V¥Ce¥,Q (C)=v(C),v-as.}. (6.83)

To prove the third identity, define 2" def {Ae Z :v(Al Tx) =v(A),v-as.}. Since
2" 5 € and since 2" is a Dynkin class (as can be verified easily), we have 9" = .%.
Forall Ce ¥, v e .#1(Q), let Vo (v) denote the variance of Q" (C) under v:

def

Vew) £ E, [(Q(C) - Ey[Q (O))?] .
If ve ¥ (n), then E,[Q (C)] = v(C) (because of (6.81)), and so

ex9(m=9@n () {ve#1(Q) : Vc(v)=0}.
Ce¥

Let p € 4 (). Since pu(Q" € ¥(m) = 1 (Proposition 6.69), we need to show that
w(Ve(Q') =0) =1foreach C € . Since V¢ = 0, it suffices to show that (V¢ (Q7)) = 0:

p(Ve(Q) = f {Eqe[Q (O)*1-Q“(C)*} u(dw)
= f {EuQ (O] Tool (@) — Q¥(C)?} p(dw) = 0,

where we used (6.81) for the second identity. O
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Construction and uniqueness of the decomposition

Let p € ¢ (). Since we are interested in having (6.79) valid for the evaluation maps
ep, we consider the smallest o-algebra on . (QQ) for which all the maps {eg, B € %}
are measurable. 1, in (6.78) then defines a probability measure on this o-algebra,
and satisfies (6.75).

Theorem 6.72. Forall ue ¥ (),

VBe.%#, wB) :f v(B) Au(dv). (6.84)

ex¥ (m)

Moreover, Ay, is the unique measure on M1 (Q) for which such a representation holds.

Proof. The construction of (6.79) is standard. The definition A,(M) & wQ €M

can be expressed in terms of indicators:

f 1(Q%) u(dw) =f 1y (V) Ay (dv).
Q ex¥ (m)
An arbitrary bounded measurable function ¢ : .#) (Q2) — R can be approximated by
a sequence of finite linear combinations of indicator functions 1;. Applying this
with ¢ = ep yields (6.84).

Assume now that there exists another measure )L;l such that (6.84) holds with
/1;1 in place of 1. Observe that any v € ex¥ () satisfies v(Q" = v) = 1 (see (6.83)).
This implies that, for a measurable M c .1 (Q), v(Q" € M) = 17(v). Therefore,

Au(M) = f

ex¥ (m)

Ly (v) A, (dv)
:f » )V(Q' € M)Ay, (dv) = u(Q € M) = A, (M),
ex /4

where we used (6.84) for the third identity. This shows that 1, = A},. O

The fact that any p € ¢4 () can be decomposed over the extremal elements of
% (m) is convenient when trying to establish uniqueness. Indeed, to show that ¢ ()
is a singleton, by Theorem 6.72, it suffices to show that it contains a unique extremal
element. Since the latter have distinguishing properties, proving that there is only
one is often simpler. This is seen in the following proof of our result on uniqueness
for one-dimensional systems, stated in Section 6.5.5.

Proof of Theorem 6.40: The proof consists in showing that ¢ (®) has a unique ex-
tremal measure. By Theorem 6.72, this implies that ¢ (®) is a singleton.

Let therefore u,v € ex¥(®). By Theorem 6.63, 1 and v can be constructed as
thermodynamic limits. Let w (respectively 1) be such that ng ™) (-|w) = p (respec-

tively ng( s [n) = v) as N — co. By Lemma 6.43, we thus have, for all cylinders
Ce%,
_ 1 o -2D ® _ ,—2D
u(C) = I\IIEI;OHB(N)(C|w) >e I\III_I,I;OHB(N)(CW) =e ““v(O).

It is easy to verify that & = {A €eF ulA) = e’ZDv(A)} is a monotone class. Since it
contains the algebra %, it also coincides with .%, and so u = e 2Py In particular,
v is absolutely continuous with respect to u. Since two distinct extremal measures
are mutually singular (see Lemma 6.62), we conclude that = v. O
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The variational principle

The DLR formalism studied in the present chapter characterizes the Gibbs mea-
sures describing infinite systems through a collection of local conditions: ,uﬂf =U
for all A € Z9. In this section, we present an alternative, variational characteriza-
tion of translation-invariant Gibbs measures, that allows to establish a relationship
between the DLR formalism and the way equilibrium is described in thermostatics,
as had been presented in the introduction.

The idea behind the variational principle is of a different nature, and has a more
thermodynamical flavor. It will only apply to translation-invariant Gibbs measures,
and consists in defining an appropriate functional on the set of all translation-
invariant probability measures, # : .4 (Q) — R, of the form

©— # () = Entropy(u) — B x Energy(u) . (6.85)

By analogy with (1.17) of Chapter 1, —%V/(,u) can be interpreted as the free en-
ergy. As seen at various places in Chapter 1, in particular in Section 1.3, equilib-
rium states are characterized as those that minimize the free energy; here, we will
see that translation-invariant Gibbs measures are the minimizers of — %”//(-).

Remark 6.73. Since the relation between the material presented in this chapter and
thermostatics is important from the physical point of view, we will again resort to
the physicists’ conventions regarding the inverse temperature and write, in partic-
ular, the potential as f®. To ease notations, the temperature will usually not be
explicitly indicated. 3

Formulation in the finite case

To illustrate the content of the variational principle, let us consider the simplest
case of a system living in a finite set A € Z%. Let .#1(Q,) denote the set of all
probability distributions on Q, and let 73 : Q5 — R be a Hamiltonian. Define, for
each up € 41 (Qyp),

Wa(un) = Sa(ua) — By (6.86)

where Sy (up) is the Shannon entropy of ua, which was already considered in Chap-
ter 1. Here, we denote it by

Sa) E - Y pualwn)logua(y), (6.87)
WAEQA
and (4}, represents the average energy under . Our goalis to maximize # (-)
over all probability distributions py € .71 (Qy).

Ay

’@‘ Notice that, at high temperature (small B), the dominant term is the entropy
and Wy is maximal for the uniform distribution (remember Lemma 1.9). On the
other hand, at low temperature (B large) the dominant term is the energy and W is
maximal for distributions with a minimal energy. 3

As we have already seen in Chapter 1, when p, is the Gibbs distribution associ-
I , ~pAEpw)) . .
ated to the Hamiltonian s#, HCKbbS (wp) def %, a simple computation shows

that % (u§**) coincides with the pressure of the system:

W US™) =log Zy .
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298 Chapter 6. Infinite-Volume Gibbs Measures

Lemma 6.74 (Variational principle, finite version). Forall uy € .#1(Q,),

W (un) < Hp (WS,

Gibbs

Moreover, > is the unique maximizer of W ().

Proof. Since log(-) is concave, Jensen’s inequality gives, for all puy € .#1(Q,),

VIXNEEDS uA(wA)loge— <log ), e PN - logZ,,
WAEQA F'A ((,()A) WAEQA
and equality holds if and only if % is constant, that is, if s = u§*. O

The variational principle can be expressed in a slightly different form, useful
to understand what will be done later. Let us define the relative entropy of two
distributions pa, v € .#1(Qp) by

palwn) s
Yoreay Halwpa)log TR if pa < va, (6.88)

Ha(ualva) € .
+00 otherwise.

(The interested reader can find a discussion of relative entropy and its basic prop-
erties in Appendix B.12.) First, Hj can be related to S, by noting that, if 15 denotes
the uniform measure on Q,,

Ha (1A [AA) =10gI1QAl = Sa(1a) - (6.89)

Observe also that
Ha(a L) = WA @§) = #a(pa), (6.90)

so that the variational principle above can be reformulated as follows:

Ha(ua luS™™) =0, with equality if and only if — pp = pS™. (6.91)

Exercise 6.28. Let %Ife_'ﬁ , be the Hamiltonian of the Ising model in V, «

0,...,n—1}% with periodic boundary condition. Show that, among all product
probability measures py, = Q;cy, pi 0N {+ 1}V (where all p; are equal), the unique
measure maximizing

Wy, (i) = Sv, (v,) = B )

is the measure such that p; = v for all i € V,,, where v is the probability measure on
{+1} with mean m satisfying m = tanh(2dfm + h). In other words, the maximum is
achieved by the product measure obtained through the “naive mean-field approach”
of Section 2.5.1. In this sense, the latter is the best approximation of the original
model among all product measures.

The rest of this section consists in extending this point of view to infinite sys-
tems. To formulate the variational principle for infinite-volume Gibbs measures,
we will need to introduce notions playing the role of the entropy and average en-
ergy for infinite systems. This will be done by considering the corresponding den-
sities:

1

1
lim — S (up), im — (), -
A1zd |A] ATHA A1zd [A| Ak
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The existence of these two limits will be established when u, is the marginal of a
translation-invariant measure, in Propositions 6.75 and 6.78.

Remember that ¢ (f®) denotes the set of all probability measures compatible
with the Gibbsian specification 7%, and % (5®) & ¢ (D) N .4, 6(Q).

In the following sections, we will define a functional % : .#) o(Q) — R, using
the densities mentioned above, and characterize the Gibbs measures of ¥ (8®) as
maximizers of % (-). Notice that, since first-order phase transitions can occur on
the infinite lattice, we do not expect uniqueness of the maximizer to hold in general.

Specific entropy and energy density

Remember from the beginning of the chapter that the marginal of p € .#(Q) on

AeZ%is ,uIA po HA € .#)(Qp). Since no confusion will be possible below, we
will write u instead of p|4, to lighten the notations. One can then define the Shan-
non entropy of ¢ in A by

Sa (,ll) SA(,UA),

where Sj (up) was defined in (6.87) (bearing in mind that p5 is now the marginal of
pin A).

Proposition 6.75 (Existence of the specific entropy). Forall pe #,(Q),

s = lim 00“3( 17580 (1) (6.92)

exists and is called the specific entropy of . Moreover,

¢ Sa ()
[A

s(lu) = , (6.93)
and p— s(w) is affine: for all u,v € 4, 9(Q) and a € (0,1),

Slap+(1-a)v)=as(p) + (1 -—a)s(v).

Given u,v € .#,(Q), let us use (6.88) to define the relative entropy of p with
respectto v (on A):

Ha(u1v) € Ha(ka lva).

Lemma 6.76. Forall u,ve #1(Q) and all A € 74,
1. Hp(ulv) =0, with equality if and only if pux = v,
2. (1, v) — Hx(u,v) is convex, and

3. if Ac A, then Ha(u|v) < Ha(ulv).

Proof. The first and second items are proved in Proposition B.66, so let us consider
the third one. We can assume that pyj << v, otherwise the claim is trivial. Then,

A (wa)
H = »
Allv) %(ﬁ(VA(wA))vA(wA)
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300 Chapter 6. Infinite-Volume Gibbs Measures

where ¢(x) o xlogx (x = 0) is convex. We then split wp into wy = TaNA\A, and
consider the summation over n\a, for a fixed 7. Using Jensen’s inequality for the
distribution v conditioned on 7, we get

ua(Ta)
H > =H . O
Al v) >TXA:¢(VA(TA))VA(TA) Alulv)

Corollary 6.77. p— —Sa(u) is convex and, when A, ' € 7% are disjoint,

Saun’ (1) = Sa () + Sar(p) .

Proof. The first claim follows from (6.89) and Lemma 6.76. A straightforward com-

putation shows that, introducing v « pa ® Apc with Axc the uniform product mea-
sure on Qxc, one gets

SA() = Spaua () = Hpauar (ulv) —1loglQarl = Har (ulv) —log|Qarl = =Sar (W)

We used again Lemma 6.76 in the inequality. O

Proof of Proposition 6.75: By Corollary 6.77, the set function a(A) s A (W) is both

translation invariant and subadditive (see Section B.1.3): for all pairs of disjoint
paralellepipeds A, A/, a(AUA') < a(A) + a(A'). The existence of the limit defin-
ing s(u) is therefore guaranteed by Lemma B.6. By Corollary 6.77, S, (-) is concave,
which implies that s(-) is concave too. To verify that it is also convex, consider y «
ap+(1-a)v. Sincelog ', (wp) = log(aua (wa)) and log )y (wa) = log((1-a)va(wa)),

SA(u’) saSp(W+A-a)Sp(v)—alogl-a)-(1-a)log(l—a).

This implies that s(-) is also convex, proving the second claim of the proposition.
O

Exercise 6.29. Show that s(-) is upper semicontinuous, that is,

U= implies limsups(ug) < s(y).

k—o0

Let us now turn our attention to Gibbs measures and consider a potential
® = {DOplgeza- Until the end of the section, we will assume @ to be absolutely
summable and translation invariant, like the potentials considered in Section 6.7.1.
Notice that translation invariance implies that @ is in fact uniformly absolutely
summable:

sup ) IPplle= Y, Pplle <oo.

i€z¢ pezd. Bez:
B>3i B30

Proposition 6.78 (Existence of the average energy density). Forall € .#,9(Q),

. 1
A0, By (Vo) = Wl 699
where
def 1
up= )y —op. (6.95)
Bez4: |B|
B30
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Proof. First,

P def
| Bmo— ) Ojus|< Y. Y IPle= rBuyo- (6.96)
jeBm) jeB(n) B3j:
B¢B(n)

The uniform absolute summability of ® implies that rg,.¢ = 0(IB(n)|) (see Exer-
cise 6.30 below). By translation invariance, (0 ue}, = (ue)u, which concludes the
proof. O

Exercise 6.30. Show that, when ® is absolutely summable and translation invari-
ant,

TB(n)® _

6.97
o 1B 697

The last object whose existence in the thermodynamic limit needs to be proved
is the pressure.

Theorem 6.79. When ® is absolutely summable and translation invariant,

def n
v "~ooﬁ|B(n)| 108Zg po

exists and does not depend on the boundary condition n; it is called the pressure.
Moreover, ® — y(®) is convex on the space of absolutely summable, translation-
invariant potentials: if ®',®? are two such potentials and t € (0,1), then

(10! + (1 - HD?) < ry (@) + (1 - Dy (D?).

We will actually see, as a byproduct of the proof, that the pressure equals

Py (@) =s(w) — flue)y,  YHEG (D), (6.98)

which is the analogue of the Euler relation (1.9).
We will show existence of the pressure by using the convergence proved above
for the specific entropy and average energy. To start:

Lemma 6.80. Let € .#,(Q) and (Vi) n=1, Vn)n=1 be two arbitrary sequences in
A (Q). If either of the sequences

Heo (ulvnng(m)) Heo (ulvnng(m)) (6.99)

(IB( | nz1’ (IB( )]

has a limit as n — oo, then the other one also does, and the limits are equal.

Proof. By the absolute sommability of ®, we have b (wB(m |7m) > 0 for all n, uni-

B( )
formly in wp(,) and n. This guarantees that ug ) < v,7
Therefore,

and pg(, < vnnﬁ

po
B(n) B(m)®

_ _pD

VTt (WB())

® - _po B B

HB(n)(Hanﬂg(n))—HB(n)(MIVnng(m)= Y uBm @m)log————.
WB(n) VnnB(n)(wB(n))
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Since

SUp |8 ;0 (@B NB (1) — B0 (@B TBM)| < 2TBm);0 (6.100)
WB(n)» 11

where rg,,).¢ was defined in (6.96), we have,

- _po
V"”B(n) ((l)B(n))

e~ 4BrBIN® < < 2PrBe

)
V”ng(n] ((l)B(n))
By Exercise 6.30, rg(n).¢ = 0(|B(n)|), which proves the claim. O

Proof of Proposition 6.79: We use Lemma 6.80 with u € 4 (f®), v,, = u, and v, =
0w, for some arbitrary fixed w € Q. Then vnnﬁq) = [, so the first sequence in (6.99)
is identically equal to zero. Therefore, the second sequence must converge to zero.
By writing it explicitly, the second sequence becomes

1

— H Vbt )=
Booy B (1)

1 1
mlogzg(m;ﬁ@ - M{SB(H) (1) = BB 0 (- 0B -
(6.101)

By Propositions 6.75 and 6.78, the second and third terms on the right-hand side are
known to have limits, and the limit of the third one does not depend on w, since,
by (6.100),

(A0 wBme)), = (HBm;w), T OUBM;®) -

Since the whole sequence on the right-hand side of (6.101) must converge to zero,
this proves the existence of the pressure and justifies (6.98). As in the proof of
Lemma 3.5, convexity follows from Hoélder’s inequality. O

Variational principle for Gibbs measures

Proposition 6.81. Let @ be absolutely convergent and translation invariant. Let
v €Y (BD). Then, for all pe 4, 5(Q), the Gibbs free energy

def

h(ul®) = lim ——=Hgg,) V) (6.102)

IB( )]
exists and does not depend on v (only on ®). Moreover, h(u|®) is non-negative and
satisfies

h(p|®) = By (@) — {s(w) — Bua)y}- (6.103)

Proof. If v € 9p(BP), then Hp(,) (t|v) = Hp( (ulvng?m). Therefore, to show the
existence of the limit (6.102), we can use Lemma 6.80 with v,, = v. As earlier, we
choose v, = 4, for which we know that the limit of the second sequence in (6.99)
exists and equals Sy (®) — {s(u) — B{uqe) 4}, as seen after (6.101). O

We can now formulate the infinite-volume version of (6.91).

Theorem 6.82 (Variational principle). Let € .4, 9(Q). Then

1L E G (BD) if and only if h(u|®)=0. (6.104)
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The variational principle stated above establishes the analogy between translation
invariant Gibbs measures and the basic principles of thermostatics, as announced
at the beginning of the section.

We already know from (6.98) that y € ¥ (8®) implies h(u|®) = 0. The proof of
the converse statement is trickier; it will rely on the following lemma.

Lemma 6.83. Let 1, v € 1 ¢(Q) be such that

lim 1 —H (u|v) = (6.105)
ntoo By BOH '

Fix A € Z%. Then, for all 6 > 0 and for all k for which B(k) o A, there exists some
finite region A > B(k) such that

0<Hp(u|v)—Hpaa(ulv)<6. (6.106)

Ay

’@\ We know from item 1 of Lemma 6.76 that, in a finite region, Hx(u|v) = 0
implies pup = v . Although (6.105) does not necessarily imply that y=v, (6.106) will
imply that u and v can be compared to each other on arbitrarily large regions A\ (see
the proof of Theorem 6.82 below). o

Proof. We will use repeatedly the monotonicity of Hy in A, proved in Lemma 6.76.
Fix § > 0 and k so that B(k) o A, and let n be such that

B(n) (,U| V) <

1
1B(m)] 2IB(k)I

If m=|@2n+1)/2k+1)], then at least m% adjacent disjoint translates of B(k) can
be arranged to fit in B(n); we denote them by Bl(k),..., B,,a (k). We assume for
simplicity that B, (k) = B(k) For each ¢ € {2 ..,m%, let iy be such that B, (k) =
ip +B(k). Deﬁne now A([) l[ + A and A(é) Bl(k) U---UBy(k). For commodity,
let Hg (1| v) 0. Since AO)\By(k) c A(0)\A(D),

1 1
i Z Haw (1v) =Ha@nae (I} < — Y {Haw (11v) = Hawng,m (1)}
= =1
1
= wHA(md)(ﬂlv)
1
< WHB(n)(NW)
<90.

In the last line, we used the fact that m? = |B(n)|/(2|B(k)|). Since the first sum over
¢ corresponds to the arithmetic mean of a collection of non-negative numbers, at
least one of them must satisfy

Hawy(ulv) —Haenaw (lv) <6.

One can thus take A dzefel.‘[lA(é); translation invariance of y and v yields the desired
result. =
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304 Chapter 6. Infinite-Volume Gibbs Measures

Proof of Theorem 6.82: Let u € .#1,9(Q) be such that h(u|®) = 0. We need to show
that, for any A € Z¢ and any local function f,

prh® () = pp). (6.107)

By Proposition 6.81, h(i|®) = 0 means that we can take any v € ¢ (®) and assume
that )

lim ——H =0.

A B B (1]v)
In particular, gy < v, for all A € Z%; we will denote the corresponding Radon—
Nikodym derivative by px o ‘S’VJ—IA\. Observe that pp is % -measurable and that, for
all .#-measurable functions g, u(g) = v(pag)-

Fix € > 0. To start, ,unﬁq) (= ,u(nﬁq) f) and, since ngq) f is quasilocal and Fc-

measurable, we can find some .%c-measurable local function g, such that ||7[§(D f-
g+l < €. Let then k be large enough to ensure that B(k) contains A, as well as the

supports of f and g.. In this way, g, is #p ) a-measurable.

Lets & %, and take A > B(k), as in Lemma 6.83. We write

,ungd)(f) = u(f) =,u(n§®f—g*)
+ (u(g) = v(pangs))
+v(oaalgs— ﬂifbf))
+v(oan @ £ )
+v((oaa—pa)f)
+(vioa ) — ().

We consider one by one the terms on the right-hand side of this last display. Since

||7'[§(D [ — 8«llo < €, the first and third terms are bounded by e¢. The second term
is zero since g, is .#p\a-measurable, and the sixth term is zero since f is -
measurable. Now the fourth term is zero too, since pa\a is #ac-measurable and
since v € % (B®) implies that

ViomaGh £) = v(Th* (oaa H) = vih® (oaa f) = vioaa ).
Finally, consider the fifth term. First, notice that

d=Haulv)—Haa(ulv) = u(log ppA

p/\\ ) =v(paadpalpaa)),

)=V(pA10gp

A\A A\A

where ¢(x) x4+ xlog x. It can be verified that there exists r > 0 such that
dx)=r(x—-1]—€/2) Vx=0. (6.108)

Using (6.108),
re
v(eaadoa/paa)) = rvipa —paal) — ER

By definition of ¢, this implies that v(|pa — pa\al) < €. The fifth term is therefore
bounded by €|l f || .. Altogether, Ipnfp (=Nl = 2+ fllwe, which proves (6.107)
since € was arbitrary. O
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We have completed the program described at the beginning of the section:

Theorem 6.84. Let ® be an absolutely summable, translation-invariant potential.
Define the affine functional W : /1 9(Q) — R by

o= (W) = s() — Bluo) -

Then the maximizers of # (-) are the translation-invariant Gibbs measures compat-
ible with nP®.

Continuous spins

As we said at the beginning of the chapter, the DLR formalism can be developed for
much more general single-spin spaces. In this section, we briefly discuss some of
these extensions.

Aslong as the single-spin space remains compact, most of the results stated and
proved in the previous sections hold, although some definitions and some of the
proofs given for Qp = {+1} need to be slightly adapted. In contrast, when the single-
spin space is not compact, even the existence of Gibbs measures is not guaranteed
(even for very reasonable interactions, as will be discussed in Chapter 8).

We discuss these issues briefly; for details on more general settings in which the
DLR formalism can be developed, we refer the reader to [134].

General definitions

Let (Qp,d) be a separable metric space. Two guiding examples that the reader
should keep in mind are S' = {x € R? : || x|, = 1} equipped with the Euclidean dis-
tance, or R with the usual distance |- |.
The distance induces the Borel o-algebra %, on Q, generated by the open sets.
Let
def def

o, ¥al, %ol

The measurable structure on Q, is the product o-algebra

E@/\ d:Ef ® <%0 ’
ieA
which is the smallest o-algebra on Q5 generated by the rectangles, that is, the sets
of the form x;ep Aj, A; € By for all i € A. The projections I1j : Q — Qp are defined
as before. For all A € 749,
def

€ (N) E 1, (Bh)

denotes the o-algebra of cylinders with base in A and, for S  Z¢ (possibly infinite),

R URAN
AES

is the algebra of cylinders with base in S, . % < 5 (%s). As we did earlier, we let ¢ £

Cya, F © Zya, and denote the set of probability measures on (Q,.%) by .# (Q).

Rather than consider general specifications, we focus only on Gibbsian speci-
fications. Let therefore ® = {®plgeza be a collection of maps ®p : Q — R, where
each @p is .#p-measurable, and absolutely summable, as in (6.25). We present two
important examples.
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306 Chapter 6. Infinite-Volume Gibbs Measures

 The O(N) model. This model has single-spin space Qp = {x € RY : x|, = 1}
and its potential can be taken as

—,Bwi-wj itB={i,j},i~],

Pp(w) = {0 (6.109)

otherwise,

where x - y denotes the scalar product of x,y € RN. The case N = 2 corre-
sponds to the XY model, N = 3 corresponds to the Heisenberg model. These
models, and their generalizations, will be discussed in Chapters 9 and 10.

* The Gaussian Free Field. Here, as already mentioned, Qy = R and

Plw;—wj)* fB={i,j},i~]
p(w) =4 Aw? if B = {i},
0 otherwise.

This model will be discussed in Chapter 8, and some generalizations in Chap-
ter 9.

Let %).¢ denote the Hamiltonian associated to ®, in a region A € 74, defined
as in (6.24). For spins taking values in {+1}, a Gibbsian specification associated to a
Hamiltonian was defined pointwise in (6.30) through the numbers 7[‘/1\’ (TAlw). Due
to the a priori continuous nature of Qg (as in the case Qg = S1), the finite-volume
Gibbs distribution must be defined differently, since even configurations in a finite
volume will usually have zero probability.

Assume therefore we are given a measure 1y on (Qo, %), called the reference
measure. 1o need not necessarily be a probability measure. In the case of S! and
R, the most natural choice for Ag is the Lebesgue measure 2. The product measure
on (Qp, Ay), usually denoted ® ;< Ag but which we will here abbreviate by /16\, is
defined by setting, for all rectangles x;cp A;,

A9 (xiend) € T Ao(Ap).
ieA

We then define the Gibbsian specification 7% = {1}, < 7« by setting, forall A€
% and all boundary conditions ) € Q (compare with (6.30)),

ef 1 _
TR (Aln) d=f—,7f La(@anae) e e @) 38 da ), (6.110)
ZA Qp

where
7] € f e~ e @) A (da ).
= Jo,

For convenience, we will sometimes use the following abbreviation:

@ e*tyﬁ\;tb () A
ﬂA(den)zzn—)LO ® 6y (dw), (6.111)
A;®
21n the case Qo = {—1,1}, the (implicitly used) reference measure 1y was simply the counting mea-

sure lg =6_1 +97.
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in which 4;, denotes the Dirac mass on Q¢ concentrated at nac. The expectation
of a function f: Q — R with respect to n%(- |n) thus becomes, after integrating out
over &y,

e*z%ﬁ/\;zp (wAmAC)

N f ) :L Fl@anad)Ad (dwy).

n
A ZA;(I)

All the notions introduced earlier, in particular the notion of consistency of ker-
nels, of Gibbsian specification 7% and of the set of probability measures compatible
with a specification 7%, & (®), extend immediately to this more general setting.

The topological notions related to Q2 have immediate generalizations. Letw € Q.
A sequence (0™),>, < Q) converges to w if, for all j € 74,

d(w;"),wj) —0 asn—oo.

In the present general context, a sequence y, € .#(Q) is said to converge to y €
M (Q), which we write w,, = p, if 2!

Un(f) — p(f) forall bounded local functions f.

DLR formalism for compact spin space

When Q is compact, most of the important results of this chapter have immediate
analogues. The starting point is that (as in the case Qg = {+1}, see Proposition 6.20)
the notions of convergence for configurations and measures make Q and .#,(Q)
sequentially compact. Proceeding exactly as in the proof of Theorem 6.26, the com-
pactness of .1 (Q) and the Feller property allow to show that there exists at least
one Gibbs measure compatible with 1% G (@) £ 0. Although some proofs need to
be slightly adapted, all the main results presented on the structure of ¢ (®) when
Qg = {*1} remain true when Q is a compact metric space. In particular, ¢ (®) is
convex and its extremal elements enjoy the same properties as before:

Theorem 6.85. (Compact spin space) Let ® be an absolutely summable potential.
Let p € 4(®). The following conditions are equivalent characterizations of extremal-

uy.
1. p is extremal.
2. pistrivialon I,: if A€ I, then u(A) is either 1 or 0.
3. All I -measurable functions are p1-almost surely constant.

4. u has short-range correlations: for all A€ . (or, equivalently, for all A€ %),

lim sup |u(AnB)-pu(AuB)|=0. (6.112)
AZ Be 7

Extremal elements can also be constructed using limits:

Theorem 6.86. (Compact spin space) Let 1 € ex¥ (®). Then, for u-almost all o,

ng(n)(-lw)z,u.
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As in the case of finite single-spin space, to each y € ¢ (®) corresponds a unique
probability distribution A, on .#1(Q), concentrated on the extremal measures of
% (@), leading to the following extremal decomposition:

Theorem 6.87. (Compact spin space) For all p € 4 (®),
VBe . %, u(B) = f V(B)/lu(dv). (6.113)
ex¥ (m)

Moreover, A, is the unique measure on .#, (Q) for which such a representation holds.

Finally, uniqueness results similar to Theorems 6.31 and 6.40 hold.

Symmetries

Let (G,-) be a group acting on Qg (this action can then be extended to Q in the
natural way as explained in Section 6.6). The notion of G-invariant potential is the
same as before, but, in order to state the main result about symmetries, we will need
to assume that the reference measure is also invariant under G, that is, 7gA¢ = Ao
forallgeG.

To illustrate this, let us return to the two examples introduced above.

 For the O(N) models, the potential is invariant under the action of the or-
thogonal group O(V), which acts on Q via its representation as the set of
all N x N orthogonal matrices. Observe that the reference measure is then
O(N)-invariant since the determinant of each such matrix is +1.

 For the Gaussian Free Field, the potential is invariant under the action of the
group (R, +) (that is, under the addition of the same arbitrary real number to
all spins of the configuration). Since the reference measure is the Lebesgue
measure, its invariance is clear.

One then gets:

Theorem 6.88. Let G be an internal transformation group under which the reference
measure is invariant. Let w be a G-invariant specification. Then, ¢ (r) is preserved
by G:

HEY (M) =>TgueY (m) VgeG.

A criterion for non-uniqueness

The results on uniqueness and on the extremal decomposition mentioned earlier
hold for of a very general class of specifications. Unfortunately, it is much harder to
establish non-uniqueness in a general setting and one usually has to resort to more
model-specific methods. Two such approaches will be presented in Chapters 7 (the
Pirogov-Sinai theory) and 10 (reflection positivity).

In the present section, we derive a criterion relating non-uniqueness to the
non-differentiability of a suitably-defined pressure 1%, This provides a vast gen-
eralization of the corresponding discussion in Section 3.2.2. This criterion will be
used in Chapter 10 to establish non-uniqueness in models with continuous spin.
For simplicity, we will restrict our attention to translation-invariant potentials of
finite range and assume that Qg is compact.
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Let @ be a translation invariant and finite-range potential, and g be any local
function. For each A € Z%, let A(g) < {i € 7% : supp(go0;) N A # @}. Then define,

for each w € Q,
w

Py E ! log<exp{/1 > gOHj}> (6.114)

|A(g)| jEA(Q) A;CD,

where (‘)X(D denotes expectation with respect to the kernel ﬂ}l\’ (| w).

Lemma 6.89. For any sequence A, ft Z% and any sequence of boundary conditions
(wn)nzl, the limit
wW) = lim gy () (6.115)

exists and is independent of the choice of (A,) =1 and (wp,) n=1. Moreover, A — (1)
is convex.

Although it could be adapted to the present situation, the existence of the pres-
sure proved in Theorem 6.79 does not apply since, here, we do not assume that Qg
contains finitely many elements.

Proof. Notice that |[A,(g)|/|A,] — 0. Using the fact that @ has finite range and that
g islocal, one can repeat the same steps as in the proof of Theorem 3.6. Using the
Hélder Inequality as we did in the proof of Lemma 3.5, we deduce that A — ¢} (1)
is convex. O

Exercise 6.31. Complete the details of the proof of Lemma 6.89.

Remark 6.90. In (6.114), the expectation with respect to ﬂf (-] w) can be substituted
by the expectation with respect to any Gibbs measure p € ¢ (®). Namely, let

vhn s ! log<exp{/l > goej}>u. (6.116)

|A(g)| jeA(®)
Observe that, since (f), = ((f)).¢)u there exist w’,w” (depending on A, @, etc.)

such that

"

(onlt T gen = (ooft T gon)),=(onft T gon),

JEA(®) JEA(R) JEA(g)

(The existence of o', " follows from the fact that, for any local function f, the func-
tion w — ¢ f)ﬁ;q) is continuous and bounded and therefore attains its bounds.) Us-
ing Lemma 6.89, it follows that ¥(1) = lim,,— 1//’1(” A). 3

Remember that convexity guarantees that ¥ possesses one-sided derivatives
with respect to A. As we did for the Ising model in Theorem 3.34 and Proposi-
tion 3.29, we can relate these derivatives to the expectation of g.

Proposition 6.91. For all € 9y (),
oy oy
- lazo= (&= oA* =0 (6.117)
Moreover, there exist u*, u~ € 9y (®), such that
oy 5 oy .
At Ia=0 & oA la=o ~ (- (6.118)
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310 Chapter 6. Infinite-Volume Gibbs Measures

In practice, this result is used to obtain non-uniqueness (namely, the existence of
distinct measures u*, u~) by finding a local function g for which v is not differen-
tiable at A = 0. In the Ising model, that function was g = gy.

Proof. We first use the fact that ¥ = lim,,—. 1//‘;\" (A1) (see Remark 6.90). Since wx is
convesy, it follows from (B.9) that, for all A > 0,

VAW -y O _ dyl 1

= = 00- = ,
1 A+ l1=0 |A(g)|<j€;('g)g ]># (&u

where the last identity is a consequence of the translation invariance of u. Taking
At 2% followed by A | 0, we get the upper bound in (6.117). The lower bound is
obtained similarly.

Let us turn to the second claim. We now use the fact that ¢ =lim,_., wxn, for
any w. We fix A > 0, and use again convexity: for all small € >0,

w

1 <(ZiEA(g) gOH,-)eAZieA(g) g°9i>

YR -y (A-e) <61//X’ B AD
€ oA~ 1x A (eMrieng 8°01)Y
1 1)
=— 0; , 6.119
|A(g)|<,-§<g)(g° s o

where the (translation-invariant) potential ®* = {<D§} Bezd is defined by

ol dp+Agol; if B=0;(suppg),
B Op otherwise.

Let now u' € 4(®*) be translation invariant (this is always possible by adapting the
construction of Exercise 6.22). Integrating both sides of (6.119) with respect to u*,

Y~y (A=) 1
<L 0;) =,
{ e >M<|A(g>|<,-eAZ(g>g° = @

Notice that ||w'A(/1) lloo < 1A gl < 00. Taking A f} 74, followed bye | 0, we get

AN

Y P T VA>0.

(&

A=0"

In the last step, we used item 3 of Theorem B.12. Consider now any sequence
(Ax) k=1 decreasing to 0. By compactness (Theorem 6.24 applies here too), there
exists a subsequence (A, ) m=1 and a probability measure y* such that phim =yt
as m — oo. Clearly, u* is also translation invariant and, by Exercise 6.32 below,
ut € 4(®@). Since g is local, <g>,ﬂk — (g)y+. Applying (6.117) to u©*, we conclude

v
that () i+ = 377 | 120- O

Remark 6.92. It can be shown that the measures u*, u~ in the second claim are in
fact ergodic with respect to lattice translations. 3

Exercise 6.32. Let ()21, ® be translation-invariant potentials of range at most r
and such that II(I>§ ~®pll, — 0 whenk — oo, forall B € 7%, Let ,uk IACL) and i be
a probability measure such that p* = . Then p € 4 (®). Hint: use a trick like (6.35).
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Exercise 6.33. Consider the Ising model on Z%. Prove that B — y'S8(B, h) is dif-
ferentiable whenever |4 (B, h)| = 1. Hint: To prove differentiability at By, combine
Theorem 3.25 and Proposition 6.91 with A = B— o and g = ﬁ Y i~0000;.

Remark 6.93. As a matter of fact, it can be proved !'!! that the pressure of the Ising
model on Z¢ is differentiable with respect to f8 for any values of 8 = 0 and € R, not
only in the uniqueness regime. 3

Exercise 6.34. Consider a one-dimensional model with a finite-range potential @,

and let w(A) denote the pressure defined in (6.115), with g o gg. Use Proposi-
tion 6.91, combined with Theorem 6.40, to show that v is differentiable at A = 0.

Remark 6.94. It can be shown that in one-dimension, the pressure of a model with
finite-range interactions is always real-analytic in its parameters 1%, o

Some proofs

Proofs related to the construction of probability measures

The existence results of this chapter rely on the sequential compactness of Q. This
implies in particular the following property, actually equivalent to compactness:

Lemma 6.95. Let (Cy),>1 € € be a decreasing (Cp41 < Cp,) sequence of cylinders
such that N, C, = . Then C,, = & for all large enough n.

Proof. Let each cylinder C,, be of the form C,, = Hx%n)(An), where A(n) € Z9 and

Ap € Z(Qamy). With no loss of generality, we can assume that A(n) ¢ A(n+1)
(remember the hint of Exercise 6.2). Assume that C,, # @ for all n, and let 0" € C,,.
Since C,, c Cy, for all m > n,

LIING) w™)eA, forallm>n.

By compactness of Q, there exists a configuration w* and a subsequence (w"™) >,
such that ™ — @*. Of course,

Ham(w ) e A, foralln,

which implies w* € C), for all n. Therefore, N, C,, # <. O

Theorem 6.96. A finitely additive set function y: ¢ — Rxo with p(Q) < co always
has a unique extension to .7 .

Proof. To use Carathéodory’s Extension Theorem B.33, we must verify that if y is
finitely additive on %, then it is also o-additive on %, in the sense that if (C,,);>; <
% is a sequence of pairwise disjoint cylinders such that C = U,>; C, € €, then
1(C) = Y51 u(Cp). For this, it suffices to write J,>; C, = Ay U By, where Ay =
UN.,Cn €%, Bn = UnsnCn € €. Notice that, as N — oo, Ay 1 C, and By | @.
Since By+1 € By, Lemma 6.95 implies that there exists some Ny such that By = &
when N > Njy. This also implies that C,, = @ for all n > Ny, and so u(C) = pu(An,) =

Zgil w(Cyp) =Zn21/~t(cﬂ)‘ =

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




6.12.2

6.12.3

312 Chapter 6. Infinite-Volume Gibbs Measures

Proof of Theorem 6.5

We will prove Theorem 6.5 using the following classical result:

Theorem 6.97 (Riesz—-Markov-Kakutani Representation Theorem on Q = {+ I}Zd).
Let L: C(Q) — R be a positive normalized linear functional, that is:

1. If f=0, then L(f) = 0.
2. Forall f,ge C(Q), a,BeR, L(af +Bg) =aL(f)+BL(g).
3. L(1)=1.

Then, there exists a unique measure [ € /1 (Q) such that

L(f):ffdu, forall feC(Q).

This result holds in a much broader setting; its proof can be found in many text-
books. For the sake of concreteness, we give an elementary proof that makes use of

the simple structure of Q = {—1, I}Zd.

Proof of Theorem 6.97: We use some of the notions developed in Section 6.4. Since
= flle = f = I fllo linearity and positivity of L yield |L(f)| < || f|l.. We have already
seen that, for each cylinder C € ¢, 1¢ € C(Q). Let then

def

PO ELace).

Observe that 0 < p(C) < 1, and that if C;,C, € ¥ are disjoint, then u(C; u Cy) =
1(Cy) + u(Cy). By Theorem 6.96, u extends uniquely to a measure on (Q,.%). To
show that p(f) = L(f) for all f € C(Q), let, for each n, f, be a finite linear combina-
tion of the form }'; a;1¢,, C; € €, such that | f;, — fllo — 0. Then u(f,) = L(f) for
all n, and therefore

() = LOI < () —p(f + L) —LOI <21 fu— fllo— 0
as n — oo. O

We can now prove Theorem 6.5. Since a state (-) is defined only on local func-

tions, we must first extend it to continuous functions. Let f € C(Q2) and let (f;,) n>1

be a sequence of local functions converging to f: |l f; — fll.o — 0. Define (f) &«

lim,(f;). This definition does not depend on the choice of the sequence (f;,);>1-
Namely, if (g,) =1 is another such sequence, then |{f;;) = <(g)| < | fn — 8nlleo <l f1. —
flleo + 1181 — fllo — 0. The linear map (-) : C(Q2) — R then satisfies all the hypotheses
of Theorem 6.97, which proves the result. O

Proof of Theorem 6.6

We first define a probability measure on 4 and then extend it to .% using Carathéo-
dory’s Extension Theorem (Theorem B.33). Consider a cylinder C € € (A). Then C
can be written in the form C = 1'[1‘\l (A) where Ae &2 (Q,). Let then

def

(O = pa(A).
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The consistency condition (6.4) guarantees that this number is well defined. Name-
ly, if C can also be written as C = 7'[/_\,1 (A", where A’ € 2(Q,s), we must show that
u1a(A) = pup(A'). But (remember Exercise 6.2), if A is large enough to contain both
Aand A’, one can write C = ;' (B), for some B € 2(Q,). But then A =11, (I} (B)),
and so

pa(A) = pa (TTA (T3 (BY) = pa (TR (A)) = pa(B).
The same with A’ gives up (A) = pa (A") = ua(B).
One then verifies that u, defined as above, defines a probability measure on
cylinders. For instance, if C;,C, € ¢ are disjoint, then one can find some A € 74

such that C; = H;l(Al), C = H&l(Az), where A, Ay € P(Qp) are also disjoint.
Then,

[(C1U Cy) = (T (A1 U Ap)) = pia (Ay U Ap)
= pa (A1) + ua(A2)
= p(I, 1 (A1) + (I (A2)) = u(Cr) + p(Co) .

By Theorem 6.96, p extends uniquely to a probability measure on .%#, and (6.4)
holds by construction.

Remark 6.98. Kolmogorov’s Extension Theorem holds in more general settings, in
particular for much more general single-spin spaces. o

Proof of Theorem 6.24

Let {C;,Cy,...} be an enumeration of all the cylinders of € (Exercise 6.2). First,
we can extract from the sequence (u1,(C1))n21 < [0,1] a convergent subsequence
(ynl,j (C1)) j=1 such that

penE jlim Hny ;(C1)  exists.
—00

Then, we extract from (up, ; (C2)) j=1 € [0, 1] a convergent subsequence (i, ; (C2)) j=1
such that

w(Co) o lim pi, ;(Cp)  exists.
j—oo

This process continues until we have, for each k = 1, a subsequence (7, ;) j=1 such
that

(Cy) déf]liggO g (Ci).

By considering the diagonal sequence (n; ;) j=1, we have that Hn;; (C) — u(C) for
all C € ¥. Proceeding as in the proof of Theorem 6.97, using Lemma 6.95, we can
verify that u is a probability measure on % and use again Theorem 6.96 to extend it
to a measure y on .% . Obviously, Pnj; = L

Proof of Proposition 6.39

To lighten the notations, we will omit f® most of the time. Let S. denote the sup-
port of f. Assume that A is sufficiently large to contain S, and let A’ L ANS,.
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Writing na =ns, 1, we have, by definition,

1 Yy
af(w) = Z_wa(TIS*)e BANMAwpC)
A TIA
]' - %/ﬁ, ! C
= 75 L FRs.) Y e P s, 0n
A 1S N
ze,
=y F;g(ns*)z_{}), (6.120)
7S A
where we have abbreviated 175, wc by ', and defined
Fms) S fmsyexpl-p Y @p0s.on}.
BnS.#9
BnA'=2
First, observe that
lim F¥(ns,) = f(n)s,) expq— Dpns.)t, (6.121)
A, FX(15.) = f (ns p{ ﬁB;S* 5(ms.)}

the latter expression being independent of A and w. Indeed, by the absolute
summability of the potential @,

Vi, lim ) [®gll,=0 sothat lim ) [®gl.=0.
' Bsi MZ? BnS, #2
diam(B)>r BNAS#2

F{ (n+) thus becomes independent of w in the limit A 1 7%. We will now prove
that the same is true of the ratio appearing in (6.120). In order to do this, we will
show that, when f is small, the ratio can be controlled using convergent cluster
expansions, leading to crucial cancellations. We discuss explicitly only the case of
Z9, the analysis being the same for Z‘[‘\':

An application of the “+1 —1 trick” (see Exercise 3.22) yields

o P — [T e?® =Y [] (eF*-1),
BNA#QD B BeA
where the sum is over all finite collections % of finite sets B such that BN A # &.
Of course, we can assume that the only sets B used are those for which ®p # 0 (this
will be done implicitly from now on). We associate to each collection % a graph, as
follows. To each B € 4 is associated an abstract vertex x. We add an edge between
two vertices x, x’ if and only if they are associated to sets B, B’ for which Bn B’ # &.
The resulting graph is then decomposed into maximal connected components. To
each such component, say with vertices {x,..., X}, corresponds a collection y =

{B1,..., By}, called a polymer. The support of y is defined by y & Biu---UBg. In
Zj”\, one can interchange the summations over wy € Q) and % and obtain

zy =2y []wm),
I yer

where the sum is over families T such that y ¥’ = @ whenever y = {By,..., By} and
Y ={B,..., B,’C,} are two distinct collections in I'. The weight of y is defined by

) 2N 5 ] (e attsond ).
Nyna Bey
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To avoid too heavy notations, we have not indicated the possible dependence of
these weights on w and A. Observe that, when y c A, w(y) does not depend on w.
The following bound always holds:

wp)l= [T 1e s —1),. (6.122)
Bey

We now show that, when f is small, the polymers and their weights satisfy condi-
tion (5.10) that guarantees convergence of the cluster expansion for logZ? . We will

use the function a(y) oef [yl

Lemma 6.99. Lete = 0. Assume that

aZsup Y e PP —1],eB*OBI < 1. (6.123)
i€Z4 B3i

Then, for all yo, uniformly in w and A,

> wme™ O < px). (6.124)
Y:yNYyo#<

Exercise 6.35. Show that, for any € = 0, any potential ® satisfying (6.50) also satis-
fies (6.123) once B is small enough.

Proof of Lemma 6.99: Let b(y) denote the number of sets B; contained in y. Let, for
aln=1,
& Emax Y w(y)lettOM, (6.125)
ieA VO EL
b(y)sn

We will show that, when (6.123) is satisfied,
() <a, Vn=1, (6.126)

which of course implies (6.124) after letting n — oo.
Let us first consider the case n = 1. In this case, y contains a single set B and so
Iw(y)| < =P8 —1|,. This gives

§) <max ) e PO -1 M < a
B>i

Let us then assume that (6.126) holds for n, and let us verify that it also holds for
n+1. Sincey 3 i, each polymer y appearing in the sum for n+1 can be decomposed
(not necessarily in a unique manner) as follows: y = {By} U Y(U U---u y(k), where
By 3 i and the y/)s are polymers with disjoint support such that b(y")) < n and
7(j) N By # . Since the ?(j )s are disjoint,

k .
wp)l < 2%0le7 P50 — 1)1, TT Iwey)l.
j=1

We have [y| < |By| + Zle |7(j )I and therefore, for a fixed By, we can sum over the
polymers Y/ and use the induction hypothesis, obtaining a contribution bounded
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by

1 1

k _ .
Yoo Y [IwgWetroric v E(IBoIE(n))ks eIBol

k=0 k! OF yk. o j=1 k=0
TVnBozo  7PnBy o
byWy=n by®)<n

and we are left with

En+1)< Z 2|Bol||e—ﬁ<1>30 _ 1||ooe(1+€)\30|ea|30| <a.
Bp30

In the last inequality, we used a < 1 and the definition of a. O

Proof of Proposition 6.39: Let € > 0 and let 8; be such that (6.123) holds for all § <
B1 (Exercise 6.35). We study the ratio in (6.120) by using convergent cluster expan-
sions for its numerator and denominator. We use the terminology of Section 5.6.
We denote by y the set of clusters appearing in the expansion of logZ%; the latter
are made of polymers y = {Bj,..., B} for which B; n A # & for all i. The weight of
X € xa is denoted Wy , (X) (see (5.20)); it is built using the weights w(y), which can
depend on w if y has a support that intersects A°. Similarly, we denote by y s the
set of clusters appearing in the expansion of logZ% ; the latter are made of polymers
¥ ={By,..., Bg} for which B; n A’ # @. The weight of X € y,: is denoted ¥ 5/ (X).
Let us denote the support of X by X « Uyex 7. Taking § < 1 guarantees in partic-
ular that B
Y. wmle" <yl
Y:¥NYo# D

so we can expand that ratio using an absolutely convergent cluster expansion for
each partition function:

exp Z Xeya \PA',w’(X)
_2—IS*|eXp{ZX€7fA’ \PA/:‘”/(X)}_ —184] { XnS. £ }

Z exp{Txer, w0} explY xexn Waw(0}
XNS.#D

!
Z‘X,

The second identity is due to the fact that each cluster X € y,s in the numerator
whose support does not intersect S, also appears, with the same weight, in the
denominator as a cluster X € y 5. Their contributions thus cancel out. Among the
remaining clusters, there are those that intersect A°. These yield no contribution
in the thermodynamic limit. Indeed, considering the denominator for example,

> |¥au(0] <IS.Imax > [ a0 ()], (6.127)
Xexa: €8s X:X3i
XNS.#£D diam(X)=d(S«,A%)
XNA£D

and this last sum converges to zero when A { 74, Indeed, we know (see (5.29)) that

Y Pae@]=)Y Y |YaeX)|

X:X3i Nzl x:Xsi
diam(X)=N
is convergent. Therefore, the second sum above goes to zero when N — oo, allowing
us to conclude that the contribution of the clusters intersecting A® vanishes when
Atz
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We are thus left with the clusters X which are strictly contained in A and inter-
sect S.. The weights of these do not depend on wpc anymore (for that reason, the
corresponding subscripts will be removed from their weights), but those which ap-
pear in the numerator have weights that still depend on 7, and their weights will
be written, for simplicity, as ¥;,_. We get

!

Vil
lirrbz—g:exp{ Y W 0- Y vl
AZE Ly X:XES, X:XNS, 2D
XNS,.£D

Combined with (6.120) and (6.121), this completes the proof of the first claim.

Let us then see what more can be done when ® has finite range: r(®) < co. In
this case, F{ (ns,) becomes equalto its limit as soon as A is large enough. Moreover,
each cluster X = {yy,...,y,} in the second sum of the right-hand side of (6.127)
satisfies 11", ;| = d(S«, A°)/r(®). We can therefore write

|\PA,w(X)| < e—Ed(S*,AC)/r(CD) \\Iji\‘w(xn ,

where ¢  (X) is defined as W, (X), with w(y) replaced by w(y)e"!. Since this

modified weight w(y)e"! also satisfies the condition ensuring the convergence of
the cluster expansion (see (6.124)),

Z | |“I'A,w(X)| < o €dSAN T @) Z .l‘Pi,w(XW
diam(%i(da(ls*,/\c) e

This last series is convergent as before. Gathering these bounds leads to (6.53). O
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Although our aim is to be more introductory, large parts of the present chapter have
benefited from that book, and the interested reader can consult the latter for ad-
ditional information and generalizations. We also strongly encourage the reader
to have a look at its section on Bibliographical Notes, the latter containing a large
amount of information, presented in a very readable fashion.

Texts containing some introductory material on Gibbs measures include, for
example, the books by Prum [282], Olivieri and Vares [258], Bovier [37] and Rassoul-
Agha and Seppadldinen [283], the monograph by Preston [278], the lecture notes
by Fernandez [101] and by Le Ny [213]. The paper by van Enter, Ferndndez, and
Sokal [343] contains a very nice introduction, mostly without proofs, with a strong
emphasis on the physical motivations behind the relevant mathematical concepts.
The books by Israel [176] and Simon [308] also provide a general presentation of the
subject, but their point of view is more functional-analytic than probabilistic.

Uniqueness. Dobrushin’s uniqueness theorem, Theorem 6.31, was first proved
in [88], but our presentation follows [108]; note that additional information can be
extracted using the same strategy, such as exponential decay of correlations.

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook



318 Chapter 6. Infinite-Volume Gibbs Measures

It can be shown that Dobrushin’s condition of weak dependence cannot be im-
proved in general [309, 178].

The one-dimensional uniqueness criterion given in Theorem 6.40 was origi-
nally proved in [49].

The approach in the proof of Theorem 6.38 is folklore.

Extremal decomposition. The integral decomposition (6.74) is usually derived
from abstract functional-analytic arguments. Here, we follow the measure-theoretic
approach exposed in [134], itself based on an approach of Dynkin [97].

Variational principle. The exposition in Section 6.9 is inspired by [134, Chap-
ter 15]. For a more general version of the variational principle, see Pfister’s lecture
notes [274]. Israel’s book [176] develops the whole theory of Gibbs measures from
the point of view of the variational principle and is a beautiful example of the kind
of results that can be obtained within this framework.

6.14 Complements and further reading

6.14.1 The equivalence of ensembles

The variational principle allowed us to determine which translation-invariant infinite-
volume measures are Gibbs measures. In this section, we explain, at a heuristic
level, how the same approach might be used to prove a general version of the equiv-
alence of ensembles, which we already mentioned in Chapter 1 and in Section 4.7.1.

For simplicity, we avoid the use of boundary conditions. Consider a finite region
A € 7% (for example a box), and let Q5 be as before. To stay simple, assume that
the Hamiltonian is just a function 73 : Qp — R.

In Chapter 1, we introduced several probability distributions on Q, that were
good candidates for the description of a system at equilibrium. The first was the

microcanonical distribution in.“U, defined as the uniform distribution on the en-

ergy shell .y & {w e Qy : H)(w) = U}. The second one was the canonical Gibbs
distribution at inverse temperature f defined as ;g Y Zyp.

Obviously, these two distributions differ in finite volume. In view of the equiva-
lence between these different descriptions in thermodynamics, one might however
hope that these distributions yield similar predictions for large systems, or even be-
come “identical” in the thermodynamic limit, at least when U and f are related in
a suitable way. Properly stated, this is actually true and can be proved using the
theory of large deviations.

In this section, we give a hint as to how this can be shown, but since a full proof
lies beyond the scope of this book, we will only motivate the result by a heuristic
argument. The interested reader can find precise statements and detailed proofs in
the papers of Lewis, Pfister and Sullivan [222, 223], or Georgii [133] and Deuschel,
Stroock and Zessin [78]; a pedagogical account can be found in Pfister’s lecture
notes [274].

One way of trying to obtain the equivalence of VX‘CU and py;p in the thermo-
dynamic limit is to proceed as in Proposition 6.81 and Theorem 6.82, and to find
conditions under which

1 4
WHA(vaUW,\;ﬁ) —0, whenAtZz?. (6.128)
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Although the setting is not the same as the one of Section 6.9.3 (in particular, the
distributions under consideration are defined in finite volume and are thus not
translation invariant), the variational principle at least makes it plausible that when
this limit is zero, the thermodynamic limit of vx‘“U is an infinite-volume Gibbs mea-
sure. (Let us however emphasize that the proofs mentioned above do not proceed
via (6.128); their approach is however similar in spirit.)

Remember that, for a finite system, a close relation between VX‘“U and pp,p
was established when it was shown, in Section 1.3, that if 8 is chosen properly as
p = pW), then (), = U and pp;p has a maximal Shannon Entropy among all
distributions with this property. A new look can be given at this relation, in the
light of the variational principle and the thermodynamic limit. Namely, observe
that
T >Mic 1

1 ) 1 )
—HAWYE N p.g) = ——Sp (V) + B{ == +—logZ,
A AWy L HA;p) Al AVA) ﬁ< A/ Al 0872

1lgIQ |+ﬁU+ 1ng

=——10 AU —— + ——1084\;5.

Al IAl Al P

In view of this expression, it is clear how (6.128) can be guaranteed. As was done
for the variational principle in infinite volume, it is necessary to work with densi-
ties. So let us consider A 1 74 , and assume that U also grows with the system, in

such a way that % — U € (Mmin, hmax), where Rmin &ef infy inf,,, ’}/ 5?[(\‘7’“) , and hmax &
I
sup, sup,,, /I\/(\TA) .
As we explained in (1.37),
1 . _ _
lim v logZx;p=— ub%f{ﬁu — Spoiz ()},
where sy, is the Boltzmann entropy density
def ;. 1
Soiz(4) = lim —1og|Qx;ul.
[A
This shows that
.1 ic . _ _
lim Al HA (Vi | 1azp) = Bt — Spore (1) — Infifa = Sno, ()} (6.129)

Now, the infimum above is realized for a particular value & = @i(f). If § is chosen
in such a way that #(f) = u, we see that the right-hand side of (6.129) vanishes as
desired. To see when this is possible, an analysis is required, along the same lines
as what was done in Chapter 4 to prove the equivalence of the canonical and grand
canonical ensembles at the level of thermodynamic potentials.

We thus conclude that if equivalence of ensembles holds at the level of the ther-
modynamic potentials, then it should also hold at the level of measures. As men-
tioned above, this conclusion can be made rigorous.

Pathologies of transformations and weaker notions of Gibbsianness.

The notion of Gibbs measure presented in this chapter, although efficient for the
description of infinite systems in equilibrium, is not as robust as one might expect:
the image of a Gibbs measure under natural transformations 7' : QO — Q can cease
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to be Gibbsian. An example of such a transformation has been mentioned in Sec-
tion 3.10.11, when motivating the renormalization group.

Consider for example the two-dimensional Ising model at low temperature. Let
R ljl:ef{(i,O) € 7% : i € Z} and consider the projection Iy : © = () jez2 — (@))jeg-
The image of “Eo under I ¢ is a measure v;g on {+1}%. It was shown by Schon-

mann [295] that v;; is not a Gibbs measure: there exists no absolutely summable
+

potential ® so that v P

D.

Before that, from a more general point of view, it had already been observed
by Griffiths and Pearce [147], and Israel [177], that the same kind of phenomenon
occurs when implementing rigorously certain renormalization group transforma-
tions. This is an important observation inasmuch as the renormalization group is
often presented in the physics literature as a map defined on the space of all inter-
actions (or Hamiltonians) (see the brief discussion in Section 3.10.11). What this
shows is that such a map, which can always be defined on the set of probability
measures, does not induce, in general, a map on the space of (physically reason-
able) interactions.

More recently, there has been interest in whether the evolution of a Gibbs mea-
sure at temperature T under a stochastic dynamics corresponding to another tem-
perature T’ remains Gibbsian (which would again mean that one could follow the
dynamics on the space of interactions). The observation is that the Gibbsian char-
acter can be quickly lost, depending on the values of T and T’, see [341] for exam-
ple.

A general discussion of this type of issues can be found in [343].

These so-called pathologies have led to the search for weaker notions of Gibbs
measures, which would encompass the one presented in this chapter but would re-
main stable under transformations such as the one described above. This research
had originally been initiated by Dobrushin, and is nowadays known as Dobrushin’s
restoration program. A summary of the latter can be found in the review of van En-
ter, Maes and Shlosman [342]. Other careful presentations of the subject are [101]
and [213].

is compatible with the Gibbsian specification associated to

Gibbs measures and the thermodynamic formalism.

The ideas and techniques of equilibrium statistical mechanics have been useful in
the theory of dynamical systems. For instance, Gibbs measures were introduced in
ergodic theory by Sinai [311]. Moreover, the characterization of Gibbs measures via
the variational principle of Section 6.9 is well suited for the definition of Gibbs mea-
sures in other settings. In symbolic dynamics, for instance, an invariant probability
measure is said to be an equilibrium measure if it satisfies the variational princi-
ple. The monograph [40] by Bowen is considered as a pioneering contributions to
this field. See also the books by Ruelle [291] or Keller [187], as well as Sarig’s lecture
notes [294].
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