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7 Pirogov–Sinai Theory

As we have already discussed several times in previous chapters, a central task of
equilibrium statistical physics is to characterize all possible macroscopic behaviors
of the system under consideration, given the values of the relevant thermodynamic
parameters. This includes, in particular, the determination of the phase diagram of
the model. This can be tackled in at least two ways, as was already seen in Chap-
ter 3. In the first approach, one determines the set of all infinite-volume Gibbs
measures as a function of the parameters of the model. In the second approach,
one considers instead the associated pressure and studies its analytic properties as
a function of its parameters; of particular interest is the determination of the set of
values of the latter at which the pressure fails to be differentiable.

Our goal in the present chapter is to introduce the reader to the Pirogov–Sinai
theory, in which these two approaches can be implemented, at sufficiently low tem-
peratures (or in other perturbative regimes), for a rather general class of models.
This theory is one of the few frameworks in which first-order phase transitions can
be established and phase diagrams constructed, under general assumptions.

To make the most out of this chapter, the reader should preferably be familiar
with the results derived for the Ising model in Chapter 3, as those provide useful
intuition for the more complex problems addressed here. He should also be famil-
iar with the cluster expansion technique exposed in Chapter 5, the latter being the
basic tool we will use in our analysis. However, although it might help, a thorough
understanding of the theory of Gibbs Measures, as exposed in Chapter 6, is not re-
quired.

Conventions. We know from Corollary 6.41 that one-dimensional models with
finite-range interactions do not exhibit phase transitions and thus possess a trivial
phase diagram at all temperatures. We will therefore always assume, throughout
the chapter, that d ≥ 2.

It will once more be convenient to adopt the physicists’ convention and let
the inverse temperature β appear as a multiplicative constant in the Boltzmann
weights and in the pressures. To lighten the notations, we will usually omit to men-
tion β and the external fields, especially for partition functions.
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7.1 Introduction

Most of Chapter 3 was devoted to the study of the phase diagram of the Ising model
as a function of the inverse temperatureβ and magnetic field h. In particular, it was
shown there that, at low temperature, the features that distinguish the regimes h <
0, h = 0, h > 0 are closely related to the ground states of the Ising Hamiltonian, that
is, the configurations with lowest energy. These are given by η− if h < 0, η+ if h > 0
and both η+ and η− if h = 0 (we remind the reader that η+ and η− are the constant
configurations η±i =±1 for all i ∈Zd ). In dimension d ≥ 2, the main features of the
behavior of the model at low temperature can then be summarized as follows:

• When h < 0, resp. h > 0, there is a unique infinite-volume Gibbs measure:
G (β,h) = {µβ,h}. Moreover, the pressure h 7→ψβ(h) is differentiable (in fact:
analytic) on these regions.

• At h = 0, a first-order phase transition occurs, characterized by the non-dif-
ferentiability of the pressure:

∂ψβ

∂h−

∣∣∣
h=0

̸=
∂ψβ

∂h+

∣∣∣
h=0

.

When h = 0, the system becomes sensitive to the choice of boundary condi-
tion, in the sense that imposing+ or−boundary condition yields two distinct
Gibbs measures in the thermodynamic limit,

µ+
β,0 ̸=µ−

β,0 .

As seen when implementing Peierls’ argument, at low temperature the typi-
cal configurations under each of these measures are described by small local
deviations away from the ground state corresponding to the chosen bound-
ary condition. Later, we will refer to this phenomenon as the stability of the
two ground states (or of the two + and − boundary conditions) at the transi-
tion point.

These features can thus be summarized by the following picture:

h

ψβ(h)

|G (β,h)| > 1

|G (β,h)| = 1|G (β,h)| = 1

+ phase− phase

Figure 7.1: The phase diagram and pressure of the Ising model on Zd , d ≥ 2,
at low temperature.

We emphasize that the symmetry under the global spin flip enjoyed by the Ising
model when h = 0 was a crucial simplifying feature when proving these results, and
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especially when implementing Peierls’ argument (remember how spin flip symme-
try was used on page 113).

In view of the above results, it is natural to wonder whether phase diagrams can
be established rigorously for other models with more complicated interactions, in
particular for models which do not enjoy any particular symmetry.

This is precisely the purpose of the Pirogov–Sinai theory (abreviated PST be-
low). Even though the theory applies in more general frameworks, we will only dis-
cuss models with finite single-spin space and finite-range interactions. Let us just
mention two examples, the second of which will be the main subject of this chapter.
(Other fields of applications will be described in the bibliographical notes.)

7.1.1 A modified Ising model

Consider, for example, the following modification of the formal Hamiltonian of the
Ising model:

−
∑

{i , j }∈E
Zd

ωiω j +ϵ
∑

{i , j ,k}
ωiω jωk −h

∑
i∈Zd

ωi , (7.1)

where the second sum is over all triples {i , j ,k} having diameter bounded by 1, and
ϵ is a small, fixed parameter.

When ϵ= 0, this model coincides with the Ising model. But, as soon as ϵ ̸= 0, the
Hamiltonian is no longer invariant under a global spin flip when h = 0, and there
is no reason anymore for h = 0 to be the point of coexistence. Nevertheless, when
|ϵ| is small, η− and η+ are the only possible ground states (see Exercise 7.6), and
one might expect this model and the Ising model to have similar phase diagrams,
except that the former’s might not be symmetric in h when ϵ ̸= 0.

The above modification of the Ising model can be studied rigorously using the
methods of PST. It can be proved that, once β is sufficiently large, there exists for all
ϵ (not too large) a unique transition point ht = ht (β,ϵ) such that the pressure h 7→
ψmodif
β,ϵ (h) is differentiable when h < ht and when h > ht , but is not differentiable at

ht :
∂ψmodif

β,ϵ

∂h−

∣∣∣
h=ht

̸=
∂ψmodif

β,ϵ

∂h+

∣∣∣
h=ht

.

In fact, the theory also provides detailed information on the behavior of ht as a
function of β and ϵ and allows one to construct two distinct extremal Gibbs mea-
sures when h = ht .

We will not discuss the properties of this model in detail here [1], but after hav-
ing read the chapter, the reader should be able to provide rigorous proofs of the
above claims.

7.1.2 Models with three or more phases

The PST is however not restricted to models with only two equilibrium phases. In
this chapter, in order to remain as concrete as possible, a large part of the discussion
will be done for one particular model of interest: the Blume–Capel model [2]. In
the latter, spins take three values, ωi ∈ {+1,0,−1}, and the formal Hamiltonian is
defined by ∑

{i , j }∈E
Zd

(ωi −ω j )2 −h
∑

i∈Zd

ωi −λ
∑

i∈Zd

ω2
i . (7.2)
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324 Chapter 7. Pirogov–Sinai Theory

Depending on the values of λ and h, this Hamiltonian has three possible ground
states, given by the constant configurations η+, η0 and η− (ignoring, for the mo-
ment, possible boundary effects). The set of pairs (λ,h) ∈ R2 then splits into three
regions U +,U 0,U − such that η# is the unique ground state when (λ,h) belongs
to the interior of U #. The picture represented on Figure 7.2a illustrates this, and is
called the zero-temperature phase diagram.

We will prove that, at low temperature, the phase diagram is a small deforma-
tion of the latter (in a sense which will be made precise later); see Figure 7.2b.

h

λ

U +

U −

U 0

a) T = 0

triple point

coexistence lines

λ

h

U 0
β

U −
β

U +
β

b) T > 0 (small)

Figure 7.2: The Blume–Capel model at T = 0 (β=∞) and small T > 0 (β<∞,
large). a) At zero temperature, the phase diagram is just a partition of the
(λ,h) plane into regions with different ground state(s): when (λ,h) ∈U #, η#

is a ground state. On the boundaries of these regions, several ground states
coexist. In particular, there are three ground states when (λ,h) = (0,0). b)
At low temperature, the phase diagram is a small and smooth deformation
of the zero-temperature one. When (λ,h) ∈U #

β
, an extremal Gibbs measure

µ#
β;λ,h can be constructed using the boundary condition #; typical configura-

tions under this measure are described by small deviations from the ground
state η#. There exists a triple point (λt ,0), at which these three distinct ex-
tremal Gibbs measures coexist. From the triple point emanate three coex-
istence lines. On each of the latter, exactly two of these measures coexist. .
The rest of the diagram consists of uniqueness regions. The symmetry by a
reflection across the λ-axis is due to the invariance of the Hamiltonian un-
der the interchange of + and − spins. This phase diagram will be rigorously
established in Section 7.4.

We will see in Theorem 7.36 that the pressure (λ,h) 7→ψβ(λ,h) is differentiable
everywhere, except on the coexistence lines, across which its derivatives are dis-
continuous.

A qualitative plot of ψβ can be found in Figure 7.3.

The analysis will also provide information on the structure of typical configura-
tions, in Corollary 7.44.

Remark 7.1. The principles underlying the Pirogov–Sinai theory are rather general,
robust and apply in many situations. Nevertheless, their current implementation
requires perturbative techniques. As a consequence, this theory can provide pre-
cise information regarding the dependence of a model on its parameters only for
regions of the parameters space which lie in a neighborhood of a regime that is
already well understood. In this chapter, the latter will be the zero-temperature
regime, and the results will thus only hold at sufficiently low temperatures (usually,
very low temperatures). ⋄
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h

λ

ψβ(λ,h)

Figure 7.3: A qualitative plot of the pressure of the Blume–Capel at low tem-
perature.

7.1.3 Overview of the chapter

We will first introduce the general notion of ground state in Section 7.2 and describe
the basic structure that a model with finite-range interactions should have in order
to enter the framework of the Pirogov–Sinai theory. Ultimately, this will lead to a
representation of its partition function as a polymer model in Section 7.3.

In a second step, we will study those polymer models at low temperature and
construct the phase diagram in Section 7.4. For the sake of concreteness, as in the
rest of the book, we will avoid adopting too general a point of view and implement
this construction only for the Blume–Capel model. The reason for this choice is that
the latter is representative of the class of models to which this approach can be ap-
plied: Its analysis is sufficiently complicated to require the use of all the main ideas
of PST, but simple enough to keep the discussion (and the notations) as elemen-
tary as possible. On the one hand, the absence of symmetry between the 0 and ±1
spins makes it impossible to implement a “naive” Peierls’ argument, as was done
for the Ising model (remember how the ratio of partition functions was bounded
on page 113). On the other hand, since this model includes two external fields (h
and λ), its phase diagram has already a nontrivial structure, containing coexistence
lines and a triple point, as shown on Figure 7.2.

We are confident that, once he has read carefully the construction of the phase
diagram of the Blume–Capel model, the reader should be able to adapt the ideas to
new situations.

7.1.4 Models with finite-range translation invariant interactions

The models to which PST applies are essentially those introduced in Section 6.3.2,
with a potential Φ satisfying a set of extra conditions that will be described in the
next section.
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The distance on Zd used throughout this chapter is the one associated to the

norm ∥i∥∞
def= max1≤k≤d |ik |. The diameter of a set B ⊂ Zd , in particular, is defined

by

diam(B)
def= sup

{
d∞(i , j ) : i , j ∈ B

}
,

where d∞(i , j )
def= ∥ j − i∥∞. We will use two notions of boundary: for A ⊂Zd ,

∂ex A
def= {

i ∈ Ac : d∞(i , A) ≤ 1
}

, (7.3)

∂in A
def= {

i ∈ A : d∞(i , Ac) ≤ 1
}

. (7.4)

As in Section 6.6, the translation by i ∈ Zd will be denoted by θi and can act on
configurations, events and measures.

We assume throughout that the single-spin space Ω0 is finite and set, as usual,

ΩΛ
def= ΩΛ0 , andΩ

def= ΩZ
d

0 .

All the potentials Φ = {ΦB }B⋐Zd considered in this chapter will be of finite
range,

r (Φ) = inf
{
R > 0 : ΦB ≡ 0 for all B with diam(B) > R

}<∞ ,

and invariant under translations, meaning that

Φθi B (θiω) =ΦB (ω) , ∀i ∈Zd , ∀ω ∈Ω .

The notations concerning Gibbs distributions associated to a potential Φ are
those used in Section 6.3.2. For instance, the Hamiltonian in a region Λ ⋐ Zd is
defined as usual by

HΛ;Φ(ω)
def=

∑

B⋐Zd :
B∩Λ̸=∅

ΦB (ω) , ω ∈Ω . (7.5)

The partition function (denoted previously by Zη
Λ;Φ, see (6.31)) will be denoted

slightly differently, in order to emphasize its dependence on the set Λ, for reasons
that will become clear later:

Zη
Φ

(Λ)
def=

∑

ω∈Ωη
Λ

exp
(−βHΛ;Φ(ω)

)
. (7.6)

We remind the reader thatΩη

Λ

def= {
ω ∈Ω : ωΛc = ηΛc

}
.

The pressure is obtained by considering the thermodynamic limit along a se-
quenceΛ ⇑Zd :

ψ(Φ)
def= lim

Λ⇑Zd

1

β|Λ| logZη
Φ

(Λ) . (7.7)

In Theorem 6.79, we showed the existence of this limit along the sequence of boxes
B(n), n → ∞, for absolutely summable potentials. When the range is finite, exis-
tence can also be obtained by a simpler method.

Exercise 7.1. Adapting the proof of Theorem 3.6, show that ψ(Φ) exists, depends
neither on η nor on the sequence Λ ⇑Zd and is convex.
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7.2 Ground states and Peierls’ Condition

Loosely speaking, the main outcome of the Pirogov–Sinai theory is the determi-
nation of sufficient conditions that guarantee that typical configurations at (suffi-
ciently low) positive temperatures are perturbations of those at zero temperature.
As we already saw in the discussion of Section 1.4.3, typical configurations at zero
temperature are those of minimal energy, that is, the ground states. Our first task is
to find a suitable extension of this notion to infinite systems.

Remark 7.2. Note that what we call ground states, below, are in fact configurations
(elements of Ω). This use of the word state should thus not be confused with that
of earlier chapters, in which a state was a suitable linear functional acting on local
functions. ⋄

Since HΛ;Φ is usually not defined when Λ = Zd , defining ground states as the
configurations minimizing the total energy (onZd ) raises the same difficulty we al-
ready encountered in Section 6.1. The resolution of this problem is based on the
same observation we made there: the difference of energy between two configura-
tions coinciding everywhere outside a finite set is always well defined. This leads to
characterizing a ground state as a configuration whose energy cannot be lowered
by changing its value at finitely many vertices. To make this idea precise, we start by
introducing the following notion: two configurations ω,ω̃ ∈Ω are equal at infinity
if they differ only at finitely many points, that is, if there exists a finite regionΛ⋐Zd

such that
ω̃Λc =ωΛc .

(As in Chapter 6, we use ωΛc to denote the restriction of ω to Λc.) When ω̃ and ω

are equal at infinity, we write ω̃
∞=ω; in such a case, ω̃ can be considered as a local

perturbation of ω (and vice versa). Then, the relative Hamiltonian is defined by

HΦ(ω̃ |ω)
def=

∑

B⋐Zd

{
ΦB (ω̃)−ΦB (ω)

}
.

When ω̃
∞=ω, the sum on the right-hand side is well defined, since it contains only

finitely many non-zero terms (remember that r (Φ) <∞).

Definition 7.3. η ∈Ω is called a ground state (for Φ) if

HΦ(ω |η) ≥ 0 for each ω
∞= η .

We denote the set of ground states for Φ by g (Φ).

Note that physically equivalent potentials (see Remark 6.17) yield the same relative
Hamiltonian, and thus define the same set of ground states.

We will be mostly interested in periodic ground states. A configuration ω ∈ Ω
is periodic if there exist positive integers l1, . . . , ld such that θlk ek

ω = ω for each
k = 1, . . . ,d (remember that {e1, . . . ,ed } is the canonical basis of Rd ). The unique d-
tuple (l1, . . . , ld ), in which each lk is the smallest integer for which that property is
satisfied, is called the period of ω. The set of periodic configurations is denoted by

Ωper ⊂Ω and the set of periodic ground states forΦ by g per(Φ)
def= g (Φ)∩Ωper.

We now provide a more global characterization of ground states. For ω ∈Ωper,
the limit

eΦ(ω)
def= lim

n→∞
1

|B(n)|HB(n);Φ(ω)
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clearly exists; it is called the energy density of ω.

Lemma 7.4. Let η ∈Ωper. Then η ∈ g per(Φ) if and only if its energy density is minimal:

eΦ(η) = eΦ
def= inf

ω∈Ωper
eΦ(ω) .

Proof. Let us introduce g̃ per(Φ)
def= {

ω ∈Ωper : eΦ(ω) = eΦ
}
.

We first assume that η ∈ g per(Φ). For all ω ∈Ωper, we write

eΦ(ω) = lim
n→∞

1

|B(n)|
{
HB(n);Φ(ω)−HB(n);Φ(η)

}+eΦ(η) .

For all large n, define ω(n) def= ωB(n)ηB(n)c . Then ω(n) ∞= η and, since Φ has finite
range,

HB(n);Φ(ω)−HB(n);Φ(η) =HΦ(ω(n) |η)+O(|∂exB(n)|) . (7.8)

Since HΦ(ω(n) |η) ≥ 0 and limn→∞
|∂exB(n)|
|B(n)| = 0, this proves that eΦ(ω) ≥ eΦ(η). We

conclude that η ∈ g̃ per(Φ).
Let us now assume that η ∈ g̃ per(Φ) and let ω be such that ω

∞= η. Since Φ has
finite range, we can find k such that all the sets B that yield a non-zero contribution
to HΦ(ω |η) satisfy B ⊂B(k), and such that ωB(k)c = ηB(k)c . Let ωper be the periodic
configuration obtained by tiling Zd with copies of ωB(k) on all adjacent translates
of B(k). Proceeding as above, we write

eΦ(ωper) = lim
n→∞

1

|B(n)|
{
HB(n);Φ(ωper)−HB(n);Φ(η)

}+eΦ(η)

= 1

|B(k)|
{
HB(k);Φ(ωper)−HB(k);Φ(η)

}+eΦ(η)

= 1

|B(k)|HΦ(ω |η)+eΦ(η) .

Since eΦ(η) ≤ eΦ(ωper), it follows that HΦ(ω |η) ≥ 0. We conclude thatη ∈ g per(Φ).

Let us apply the above criterion to some examples. For reasons that will become
clear later, we will temporarily denote the potential by Φ0 rather thanΦ.

Example 7.5. Let us consider the nearest-neighbor Ising model in the absence of
magnetic field. Remember that, in this case,Ω0 = {±1} and, for all B ⋐Zd ,

Φ0
B (ω)

def=
{
−ωiω j if B = {i , j }, i ∼ j ,

0 otherwise.
(7.9)

(We remind the reader that, in this chapter, the inverse temperature is kept outside
the Hamiltonian.) Consider the constant (and thus periodic) configurations η+ and
η−. Then, for all ω

∞= η±,

HΦ0 (ω |η±) =
∑

{i , j }∈E
Zd

(1−ωiω j ) ≥ 0, (7.10)

which shows that η+,η− ∈ g per(Φ0). The associated energy densities can be easily
computed explicitly: eΦ0 (η+) = eΦ0 (η−) =−d . Moreover, any periodic configuration
ω ̸= η± satisfies eΦ0 (ω) > eΦ0 (η±). Therefore, η± are the only periodic ground states:

g per(Φ0) = {η+,η−} .
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There are, however, infinitely many other (nonperiodic) ground states (see Exer-
cise 7.2). ⋄

Exercise 7.2. Consider the Ising model onZ2 (still with no magnetic field). Fix n ∈R2

and define η ∈Ω by ηi = 1 if and only if n · i ≥ 0. Show that η and all its translates
are ground states for the potential Φ0 defined in (7.9).

Example 7.6. Let us now consider the Blume–Capel model in the absence of ex-
ternal fields. Remember that, in this model,Ω0 = {−1,0,+1} and

Φ0
B (ω)

def=
{

(ωi −ω j )2 if B = {i , j }, i ∼ j ,

0 otherwise.

Let us consider again the constant configurations η+ ≡+1, η0 ≡ 0 and η− ≡−1. Let
# ∈ {+,−,0}. Then, for all ω

∞= η#,

HΦ0 (ω |η#) =
∑

{i , j }∈E
Zd

(ωi −ω j )2 ≥ 0,

so that each η# is a ground state. Since eΦ0 (η+) = eΦ0 (η−) = eΦ0 (η0) = 0 and any
periodic, non-constant configurationω has eΦ0 (ω) > 0, we conclude that g per(Φ0) =
{η+,η0,η−}. ⋄

Additional examples will be discussed in Section 7.2.2.

Exercise 7.3. Show that a model with a finite single-spin space and a finite-range
potential always has at least one ground state.

7.2.1 Boundaries of a configuration

From now on, we assume that the model under consideration has a finite number
of periodic ground states:

g per(Φ) = {η1, . . . ,ηm} .

We use the symbol # ∈ {1,2, . . . ,m} to denote an arbitrary index associated to the
ground states of the model. Since our goal is to establish the existence of phase
transitions, we assume thatΦ has at least two periodic ground states: m ≥ 2.

In view of what was proved for the Ising model, one might expect a typical con-
figuration of an infinite system (with potential Φ) at low temperature to consist of
large regions on each of which the configuration coincides with some ground state
η# ∈ g per(Φ). Fix an integer r > r (Φ).

Definition 7.7. Let ω ∈Ω. A vertex i ∈Zd is #-correct (inω) if

ω j = η#
j , ∀ j ∈ i +B(r ) .

The boundary of ω is defined by

B(ω)
def= {

i ∈Zd : i is not #-correct in ω for any # ∈ {1, . . . ,m}
}

.

Before pursuing, let us make a specific choice for r . Let (l #
1 , . . . , l #

d ) denote the period
of η#. Until the end of this section, we use r = r∗, where

r∗
def= least common multiple of

{
l #

k : 1 ≤ k ≤ d , 1 ≤ # ≤ m
}

larger or equal to r (Φ) .
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This choice implies that B(ω)∪⋃
#{#-correct vertices} forms a partition of Zd :

Lemma 7.8. A vertex can be #-correct for at most one index #, and regions of #-
correct and #′-correct vertices, #′ ̸= #, are separated by B(ω), in the sense that, if i
is #-correct and i ′ is #′-correct and if i1 = i , i2, . . . , in−1, in = i ′ is a path such that
d∞(ik , ik+1) ≤ 1, then there exists some 1 < k < n such that ik ∈B(ω).

Proof. Observe first that our choice of r∗ implies that any cube of sidelength r∗
contains at least one period of each ground state. The first claim follows immedi-
ately, since i +B(r∗) contains such a cube. For the second claim, note that if ik , ik+1

are two vertices at distance 1, then {ik +B(r∗)}∩ {ik+1 +B(r∗)} also contains a cube
of sidelength r∗ and thus ik and ik+1 can be #-correct only for the same label #.

Since the boundary of a configuration contains all vertices at which the energy is
higher than in the ground states, it is natural to try to bound the relative Hamilto-
nian with respect to a ground state in terms of the size of the boundary.

Lemma 7.9. Let η ∈ g per(Φ). Then there exists a constant C > 0 (depending on Φ)
such that, for any configuration ω such that ω

∞= η,

HΦ(ω |η) ≤C |B(ω)| . (7.11)

Observe that

HΛ;Φ =
∑

B⋐Zd :
B∩Λ̸=∅

ΦB =
∑
i∈Λ

∑

B⋐Zd :
B∋i

1

|B ∩Λ|ΦB .

Introducing the functions

ui ;Φ
def=

∑

B⋐Zd :
B∋i

1

|B |ΦB , i ∈Zd ,

we have ∣∣HΛ;Φ−
∑
i∈Λ

ui ;Φ
∣∣≤ c|∂exΛ| , (7.12)

for some constant c that depends onΦ. We also have

∥ui ;Φ∥∞ ≤ ∥Φ∥ def=
∑

B⋐Zd :
B∋0

1

|B | ∥ΦB∥∞ .

In the proof of the above lemma, but also in other arguments, it will be convenient
to use the partition P of Zd into adjacent cubic boxes of linear size r∗, of the form
bk = kr∗+ {0,1,2, . . . ,r∗−1}d , where k ∈ Zd . Since each of these boxes contains an
integer number of periods of each η# ∈ g per(Φ), one has in particular, for all k ∈Zd ,

1

|bk |
∑

i∈bk

ui ;Φ(η#) = eΦ(η#) = eΦ . (7.13)

Proof of Lemma 7.9: Let ω
∞= η, and let [B](ω) be the set of boxes b ∈ P whose

intersection with B(ω) is non-empty. Boxes b which are not part of [B](ω) contain
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only correct vertices, and these are all correct for the same index # by Lemma 7.8.
Then,

HΦ(ω |η) =
∑

i∈Zd

{ui ;Φ(ω)−ui ;Φ(η)}

=
∑

b∈[B](ω)

∑
i∈b

{ui ;Φ(ω)−ui ;Φ(η)}+
∑

b ̸∈[B](ω)

∑
i∈b

{ui ;Φ(ω)−ui ;Φ(η)} .

The first double sum is upper-bounded by 2∥Φ∥r d
∗ |B(ω)|. The second vanishes,

since to each b ̸∈ [B](ω) corresponds some # such that ωb = η#
b , giving

∑
i∈b

{ui ;Φ(ω)−ui ;Φ(η)} = |b|(eΦ(η#)−eΦ(η)) = 0.

For physical reasons, it is natural to expect that the energy of a configuration is
proportional to the size of the boundary that separates regions with different peri-
odic ground states, as happens in the Ising model. It is therefore natural to require
that HΦ(ω |η) should also grow proportionally to |B(ω)|. The notion that we will
actually need is that of thickened boundary, defined by

Γ(ω)
def=

⋃{
i +B(r∗) : i ∈B(ω)

}
. (7.14)

The upper bound (7.11) implies of course that HΦ(ω |η) ≤C |Γ(ω)| when ω
∞= η,

but a corresponding lower bound does not hold in general. This turns out to be the
main assumption of the Pirogov–Sinai theory:

Definition 7.10. Φ is said to satisfy Peierls’ condition if

1. g per(Φ) is finite, and

2. there exists a constant ρ > 0 such that, for each η ∈ g per(Φ),

HΦ(ω |η) ≥ ρ|Γ(ω)| , for all ω
∞= η .

We call ρ Peierls’ constant.

Peierls’ condition can be violated even in simple models. An example will be
given in Exercise 7.8.

Example 7.11. In Chapter 3, the contours of the Ising model on Z2 were defined as
connected components of line segments (actually, edges of the dual lattice) sepa-
rating + and − spins. Using the notations for contours adopted in Chapter 3, the
relative Hamiltonian (7.10) can be expressed as

HΦ0 (ω |η±) = 2
∣∣{{i , j } ∈ EZ2 : ωi ̸=ω j

}∣∣= 2
n∑

i=1
|γi | . (7.15)

Since the ground states η# are constant, we have r∗ = 1. The difference between the
corresponding set Γ(ω) and the contours γi is that Γ(ω) is a thick object, made of
vertices of Z2 rather than edges of the dual lattice; see Figure 7.4.

Note that, by construction, Γ(ω) is the union of translates of B(1) centered at
vertices i ∈ Z2 located at Euclidean distance at most

p
2/2 from a contour. Since
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B(ω)

Γ(ω)

Figure 7.4: A portion of a configuration of the Ising model on Z2. The thick
black line on the dual lattice, that separates + and − spins, is what was called
a contour in Chapter 3. The set B(ω) of vertices which are neither +- nor
−-correct is delimited by the dotted line, and finally the shaded region repre-
sents the thickened boundary Γ(ω) ⊃B(ω).

the total number of such vertices is at most twice the total length of the contours,
we have

|Γ(ω)| ≤ 2|B(1)|
n∑

i=1
|γi | .

We therefore see that Peierls’ condition is satisfied, HΦ0 (ω |η±) ≥ ρ|Γ(ω)|, with a
Peierls constant given by ρ = |B(1)|−1 = 1/9. ⋄
Example 7.12. For the Blume–Capel model on Zd , we also have r∗ = 1. First, since
(ωi −ω j )2 ≥ 1 when ωi ̸=ω j , we get that

HΦ0 (ω |η#) ≥
∣∣{{i , j } ∈ EZd : ωi ̸=ω j

}∣∣ , (7.16)

for each ground state η# ∈ {η+,η0,η−}. Then, since we clearly have

Γ(ω) ⊂
⋃

{i , j }∈E
Zd

ωi ̸=ω j

(i +B(1))∪ ( j +B(1)) ⊂
⋃

{i , j }∈E
Zd

ωi ̸=ω j

(i +B(2))

and thus

|Γ(ω)| ≤
∣∣{{i , j } ∈ EZd : ωi ̸=ω j

}∣∣ |B(2)| ,

it follows that Peierls’ condition also holds in this case, with ρ = |B(2)|−1 = 5−d . ⋄
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Exercise 7.4. 1. Show that

0 ≤ψ(Φ)− (−eΦ) ≤β−1 log |Ω0| .

In particular, limβ→∞ψ(Φ) =−eΦ. Hint: Choose η ∈ g per(Φ), and start by writ-
ing HΛ;Φ(ω) =HΛ;Φ(η)+{

HΛ;Φ(ω)−HΛ;Φ(η)
}
.

2. Assuming now that Φ satisfies Peierls’ condition (with constant ρ), show that

0 ≤ψ(Φ)− (−eΦ) ≤ |Ω0|β−1e−βρ .

7.2.2 m-potentials

Determining the set of ground states associated to a general potential Φ, as well
as checking the validity of Peierls’ condition, can be very difficult. [3] Ideally, one
would like to do that by checking a finite set of local conditions.

Let us define, for each B ⋐Zd ,

φB
def= min

ω
ΦB (ω)

and set
gm(Φ)

def= {
ω ∈Ω : ΦB (ω) =φB , ∀B ⋐Zd }

.

If gm(Φ) ̸=∅, that is, if there exists at least one configuration which minimizes lo-

cally eachΦB , thenΦ is called an m-potential. We also let g per
m (Φ)

def= gm(Φ)∩Ωper.

Lemma 7.13. 1. gm(Φ) ⊂ g (Φ).

2. If g per
m (Φ) ̸=∅, then g per

m (Φ) = g per(Φ).

3. If 0 < |gm(Φ)| < ∞, then gm(Φ) = g per
m (Φ) = g per(Φ), and Φ satisfies Peierls’

condition.

Proof. The first claim is immediate and the second one follows from Lemma 7.4.
For the third claim, observe that gm(Φ) is left invariant by any translation of the

lattice, in the sense that ω ∈ gm(Φ) implies θiω ∈ gm(Φ) for all i ∈ Zd . Therefore,
if gm(Φ) is finite, all its elements must be periodic. Using the second claim yields
gm(Φ) = g per

m (Φ) = g per(Φ).
Let us now verify that Peierls’ condition is satisfied when 0 < |gm(Φ)| < ∞. We

first claim that there exists r ∈ (0,∞) such that, for any configurationω for which the
vertex i ∈Zd is not correct, there exists B ⊂ i+B(r ) such thatΦB (ω) ̸=φB . Accepting
this claim for the moment, the conclusion immediately follows: indeed, one can

then set ϵ
def= min

{
ΦB (ω)−φB : ΦB (ω) > φB ,B ⊂ i +B(r ),ω ∈ Ω incorrect at i

} > 0.
Observe that, by translation invariance of Φ, ϵ does not depend on i . We can then
write, for any η ∈ g per(Φ) and any ω

∞= η,

HΦ(ω |η) =
∑

B⋐Zd

{ΦB (ω)−φB } ≥ ϵ(2r +1)−d |B(ω)| ,

which shows that Peierls’ condition is indeed satisfied.
We thus only need to establish the claim above. Let ω be some configuration

such that i is incorrect. We claim that there exists r ′ ∈ (0,∞) such that, for any
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configuration ω′ coinciding with ω on i +B(r∗), there exists B ⊂ i +B(r ′) such that
ΦB (ω) ̸=φB . (Note that this immediately implies the desired claim, since there are
only finitely many possible configurations on i+B(r∗).) Let us assume the contrary:
there exists a sequence of configurations ω(n), all coinciding with ω on i +B(r∗),
such that ΦB (ω(n)) = φB for all B ⊂ i +B(n). By sequential compactness of the set
Ω (see Proposition 6.20), we can extract a subsequence converging to some con-
figuration ω∗ still coinciding with ω on i +B(r∗) and such that ΦB (ω∗) = φB for all
B ⋐ Zd . But this would mean that ω∗ ∈ gm(Φ) = g per(Φ), which would contradict
the fact that i is incorrect.

Example 7.14. For the Ising model, Φ0 (defined in (7.9)) is an m-potential, since
the only sets involved are the pairs of nearest-neighbors, B = {i , j } ∈ EZd , and the
associated Φ0

B (ω) = −ωiω j is minimized by taking either ωi = ω j = +1, or ωi =
ω j =−1. Lemma 7.13 thus guarantees, as we already knew, that g per(Φ) = gm(Φ) =
{η+,η−}. ⋄

Exercise 7.5. Study the periodic ground states of the nearest-neighbor Ising anti-
ferromagnet, in whichΩ0 = {±1} and, for h ∈R,

Φ0
B (ω)

def=





−hωi if B = {i } ,

ωiω j if B = {i , j }, i ∼ j ,

0 otherwise.

Exercise 7.6. Consider the modification of the Ising model in (7.1), with ϵ sufficiently
small, fixed. Study the ground states of that model, as a function of h. In particular:
for which values of h are there two ground states?

The following exercise shows that it is sometimes possible to find an equivalent
potential which is an m-potential, when the original one is not. (However, this is
not always possible.)

Exercise 7.7. Let T denote the set of all nearest-neighbor edges of Z2, to which are

added all translates of the edge {0, ic }, where ic = (1,1). Let Ω0
def= {±1} and consider

the potential Φ = {ΦB } of the Ising antiferromagnet on the triangular lattice, de-
fined by

ΦB (ω)
def=

{
ωiω j if B = {i , j } ∈T ,

0 otherwise.

1. Check that Φ is not an m-potential.

2. Construct an m-potential Φ̃, physically equivalent to Φ. Hint: you can
choose it such that Φ̃T > 0 if and only if T is a triangle, T = {i , j ,k}, with
{i , j }, { j ,k}, {k, i } ∈T .

3. Deduce that Φ̃ (and thus Φ) has an infinite number of periodic ground states.
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Exercise 7.8. Consider the model onZ2 withΩ0
def= {±1} and in whichΦ0

B ̸≡ 0 only if
B = {i , j ,k, l } is a square plaquette (see figure below). If ω coincides, on the plaquette
B, with one of the following configurations,

then Φ0
B (ω) = α. Otherwise, Φ0

B (ω) = δ, with δ > α. Find the periodic ground
states of Φ0, and give some examples of non-periodic ground states. Then, show that
Peierls’ condition is not satisfied.

7.2.3 Lifting the degeneracy

Consider a system with interactions Φ0 and a finite set of periodic ground states
g per(Φ0), at very low temperature. Using one of the ground states η as a boundary
condition, one might wonder whether η is stable in the thermodynamic limit, in the
sense that typical configurations under the corresponding infinite volume Gibbs
measure coincide with η with only sparse, local deviations.

In the Ising model on Zd , d ≥ 2, this was the case for both η+ and η−. In more
general situations, in particular in the absence of a symmetry relating all the ele-
ments of g per(Φ0), this issue is much more subtle.

To analyze this problem, we will first introduce a family of external fields which
will be used to lift the degeneracy of the ground states, in the sense that, given any
subset g ⊂ g (Φ0), we can tune these external fields to obtain a potential whose set
of periodic ground states is given by g . Eventually, these external fields will allow us
to prepare the system in the desired Gibbs state and to drive the system from one
phase to the other.

To lift the degeneracy, we perturb Φ0 by considering a new potential Φ of the
form

Φ=Φ0 +W ,

where W = {WB }B⋐Zd is the perturbation potential. We first verify that the pertur-
bation, when small enough, does not lead to the appearance of new ground states.

Lemma 7.15. If Φ0 satisfies Peierls’ condition with Peierls’ constant ρ > 0 and if
∥W ∥ ≤ ρ/4, then g per(Φ0 +W ) ⊂ g per(Φ0).

Proof. Assume that g per(Φ0) = {η1, . . . ,ηm}. Let r∗ and P be as before. Fix some
ω ∈ Ωper, and let [Γ](ω) be the set of boxes b ∈ P whose intersection with Γ(ω) is
non-empty. Again, by Lemma 7.8, boxes b not contained in [Γ](ω) contain only
correct vertices, all of the same type. Let therefore [Π#](ω), # ∈ {1,2, . . . ,m}, be the
union of those boxes containing only #-correct vertices. Then, let

π#(ω)
def= lim

n→∞
|[Π#](ω)∩B(n)|

|B(n)| , γ(ω)
def= lim

n→∞
|[Γ](ω)∩B(n)|

|B(n)| .

Observe that γ(ω)+∑m
#=1π#(ω) = 1 and that ω ∈ g per(Φ0) if and only if γ(ω) = 0. We

will show below that, when ∥W ∥ is sufficiently small,

eΦ(ω)−eΦ(η) ≥
m∑

#=1
π#(ω)[eW (η#)−eW (η)]+ ρ

2γ(ω) , (7.17)



Revised version, August 22 2017
To be published by Cambridge University Press (2017)

© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook

336 Chapter 7. Pirogov–Sinai Theory

for all η ∈ g per(Φ0). Assuming this is true, let us take some η ∈ g per(Φ0) for which
eW (η) = min# eW (η#). If ω ∈ g per(Φ), then in particular eΦ(ω) ≤ eΦ(η) by Lemma 7.4.
So (7.17) gives γ(ω) = 0, that is, ω ∈ g per(Φ0).

To show (7.17), we start by writing

HB(n);Φ(ω)−HB(n);Φ(η) ={
HB(n);Φ0 (ω)−HB(n);Φ0 (η)

}+{
HB(n);W (ω)−HB(n);W (η)

}
. (7.18)

On the one hand, proceeding as in (7.8),

HB(n);Φ0 (ω)−HB(n);Φ0 (η) =HΦ0 (ω(n)|η)+O(|∂exB(n)|)
≥ ρ|Γ(ω(n))|+O(|∂exB(n)|)
= ρ|Γ(ω)∩B(n)|+O(|∂exB(n)|) .

On the other hand, we can decompose

HB(n);W (ω) =
∑

i∈[Γ](ω)∩B(n)

ui ;W (ω)+
m∑

#=1

∑
i∈[Π#](ω)∩B(n)

ui ;W (ω)+O(|∂exB(n)|) .

The first sum can be bounded by

∣∣ ∑
i∈[Γ](ω)∩B(n)

ui ;W (ω)
∣∣≤

∣∣[Γ](ω)∩B(n)
∣∣∥W ∥ .

For the second one, using (7.13),

∑
i∈[Π#](ω)∩B(n)

ui ;W (ω) =
∑

i∈[Π#](ω)∩B(n)

ui ;W (η#)

=
∣∣[Π#](ω)∩B(n)

∣∣eW (η#)+O(|∂exB(n)|) .

The other Hamiltonian is decomposed as follows:

HB(n);W (η) = |B(n)|eW (η)+O(|∂exB(n)|)

≤ ∥W ∥
∣∣[Γ](ω)∩B(n)

∣∣+
m∑

#=1

∣∣[Π#](ω)∩B(n)
∣∣eW (η)+O(|∂exB(n)|) .

Inserting these estimates in (7.18), dividing by |B(n)|, bounding ∥W ∥ ≤ ρ/4 and
taking the limit n →∞ yields (7.17).

The perturbation of Φ0 will contain a certain number of parameters (which
will play a role analogous to that of the magnetic field in the Ising model), which
will allow us to lift the degeneracy of the ground states of Φ0. This means that, if
|g per(Φ0)| = m, we will need the perturbation W to contain m −1 parameters and
it should be possible to tune the latter in order for g per(Φ0 +W ) to be an arbitrary
subset of g per(Φ0). This will be best understood with some examples.

Example 7.16. The degeneracy of the potential Φ0 of the Ising model can be lifted
by introducing a magnetic field h and by considering the perturbation W = {WB }
defined by

WB (ω) =
{
−hωi if B = {i } ,

0 otherwise.



Revised version, August 22 2017
To be published by Cambridge University Press (2017)

© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook

7.2. Ground states and Peierls’ Condition 337

Lemma 7.15 guarantees that g per(Φ) = g per(Φ0 +W ) ⊂ {η+,η−} when ∥W ∥ = |h| is
sufficiently small. But, since the energy densities are given, for all h, by

eΦ(η±) =−d ∓h ,

we get that eΦ(η+) < eΦ(η−) when h > 0, eΦ(η+) > eΦ(η−) when h < 0. Therefore, we
can describe g per(Φ0 +W ) for all h (not only when |h| is small):

g per(Φ0 +W ) =





{η+} if h > 0,

{η+,η−} if h = 0,

{η−} if h < 0.

⋄

Example 7.17. In the case of the Blume–Capel model, two parameters are neces-
sary to lift the degeneracy. We denote the latter by h and λ, and consider the per-
turbation W = {WB }B⋐Zd defined by

WB (ω)
def=

{
−hωi −λω2

i if B = {i } ,

0 otherwise.
(7.19)

By Lemma (7.15), we know that g per(Φ) ⊂ {η+,η0,η−} when ∥W ∥ = |h| + |λ| is suffi-
ciently small. The energy densities are given by

eΦ(η±) =∓h −λ , eΦ(η0) = 0, (7.20)

and the periodic ground states are obtained by studying min# eΦ(η#) as a function
of (λ,h). Let us thus define the regions U +,U 0,U −, by

U # def= {
(λ,h) : eΦ(η#) = min

#′
eΦ(η#′ )

}
. (7.21)

The interior of these regions determines the values of (λ,h) for which there is a
unique ground state. Except at (0,0), at which the three ground states coexist, two
periodic ground states coexist on the boundaries of these regions, which are unions
of lines,

L ##′ def= U # ∩U #′ .

These are given explicitly by

L +− def= {(λ,h) : h = 0,λ≥ 0} ,

L −0 def= {(λ,h) : h =λ,λ≤ 0} ,

L +0 def= {(λ,h) : h =−λ,λ≤ 0} .

Altogether, we recover the zero-temperature phase diagram already depicted on
the left of Figure 7.2. ⋄

In the following exercise, we see that it is always possible to lift the degeneracy.

Exercise 7.9. Suppose that g per(Φ0) = {η1, . . . ,ηm}. Provide a collection of poten-
tials W 1, . . . ,W m−1 such that, for all I ⊂ {1, . . . ,m}, there exist λ1, . . . ,λm−1 such that
g per(Φ0 +∑m−1

i=1 λi W i ) = {ηi , i ∈ I }.
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7.2.4 A glimpse of the rest of this chapter

Let us consider a model with potential Φλ
def= Φ0 +∑m−1

i=1 λi W i , where the W i are
potentials lifting the degeneracy of the periodic ground states η1, . . . ,ηm of Φ0, as

explained in the previous section, and λ
def= (λi )1≤i≤m−1 ∈ Rm−1. We can then con-

struct the zero-temperature phase diagram, by specifying g per(Φλ) for each values
of the parameters λ. This phase diagram thus consists of (m −1)-dimensional re-
gions with a single periodic ground state, (m − 2)-dimensional regions in which
there are exactly two periodic ground states, etc.

Alternatively, notice that the energy density λ 7→ eΦλ of the ground state is a
piecewise linear function of λ. The zero-temperature phase diagram characterizes
the points λ at which eΦλ fails to be differentiable.

Our goal in the rest of this chapter is to extend this construction to small positive
temperatures. More precisely, we will prove that, in the limit β → ∞, the set of
values at which λ 7→ψβ(λ) is non-differentiable converges to the corresponding set
at which eΦλ fails to be differentiable.

This will be achieved by constructing C 1 functions, ψ̂1
β

(λ), . . . ,ψ̂m
β

(λ), such that

the following holds:

1. ψβ(λ) = maxi ψ̂
i
β

(λ);

2. lim
β→∞

ψ̂i
β(λ) =−eΦλ (ηi ) for all i ∈ {1, . . . ,m};

3. lim
β→∞

∂ψ̂i
β

(λ)

∂λ j
=−∂eΦλ (ηi )

∂λ j
, for all i ∈ {1, . . . ,m}, j ∈ {1, . . . ,m −1}.

In addition, we will see that the only periodic extremal Gibbs measures atλ are pre-
cisely those obtained by taking the thermodynamic limit with boundary condition
ηi for values of i such that ψβ(λ) = ψ̂i

β
(λ).

Each ψ̂i
β

is called a truncated pressure. It is obtained from the partition function

with boundary condition ηi by adding the constraint that only “small” (in a sense
to be made precise below) excitations are allowed. For certain values of the pa-
rameters λ, the excitations turn out to be always small and the truncated pressure
coincides with the usual pressure; for others, however, the constraint artificially
stabilizes the boundary condition and yields a different, strictly smaller, truncated
pressure.

7.2.5 From finite-range interactions to interactions of range one

In Section 7.4, we will initiate the low-temperature analysis of systems with a finite
number of periodic ground states, which satisfy Peierls’ condition. This analysis
will rely on the contour description of these systems, which we expose in detail in
the next section.

It turns out that the contour description is considerably simplified if one as-
sumes that the potential Φ under consideration has range 1. Fortunately, any
model with a single-spin space Ω0 and a potential Φ of range r (Φ) > 1 can be
mapped onto another model with a potential Φ̂ of range 1, at the cost of introducing
a larger single-spin space Ω̂0, such that the two models have the same pressure.

Earlier, the nuisance of having ground states with different periods was miti-
gated by considering the boxes bk ∈ P with sidelength r∗, and this can be used
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further as follows. Assume that Φ = Φ0 +W has range r (Φ) and that Φ0 has a fi-

nite set of periodic ground states. There are N
def= |Ω0||B(r∗)| possible configurations

inside each of the boxes bk , and those configurations can be encoded into a new

spin variable ω̂k taking values in Ω̂0
def= {1,2, . . . , N }. Clearly, the set of configurations

ω = (ωi )i∈Zd ∈ Ω is in one-to-one correspondence with the set of configurations

ω̂= (ω̂k )k∈Zd ∈ Ω̂ def= Ω̂Z
d

0 .
By the choice of r∗, it is clear that a spin ω̂k only interacts with spins ω̂k ′ at

distance d∞(k,k ′) ≤ 1. Let us determine the corresponding potential. Denote by B̂ a
generic union of boxes bk of diameter at most 2r∗. For each set B ⋐Zd contributing
to the original Hamiltonian, let

NB
def=

∣∣{B̂ : B̂ ⊃ B
}∣∣ .

The terms of the formal Hamiltonian can be rearranged as follows:

∑
B
ΦB (ω) =

∑
B̂

{ ∑
B⊂B̂

1

NB
ΦB (ω)

}
.

We are led to defining the rescaled potential as

Φ̂B̂ (ω̂)
def=

∑
B⊂B̂

1

NB
ΦB (ω) .

Clearly, all the information about the original model can be recovered from the
rescaled model (with Ω̂ and Φ̂); in particular, they have the same pressure (up to
a multiplicative constant).

By construction, the rescaled measure Φ̂ has range r (Φ̂) = 1 (as measured on
the rescaled lattice r∗Zd ). Of course, analyzing the set of ground states and the
validity of Peierls’ condition forΦ is equivalent to accomplishing these tasks for the
rescaled model. Besides having interactions of range 1, this reformulation of the
model presents the advantage that, now, the ground states correspond to constant
configurations on Ω̂.

Exercise 7.10. Assume that the original potential Φ0 satisfies Peierls’ condition with
constant ρ > 0. Show that Peierls’ condition still holds for the rescaled model (ω 7→ ω̂,
Φ 7→ Φ̂) and estimate the corresponding constant.

Since the above construction can always be implemented, we assume, from
now on, that the model has been suitably formulated so as to have range 1 and
a finite set of constant ground states. In this way, the analysis will become substan-
tially simpler, without incurring any loss of generality.

7.2.6 Contours and their labels

Let us therefore consider a potential Φ =Φ0 +W with r (Φ0) = 1 and r (W ) ≤ 1 and
such that the ground states ofΦ0,

g per(Φ0) = {η1, . . . ,ηm} ,

are all constant. We also assume that the parameters contained in W completely lift
the degeneracy of the ground state. Since r (Φ) = 1, the set Γ(ω) in (7.14) is defined
using r∗ = 1.
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Since W does not introduce any new ground states (Lemma 7.15), we may ex-
pect, roughly, a typical configuration ω of the model associated to Φ to display, at
low temperature, only small local deviations away from one of the ground states η#.
We thus start an analysis of the perturbed model in terms of the decomposition of
Γ(ω) into contours, which separate regions on which the ground states {η1, . . . ,ηm}
are seen. This is very similar to what was done when studying the low-temperature
Ising model in Chapter 3.

Before pursuing, let us define the notion of connectedness used in the rest of
the chapter, based on the use of the distance d∞(·, ·): A ⊂ Zd is connected if for all
pair j , j ′ ∈ A there exists a sequence i1 = j , i2, . . . , in−1, in = j ′ such that ik ∈ A for all
k = 1, . . . ,n, and d∞(ik , ik+1) = 1. A connected component A′ ⊂ A is maximal if any
set B ̸= A′ such that A′ ⊂ B ⊂ A is necessarily disconnected.

When ω
∞= η for some η ∈ g per(Φ), the set Γ(ω) is bounded and can be decom-

posed into maximal connected components:

Γ(ω) = {γ1, . . . ,γn} .

For each component γ ∈ Γ(ω), let ωγ denote the restriction of ω to γ. The config-
uration ωγ should be considered as being part of the information contained in the
component:

Definition 7.18. Each pair γ
def= (γ,ωγ) is called a contour of ω; γ is the support of

γ.

The support of a contour γ splits Zd into a finite number of maximal connected
components (see Figure 7.5):

γc = {A0, A1, . . . , Ak } . (7.22)

Exactly one of the components of γc is unbounded; with no loss of generality we
can assume it to be A0. We call it the exterior of γ and denote it by extγ.

Let us say that a subset A ⊂Zd is c-connected if Ac is connected.

Exercise 7.11. Show that the subsets A0, . . . , Ak in the decomposition (7.22) are c-
connected.

Remember the boundaries ∂in A and ∂ex A introduced in (7.3). Although the content
of the following lemma might seem intuitively obvious to the reader (at least in low
dimensions), we provide a proof in Appendix B.15.

Lemma 7.19. Consider the decomposition (7.22). For each j = 0,1, . . . ,k, ∂ex A j and
∂in A j are connected. Moreover, there exists # ∈ {1,2, . . . ,m}, depending on j , such that
ωi = η#

i for all i ∈ ∂ex A j . We call # the label of A j , and denote it lab(A j ).

Consider the decomposition (7.22) of some contour γ = (γ,ωγ). If the exterior
has label lab(extγ) = #, we say that γ is of type #. The remaining components
in (7.22), A1, . . . , Ak , are all bounded and separated from extγ by γ. We group them
according to their type. The interior of type # of γ is defined by

int#γ
def=

⋃
i∈{1,...,k}:
lab(Ai )=#

Ai .
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Figure 7.5: A contour γ for which γc = {A0, A1, A2, A3}. The labels, whose
existence is guaranteed by Lemma 7.19, have been pictured using different
patterns. The components A1 and A2 have the same label. The label of A0 =
extγ represents the type of γ. This picture shows how the labels induce a
corresponding boundary condition on the interior components of γ (which
we use later when defining Z#

Φ
(Λ) in (7.24)).

We will also call intγ
def= ⋃m

#=1 int#γ the interior of γ.

The collection of all possible contours of type # is denoted by C #. Observe
that, for each contour γ = (γ,ωγ) ∈ C #, there exists a configuration that has γ as
its unique contour. Namely, extend ωγ = (ωi )i∈γ to a configuration on the whole

lattice by setting ωi = η#
i for i ∈ extγ and ωi = η#′

i for each i ∈ int#′γ. For notational
convenience, we also denote this new configuration by ωγ.

The type and labels associated to a contour will play an essential role in next
section.

7.3 Boundary conditions and contour models

Notice that if γ,γ′ are two contours in a same configuration, and if γ ⊂ intγ′, then
d∞(γ, (intγ′)c) > 1.

Let Λ ⋐ Zd . From now on, we always assume that Λ is c-connected. To de-
fine contour models in Λ, it will be convenient to slightly modify the way in which
boundary conditions are introduced: this will make it easier to consider the bound-
ary condition induced by a contour on its interior.

Let η# ∈ g per(Φ0), andω ∈Ωη#

Λ
. Since it is not guaranteed thatΓ(ω) ⊂Λ, we define

Ω#
Λ

def= {
ω ∈Ωη#

Λ
: d∞(Γ(ω),Λc) > 1

}
.

The additional restrictions imposed on the configurations inΩ#
Λ only affect vertices

located near the boundary ofΛ:
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Lemma 7.20. Let ω ∈Ωη#

Λ
. Then, ω ∈Ω#

Λ if and only if ωi = η#
i for every vertex i ∈Λ

satisfying d∞(i ,Λc) ≤ 3.

Proof. Let ω ∈Ωη#

Λ
and assume that there exists i ∈Λ, d∞(i ,Λc) ≤ 3, such that ωi ̸=

η#
i . This implies that there exists some j ∈ i +B(1) with d∞( j ,Λc) ≤ 2 which is not #-

correct, and so j ∈B(ω). Since d∞( j +B(1),Λc) ≤ 1, this implies that d∞(Γ(ω),Λc) ≤
1 and, thus, ω ̸∈Ω#

Λ.
Conversely, suppose thatωi = η#

i as soon as d∞(i ,Λc) ≤ 3. Then, any vertex i ∈Λ
with d∞(i ,Λc) ≤ 2 is #-correct. Therefore, vertices which are not correct must satisfy
d∞(i ,Λc) ≥ 3 and, thus, d∞(i +B(1),Λc) ≥ 2. This implies that d∞(Γ(ω),Λc) > 1.

In order to use contours and their weights for the description of finite systems,
it will be convenient to introduce boundary conditions as above, using Ω#

Λ instead

ofΩη#

Λ
. We therefore consider the following Gibbs distributions: for all ω ∈Ω#

Λ,

µ#
Λ;Φ(ω)

def= e−βHΛ;Φ(ω)

Z#
Φ

(Λ)
, (7.23)

where
Z#
Φ(Λ)

def=
∑

ω∈Ω#
Λ

e−βHΛ;Φ(ω) . (7.24)

It follows from Lemma 7.20 that (remember Exercise 7.1)

lim
Λ⇑Zd

1

β|Λ| logZ#
Φ(Λ) = lim

Λ⇑Zd

1

β|Λ| logZη
#

Φ
(Λ) =ψ(Φ) .

Let us say thatΛ is thin if d∞(i ,Λc) ≤ 3 for all i ∈Λ. It follows from Lemma 7.20 that,
wheneverΛ is thin,Ω#

Λ = {η#} and, thus,

Z#
Φ(Λ) = e−βHΛ;Φ(η#) . (7.25)

7.3.1 Extracting the contribution from the ground state

Let us fix a boundary condition # ∈ {1,2, . . . ,m} and relate the energy of each config-
uration ω ∈Ω#

Λ to the energy of η#:

HΛ;Φ(ω) =HΛ;Φ(η#)+{
HΛ;Φ(ω)−HΛ;Φ(η#)

}

=HΛ;Φ(η#)+HΦ(ω |η#) . (7.26)

One can thus write

Z#
Φ(Λ) = e−βHΛ;Φ(η#)

∑
ω∈Ω#

Λ

e−βHΦ(ω |η#) def= e−βHΛ;Φ(η#)Ξ#
Φ(Λ) . (7.27)

Notice that, since each ground state η# is constant andΦ has range 1,

HΛ;Φ(η#) = eΦ(η#)|Λ| .

Our next goal is to express Ξ#
Φ(Λ) as the partition function of a polymer model

having the same abstract structure as those of Section 5.2. To this end the contours
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introduced above will play the role of polymers. Remember, however, that the com-
patibility condition used in Section 5.2 was pairwise. Unfortunately, our contours
have labels, and this yields a more complex compatibility condition.

To determine whether a given family of contours is compatible, that is, whether
there exists a configuration yielding precisely this family of contours, we need to ver-
ify two conditions. The first one is that their supports are disjoint and sufficiently
far apart, in a suitable sense; this can of course be expressed as a pairwise condition.
However, we must also check that their labels match, and this condition cannot be
verified by only looking at pairs of contours. We illustrate this on Figure 7.6. ⋄
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Figure 7.6: Two contours γ1 and γ2 (left). γ2 is of type 1 and satisfies γ2 ⊂
int2γ1. These two contours can only be part of a configuration if there are
other contours correcting the mismatch between the type of γ2 and the label
of the component of γ1 it is located in. For example (right), there might be a
third contour γ3 of type 2 such that γ3 ⊂ int2γ1 and γ2 ⊂ int1γ3. This shows
that the compatibility of a family of contours is a global property, which can-
not be expressed pairwise.

To deal with this problem, we need to proceed with more care than in (7.27)
and express Ξ#

Φ(Λ) as a polymer model in which the polymers are contours all of
the same type #, for which the compatibility condition becomes purely geometrical,
namely having supports which are far apart, in the following sense.

Definition 7.21. Two contours of the same type, γ1 and γ2, are said to be compatible
if d∞(γ1,γ2) > 1.

By construction, all contours appearing in a same configuration ω are compatible.
The important distinction that must be made among the contours of a configura-
tion is the following:

Definition 7.22. Let ω ∈Ω#
Λ. A contour γ′ ∈ Γ(ω) is external if there exist no contour

γ ∈ Γ(ω) such that γ′ ⊂ intγ.

We will group the configurations that contribute to Z#
Φ(Λ) into families of configu-

rations that have the same set of external contours. If Γ(ω) ̸=∅, there exists at least
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one external contour, so let Γ′ ⊂ Γ(ω) denote the collection of external contours of
ω, which are pairwise compatible by construction. Let then

ext
def=

⋂
γ′∈Γ′

extγ′ , Λext def= Λ∩ext .

The important property shared by the external contours of a configuration is that
they all have the same type:

Lemma 7.23. For all ω ∈ Ω#
Λ, ext is connected and ωi = η#

i for each i ∈ ext. As a
consequence, all external contours of Γ(ω) are of type #.

Proof. Let i ′, i ′′ ∈ ext and consider an arbitrary path i ′ = i1, . . . , in = i ′′, d∞(ik , ik+1) =
1. If the path intersects the support of some external contour γ′ ∈ Γ(ω), we define

k−
def= min

{
k : ik ∈ γ′}−1 and k+

def= max
{
k : ik ∈ γ′}+1. Clearly, {ik− , ik+ } ⊂ ∂inextγ′.

By Lemma 7.19, ∂inextγ′ is connected. One can therefore modify the path, between
ik− and ik+ , so that it is completely contained in ∂inextγ′. Since this can be done for
each γ′, we obtain in the end a path which is contained in each ∂inextγ′, hence in
ext. This shows that ext is connected. The two other claims are immediate conse-
quences.

Remark 7.24. In this chapter, we always assume that the dimension is at least 2.
Nevertheless, we invite the reader to stop and ponder over the peculiarities of the
above-defined contours when d = 1. ⋄
Now, sinceΛ is assumed to be c-connected, it can be partitioned into

Λ=Λext ∪
⋃
γ′∈Γ′

{
γ′∪

⋃
#′

int#′γ
′} ,

and we can then rearrange the sum over the sets B ∩Λ ̸=∅, in the Hamiltonian, to
obtain:

HΛ;Φ(ω) =HΛext;Φ(ω)+
∑
γ′∈Γ′

{ ∑
B⊂γ′

ΦB (ω)+
∑
#′

Hint#′γ′;Φ(ω)
}

. (7.28)

We have used the fact that the contours are thick, which implies that the compo-
nents of their complement are at distance larger than the range of Φ (remember
Lemma 7.8). Observe that for each B ⊂ γ′,ΦB (ω) =ΦB (ωγ′ ).

Let us characterize all configurations ω ∈Ω#
Λ that have the same set of external

contours Γ′:

1. Since Λext does not contain any contours and since ωi = η#
i for all i ∈ ∂exΛext,

we must haveωi = η#
i for each i ∈Λext. In particular, HΛext;Φ(ω) =HΛext;Φ(η#).

2. Each component of each int#′γ
′ has a boundary condition specified by the

label of that component, namely #′, and the contours of the configuration on
that component must be at distance larger than 1 from γ′. The restrictions for
the allowed configurations on int#′γ

′ therefore coincide exactly with those of
Ω#′

int#′γ′
.

Using (7.28), we thus get, after resumming over the allowed configurations on each
component of int#′γ

′:

Z#
Φ(Λ) =

∑
Γ′

compatible
external

e−βHΛext;Φ(η#) ∏
γ′∈Γ′

{
exp

(−β
∑

B⊂γ′
ΦB (ωγ′ )

)∏
#′

Z#′
Φ (int#′γ

′)
}

. (7.29)
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Let us define, for each γ ∈C #, the surface energy

∥γ∥ def=
∑

B⊂γ

{
ΦB (ωγ)−ΦB (η#)

}
.

With this notation, (7.29) can be rewritten as

eβHΛ;Φ(η#)Z#
Φ(Λ) =

∑
Γ′

compatible
external

∏
γ′∈Γ′

{
e−β∥γ

′∥∏
#′

e
βHint#′ γ′ ;Φ

(η#)
Z#′
Φ (int#′γ

′)
}

. (7.30)

Our aim is then to go one step further and consider the external contours contained
in each partition function Z#′

Φ (int#′γ
′) appearing on the right-hand side. Unfortu-

nately, the external contours in Z#′
Φ (int#′γ

′) are of type #′, and one needs to remove
these from the analysis in order to avoid the global compatibility problem men-
tioned earlier.

In order to only deal with external contours of type #, we will use the follow-
ing trick [4]: we multiply and divide the product over #′, in (7.30), by the partition
functions that involve only the #-boundary condition. That is, we write

∏
#′

Z#′
Φ (int#′γ

′) =
{∏

#′

Z#′
Φ (int#′γ

′)

Z#
Φ

(int#′γ
′)

}∏
#′

Z#
Φ(int#′γ

′) . (7.31)

This introduces a non-trivial quotient that will be taken care of later, but it has the
advantage of making the partition functions Z#

Φ(int#′γ
′) appear, which all share the

same boundary condition #. This means that if one starts again summing over the
external contours in Z#

Φ(int#′γ
′), these will again be of type #, as in the first step.

Let us express (7.30) using only the partition functions Ξ#
Φ(·). Remembering

that e
βHint#′ γ′ ;Φ

(η#)
Z#
Φ(int#′γ

′) def= Ξ#
Φ(int#′γ

′), (7.30) becomes

Ξ#
Φ(Λ) =

∑
Γ′

compatible
external

∏
γ′∈Γ′

{
w#(γ′)

∏
#′
Ξ#
Φ(int#′γ

′)
}

, (7.32)

where we introduced, for each γ ∈C #, the weight

w#(γ)
def= e−β∥γ∥

∏
#′

Z#′
Φ (int#′γ)

Z#
Φ

(int#′γ)
. (7.33)

Looking at (7.32), it is clear that we can now repeat the procedure of fixing the
external contours for each factor Ξ#

Φ(int#′γ
′), these being all of type #. This process

can be iterated and will automatically stop when one reaches contours whose in-
terior is thin (remember the discussion on page 342), since the latter are too small
to contain other contours. In this way, we end up with the following contour repre-
sentation of the partition function:

Ξ#
Φ(Λ) =

∑
Γ

compatible

∏
γ∈Γ

w#(γ) , (7.34)

where the sum is over collections of contours of type #, in which the compatibility
(in the sense of Definition 7.21) is purely geometrical, and can be encoded into

δ(γ,γ′) def=
{

1 if d∞(γ,γ′) > 1,

0 otherwise.
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This pairwise hard-core interaction is similar to the one encountered in Sec-
tion 5.7.1 (with a different distance). Notice, however, that the polymers considered
here are more complex objects, which contain more information: their support but
also the partial configuration ωγ (and the labels it induces).

Remark 7.25. It is important to emphasize that a compatible collection of contours
contributing to (7.34) is an abstract collection, which does not correspond, in gen-
eral, to the contours of any configuration ω ∈Ω#

Λ. ⋄
We have thus managed to express the partition function as a polymer model

with a purely geometrical, pairwise compatibility condition. The price we had to
pay for that was the introduction of the nontrivial weights w#(·). The very nature of
the latter suggests an inductive analysis. Namely, since w#(γ) can be written

w#(γ) = e−β∥γ∥
∏
#′

e−βHint#′ γ;Φ(η#′ )

e−βHint#′ γ;Φ(η#)

Ξ#′
Φ (int#′γ)

Ξ#
Φ

(int#′γ)
, (7.35)

we see that w#(γ) depends on the weights of the smaller contours that appear in
each Ξ#′

Φ (int#′γ) (which are of type #′ ̸= #) and in Ξ#
Φ(int#′γ).

7.3.2 Representing probabilities involving external contours

Before going further, let us see how the contour models presented above can be
used to represent probabilities involving external contours. Remember the defini-
tion of µ#

Λ;Φ in (7.23).

Lemma 7.26. Let Λ be c-connected and let {γ′1, . . . ,γ′k } be a collection of pairwise
compatible contours of type # such that each γ′i is contained in the exterior of the
others, and d∞(γ′i ,Λc) > 1. Then

µ#
Λ;Φ

(
Γ′ ⊃ {γ′1, . . . ,γ′k }

)≤
k∏

i=1
w#(γ′i ) . (7.36)

Proof. Follows the same steps that started with (7.29).

Exercise 7.12. Complete the proof of Lemma 7.26.

7.4 Phase diagram of the Blume–Capel model

From now on, for the sake of concreteness, we will stick to the Blume–Capel model.
As before, the three constant ground states are denoted by η#, with # ∈ {+,0,−}. We
lift the degeneracy using W defined in (7.19). We continue to omit the dependence
on β everywhere. We also drop Φ from the notations and only indicate the depen-
dence on (λ,h) when it is really needed, that is, we write Z#(Λ) rather than Z#

λ,h(Λ),

etc. We also write e# (or e#(λ,h) if necessary) instead of eΦ(η#). With these conven-
tions, (7.27) becomes

Z#(Λ) = e−βe
#|Λ|Ξ#(Λ) .

We denote the pressure of the model, defined as in (7.7), by ψ=ψ(λ,h).
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7.4.1 Heuristics

We will construct the phase diagram by determining the stable phases of the system.
Loosely speaking, this will consist in the determination, for each choice of bound-
ary condition # ∈ {+,0,−}, of the set of pairs (λ,h) for which a Gibbs measure can
be constructed using the thermodynamic limit with boundary condition #, whose
typical configurations are small deviations from the ground state η#. Eventually,
this will be done in Theorem 7.41.

But we will first focus on the pressure, in particular the pressure in a finite vol-
ume with the boundary condition #:

1

β|Λ| logZ#(Λ) =−e# + 1

β|Λ| logΞ#(Λ) .

In a regime where (λ,h) is such that e# is minimal among all e#′ , which happens
when (λ,h) ∈ U #, we expect typical configurations to be described by sparse lo-
cal deviations away from η#; these configurations should also be the main contri-
butions to Z#(Λ), in the sense that −e# should be the leading contribution to the
pressure, the term 1

β|Λ| logΞ#(Λ) representing only corrections (for large values of
β).

Making this argument rigorous requires having a control over logΞ#(Λ); it will
involve a detailed analysis of the weights w#(·) and will eventually rely on a balance
between the fields and an isoperimetric ratio related to the volume and support of
the contours. Let us describe how the latter appear.

We know from Theorem 5.4 that logΞ#(Λ) admits a convergent cluster expan-
sion, in any finite region Λ, provided that one can find numbers a(γ) ≥ 0 such that
(the weights w#(·) being real and nonnegative, there is no need for absolute values
here and below)

∀γ∗ ∈C #,
∑
γ∈C #

w#(γ)ea(γ)|ζ(γ,γ∗)| ≤ a(γ∗) , (7.37)

where ζ(γ,γ∗)
def= δ(γ,γ∗)−1. As in Section 5.7.1, we observe that ζ(γ,γ∗) ̸= 0 if and

only if γ∩ [γ∗] ̸=∅, where [γ∗]
def= {

j ∈Zd : d∞( j ,γ∗) ≤ 1
}
. This gives

∑
γ∈C #

w#(γ)ea(γ)|ζ(γ,γ∗)| ≤ |[γ∗]| sup
i∈Zd

∑
γ∈C #:γ∋i

w#(γ)ea(γ) .

This shows that a(γ)
def= |[γ]| is a natural candidate. Since |[γ]| ≤ 3d |γ|, (7.37) is satis-

fied if ∑
γ∈C #:γ∋0

w#(γ)e3d |γ| ≤ 1. (7.38)

Clearly, (7.38) can hold only if w#(γ) decreases exponentially fast with the size of
the support of γ. We are thus naturally led to the following notion.

Definition 7.27. The weight w#(γ) is τ-stable if

w#(γ) ≤ e−τ|γ| .

Below, in Lemma 7.30, we will show that (7.38) is indeed verified provided that all
the weights w#(γ) are τ-stable (for a sufficiently large value of τ). Of course, this
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will be true only for certain values of (λ,h). For the moment, let us make a few
comments about the difficulties encountered when trying to show that a weight is
τ-stable.

Consider w#(γ), defined in (7.33). First, the surface term, e−β∥γ∥, can always be
bounded using Peierls’ condition:

∥γ∥ =HΦ0 (ωγ |η#)+
∑

B⊂γ
{WB (ωγ)−WB (η#)} ≥ (ρ−2∥W ∥)|γ| .

Remember from Example 7.12 that, for this model, Peierls’ constant can be chosen
to be ρ = 5−d . Since ∥W ∥ ≤ |h|+|λ|, from now on we will always assume that (λ,h) ∈
U , where

U
def= {

(λ,h) ∈R2 : |λ| ≤ ρ/8, |h| ≤ ρ/8
}

, (7.39)

which gives ρ−2∥W ∥ ≥ ρ/2
def= ρ0, yielding

e−β∥γ∥ ≤ e−βρ0|γ| . (7.40)

Let us then turn to the ratio of partition functions in (7.33).

The first observation is that this ratio is always a boundary term: there exists a
constant c > 0 (depending onΦ) such that

e−cβ|∂exint#′γ| ≤ Z#′ (int#′γ)

Z#(int#′γ)
≤ e+cβ|∂exint#′γ| .

(To check this, the reader can use the same type of arguments that were applied to
prove, in Chapter 3, that the pressure of the Ising model does not depend on the
boundary condition used.) Using (7.40), this gives w#(γ) ≤ e−(ρ0−c)β|γ|. Unfortu-
nately, one can certainly not guarantee that ρ0 > c. This naive argument shows that
a more careful analysis is necessary to study those ratios, in order for the surface term
to always be dominant. ⋄

Let us then consider the weight w#(γ), but this time expressed as in (7.35). Since
the ratios of polymer partition functions in that expression induce an intricate de-
pendence of w#(γ) on (λ,h), let us ignore this ratio for a while and assume that

∏
#′

Ξ#′ (int#′γ)

Ξ#(int#′γ)
= 1. (7.41)

Of course, this is a serious over-simplification, since this ratio involves in general
volume terms. (Note, however, that (7.41) indeed holds when each maximal com-
ponent of each int#′γ is thin; remember (7.25).) Nevertheless, what remains of the
weight after this simplification still contains volume terms, and the discussion be-
low aims at showing how these will be handled.

Since Hint#γ;Φ(η#) = e#|int#γ|, assuming (7.41) leave us with

w#(γ) = e−β∥γ∥
∏
#′

eβ(−e#′+e#)|int#′γ| = e−β∥γ∥
∏
#′

eβ(ψ̂#′
0 −ψ̂#

0)|int#′γ| , (7.42)

where we have introduced, for later convenience,

ψ̂#
0

def= −e# . (7.43)
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Therefore, to guarantee that (7.42) decays exponentially fast with |γ|, the key issue

is to verify that the volume term,
∏

#′ eβ(ψ̂#′
0 −ψ̂#

0)|int#′γ|, is not too large to destroy the
exponential decay due to the surface term.

Of course, the simplest way to guarantee this is to assume that the exponents
satisfy ψ̂#′

0 − ψ̂#
0 ≤ 0 for each #′, which occurs exactly when (λ,h) ∈ U # (see (7.21)),

since we then have ∏
#′

eβ(ψ̂#′
0 −ψ̂#

0)|int#′γ| ≤ 1.

This implies that the weight of γ ∈C # is βρ0-stable uniformly on U #:

sup
(λ,h)∈U #

w#(γ) ≤ e−βρ0|γ| .

This bound is very natural, since Peierls’ condition ensures that the creation of any
contour represents a cost proportional to its support whenever η# is a ground state
for the pair (λ,h).

However, the construction of the phase diagram will require controlling the
weights w#(γ) in a neighborhood of the boundary of U #, that is, also for some val-
ues (λ,h) ̸∈ U #, for which ψ̂#′

0 − ψ̂#
0 > 0. In such a case, the volume term can be

allowed to become large, but always less than the surface term. One can, for exam-
ple, impose that ∏

#′
eβ(ψ̂#′

0 −ψ̂#
0)|int#′γ| ≤ e

1
2βρ0|γ| . (7.44)

To guarantee this, one will impose restrictions on (λ,h) that depend on the geomet-

rical properties of γ, namely on the ratios |γ|
|int#γ| . To make this dependence more

explicit, we will use the following classical inequality, whose proof can be found in
Section B.14 (see Corollary B.80).

Lemma 7.28 (Isoperimetric inequality, d ≥ 2). For all S ⋐Zd ,

|∂exS| ≥ |S| d−1
d . (7.45)

Although we will not use them later in this precise form, consider the sets

U #
γ

def= {
(λ,h) ∈U : (ψ̂#′

0 − ψ̂#
0)|int#′γ|1/d ≤ 1

2ρ0 for each #′
}

. (7.46)

Clearly, U #
γ ⊃ U #. Taking (λ,h) ∈ U #

γ , we can use the isoperimetric inequality as
follows:

∑
#′

(ψ̂#′
0 − ψ̂#

0)|int#′γ| =
∑
#′

(ψ̂#′
0 − ψ̂#

0)|int#′γ|1/d |int#′γ|(d−1)/d (7.47)

≤ 1
2ρ0

∑
#′
|∂exint#′γ|

= 1
2ρ0|∂exintγ|

≤ 1
2ρ0|γ| .

(We used the fact that the sets ∂exint#′γ are pairwise disjoint subsets of γ.) This
implies (7.44) and yields 1

2βρ0-stability uniformly on U #
γ :

sup
(λ,h)∈U #

γ

w#(γ) ≤ e−
1
2βρ0|γ| .



Revised version, August 22 2017
To be published by Cambridge University Press (2017)

© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook

350 Chapter 7. Pirogov–Sinai Theory

λ

U +

U +
γ

U

h

Figure 7.7: The weight of a contour γ ∈ C + is 1
2βρ0-stable in a region U +

γ ⊃
U +, in particular in a neighborhood of the boundary of U #. On the strip
U +
γ \ U +, which is small when the components int−γ and int0γ are large,

(λ,h) has “the wrong sign” although w#(γ) remains stable.

Let’s be a little bit more explicit, for example in the case # = +. Since ψ̂±
0 = ±h +λ

and ψ̂0
0 = 0, the set U +

γ is given by

U +
γ =

{
(λ,h) ∈U : h ≥− ρ0

4|int−γ|1/d

}
∩

{
(λ,h) ∈U : h ≥−λ− ρ0

2|int0γ|1/d

}
,

and is illustrated on Figure 7.7.

At this stage, the reader might benefit from having a look at the discussion in
Section 3.10.10. ⋄

The above discussion provides a sketch of the method that will be used later:
controlling the balance between volume and surface terms by combining the isoperi-
metric inequality with relevant thermodynamic quantities depending on (λ,h). In
our simplified discussion, which occurred only at the level of ground states, the
thermodynamic quantities were represented by the differences ψ̂#′

0 − ψ̂#
0. In the

construction of the phase diagram, the inclusion of the ratios of partition functions
neglected above will represent a technical nuisance and will be treated by a proof
by induction, in which ψ̂#′

0 − ψ̂#
0 will be replaced by ψ̂#′

n − ψ̂#
n . The induction index

n will represent the size of the largest contour present in the system (in a sense to
be made precise). Starting from the ground states (n = 0, no contours present in
the system), we will progressively add contours of increasing size. At each step n,
three pressures ψ̂#

n will be introduced, constructed using contours of size smaller
or equal to n. The weights of the newly added contours of volume n will be studied
in detail; one will in particular determine the regions of parameters (λ,h) for which
these weights are stable.

7.4.2 Polymer models with τ-stable weights

During the induction argument below, we will use the cluster expansion to extract
the surface and volume contributions to the polymer partition functions due to the
quotients appearing in the weights w#(γ). Before pursuing, let us thus determine
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the conditions under which this procedure will be implemented and provide the
main estimates that will be used throughout. Since cluster expansions will also be
applied to auxiliary models that appear on the way, as well as to certain expressions
involving derivatives with respect to λ and h, we first state a more general result,
which will be applied in various situations.

Let C be a collection of contours, which we assume to be a subcollection of any
of the families C #, # ∈ {+,0,−}. For example, C can be the set of all contours of
type + whose interior has a size bounded by a constant. Assume that to each γ ∈C
corresponds a weight w(γ) ≥ 0, possibly different from w#(γ). We also assume that
C and the weights w(·) are translation invariant, in the sense that if γ ∈C and if γ′

is any translate of γ, then γ′ ∈ C and w(γ′) = w(γ). We will denote the size of the
support of the smallest contour of C by

ℓ0
def= min

{|γ| : γ ∈C
}

.

For allΛ⋐Zd , define

Ξ(Λ)
def=

∑
Γ⊂C

compatible

∏
γ∈Γ

w(γ) , (7.48)

where the sum is over all families of pairwise compatible (in the sense of Defini-
tion 7.21) families Γ, such that γ⊂Λ and d∞(γ,Λc) > 1 for all γ ∈ Γ.

Exercise 7.13. Show that the following limit exists:

g
def= lim

k→∞
1

|B(k)| logΞ(B(k)) . (7.49)

Hint: use a subadditivity argument.

The cluster expansion for logΞ(Λ), when it converges, is given by

logΞ(Λ) =
∑
X
Ψ(X ) , (7.50)

where the sum is over clusters X made of contours γ ∈ C such that γ ⊂ Λ and
d∞(γ,Λc) > 1, andΨ(X ) is defined as in (5.20):

Ψ(X )
def= α(X )

∏
γ∈X

w(γ) . (7.51)

Remember that a contour can appear more than once in a cluster (in which case its
weight appears more than once in the previous product), and that α(X ) is a purely
combinatorial factor.

Everywhere below, we will use the function

η(τ,ℓ)
def= 2e−τℓ/3 .
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Theorem 7.29. Assume that, for all γ ∈ C , the weight w(γ) is C 1 in a parameter
s ∈ (a,b), and that, uniformly on (a,b),

w(γ) ≤ e−τ|γ| ,
∣∣∣dw(γ)

ds

∣∣∣≤ D|γ|d/(d−1)e−τ|γ| , (7.52)

where D ≥ 1 is a constant. There exists τ1 = τ1(D,d) < ∞ such that the following
holds. If τ> τ1, then g defined in (7.49) is given by the following absolutely conver-
gent series,

g =
∑

X : X∋0

1

|X |
Ψ(X ) , (7.53)

where the sum is over clusters X made of contours γ ∈C and X
def= ⋃

γ∈X γ. Moreover,

|g | ≤ η(τ,ℓ0) ≤ 1,

and, for all Λ⋐Zd , g provides the volume contribution to logΞ(Λ), in the sense that

Ξ(Λ) = exp
(
g |Λ|+∆)

, (7.54)

where ∆ is a boundary term:

|∆| ≤ η(τ,ℓ0)|∂inΛ| .

Finally, g is also C 1 in s ∈ (a,b), its derivative equals

dg

ds
=

∑

X : X∋0

1

|X |
dΨ(X )

ds
(7.55)

and ∣∣∣dg

ds

∣∣∣≤ Dη(τ,ℓ0) .

We can express (7.54) in the following manner

1

|Λ| logΞ(Λ) = g +O
( |∂inΛ|

|Λ|
)

.

⋄

We have already seen in (7.38) that, when w(γ) ≤ e−τ|γ|, a sufficient condition
for the convergence of the cluster expansion is that

∑
γ∈C :γ∋0

e−τ|γ|e3d |γ| ≤ 1. (7.56)

We will actually choose τ so large that a stronger condition is satisfied, which will
be needed in the proofs of Theorem 7.29 and Lemma 7.31.

Lemma 7.30. There exists τ0 <∞ such that, when τ> τ0,

∑
γ∈C :γ∋0

|γ|d/(d−1)e−(τ/2−1)|γ|e3d |γ| ≤ η(τ,ℓ0) ≤ 1, (7.57)

uniformly in the collection C .
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Proof. First,

∑
γ∈C :
γ∋0

|γ|d/(d−1)e−(τ/2−1)|γ|e3d |γ| ≤
∑

k≥ℓ0

kd/(d−1)e−(τ/2−1−3d )k #
{
γ ∈C : γ ∋ 0, |γ| = k

}
.

Once the support γ is fixed, the number of possible configurations ωγ is bounded

above by |Ω0||γ| = 3|γ|. Therefore, proceeding as in Exercise 5.3, we can show that
there exists a constant c > 0 (depending on the dimension, different from the one
of Exercise 5.3) such that

#
{
γ ∈C : γ ∋ 0, |γ| = k

}≤ eck .

We assume that τ is so large that

τ′ def= τ/2−1−3d −d/(d −1)− c ≥ τ/3 (7.58)

and e−τ
′ < 1/2. Then, since kd/(d−1) < edk/(d−1),

∑
γ∈C :γ∋0

|γ|d/(d−1)e−(τ/2−1)|γ|e3d |γ| ≤
∑

k≥ℓ0

e−τ
′k = e−τ

′ℓ0

1−e−τ′
≤ 2e−τ

′ℓ0 ≤ η(τ,ℓ0) .

For each # ∈ {+,0,−}, let τ# be the smallest constant τ satisfying the above require-

ments when using C =C #. We can then take τ0
def= max#τ

#.

Everywhere below, τ0 will refer to the number that appeared in Lemma 7.30.

Proof of Theorem 7.29: Denote by τ1 the smallest τ > τ0 such that Dη(τ,ℓ0) ≤ 1.
Since (7.57) implies (7.56), Theorem 5.4 guarantees that the series on the right-
hand side of (7.50) converges absolutely. In fact, proceeding as in (5.29), using the

fact that a(γ)
def= |[γ]| ≤ 3d |γ|,

∑

X : X∋0

|Ψ(X )| ≤
∑

γ1∈C :γ1∋0

w(γ1)e3d |γ1| ≤ η(τ,ℓ0) . (7.59)

This yields the convergence of the series for g , as well as the upper bound |g | ≤
η(τ,ℓ0). The same computations as those preceding Remark 5.9 and translation
invariance give (7.54). The boundary term∆ is bounded in the same way. Since g is
defined by an absolutely convergent series, we can rearrange its terms as g =∑

n fn ,
where

fn
def=

∑
k≥1

∑
X={γ1,...,γk }:

X∋0∑ |γi |=n

1

|X |
Ψ(X ) .

Since only finitely many terms contribute to fn and since eachΨ(X ) is C 1, fn is also
C 1. Moreover, for a cluster X = {γ1, . . . ,γk }, (7.52) gives

∣∣∣dΨ(X )

ds

∣∣∣=
∣∣∣α(X )

k∑
j=1

dw(γ j )

ds

k∏
i=1

(i ̸= j )

w(γi )
∣∣∣

≤ |α(X )|
k∏

j=1

{
D|γ j |d/(d−1)e−(τ−1)|γ j |}= |Ψ(X )| ,
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where we used
∑k

j=1 1 ≤∏k
j=1 e |γ j |; Ψ(X ) is defined as Ψ(X ) in (7.51), but with w(γ)

replaced by

w(γ)
def= D|γ|d/(d−1)e−(τ−1)|γ| .

Again by Lemma 7.30, the analogue of (7.56) with w(γ) replaced by w(γ) is satisfied.
Therefore,

∑
n

∣∣d fn

ds

∣∣≤
∑

n≥1

∑
k≥1

∑
X={γ1,...,γk }:

X∋0∑ |γi |=n

1

|X |
|Ψ(X )|

≤
∑

X : X∋0

|Ψ(X )| ≤
∑

γ1∈C :γ1∋0

w(γ1)e3d |γ1| ≤ Dη(τ,ℓ0) .

Theorem B.7 thus guarantees that g is also C 1, and that its derivative is given by
dg
ds =∑

n
d fn
ds , which proves (7.55).

We will also need bounds on the sums of the weights of clusters that contain at
least one contour with a large support.

Lemma 7.31. Assume that w(γ) ≤ e−τ|γ| for each γ ∈ C and some τ > τ0. Then, for
all L ≥ ℓ0, ∑

X : X∋0
|X |≥L

|Ψ(X )| ≤ e−
1
2 τL . (7.60)

Proof. Proceeding as we did at the end of Section 5.7.4,

1 = e−τ|X |/2eτ|X |/2 ≤ e−τ|X |/2
∏
γ∈X

eτ|γ|/2 ,

which can be inserted into

∑

X : X∋0
|X |≥L

|Ψ(X )| ≤ e−τL/2
∑

X : X∋0

|Ψ(X )|
∏
γ∈X

e
τ
2 |γ|

= e−τL/2
∑

X : X∋0

|Ψ(X )| ≤ e−τL/2η(τ,ℓ0) ≤ e−τL/2 .

In the equality, we definedΨ(X ) asΨ(X ) in (7.51), but with w(γ) replaced by w(γ)
def=

e−
τ
2 |γ|. We then used again Lemma 7.30.

7.4.3 Truncated weights and pressures, upper bounds on partition functions

As explained above, we will construct the phase diagram by progressively adding
contours on top of the ground states η#. To this end, we need to order contours
according to their sizes.

Definition 7.32. A contour γ ∈C # is of class n if |intγ| = n. The collection of con-
tours of type # and class n is denoted by C #

n .



Revised version, August 22 2017
To be published by Cambridge University Press (2017)

© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook

7.4. Phase diagram of the Blume–Capel model 355

Clearly, a component of the interior of a contour γ ∈C #
n can contain only contours

of class strictly smaller than n.

We know that the weight of a contour with a large interior might not be stable
for all values of the fields (λ,h). It will however turn out to be very useful to control
the weights on the whole region (λ,h) ∈ U . To deal with the problem of unstable
phases, we will truncate the weight of a contour as soon as its volume term becomes
too large.

Contours of class zero contain no volume term, so they need not to be trun-
cated. Contours of large class do however contain volume terms and we will sup-
press the latter as soon as they become too important. We therefore fix some choice
of cutoff function χ : R → [0,1], satisfying the following properties: (i) χ(s) = 1

if s ≤ ρ0/4, (ii) χ(s) = 0 if s ≥ ρ0/2, (iii) χ is C 1. Such a cutoff satisfies ∥χ′∥ def=
sups |χ′(s)| <∞.

s

χ(s)

ρ0/4 ρ0/2

We start by defining the truncated quantities associated to n = 0. First, the trun-
cated pressures (which we already encountered before) are defined by

ψ̂#
0

def= −e# .

We define

∀γ ∈C #
0 , ŵ#(γ)

def= w#(γ) = e−β∥γ∥ .

Everywhere below, we assume that (λ,h) ∈U so that we can use the bound (7.40).

Assume now that the truncated weights ŵ#(·) have been defined for all con-
tours of class ≤ n. For a c-connected Λ⋐Zd , let Ξ̂#

n(Λ) denote the polymer model
defined as in (7.34), but where the collections contain only contours of class ≤ n,
and with w#(γ) replaced by ŵ#(γ). Then, set

Ẑ#
n(Λ)

def= e−βe
#|Λ| Ξ̂#

n(Λ) .

For each # ∈ {+,0,−}, we use Exercise 7.13 to define the truncated pressure by

ψ̂#
n = ψ̂#

n(λ,h)
def= lim

k→∞
1

β|B(k)| log Ẑ#
n(B(k))

=−e# + lim
k→∞

1

β|B(k)| log Ξ̂#
n(B(k)) .

Notice that, since Ξ̂#
n(B(k)) ≥ 1, we have

ψ̂#
n ≥−e# . (7.61)
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Definition 7.33. The truncated weight of γ ∈C #
n+1 is defined by

ŵ#(γ)
def= e−β∥γ∥

∏
#′

{
χ
(
(ψ̂#′

n − ψ̂#
n)|int#′γ|1/d )Z#′ (int#′γ)

Z#(int#′γ)

}
.

Intuitively, the goal of the previous definition is to eliminate all contours that
could lead to instability. The reason we do not simply use a hard constraint of the
form 1

{(ψ̂#′
n −ψ̂#

n )|int#′γ|1/d≤ρ0/2}
, rather than a soft cutoff, is that the smoothness of the

latter will allow us to obtain useful information on the regularity of the pressure and
of the phase diagram. ⋄

Notice that since 0 ≤χ≤ 1, we have

ŵ#(γ) ≤w#(γ) , ∀γ ∈C # . (7.62)

Actually, unlike the true pressure ψ of the model, the truncated pressures do in
fact depend very much on the choice of the boundary condition, that is, ψ̂#

n ̸= ψ̂#′
n

in general. Moreover, the truncated weights and pressures depend on the specific
choice of the cutoff function. Of course, as we will see later in Remark 7.37, this has
no impact on the final construction of the phase diagram (but has an influence on
what information on the latter can be extracted from our construction).

Other useful quantities will be important in the sequel. The first is

ψ̂n
def= max

#
ψ̂#

n .

Then, the following will be handy to relate the original weights to their truncated
versions:

a#
n

def= max
#′

{ψ̂#′
n − ψ̂#

n} = ψ̂n − ψ̂#
n .

By definition, a#
n ≥ 0 and, for all γ ∈C #

n+1,

a#
n |intγ|1/d ≤ ρ0/4 =⇒ ŵ#(γ) =w#(γ) . (7.63)

The following proposition is the main technical result of this chapter. Remem-
ber that τ1 was defined in Theorem 7.29.
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Proposition 7.34. Let

τ
def= 1

2βρ0 −6. (7.64)

There exists 0 < β0 < ∞ such that the following holds. If β > β0, then τ > τ1 and
there exists an increasing sequence cn ↑ c∞ <∞ such that, for all # and all n ≥ 0, the
following statements hold.

1. (Bounds on the truncated weights.) For all k ≤ n, the weight of each γ ∈ C #
k

is τ-stable uniformly on U :

ŵ#(γ) ≤ e−τ|γ| , (7.65)

and

a#
n |intγ|1/d ≤ ρ0/8 implies ŵ#(γ) =w#(γ) . (7.66)

Moreover, λ 7→ ŵ#(γ) and h 7→ ŵ#(γ) are C 1 and, uniformly on U ,

∣∣∣∂ŵ
#(γ)

∂λ

∣∣∣≤ D|γ|d/(d−1)e−τ|γ| ,
∣∣∣∂ŵ

#(γ)

∂h

∣∣∣≤ D|γ|d/(d−1)e−τ|γ| , (7.67)

where D
def= 4(β+∥χ′∥).

2. (Bounds on the partition functions.) Assume that Λ⋐Zd is c-connected and
|Λ| ≤ n. Then

Z#(Λ) ≤ eβψ̂n |Λ|+cn |∂exΛ| , (7.68)
∣∣∣∂Z#(Λ)

∂λ

∣∣∣≤β|Λ|eβψ̂n |Λ|+cn |∂exΛ| . (7.69)

∣∣∣∂Z#(Λ)

∂h

∣∣∣≤β|Λ|eβψ̂n |Λ|+cn |∂exΛ| , (7.70)

uniformly in (λ,h) ∈U .

Notice that the way the proposition is formulated allows one to obtain asymptotic
bounds also in the limit n →∞.

Fixing the constants. Before turning to the proof, we fix the relevant constants.

Theorem 7.29 will be used repeatedly. Remember that η(τ,ℓ0)
def= 2e−τℓ0/3, where

ℓ0 ≥ |B(1)| is the size of the smallest support of a contour. We assume that β0 sat-
isfies β0 ≥ 1 and that it is large enough to ensure that, for all β > β0, we have both
τ> τ1 and

D3d η(τ,ℓ0) ≤ 1,

where D
def= 4(β+∥χ′∥). This will, in particular, always allow us to control the bound-

ary terms that appear when using the cluster expansion in a regionΛ:

|∆| ≤ η(τ,ℓ0)|∂inΛ| ≤ η(τ,ℓ0)3d |∂exΛ| ≤ |∂exΛ| . (7.71)

We will also assume that β0 is large enough to guarantee that

∀k ≥ 1, 2β−1k1/d e−τk(d−1)/d /2 ≤ ρ0/8. (7.72)
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Let c0
def= 2, and

cn+1
def= cn + (n +1)1/d e−τn(d−1)/d /2 .

We then have 2 ≤ cn ↑ c∞
def= 2+∑

n≥1(n +1)1/d e−τn(d−1)/d /2 and we can thus assume
that β0 is so large that c∞ ≤ 3. Finally, we assume β0 is such that

∀a > 0, β−1 exp
(−max

{
(ρ0/4a )d−1,ℓ0

}
τ/2

)≤ a

2
. (7.73)

Proof of Proposition 7.34: Let us first prove the proposition in the case n = 0. When
γ ∈ C #

0 , (7.66) is always true, ŵ#(γ) = e−β∥γ∥, and (see (7.40)) e−β∥γ∥ ≤ e−βρ0|γ| <
e−τ|γ| when (λ,h) ∈U . Since

∣∣∣∂∥γ∥
∂λ

∣∣∣=
∣∣∣
∑
i∈γ

{(η#
i )2 − (ωγ)2

i }
∣∣∣≤ 2|γ| , (7.74)

we have ∣∣∣∂ŵ
#(γ)

∂λ

∣∣∣≤ 2β|γ|e−β∥γ∥ < D|γ|d/(d−1)e−τ|γ| .

The bound on the derivative with respect to h is obtained in exactly the same
way. Finally, (7.68)–(7.70) are trivial when |Λ| = 0, since the corresponding partition
functions are all equal to 1.

We now assume that the claims of the proposition have been proved up to n,
and prove that they also hold for n +1.

▶Controlling the truncated pressures ψ̂#
n . Since the contours appearing in Ξ̂#

n(B(k))
are all of class at most n and since their weights are τ-stable on U by the induction
hypothesis, we can use Theorem 7.29 to express ψ̂#

n =−e#+ ĝ #
n , with ĝ #

n given by the
absolutely convergent series (notice that now, there appears a division by β)

ĝ #
n =

∑
X∈χ#

n :

X∋0

1

β|X |
Ψ̂#(X ) , (7.75)

where χ#
n is the collection of all clusters made of contours of type # and class at

most n, and where Ψ̂# are defined as in (7.51), but with the weights ŵ#. Moreover,
ĝ #

n is C 1 in λ and h on U and

∣∣∣∂ĝ #
n

∂λ

∣∣∣≤ Dβ−1η(τ,ℓ0) ≤ 1. (7.76)

The same upper bound holds for the derivative with respect to h.

▶ Studying the truncated weights of contours of class n+1. We first prove that (7.65)
holds when γ ∈ C #

n+1. Observe that ŵ#(γ) = 0 whenever there exists #′ such that

(ψ̂#′
n − ψ̂#

n)|int#′γ|1/d > 1
2ρ0. So we can assume that

(ψ̂#′
n − ψ̂#

n)|int#′γ|1/d ≤ 1
2ρ0 for all #′. (7.77)

Since |intγ| = n+1, all contours contributing to the partition functions appearing in
ŵ#(γ) are of type at most n. We can thus apply the induction hypothesis to deduce
that, for any #′,

Z#′ (int#′γ) ≤ eβψ̂n |int#′γ|+cn |∂exint#′γ| ≤ eβψ̂n |int#′γ|+3|∂exint#′γ| .
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(Remember that cn ↑ c∞ ≤ 3.) The truncated weight of each contour contributing
to Ẑ#

n(int#′γ) is τ-stable by the induction hypothesis. Therefore, after using (7.62),
(7.54) and (7.71),

Z#(int#′γ) ≥ Ẑ#
n(int#′γ) = e−βe

#|Λ|Ξ̂#(Λ) = eβψ̂
#
n |int#′γ|+∆ ≥ eβψ̂

#
n |int#′γ|−|∂exint#′γ| .

(7.78)
Combining these two bounds, using the isoperimetric inequality as in (7.47), we
obtain

Z#′ (int#′γ)

Z#(int#′γ)
≤ eβ(ψ̂n−ψ̂#

n )|int#′γ|+4|∂exint#′γ| ≤ e( 1
2βρ0+4)|∂exint#′γ| . (7.79)

Bounding the cutoff function by 1, using (7.40) and
∑

#′ |∂exint#′γ| ≤ |γ|, we conclude
that (7.65) indeed holds for γ:

ŵ#(γ) ≤ e−
1
2βρ0|γ|+4|γ| < e−τ|γ| . (7.80)

Let us turn to (7.67). The derivative with respect to λ equals

∂ŵ#(γ)

∂λ
=−β∂∥γ∥

∂λ
ŵ#(γ)+e−β∥γ∥

∑
#′

∂

∂λ

{
χ(·) Z#′ (int#′γ)

Z#(int#′γ)

} ∏
#′′ ̸=#′

{
χ(·) Z#′′ (int#′′γ)

Z#(int#′′γ)

}
.

(7.81)
The only term appearing in (7.81) that we have not yet estimated is

∣∣∣ ∂
∂λ

{
χ
(
(ψ̂#′

n − ψ̂#
n)|int#′γ|1/d )Z#′ (int#′γ)

Z#(int#′γ)

}∣∣∣ .

Using the chain rule together with (7.76), we see that the latter is bounded above by

4|int#′γ|1/d∥χ′∥Z#′ (int#′γ)

Z#(int#′γ)
+

∣∣∣ ∂
∂λ

Z#′ (int#′γ)

Z#(int#′γ)

∣∣∣ .

(In the second term, the cutoff was bounded by 1.) (7.79) already leads to a bound
on the first term, so we only have to consider the second one. Of course,

∣∣∣ ∂
∂λ

Z#′ (int#′γ)

Z#(int#′γ)

∣∣∣≤ |∂Z#′ (int#′γ)/∂λ|
Z#(int#′γ)

+ Z#′ (int#′γ)

Z#(int#′γ)

|∂Z#(int#′γ)/∂λ|
Z#(int#′γ)

. (7.82)

Observe that

∣∣∣∂Z#(int#′γ)

∂λ

∣∣∣=
∣∣∣

∑
ω∈Ωint#′ γ

e−βHint#′ γ;Φ(ω) ∂(−βHint#′γ;Φ(ω))

∂λ

∣∣∣

≤β|int#′γ|Z#(int#′γ) . (7.83)

This bounds the last ratio in (7.82). The remaining ratios can be estimated using
the induction hypothesis (7.69), and (7.79), yielding

∣∣∣ ∂
∂λ

Z#′ (int#′γ)

Z#(int#′γ)

∣∣∣≤ 2β|int#′γ|e( 1
2βρ0+4)|∂exint#′γ| . (7.84)

Using (7.40), (7.74), (7.79), (7.80) and (7.84) in (7.81) leads to

∣∣∣∂ŵ
#(γ)

∂λ

∣∣∣≤
{
2β|γ|+ (2β+4∥χ′∥)|intγ|}e−τ|γ| .
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(7.67) then follows after an application of the isoperimetric inequality. Once again,
the derivative with respect to h is treated in the same way.

▶ Estimating the differences |ψ̂#
n+1−ψ̂#

k |, k ≤ n. Notice that |ψ̂#
n+1−ψ̂#

k | = |ĝ #
n+1−ĝ #

k |.
By what was done above, all truncated weights of contours of class ≤ n + 1 are τ-
stable. We can therefore consider the expansions for each of the functions ĝ #

k , k ≤
n +1, as in (7.75). Then, observe that the clusters X ∈ χ#

n+1 \χ#
k that contribute to

ĝ #
n+1 − ĝ #

k contain at least one contour γ∗ with |intγ∗| > k. By the isoperimetric

inequality, |γ∗| ≥ k(d−1)/d . By Lemma 7.31,

∑

X : X∋0
|X |≥k(d−1)/d

|Ψ̂#(X )| ≤ e−
1
2 τk(d−1)/d

.

As a consequence,

|ψ̂#
n+1 − ψ̂#

k | ≤β−1e−
1
2 τk(d−1)/d

, |ψ̂n+1 − ψ̂k | ≤β−1e−
1
2 τk(d−1)/d

. (7.85)

▶ Showing that n, in (7.66), can be replaced byn + 1. For γ ∈ C #
n+1, (7.66) holds

by (7.63). Let us fix γ ∈C #
k , k ≤ n, and write

a#
k |intγ|1/d = a#

n+1|intγ|1/d + (a#
k −a#

n+1)|intγ|1/d

≤ a#
n+1|intγ|1/d +2β−1k1/d e−τk(d−1)/d /2

≤ a#
n+1|intγ|1/d +ρ0/8.

(We used (7.72) in the last inequality.) Therefore, a#
n+1|intγ|1/d ≤ ρ0/8 implies that

a#
k |intγ|1/d ≤ ρ0/4. According to how the cutoffs were defined, this implies ŵ#(γ) =

w#(γ).
We now move on to the most delicate part of the proof:

▶ Showing that (7.68) holds if |Λ| = n +1. Let Λ⋐ Zd be an arbitrary c-connected

set satisfying |Λ| = n + 1, fix (λ,h) ∈ U and consider Z#(Λ) = e−βe
#|Λ|Ξ#(Λ). Let

γ ∈C # be any contour appearing in the contour representation of Ξ#(Λ) (therefore
necessarily of class at most n). If

a#
n |intγ|1/d ≤ ρ0/4,

we say that γ is stable; otherwise, we say thatγ is unstable. By definition, a stable
contour satisfies w#(γ) = ŵ#(γ).

Whether a contour is stable or not depends on the point (λ,h) ∈U we are con-
sidering. Note that when a#

n = 0, all contours appearing in Z#(Λ) are stable; in such
a case, we can use Theorem 7.29 to conclude that

Z#(Λ) = Ẑ#(Λ) = e−βe
#|Λ|Ξ#(Λ) = eβψ̂n |Λ|+∆ ≤ eβψ̂n |Λ|+|∂exΛ| ≤ eβψ̂n |Λ|+cn |∂exΛ| .

We can thus assume that a#
n > 0. Note that the possible presence of unstable con-

tours prevents us now from using the representation Z#(Λ) = e−βe
#
Ξ#(Λ) to analyze

Z#(Λ).
Let us fix the set of external unstable contours. Once the latter are fixed, we can

resum over the configurations on their exteriorΛext, with the restriction of allowing
only stable contours. Observe that being stable is hereditary: if γ is stable, then any
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contour contained in its interior is also stable, so that we are guaranteed that none
of these contours will surround one of the fixed unstable contours.

Proceeding similarly to what we did in (7.29), this first step gives

Z#(Λ) =
∑
Γ′

compatible
external
unstable

Z#
stable(Λext)

∏
γ′∈Γ′

{
exp

(−β
∑

B⊂γ′
ΦB (ωγ′ )

)∏
#′

Z#′ (int#′γ
′)
}

,

where Z#
stable(Λext) denotes the partition function restricted to configurations in

which all contours are stable. Since w#(γ) = ŵ#(γ) when γ is stable and since the
truncated weights are τ-stable, we can use a convergent cluster expansion to study
Z#

stable(Λext):

Z#
stable(Λext) = e−βe

#|Λext|Ξ#
stable(Λext) ≤ e−β(e#−ĝ #

n,stable)|Λext|e |∂
exΛext| .

For the partition functions in the interior of unstable contours, we apply the induc-
tion hypothesis (7.68):

∏
#′

Z#′ (int#′γ
′) ≤

∏
#′

eβψ̂n |int#′γ
′|+cn |∂exint#′γ

′| ≤ eβψ̂n |intγ′|e3|γ′| .

Using |∂exΛext| ≤ |∂exΛ|+∑
γ′∈Γ′ |γ′| and extracting eβψ̂n |Λ| from the sum, we obtain

Z#(Λ) ≤ eβψ̂n |Λ|e |∂
exΛ|

×
∑
Γ′

compatible
external
unstable

e−β(ψ̂n+e#−ĝ #
n,stable)|Λext| ∏

γ′∈Γ′
exp

(−β
∑

B⊂γ′
ΦB (ωγ′ )

)
e(4−βψ̂n )|γ′| .

Observe now that ψ̂n |γ| ≥ ψ̂#
n |γ| ≥ −e#|γ| = −∑

B⊂γΦB (η#) (indeed, remem-
ber (7.61), and observe that all pairwise interactions, in a ground state, are zero).

Defining ψ̂#
n,stable

def= −e# + ĝ #
n,stable,

Z#(Λ) ≤ eβψ̂n |Λ|e |∂
exΛ| ∑

Γ′
compatible

external
unstable

e−β(ψ̂n−ψ̂#
n,stable)|Λext| ∏

γ′∈Γ′
e−β∥γ

′∥e4|γ′| . (7.86)

We will show that this last sum is bounded by e |∂
exΛ|, which will allow to conclude

that, indeed,
Z#(Λ) ≤ eβψ̂n |Λ|e2|∂exΛ| ≤ eβψ̂n |Λ|+cn |∂exΛ| . (7.87)

In order to do that, we will prove that ψ̂n −ψ̂#
n,stable is positive and sufficiently large

to strongly penalize families Γ′ for which |Λext| is large. First, let us write

ψ̂n − ψ̂#
n,stable = a#

n + (ĝ #
n − ĝ #

n,stable) .

The clusters that contribute to ĝ #
n−ĝ #

n,stable necessarily contain at least one unstable
contour. Therefore, since an unstable contour γ satisfies

|γ| ≥ |intγ|(d−1)/d ≥
( ρ0

4a#
n

)d−1
,
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we have

|ĝ #
n − ĝ #

n,stable| ≤β−1 exp
(−max

{
(ρ0/4a#

n)d−1,ℓ0
}
τ/2

)≤ 1
2 a#

n ,

where we used (7.73). We conclude that ψ̂n − ψ̂#
n,stable ≥ a#

n/2. Then, let us define

new weights as follows: for each γ ∈C #, set

w#
∗(γ)

def=
{

e−(βρ0−5)|γ| if γ is unstable,

0 otherwise.

We denote by Ξ#
∗(·) the associated polymer partition function, and let

ĝ #
∗

def= lim
n→∞

1

β|B(n)| logΞ#
∗(B(n)) .

Since βρ0 − 5 ≥ τ, ĝ #
∗ can be controlled by a convergent cluster expansion. Once

again, the clusters that contribute to ĝ #
∗ contain only unstable contours, and there-

fore, using again (7.73),

|ĝ #
∗| ≤β−1 exp

(−max
{
(ρ0/4a#

n)d−1,ℓ0
}
τ/2

)≤ 1
2 a#

n . (7.88)

One can thus guarantee that

ψ̂n − ψ̂#
n,stable ≥ ĝ #

∗ . (7.89)

We can now use this to show that the sum in (7.86) is bounded above by

∑
Γ′

compatible
external
unstable

e−βĝ #∗|Λext| ∏
γ′∈Γ′

e−(βρ0−4)|γ′| ≤ e−βĝ #∗|Λ|
∑
Γ′

compatible
external
unstable

∏
γ′∈Γ′

e−(βρ0−5)|γ′|eβĝ #∗|intγ′|

≤ e−βĝ #∗|Λ|
∑
Γ′

compatible
external
unstable

∏
γ′∈Γ′

e−(βρ0−6)|γ′|Ξ#
∗(intγ′)

= e−βĝ #∗|Λ|Ξ#
∗(Λ)

≤ e |∂
exΛ| .

In the first inequality, we used |ĝ #
∗| ≤ 1, which follows from the first inequality

in (7.88); in the second, we used again Theorem 7.29: Ξ#
∗(intγ) ≥ eβĝ #∗|intγ|−|γ|. This

proves the earlier claim.

▶ Showing that (7.69) and (7.70) hold for |Λ| = n+1. Proceeding as in (7.83), we see
that ∣∣∣∂Z#(Λ)

∂λ

∣∣∣≤β|Λ|Z#(Λ) , (7.90)

and, therefore, (7.69) follows from (7.87). The same argument yields (7.70)

▶ Showing that n, in the right-hand side of (7.68)–(7.70), can be replaced by n +1.
Using (7.85) and the isoperimetric inequality we get, for all |Λ| ≤ n +1,

βψ̂n |Λ|+ cn |∂exΛ| =βψ̂n+1|Λ|+ cn |∂exΛ|+β(ψ̂n − ψ̂n+1)|Λ|
≤βψ̂n+1|Λ|+ (cn + (n +1)1/d e−

1
2 τn(d−1)/d

)|∂exΛ|
=βψ̂n+1|Λ|+ cn+1|∂exΛ| .
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7.4.4 Construction of the phase diagram

Let us now exploit the consequences of Proposition 7.34. We assume throughout
this section that β>β0. Since it appears at several places, we define

ϵ= ϵ(β)
def= D3dη(τ,ℓ0) .

When needed,β can be taken larger to make ϵ smaller. We will assume, for instance,
that

ϵ< ρ/32.

Proposition 7.34 dealt with the truncated pressures ψ̂#
n , to which only contours

with an interior of size at most n contributed. Let us first see how the limit n →∞
restores the full model.

It follows from (7.85) that ĝ #
n is a Cauchy sequence, which guarantees the exis-

tence of
ĝ # def= lim

n→∞ ĝ #
n .

Moreover, ĝ # can be expressed as the convergent series

ĝ # =
∑

X∈χ#:

X∋0

1

β|X |
Ψ̂#(X ) , (7.91)

whereχ# is the collection of all clusters made of contours of type # using the weights
ŵ#. Namely, the difference between this series and the one in (7.75) is an infinite
sum over clusters X such that (i) their support contains 0 and (ii) they contain at
least one contour of class larger than n. By Lemma 7.31,

|ĝ # − ĝ #
n | ≤β−1e−

1
2 τn(d−1)/d

. (7.92)

We can thus also define
ψ̂# def= lim

n→∞ψ̂
#
n .

The series in (7.91) can be bounded as usual: |ĝ #| ≤ ϵ. This shows that ψ̂# is a small
perturbation of minus the energy density of the ground state η#:

∣∣ψ̂# − (−e#)
∣∣≤ ϵ ,

In order to compare the original weights and their truncated versions, we define

a# def= lim
n→∞a#

n = ψ̂− ψ̂# ,

where
ψ̂

def= max
#
ψ̂# .

Letting n →∞ in (7.66) implies that

∀γ ∈C # , a#|intγ|1/d ≤ ρ0/8 implies ŵ#(γ) =w#(γ) . (7.93)

Using this, we can define regions of parameters on which all contours of type # will
coincide with their truncated versions (we indicate the dependence on β, to distin-
guish these sets from those defined in (7.21), which were associated to the energy
densities of the ground states):

U #
β

def= {
(λ,h) ∈U : a#(λ,h) = 0

}= {
(λ,h) ∈U : ψ̂#(λ,h) = max

#′
ψ̂#′ (λ,h)

}
.
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Observe that at a given point (λ,h) ∈ U , there is always at least one # for which
a#(λ,h) = 0. This means that the regions U # cover U . By (7.93), we obtain the
following

Theorem 7.35. There exists 0 <β0 <∞ such that the following holds for all β>β0:

∀γ ∈C # , (λ,h) ∈U #
β implies ŵ#(γ) =w#(γ) .

In particular, when (λ,h) ∈U #
β

, the true pressure of the model equals

ψ(λ,h) = lim
n→∞

1

β|B(n)| logZ#(B(n))

= lim
n→∞

1

β|B(n)| log Ẑ#(B(n)) = ψ̂#(λ,h) .

In other words,

ψ(λ,h) =





ψ̂+(λ,h) if (λ,h) ∈U +
β

,

ψ̂0(λ,h) if (λ,h) ∈U 0
β

,

ψ̂−(λ,h) if (λ,h) ∈U −
β

.

(7.94)

In particular, we can extract properties of the (true) pressure by studying the trun-
cated pressures and determining the regions U #

β
.

Up to now, even though we restricted our discussion to the Blume–Capel model
for pedagogical reasons, the specific properties of this model were not used in any
important way. In order to obtain more precise information about this model how-
ever, it will be useful to exploit these properties from now on. For example, the
+↔− symmetry provides us immediately with useful information about the trun-
cated pressures.

Exercise 7.14. Check that the +↔− symmetry implies ψ̂+(λ,−h) = ψ̂−(λ,h).

Let us write the truncated pressures more explicitly, using the expressions for
the ground state energy densities e# given in (7.20):

ψ̂±(λ,h) =±h +λ+ ĝ±(λ,h) , ψ̂0(λ,h) = ĝ 0(λ,h) .

Since the weights ŵ#(γ) are C 1, Theorem 7.29 guarantees again that ĝ # is C 1 on U
and that, uniformly on U ,

∣∣∣∂ĝ #

∂λ

∣∣∣≤ ϵ ,
∣∣∣∂ĝ #

∂h

∣∣∣≤ ϵ . (7.95)

Therefore,

∣∣∂ψ̂
±

∂h
∓1

∣∣≤ ϵ ,
∣∣∂ψ̂

±

∂λ
−1

∣∣≤ ϵ ,
∣∣∂ψ̂

0

∂h

∣∣≤ ϵ ,
∣∣∂ψ̂

0

∂λ

∣∣≤ ϵ .

The regions U #
β

. Let us start with U +
β

, which can be written as

U +
β = {

(λ,h) ∈U : ψ̂+ ≥ ψ̂−}∩{
(λ,h) ∈U : ψ̂+ ≥ ψ̂0} .
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Since the truncated pressures are continuous, the boundary of the set {ψ̂+ ≥ ψ̂−} is
given by {ψ̂+ = ψ̂−}. By the +↔− symmetry (Exercise 7.14),

ψ̂+(λ,0) = ψ̂−(λ,0) , ∀λ .

Since
∂ψ̂+
∂h > ∂ψ̂−

∂h , uniformly on U , this shows that {ψ̂+ = ψ̂−} = {h = 0} and that
{ψ̂+ ≥ ψ̂−} = {h ≥ 0}. In the same way, the boundary of {ψ̂+ ≥ ψ̂0} equals {ψ̂+ = ψ̂0}.
Since there is no symmetry between + and 0, we will fix λ, and search for the value
of h such that ψ̂+(λ,h) = ψ̂0(λ,h), which can also be written as

G(λ,h)
def= h +λ+ ĝ+(λ,h)− ĝ 0(λ,h) = 0. (7.96)

To guarantee that (7.96) has solutions in U , we restrict our attention to a slightly
smaller region. Remember that U is defined by |λ|, |h| < ρ/8. Let δ > 0 be any
number satisfying 2ϵ< δ< ρ/16. and set

Ǔ
def= {

(λ,h) : |λ| < ρ/8−δ, |h| < ρ/8
}

.

Take then λ ∈ (−ρ/8+δ,ρ/8−δ) and define h±
def= −λ±δ. We have (λ,h±) ∈U and

G(λ,h−) < 0 <G(λ,h+). Since ∂G
∂h > 0 uniformly on U , this implies that there exists

a unique h = h(λ) ∈ (h−,h+), such that G(λ,h) = 0. The implicit function theorem
guarantees that λ 7→ h(λ) is actually C 1, and differentiating G(λ,h(λ)) = 0 with re-
spect to λ leads to |h′(λ)+1| ≤ 2ϵ.

λ

h = h(λ)

h

h =−λ

δ

Figure 7.8: The construction of {ψ̂+ = ψ̂0}, which can be parametrized by
a smooth map λ 7→ h(λ), whose graph lies in the strip of width 2δ around
h =−λ.

One then has U +
β

= {
(λ,h) ∈ Ǔ : h ≥ max{h(λ),0}

}
. By symmetry,

U −
β = {

(λ,h) ∈ Ǔ : (λ,−h) ∈U +
β

}
,

and {ψ̂− = ψ̂0} can be parametrized by λ 7→ −h(λ). Finally, U 0
β

is the closure of

Ǔ \ (U +
β

∪U −
β

). The regions U #
β

are separated by coexistence lines,

L ##′
β

def= U #
β ∩U #′

β # ̸= #′ .
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λ

h

U 0
β

U −
β

U +
β

Figure 7.9: The phase diagram of the Blume–Capel model, which lies in a
neighborhood of size δ of the zero-temperature diagram (dashed lines). Ac-
tually, by the +/− symmetry of the model, we know that the line separating
U +
β

and U −
β

lies exactly on the line {h = 0}.

7.4.5 Results for the pressure

We summarize the results obtained so far about the pressure in the following theo-
rem (see also the qualitative picture on Figure 7.3).

Theorem 7.36 (The pressure of the Blume–Capel model at low temperature). Let
β0 be as in Proposition 7.34. For all β>β0,

ψ(λ,h) = max
#
ψ̂#(λ,h) =





ψ̂+(λ,h) if (λ,h) ∈U +
β

,

ψ̂0(λ,h) if (λ,h) ∈U 0
β

,

ψ̂−(λ,h) if (λ,h) ∈U −
β

.

(7.97)

As a consequence,

1. The pressure ψ(λ,h) is C 1 in λ and h, everywhere in the interior of each region
U #
β

, # ∈ {+,0,−}.

2. First-order phase transitions occur across each of the coexistence lines, in the
sense that

∂ψ

∂λ+ > ∂ψ

∂λ− , at each (λ,h) ∈L ±0
β

.

and, for all # ̸= #′,

∂ψ

∂h+ > ∂ψ

∂h− at each (λ,h) ∈L ##′
β .

Remark 7.37. Remember that the construction of the truncated pressures depends
on the choice of the cutoff χ(·) used in the definition of the truncated weights. The
latter choice of course only affects the truncated pressures. It has however an im-
pact on what we could extract from the analysis above. Namely, the assumption
that the cutoff was C 1 yields, ultimately, the corresponding regularity of the pres-
sure in the interior of the regions U #

β
, as well as the regularity of the boundary of

these regions. Choosing a cutoff with higher regularity would yield a correspond-
ing enhancement of these properties (but would require a control of higher-order
derivatives of the truncated pressures in Proposition 7.34). ⋄
Remark 7.38. The fact that the pressure coincides with the maximal truncated pres-
sure (see (7.97)) means that the truncated pressures provide natural continuations
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of the pressure through the coexistence lines. A similar conclusion had been drawn
for the Curie–Weiss model (see Figure 3.19 of page 158). Nevertheless, the contin-
uations of h 7→ψCW

β
(h) through the transition point were analytic, while those ob-

tained here are only C 1. In particular, there are infinitely-many possibilities to make
such a continuation, in contrast with the analytic case. For example, each choice of
a cut-off function yields an a priori different C 1 continuation. Nevertheless, ana-
lytic continuations through the coexistence lines do not exist, in the general, in the
framework of PST. This will be discussed in Section 7.6.6, ⋄
Remark 7.39. In this chapter, we started with the Blume–Capel model at param-
eters h = λ = 0 and considered perturbations around this point, constructing the
phase diagram in its vicinity. In the same way, we could have started with λ = λ0

and h = h0, and constructed the phase diagram around this point. This allows in
particular the description of coexistence lines outside the domain U . ⋄

7.4.6 The Gibbs measures at low temperature

So far, the phase diagram was constructed by studying partition functions and trun-
cated pressures. In this section, we consider the consequences of the previous
study at low temperature, from a probabilistic point of view.

Let us take β large, fix (λ,h) ∈ Ǔ , and denote by G (β,λ,h) the set of infinite-
volume Gibbs measures associated to the Blume–Capel model. As in Chapter 6,
the latter are defined as the probability measures compatible with the specification
associated to the potential βΦ=β(Φ0 +W ) (remember (7.19)). Let

Υ(β,λ,h)
def= {

# ∈ {+,0,−} : U #
β ∋ (λ,h)

}

denote the set of stable periodic ground-states at β,λ,h. We will show that, for each
# ∈ Υ(β,λ,h) a Gibbs measure µ#

β,λ,h ∈ G (β,λ,h) can be prepared using the bound-

ary condition η#, under which typical configurations are described by small local
perturbations away from η#. Moreover, these measures are extremal and ergodic.
As will be explained in Section 7.6.1, this construction yields the complete phase
diagram: any other translation-invariant Gibbs measure can be written as a convex
combination of the measures µ+

β,λ,h , µ0
β,λ,h and µ−

β,λ,h .

Remark 7.40. Notice that, using the boundary condition # and proceeding as we
did in the proof of Theorem 6.26, we can extract from any sequence Λn ↑Zd a sub-
sequence (Λnk )k≥1 such that the limit

lim
k→∞

µ
η#

Λnk
;β,λ,h( f )

exists for every local function f , thus defining a Gibbs measure. A priori, this mea-
sure depends on the subsequence (Λnk )k≥1. ⋄

Below, we show that, when the temperature is sufficiently low and # ∈Υ(β,λ,h),
the thermodynamic limit used to construct this measure does not depend on the
sequence (Λn)n≥1 and can be controlled in a much more precise way.

In order to use the earlier results that rely on the contour representations of con-
figurations, we will use the Gibbs distributions µ#

Λ;β,λ,h for the Blume–Capel model,

defined as µ#
Λ;Φ in Section 7.3, rather than those of Chapter 6.
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Theorem 7.41. There exists β0 such that, for all β≥β0 and all (λ,h) ∈ Ǔ , the follow-
ing holds.

1. Let # ∈Υ(β,λ,h). For all sequence of c-connected sets Λn ↑Zd and every local
function f , the following limit exists

µ#
β,λ,h( f )

def= lim
n→∞µ

#
Λn ;β,λ,h( f ) , (7.98)

and defines a Gibbs measure µ#
β,λ,h ∈G (β,λ,h).

2. The measures µ#
β,λ,h , # ∈ Υ(β,λ,h), are translation invariant, extremal and

ergodic. Moreover, they are distinct, since

µ#
β,λ,h(σ0 = #) ≥ 1−δ(β) , (7.99)

where δ(β) > 0 tends to zero as β→∞.

In particular, two (resp. three) distinct Gibbs measures can be constructed for each
pair (λ,h) living on a coexistence line (resp. at the triple point). (Note that a similar
statement could also be derived from Theorem 6.91 and the non-differentiability
of the pressure.) Geometric properties of the typical configurations under these
measures will be described in Theorem 7.44.

Proof of Theorem 7.41: Fix (β,λ,h) and let # ∈ Υ(β,λ,h). To lighten the notations,
we omit β, λ and h everywhere in the indices.

▶ Proof of (7.98): Let us fix some local function f . We will first show that, for all
n ≥ 1, ∣∣µ#

Λ( f )−µ#
∆( f )

∣∣≤ c∥ f ∥∞nd e−τ
′n , (7.100)

whenever Λ,∆ ⋐ Zd are c-connected and both contain B(2n). This implies that
(µ#
Λn

( f ))n≥1 is a Cauchy sequence, which proves the existence of the limit in (7.98).

We have already seen that this is sufficient to define the measure µ#; we leave it
as an exercise to verify that µ# ∈ G (β,λ,h) (adapt the proof of Theorem 6.26). Ob-
serve also that (7.100) shows that the limit does not depend on the chosen sequence
(Λn)n≥1.

We prove (7.100) using a coupling of µ#
Λ and µ#

∆. Let

ΩΛ×Ω∆ def= {
(ω,ω′) : ω ∈ΩΛ,ω′ ∈Ω∆

}
.

Let n be large enough to ensure that B(n) contains the support of f and assume Λ
and∆ are both c-connected and large enough to containB(2n). OnΩΛ×Ω∆, define

P#
Λ,∆

def= µ#
Λ⊗µ#

∆ .

We call D ⊂Zd #-surrounding if (i) D is connected, (ii) B(n) ⊂ D ⊂B(2n), (iii) ωi =
ω′

i = # for all i ∈ ∂exD .
Let us consider the event Cn,#,# ⊂ΩΛ×Ω∆ defined as follows: (ω,ω′) ∈ Cn,#,# if

and only if there exists at least one #-surrounding set. Observe that if D1 and D2

are #-surrounding, then D1 ∪D2 is also #-surrounding. When Cn,#,# occurs, we will
therefore denote the largest (with respect to inclusion) #-surrounding set by D#. We
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denote by [D#] the event that Cn;#,# occurs and D# is the largest #-surrounding set.

Letting F (ω,ω′) def= f (ω)− f (ω′),

∣∣µ#
Λ( f )−µ#

∆( f )
∣∣=

∣∣E#
Λ,∆[F ]

∣∣≤
∣∣E#
Λ,∆[F 1Cn,#,# ]

∣∣+2∥ f ∥∞P
#
Λ,∆(Cn,#,#

c) .

For the first term in the right-hand side, we can sum over the possible D# (for
simplicity, we denote the realization of each such set also by D#). Note that, by
construction, it is sufficient to look at the configuration outside D# to determine
whether the event [D#] occurs; in other words, [D#] ∈FDc

#
. Therefore,

E#
Λ,∆[F 1[D#]] = E#

Λ,∆

[
E#
Λ,∆[F |FDc

#
]1[D#]

]= 0,

since P#
Λ,∆

(
(ωD#

,ω′
D#

)
∣∣ FDc

#

)=µ#
D#

(ωD#
)µ#

D#
(ω′

D#
) on [D#]. This implies that

E#
Λ,∆[F 1Cn,#,# ] =

∑
D#

E#
Λ,∆[F 1[D#]] = 0.

We now show that, at low temperature, #-surrounding sets exist with probability
close to 1.

Lemma 7.42. When β is sufficiently large, there exists τ′ = τ′(β) > 0 such that

P#
Λ,∆(Cn,#,#

c) ≤ 2|B(n)|e−τ′n . (7.101)

Proof. Let Pn denote the family of all self-avoiding paths (i0, i1, . . . , ik ) inside
B(2n) \B(n), with i0 ∈ ∂exB(n), ik ∈ ∂inB(2n), i j ∼ i j+1. We say that i is (#, #)-correct
if it is #-correct both in ω and in ω′. We claim that

Cn,#,#
c ⊂ {∃(i0, . . . , ik ) ∈Pn such that each i j is not (#,#)-correct

}
. (7.102)

Indeed, assume that each π = (i0, . . . , ik ) ∈ Pn is such that i j is (#,#)-correct for at
least one index j ∈ {0,1, . . . ,k}, and let j (π) denote the smallest such index. Con-

sider the truncated path π̃
def= (i0, i1, . . . , i j (π)). Then, clearly, D

def= B(n)∪⋃
π∈Pn

π̃ is
#-surrounding.

Now, if each vertex of a path π ∈ Pn is not (#,#)-correct, then there must exist
two collections Γ′ = {γ′1, . . . ,γ′l } ⊂Λ and Γ′′ = {γ′′1 , . . . ,γ′′m} ⊂∆ of external contours of
type # such that

π⊂
l⋃

k=1
intγ′k ∪

m⋃
k=1

intγ′′k ,

where we introduced the notation intγ
def= γ∪ intγ.

• From the collection Γ′∪Γ′′, we can always extract an ordered subcollection
Y = (γ1, . . . ,γk ) ⊂ Γ′∪Γ′′ enjoying the following properties: (i) intγ1 ∩B(n) ̸=
∅; (ii) either all contours γi ∈ Y whose index i is odd belong to Γ′ and those
whose index i is even belong to Γ′′, or vice versa; (iii) Y is a chain in the sense
that each γi ∈ Y is compatible neither with γi−1 nor with γi+1, but is compat-

ible with all other γ j s; (iv) if Y
def= ⋃k

i=1γi then |Y | ≥ n (since π has diameter at
least n).
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• By construction, Y is made of contours belonging to subcollections Γ1 ⊂ Γ′
and Γ2 ⊂ Γ′′. Using Lemma 7.26 and the fact that all contours of type # are
τ-stable when (λ,h) ∈U #

β
, we get

µ#
Λ

(
each γ′ ∈ Γ1 is external

)≤
∏
γ′∈Γ1

w#(γ′) ≤
∏
γ′∈Γ1

e−τ|γ
′| .

A similar bound holds for µ#
∆

(
each γ′′ ∈ Γ2 is external

)
.

We can gather these informations into the following bound:

P#
Λ,∆(Cn,#,#

c) ≤ 2
∑
k≥1

∑
Y =(γ1,··· ,γk ):

intγ1∩B(n )̸=∅
|Y |≥n

k∏
i=1

e−τ|γi |

≤ 2e−τ
′n ∑

k≥1

∑
Y =(γ1,··· ,γk ):

intγ1∩B(n )̸=∅

k∏
i=1

e−τ
′|γi | , (7.103)

where τ′ def= τ/2. We sum over Y = (γ1, . . . ,γk ), starting with γk :

∑
γk :γk ̸∼γk−1

e−τ
′|γk | ≤ 3d |γk−1|

∑
γk :γk∋0

e−τ
′|γk | ≤ e3d |γk−1|

∑
γk :γk∋0

e−τ
′|γk | .

Then, for j = k −1,k −2, . . . ,2,

∑
γ j :γ j ̸∼γ j−1

e−(τ′−3d )|γ j | ≤ e3d |γ j−1| ∑
γ j :γ j ∋0

e−(τ′−3d )|γ j | .

In the end, we are left with j = 1:

∑

γ1:intγ1∩B(n )̸=∅
e−(τ′−3d )|γ j | ≤ |B(n)|

∑

γ1:intγ1∋0

e−(τ′−3d )|γ j | .

This last sum can be bounded as in Lemma 7.30 and shown to be smaller than
some η1 = η1(τ′,ℓ0) < 1/2 if τ is large enough. In particular,

∑
k≥1η

k
1 < 1 and the

conclusion follows.

We have proved (7.100).
▶ Proof of translation invariance: That µ# is translation invariant can be shown

exactly as in the proof of Theorem 3.17 (p. 102): for any translation θi and any local
function f (remember Figure 3.8),

|µ#
Λn

( f )−µ#
Λn

( f ◦θi )| = |µ#
Λn

( f )−µ#
θiΛn

( f )| ,

and by (7.100), the right-hand side converges to zero.
▶ Proof of extremality: We will use the characterization of extremality given in

item 4 of Theorem 6.58. Let A ∈C be any cylinder, and n be so large that A ∈FB(n).
Let also B ∈ FΛc , where Λ is large enough to contain B(4n). Consider the event
C2n,# ⊂Ω that there exists a largest connected set D# such that B(2n) ⊂ D# ⊂B(4n)
andωi = # for each i ∈ ∂exD#. Using a decomposition similar to the one used earlier,

µ#(A∩B) =
∑
D#

µ#(A∩B ∩ [D#])+µ#(A∩B ∩C2n,#
c) .
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Since C2n,# is local, µ#(C2n,#
c) = limN→∞µ#

ΛN
(C2n,#

c). Using Lemma 7.42, for all
N ≥ 4n,

µ#
ΛN

(C2n,#
c) ≤P#

ΛN ,ΛN
(C2n,#,#

c) ≤ 2|B(2n)|e−2τ′n . (7.104)

Therefore, µ#(A∩B ∩C2n,#
c) ≤ 2|B(2n)|e−2τ′n . Now, for a fixed D#, FΛc ⊂FDc

#
, and

so

µ#(A∩B ∩ [D#]) =µ#(µ#(A∩B |FDc
#
)1[D#]

)=µ#(µ#(A |FDc
#
)1B∩[D#]

)
.

Since µ# ∈ G (β,λ,h), we have, on [D#], µ#(A |FDc
#
) = µ

η#

D#
(A) almost surely. Adapt-

ing (7.106) below gives

µ
η#

D#
(A) =µ#(A)+O(nd e−τ

′n) .

Altogether, we get

µ#(A∩B) =µ#(A)µ#(B)+O(nd e−τ
′n) . (7.105)

This implies that µ# is extremal.

▶ Proof of ergodicity: Ergodicity follows from extremality and translation invari-
ance, exactly as in the proof of Lemma 6.66.

▶ Proof of (7.99): We reformulate Peierls’ argument. We fix some Λ⋐ Zd and
observe that, in any configuration ω ∈Ω#

Λ such that ω0 ̸= #, there exists an external

contour γ′ ⊂ Λ such that intγ′ ∋ 0. We can then use again Lemma 7.26 and the
stability of the weight of contours of type # when (λ,h) ∈ U #

β
to obtain, uniformly

inΛ, a bound involving the same sum as before:

µ#
Λ

(
σ0 ̸= #

)≤
∑

γ′: intγ′∋0

e−τ|γ
′| .

This sum can be made arbitrarily small when β (and hence τ) is large enough. This
concludes the proof of Theorem 7.41.

In the above proof, we have actually established more, namely exponential re-
laxation and exponential mixing at low temperature.

Corollary 7.43. Under the same hypotheses as Theorem 7.41, if # ∈Υ(β,λ,h), there
exists c <∞ such that, for any function f having its support inside B(n) and for all
c-connected Λ⊃B(2n),

∣∣µ#
Λ;β,λ,h( f )−µ#

β,λ,h( f )
∣∣≤ c∥ f ∥∞nd e−τ

′n . (7.106)

Moreover, for any FB(4n)c -measurable function g ,

∣∣µ#
β,λ,h( f g )−µ#

β,λ,h( f )µ#(g )β,λ,h
∣∣= c∥ f ∥∞∥g∥∞nd e−τ

′n .

Proof. The first claim follows by taking ∆ ↑ Zd in (7.100). The second follows from
the same argument that led to (7.105).
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A characterization of “the sea of # with small islands”. The bound (7.99) suggests
that a typical configuration under µ#

β,λ,h displays only small local deviations from

the ground state η#. Here, we will provide a more global characterization, by giving
a description of configurations on the whole lattice, that holds almost surely.

For instance, (7.104) implies that, for all # ∈Υ(β,λ,h),

∑
n
µ#
β,λ,h(Cn,#

c) <∞ .

Therefore, the Borel–Cantelli Lemma implies that, µ#
β,λ,h-almost surely, all but a

finite number of the events Cn,# occur simultaneously. This means that the origin is
always surrounded by an infinite number of #-surrounding sets, of arbitrarily large
sizes. But it does not yet rule out the presence of #′-surrounding sets, for other
labels #′.

To remedy this problem, let N > n and consider EN ,n,#
def= FN ,n,# ∩Cn,#, where

Cn,# was defined earlier and FN ,n,# is the event that there exists a self-avoiding path
π = (i0, i1, . . . , ik ) ⊂ B(N ) \B(n), with i0 ∈ ∂exB(n), ik ∈ ∂inB(N ), i j ∼ i j+1, such that
ωi j = # for all j . On the event

En,#
def=

⋂
N>n

EN ,n,# ,

there exists a #-surrounding B(n) ⊂ D# ⊂ B(2n), and there exists an infinite self-
avoiding path π (connecting D# to +∞) of vertices i with ωi = # (see Figure 7.10).

#

∞

#

B(2n)

B(n)

Figure 7.10: Almost surely under µ#
β,λ,h , the origin (as well as every other

vertex of the lattice) is surrounded by a circuit (in d = 2; otherwise, a closed
surface) of #-spins, and this circuit is itself connected to +∞ by a path of #-
spins.

Theorem 7.44. Let # ∈Υ(β,λ,h). Then,

µ#
β,λ,h

(∃M <∞ such that EM ,# occurs
)= 1.

Proof. Let us study FN ,n,# under µ#
Λ;β,λ,h . Observe that

FN ,n,#
c ⊂ {

there exists an external contour γ′ ⊂Λ such that intγ′ ⊃B(n)
}

.
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Now, if intγ′ ⊃ B(n), then |γ′| ≥ |∂exB(n)| ≥ nd−1. Therefore, we can proceed as
earlier to obtain, for all c-connectedΛ⊃B(N ),

µ#
Λ;β,λ,h(FN ,n,#

c) ≤
∑

γ′:intγ′∩B(n )̸=∅
|γ′|≥nd−1

e−τ|γ
′|

≤ |B(n)|
∑

γ′:intγ′∋0 ̸=∅
|γ′|≥nd−1

e−τ|γ
′| ≤ |B(n)|e−τ′′nd−1

,

uniformly in N and Λ, for some τ′′ > 0 depending on β. Since EN ,n,# is decreasing
in N ,

µ#
β,λ,h(En,#) = lim

N→∞
µ#
β,λ,h(EN ,n,#) ≥ 1−ϵn ,

where ϵn
def= |B(n)|(2e−τ

′n +e−τ
′′nd−1

). Since ϵn is summable, we can again apply the
Borel-Cantelli lemma to conclude that all but a finite number of events En,# occur
µ#
β,λ,h-almost surely.

Combining the previous result with translation invariance, we summarize the
almost-sure properties of typical configurations in a theorem:

Theorem 7.45. Let β be large enough and (λ,h) ∈ U #
β

. For all # ∈ Υ(β,λ,h), un-

der µ#
β,λ,h , a typical configuration consists in a sea of # (the ground state η#) with

local bounded deformations, in the following sense: every vertex i ∈ Zd is either
connected to +∞ by a self-avoiding path along which all spins are #, or there exists a
finite external contour γ such that intγ ∋ i .

The study of the largest contours in a box can be done as for the Ising model:

Exercise 7.15. Let β be large, as above. Fix # ∈Υ(β,λ,h), and consider the Blume–
Capel in B(n). Adapting the method of Exercise 3.18, show that under µ#

B(n);β,λ,h
, the

largest contours in B(n) have a support of size of order logn.

7.5 Bibliographical references

Although it is sometimes unfairly referred to as a “generalization of Peierls’ argu-
ment”, the Pirogov–Sinai theory (PST) actually uses several important concepts of
equilibrium statistical mechanics and introduces important new ideas. The origi-
nal method introduced by Pirogov and Sinai (English translations of their original
papers can be found in [313]) was based on the use of contours and of a Hamil-
tonian satisfying Peierls’ condition, but the phase diagram was constructed by us-
ing an abstract approach involving a fixed-point argument. Later, Zahradník [354]
contributed substantially to the theory by introducing fundamental new ideas. In
particular, he introduced the notion of truncated pressure, which eventually su-
perseded the original fixed-point argument and became the core of the current un-
derstanding of the theory. For that reason, it would be more correct to call it the
Pirogov–Sinai–Zahradník theory.

Pedagogical texts on PST include the paper [34] by Borgs and Imbrie, and the
lecture notes by Fernández [104]. The review paper of Slawny [316], although based
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on the fixed-point method of Pirogov and Sinai, is clear and applies the theory to
various models.

Our Section 7.2, devoted to ground states, is inspired by the presentation in
Chapter 2 of Sinai’s book [312]. Other notions of ground states exist in the literature
(see [85]). The method to determine the set of periodic ground states based on m-
potentials, as presented in Section 7.2.2, is due to [164]. An interesting account of
the main ideas of PST as well as a description of more general notions of ground
state can be found in [343].

The model considered in Example 7.8 is due to Pechersky in [265]. Prior to that
counter-example, it had been conjectured [312] that a finite-range potential with a
finite number of periodic ground states would always satisfy Peierls’ condition.

Our analysis of the phase diagram is based on the ideas introduced by Zahrad-
ník and followers. In particular, the C 1-truncation used when defining the trun-
cated weights is a simpler version of the C k -truncations used by Borgs and Kotecký
in [35].

Although the details were only implemented for the Blume–Capel model, the
methods used are general and can be applied in many other situations. As an ex-
ercise, the interested reader can use them to provide a full description of the low-
temperature phase diagram of the modified Ising model described early in Sec-
tion 7.1.1.

7.6 Complements and further reading

7.6.1 Completeness of the phase diagram

One of the main results in this chapter was the construction of low-temperature
translation-invariant extremal Gibbs measures for the Blume–Capel model using
stable periodic (actually constant) ground states as boundary conditions: µ#

β,λ,h ,

# ∈Υ(β,λ,h).
At this stage, it is very natural to wonder whether there are other Gibbs mea-

sures, in addition to those constructed here. By the general theory of Chapter 6, the
set of infinite-volume Gibbs measures is a simplex, so we can restrict our discus-
sion to extremal measures. The following remarkable result shows that the Gibbs
measure we constructed exhaust the set of translation-invariant Gibbs measures:
at sufficiently low temperature, any translation-invariant measure in Gθ(β,λ,h) can
be represented as a convex combination of µ#

β,λ,h , # ∈Υ(β,λ,h).

Theorem 7.46. There exists β0 such that, for all β ≥ β0, the following holds. For
all (λ,h) ∈ Ǔ and all µ ∈Gθ(β,λ,h), there exist coefficients (α#)#∈Υ(β,λ,h) ⊂ [0,1] such
that

µ=
∑

#∈Υ(β,λ,h)
α#µ

#
β,λ,h .

In particular, in the regions where only one of the boundary conditions +,−,0 is
stable (the interior of the regions U #

β
on Figure 7.2), there is a unique translation-

invariant Gibbs measure.

The same statement holds for the general class of models to which the theory
applies; see the original paper of Zahradník [354], where a proof can be found. This
kind of statement is usually referred to as the completeness of the phase diagram.
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We therefore see that, while the Pirogov–Sinai Theory is limited to perturba-
tive regimes (here, very low temperature), it provides in such regimes a complete
description of the set of all translation-invariant Gibbs measures. Of course, there
are, in general, other non-translation-invariant Gibbs measures, such as Dobrushin
states in the Ising model in dimensions d ≥ 3 (see the discussion in Section 3.10.7).
Extensions of PST dealing with such states have been developed; the reader can
consult, for instance, [162].

7.6.2 Generalizations

PST has been extended in various directions, for instance to systems with continu-
ous spins [87, 48], quasiperiodic interactions [199], or long-range interactions [262,
263].

One important application of PST was in the seminal work of Lebowitz, Mazel
and Presutti [214], in which a first-order phase transition is proved for a model of
particles in the continuum with Kac interactions (of finite range), similar to those
we considered in Section 4.10. At the core of their technique lies a non-trivial defi-
nition of contour associated to configurations of point particles in the continuum,
and the use of the main ideas of PST.

7.6.3 Large-β asymptotics of the phase diagram

The analysis of this chapter showed that the low-temperature phase diagram of the
Blume–Capel model is a small perturbation of the corresponding one at zero tem-
perature. A more delicate analysis is required if one wants to derive more quantita-
tive information on this diagram as a function of β.

For instance, (λ,h) = (0,0) is the triple point of the phase diagram at zero tem-
perature, at which η+,η0 and η− are ground states. The following question is natu-
ral: in which direction does the triple point move when the inverse temperature is
finite? In other words: which are the stable phases at (0,0) when β<∞?

In principle, this question can be answered by determining which truncated
pressure ψ̂#(0,0) = ĝ #(0,0) (remember that e#(0,0) = 0), # ∈ {+,0,−}, is maximal.
But, each ĝ #(0,0) is a series made of products of τ-stable weights, where τ can be
made large when β is large. Computing the first terms of these expansions should
allow to determine which one dominates. Unfortunately, the structure of the trun-
cated weights makes extracting such information difficult. We briefly describe an
alternative approach, informally, providing references for the interested reader.

Let us describe the contributions from the smallest perturbations of the ground
state η#, which provide the main contribution to ĝ #. We do this at a heuristic level.

Consider first the case # = +. Among the configurations that coincide with η+

everywhere except on a finite set, the configurations with lowest energy are those
which have a single 0 spin. The energy associated to such an excitation is 2d . It
therefore seems plausible that the leading term in the expansion of ĝ+(0,0) is due
to the cluster made of exactly one such excitation, that is

βψ̂+(0,0) = e−2dβ+ . . . ,

where the dots stand for higher order terms in e−β.
Now, among the configurations that coincide with η0 everywhere except on a

finite set, the configurations with lowest energy are those which have either a single



Revised version, August 22 2017
To be published by Cambridge University Press (2017)

© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook

376 Chapter 7. Pirogov–Sinai Theory

+ spin or a single − spin. Both these excitations have an energy equal to 2d , as
before, which leads to

βψ̂0(0,0) = 2e−2dβ+ . . . .

Provided the higher order terms yield significantly smaller contributions, this gives,
at large β,

ψ̂0(0,0)− ψ̂+(0,0) = 1

β
e−2dβ+·· · ≥ 1

2β
e−2dβ > 0,

implying that only the 0 phase is stable at (0,0). In other words: the triple point
shifts to the right at positive temperatures, as depicted in Figure 7.9.

In fact, this argument can be repeated when (λ,h) lies in a neighborhood of
(0,0), allowing to construct the coexistence line L 0±

β
. Namely, fix β large and take

λ,h such that βλ≪ 1 and βh ≪ 1. Arguing as above, considering the excitations of
smallest energy, we get (remember that e+(λ,h) =λ+h)

βψ̂0(λ,h) = e−2dβ+βλ+βh +e−2dβ+βλ−βh + . . . ,

βψ̂+(λ,h) =βλ+βh +e−2dβ−βλ−βh + . . . ,

Therefore, for very large β, the smooth map describing L 0+
β

(see Figure 7.8) can be

obtained, in first approximation, by equating these two expressions, yielding

λ 7→ h(λ) =β−1e−2dβ−λ(
1−4e−2dβ)+O(λ2) .

In particular, the position of the triple point (λ∗(β),0), is obtaining by solving h(λ) =
0, which yields

λ∗(β) = e−2dβ

β
(1+O(e−2dβ)) .

These computations are purely formal, but their conclusions can be made rigorous.
The idea is to replace the notion of ground state by the notion of restricted ensem-
ble. In the context described above, the restricted ensemble R0 is defined as the
set of all configurations ω such that ωi ̸= 0 =⇒ ω j = 0 for all j ∼ i . That is, they
correspond to the ground state η0 on top of which only the smallest possible exci-
tations are allowed. Starting from a general configuration, one then erases all such
smallest energy excitations and construct contours for the resulting configuration.
Of course, this is more delicate than before, since, in contrast to the ground state
η0, the restricted phase R0 has a nontrivial pressure that, in particular, depends on
the volume. Nevertheless, the analysis can be done along similar lines. We refer
to the lecture notes [50] by Bricmont and Slawny for a pedagogical introduction to
this problem (and a proof that the triple point of the Blume–Capel model is indeed
shifted to the right) and to their paper [51] for a more detailed account.

7.6.4 Other regimes.

Generically, the methods of PST can be used to study models whose partition func-
tion can be written as a system of contours, with some equivalent of Peierls’ condi-
tion. The perturbation parameter need not be the temperature, and the param-
eter driving the transition need not be related to some external field as we saw
in the Blume–Capel model. Consider, for example, the Potts model with spins
ωi ∈ {0,1,2, . . . , q −1}, at inverse temperature β, and denote its pressure by ψq (β).
It turns out that, when q is large, q−1 can be used as a perturbation parameter
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to study β 7→ ψq (β). Using the methods of PST, it was shown in [48, 233, 203]
that a first-order phase transition in β occurs when q is large enough: there exists
βc = βc(q) such that the pressure is differentiable when β< βc and β> βc, and that
it is non-differentiable at βc. (This result was first proved, using reflection positiv-
ity, in [197]. In two dimensions, the simplest proof, relying on a variation of Peierls’
argument, can be found in [93].)

In addition to perturbations of a finite collection of ground states, PST can also
be applied successfully to analyze perturbations of other well-understood regimes,
usually involving constraints of a certain type. This appears for instance in the
study of Kac potentials in the neighborhood of mean-field [214], or the use of re-
stricted phases as in [48, 50, 113].

7.6.5 Finite-size scaling.

In [35], Borgs and Kotecký used the ideas of PST to initiate a theory of finite-size
scaling, that is, a thorough analysis of the rate at which certain thermodynamic
quantities (the magnetization, for example) converge to their asymptotic values in
the thermodynamic limit. In addition to its obvious theoretical interest, such an
analysis also plays an essential role when extrapolating to infinite systems the in-
formation obtained from the observation of the relatively small systems that can be
analyzed using numerical simulations.

7.6.6 Complex parameters, Lee–Yang zeroes and singularities.

With minor changes, most of the material presented in this chapter can be ex-
tended to include complex fields; see [34], for example.

As an interesting application, it has been shown in [20] and [21] that the Lee–
Yang theory, exposed for the Ising model in Section 3.7.3, can be extended to other
models, allowing to determine the locus of the zeros of their partition function.
Of course, since they rely on the main results of PST, these results hold only in a
perturbative regime.

Furthermore, the techniques of PST can be used to obtain finer analytic prop-
erties of the pressure. Consider for instance the Ising model in a complex magnetic
field h ∈C. For simplicity, let us consider the contours defined in Section 5.7.4. The
magnetic field leads one to introduce contours of two types: + and −. Then, using
the trick (7.31), one is led to two types of weights: w+(γ) and w−(γ). When h = 0,
these coincide with those defined in (5.41), but otherwise they contain ratios of
partition functions. The weight of a contour of type +, for example, takes the form

w+(γ) = e−2β|γ| Z−(int−γ)

Z+(int−γ)
= e−2β|γ| e−βh|int−γ|Ξ−(int−γ)

e+βh|int−γ|Ξ+(int−γ)
.

The analysis can then be done following the main induction used earlier for the
Blume–Capel model. When the field is real, the symmetry between + and − implies
that all weights are stable at h = 0. For general complex values of h, the symmetry
implies that all weights are stable on the imaginary axis {Reh = 0}. The weights are
then shown to be well defined and analytic in regions of the complex plane anal-
ogous to the stability regions defined earlier; if γ is of type +, its weight is analytic
in

U +
γ

def=
{
Reh >− θ

|int−γ|1/d

}
,
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for a suitable constant θ. Implementing this analysis allows one to obtain a more
quantitative version of the Lee–Yang Theorem (restricted to low temperature).

Then, in a second step, Isakov’s analysis [174] provides estimate of high-order
derivatives of the pressure (see Sections 3.10.9 and 4.12.3), showing that the func-
tion h 7→ψβ(h) cannot be analytically continued through h = 0, along either of the
real paths h ↓ 0, h ↑ 0. This analysis was generalized by Friedli and Pfister [114]
to all two-phase models to which PST applies, which implies in particular that the
pressure of the Blume–Capel model has no analytic continuation accross the lines
of coexistence of its phase diagram, at least for low temperatures, away from the
triple point.


