10

10.1

Reflection Positivity

In this chapter, we study models whose Gibbs distribution possesses a remarkable
property: reflection positivity. Two consequences of this property, the chessboard
estimate and the infrared bound, will be described in a general setting.

Before that, in order to motivate this approach, we describe the two main appli-
cations that will be discussed in this chapter. Of course, there are many other such
applications, reflection positivity playing a crucial role in a large numbers of proofs
in this field.

Motivation: some new results for O(V)-type models

We remind the reader that in O(N) models, which were already discussed in Sec-
tion 9.1, the spins take their values in the N-dimensional sphere (N = 2),

Qo def GN-1 RV,
and have the formal Hamiltonian

- Y. Si-Sj,

{i,j}€£zd

where S; (w) = w; denotes the spin at i € Z% and the symbol - denotes the scalar
product in RY. We denote by ¢4(B) the set of Gibbs measures for this model at
inverse temperature . In Chapter 9, we proved that, on Z?, the invariance of ®
under a global rotation of the spins leads to the absence of orientational long-range
order at any positive temperature. In particular, we showed that the distribution of
the spin at the origin is uniform on SN-1. forall HeYG(B), (Soyu=0.

In contrast, in Section 10.5.2, we will prove that, in larger dimensions, the global
symmetry under rotations is spontaneously broken at low temperature.

Theorem 10.1. Assume that N =2 and d = 3. There exists 0 < By < co and m* =
m* (B) > 0 such that, whenever 3 > By, for each direction e € SN=1 there exists use
4 (P) such that

<So>pe = m*e.
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In our second application, in Section 10.4.3, we will consider the anisotropic
XY model on Z? (although the argument applies as well to higher values of d and
N). This model was introduced in Remark 9.4; its spins take values in S! and the
formal Hamiltonian is given by

-p Y. {SiSj+asisi,
{i,j}€£zd

where 0 < a < 1 is the anisotropy parameter and we have written S, = (S}, S%). We
denote the set of Gibbs measures at inverse temperature  and anisotropy a by
9B, ).

When a = 1, this model reduces to the XY model and we have seen in Sec-
tion 9.2 that there is no spontaneous magnetization in this case. The next theorem
shows that, in the presence of an arbitrary weak anisotropy, there are Gibbs mea-
sures displaying spontaneous magnetization at low temperature.

Theorem 10.2. Assume that N =2 and d = 2. For any 0 < a < 1, there exists By =
Bo(a) such that, for all B > By, there exist u*,u~ € 4 (B, ) such that

(So-e1>u+ >0>(So -el)p—.

Remark 10.3. Whenever « € [0, 1), the system possesses exactly two configurations
with minimal energy: those in which the spins are either all equal to +e; or all equal
to —e; (see Exercise 10.5). This makes it reasonable to implement a suitable version
of the Peierls argument. Note, however, that the continuous nature of the spins
does not allow us to apply directly the results of Pirogov-Sinai theory developed in
Chapter 7, although extensions covering such situations exist 1. o

Models defined on the torus.

Positivity under reflections is naturally formulated for measures which are invari-
ant under reflections through planes perpendicular to some coordinate axis of Z4.
Since most of the finite systems considered previously in the book are only left in-
variant by a few, if any, such reflections, it turns out to be much more convenient,
in this chapter, to consider finite-volume Gibbs measures with periodic boundary
conditions.

Let us therefore denote by T the d-dimensional torus of linear size L > 0,
which is obtained by identifying the opposite sides of the box {0, 1, ..., L}¥ (remem-

ber the one- and two-dimensional tori depicted on Figure 3.1). Equivalently, we

canset T, aef z! LZ)d. Note that, to lighten the notation, we will only indicate ex-

plicitly the dimensionality of the torus when the latter might not be clear from the
context.

We will transfer various notions from Z to the torus. For example, we will con-
tinue using the translation by i, denoted 6;. We denote by & the set of all edges
between nearest-neighbor vertices of T;. (The models that fit in the framework of
this chapter are not restricted to nearest-neighbor interactions, but we introduce
this set for later convenience.)

As always, the single-spin space is denoted Qg and the set of spin configurations
on the torus is

Qr déngL ={w = (W)jer, : Wi € Qo} .
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Figure 10.1: The one-dimensional torus T;2, with a reflection through ver-
tices (on the left) and through edges (on the right).

Even though the models to which we later apply the theory will have either Qg =
SN-1orQy=RY, the theory has no such limitations. In fact, one of the arguments
used below will require allowing Q to be far more general. Let us thus assume that
Q) is some topological space, on which one can define the usual Borel o-algebra
A, generated by the open sets. (These notions are introduced in Section 6.10.1
and Appendix B.5.) The product o-algebra of events on Q; is denoted simply .7} =
®iet, Po- The set of measures on (Qy,.#1) is denoted .# (Q,.71).

Remark 10.4. In the sequel, we will always assume L to be even. Moreover, since all
the models considered in this chapter will be defined on T, we will substantially
lighten the notations by using everywhere a subscript L instead of T. For example,
a Gibbs distribution on Q7 will be denoted y;, instead of ur, . S

Reflections
We shall consider transformations on the torus,
O: TL b -I]—L y

associated to reflections through planes that split the torus in two. (This © is not to
be mistaken with the translation 8;.) Before moving on to the precise definitions,
the reader is invited to take a look at Figures 10.1 and 10.2, where the meaning of
these reflections is made transparent.

» Reflection through vertices : Let k € {1,...,d} denote one among the d possible
directions parallel to the coordinate axes and n € {0, ..., %L —1}. The reflection
through vertices © : T; — T (associated to k and n), which maps i = (iy,...,ig)
to ©(i) = (O(i)1,...,0(i) ), is defined by
@(i)[dch{(.zn—ik) mod L %M: k, (0.1
iy if¢ #k.

0 is a reflection of the torus through a plane IT which is orthogonal to the direction
ei. The intersection between the plane and the torus is given by

INT,={ieTy:ir=norir=n+L/2}.
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Figure 10.2: In d = 2, a reflection through the vertices of T3,. The sets T3y +
and T3p,— are drawn in white and gray, respectively, and the intersection of
the reflection plane and the torus is represented by the two thick lines. Left:
planar representation. Right: Spatial representation.

This also leads to a natural decomposition of the torus into two overlapping halves:
Tr=Tr4+UTr_, where

T =T @ E{ieT,:n<six<n+Li2},

T, =T, ©%E{ieT, :0<ir<norn+Li2<ip<L-1}.

» Reflection through edges : The reflection through edges © : T; — T (associated
to k and n) is defined exactly as in (10.1), but with n € {%, %, ey %}. Now, ® should
be seen as a reflection of the torus through a plane IT with [In Ty = &, so that the
corresponding decomposition of the torus, Ty = Ty, U T, is into two disjoint
halves.

By definition, each transformation © is an involution: ®~! = @. Below, it will
always be clear from the context whether the ® under consideration is a reflection
through vertices or edges.

Reflection positive measures

A reflection © can be made to act on spin configurations, © : Q; — Qj, by setting
def .
Bw)); = weu), VYieTyr.

Similarly, its action on functions f: Q; — R is defined by

def

0N = FO Hw)).

We denote by 2, (©), respectively 2_(0), the algebra of all bounded measurable
functions f on Q) with support inside T, . (®), respectively T, _(0). The following
properties will be used constantly in the sequel.
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Exercise 10.1. Check that, for any f,g €A, (©) and 1 € R,

Q% (H=f, O =10(f), O(f+g =0(f)+06(g),
0(fg)=0(NHB(g), O(ef) =),

Note that, in particular, the transformation © can be seen as an isomorphism be-
tween the algebras 2[. (©) and 2_(©).

Since © : Q; — Q; is clearly measurable, one can also define the action of ® on
ameasure € .#(Qp,.%1) by

OW(A) = O, Ac ;.

Of course, this implies that, for every bounded measurable function f (remember
that (f), < [ fduw),
(Now =O(MNy.

Definition 10.5. Let © be a reflection. A measure € # (Qy,.%1) is reflection posi-
tive with respect to O if

L (fO()u=(80(MNy forall f,g €A, (O);
2. {fO(fNu=0,forall feA, (©).

The set of measures which are reflection positive with respect to © is denoted by
'/%RP(G))-

In other words, u is reflection positive if and only if the bilinear form (f,g) —
(f©(g)), on 2, (O) is symmetric and positive semi-definite. This immediately im-
plies the validity of a Cauchy-Schwarz-type inequality, which will be the basis of
the properties to be derived later:

Lemma 10.6. Let i1 € Mpe). Then, forall f,g €2, (0),

(FO()5 = (fO())(gOE&)y-

Proof. Let 1 € Mrpw). We have, for all 1 € R,
0={Af+8)BAf+ghu= (f®(f)>y/12 +2(fO(gNuA+(gB(g)y.

This implies that the latter quadratic polynomial in A has at most one root and,
therefore, the associated discriminant cannot be positive. The claim follows. O

As seen in the following exercise, the first condition in Definition 10.5 is equivalent
to saying that p is invariant under 0; it is thus both natural and rather mild. It will
always be trivially satisfied in the cases considered later.

Exercise 10.2. Show that the first condition in Definition 10.5 holds if and only if

O =p. (10.2)

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




10.3.2

442 Chapter 10. Reflection Positivity

Examples of reflection positive measures

As a starting point, we consider product measures. Let p be a measure on (Qg,-%),
which we will refer to as the reference measure, and let

= Qp. (10.3)

i€l

‘ Lemma 10.7. p is reflection positive with respect to all reflections ©.

Proof. Notice that
O (o) = o (10.4)

for each reflection ©. Indeed, the measure of any rectangle Xg:LI‘ By (By € %) is the
same under pg or O(Ly), since yyg is invariant under any relabeling of the vertices
of T;. By Exercise 10.2, this implies that pg satisfies the first condition of Defini-
tion 10.5; let us check the second one.

We first consider a reflection © through edges. Let f € 2/, (©). Since T, +(®) N

Tr-(©) =g, f and O(f) have disjoint supports and (10.4) yields
FOU Ny = o O o = () =0,

thus showing that py € Arpe)-

Let us now assume that © is a reflection through vertices and, again, let us take
f €2,(0). In this case, the supports of f and ©(f) may intersect. Let therefore P
be the set of all vertices of T; belonging to the reflection plane and remember that
Zp denotes the sigma-algebra generated by the spins attached to vertices in P. We
then have

FOUNy, = <H0(f®(f)|yp)>”0 = <H0(f|9p)uo(®(f)|yp)>ﬂo
= (1o(f17p)*),, 20,

and reflection positivity follows again. (In the second equality, we used the fact that
to(-|-Fp) is again a product measure.) O

From now on, we let p denote some reference measure on (Qg, %), which we as-
sume to be compactly supported, with p(Qg) < co. We define yg as in (10.3). We
can then define the Gibbs distribution on (Q;,.%#}), associated to a Hamiltonian
J0,:Qr — R, by

-1 (W)
VAE F, p(AE f ¢ 14(0) o (dw), (10.5)
o Zr

where
Zr =fQ e"yﬁ(w)po(dw) = <9_%i>uo-
L

(Of course, for this definition to make sense, we must have Z; < co. This will always
be the case below.)

Lemma 10.8. Let yy be as above. Let © be a reflection on T and assume that the
Hamiltonian can be written as

-1 =A+0(A)+)_CaB(Cy), (10.6)

for some functions A,Cy € A, (®). Then yi, € Mrpe)-
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10.3. Reflections 443

Proof. Using a Taylor expansion for the factor exp(¥, Ca®(Cy)),

1
(FO@Mu = Z—L( O(g) MWL CulC)y

1 1
- Z_L Z ﬁ Z <feACO‘l '”Cang(geACal ”'Can)>#0'

n=0 ' ay,..,an

The result now follows from Lemma 10.7, since g € #zpo)- O
As usual, the Hamiltonian can be constructed from a potential ® = {®p}:

def
J= ) Dp,
BC—[rL

where @p is a measurable function with support in B. To ensure that .77, can be put
in the form (10.6), some symmetry assumptions will be made about the functions
Dp.
Example 10.9. Consider a translation-invariant potential {®p} T, involving inter-
actions only between pairs (that is, satisfying ®g = 0 whenever |B| # 2) and such
that ®; ;; = 0 whenever || j — il > 1. Assume O is a reflection through the vertices
of T satisfying

Dy, jj () = Dey,e()OW)), Yo, (10.7)

for all {7, j} = T;. This holds, for example, if ®;; ;; depends only on the distance
lj—il.

Let us show that uj € #4pe). Namely, let again P denote the set of vertices of
T lying in the reflection plane of ©. Notice that, since the only pairs e = {i, j} to be
considered involve points with || j — i|l,, < 1, the Hamiltonian can be written as

A=) Pe=) Do+ Y Do+ ) .

ecTy, ecP ecTy 4 ecTy -
e¢P e¢P

Each pair e = {i, j} c Ty — can be paired with its reflection ©(e) = {®(i),0(j)} = T +.
Therefore, a change of variables yields, using (10.7),

Y Delw)= ) Do) = ) P(OW)).

ecTy _ ecTy 4 ecTp 4
eZP e¢P e¢P

This means that —.7#7 = A+ ©(A), with A € 2, (0) given by

Lemma 10.8 now implies that p, € #zpe). 3

Example 10.10. Let Qp = RY and p be compactly supported. We assume that, for
eachl<m=<vandeachl=<k=d,J"is afixed nonnegative number. We consider
a Hamiltonian of the form

\4
ME =YY ISpST, (10.8)
{i,jle&y m=1
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where ]lm] = ],’C” when i and j differ in their kth component and Slf” is the mth
component of §;. This Hamiltonian actually covers all the applications we are going
to consider in this chapter.

Let © be a reflection through edges of the torus. Proceeding similarly to what
we did in Example 10.9, it is easy to check that

4
- =A+0A)+ ), ) clrech,
m=1 €Ty ,:
{,8()}ed]

where the functions A, C[" € 2, () are given by
def Y def
— m comcgm m 4¢! m
A=Y Y Ji5Si'Sy and  CI'= Tow S
mzl{i,j}GC)@LZ

i,jeTL+

Lemma 10.8 implies again that pj € Mxpo). 3

Exercise 10.3. Give an example of a translation invariant measure y € M (Qr, 1)
which is not reflection positive.

The chesshoard estimate

In this section, we establish a first major consequence of reflection positivity, the
chessboard estimate and provide two applications.

Proof of the estimate

To simplify the exposition, we shall focus on the case of reflections through edges;
however, both the statement and the proof can be adapted straightforwardly to the
case of reflections through vertices.

Let B < L be two positive integers such that 2B divides L and let us define Ap o

0,..,B—114cT .- We decompose the torus into a disjoint union of translates of
Ap, called blocks. These can be indexed by t € Tp:

T.= U (Ap+B0).

teTy/B

A function f with support inside Ap is said to be Ag-local. Given a Ap-local func-
tion f and t € Ty, we define a (Ap + ¢B)-local function f [z by successive re-
flections: Let tp =0, 13,..., tx = t be a self-avoiding nearest-neighbor path in T;,p
and let ©; be the reflection through the plane going through the edges connecting
Ap+ti_1B and A + t; B; we set

f[t] d:ef@ko@k_lo...ogl(f).

A glance at Figure 10.3 shows that the definition of f!Y does not depend on the
chosen path (observe that this relies on L/ B being even).

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




10.4. The chessboard estimate 445

X(O‘Rl (S‘UJ[ X(S‘Q) (S‘SJJ[ \‘i Jj \x JJ[

IA
—

‘ < Jfo2 | «n\|fea | col > < fo | | fr | S\ >1/ Tw/5]
\OD| aDf \ED | T9)f teTr/p \ TN 1 Iz
Joo |00\ | feo|osl fo | | fr | S

Figure 10.4: In d = 2, a graphical evocation of the claim of the chessboard
estimate.

Figure 10.3: A graphical evocation of the definition of f{%; it is obtained by
applying reflections to the original function f (located in the bottom left
block Ap), until reaching the block indexed by ¢ (top right on the picture).
The definition of £ is independent of the chosen path (shaded cells).

Let us say that y € .# (Qp,.%1) is B-periodic if it is invariant under translations
by B along any coordinate axis: u = po0pge, forall ke {l,...,d}.

Theorem 10.11 (Chessboard estimate). Let pe . # (Qy, %1) be B-periodic and such
that |1 € Mrp o) for all reflections © between neighboring blocks (that is, pairs Ap+tB,
Ap+t'B, where t and t' are nearest neighbors of Tr;g). Then (see Figure 10.4), for
any family (f1)teT,,, AB-local functions, which are either all bounded or all nonneg-

ative,
i ftm>y‘5 I t[s]>#]”m/3|. (10.9)

teTr/B teTr/B seTr/B

Proof of Theorem 10.11: We can assume that the functions f; are bounded. Indeed,
if they are unbounded (but nonnegative), we can apply the result to the bounded
functions f; A K (K € N) and use monotone convergence to take the limit K { oco.

The proof is done by induction on the dimension.
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The case d = 1: In the one-dimensional case, the boxes are simply intervals in-
dexed by ¢ € {0,1,...,2N — 1}, where N = L/(2B) € N. Observe that, in this case,
given a Ag-local function f, each function f!”! coincides either with a translate of
f or with a translate of the Ap-local function defined by

= def
fwo,w1,...,wp-1,ws,...,0r-1) = f(Wp-1,WB-2,...,W0,W[—1,...,WB).

Consider the following multilinear functional on the 2N-tuples of Ap-local func-
tions:

der /2N=1 £
F(fo,..., fan-1) =< I1 7 >u'
t=0

Reformulated in terms of F, the chessboard estimate (10.9) that we want to estab-
lish can be expressed as

2N-1

|E(fore.or on-D| = T Ffreor fM2N. (10.10)
t=0

Observe that each of the expectations in the right-hand side of (10.10) is nonnega-
tive. Indeed, we can write

N-1 N-1
F(foren f = ((TT £ 0([T £%)
=0 =0 K
where O is the reflection through the edge between the blocks N -1 and N (and
2N —1 and 0). This implies, in particular, that (10.10) trivially holds whenever
F(fo,..., fan-1) = 0. We will thus assume from now on that (fy,..., fan-1) is fixed
and that

F(for.r fon-1) #0. (10.11)

We start with two fundamental properties of F.

Lemma 10.12. For all Ag-local functions fy, ..., fan-1,

F(fo, fir--» fon-1) = E(fan-1, for fir---» fon—2) (10.12)

and

E(foreeer fN-1, s - or fon-1)?
S F(fo,--os fn-1, N1 OOF(fan-1,-- s fvo [y -5 fan-1) . (10.13)

‘Exercise 10.4. Show that, in general, F(fy, ..., fon-1) # F(fo,-.., fan-1)-

Proof. The firstidentity is a simple consequence of the B-periodicity of y and of the
definition of F. To prove the second one, let again ® denote the reflection through
the edge between the blocks N—1 and N (and 2N —1 and 0). Observe that, for each
N<t<2N-1, f[m = g(fz[zt\,/]—1—z')’ where t' =2N—-1-t€{0,..., N-1}. Therefore, by
Lemma 10.6,

N-1 N-1 )
F(f[)’-"’fN—lva""’fZN—l)z = <( l_!) ft[t])@( l_[() f2[]t\]/—1—t)>“
t= =

SF(fo:'u’fN—lrfN—lru-)fO)F(fZN—ln-'rfN)va--'rsz—l)- O
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A
I~

~

_’@- When 2N is a power of 2, repeated use of the above lemma leads directly
to (10.10). For simplicity, assume first that 2N = 4. In this case, (10.13) yields

F(fo, fi, for ) < E(fo, fi, i, fOPE (s, o, oo £3)°

Now, by (10.12), F(fo, fi, fi, fo) = F(fo, fo, fi, 1), E(fs, fo, fo. f3) = F(fa, fo, f5, f5).
But, using again (10.13) twice,

- - - - - - - - 3 - - - -
F(fo, fo s F*F(fo, foo fo, 1302 < [T F e o oo F).-
t=0
This implies (10.10), since F(fy, f1, f1 f1) = F(fi, fi, f1, f1) by (10.12). Clearly, if 2N =
2M | the same argument can be used repeatedly. The proof of (10.10) for general val-

ues of N relies on a variant of this argument, as we explain below. 3

Let us consider the auxiliary functional

wt  |F(fo,..., fan-1)l
G(fo,..., fon-1) = 1R, fl2N

which is well defined thanks to the following property.

[Lemma 10.13. Foreacht€{0,1,...,2N—1}, F(f;,..., fi) > 0.

Proof. For the sake of readability, we treat explicitly only the case 2N = 6. The ex-

tension to general values of 2N is straightforward, as explained below. Let Ky «

(max; | f;ll.)2N. Applying (10.13), we get
F(for fis for fo: fao S5 < Ffos fio for for o f) P2 F S, fuo foo fo fin f5)'12
< K32 F(fo, fi, for o fro f) V2.

We now apply (10.12) in order to push the two copies of fj in the first two slots:
K32 F(fo, fu, fo for f1s )2 = K32 F(fo, foo fus oo for fO2
Using (10.13) once more, we obtain
K" F(fo, fo fus for for V% < K3 F(fo, foo i frs oo f) /2
Again, (10.12) allows us to push the four copies of f; in the first four slots:
K" F(fo, fo fu, oo fo f)V'* = K3"* F(fo, foo for for 1 f) M2
Applying (10.13) one last time yields
K3 F(fo, fo, fo, Jo, i, i)' < K5"° F (o, fo, fo foo fo F)
and thus, since F(fy, fo, fo, fo, for fo) = F(fo, fo, fo» fo, fo» fo) by (10.12),
E(fo, for for for for o) 2 K3 1E(fo, i for fo fu f)1° > 0.

(We used our assumption (10.11).) General values of 2N are treated in exactly the
same way, applying (10.12) and (10.13) alternatively until all 2N slots of F are filled
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448 Chapter 10. Reflection Positivity

by copies of f. Since the number of such copies doubles at each stage, the number
of required iterations is given by the smallest integer M such that 2M > 2N, which
yields

F(fore.or fo) = K2 IE(for oy on-n) 2 > 0.

The same argument applies to other values of ¢ using (10.12). O

By construction, G verifies the same properties as those satisfied by F in (10.12)
and (10.13). Moreover, G(f,..., fy) = 1 for all ¢. In terms of G, we will obtain (10.10)
by showing that G(fy, ..., fay—1) < 1, which is equivalent to saying that G reaches its
maximum value on 2N-tuples of functions (from the collection {fy, fi,..., fon-1})
which are composed of a single function f;.

Let (go,...,g2n-1) be such that

(i) gi<{fo,..., fan-1}foreachie{0,...,2N -1}
(i) (8o,-.-.,82N-1) maximizes G;

(iii) (go,-...,g2n-1) is minimal, in the sense that it contains the longest contiguous
substring of the form f;,..., f; for some i € {0,...,2N — 1}. Here gon-1 and g
are considered contiguous (because of property 10.12).

Let k be the length of the substring in (iii). Thanks to (10.12), we can assume that
the latter occurs at the beginning of the string (g, ..., g2n-1), thatis, that go = g1 =
---=gr_1 = f; (or f;, with bars on each of the 2N entries). We shall now check that
k = 2N, which will conclude the proof of the one-dimensional case.

Suppose that k < 2N. We have

G(80,---, &2N-12 < G(80, ) EN-1,EN-1>++» 80)G(E2N-1,-++, &N+ EN»+-+» §2N-1)
=G(go,).-- &N-1,8N-1,---,80)G(&o) ..., &2N-1),

since (go, ..., g2n-1) maximizes G. Therefore (G(gy, ..., g2n-1) > 0 by (10.11)),

G(gOV---rgZN—l) = G(g(])-“rgN—lrgN—lr---)g())v

which means that (g, ..., gnv-1,8N-1,---, 80) is also a maximizer of G. But this is im-
possible, since the string (go,...,gn-1,8N-1,--.,80) possesses a substring f;,..., fi
oflength min{2N, 2k} > k, which would violate our minimality assumption (iii).

The case d =2: We now assume that the chessboard estimate (10.9) has been es-
tablished for all dimensions d’ € {1,...,d} and show that it also holds in dimension
d + 1. Although this induction step is rather straightforward, it involves a few sub-
tleties which we discuss after the proof, in Remark 10.14.

We temporarily denote the d-dimensional torus by Tf and consider Tf“ as L
adjacent copies of Tf:

d+1 _ 1 d
T, =Ty xT;.
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10.4. The chessboard estimate 449

We can thus write u € Tf/*Bl as u = (i,t), with i € Tl L/B and r € TTL/B, and use the

shorthand notation f!* = fl.0! = I8l Therefore, applying (10.9) with d' =1,

LA, =1 AT 7))

ueTd+l ie-H'I/B teT

1 [ 0 oy I aoas

Pt P d
1€T;,p  JeT g teT])p

I [ {11 f<[l]]t> ”]>”]bi|. (10.15)

€T}, teT? . jeTi,

IA

L/B

The expectation in the right-hand side can be bounded using (10.9) once more, this

time with d’ = d: foreach i € TL/B,

( H I f([z]]t) >#— MmEmin ]C([i{]t)}[s]>u]1/\1ri,3\ (10.16)

d d el
€Ty, JjeTy, €Ty S€Thp J€T p

=1 [( 1 ﬁ5’51>>u]wf’8'.

te'[l'g/B veT4rl

Inserting the latter bound into (10.15),

‘< l_[ [u]> ’< H l_[ [< l‘[ f([tyr]:)> ]I/HTZ/B1|

1
ieT BteTIUB

I

d+1 d+1
uely/y  velpp

This completes the proof of Theorem 10.11. O

Remark 10.14. Let us make a comment about what was done in the last part of the
proof. The verification of certain claims made below is left as an exercise to the
reader.

With T¢*! = T} x T4, we are naturally led to identify Q;, the set of configura-
tions on Tf“, wuh the set of configurations on T} defined by

QL = {w (wi)ie'ﬂ'i it Eﬁo},

where we introduced the new single-spin space
Qs X Q.
]ETZ

Let us denote this identification by ¢ : Q; — Q;. Each f:Qp — R can be identified
def

with f Q; — R, by f( @) = f(¢p~1(@)). The single-spin space Qg can of course be
equipped with its natural o-algebra of Borel sets, leading to the product o-algebra

Z; on Q;. The measure uon (Qr,.%1) can be identified with the measure fi on
~ def

€Q,.71) defined by i = po¢~!. We then have

FHu=Pa
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for every bounded measurable function f and, clearly, fi is reflection positive with
respect to all reflections of Ti. This is what guarantees that the one-dimensional
chessboard estimate can be used to prove (10.14). A similar argument justifies the
second use of the chessboard estimate in (10.16). o

Remark 10.15. We will actually make use of a version of Theorem 10.11 in which the
cubic block Ap (and its translates) is replaced by a rectangular box xg’lzl{o, ..., Bj}
(and its translates) such that 2B; divides L for all i. Of course, the conditions of
periodicity and reflection positivity have to be correspondingly modified, but the
proof applies essentially verbatim. o

Application: the Ising model in a large magnetic field

In this section, we show a use of the chessboard estimate in the simplest possible
setting. A more involved application is described in the following sections.

We have studied the Ising model in a large magnetic field in Section 5.7.1. In
particular, we obtained in (5.34) a convergent cluster expansion for the pressure of
the model, in terms of z = e 2Bh When h > 0, aa# = (cro>g h and, therefore,

oy
Mg 00 =-1=3(1-F7).
The expansion (5.34) thus implies that uE (00 =—1)=e 24P 1 O(e~*") for h >0
large enough. Here, we show how a simple application of the chessboard estimate
leads to an upper bound for this probability (on the torus) valid for all s, § = 0.

For convenience, we write the Hamiltonian of the d-dimensional Ising model
on Ty as

Hpn@)E B Y (wiwj-)-hY o (10.17)
{l',j}€£7L ieTy

Let ur,p , be the corresponding Gibbs distribution.

Proposition 10.16. For all h =0, uniformly in L (even) and =0,

prpnlog=-1)<e ", (10.18)

Proof. The first observation is that /7,4 , can be put in the form (10.8) (up to an
irrelevant constant), from which we conclude that p;z, 5 is reflection positive with
respect to all reflections through edges.

Using 1 x 1 blocks (which we naturally identify with the vertices of T1) and set-
ting fo & lgy=—1y and f; © forall teT 1\ {0}, the chessboard estimates yields

ITgl
Lgg=—1 L0 = [ lioy=—11 . (10.19)
0 <S€h >L;ﬁ,h
(Just observe that all the factors corresponding to ¢ # 0 in the product in (10.9) are
equal to 1.) This can be rewritten as

~ 1,50 M7)
e ! i

Brp (00 =—1) < prpn()

)

ZL;ﬁ,h

where 17; = —1for all j € T;. On the one hand, L%”L;ﬁ,h(n‘) = h|Tz|. On the other
hand, we obtain a lower bound on the partition function by keeping only the con-
figuration n* = 1: Z,p, = e~ 1) = ¢*MTLl This proves (10.18). O
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_’@: In probabilistic terms, (10.19) shows how the chessboard estimate allows us to
bound the probability of alocal event, namely {oo = —1}, by the probability of the
same event, but “spread out throughout the system”: s, {05 = —1}. This global
event is much easier to estimate. o

Application: the two-dimensional anisotropic X Y model

We now consider the two-dimensional anisotropic XY model, in which the spins
take values in Qp = S! and whose Hamiltonian on T; is defined by

Hipa = - Y. {SiS}+asis?, (10.20)
li.jleé

where 0 < a < 1 is the anisotropy parameter and we have written S; = (S}, S?) for
the spin at i. We denote by pr., the corresponding Gibbs distribution on Qp
(see (10.5)), with reference measure p on Qg given by the normalized Lebesgue
measure (that is, such that p(Qg) = 1).

To quantify global ordering, we will again use the magnetization density :

def 1
m = — 'S,
|-|]—L|i€'|]'L

which now takes values in the unit disk {u eR?: ul, < 1}. By translation invari-
ance and symmetry,

(mL>L;ﬁ,a = <SO>L;ﬁ,a =0.

Nevertheless, we will see that, the distribution of m; is far from uniform at low
temperatures, when « < 1. This, in turn, will lead to the proof of Theorem 10.2.

First, as the following exercise shows, when «a < 1, this model possesses exactly
two ground states: one in which all spins take the value e; and one in which this
value is —e;.

Exercise 10.5. LetS; = (S;,S7) and S = (S}, S3) be two unit vectors inR?. Show that,
when 0 < a < 1, the function

def

f8i,8) = =S; S} —aS;S;

g=je

is minimal when either S; =S =e; orS; =S; = —e;.

In view of this, it is reasonable to expect that, at sufficiently low temperature, typical
configurations should be given by local perturbations of these two ground states,
even in the thermodynamic limit. This is confirmed by the following result.

Theorem 10.17. For each 0 < a < 1 and each € > 0, there exists By = fo(a,€) such
that, for all 3 > By,

((mL~e1)2>L;ﬁ,a2 1-¢, and therefore ((mL‘e2)2>L;ﬁ,aSe,

uniformly in L (multiple of 4).
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452 Chapter 10. Reflection Positivity

This result is in sharp contrast with the case a = 1 (see Exercise 9.1); it will be a
consequence of the orientational long-range order that occurs at low enough tem-
peratures. Observe that

1
(mr-e)?)50=—3 > (SISDLpa-
Lf«a |-|]—L|2 it ivj B
We will use reflection positivity to prove the following result, of which Theo-
rem 10.17 is a direct consequence.

Proposition 10.18. Foreach0 < a < 1 and each e > 0, there exists By = Bo(a,€) such
that, for all B > By,
(S;Sprpazl-€, Vi, jeTy, (10.21)

uniformly in L (multiple of 4).

Proof. First, we easily check that /77, p,« can be put in the form (10.8), from which
we conclude that uy,g,, is reflection positive with respect to all reflections through
edges of the torus.
Second, since py; B,a 1s invariant under all translations of the torus, we only need
to prove that
<s}]s}>m,a >1-¢(B), (10.22)

uniformly in L and in j € T2, with e(8) — 0 when f8 — oo.

Now, in view of the discussion before Theorem 10.17, we expect that IS} | should
be close to 1 for most spins in the torus and that the sign of S} should be the same
at most vertices. To quantify this, let us fix some 6 € (0,1). If (i) |Sé| =0, (ii) |S}.| >0

and (iii) S(I)S} >0, then S(I)S}. > 2. Therefore, we can write

(SoS)Lip.a = 0% = kL;pa(Sol < 0) = pirp,a 1S < 8) = pr;pa(SpS; <0).  (10.23)

Since ,uL;ﬁ,a(IS}.I < 0) = ,uL;ﬁ,a(ISéI < 0) by translation invariance, the claim of
Proposition 10.18 follows immediately from Lemmas 10.19 and 10.20 below:
choose 6% =1 - %e and let § be sufficiently large to ensure that the last three terms
in (10.23) are smaller than /4. O

Lemma 10.19. Forany0<a <1,0<06 <1 and e >0, there exists B, = (€, a,0)
such that, for all B > B,
10 (S)l <8) <€,

uniformly in L (even).

Lemma 10.20. Forany0<a <1,0<6 <1 ande >0, there exists f; = f (€, a) such
that, for all B > B,
BLp,a(SpS;<0) <€,

uniformly in j € Ty and L (multiple of 4).

Proof of Lemma 10.19. We proceed as in the proof of Proposition 10.16. Applying
the chessboard estimate, Theorem 10.11, with d =2, B=1, fy & Lysy<sy and fi ER

for t € T \ {0}, we obtain

11,0 (1S5 < 0) < prpa(ISH <8, Yie T, (10.24)
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10.4. The chessboard estimate 453

We write

1 (e—jfL;ﬁv“ l{|51|<6, VieFL}>”O
uL;ﬁya(|Si|<6'Vi€-ﬂ—L): i

, (10.25)
(e ey,

where we remind the reader that po(dw) = Q;et, p(dw;), with p the uniform prob-
ability measure on S'.

We first bound the numerator in (10.25) from above. When ISll. |<oéforallieTy,
a simple computation shows that

Hpaz—B Y, (6°+a-6%)=-2B(6*+al-06H)ITyl.
{i,jleéL

(We used the fact that |87| =2|Ty| in d = 2.) Consequently, since y is normalized
by assumption,

-, 26(6%+a(1-62) (Tl
(e L‘ﬁ'“1{|s}|<5,\1iem}>,¢0 se e (10.26)

To obtain a lower bound on the denominator, let 0 < § < 1 and write
an a i a =
(e fLbay, > (e b l{s}za,wen}>p0
= (e Mipa | S126,Vie T1)y po(S} =8, VieTy)
= (e iba) o(S} =8, VieTy), (10.27)

where we have introduced the probability measure fip(:) o jd S} >4,VieT;).On
the one hand, observe that (S?) fo = 0, by symmetry, and (S }) o = 6. Therefore,

Hpadpg=—B Y, (SDp(SPp,=<-2p8%ITyl.
{i,jleér

So, an application of Jensen’s inequality yields
<e_%i;ﬁ,a>ﬂ0 > e—(jfL;ﬁ,uﬁﬂo > e2ﬁ52 [Trl i (1028)
On the other hand,

po(S} =6, VieT,) =(2 arccos(8)) Tt = e PO,
where b(8) £ —log(}[ arccos(d)) > 0. Inserting this and (10.28) into (10.27) yields

(e~ by, > exp{(266% - b)) ITLI}. (10.29)

Let us then choose § such that §% = J(1+ 6%+ a(1 - 62)) € (0,1). By (10.26)
and (10.29),
1o (SH <8, VieTy) <exp[-p{(1-6%)(1-a)-b(©)/B}IT,]
<exp[-1(1-61-a)PIT,I],
def

for all B = B1(a,8) = b(d)/((1-86)>(1 — a)). By (10.24), this ensures that, for any
a,6 <1and any = B;(a,0),

p1pa Sy < 6) <exp[-1(1-6%1 - w)p].

The right-hand side can be made as small as desired by taking 8 large enough. O
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l
lll//
9
//,/

[]

/]
7
9

/

Figure 10.5: The three types of contours on a torus, separating the vertices 0
and j (indicated by the two dots). The mesh corresponds to the dual lattice
here, with the vertices in the middle of the faces.

Proof of Lemma 10.20. This proof relies on a variant of Peierls’ argument, as ex-
posed in Section 3.7.2. We assume that the reader is familiar with this material.

Let, foreach i € Ty, I « L and I} & 1,51.(;- We have, by symmetry,
1cl -
NL;ﬁ,a(SOSj < 0) = 2([8—11 >L;ﬁ,a .

Since, almost surely, I;r +1; =1 for all i € Ty (namely, {S} = 0} has measure zero
under the reference measure and therefore also under py,5,4), we can write

g I =(IgI; (IF+1I7) = 17 .
0y ke <0 ! ieTl_\I{O,j} l l >L;’6’a ne{—%l}“ <i£T[L ! >L;'B’“
77():1'77]:_1

To each configuration n appearing in the sum, we associate the corresponding set
of contours I'(n), exactly as in Section 3.7.2 (including the deformation rule). Note,
however, that it would not be possible to reconstruct a configuration w only from
the geometry of its contours: the latter only determine the configuration up to a
global spin flip. In order to avoid this problem, we consider contours that are not
purely geometrical objects, but also include the information of the values of the
spins on both “sides”. When u, v denote neighbors separated by y, we will make
the convention thatn, = +1andn, = -1.

The configurations 7 appearing in the sum above are such that no # ;. There-
fore, there exists (at least) one contour y separating 0 and j, in the sense that it
satisfies one of the three following conditions (see Figure 10.5): (i) y surrounds 0
but not j, (ii) y surrounds j but not 0, (iii) y is winding around the torus (of course,
in this case, there must be at least one other such contour). We can thus write

oI pas2 2 <H I?i>L;ﬁ,a’ (10.30)

Y n:I'(n)ay i€Ty

where the first sum is taken over all contours separating 0 and j.
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<

—r

Figure 10.6: The partition of T, (here, L =12) in 2 x 1 blocks, using translates
of {(0,0),(1,0)} (represented by the two dots). For a contour v, the set zE’;l’O
(whose corresponding blocks were highlighted) represents the blocks of that
partition which are crossed by y in their middle.

|
|
|
|
|
|
|
] CLIC]
|

Given a contour y, we denote by &) the set of all edges of &7 which are crossed
by y. Notice that

< l_[ I;I;>L;ﬁ,a:< l_[ I;I; H(II-:"_IIE))L;ﬁ,a

{u,v}eéy {u,viedy keTy
ni
= ¥ (1) pe (1031
n:I'(n)3y ieTy

The last inequality is due to the fact that forcing n,, # 1, for each {u, v} € &, is not
sufficient to guarantee that y € I'(n) (remember, in particular, the deformation rule
used in the definition of contours). Putting all this together,

pipa(SoS; <0 =23 ( [ LiL)ipa (10.32)
Y {uviedy

The chessboard estimate will be used to show that the presence of a contour is
strongly suppressed when a < 1 and f is taken sufficiently large:

), <ec@p (10.33)
u-v/Lpa

{u,v1eéy

where c(a@) = (1-a)/16 > 0.

In order to use the chessboard estimate, we consider four distinct partitions of
the torus into blocks. Consider first the partition of T into blocks of sizes 2 x 1,
translates of {(0,0), (1,0)} by all vectors of the form 2me; + ne, (m, n are integers)
(see Figure 10.6). This partition can be identified with the set é”Lh’O c &1 of horizontal
nearest-neighbor edges with both endpoints in the same block of the partition. We
will use {u, v} € th,o to index the | T |/2 blocks of this partition.

Similarly, one defines the partition made of 2 x 1 blocks that are translates of
{(1,0), (2,0)}; the corresponding set of horizontal edges is written éaLh'l c éy.
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| i | | E
= ++ == 4+ —fl= ]+
= #l[+ == #][+ =f= ][+ -]
| i | | E
= +l+ == 4+ —fl= ]+
| | | ) | |
| i | | E
= ++ == 4+ —fl= ]+
= #l[+ == #][+ =f= ][+ -]
| i | | E
= ++ == 4+ —fl= ]+
= #l[+ == #][+ =f= ][+ -]

Figure 10.7: The configuration nh'o (on the same torus as in Figure 10.6). The
shaded block, containing the origin, is the support of ¢*~, which is then
spread out throughout the torus, by successive reflections through the edges
separating the blocks.

Finally, we define two partitions made of 1 x 2 blocks, which are, respectively,
translates of the block {(0,0), (0, 1)} or of the block {(0, 1), (0,2)}. The corresponding
sets of vertical edges are denoted &}’ 0 and &) 1 respectively.

This leads us to split the edges crossing y into four families, according to the
element of the partition to which they belong: &, = zfjfl'oué‘);l’l uéy 0 uéy 1. Applying
twice the Cauchy-Schwarz inequality,

1/4
(T Btdipes TT(CTT Bh)npa) - (10.34)

{u,vieéy zg(}ﬂ;}} {uyy}eéayu,#
The four factors in the right-hand side can be treated in the same way. To be spe-
cific, we consider the factor with @ = h and # = 0. Notice that, for each {u, v} € 5;1'0,
the function I} I, can be obtained by successive reflections through edges (be-
tween the blocks of éaLh’O) of one of the two following {(0,0), (1,0)}-local functions:

- Iooligande™" « I g0 11 o We denote the corresponding function fiy,u).

For each {u, v} € th,o \ é’;l'o, we take f, &1 The chessboard estimate (which we
use for non-square blocks here, see Remark 10.15) yields

I'n)Y, . < Fiapy vINEUTLIZ) (10.35)
u-v/Lpa {u,v}

{u,u}ecomyh'o {u,u}ecomyh'o {u’,u’}eomyh'o

Now, by translation invariance, for all {u, v} € éﬁl’o,

7 _ I l?'o
(T fun™M=C ] © )[{”'V”>L;ﬁ,a=<_l;[ I?z )Lpar (10.36)
€Ty,

{u’,v’}eéﬂ"o {u’,v’}eé’;"o

where n0 € {+1}7% is depicted in Figure 10.7.
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10.4. The chessboard estimate 457

To evaluate the last expectation in (10.36), we proceed similarly to what we did
in the proof of Lemma 10.19:

A ;"
O Gl SRR
ier, | Ho <e—«)ﬁ;ﬁ,a >uo
n;?
Let us bound from below the energy of any configuration for which [T;et, I;* =1.

Each edge between two vertices at which n™° takes the same value contributes at
least —f to the energy and those edges account for % of all the edges of the torus.
However, it is easy to check that, for spins located at the endpoints of the remain-
ing edges, the minimal energy is obtained when both their first components van-
ish; this yields a minimal contribution of —fa. We conclude that the energy of the
relevant configurations is always at least —2(?—l + ia) BIT 1| and, therefore,

» h.0
(epe TT01)

i€eTy

o S ep{zAB+ )Tl

Combining this with the lower bound (10.29), we obtain, choosing 62 = (7 + @)/8,

o » b®)
L' )5, sexpy—2P(0°— —— -8+ a))IT|
<iQL, >L,ﬁ, p{ :3( 28 ° ) L}
4b(5)

= exp{—i (1-a- 5 )ITL|}
<exp{-§(1-a)BIT.l},
forall 8 = 8b(6)/(1-a). Inserting this into (10.35), we obtain

(I LiL)ppasep{-j0-aple ).

{u, V}Eé’;l’o

Doing this for the other three partitions and using (10.34) and the fact that Ié"yh’ol +
|£’;"1| + Iéay‘”ol + Izg’))”ll =|yl, (10.33) follows. Using this estimate, (10.32) becomes

BLpa(SSj<0) <2} e~cl@pirl,
Y

We can now conclude the proof following the energy-entropy argument used when
implementing Peierls’ argument in Section 3.7.2. There is only one minor differ-
ence: in the sum over v, there are also contours that wind around the torus, a situ-
ation we did not have to consider in Chapter 3. However, since such contours have
length atleast L,

Y e @h = ¥ o c@Pkyty . winding, |yl = k} < Y em“@Pk (128,
v, winding k=L k=L

Taking B sufficiently large, this last sum is bounded uniformlyin L and can be made
as small as desired. The conclusion thus follows exactly as in Chapter 3. O
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458 Chapter 10. Reflection Positivity

Remark 10.21. As the reader can check, the arguments above apply more generally.
In particular, they extend readily to the anisotropic O(N) model, in which the spins
S; = (S}, e Sﬁv) € SN¥~! and the Hamiltonian is given by

Hipa=—P ) {SiSj+a(SiSi+--+SVsY)}.
{i,jreér

Also, the extension to d = 3 is rather straightforward (only the implementation of
Peierls’ argument is affected and can be dealt with as in Exercise 3.20). o

We can finally conclude the proof of Theorem 10.2. We will rely on the main
result of Section 6.11.

Proof of Theorem 10.2. Let mi &« my -e; and

w(h) € hm l—log<exp{h > st }>

Tzl jers Lifa

= lim —— log(e"™Tly .
Jim ——log{e )Lipa

Existence of this limit and its convexity in & follow from Lemma 6.89 (used with
def

g= S1 and with perlodlc boundary conditions, for which that result also holds).
We have seen that m! ; remains bounded away from zero with high probability, uni-
formly in L, when g is large. We are going to show that this implies that ¥ is not
differentiable at 2 = 0.

Let0<a <1, e>0and B > Byla,e), where fo(a,€) was introduced in Theo-
rem 10.17. Let also 0 < § < 1 be such that §2 < 1 —e. To start, observe that, for any
h=0,

(ehmilTily, o = (ehmilT] Lntoo)) 1.0 2 € H g0 (my 2 8). (10.37)
But Theorem 10.17 implies that, uniformly in L (multiple of 4),
L-e<((mp?®) 5, <6+ tpa(imp?® = 6%).
Therefore, again uniformly in L (multiple of 4),
Lrpa(my = 8) = 3uppq((m))* =6%) = 21 -e-6°) >0.

Inserting this estimate in (10.37), we conclude that (y(h) —y(0))/h =w(h)/h = 9,
forall 7> 0. Letting h | 0 yields

oy
3 Ino >6>0.

Since w(—h) = w(h), this implies that ¥ is not differentiable at h = 0. Proposi-
tion 6.91 then guarantees the existence of two Gibbs measures u* # u~ such that

oy
oh* In=0

1//

(St = > o = <sé>,f,

thereby completing the proof of Theorem 10.2. O
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The infrared bound

We now turn to the second major consequence of reflection positivity, the in-
frared bound, which provides one of the few known approaches to proving spon-
taneous breaking of a continuous symmetry. In this section we go back to the d-
dimensional torus T;, d = 1.

In order to motivate the infrared bound, we start by showing how it appears as
the central tool to prove Theorem 10.1, in Section 10.5.2. The proof of the infrared
bound and of the related Gaussian domination is provided in Section 10.5.3.

Models to be considered

The infrared bound holds for a wide class of models, but still requires a little more
structure than just reflection positivity. Namely, we will assume that the spins are
v-dimensional vectors,

def

Qo &R,

and that the Hamiltonian is given by

HpEB Y. 18i-S;12, (10.38)
{i,j1eét

with § = 0. As before, we assume that the reference measure p on Qg (equipped
with the Borel subsets of R) is supported on a compact subset of R* and write
o & ®ieT, p- The Gibbs distribution y;.5 on (Qy, 1), associated to J1,p, is then
defined exactly as in (10.5).

The choice of the reference measure p leads to various interesting models en-
countered in previous chapters.

Example 10.22. Choose v = N and let p be the Lebesgue measure on the sphere
SN-1 < RN, Since [S;ll, = 1 for all i € T, almost surely, the Hamiltonian can be
rewritten as
Hp=2PIEL1 -2 ) Si-S;.
{i,j1eéy
We recognize (up to an irrelevant constant 26|47|) the Hamiltonian of the O(N)
model. ©

Example 10.23. Choose v = g — 1 and let p be the uniform distribution concen-
trated on the vertices of the regular v-simplex (see Figure 10.8). The vertices of this
simplex lie on $¥~! and the scalar product of any two vectors from the origin to two
distinct vertices of the simplex is always the same. Note that this is just the g-state
Potts model in disguise. Indeed, a configuration can almost surely be identified
with a configuration o' € {1,...,q}"t, where 1,...,q is a numbering of the vertices
of the simplex. Then, up to an irrelevant constant, we see that the Hamiltonian
becomes —fy 3 ; jics, 0w ol for some B, = 0 proportional to . 3

I

Application: Orientational long-range order in the O(V) model

In order to motivate the infrared bound, we start with one of its major applications:
the proof that, when d = 3, there is orientational long-range order at low tempera-
tures for models with continuous spins of the type described above.
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460 Chapter 10. Reflection Positivity

Figure 10.8: The simplex representation for the 2-, 3- and 4-state Potts model.

We have seen, when proving the Mermin-Wagner Theorem in Chapter 9, that
the absence of orientational long-range order in the two-dimensional O(/N) model
was due to the fact that spin waves, by which we meant spin configurations varying
slowly over macroscopic regions, were created in the system, at arbitrarily low cost
(remember Figure 9.3). If we want to establish orientational long-range order, we
have to exclude the existence of such excitations. In order to do that, it is very con-
venient to consider the Fourier representation of the variables (S;) jer, .

Consider the reciprocal torus, defined by

of |27
T} d:t{f(nl,...,nd) : Osni<L}.

Note that ITZI =|T|. The Fourier transform of (S;) jeT, is (§p)pﬂz, defined by
§,,d=8f—2 Y €ris;,  peT;.

Let us recall two important properties,

1. First, the original variables can be reconstructed from their Fourier trans-
form, by the inversion formula:

1 Cipia .
S]:W Z e p]Sp, jE-ﬂ—L.
L peT}

Each index p is called a mode and corresponds to an oscillatory term e/
This sum should be interpreted as the contributions of the different Fourier
rrlodes to the field variable S;. The importance of mode p is measured by
ISy ll2. On the one hand, modes with small values of p describe slow varia-
tions of §;, meaning variations detectable only on macroscopic regions, at
the scale of the torus. In particular, the mode p = 0 corresponds to the non-
oscillating (“infinite wavelength”) component of S; and is proportional to the
magnetization of the system (see below). On the other hand, modes with
large p represent rapid oscillations presentin S;.

2. Second, Plancherel’s Theorem states that

Y ISplE =Y ISz, (10.39)

peT} JETL

Exercise 10.6. Prove the above two properties.
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10.5. The infrared bound 461

As mentioned above, the magnetization density my = ﬁ YieT, Si is simply related
to the p = 0 mode by
1 .

mj; = —————-So.
|-|]-L|1/2

Therefore, the importance of the p = 0 mode characterizes the presence or absence
of orientational long-range order in the system. For example, we have seen in Exer-
cise 9.1 that the contribution of the p = 0 mode becomes negligible in the thermo-
dynamic limit for the two-dimensional XY model; this was due to the appearance
of spin waves. Therefore, to prove that orientational long-range order does occur,
one must show that the p = 0 mode has a non-zero contribution even in the ther-
modynamic limit.

In order to do this, we add a new restriction to the class of models we consider.
Namely, we will assume in the rest of this section that the reference measure p is
such that, almost surely,

ISjll.=1 VjeTg.

This is of course the case in the O(N) and Potts models. With this assumption,
(10.39) implies that ¥ ey ISy 112 =T LI, which yields

Q.12 < 12
ISollz =1Tl= ) ISpll5.
peT}
p#0

Moreover, by translation invariance,

1

USplIZy ;5 = T

i.jeTy jeTL

Gathering these identities, we conclude that

1 1 o
<||mL||§>L;ﬁ:—<||so||§>L;,5=1_{_ Y ¥ elpuso.sjw}. (10.40)
|TL| |TL| pe‘ﬂ'Z]ETL
p#0

To obtain a lower bound on (IIlelf )1, We thus need to find an upper bound on
the double sum appearing on the right-hand side of the previous display. This is
precisely at this stage that the infrared bound becomes crucial; its proof will be
provided in Section 10.5.3.

Theorem 10.24 (Infrared bound). Let y;.5 be the Gibbs distribution associated to a
Hamiltonian of the form (10.38). Then, for any p € T} \ {0},

iPjig g8 eV [1_ L Ll
j;fLe (So Sj)L'ﬁS4[3d{1 2gl];ocos(p ])} .

Using the infrared bound in (10.40), we get
v 1 1 -1
Impl2), 21— —=—— Y {1-=— Y cos(p-j); .
(llmy 2>L,,5 4pd |Ty| pgz{ Zdj;) p-J }

p#0

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook




462 Chapter 10. Reflection Positivity

The reader can recognize a Riemann sum in the right-hand side, which implies that

def  V . em? 1 -1
= im 1-— cos(p-j)
Po= Laemd T p;t{ Zdj;) P }
p#0
__ v f {1_L 3" cos(p- ~)}‘1d (10.41)
4d(27’[)d [-m,m]4 2d j~0 P P ’

Notice that this integral is improper, precisely because of the singularity of the in-
tegrand at p = 0. Therefore,

. 2 ﬁ()
llLIEglﬂ”mL“g)L;ﬂ =1- B

This proves that there is orientational long-range order for all § > §y. The only
remaining task is to make sure that f is indeed finite.

It turns out (see Theorem B.72) that f is finite if and only if the symmetric
simple random walk on Z¢ is transient. As shown in Corollary B.73 (by directly
studying the integral above), this occurs if and only if d = 3.

We have thus proved the following result.

Theorem 10.25. Assume that d = 3. Let g be defined with respect to a reference
measure [y under which ||S;|l, = 1, almost surely, forall i € Ty. Let

def 4

Po= taama

/ {l—ﬁz’cos(p-j)}_ldp.
[-m,m19 j~0

Then By < co and, for any B> B,

Bo

9 g 2
hL“i}},}f<||mL||z>L;ﬁ zl—F. (10.42)

Remark 10.26. Theorem 10.25 implies the existence of orientational long-range or-
der for the g-state Potts model on 79, d = 3. The latter, however, displays orienta-
tional long-range order also in dimension 2, even though this cannot be inferred
from the infrared bound. (This can be proved, for example, via a Peierls argument
as in Section 3.7.2 or using the chessboard estimate, using a variant of the proof
of Lemma 10.19.) The crucial difference, of course, is that the symmetry group is
discrete in this case. o

With the help of Theorem 10.25, we can now prove existence of a continuum of
distinct Gibbs states in such models, as stated in Theorem 10.1.

Proof of Theorem 10.1. First, fix some unit vector e € SV~!. For simplicity and with
no loss of generality, we can take e = e; (indeed, ;g is invariant under any global
rotation of the spins). Then, define

def

(k) =L1ggow—1ﬂlog<exp{h Y Sj-elf)

JjeTy Lip

We again use Theorem 10.25 to show that v is not differentiable at / = 0, follow-
ing the pattern used to prove Theorem 10.2, and conclude using Proposition 6.91.
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10.5. The infrared bound 463

The only difference here is when showing that y;,5(mp - e; = §) is bounded away
from zero. To use the lower bound we have on (|m( [,) 7,5, we can use the following
comparisons:

uppmy-e; =6) = ﬁ,uL;ﬁ(llleloo =0)= ﬁﬂL;ﬁ(lllelz >6Vd)

When § is sufficiently small, a lower bound on the latter, uniform in L, can be ob-

tained as before. O
10.5.3 Gaussian domination and the infrared bound

The infrared bound relies on the following proposition, whose proof will use reflec-

tion positivity. Let i = (h;)iet, € RY) ' and

ZL;ﬁ(h) d:“<exp{—ﬁ{. ;[o IS; =S;j+h;—h; ”§}>I»to
i,jleér

Notice that Z;,5(h) is well defined (since we are assuming p to have compact sup-
port) and that Z;,5(0) coincides with the partition function Z;, 5 associated to .77, .

Proposition 10.27 (Gaussian domination). For all h = (h;)eT,,

Zpp(h) <Zp;p(0). (10.43)

Proposition 10.27 will be a consequence of the following lemma, which is a ver-
sion of the Cauchy-Schwarz-type inequality of Lemma 10.6.

Lemma 10.28. Let u € Mype) and A,B,Cq, Dy € A1 (®). Then

{<eA+®(B)+Za Cq®(Dy) >#}2 < <eA+(A)+Za Ca©(Cq) >“<eB+®(B)+Za Da®(Dq) >” .

Proof. Expanding the exponential,

1
<eA+®(B)+Za Ca@(Da))lu = Z _ Z <eACaC1 "'C(xn@(eBDal Da:")>u (10.44)

|
n=0 1 A1,..,Qqp

By Lemma 10.6,

(e"Cay++Ca,0(€" D,y -+ Da,)),

1/2
7

x (" Dy, ++Da, (€ Dg, -+ Da,)), .

<(eCq, -+ Cq, 0" Cyy -+ Ca))

The classical Cauchy-Schwarz inequality, ¥ ¢ |axbil| < (. a2) /2 (X b2)'/2, yields

Y (e?Cqy - Ca,©(E Dy, Do)y

]1/2

Z <6Aca1 t Can(a(eACal o Ca”)>/1

1/2
Y. [(¢"Da, D, 0" D, Da), | -

ay,..., an

Revised version, August 22 2017
To be published by Cambridge University Press (2017)
© S. Friedli and Y. Velenik

www.unige.ch/math/folks/velenik/smbook



464 Chapter 10. Reflection Positivity

Inserting this in (10.44), using again the Cauchy-Schwarz inequality (this time, to
the sum over n) and resumming the series, we get

<eA+®(B)+Za CaB(Dg) >

= [Z Z <eAC“1 an®(eACal “.Can)>y]1/2

n=0 " llly B1e77)

x [Z Z <eBDa1 D“'l@(eBDal"'Dan»u]l/z
n=0 1 ay,.,
= [<eA+®(A)+Za Ca@(Ca)>p<eB+®(B)+Za DaG(Da)>H]1/2. -

Proof of Proposition 10.27. First, notice that Z;;5(h) = Z,5(h') whenever there ex-
ists ¢ € R such that h; — h} = ¢ for all i € T;. There is thus no loss of generality in
assuming that sy = 0, which we do from now on. Next, observe that Z, ﬁ(h) tends
to 0 as any || k;|l, — oo, i # 0. In particular, there exists C such that }_; || ; ||§ < C for
all h that maximize Z,g(h). Among the latter, let us denote by h* a maximizer that

minimizes the quantity N(h) < #{{i, j} € & : h; # hj}. We claim that N(h*) = 0.
Since ha‘ = 0, this will then imply that hl* =0 for all i € T, which will conclude the
proof.

Let us therefore suppose to the contrary that N(h*) > 0. In that case, we can
find {i, j} € 1 such that h # h; Let IT be the reflection plane going through the
middle of the edge {i, j} and let ® denote the reflection through II. Below, we use
{i’, j'} to denote the edges that cross I1, with i’ € Ty, and j' = ©(i") € T,_. Since
lwiy —wj +hy —hplls = llwy +hpl +llwjy+hjll = 2@y + hy) - (@5 + hjr), we can
write

-8 Y lwi-wj+hi-hjl5= A+®(B)+ZC -0(Dy),
{i,jleéL
where A, B,C;,D; € 2,(0), and

def

AZ-B Y Nwi-wj+hi—hjlZ=BY loy+hal?,
l'!

{l',j}EébL:
i,j€TL,+(O)
def
OB)=E-B Y lNwi—wj+hi—hil;-BY loj+hjl?,
{i,jle&y: J'
i,jeTL,-(©)

o] /Zﬁ(wi""hi’)v oY /Zﬁ(wj’+hj’)'

(Remember that © acts on w, not on k; this implies that in general, A # B and Cys #
D;1.) One can thus use Lemma 10.28 to obtain

Z1,p(h*)? <Zpg(W* ) Zpp(h*7),

where
et B VIETLL0), o |BY  VieT,_(©),
! hgm VieT,-(0), i hy VieTL[.(O).

Our choice of © guarantees that min{N(h**), N(h*")} < N(h*). To be specific, let
us assume that N(h*") < N(h*). Then, since h* is a maximizer,

Z1,p(W*)? < Zpg(W* ) Zyp(W*7) < Zpp(W* ) Zyp(hY),
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10.5. The infrared bound 465

thatis, Z;,5(h*™) = Z1,5(h™). This implies that 2™ is also a maximizer which satis-
fies N(h*'*) < N(h*). This contradicts our choice of h*, and therefore implies that
N(h*)=0. O

The following exercise provides some motivation for the terminology “Gaussian
domination”. One can define the discrete Laplacian of h = (h;) ;eT,, AR, by

(Ah)ld—efZ(hj—hi), iez?.

The Discrete Green identities of Lemma 8.7 can also be used here; they take slightly
simpler forms due to the absence of boundary terms on the torus.

Exercise 10.7. Show that (10.43) can be rewritten as

<exp{2ﬁ Y (Ah);-(Si— so)}> <exp{—ﬁ Z(Ah)i.hi}. (10.45)

ie€Ty ie€Ty

Let vy, be the Gibbs distribution corresponding to the reference measure given by
the Lebesgue measure: p(dw;) = dw;. Show that

(expfep ¥ ami-si-sof), =e{-p T @hi-nf,

ieTy L €Ty

so that the bound (10.45) is saturated by the Gaussian measure vr,g.

We can now turn to the proof of the infrared bound.

Proof of Theorem 10.24: We know from Proposition 10.27 that Z,5(h) is maximal at
h = 0. Consequently, at fixed h,

0 0?
MzLﬁ(Ah)|M_o and =

The first claim in (10.46) does not provide any nontrivial information, but the sec-
ond one is instrumental in the proof. Elementary computations show that

—Z;p(AR)|,_, <0. (10.46)

0
MzZLﬁ(M’)Ll 0
:4ﬁ2<| Y 8-S -(hi—hp[ expi-B Y 1Si Sl }>
{i,jleé {i,j1eéL
26 Y - h]||2<exp{ B Y Isi- s,||2}>
li,jleéL i, jleér

The inequality in (10.46) is thus equivalent to

(| ¥ si-8)-(hi- h])|> Y i hjl2. (10.47)
{i,jiedl, /3 {i,jreé

The latter holds for any & € (R")Z, but it is easily seen that it also extends to any
he (CY)" (just treat separately the real and imaginary parts). Let us fix p € T7\{0},
¢ €{1,...,v} and make the following specific choice:

. def ip-j def
VieT,, a;j=ePl,  hiSaje,.
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The Green identity (8.14) yields (@ denoting the complex conjugate of a)

Y o lhi-hil?= Y (V& (Va)ij= Y ai(-Aa);
{i,j}eéL {i,jleéL €Ty

1
=2d|1m{1— 2d > cos(p~j)},

Jj~0

since, forany i € Ty,

(—Aa); = Z(ai — aj) = elPl Z(l _ e1p~(j—l)) - Zde"”"{l _ Z Cos(p~j)}.
j~i Jj~i 2d ;%

Similarly, denoting by Sf s, - ey the /th component of S;,

Y Si=S)-(hi-hp= Y (V$9);;(Va)i;= Y S{(-Aa);

{i,jled {i,jleé €Ty
1 o
:Zd{l -— Z cos(p-j)} Z Sfelp'l,
2d iz i€l

and therefore

1 12 S 12
S;—=S:)-(hi—hp)|*) =4d*|1-— Y cos(p-j) Slelri )
(I X 608t =41 Fcostpop[ (| 2 o),

The inequality (10.47) thus implies that

0 pip-i|2 Welyy - 1 St
<|ZS]e |>L;ﬁs4dﬁ{l 2dj;)cos(p ])} )

€Ty

Since, by translation invariance of ur.g,

(IX vy, = % dridsshg =Tl ¥ ePisishu,
i€l I Lp i,jeTy ], JETL o

the conclusion follows by summing over ¢ € {1,...,v} to recover the inner product.
O

Bibliographical remarks

There exist several nice reviews on reflection positivity, which can serve as com-
plements to what is discussed in this chapter and provide additional examples of
applications. These include the reviews by Shosman [305] and Biskup [22] and the
books by Sinai [312, Chapter 3], Prum [282, Chapter 7] and Georgii [134, Part IV].
The present chapter was largely inspired by the presentation in [22].

Reflection positivity. Reflection positivity was first introduced in the context of
constructive quantum field theory, where it plays a fundamental role. Its use in
equilibrium statistical mechanics started in the late 1970s, see [118, 98, 157, 115,
116].
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Infrared bound and long-range order in O(N) models. The infrared bound, The-
orem 10.24, was first proved by Frohlich, Simon and Spencer in [118]. In this pa-
per, among other applications, they use this bound to establish existence of spon-
taneous magnetization in O(N) models on 79, d = 3, at low temperature (Theo-
rem 10.1 in this chapter).

Chessboard estimate and the anisotropic XY model. The chessboard estimate,
in the form stated in Theorem 10.11, was first proved by Frohlich and Lieb [117].
There were however earlier versions of it, see [134, Notes on Chapter 17]. The ap-
plication to the anisotropic XY model, Theorem 10.2, was first established using
other methods in [226] and [202]. The first proof relying on the chessboard esti-
mate appeared in [117] and served as a basis for Section 10.2.
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