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@ The cube recurrence and groves

© Kashaev's recurrence and bicolor loops

© Limit shapes

@ Relation Ising-loops
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Star-triangle move in resistor networks [Kennelly 1899]
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Star-triangle move in resistor networks [Kashaev 1995]

Let G = (V, E) be a planar graph.

Suppose that u
oty R AR

e — f;(f
Y v

for some variables (f;)icvur on the vertices and faces of G.
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Star-triangle move in resistor networks [Kashaev 1995]

Let G = (V, E) be a planar graph.

Suppose that u
oty R AR

e — f;(f
Y v

for some variables (f;)icvur on the vertices and faces of G.
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The cube recurrence
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fijhfit1 k1 = fig1kfijr1h41
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The cube recurrence
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The cube recurrence
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Laurent polynomial in the initial conditions.

Question (Propp, 2001)

Is the solution of the cube recurrence a partition function of some
model?
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Cube groves [Carroll - Speyer, 2004]

A cube grove g

is a choice of one diagonal
per face, such that

the union is a spanning
forest (with some
boundary coniditions).
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Cube groves [Carroll - Speyer, 2004]

A cube grove g
is a choice of one diagonal
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the union is a spanning
forest (with some
boundary coniditions).
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Solution of the cube recurrence [Carroll - Speyer 2004]
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Theorem (Carroll, Speyer)

For initial conditions (f);c; on | C Z3, and for a z € Z3 whose
value f, is defined by the cube recurrence,

f, = Z H f;_degg(i)—2‘
g I
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Ising model

Let G = (V, E) be a planar graph, with positive coupling
constants (Je)eck-
o:V —={-1,+1}.

1

P(o) H exp (Jeoyov),

e=uveE

- leing(G7 J)

Partition function:

Hh 4

Z|Sing(G7 J) = Z H exp (Jeo'uUV) .

oe{-1,1}V e=uveE

Let xo = exp(—2Je).

Ising to bicolor loops 8/ 21



Star-triangle for the Ising model [Wannier 1945]

The Ising model is invariant in distribution iff

5! = | Letxxs)(xstxix)
1 (x1x2x3+1) (x1+x2x3)
X = (x1+x2x3) (x3tx1%2)
2 (xixex3+1) (e +x1x2)
5! — ] Labxexs)(etxixs)
3 (x1x2x3+1)(x3+x1x2)
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Star-triangle for the Ising model [Kashaev 1995]

Suppose that

u
1\ 2
Xe — Xe — 858t ?—6—4\
2 8u8v

v

for some potentials (g;)icvur on the vertices and faces of G.
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Star-triangle for the Ising model [Kashaev 1995]

Suppose that
u
1\ 2
Xe — Xe — gsgt ?—6—4\
2 8u8v v

for some potentials (g;)icvur on the vertices and faces of G.

85 85
86 84 PR 86 ‘ 84
80
12§ 83 8 83
82 82

The Ising model is invariant in distribution iff

838l +gigs + 8582 + 8282 — 2(81838486 + 82838586 + £1828485)
—2g084(8184 + 8285 + 8386) — 4(80828486 + 84818385) = 0
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Principal minors

Let M be a square matrix of size n.

For I C [n], let a; = det (M/) be a principal minors.

What are the polynomial relations amongst the a;? Polynomials in
C {(a/),c[n]} that are always null?
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Principal minors

Let M be a square matrix of size n.

For I C [n], let a; = det (M,’) be a principal minors.

What are the polynomial relations amongst the a;? Polynomials in
C {(a/),c[nﬂ that are always null?

Theorem [Holtz & Sturmfels 2006; Oeding 2011]

If M is symmetric,

22 2.2 2.2 2 2

apaipz + azap + axayz + araxs
—2apazaipaips — 2apaxaizaizz — 2apa3a i3
—2azapaizaip — 2azap3aipal — 2aa»3aizal

+4agarzaizaie + 4azazaiainz =0

and all the relations of the (a,) are generated by this.
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Kashaev's recurrence

28T + 815 + 85815 + &30
—2(g283813812 + 8183823812 + £182823813)
—2gg123(81823 + 82813 + &38412)
—4(gg3813812 + £123818283) =0

83
g13 ’ £23
g1 g2
812
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Kashaev's recurrence
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Kashaev's recurrence




Kashaev's recurrence

83
813 ’ 823
81 82
812

This recurrence also generates Laurent polynomials.

Question [Kenyon, Pemantle 2016]

Can one identify the solution of this recurrence with the partition
function of a model?
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Bicolor loops

For initial conditions | C Z3,

with potentials (g;)ie/,
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allowed local configurations at a face f:
with boundary conditions.

O

S
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Bicolor loops

allowed local configurations at a face f:

For initial conditions | C Z3,
and weight wg(w)

with potentials (g;)ie/,
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with boundary conditions.

v/ 8s8t8ubv
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Bicolor loops
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For initial conditions | C Z3,

with potentials (g;)ie/,

allowed local configurations at a face f:

and weight wg(w)
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with boundary conditions. Global weight of a loop configuration w:

v/ 8s8t8ubv

oN(W) H wi(w)

f

where N(w) is the number of finite loops in w .
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Solution of Kashaev's recurrence

Theorem [M. 2018]

The partition function

Zioops(l, 8) = Z 2Nw) H wi(w) H g
£

loop conf. w iel

is the solution of Kashaev's recurrence with initial conditions
(gi)ici- There is a one-to-one correspondence between loop
configurations and monomials of the solution.
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Solution of Kashaev's recurrence

Theorem [M. 2018]

The partition function

Zioops(l, 8) = Z 2Nw) H wi(w) H g
£

loop conf. w iel

is the solution of Kashaev's recurrence with initial conditions
(gi)ici- There is a one-to-one correspondence between loop
configurations and monomials of the solution.

Consequences

@ Laurent polynomial in the g; and the X = \/gsgt + gugv;
interpretation of coefficients and exponents.

@ Limit shapes.
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Idea of proof:

® Zioops(l, g) is invariant when a cube is added to /, updating g
with Kashaev's recurrence.

_\gc _sgc _sgc _sgc %AL _\Yc 3/\¢.(_» A
AS(/_ - )‘((‘
pa'e - K
XYY - XA
_\gc _sgc _\2(_ _\2(_ %A(_ _\RL 39\/_‘_ -A
e - A
o ~ kX
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@ When we get to the target vertex z, Zjoops is equal to g;.




Idea of proof:

® Zioops(/, g) is invariant when a cube is added to /, updating g
with Kashaev's recurrence.

@ When we get to the target vertex z, Zjoops is equal to g;.
@ Uniqueness: each monomial corresponds to a single
configuration.

Reconstruction algorithm of a configuration from its weight.



Limit shapes

Periodic initial conditions:

Sample a configuration
with a probability proportional
to its global weight.

~
~ R:%g’
N —
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Limit shapes

eriodic initial conditions: R =3, N —

.
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Limit shapes

Periodic initial conditions: R#3, N— oo
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Limit shapes

Periodic initial conditions: R#3, N— oo

Limit shape: an explicit algebraic curve of degree 8.
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Limit shapes

In the periodic initial conditions,
for any vertex z € I, consider the observable

) = E ) + 3 3

f~z

6f(w)]

where n,(w) is the power of g, in the total
weight of w, and ef(w) the power of X;.
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Limit shapes

In the periodic initial conditions,

for any vertex z € [, consider the observable -—v .y
\ /4/i/quid"\\ L
1 A @S A
p(z) =K nz(w) + m fNZZGf(w) \\ - /

where n,(w) is the power of g, in the total
weight of w, and ef(w) the power of X;.

Theorem [M. 2018]

For periodic initial conditions of order N, and
z = (|Nu], |Nv],|Nw]), when N — oo,

o if [u: v :w]isin the solid region, p(z) ~ cste e Fuwh,

o if [u:v: w]isin the liquid region, p(z) ~ cste N~0uw,
@ if [u:v:w]isin the gas region, p(z) — %
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[Petersen, Speyer 2004; Di Francesco, Soto-Garrido 2014; Kenyon, Pemantle 2016;...]

Spatial recurrences induce models with limit shapes.
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For different

values of z, the partition functions
8z = Zloops(IZag)

satisfy Kashaev's

recurrence (a polynomial relation).

AdlIn(g;)

— the observables p, := 80 g

satisfy a linear relation.

— F(x,y,2) =Xk pijkx'yi 2"

P(x,y,z
F(x,y,z) = 7,_,%)(3//723.




[Petersen, Speyer 2004; Di Francesco, Soto-Garrido 2014; Kenyon, Pemantle 2016;...]

Spatial recurrences induce models with limit shapes.

For different

values of z, the partition functions
8z = Zloops(IZag)

satisfy Kashaev's

recurrence (a polynomial relation).

AdlIn(g;)

— the observables p, := 80 g

satisfy a linear relation.

— F(x,y,2) =Xk pijkx'yi 2"

P(x,y,z
F(x,y,z) = 7,_,%)(3//723.

Analytic combinatorics in several
variables [Pemantle, Wilson] (analysis of singularities of F) yield
the asymptotic behaviour of its coefficients.




Link Ising - loops

Is there a direct relation between Ising configurations and bicolor
loops?
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Link Ising - loops

Let G = (V, E) be a finite planar graph
with Ising compling constants (Je)ecE-
Let G° be its diamond quadrangulation.
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Link Ising - loops

Let G = (V, E) be a finite planar graph
with Ising compling constants (Je)eck-
Let G° be its diamond quadrangulation.

Consider the bicolor loop model on G°
with local weights

(A2 K2
>\ - (ae7 bea de, b67 aebe)eeEv

where a. = tanh 2J, and b, = (cosh2J.)71.

e
SRl NI
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DD b
DL ache

Ising to bicolor loops 19/ 21



Link Ising - loops

Let G = (V, E) be a finite planar graph

with Ising compling constants (Je)ecE-

Let G° be its diamond quadrangulation.
Consider the bicolor loop model on G°

with local weights

A = (a2, b2, ac, be, acbe)ecE,

where a. = tanh 2J, and b, = (cosh2J.)71.

Theorem [M. 2018]

eeE

(Zising(G, J))* = (22'” [] cosh® 2Je) Zioops(G°, A).
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Idea of proof:

_J ./
( ) (
\_
N
_ \___/
) ) (

w(w) = 2M®) H wi(w).

f

10 local configurations.



Idea of proof:

40 local configurations.



Idea of proof:

w(W) = [T m().
f

36 local configurations.



Idea of proof:

i,,iuj Aj :,,iu: uj iu :,, :u i
oh-ay-oy-s “"v'v‘ ’v‘“’v‘-

w(W) = 12 (W) = wev (1) wey (2).
f

where 7y, 75 are two six-vertex configurations with local weights ae, be, 1.
They satisfy a2 + b2 = 1 (free-fermion).



Hence ,
Zloops(Gov )\) = Z6\/(G<>, (a, b7 1)) .



Hence
Zloops(Gov A) - Z6\/(G<>, (a, b7 1))2
Moreover, by bosonization [Dubédat 2011],
ZﬁV(G<>7 (aa b7 1)) - C leing(G7 J)2

for C =271V [].cg cosh™t 2.
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Hence
Zloops(Gov )\) - Z6V(G<>7 (a, b7 1))2
Moreover, by bosonization [Dubédat 2011],
ZﬁV(G<>7 (aa b7 1)) - C leing(G7 J)2

for C =271V [].cg cosh™t 2.
Therefore Zigops(G°, ) = CZZ|5ing(G, )N

The blue loops are the interface of the product of 4 Ising models.



Other limit shapes?

For periodic initial conditions, let R — 0 as N — oo.

N/N/FINININSNY
X AQVJAVAY:\V K
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