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Abstract—We present a rank-adaptive optimization strategy
for finding low-rank solutions of matrix optimization problems
involving a quadratic objective function. The algorithm combines
a greedy outer iteration that increases the rank and a smooth
Riemannian algorithm that further optimizes the cost function
on a fixed-rank manifold. While such a strategy is not especially
novel, we show that it can be interpreted as a perturbed gradient
descent algorithms or as a simple warm-starting strategy of
a projected gradient algorithm on the variety of matrices of
bounded rank. In addition, our numerical experiments show that
the strategy is very efficient for recovering full rank but highly
ill-conditioned matrices that have small numerical rank.

I. INTRODUCTION

Our goal is minimizing a smooth convex function
f : Rm×n → R where at least one of the solutions X∗ can
be well approximated by a matrix of low rank. Besides the
obvious case rank(X∗) � min(m,n), this also includes the
situation where the singular values of a full rank matrix X∗
decay sufficiently fast.

A typical application is the low-rank matrix completion
problem (see, e.g., [3])

f(X) = 1
2‖PΩ(X)− PΩ(X∗)‖2F

where PΩ is the orthogonal projection onto a subset Ω ∈ [m]×
[n] of the entries of matrices in Rm×n. More generally, we
can also consider the energy (semi-)norm minimization

f(X) = 1
2 〈X,A(X)〉 − 〈X,B〉

= ‖X −X∗‖2A + constant

for linear systems where A : Rm×n → Rm×n is a linear,
symmetric and positive semidefinite operator, and B = A(X∗)
is the known right-hand side. Applications of this kind are low-
rank solvers of matrix equations, like the Lyapunov equation
A(X) = AX +XA; see [15] for an overview.

Denoting the set of matrices of constant rank k by

Mk = {X ∈ Rm×n | rank(X) = k},

a possible strategy for obtaining a rank-k approximation to X∗
is solving

min f(X) s.t. X ∈Mk (1)

by a local descent method. Since Mk is a real-analytic
submanifold of Rm×n of dimension (m+n−k)k (see, e.g, [22,
Ex. 1.7]), the above problem can be solved by well-established
techniques from Riemannian optimization [1], [4], [11], [20].
These algorithms are closely related to those based on iterative
hard thresholding [17] and can be seen as alternatives to block
coordinate techniques like alternating direction methods based
on the low-rank decomposition X = UV T with U and V tall
matrices; see, e.g., [23].

Compared to algorithms based on convex relaxations, these
non-convex methods can be very effective and efficient. How-
ever, they have a number of obvious practical and theoretical
disadvantages: 1) the choice of the rank k has a large influence
on the convergence and approximation quality, 2) the manifold
Mk is not closed hence the theoretical analysis is complicated,
3) being a local method, there is no guarantee of recovery of
X∗, and 4) they converge very slowly when recovering ill-
conditioned matrices X∗.

In the rest of this paper, we will show that an outer iteration
involving a greedy rank-one increase combined with an inner
optimization on the set of matrices of rank at most k,

M≤k = {X ∈ Rm×n | rank(X) ≤ k},

successfully addresses these problems. Regarded as standalone
algorithms, both iterations are not new and in fact used in
more elaborate formulations (see later). However, it is their
combination that makes them successful empirically. The
proposed algorithm is conceptually identical to Riemannian
Pursuit from [16] for matrix completion but we present it in
a more general way using recent results from [18] involving
greedy rank-one updates. Parts of the presented results and
numerical experiments already appeared in [19].

II. LINE-SEARCH METHODS AND TANGENT CONE

Since a sequence of matrices in Mk may converge to a
matrix of rank strictly smaller than k, the manifold Mk is
not closed in Rm×n. This poses a serious difficulty if we
want to show by standard arguments the convergence of a
descent method applied to (1): even when assuming that f
has bounded sublevel sets, we can neither guarantee that (1)978-1-4673-7353-1/15/$31.00 c©2015 IEEE
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has a solution, nor that the sequence of iterates generated by
our descent algorithm will have cluster points in Mk.

A. Line search methods on M≤k
The set M≤k is the closure of Mk. Hence, the problem

min f(X) s.t. X ∈M≤k (2)

is formulated over a closed set and as such it does not suffer
from the previous fundamental problems. For instance, the
existence of a global minimum is guaranteed for continuous
and coercive f . Furthermore, since in practice the (numerical)
rank of X∗ is unknown, problem (2) with a suitable upper
bound for k seems more appropriate than (1) for which k
needs to be known exactly.

Unfortunately, one cannot use Riemannian optimization
techniques anymore to solve (2) since the set M≤k is not
a smooth manifold. For example, the Riemannian gradient of
f at X ∈M≤k is only defined in points of full rank k. Hence,
smooth line-search algorithms for (2), like projected steepest
descent, formally cease to exist and become “non-smooth”. In
addition, one can show [20] that the (Riemannian) condition
number of the second-order approximation of f restricted to
Mk involves terms that are O(1/σk(X)) with σk(X) the kth
(or smallest nonzero) singular value of X . This suggests that
Riemannian optimization algorithms on Mk may converge
arbitrarily slow on M≤k when σmin(X)→ 0.

Instead of solving (2) directly with a Riemannian descent
algorithm, we therefore follow [14] and consider general line-
search methods on M≤k:

Xj+1 = P≤k(Xj + αjΞj). (3)

Here, Ξj is a descent direction in the tangent cone at Xj (see
below), the step size αj is determined by Armijo backtracking,
and P≤k is the metric projection onto M≤k in the Frobenius
norm which can be computed by a truncated SVD of Xj +
αjΞj . Thanks to P≤k, iteration (3) generates Xj ∈ M≤k for
all j. In addition, for sufficiently gradient-related tangential
search directions Ξn, Cor. 2.11 and Thm. 3.9 in [14] guarantee
that cluster points of (3) converge to a stationary point with
some fixed but unknown asymptotic rate.

The crucial difference of (3) compared to, for example,
Riemannian steepest descent that uses in X the Riemannian
gradient as search direction

Gk(X) = argmin
Ξ∈TXMk

‖ − ∇f(X)− Ξ‖F ,

is that the search direction now has to be the steepest direction
on the whole tangent cone,

G≤k(X) ∈ argmin
Ξ∈TXM≤k

‖ − ∇f(X)− Ξ‖F . (4)

It is remarkable that the tangent cone of M≤k admits a
concise expression such that the non-convex problem (4) has
a closed-form solution which in turn leads to an efficient
implementation of (3).

B. Tangent cone of M≤k
Recall the definition of the tangent cone to a closed set
M⊂ Rn at a point x ∈M (see, e.g., [12]):

TxM = {ξ ∈ Rn | ∃ (xj) ⊆M,∃ (aj) ⊆ R+ s.t.
xj → x, aj → +∞, aj (xj − x)→ ξ}. (5)

To derive the tangent cone of M≤k, we follow [4] and [14].
Let X ∈ M≤k have rank s ≤ k, then we have for some
S ∈ Rs×s and orthonormal U ∈ Rm×s, V ∈ Rn×s that

X = USV T .

It is well known that TXMs, that is, the tangent space at X as
element of the smooth manifold Ms, consists of all matrices
of the form[

U U⊥
] [A B
C 0

] [
V V⊥

]T ∈ TXMs,

where A ∈ Rs×s, B ∈ Rs×(n−s), and C ∈ R(m−s)×s are
arbitrary. Obviously, TXMs has to be a subset of TXM≤k.
However, when s < k we can approach X by matrices of rank
larger than s in the definition (5), which produces additional
tangential vectors. Thm. 3.2 in [14] shows that

TXM≤k = TXMs

+ {Ξk−s ∈ (TXMs)
⊥ | rank(Ξk−s) ≤ k − s},

with ⊥ the standard orthogonal complement. In other words,
elements of the tangent cone at X satisfy

TXM≤k 3 Ξ = Ξs + Ξk−s (6)

=
[
U U⊥

] [A B
C D

] [
V V⊥

]T
,

with A, B, and C as before, and D ∈ R(m−s)×(n−s) such that
rank(D) ≤ k − s.

Let us now consider what (6) implies for the computation
of (4), that is, the metric projection of the negative gradient
on the tangent cone. When rank(X) = k, G≤k(X) = Gk(X)
is just the orthogonal projection on TXMk which is given by

Gk(X) = U UT∇f(X)V V T

− U UT∇f(X)−∇f(X)V V T . (7)

If ∇f(X) and (∇f(X))T admit a fast matrix vector product
(for example, when∇f(X) is sparse or low-rank) then Gk(X)
can be efficiently implemented for large m,n. If rank(X) =
s < k, one first calculates the metric projection Gs(X) of
−∇f(X) on TXMs (which is formally the same expression
as (7)), and then a best rank k − s approximation Ξk−s of
−∇f(X)−Gs(X) to obtain

G≤k(X) = Gs(X) + Ξk−s. (8)

When computing matrix vector products with −∇f(X) −
Gs(X), one can again exploit structure in ∇f(X) and Gs(X).
This makes the computation of Ξk−s scalable using methods
form large-scale and sparse SVD calculations or randomized
low-rank techniques; see, e.g., [7], [10].
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C. Practical considerations

The projected gradient scheme (3) reduces to Riemannian
steepest descent as long as the iterates remain of maximal rank.
However, seen as an algorithm onMk, the projections onMk

might only be well-defined for αj very small. For example,
αj → 0 when the iterates (Xj) want to accumulate to a point
with rank less than k. Fortunately, when the global minimizer
X∗ of f has a (numerical) rank larger or equal than k, numeri-
cal experience shows that Riemannian optimization algorithms
for (1) never encounter such singular points. One can therefore,
employ more sophisticated Riemannian algorithms for (1) like
Newton’s method or nonlinear CG. In addition, Cor. 3.4 in
[14] guarantees that unless a global minimizer X∗ of f has
rank strictly smaller than k, any stationary point of (2) will
be of maximal rank k. In our numerical experiments, we will
therefore use the LRGeomCG method from [20] to solve (2).

III. GREEDY RANK UPDATES

We now argue how the tangent cone ofM≤k can be used to
gradually increase the rank of Xj by wrapping (2) into an outer
iteration. At the same time, this rank increase is guaranteed to
decrease the objective f by a fixed amount in every step.

A. Warm starting projected gradient descent

Suppose an iterate Xj of the line-search method (3) has
rank s < k, then any search direction Ξj of the form (6)
with nonzero D will locally increase the rank for the next
iterate by rank(D) ≤ k − s. This observation can be used
to systematically increase the rank of Xj in a outer iteration:
Given a locally optimal solution Xj ∈ M≤k, warm start the
line search onMk+` in the point Xj for some ` > 0. Observe
that we cannot use a step of a smooth Riemannian optimization
to accomplish this, but algorithm (3) is still a valid descent
method since it stays formally the same. However, as soon as
the iterate on Mk+` has maximal rank, one can again switch
to a faster smooth Riemannian method. The result is the rank-
adaptive algorithm, listed in Fig. 1.

Let us now verify how the first step of (3) looks like on
Mk+`. Since Xj is locally optimal, it will be a critical point
of f on the smooth manifold Ms for some s ≤ k, that is,
∇f(Xj) ∈ (TXjMs)

⊥. We now embed Xj in M≤k+` and
choose as search direction Ξj = G≤k+`(Xj) the projection of
the negative gradient on TXj

M≤k+`. By the considerations
leading to (8), we compute Ξj as the sum of two terms. The
first term (the projection onto TXj

Ms) is zero by optimality
of Xj onMs. Hence, Ξn is just given by the best rank k+`−s
approximation of −∇f(Xj). As a consequence, if Ξj is zero,
then ∇f(Xj) = 0 and we can terminate. Otherwise, the D
matrix of Ξn is nonzero and because of orthogonality reasons,
P≤k+` is the identity operator and the next iterate Xj+1 =
Xj +αjΞj will have a rank of exactly s+ rank(Ξj). Observe
also that in this case the line search can be computed exactly
for quadratic f .

Algorithm 1
1: j ← 0, k ← 0, ` ≥ 1, Xj = 0.
2: while not converged do
3: k ← k + ` . Greedy rank ` update
4: Ξj ← G≤k(Xj)
5: Compute exact step-size αj by linear least-squares
6: Xj+1 ← Xj + αjΞj
7: Y ← Xj+1 . Perform inner optimization
8: while ‖G≤k(Y )‖F ≥ tol do
9: Choose search-direction Φ ∈ TYM≤k

10: Perform line-search for step size α∗
11: Y+ ← P≤k(Y + α∗Φ)
12: Y ← Y+

13: end while
14: Xj+1 ← Y
15: j ← j + 1
16: end while

Fig. 1. Greedy rank increase with line-search on M≤k .

B. Perturbed steepest descent

Similar rank increasing schemes that use the best rank `
approximation of −∇f(Xj) have been proposed before, for
example, in [11], [16], and for tensors in [6]. By considering
the truncated SVD, it is not hard to show that for ` ≥ 1 such
search directions Ξj are gradient related,

〈−∇f(Xj),Ξj〉 ≥
1√

min(m,n)
‖∇f(Xj)‖F ‖Ξj‖F .

Hence, if these greedy rank updates are obtained from a
suitable line search, they can be seen as a perturbed gradient
descent step on f . In fact, [18] shows that for an exact line
search and a quadratic f , the error behaves as

‖Xj −X∗‖2A ≤
(

1− 2λmin

5λmax min(m,n)

)2j

‖X0 −X∗‖2A.

Here λmin is the smallest non-zero eigenvalue of A (which is
one for PΩ). We remark that only for strictly positive definite
A this bound implies Xj → X∗. In case of matrix completion,
for example, more refined analyses are required.

Alg. 1 employs the greedy rank updates as an outer iteration.
Since its inner iteration is a descent method, it can only
improve the objective function. Hence Alg. 1 can be seen as an
accelerated (perturbed) gradient scheme as introduced in [2]
and so the convergence of the outer iteration still satisfies the
bound from above. Observe also that this bound is valid for
any point Xj , regardless whether it is locally optimal. Hence,
we do not need ∇f(Xj) ∈ (TXj

Ms)
⊥ like in the preceding

discussion and we can safely terminate the inner optimization
at a very crude approximation of a locally optimal Xj .

IV. NUMERICAL EXPERIMENTS

We illustrate the performance of Alg. 1 and a few other
algorithms for the matrix completion problem

min rank(X) s.t. PΩ(X) = PΩ(A), (9)
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where A ∈ Rm×n is an unknown low-rank matrix that is only
known on a subset Ω of all its entries. We focus on the case
where A has exponentially decaying singular values since most
existing methods perform quite badly in this setting.

Under certain conditions (see [3] for more details), prob-
lem (9) has a unique solution X∗. By writing

min f(X) = 1
2‖PΩ(X)− PΩ(A)‖2F

we can solve (9) by Alg. 1.
For all experiments, the inner optimization on lines 8–13

in Alg. 1 is solved using LRGeomCG [20] with a strong
Wolfe line-search. We remark that the required curvature
condition (involving the derivative of the truncated SVD) can
be computed cheaply using [5]. The reported relative errors
for iterate Xj are computed as

rel. error = ‖PΛ(Xj)− PΛ(A)‖F /‖PΛ(A)‖F ,

where training error uses Λ = Ω, and testing error uses another
randomly chosen set of indices Λ = Γ with |Γ| = |Ω|.

To compute Ξk−s for G≤k+`(Xj), we use the randomized
power algorithm from [7] which in our case requires 5(`+ 2)
matrix vector products with −∇f(X)− Ξs.

A. Random matrix

Let U, V ∈ Rn×k∗ be random Gaussian matrices with n =
1000 and k∗ = 26. Define the unknown matrix as

A = UΣV T , Σ = diag(10i), i = 0,− 2
5 ,−

4
5 , . . . ,−

50
5

and take Ω as 2.5 · 2nk∗ uniform random samples. This
coincides with an oversampling of about 2.5 compared to the
degrees of freedom in the rank 26 matrix A.

In Fig. 2, we see the training and testing error of Alg. 1
for ` = 1. As stopping condition (line 8) we take a reduction
of 10−5 of the relative gradient ‖G≤k(Y )‖F /‖Y ‖F . Observe
that the matrix A is recovered up to a relative error of 10−12

and there is a good agreement between testing and training
error. For each inner iteration, the relative residual is reduced
by a factor of 10−5 in less than 30 iterations, showing that the
warm-start using G≤k+`(Xj) is very effective.

B. Bivariate function

As next example for A with exponentially decaying singular
values, we discretize the bivariate function

h(x, y) =
1

1 + (x− y)2
, (x, y) ∈ [0, 1]2,

on a uniform grid with m = n = 1000 points between 0 and
1 for x and y. The numerical rank of A equals k∗ = 20, so
we construct Ω using k∗ = 20 to obtain an oversampling rate
of 2.5.

In Fig. 3, we see the testing error for ` = 1 and ` = 2
when we warm-start using the gradient (as explained in §III)
in comparison to using random vectors orthogonal to Xj . In
both cases, we run Alg. 1 until a maximum rank of 12 since for
higher ranks the line-search for the sub-problems usually failed
which makes the numerical results less interpretable. The table
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Rel grad
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Total time: 4.63 sec.

Fig. 2. Convergence of Alg. 1 with ` = 1 for a random matrix with
exponentially decaying singular values.
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LRGeomCG k = 12

random, l=1

gradient, l=1

random, l=2

gradient, l=2

` strategy its. time (sec.)
1 random 532 (6.83) 15 (0.55)
1 gradient 453 (1.84) 13 (0.24)
2 random 388 (126) 11 (3.6)
2 gradient 296 (6.51) 8.1 (0.34)

Fig. 3. Convergence of Alg. 1 where Ξj is enlarged using a low-rank
approximation of the gradient or using random vectors. The number between
brackets is the standard deviation.

shows the mean and standard deviation of the number of
inner iterations required to decrease the Frobenius norm of the
projected gradient in every fixed-rank problem (including rank
12) to 10−4 for 10 random initializations. The corresponding
error history for one realization is plotted in the curves above.
In addition, we have also depicted the error of LRGeomCG
when optimizing directly on a rank-12 manifold.

It is clear from the figure that the rank-adaptive strategy
greatly improves the standard fixed-rank approach. Also, using
a low-rank approximation of the gradient performs the best
in terms of the number of iterations and total computational
time. In addition, random vectors result in less predictable
convergence compared to the gradient strategy.
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C. Comparison with other greedy methods

The line search in steps 5–6 of Alg. 1 minimizes f along
a one-dimensional affine subspace, that is, it solves

min
α∈R

f(X − αΞ) = min
Z∈span(Ξ)

f(X + Z)

where Ξ = G≤k(X) is the best rank ` approximation of
−∇f(X). Since f is a quadratic function, it is computationally
feasible to compute

min
Z∈U

f(X + Z)

with U some arbitrary subspace on Rm×n ' Rmn. As long as
U contains a gradient-related vector (like G≤k(X)), such an
outer iteration will still be convergent by results from [2]. In
addition, the resulting least-square problems can be computed
efficiently by QR updating techniques [8].

For simplicity assume ` = 1. Let X = UΣV T and Ξ =
σuvT denote compact SVDs, then in addition to the choice

U1D := span(Ξ) =
{
suvT : s ∈ R

}
on which Alg. 1 and others are based, we can also consider

Ufull :=
{[
U u

]
S
[
V v

]T
: S ∈ R(k+1)×(k+1)

}
,

Udiagonal :=
{[
U u

]
S
[
V v

]T
: Si,j = δi,j

}
,

and variants thereof. This is for example the search space in
[13], [21] after exploiting that X lies in Ufull and Udiagonal.

In Fig. 4, we have compared how these greedy strategies,
which have a larger search space per rank-one update and
are used without additional inner iteration, perform on the
bivariate function from above. It is clear that, while they
decrease the objective function linearly (as predicted), the
rate of convergence is much slower compared to Alg. 1.
In addition, there is sometimes a large discrepancy between
testing and training error, showing that X∗ is not approximated
well.
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