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Caveat e
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The presentation aims at being user-focused and at
presenting usable recipes

Do not expect a fully mathematically rigorous description!

This has been prepared in the hope to be useful even in
the stand-alone version

Please provide me feedback with any misconception or
error you may find, and with any topic not addressed here
but which should be included
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General concepts MVetnods.

Stéphane Paltani

Monte-Carlo methods:

>

have been invented in the context of the Goneral concepts
development of the atomic bomb in the 1940’s

are a class of computational algorithms
can be applied to vast ranges of problems
are not a statistical tool

rely on repeated random sampling
provide generally approximate solutions

are used in cases where analytical or numerical
solutions don'’t exist or are too difficult to implement

can be used by the Lazy Scientist’™ even when an
analytical or numerical solution can be implemented



Overview of the method e
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General concepts

Monte-Carlo methods generally follow the following steps:

1. Determine the statistical properties of possible inputs

2. Generate many sets of possible inputs which follows
the above properties

3. Perform a deterministic calculation with these sets
4. Analyze statistically the results

The error on the results typically decreases as 1/v/N
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Numerical integration Methods

Stéphane Paltani

Applications

Most problems can be solved by integration

Monte-Carlo integration is the most common application
of Monte-Carlo methods

Basic idea: Do not use a fixed grid, but random points,
because:
1. Curse of dimensionality: a fixed grid in D dimensions
requires NP points
2. The step size must be chosen first



Error estimation et
Stéphane Paltani
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Applications

Given any arbitrary probability distribution and provided
one is able to sample properly the distribution with a
random variable (i.e., x ~ f(x)), Monte-Carlo simulations
can be used to:

» determine the distribution properties (mean,
variance,. . .)

» determine confidence intervals, i.e.
P(x > a) = [ f(x)dx
» determine composition of distributions, i.e. given
P(x), find P(h(x)), h(x) = x?; cos(x) — sin(x); . ..
Note that these are all integrals!



Optimization problems Vitethoss.
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Applications

Numerical solutions to optimization problems incur the
risk of getting stuck in local minima.

Monte-Carlo approach can alleviate the problem by
permitting random exit from the local minimum and find
another, hopefully better minimum



Optimization problems Vitethoss.
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V\/\/ Applications

Numerical solutions to optimization problems incur the
risk of getting stuck in local minima.

Monte-Carlo approach can alleviate the problem by
permitting random exit from the local minimum and find
another, hopefully better minimum
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Applications

Some physical processes are discretized and random by
nature, so Monte-Carlo is particularly adapted, for
instance ray-tracing radiation transfer
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Probability estimation
Head vs tail probability

What is the probability to obtain either 3, 6 or 9 heads if
one draws a coin ten times?

» Binomial probability:

P=

B(3;10,0.5)+B(6;10,0.5)+B(9;10,0.5) ~ 0.33

» Monte-Carlo simulation:

1.
2.
3. Count the number of heads H, and increment T if

4.
5.

Given a random variable y ~ /(0, 1), define “head” if
y < 0.5, “tail” otherwise
Draw 10 random variables x; ~ 4/(0,1), i=1,...,10

H=3,6,0r9
Repeat 2-3 N times, with N reasonably large
The probability is approximately T/N

» Note that this is an integration on a probability
distribution, even if it is discrete!

Monte Carlo
Methods

Stéphane Paltani

Simple examples
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Error estimation Methods

What is the uncertainty on the mean? Stéphane Paltani

Assuming N random variables x; ~ N (0,0), i=1,...,N,
the estimator of the mean is: x = N~ ZL x; and its
uncertainty is:

Simple examples
oz =o/VN

The Monte-Carlo way:

1. Draw a set of N random variables
yi~N(0,0), i=1,...,N

2. Calculate the sample mean y = N~ 1SNy,

3. Redo 12 M times

4. The uncertainty on the mean oy is the root mean
squareof y;, j=1,..., M, i.e.
oZ=(M-1)"S M (5 9)% withy = MM



Numerical integration Methoss

How to calculate 7? Stéphane Paltani

Simple examples

1. Draw N point (x, y) uniformly at random in a square
2. Count the C points for which x2 + y2 < 1
3. The ratio C/N converges towards 7 /4 as N'/2
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Random number generators Metnods

Basic principles Stéphane Paltani

» We want to draw many random variables
N; ~U(0,1),i=1,... which satisfy (or approximate
sufficiently well) all randomness properties g
» N; ~U(0,1), Viis not sufficient. We also want that
f(Ni.N;,...) Vi, j. ... has also the right properties
» Correlations are often found with a bad
random-number generators
» Another issue is the period of the generator
» The rand () function in 1ibc has been (very) bad.
Do not use this function in applications when good

randomness is needed says man 3 rand. (NnOW
fixed)



Random number generators

Basic algorithm

>

Many random number generators are based on the
recurrence relation:

Nit1 = a- N; (mod m)

These are called linear congruential generators.
“Divide” by m + 1 to get a number in the range [0; 1]
Choices of a, m in standard libraries are found to
range from very bad to relatively good

A “minimal standard” (RANO) set is a = 7° = 16807,
m =231 _ 1 =2147483647.

Note that the period is at most m and that
multiplication by a doesn’t span the whole range of
values, i.e. if N; = 1076, N,y < 0.0186, failing a
simple statistical test

Monte Carlo
Methods

Stéphane Paltani

Random-number
generators



Random number generators

Implementations and recommendations

NR: Numerical Recipes
GSL: GNU Scientific Library

Library | Generator | Relative speed | Period
NR RANO 1.0 ~ 231
NR RAN1 1.3 ~ 236
NR RAN2 2.0 ~ 262
NR RANQD2 0.25 ~ 230
GSL MT19937 0.8 ~ 219987
GSL TAUS 0.6 ~ 288
GSL | RANLXD2 8.0 ~ 2400

Always use GSL! See the GSL doc for the many more

algorithms available

Monte Carlo
Methods

Stéphane Paltani

Random-number
generators
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Transformation sampling
The method

The transformation method allows in principle to draw
values at random from any distribution

1

[ > \

deviate in 1 F(y) = p(y)dy

transformed
deviate out

1. Given a distribution p(y), the cumulative distribution
function (CDF) of p(y) is F(y) =[5 p(

2. We want to draw y unlformly in the shaded area, i.e.

uniformly over F(y); by construction 0 < F(y) <1,
3. We draw x ~ U(0,1) and find y so that x = F(y)
4. Therefore y(x) = F~1(x), x ~14(0,1)

Monte Carlo
Methods

Stéphane Paltani

Transformation sampling



Transformation sampling

Example

Exponential deviates: p(y) = \e=

Fly)=1-eM=x

y() = —In(1 — x)
Note: this is equivalent to

y(x) =~ In(x).

since, if x ~U(0,1), then 1 — x ~ 14(0, 1) as well

Note also that it is rather uncommon to be able to
calculate F~(x) analytically. Depending on accuracy, it is
possible to calculate a numerical approximation, but it

may be slow

Monte Carlo
Methods

Stéphane Paltani

Transformation sampling
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Transformation sampling Methods

A point in space Stéphane Paltani

Transformation sampling

To draw a point in a homogeneous sphere of radius R:
1. ¢ can be drawn uniformly from ¢/(0, 27)
2. 0 has a sine distribution p(0) = sin(0)/2, 6 € [0; 7|
Transformation: ¢ = 2 arccos(x)
3. Each radius shell has a volume f(R) ~ R? dR, so
Rx 3/x

4. Alternatively, draw a point at random on the surface

of a sphere (x,y, z)/\/X? + y? + z2 with

X, y, Zz~N(0,1)



Monte Carlo

OUt' I n e Methods

Stéphane Paltani

Generation of random variables

Rejection sampling

Rejection sam pllng B



Rejection sampling Metnods
The method Stéphane Paltani
If the CDF of p(x) is difficult to estimate or to invert, the
rejection method can be used

2.
3.
4.

A

first random
deviatein T [ TTTTTTTTmmmommms9) d

'
(x ¢
JoS(xX)dx—> Y Rejection sampling
D .
reject x
1 O V()
accept.
cceptro second random
plx) deviate in
0 ™ 0

. Find a comparison function f(x) that can be

sampled, so that f(x) > p(x), Vx

Draw a random deviate xo from f(x)

Draw a uniform random deviate y, from ¢£/(0, f(xp))
If o < p(xo), accept xg, otherwise discard it

The rejection method can be very inefficient if f(x) is very
different from p(x)



Rejection sampling Mteinods

Exam p| e Stéphane Paltani

Rejection sampling

The Poisson distribution is discrete: P(n; o) = <~-6-°

Make it continuous:

all g
A Lorentzian f(x) m is a good comparison

function



Rejection sampling Mteinods

A point in space Stéphane Paltani

Rejection sampling

A simpler way to draw a point in a homogeneous sphere
of radius R based on rejection:

1. Draw three random variables x, y, z from U(—R, R)

2. Keep if x*> + y? + z° < R?, reject otherwise

3. Repeat 1.-2. until you have enough values
Efficiency is 4F /23 ~ 0.52



Monte Carlo

Adaptive rejection sampling Methoos

Stéphane Paltani
Inp(z)

Rejection sampling

» Useful when it is not straightforward to define the
parent distribution f(x)

» Use a piecewise linear function for f(x)

» When a point x is rejected, use the tangent of p(x) at
this point to define your new segment

» This assumes that p(x) is concave; alternatively, we
can use h(x) = log p(x), because many distributions
become concave in logarithm

» In this case, piecewise linear functions become
exponential distributions



Distributions e
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GNU Scientific Library implements (not exhaustive!):

Gaussian Binomial

Correlated bivariate Gaussian Poisson

Exponential B
Laplace

Cauchy Spherical 2D, 3D

Rayleigh

Landau

Log-normal

Gamma, beta

X2, F t
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Quasi-random sequences Mteinods

What is random? Stéphane Paltani

0.5 05§

Quasi-random sequences

]

L) 05

4] 0.5 9] 0.5

All sets of points fill “randomly” the area [[0; 1]; [0; 1]]

The left and center images are “sub-random” and fill more
uniformly the area

These sequences can be used to replace the RNG when
X ~ U(a, b) is needed



Quasi-random sequences Metnods

Filling of the plane Stéphane Paltani

Quasi-random sequences

T

M T B AT NS B
0 2 4 6 8 1 o 2 4 6 & 1
points 1o 128 points 129 10 512

it LL
0 4 5 1 o 2 4 6 3 1

points 513 to 1024 points 1 to 1024

The sequence fills more or less uniformly the plane VN



Quasi-random sequences Mteinods

Examples of algorithms Stéphane Paltani

» Sobol’s sequence: Count in binary, but using Gray
code and put a radix in front: 0.1, 0.11, 0.01, 0.011,
0.001, 0.101, 0.111, ...

This can be generalized to N dimensions
This is the red set of points

» Halton’s sequence: H(i) is constructed the following
way: take i expressed in a (small) prime-number
base b (say b= 3),e.g. i =17 = 122 (base 3).
Reverse the digits and put a radix in front, i.e.
H(17) = 0.221 (base 3) ~ 0.92593
This is generalized to N dimensions by choosing
different b’s in each dimension
This is the blue set of points

Quasi-random sequences



Quasi-random sequences

Accuracy

fractional accuracy of integral

Dt
v
Frena,
IEEIITIN
pscudo-random, hard boundary ssus \

pseudo-random, soft boundary ----
quasi-random, hard boundary s
quasi-random, soft boundary ———

N\

100

Convergence in some cases of numerical integration can

reach ~ 1/N

1000

number of points N

1
10000

LY
10°

Monte Carlo
Methods

Stéphane Paltani

Quasi-random sequences



Quasi-random sequences Vitethoss.

Stéphane Paltani

GNU Scientific Library implements:
» Sobol’s sequence Guasirandam sequences
» Halton’s sequence
» Niederreiter’s sequence
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Monte Carlo

Markov chains Methods

Definition Stéphane Paltani

A set of random variables x;,i = 1, ... is a Markov chain if:

P(Xi+1 = X‘X'I P 7Xi) = P(Xi+1 = X‘XI’) Markov chains

Markov chain M

Metropolis-Has




Markov chains e

Exam p| es Stéphane Paltani

v

State machine

v

White noise: Xis1=c¢j, €~ N(u,0)

v

Random walk: X 1 = X; +¢j, i ~ N(p,0)

v

AR[1] process: X 1 =@ Xi+¢j, i ~ N(u,0),
o <1

v

Google’s PageRank



Monte Carlo

Markov chains Mothods

Properties Stéphane Paltani

» Homogeneity: A Markov chain is homogeneous if
P(Xi+1 = X|Xi) = P()(j+1 = X’X/')v v’vj

» Ergodicity: A Markov chain is ergodic if
E(n|xn = xj,n> i) < oo, Vi
(Probably only valid when the number of states is
finite)
Ergodicity means that all possible states will be
reached at some point

» Reversibility: A Markov chain is reversible if
there exists a distribution (x) such that:
N(a) P(Xis1=alxi=B) = N(B)P(Xi11=B|xi=a),
Vi, o, B



Markov chains R

More on reversibility Stéphane Paltani

If a Markov chain is reversible:

| N@)PO1=alxi=5) = [ PO =5h=a) =

= ”(5)/ P(Xit1=plxi=a) =N(B)

This property is also called detailed balance. MN(x) is then
the equilibrium distribution of the Markov chain.
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Markov chains
Markov chain Monte-Carlo
Metropolis-Hastings MCMi
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Markov chain Monte-Carlo Mothods

Definition Stéphane Paltani

Can we build a Markov chain that has pretty much any
requested equilibrium distribution? YES!! The answer is
Markov chain Monte-Carlo

» MCMC is one of the ten best algorithms ever!
(along with FFT, QR decomposition, Quicksort, .. .)

» MCMC uses a homogeneous, ergodic and reversible
Markov chain to generate consistent samples drawn
from any given distribution

» No specific knowledge of the distribution, no specific
support function is required

» Construction of the Markov chain Monte-Carlo is
even straightforward

Markov chain Monte-Carlo



Markov chain Monte-Carlo R

The Metropolis algorithm Stéphane Paltani

Assuming a distribution f(x) that we want to sample:
1. Choose a proposal distribution p(x) and an initial
Value X1 Markov chain Monte-Carlo
2. Select a candidate step using p(x), so that:
X=xj+e, e~ p(x)
3. If f(X) > f(x;) accept x;.1 = X, otherwise accept
Xi 1 = X with a probability f(X)/f(x;), else reject and
start again at 2



Markov chain Monte-Carlo e

Random walk MCMC Stéphane Paltani

Random-walk updates, i.e. proposal distribution is
constant, i.e. X = x; +¢j, j ~ p(x):

» Gaussian update: p(x) = N(0,0)

Uniform update: p(x) = U(—v,v)

Student’s f update

Lévy-flight update: p(x) is heavy-tailed (power law)

v

Markov chain Monte-Carlo

v

v
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Markov chain Monte-Carlo Mothods

Non random walk MCMC Stéphane Paltani

» Independence sampler: X ~ Y, i.e. do not use x;!
This is equivalent to the rejection method

» Langevin update: X = x; +¢; + $V log f(X;). Uses
some information about f(x) to propose a better D
move

» Gareth’s diffusion: Gaussian update, but
a(x;) = (maxy f(x))/f(x;). Makes bigger steps if we
are in an area with small probability

» Gaussian AR[1] update:
X=a+b(x;—a)+ej, e ~N(0,0),|b|] < 1. Not sure
what good this does



Markov chain Monte-Carlo e

Further notes on implementations Stéphane Paltani

>

Check the rejection ratio. Values between 30 and
70% are conventionally accepted

Discard the burning phase. the autocorrelation
function is a standard way to check if the initial value
has become irrelevant or not Markov chin Morte-Caro

The width of the proposal distribution (e.g. o for a
Gaussian update or v for a uniform update) should
be tuned during the burning phase to set the
rejection fraction in the right bracket

Reflection can be used when an edge of f(x) is
reached, e.g. set X = |x; + ¢;| if x; must remain
positive

Be careful with multimodal distributions. Not all
modes may be sampled
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Metropolis-Hastings MCMC Vitethoss.

Limitations of the Metropolis algorithm Stéphane Paltani

v

A symmetric proposal distribution might not be
optimal

Boundary effects: less time is spent close to
boundaries, which might not be well sampled

Metropolis-Hastings MCMC

A correction factor, the Hastings ratio, is applied to
correct for the bias

The Hastings ratio usually speeds up convergence

The choice of the proposal distribution becomes
however more important



Metropolis-Hastings MCMC Vitethoss.

The Hastings ratio Stéphane Paltani

» The proposed update is X ~ Q(x; x;)
» The probability to accept the next point, A is modified
so that instead of:

A — min <1 : f(X) ) Metropolis-Hastings MCMC
f(xi)

the probability is corrected by the Hastings ratio:

~ in (1. T3) Qi x)
A =min <1, ) Q(x,-;f()>

» If Q(o; B) = Q(B; «), this is the Metropolis algorithm



Outline

What are Monte-Carlo methods?
Generation of random variables
Markov chain Monte-Carlo

Error estimation
Error distribution
Error propagation
Resampling methods: bootstrap

Numerical integration

Optimization



Error distribution

When hypotheses are not satisfied
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Are these points correlated: N = 45 points, r = 0.42 ?

The null-hypothesis probability that there is no correlation
is 0.005

Monte Carlo
Methods

Stéphane Paltani

Error distribution
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When hypotheses are not satisfied Stéphane Paltani
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Error distribution
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However, some parts of the plane (y < x — 0.5) are not
accessible

The correct probability can be estimated using a
Monte-Carlo simulation



Error distribution Methoss
Using Monte-Carlo simulations Stéphane Paltani

s H 4 Error distribution
ok J
L

1 I L 1
-1 -05 ) 05 1
Correlation coefficient

1. Draw N couples (x;, yi) ~ (U(0,1),U4(0,1)), rejecting
those for which y; < x; — 0.5
2. Calculate the correlation coefficient r

3. Study the distribution. In this case the null hypothesis
has a ~ 10% probability



Statistical significance Vitethoss.
When hypotheses are not satisfied Stéphane Paltani

T
a4l
a3

0z

L
-10 -5 [ 5 10

Error distribution

Is the distribution of these N values Gaussian?

Use a Kolmogorov-Smirnov test Qks, and then use the
null-hypothesis probabilities for this test

OK, but | do not know o



Statistical significance Vitethoss.
When hvnotheses are not satisfied Stéphane Paltani
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Tabserved

1. Find the parameters ogpservea that minimizes Qs ops,
and the corresponding Qxs ops min- It does not follow
the normal K-S distribution!

2. Draw N points from a Gaussian with rms oopserved
3. Find the minimum of Qs sim as a function of trial o

4. Check the distribution of Qs sim min against
Qks.obs,min- In this case, 20% of the Qks sim,min

exceed C?](S,obs,min
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1. Find the parameters ogpservea that minimizes Qs ops,
and the corresponding Qxs ops min- It does not follow
the normal K-S distribution!

2. Draw N points from a Gaussian with rms oopserved
3. Find the minimum of Qs sim as a function of trial o

4. Check the distribution of Qs sim min against
Qks.obs,min- In this case, 20% of the Qks sim,min

exceed C?](S,obs,min



Statistical significance Vitethoss.
When hvnotheses are not satisfied Stéphane Paltani
ot

2|

1 Error distribution
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o 1 2 3 4
Tabserved

1. Find the parameters ogpservea that minimizes Qs ops,
and the corresponding Qxs ops min- It does not follow
the normal K-S distribution!

2. Draw N points from a Gaussian with rms oopserved
3. Find the minimum of Qs sim as a function of trial o

4. Check the distribution of Qs sim min against
Qks.obs,min- In this case, 20% of the Qks sim,min

exceed C?](S,obs,min



Statistical significance

When hvnotheses are not satisfied

w

T
5 4

. Find the parameters opserved that minimizes Qks ops,

and the corresponding Qxs ops min- It does not follow
the normal K-S distribution!

. Draw N points from a Gaussian with rms oopserved

Find the minimum of Qks sim as a function of trial o

. Check the distribution of Qs sim.min @gainst

Qks.obs,min- In this case, 20% of the Qks sim,min
exceed C?](S,obs,min

Monte Carlo
Methods

Stéphane Paltani

Error distribution
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Error propagation Methocs

The case of the parallax Stéphane Paltani

» One measures the parallax 7 of a given objects

» Assume that the known uncertainty ¢ on 7 is
Gaussian, i.e. the true parallax M and 7 are related Eror propagatn
by r=MN+¢, e ~N(0,0)

» In the limit 0 < 7, we have the error propagation on
the distance D =1/x
AD= || an =L an =5

» But higher-order terms in the serial expansion make
the error distribution of D very asymmetrical

» A better solution is to perform the error propagation
with a Monte-Carlo simulation



Error propagation Mteinods

The case of the parallax illustrated Stéphane Paltani

1500 | ] 800 r
600
1000
400
500 | Error propagation
200 r
0 L L 2] 0 Ly L L L ]
0 0.05 0.1 0 0.5 1 1.5 2

Monte-Carlo simulations allow to simulate the distribution
of the distance D of a source in case of a parallax of
15+ 1" (Left) and 3 &+ 1" (Right)

Any inference on confidence intervals (for instance) is
bound to be erroneous when o < 7 is not satisfied
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Resampling methods:
bootstrap

bootstrap



Bootstrap

A simple error estimation problem

1

0.5 T

05

-1

-1

Assume if have two sets of random variables

Xi, i=1,....,Nand y;, i=1,...,N,with N =20 and a
correlation coefficient r = —0.63. Are the two variables
significantly correlated? Alternatively, what is the
uncertainty on r?

In this case we can simulate new sets using Monte-Carlo
under the null hypothesis, and estimate significance and
uncertainty

-0.5

0

05

1

Monte Carlo
Methods

Stéphane Paltani

Resampling methods:
bootstrap



Monte Carlo
Bootstrap Methods
A simple error estimation problem Stéphane Paltani
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Correlation caefficient Resampling methods:

Assume if have two sets of random variables p
Xi, i=1,...,Nand y;, i=1,...,N,with N =20 and a
correlation coefficient r = —0.63. Are the two variables
significantly correlated? Alternatively, what is the

uncertainty on r?

In this case we can simulate new sets using Monte-Carlo
under the null hypothesis, and estimate significance and
uncertainty



Bootstrap

Getting something from nothing

-1

What if we have no idea about the underlying distribution?

Intuition says that would be akin to pulling one’s

bootstraps to lift oneself

But the data contain hidden information about their

distribution!

o

05

1

Monte Carlo
Methods

Stéphane Paltani

Resampling methods:
bootstrap



Bootstrap

Getting something from nothing

What if we have no idea about the underlying distribution?

Intuition says that would be akin to pulling one’s
bootstraps to lift oneself

But the data contain hidden information about their
distribution!

Monte Carlo
Methods

Stéphane Paltani

Resampling methods:

bootstrap
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General principle Stéphane Paltani

» Generate many pseudo-samples by random,
Monte-carlo, direct extraction of data points from the
original sample

» Each pseudo-sample has the same size as the
original sample

Resampling methods:

» As a consequence most pseudo-sample contain E
some repeated data points and some missing data
points
» The statistics of interest is computed for all
pseudo-samples, and its distribution is sampled,
allowing to infer its statistical properties (uncertainty,
mean, confidence intervals, ...)
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A practical example Stéphane Paltani

Resampling methods:
bootstrap

-05 [ 05
Carrelation coefficient

We generate a similar histogram with the data only:
1. Draw N indices (integers) «; from [1; N]

2. Calculate the correlation coefficient r from the new
sets x,, and y,,, i=1,...,N

3. Build and study the distribution of r by repeating
1.—2. many times
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Monte-Carlo algorithm Mteinods

Basic principle Stéphane Paltani

[y, fdV in M dimensions requires ~ (1/h)™ steps

Given a volume V and a function f (with <w> being the
average of w over V):

. > — 5
/ fd V ~ V <f> —+ V \/W Monte-Carlo algorithm
v N

This is the basic theorem of Monte-Carlo integration

1. Draw N points at random within V
2. Calculate <f>= 1, >V f (and <f?>)
3. Multiply <f> by V to obtain the integral



Monte-Carlo algorithm Mteinods

Volume determination Stéphane Paltani

Monte-Carlo algorithm

The volume of V can be determined by [, fdV, with f = 1

If it is not possible or not easy to sample uniformly the
volume, one has to find a volume W containing V, which
can be sampled and whose volume is known

The error is then W/ <=2<22 bt

1, ifweV
f(w) { 0, if not



Monte-Carlo algorithm

How to minimize the error

The error term depend on the variance of f within V:

<f2>—<f>2
=5

Canwe reduce <f2> — <f>27?

If f varies strongly over V (e.g., f(x, y, z) = €°?), one can
perform a change of variable:

’
s= 5952 — ds = e*%dz

1 e®/5
L L
xJyJz=—1 xJy Js=e5/5

Equivalent to a transformation method, but useless

Monte Carlo
Methods

Stéphane Paltani

Monte-Carlo algorithm
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Monte Carlo

Stratified sampling Methoos

Divide and conquer... Stéphane Paltani
If F is the estimator of F = 1, [, fdV,
~  Var(f 2
Var(F) = alr\g ) = UN

If one cut V in two equal volumes V; and V5, the new
estimator of F is:

~ 1 /- A ~ 1 [ o2 o3
L 7 — _ 1 2
Fr= 5 <F1 + Fg) = Var(F’) 1 <N1 + N2>

Stratified sampling

The minimum is reached for: N;/N = o;/(o1 + 02)

(0'1 + 0‘2)2

— Var(F') = AN

One can therefore cut V into many separate pieces,
estimate the rms in each of them, and draw the points in
each subvolume proportionally to the rms of f



Stratified sampling Vitethoss.

at work. .. Stéphane Paltani

Stratified sampling

Sampling is performed in the subvolumes where o is
large



Monte Carlo

Stratified sampling Methos
The MISER algorithm Stéphane Paltani

When V has many dimensions d, stratified sampling
needs to cut the volume in K¢ subvolumes

The MISER algorithm uses a recursive stratified
sampling. It cuts the volume in two parts one dimension
at a time:

1. For each dimension i/, cut the current volume in two,

Vi and V>, and determine o4 » Steffed sanping
2. Find the most favorable dimension, e.g., by

minimizing o2 + o3
3. Perform additional MC evaluation in V4 and V5,

minimizing the error

4. Iterate 1-3 as long as the number of evaluations
remains not too prohibitive
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Importance sampling
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Importance sampling Methods

Using a sampling distribution Stéphane Paltani

Instead of sampling uniformly, we use a distribution p:

/pdV:1
Jv

2/p2~ _ 2
i/fdvz/fpdvz<f>i\/<f/p> <f/p>
v vp p N

Given N, the square root is minimized if: importancesamping
R
fy|fldV

The idea of importance sampling is to find a distribution
p as close as possible to f. Importance sampling requires
some prior knowledge of f



Importance sampling Mteinods
The VEGAS algorithm Stéphane Paltani

The VEGAS algorithm implements importance sampling
with a separable distribution in d dimensions:

poc gi(x1) - g2(x2) - 93(X3) - - - - G (Xa)

VEGAS uses an adaptive strategy to determine g;(x;)
1. Choose arbitrary g;(x;) (e.g., constant)
2. Cut each axes in K pieces, and determine the

integral and the Kd importance sampling weights
gi(k), k=1,....K
3. lterate 2 a (small) number of times to improve the
weights gi(k) and the integral
VEGAS efficiency depends strongly on the validity of the
separability of p, and will be small if the integrand is
dominated by a subspace of dimension d; < d

Importance sampling
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Stéphane Paltani

Random (i.e., Monte Carlo) approaches can be used to
minimize f(x) in N dimensions. It can be useful in
particular for ill-behaved functions

Complex functions also often shows multiple minima.
Randomization can help getting out of them Stcchastc optimizaton

In Nature, the problem is often encountered. .. and
solved (or approximated)

There are many flavors of algorithms
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Monte Carlo

Swarm intelligence Methocs

The ant colony optimization Stéphane Paltani

Numerous agents explore the landscape with simple
interactions between them Swarm inaligence

Ants move at random in the solution space and deposit
pheromones behind them, which attract other ants

Shorter paths are crossed more rapidly by ants, so more
pheromone is deposited, attracting more ants

Try also bees!
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Pri nciple Stéphane Paltani

Use Darwinian evoution of a gene pool to find the fittest
genes

» Each chromosome represents a candidate solution
to the problem at hand, represented as a series of
genes

» A fitness function can be calculated for each
chromosome
» At each generation

1. Genes mutate,

2. Chromosomes reproduce sexually

3. Non-biological mechanisms are also possible

4. Chromosomes are selected according to their fitness

» After the stopping criterion is used, the best
chromosome provides the approximate solution

Genetic algorithms
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Exam p| e Stéphane Paltani

£58 galakies z=[2.5.3.5] 1

WW‘W“’WM Ti61 galaiies ;:[é}.s,s,o] _

relative F,

NVECR BRCE XN I
1200 1400 1600 1800 2000 2200
A (Angstroms)

You want to build the best possible average spectrum with
a sample of N low-S/N high-redshift galaxies, but you
know the sample contain 50% interlopers (galaxies with
wrongly identified redshifts)

» The chromosomes are a series of N bits, half of
them set to 1, the rest to 0

» The fitness function is the summed equivalent width
of the expected line features

» Mutation are random inclusion or exclusion of
galaxies

Genetic algorithms
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Simulated annealing Methos

Stéphane Paltani

In nature, crystal (e.g., ice) can form over large areas,
thus minimizing internal energy

Principle

Simulated annealing

Annealing is the process of slowly cooling a material to
relieve internal stress

Nature performs an annealing by slowly decreasing
temperature, so that misaligned ice crystals can melt and
freeze in a more favorable direction



Simulated annealing Mteinods

Implementation Stéphane Paltani

Simulated annealing requires:

1. A configuration of all possible states S, i.e. the space
of the problem

2. Aninternal energy E, which we want to minimize

3. “Options” for the next state after the current state,
similar to updates in Metropolis algorithms

4. A temperature T which is related to the probability to
accept an increase in energy:

Simulated annealing

—-AE
Sp is accepted if ¢ ~ U(0,1) < exp (kT)

5. A cooling schedule, which determines how T evolve
with the number of iterations



Simulated annealing

Implementation Il

v

{S} and E are the problem to solve, i.e. we want
Smin | E(Smin) < E(S)u VS ?é Smin

The options are a tricky point, as a completely
random move in many dimensions might be very
inefficient in case of narrow valleys. The downhill
simplex (amoeba) algorithm can be tried

The acceptance condition makes it similar to the
Metropolis algorithm

There are also several possibilities for the cooling
schedule, for instance T — (1 — ¢) T at each step

Monte Carlo
Methods

Stéphane Paltani

Simulated annealing



Simulated annealing Metnods

Exam p| e Stéphane Paltani

Simulated annealing
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