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New insights into the Hill coef®cient (n) as a measure of cooperativity
are obtained by resolving Y, the fractional ligand binding to an oligo-
meric protein, into a series of integral nth-order reactions. For identical
sites within a single conformational state, the weighted sum of each reac-
tion multiplied by its net order gives a Hill coef®cient at Y � 0.5 of
n50 � 1.0, indicative of non-cooperative binding. However, the disappear-
ance of unliganded oligomers (S0) re¯ects the higher-order reactions,
with their weighted sum (for a tetramer) leading to a Hill coef®cient at
S0 � 0.5 of n*50 � ÿ1.27. For an oligomer with two conformational states
(such as represented by the T and R states in the Monod-Wyman-Chan-
geux model) capable of generating highly cooperative binding, the same
nth-order reactions apply, but with different weights. For oxygen binding
to hemoglobin, n50 is resolved into three components with net reaction
orders of n � ÿ 2, 2, and 4 (with weights of 0.067, 0.15, and 0.754
corresponding, respectively, to the contributions of singly, triply and
quadruply liganded molecules) to give n50 � 3.18. However, the co-
operativity of the ``state'' function, R0 (the normalized fraction of
molecules in the R state), as characterized by n050 (the Hill coef®cient
at R0 � 0.5) is distinct from n50. If the T-R equilibrium lies very far in
favor of either state, then even when the two states differ widely in
their intrinsic af®nity for ligand, the lower limit of cooperativity for
Y is n50 � 1.0, but the Hill coef®cient for R0 cannot fall below
n050 � 1.27 (for a tetramer). Hence, the lower limit of n050 is equal to
the absolute value of n*50 describing the disappearance of S0 for an
oligomer with a single conformational state.
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Early in the century, Hill (1910) proposed that the
sigmoidal curve for oxygen binding by hemoglobin
(Hb) could be explained on the basis of higher-
order reactions: Hb �nX (+ HbXn, with integral
values of n > 1. When the tetrameric structure of
hemoglobin was established, the oxygenation reac-
tion was described by Adair in terms of four suc-
cessive binding steps (Adair, 1925). As a result, the
non-integral values of n in the range 2.5 to 3 ob-
tained by ®tting the oxygenation data to the Hill
equation have been assumed to provide only an
empirical index of cooperativity. However, by re-

solving ligand binding into a series of integral nth-
order reactions, new insights into the Hill coef®-
cient are obtained, and a simple method for calcu-
lating n50 (the Hill coef®cient at 50% saturation) is
generated.

In this analysis, we consider an oligomeric pro-
tein with N distinct, but equivalent binding sites.
We de®ne the fractional population of each mol-
ecular species, Si (for i � 0, 1, 2, . . . , N), where Si

represents the concentration of protein molecules
with i ligands divided by the total protein con-
centration, such that 0 4 Si 4 1 and S0 � S1

� S2 � � � � � SN � 1. The individual Si can be
used to de®ne Yi, the ``species fractions'' (Wyman
& Gill, 1990), since Yi � iSi/N. The Yi are theAbbreviation used: hb, hemoglobin.
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contributions of the separate species to the over-
all fractional saturation, Y. Hence, Y0 � 0 and
Y�Y1 � Y2 � � � � � YN. These parameters can be
used to characterize the cooperativity of ligand
binding from the slope of the Hill plot, n, which
relates Y to the ligand activity, X, by the
equation:

n � d log �Y=�1ÿ Y��
d log X

�1�

Since n varies with X, it is convenient to de®ne
n50, the value of the slope of the Hill plot at half
saturation (Y�0.5), which occurs at the ligand
concentration de®ned as X50.

The conventional view of ligand binding to an oli-
gomeric protein depicts the process by a series of
sequential reactions involving molecular species
(Si) at progressively higher degrees of ligation, as
shown in Figure 1(a). For identical sites and a
single conformational state, a sole intrinsic equili-
brium constant (KD) applies and de®nes the value
of each of the four individual constants:
K1 � K2 � K3 � K4 � KD. With two conformational
states, T and R in the MWC model (Monod et al.,
1965), each Si represents the sum of the species Ti

and Ri, as presented in Figure 1(b). Irrespective of
the origin or the magnitudes of the Ki values, the
overall fractional saturation (Y) is given by:

Y �
X

K1
� 3X2

K1K2
� 3X3

K1K2K3
� X4

K1K2K3K4

1� 4X

K1
� 6X2

K1K2
� 4X3

K1K2K3
� X4

K1K2K3K4

�2�

In the case of the MWC model, the values of Ki are
®xed by L, c, and KR, according to the equations
presented in Figure 1(b). However, for both the
single-state and two-state cases, the relationships
between the individual Si can also be formulated
as a series of progressively higher-ordered reac-
tions, from S0 to Si, corresponding to integral order
coef®cients of n � i, as described in Figure 1(c).
Moreover, the intermediate species S1 to S3 will
disappear in favor of S4 with negative integral
order coef®cients of n � i±N (where N is the num-
ber of ligand-binding sites), as also indicated in
Figure 1(c).

Ligand binding can be related to the appearance
or disappearance of the various Si components
when Y is separated into the individual Yi species
fractions. It may be noted that each Yi is given by
the ith term of the numerator divided by the de-
nominator of equation (2). A striking feature of the
analysis of binding in terms of the Yi components
that has not been reported concerns the obser-
vation that cooperativity can be represented in a
simple form. A formal mathematical derivation of

Figure 1. Ligand binding steps for
a four-site protein. (a) Conventional
description as sequential steps with
four intrinsic dissociation constants
(K1 to K4) governing the binding of
ligand to form the successive Si

species. For identical sites, all four
Ki values are equal to the intrinsic
dissociation constant (KD) charac-
terizing the sites. (b) The case of
two conformational states, corre-
sponding to the MWC model
(Monod et al., 1965), with each mol-
ecular species Si resolved into Ti

and Ri components, such that each
Ki may be de®ned as shown, i.e.
Ki � KR(1 � Lci ÿ 1)/(1 � Lci), where
KR is the intrinsic dissociation con-
stant for the R state, c is the ratio
of dissociation constants of the R
and T states (c � KR/KT), KT is the
intrinsic dissociation constant for
the T state, and L de®nes the equi-
librium between T and R in the
absence of ligand (L � [T0]/[R0]).
(c) Representation of binding as a
series of nth-order reactions. For the
intermediate degrees of ligation (S1

to S3), each species Si appears by a
reaction of the order indicated to
its left and disappears by a reaction
of the negative order indicated to
its right.
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the simpli®ed relationship is presented in the
Appendix, but initially it can be presented sche-
matically by noting that for a tetramer the contri-
butions of each Yi to n50 may be expressed as its
relative magnitude multiplied by the net order
for that component:

n50 � �1ÿ 3�Y1 � �2ÿ 2�Y2 � �3ÿ 1�Y3 � �4ÿ 0�Y4

0:5
�3�

where each Yi refers to its value at Y � 0.5 and
the reaction orders for the formation and disap-
pearance of each species depicted in Figure 1(c)
are in bold (since S4 only accumulates, its disap-
pearance order is set at zero). When the net
order for each component is calculated, the term
for Y2 disappears and the equation for n50 re-
duces to:

n50 � �ÿ2�Y1 � �2�Y3 � �4�Y4

0:5
�4�

The signi®cance of formulating multi-step
binding as a series of progressively higher-order
reactions is ®rst illustrated with binding curves
for a tetramer with identical sites and a single
conformational state (Figure 2). The binding
function, Y is separated into the individual
components, Yi , as presented in Figure 2(a),
along with the disappearance of the unliganded
species, S0. On this linear scale the individual
Yi curves display similar properties, as noted
previously (Wyman & Gill, 1990), but when the
same components are examined using the Hill
plot in Figure 2(b), a distinctive pattern appears.
Although the overall process is non-cooperative
(n � 1, as indicated by the slope of the Hill
plot), the individual Yi components possess co-
operative phases, with the Hill plot slopes vary-
ing from n � 1 to n � ÿ3 for Y1, from n � 2 to
n � ÿ2 for Y2, and from n � 3 to n � ÿ1 for Y3,
recalling the reaction orders for the appearance
and disappearance of the species as described
in Figure 1(c) and equation (3). For Y4, for-
mation occurs with slopes varying from n � 4
to n � 1. At Y � 0.5 the distribution of the Yi

components for a one-state tetramer with identi-
cal sites corresponds to the simple binomial re-
lationships (see legend to Figure 2), yielding the
value for n50:

n50 � �ÿ2�0:0625� �2�0:1875� �4�0:0625

0:5
� 1:0000

�5�
Thus, the weighting of the components elimin-
ates overall cooperativity and n50 � 1.

It may also be noted that the progressive disap-
pearance of the unliganded species S0 in Figure 2(b)
occurs with values from n � ÿ1 to n � ÿ4, corre-
sponding to the appearance, respectively, of the S1

to S4 components presented in Figure 1(c). The co-
operativity for the disappearance of S0 at the

ligand concentration corresponding to S0 � 0.5
may be characterized by n*50, where:

n�50 �
d log �S0=�1ÿ S0��

d log X
�6�

The weights of the various fractional Si com-
ponents lead to a simple equation for n*50:

Figure 2. Ligand binding to a tetramer with a single
conformational state. (a) The overall binding, Y (thick
line), and the individual binding components, Yi (thin
lines), as a function of (X), the ligand concentration. (b)
The data in the form of a Hill plot, with broken horizon-
tal and vertical lines that intersect the curve for log [ Y/
(1ÿ Y)] at Y � 0.5. Data for the disappearance of the
unliganded species S0 are also presented. Each individ-
ual binding fraction is calculated on the basis of
equation (2), but using only the ith term of the numer-
ator for the corresponding Yi. For a single conformation-
al state with identical binding sites, all Ki values are
identical: K1 � K2 � K3 � K4 � KD. The value of KD is set
at 1.0 in this example, but any value of KD may be used,
since (X50) the concentration of ligand at 50% binding
will scale accordingly and at Y � 0.5 the ratio of X/KD

in equation (2) will be always be unity. The values of
the Yi components at Y � 0.5 are Y1 � 0.0625;
Y2 � 0.1875; Y3 � 0.1875; Y4 � 0.0625, i.e. a purely bino-
mial (1:3:3:1) distribution. With equivalent binding sites,
equation (2) reduces to Y � (X)/[(X) � KD], which corre-
sponds to the overall behavior of the system, but
ignores the contributions of the individual Yi

components.

12 Components of the Hill Coef®cient



n�50 �
�ÿ1�S1 � �ÿ2�S2 � �ÿ3�S3 � �ÿ4�S4 � � � �

0:5

� 2
XN

i�1

iSi �7�

A proof of equation (7) is presented in the Appen-
dix. The fractional populations of successive Si de-
crease sharply, with the values for a tetramer
(Table 1) yielding n*50 � ÿ 1.27. The values for
other oligomeric species show a shallow depen-
dence on N, the number of sites: n*50 � ÿ1 for
N � 1, and n*50 varies from ÿ1.17 to ÿ1.34 in the
range of N � 2 to N � 10 (Table 1). Hence, for an
oligomer with two or more sites, the disappearance
of unliganded molecules, even for a protein with
non-cooperative overall ligand binding, occurs
with a small but ®nite degree of cooperativity.

The analysis of binding in terms of the individual
Yi components may also be applied to highly coop-
erative binding. For tetrameric human hemoglobin
with parameters based on ®tting to the MWC two-
state model (Edelstein, 1971, 1996; Mills et al., 1976;
Ackers & Johnson, 1981; Edelstein & Edsall, 1986;
Ackers et al., 1992), the data for Y and for the indi-
vidual Yi components, presented as binding curves
in Figure 3(a) or in the form of the Hill plot in
Figure 3(b), reveal a different pattern than ob-
served in Figure 2 for a single conformation. As ex-
pected for the cooperative system, the intermediate
species are less populated. Nevertheless, for the Yi

Hill plots, the series of curves display the same in-
itial and ®nal Hill slopes as observed for the one-
state example in Figure 2(b). Hence, the same el-
ementary nth order reactions are present in both
cases, but with different weights. With two-states,
the Yi values (see the legend to Figure 3) represent
the fractional binding to the Ti and Ri molecules. In
this case, equation (4) for n50 becomes:

n50 � �ÿ2�0:03365� �2�0:07493� �4�0:3772

0:5
� 3:1827

�8�
Correcting for the denominator of 0.5, the three in-
tegral n components (ÿ2, 2, and 4) contributing to
n50 in equation (8) have weights of 0.0673, 0.14986,
and 0.7544, respectively.

When the value of n50 obtained with equation (8) is
compared with the Hill slope calculated using an
equation based on the Hessian of the binding poly-
nomial (Bardsley & Waight, 1978), exactly the
same value is obtained (see Appendix). Therefore,
the linear combination of Hill components pro-
vides a simple description of a highly cooperative
system. The analysis is not model-dependent, since
simulations with Ki values derived from formu-
lations other than the MWC model, such as the
KNF model (Koshland et al., 1966), as well as ran-
dom values, give perfect agreement between
equation (8) and the Hessian equation.

With respect to the disappearance of S0, for the
highly cooperative case (Figure 3), equation (7)
also applies and yields a value of n*50 � ÿ2.81.
Thus, the disappearance of S0 displays a high Hill
coef®cient for an oligomer with strongly coopera-
tive binding, while retaining low but ®nite coop-
erativity for a system with non-cooperative overall
binding, i.e. n*50 � ÿ1.27 for a one-state tetramer
(Table 1). An equation of the same form as
equation (7), but with positive coef®cients, can also
be used for an oligomer with two states to evaluate
the lower limits of n050 (the Hill coef®cient for the
state function, R0, at 50%), where R0 is de®ned as
the fraction of molecules in the R state, normalized
to a scale of 0 to 1 (Rubin & Changeux, 1966;
Changeux & Rubin, 1968). At the high and low
extremes of L, the lower limit of n050 for R0 (for
c51) is the same as the absolute value of the lower
limit of n*50 for S0 (Table 1). Hence, for a tetramer
with two states that differ widely in their af®nity
for ligand, the Hill coef®cient for R0 cannot fall
below the value of n050 � 1.27, in contrast to n50 for
Y, which drops to 1.0 at high and low L values
(Rubin & Changeux, 1966). However, if the ligand-
binding af®nities of the two states are similar, the
lower limit of n050 approaches 1.0 as c approaches
1.0, with the minimum value for a tetramer de-
creasing, for example, to n050 � 1.25 for c � 0.1 and
to n050 � 1.1 for c � 0.5. In this context, the coopera-
tivity of the dose-response curves of the homo-
pentameric a7 nicotinic acetylcholine receptor
predicted by a two-state model, n050 � 1.27, is effec-
tively at the lower limit for c � 0.1 (Galzi et al.,
1996; Edelstein & Changeux, 1996).

Table 1. The n*50 values and the weights of the fractional Si components for the disappearance of S0

N (X) S0 S1 S2 S3 S4 S5 S6 S7±S10 n*50

1 1.0000 0.5000 ÿ1.0000
2 0.4142 0.5000 0.4142 0.0858 ÿ1.1716
3 0.2599 0.5000 0.3899 0.1013 0.0088 ÿ1.2378
4 0.1892 0.5000 0.3784 0.1074 0.0135 0.0006 ÿ1.2728
5 0.1487 0.5000 0.3717 0.1106 0.0164 0.0012 <10ÿ4 ÿ1.2945
6 0.1225 0.5000 0.3674 0.1125 0.0184 0.0017 0.0001 <10ÿ4 ÿ1.3092
..
.

10 0.0718 0.5000 0.3589 0.1159 0.0222 0.0028 0.0002 <10ÿ4 <10ÿ4 ÿ1.3393

For oligomers with N sites, the concentration of ligand corresponding to S0 � 0.5 is given by �X� � KD�
���
2N
p ÿ 1�; with KD set to 1.0.

The value of n*50 is obtained from equation (7) with N terms, and with each Si value obtained from equation (2) with the numerator
replaced by the ith term of the denominator.

Components of the Hill Coef®cient 13



The resolution of the Hill coef®cient into individ-
ual components as described in equation (4) is not
limited to tetramers, but can be applied to any pro-
tein with N sites. In each case, the Yi components
will be multiplied by the net integral order for the

binding of the ith ligand, [i ÿ (N ÿ i)], equivalent to
[2i ÿ N], leading to the general equation:

n50 � �2ÿN�Y1 � �4ÿN�Y2 � � � � � �N�YN

0:5

� 2
XN

i�1

�2iÿN�Yi �9�

A formal mathematical derivation of this equation
is presented in the Appendix. As observed in the
tetrameric case, for any oligomeric protein with an
even number of sites, the net Hill value multiply-
ing the YN/2 term will be zero and the term disap-
pears.

The analysis of the Hill coef®cient developed here
is applicable at 50% binding or response. The Hill
coef®cient at other points may be of interest, such
as the maximal value which does not necessarily
occur at 50%, but the n50 values are generally the
most useful for characterizing cooperativity with
experimental data, since the precision of the data is
rarely suf®cient to determine the position of maxi-
mal n. For the hemoglobin data set analyzed, the
value of n50 � 3.1827 is close to the value of
nmax � 3.1851 at Y � 0.537. In the case of the MWC
model, progressively larger differences between n50

and nmax occur as L diverges from cÿN/2 (Rubin &
Changeux, 1966). An average value of n � 3.05 is
obtained when the hemoglobin data set analyzed
in Figure 3 is ®t by least squares to the Hill
equation over the range of Y � 0.05 to 0.95
(Edelstein, 1996).

Hill plots for experimental data have not been
examined at values of Y as low as presented in
Figures 2(b) and 3(b); this range was selected to
illustrate the n values at the extremes of the slopes.
However, by using low temperature electrophor-
esis to separate individual Yi components (Perrella
et al., 1990; Perrella & Denisov, 1995) and radio-
active ligands, it should be possible to approach
such low values. Hence, the description in terms of
Yi components could aid in the quantitative esti-
mation of the intermediate species, of prime im-
portance in the evaluation of mechanistic models
of cooperativity (Ackers et al., 1992; Holt & Ackers,
1995; Edelstein, 1996). Similar methods could test
the predictions for the cooperativity of the disap-
pearance of S0 by examining, for example a hemo-
globin variant locked in the R state (Edelstein,
1975). The results reported for the inactivation of
the nicotinic acetylcholine receptor a7 by methyll-
caconitine are consistent with non-cooperative
binding combined with cooperative disappearance
of S0 (Palma et al., 1996).

From an historical perspective, the analysis pre-
sented here partially restores the original principal
of Hill (1910) by placing it in a different context.
Rather than explaining cooperativity by a weighted
sum of n-mers, as Hill proposed, a more physically
meaningful explanation is provided by the
weighted sum of nth order reactions for a mono-
disperse oligomer. While this analysis contributes

Figure 3. Cooperative ligand binding to a two-state
tetramer representing human hemoglobin. (a) Data for
the overall binding, Y (thick line), and the individual
binding components, Yi (thin lines), as a function of
(X)/(X50), the ligand concentration normalized to the
value at Y�0.5. (b) The data in the form of a Hill plot.
Other details are as for Figure 2, with the exception that
K1 6� K2 6� K3 6� K4. For the example selected, the Ki

values are calculated to correspond to data for hemo-
globin represented by the two-state allosteric model
(Monod et al., 1965) with L � 52,000, c � 0.0061, and
KR � 1.5 � 10ÿ6 M, as previously described (Edelstein,
1971; Mills et al., 1976; Ackers & Johnson, 1981;
Edelstein & Edsall, 1986; Ackers et al., 1992; Edelstein,
1996). With these parameters the four Ki values, as
de®ned in Figure 1(b), are ®xed at K1 � 2.45 � 10ÿ4 M,
K2 � 1.63 � 10ÿ4 M, K3 � 4.35 � 10ÿ6 M, and K4 � 1.52 �
10ÿ6 M. The curves for Y and the individual Yi com-
ponents are calculated with the above Ki values using
equation (2). The Yi values at Y�0.5 are: Y1 � 0.03365;
Y2 � 0.014225; Y3 � 0.07493; Y4 � 0.3772. The ligand
concentration scale (abscissa) is normalized to
X50 � 2.29 � 10ÿ5 M.
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to clarifying the role of the various Si forms in
generating cooperativity, for any protein-ligand
system resolving the mechanism responsible for
the distribution of these forms is a separate pro-
blem. A considerable effort over the last 30 years
has been directed towards distinguishing speci®c
theories of cooperative ligand binding, including
the concerted (Monod et al., 1965) and sequential
(Koshland et al., 1966) models, or combinations of
both (Eigen, 1967; Ackers et al., 1992; Edelstein,
1996). Experimental approaches that discriminate
between the different mechanistic models in certain
cases, particularly where Y and R can be measured
separately, have recently been reviewed (Edelstein
& Changeux, 1996).
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Appendix: Mathematical relations
concerning the Hill coefficient

Evaluation of the value of the Hill coef®cient calcu-
lated with equation (8) and a formal derivation of
equations (7) and (9) can be achieved by consider-
ing the binding polynomial, P:

P � f0 � f1X � f2X2 � � � � � fNXN �10�
with f0 � 1, which is equivalent to the denomi-
nator of equation (2) for N � 4. Alternatively, P
may be expressed with respect to the individual
terms as P �PN

i � 1 Pi, where N is the number of
ligand-binding sites and Pi � fi Xi. It follows from
the de®nition of P that the fractional saturation, Y,
can be represented as:

Y � XP0

NP
�11�

where the prime indicates differentiation with re-
spect to X; hence, for N � 4 equation (11) is identi-
cal to equation (2). Furthermore, the Hill slope, n,
is given by:

d log �Y=�1ÿ Y��
d log X

� XY
0

Y�1ÿ Y� �12�

leading to an expression that can be readily evalu-
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ated quantitatively:

n � 1� XH

P0�NPÿ XP0� �13�

where H refers to the Hessian of the binding poly-
nomial: H � N P P00 ÿ (N ÿ 1)P02 (Bardsley &
Waight, 1978). This formulation in terms of the
Hessian has provided insights into cooperative
ligand binding in relation to limits on the Hill
slope, its asymptotes, and the factorability of
binding polynomials (Bardsley & Waight, 1978;
Bardsley et al., 1980; Bardsley & Wood, 1985). A
form of equation (13) based on the parameters of
the MWC model may also be derived (Levitzki,
1978; W.G. Bardsley, cited by Edelstein &
Changeux, 1996).

With respect to the ®ndings presented in this re-
port, equation (13) can be used to verify the value
of n50 predicted for a cooperative system using the
simpler equation (8). In this case, for the four
values of K1 to K4 presented in the legend to
Figure 3 and the ligand concentration at Y�0.5
given by X � 2.29 � 10ÿ5 M, with N � 4 the
values for the parameters of equation (13) and its
Hessian are: P � 2.7791, where P is the denomi-
nator of equation (2); P0 � 2.425 � 105, where
P0 � 4/K1 � 12X/(K1K2) � 12X2/(K1K2K3) � 4X3/
(K1K2K3K4); and P00 � 2.742 � 1010, where P00 � 12/
(K1K2) � 24X/(K1K2K3) � 12X2/(K1K2K3K4). Incor-
porating these values into the Hessian yields
H � 1.286 � 1011 and a Hill slope of n � 3.1827, ex-
actly the same value as obtained using equation
(8).

The binding polynomial can also be used to con-
struct a formal derivation for the dependence of
n50 on Yi presented in equation (9). It follows from
the relations de®ned above that P0i � iPi/X and
Yi � iPi/NP, with the latter leading to the relation
Y �PN

i � 1Yi. In order to express the Hill slope in
terms of Yi, the following derivatives are required:

Y0i �
i

N

�iPi=X�Pÿ PiP
0

P2

� �
�14�

XY0i � i
iPi

NP
ÿ XPiP

0

NP2

� �
�15�

When the appropriate terms are replaced by Y or
Yi, equation (15) becomes:

XY0i � i Yi ÿNYYi

i

� �
� �iÿNY�Yi �16�

Consequently, the Hill slope de®ned in equation
(12) may be expressed as:

XY0

Y�1ÿ Y� �
1

Y�1ÿ Y�
XN

i�1

�iÿNY�Yi �17�

which, for the special case of Y�0.5, yields:

n50 � 2
XN

i�1

�2iÿN�Yi �18�

corresponding to the general expression for n50

presented as equation (9).
Concerning the relationship that relates n*50 to Si ,

as expressed in equation (7), we observe that each
Si � Pi/P, so that their individual Hill slopes are
given by:

d log�Si=�1ÿ Si��
d log X

� X
P0i
Pi
ÿ �P

0 ÿ P0i�
�Pÿ Pi�

� �

� X
PP0i ÿ P0Pi

Pi�Pÿ Pi�
� �

�19�

The expression on the right of equation (19) may
also be transformed as follows:

X
PP0i ÿ P0Pi

Pi�Pÿ Pi�
� �

� iPÿPN
j�1 jPj

Pÿ Pi

� iÿPN
j�1 jSj

1ÿ Si
�20�

which yields equation (7) when i � 0 and S0 � 0.5.
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