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Introduction

Introduction

NMF (4313006) — M. Gilli

The aim is to provide an overview of the basic computational tools that are used by financial engineers.
The course combines an introduction to pricing financial derivatives with finite differences, Monte Carlo
simulation and lattice based methods and to portfolio selection models.

Emphasis is on practical implementations and numerical issues .

Spring 2008 — 2

QOutline

o Introduction to programming

Programming principles
Introduction to Matlab
Caveats of floating point computation

o Finite difference methods

Numerical approximation of derivatives
Coordinate transformations

Forward Euler scheme (explicit)
Backward Euler scheme (implicit)
Crank-Nicolson scheme

f-scheme

Stability analysis

NMF (4313006) — M. Gilli
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Outline (cont’d)

o Monte Carlo methods

Principle of Monte Carlo methods

Generation of random numbers

Evaluation of European-style options (crude MC)
Confidence intervals

Variance reduction techniques

Quasi-Monte Carlo methods

Examples of valuation of American and exotic options

o Lattice methods

The binomial method
Trinomial trees and finite difference methods
Implied trees and exotic options

o Portfolio selection

The mean-variance approach
Downside risk minimization

NMF (4313006) — M. Gilli
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Problems

Interest rate models

Option pricing

Free boundary problems
Scenario simulation

Portfolio selection

Option replication and hedging
Floating point computation
Numerical approximation of derivatives
Solution of Az =b

Random number generation
Evaluation of integrals

O 0O 0O 0O 0O 0o 0o oo o0 o
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Problems (cont’d)

Binomial trees, Trinomial trees

FDM explicit, implicit, ADI, Crank-Nicolson, #-method
FEM

Spectral methods

Projected-SOR

Monte Carlo, (variance reduction)

Quasi-Monte Carlo

Static optimization, constraint, unconstraint, LP, QP
Dynamic optimization, DP, stochastic control

Neural networks

Heuristic optimization

O 0O 0O 0O 0O 0o 0o oo o o
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Introduction a la programmation structurée

Notion de programme

Ordinateur effectue des opérations élémentaires:

o addition

o soustraction

o affectation

o comparaison

Programme:

o orchestre déroulement opérations dans le temps
o Le programme est un objet statique

o lors de son exécution il évolue de fagon dynamique en fonction de I'état des variables.

NMF (4313006) — M. Gilli Spring 2008 — 9

Problématique de la programmation
Probléme:

o Comment concevoir un programme afin d’avoir une vision aussi claire que possible des situations
dynamiques qu'il engendre lors de son exécution

o Objectif de la programmation est une lisibilité aussi claire que possible du programme, afin de pouvoir le
communiquer entre “programmeurs” et surtout pour pouvoir fournir une démonstration plus ou moins
rigoureuse de sa validité (faire la preuve qu'il fournira les résultats désirés).

Question: Comment atteindre au mieux ces objectifs?

Réponse: Avec des techniques adéquates de programmation.

NMF (4313006) — M. Gilli Spring 2008 — 10

Note historique

A I'origine les enchainements étaient contrdlés avec des instructions de branchement (GOTO, IF avec
branchement, etc.).

START
100 continue
Lire des données

Calcul valeur de I
if (I) 400, 300, 200
300 continue

Calcul wvaleur de K
if (K > 0) GOTO 100
400 continue

: Spaghetti code !l Difficile d’imaginer les

GOTD 100 différents états dynamiques d'un tel programme

200 continue Les schémas fléchés (organigrammes) ne
: permettent pas de contourner cette difficulté.

STOP

NMF (4313006) — M. Gilli Spring 2008 — 11




Programmation structurée (affectation, repetition, choix)

o Apres des échecs (catastrophes) un courant de pensée en faveur d'un autre “style” de programmation c'est
développé

o Dijkstra (1968): “GOTO Statement Considered Harmful"

o Wilkes (1968): “The Outer and the Inner Syntax of a Programming Language”

o Ces deux articles sont a I'origine d'une véritable polémique qui mettait en cause |'utilisation des instructions
de branchement dans les langages de programmation

Les seules structures de contrdle qui existent dans la programmation structurée sont:
o enchalnement

o répétition

o choix

NMF (4313006) — M. Gilli Spring 2008 — 12

Enchainement

L'enchainement consiste en une simple succession d'un nombre quelconque d'instructions d'affectation, de
modification, de lecture, d’écriture:

lire y

x = sqrt(y)

écrire z
NMF (4313006) — M. Gilli Spring 2008 — 13
Répétition

La répétition d'un ensemble (block) d'instructions, appelée aussi boucle, peut prendre deux formes:

pour i dans 1’ensemble I répéter
(instructions)

fin

tant que condition vraie répéter
(instructions)

fin

Pour la premiere forme, le nombre de répétitions pour la premiere forme est défini par le nombre d’éléments de
I'ensemble I, alors que pour la seconde forme, la répétition se fait a I'infini si la condition reste vraie.

NMF (4313006) — M. Gilli Spring 2008 — 14
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Choix

Les instructions qui permettent d'opérer un choix parmi différents blocks d'instructions possibles sont les

suivantes:

si condition 1 vraie faire

(instructions)

sinon si condition 2 vrate faire

(instructions)
sinon si
sinon

(instructions)
fin

On exécute les instructions qui suivent la premiére condition qui est vraie et on avance jusqu'a la fin. Si aucune
condition n'est vraie, on exécute les instructions qui suivent sinon.

NMF (4313006) — M. Gilli
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Structure hierarchique

Tout programme est alors composé d'une succession de ces trois structures qui sont exécutées I'une apres

I"autre.

Par opposition a un programme contenant des instructions de branchement, un programme concu avec les trois
éléments de la programmation structurée, permettra une lecture hiérarchique de haut en bas ce qui facilite sa

maitrise intellectuelle.

Le recours aux organigrammes a d'ailleurs été abandonné.

NMF (4313006) — M. Gilli
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Syntaxe Matlab pour répétition et choix

o Nombre de répétitions fini

for v = expression
instructions
end

o Nombre de répétitions indéfini

while expression
instructions
end

NMF (4313006) — M. Gilli

Choix simple

if expression
instructions
end

Choix multiple

if expressionl
instructions
elseif expression2
instructions
elseif expression3
instructions
else
instructions
end

Spring 2008 — 17
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Examples de programmes

18

Moyenne éléments d’un vecteur et précision

Calcul de la précision machine

e = 1;

while 1 + e > 1
e = e/2;

end

emach = 2%e;

NMF (4313006) — M. Gilli

machine

Spring 2008 — 18

Maximum des éléments d'un vecteur

m = -realmax;
for i = 1:n
if x(i) > m
m = x(i);
end
end
m

NMF (4313006) — M. Gilli

Spring 2008 - 19

Tri a bulles

Sorter les éléments d'un vecteur dans 'ordre croissant

(4] [2] 2]
—l2] |4 4]
55| |1
7 7] i—1]5
1| 1] i —|7]
SNENE
90 9] 9
8 |8] 8|
6] |6] 6]
6 6 6
NMF (4313006) — M. Gilli

inversion = 1;
while inversion
inversion = 0;
for i = 2:N
if x(i-1) > x(1)
inversion = 1;
t = x(i);
x(1) = x(i-1);
x(i-1) = t;
end
end
end

Spring 2008 — 20

Demonstration

Bubblego
NMF (4313006) — M. Gilli
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Simulation du lancer d’un dés

Simuler n lancers d'un dés
(z;,i=1,...,n contient le résultat du ime lancer)

x = zeros(1,n)
for i = 1:n
u = rand;
if u < 1/6
x(1) = 1;
elseif u < 2/6
x(1) = 2;
elseif u < 3/6
x(1) = 3;
elseif u < 4/6
x(1) = 4;
elseif u < 5/6
x(i) = b;
else
x(1) = 6;
end
end
hist(x,6)
NMF (4313006) — M. Gilli Spring 2008 — 21

Demo

j16.m Montrer effet de l'initialisation de z.
NMF (4313006) — M. Gilli Spring 2008 — note 1 of slide 21
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Introduction a Matlab 22

Eléments de syntaxe

Polycopié
Syntaxe (éléments de)
o Symboles [ ] ; e %

o variable = expression
(¢] ans

whos, help, lookfor
Variables (matrices par defaut)
Opérations avec vecteurs, matrices

o x=[83709]
o X(5) =12
o x(6) =x(1) + x(4)
o A=1[45 73], A1) =A(21) -3
o Transposition A’
o Addition, soustraction, multiplication, division, puissance +—-x / \ 7
NMF (4313006) — M. Gilli Spring 2008 — 22

Opérations éléments par éléments et script files

o Opérations éléments par éléments

o Addition, soustraction (toujours élément par élément)
o Multiplication .+ division ./  puissance

o x=[123] x [45 6]

o x=1[4129] ./ [2 4 3]

o x=1[123].72

o x=2"[123

o Matlab-files (Script)

Extension doit étre .m

Variables définies globalement
Fichier de commandes (scripts)
Possibilité d'imbriquer des script
Edition, exécution, débogage edit
Exemple

O O O O O O

NMF (4313006) — M. Gilli Spring 2008 — 23
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Graphiques 2D  y = 22 ¢®

x = linspace(-4,1);

y = x.72 .x exp(x);
plot(x,y);

xlabel (’x’);
ylabel(’y’);

titleCy = x°2 exp(x)’);
grid on

ylim([-0.5 2.5]);

hold on

d = 2*xx.*xexp(x)+x.”2.*exp(x);
plot(x,d,’r:’);

NMF (4313006) — M. Gilli Spring 2008 — 24
H 2,2
Graphiqueg 3D £=T"Y x = linspace(0,5,6);
f(z,y) y = linspace(0,5,6);
N 1 2 3 4 5 T [X,Y] = meshgrid(x,y);
1 7012345 000000
2 012345 111111
3 lo12345 222222
4 X= 012345 v 333333
012345 4 4 4 4 4 4
012345 555555

Z=X.72 .% Y."2;
mesh(Z) ;

mesh(x,y,Z);

o mesh, surf, plot3, hist3, bar3, ...

NMF (4313006) — M. Gilli x Spring 2008 — 25
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26

Programmation avec Matlab

Programmation d’un automate

Initialisons quelques éléments avec

la valeur 1

Soit une matrice A (vide)

@

000000 OOOOOOO
[ X _JojoXeJele) JoJele)exe
[ JojoX JoX JoJo) Jelele)e
0000000000 @O
[o)o) JexeyejeieseX X X Jo
(o)) JeoXeololelelelereX Je]
[O)e) Jeolele) Jejeexr JoX J
[e)ojo) JeJoJeleieX JeJeXe
00000000000
0C0@00@e0O00000e
0000000000 ee
@O0O00O0O0OOOOOOOO
@O0O0O00OOOOOOO

1 7

G THEREeeaNee

R R

@

O0000O0O0OOOOOOO
0000000000000
0000000000000
O0O000O0OOOOOOO
O0000O0O0OOOOOOO
0000000000000
0000000000000
O0O000O0OOOOOOO
0000000000000
0000000000000
O0O000O0O0OOOOOOO

000000000000 O(
000000000000 O(

GHeeReReeeaasQ
o

A O A A BT RrRERr R

Considérons I'élément A7 4

A O ARGV ECE R
Les voisins directs de I'élément A7 4

@

O0000O0OOOOOOO
[ X Jojojelole) JOOXOJONe)
00000000 @0O000
0000@000000Oe0
[o)oX Jejeyejeoyele) X X JO)
00000000000
[oJe) _jejeoie) Jeloje) JoX )
00000000000
00000000000
000000000000 @
0000000000 e e
[ JOXOJOX XCNC XONOOXONOXO)
®@O0OO0O0O0OO0OOOOO

G HEREEeaNEee

R

A O O A A R IRV ECET R

@

00000000000
[ JoXoX JeoX JoXoX JeXeJeJe)
C000@O00O0O0O00@0
00000000 e®eO
[o)o) Jejelejeoelejeorel JO)
[o)oX JejeyeX Jelejex JoX )
00000000 @000
000000000 e00
000008000000 e
00000000000 ee
®@O0O0O0O0O00OO0OOO0OO
®@O0O00OO0OOOOOOO

00000000000 OOY

GReEEOREEeaNee
o

A OO A BT R R REE R

N = A(6,3) + A(6,4) + A(6,5) + A(7,3) + A(7,5) +

A(8,3) + A(8,4) + A(8,5);

©

00000000000
[ JoJoX JoX JeoJoX Jelejexe
00000000000
O0@00000OCee®eO
[o)o) JeXeJeoJolejeleieX Jeo
[e)ejojexeyeX Jojeex jJoX J
O00@00000O@O00
O0000O@0000e00
[o)o} JeXoX JeJejeereye) }
0000000000 ee
®@O000O00OOOOOOOO
®@O00O0OOOOOOOOO

O00000O0OOOOOOOY

U eEeReeeaNee
L R B B I |

A B A A BRI RrRER R

N = A(3,7) + A(3,8) + A(3,9) + A(4,7) + A(4,9) +

A(5,7) + A(5,8) + A(5,9);

N = A(i-1,j-1) + ACGi-1,j) + A(i-1,j+1) + A(i,j-1) + A(i,j+1) +

A(i+1,j-1) + A(i+1,j) + A(i+1,j+1);

Spring 2008 — 26
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Réalisation d’une fonction

[r,...,z] = myfunc(x,...,y)
1 ‘ \ \ On passe la valeur !!

T ] \J N
function [s1,...,sn] = myfunc(el,...,em)

el ... em ...

s1 s
0 Fichier myfunc.m

sn el ... em ...

o Création d'un fichier avec extension .m (Nom fichier = nom fonction)

o Premiere ligne premier mot — function

o Arguments d'entrée et de sortie (I'ordre importe, pas les noms des variables)
o Toutes les variables, sauf les arguments de sortie sont locales

NMF (4313006) — M. Gilli Spring 2008 — 27

Réalisation d’une fonction

function N = NVoisins(i,j,M)
% NVoisins calcule le nombre de voisins non nuls de M(i,j)
% NVoisins(i,j,M) i indice de ligne et j indice de colonne
% Version 1.0 30-04-2006
N = M(i-1,j-1) + M(i-1,j) + M(@i-1,j+1) + ...

M@E ,j-D + M@E L 1) o+ L.

M(i+1,j-1) + M(i+1,j) + M(i+1,j+1);

Ex.: Chercher les nombre de voisins des éléments intérieurs d’'une matrice A

n = size(A,1);
NV = zeros(n,n);
for i = 2:n-1
for j = 2:n-1
NV(i,j) = NVoisins(i,j,A);
end
end

NMF (4313006) — M. Gilli Spring 2008 — 28

Fonction inline

Lorsqu'il y a un seul argument de sortie et la structure de la fonction est simple il convient de réaliser la
fonction avec inline.

o f = inline(’expression’) si la fonction a un seul argument il n'y a pas d’ambiguité.
Ex.: f(r) =2%e% £ = inline(’x"2 * exp(x)’); £(0.75) = 1.1908

o f = inline(’expression’,’argl’,’arg2’) s'il y a plusieurs arguments
Ex.: f(z,y) = 2sin(x)?/log(y), £ = inline(’2*sin(x)"2 / log(y)’,’x’,’y’); £(1,4) = 1.0215

o S'il y a des parametres on doit les nommer P1,... Pn et donner le nombre
Ex.: f(x) =axz®, £ = inline(’P1*x"P2’,2);
Pour x = 2.7, a = 2 et ¢ = 3 on peut écrire £(2.7,2,3) = 39.3660

NMF (4313006) — M. Gilli Spring 2008 — 29
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Fonction feval

Dérivée de f(z): lim f@+h) - f(x)

h—0 h
En évaluant cette expression pour h donné on obtient une approximation numérique de f'(z).
fla)= % f'(z) = 15"
1.2
—i(x)
h = 1e-3;
f = inline(’x./exp(x)’);
x = linspace(0,5);

da = (f(x+h)-f(x)) / h
plot(x,f(x),’k’); hold on

x10”

plot(x,da,’r’);
% Précision I
d = inline(’ (1-x)./(exp(x)’); 05
plot(x,abs(d(x)-da)./d(x),’g’);

-0.5

4l

e

2 1 2 3 4 5

NMF (4313006) — M. Gilli

Ex.:
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Fonction feval

On réalise une fonction qui calcule la dérivée numérique pour f quelconque

function da = DnumOO (f,x)
h le-3;
da = ( f(x+h) - £(x) ) / h;

g = inline(’2*x"2 + 3xexp(-x)’);
d = Dnum00( g ,0.1)
Si la fonction g a été définie avec function alors il faut utiliser feval:

function da = DnumO1(f,x)
h le-3;

da = ( feval(f,x+h) - feval(f,x) ) / h;

NMF (4313006) — M. Gilli
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Exemple de fonction (call Européen)

Fonction = fichier avec extension .m
Arguments d'entrée et de sortie
Toutes variables dans la fonction sont locales

function ¢ = BScall(S,E,r,T,sigma)
% Call Européen avec Black-Scholes

% c = BScall(S,E,r,T,sigma) S sous-jacent ...

yA
d1

(log(S./E) + (r + sigma.”2 /2) .* T)
./ (sigma .* sqrt(T));

d2 = d1 - sigma .* sqrt(T);

Ee = E .* exp(-r .*x T);

c = S .* normcdf(dl) - Ee .* normcdf(d2);

o Application:
vol = linspace(0.1,0.4);

P = 100; strike = 110; ret = 0.06; exp =

call = BScall(P,strike,ret,exp,vol);
plot(vol,call)

NMF (4313006) — M. Gilli

1;
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Computer arithmetic 33

Two sources of errors appear systematically in numerical computation:

o Truncation errors due to the simplification of the mathematical model
(e.g. replacement of a derivative by a finite difference, discretization);

o Rounding errors due to the fact that it is impossible to represent real numbers exactly in a computer.
The support for all information in a computer is a “word” constituted by a sequence of bits (generally 32), a bit
having value 0 or 1.
231 230 23 22 21 20
[oofoJof--- --Jofof[1]of1]0]

This sequence of bits is then interpreted as the binary representation of an integer. As a consequence integers
can be represented exactly in a computer.

If all computations can be made with integers we face integer arithmetic.

Such computations are exact.
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Representation of real numbers

In a computer, a real variable z # 0 is represented as
r==xn xb°

n is the mantissa (or fractional part), b the base and e the exponent

(base always 2).

(Ex.: 12.153 = .75956 x 2% or with base 10 we have 0.12153 x 10?).

In practice we partition the word in three parts, one containing ¢ the second n and the first bit from left
indicates the sign.

Therefore, whatever size of the word, we dispose of a limited number of bits for the representation of the
integers n et e.
As a result it will be impossible to represent real numbers exactly.
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Representation of real numbers

To illustrate this fact, consider a word with 6 bits, with ¢t = 3 the number of bits reserved for the mantissa,
s = 2 bits reserved for the exponent and 1 bit for the sign.

0[{0]0 1101014

011 110(11]5

EDD]] C=M1T0l2 "=TT110l6
e n 11113 111117

Normalizing the mantissa, i.e. imposing the first bit from left being 1, we have n € {4, 5, 6, 7} and defining
the offset of the exponent as 0 = 2°~! — 1 we have

(0—0)<e<(2°—1-o0),
i.e. e€ {—1,0,1, 2}. The real number x then varies between

(2t <n <2t —1) x2°
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Representation of real numbers

Adding 1 to the right of (2/71 < n < 2! — 1) x 2¢ we get n < 2! and multiplying the whole expression by 2~
we obtain the interval

27 t<n<1)yx2¢7t

for the representation of real numbers.
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Representation of real numbers

Set of real numbers f = n x 2¢7%:

26—t
n e=—-1 e=0 e=1 e=2
/16 1/8 1/4  1/2
[1]0]o]=22=1 1/4  1/2 1 2
[1]0]1]=22420=5 5/16  5/8 5/4  5/2
[1]1]0]-22+2'=0 3/8 3/4 3/2 3
[1[1]a]=2eeter=r 7/16 7/8 T4 T)2

We also observe that the representable real numbers are not equally spaced.

1 2 3
NMF (4313006) — M. Gilli Spring 2008 — 37
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Representation of real numbers

Matlab uses double precision (64 bits) with ¢ = 52 bits for the mantissa
and e € [—1023,1024] the range of integers for the exponent.

We then have m < f < M with m ~ 1.11 x 1073%® and M ~ 1.67 x 10308,

If the result of an expression is inferior to m we get an “underflow”
if the result is superior to M we are in a situation of “overflow" .
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Representation of real numbers

The notation float () represents the result of a floating point computation.

A computer using the arithmetic of the preceding example (¢ = 3 and s = 2) would produce with “chopping”
the following numbers

float (1.74) = 1.5 and float (0.74) = 0.625

float(0.74) float(1.74)

lL 1 %
o 11
0.74 1.74

DO ==
w

The result for float (1.74 — 0.74) = 0.875, illustrates that even if the exact result is in F its representation
might be different.
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Machine precision

The precision of a floating point arithmetic is defined as the smallest positif number €,.., such that
float (1 + €poen) > 1

The machine precision ¢, can be computed with the following algorithm
e=1
while 1 +e>1do
e=c¢e/2
end while
€mach = 2€

g RN

With Matlab we have e,.., =~ 2.2 x 10716,
NMF (4313006) — M. Gilli Spring 2008 - 40

Rounding errors and precision

Floating point computation is not associative.
We can observe that for e = €,,,,/2 we obtain the following results:

float (1+e€)+e) =1
float (14+ (e+e)) > 1

NMF (4313006) — M. Gilli Spring 2008 — 41
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Example of limitations of floating point arithmetic

Sometimes the approximation obtained with floating point arithmetic can be surprising. Consider the expression

1

— =00

NE

n=1

Computing this sum will, of course, produce a finite result. What might be surprising is that this sum is
certainly inferior to 100. The problem is not generated by an “underflow” of 1/n or an “overflow” of the

partial sum Zfz:l 1/n but by the fact that for n verifying

1/n

n—1

< €mach

T =

k=1

the sum remains constant.
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Example of limitations of floating point arithmetic (contd.)

To show this we consider e < ¢,,,,and we can write

float ( 1 + e ) = 1

float ( Zz;ll : + 1 ) = 22;11%

float ( 1 + z}/ﬁ - ) = 1
k=1 k

We can easily experiment that Zz;ll % < 100 for values of n which can be considered in practice

100

50 1
0 L L L L
0 2 4 6 8 10
x 10°
and given that €., = 2 x 10716 we establish
1/n _ —16
100 = 2 x 10

from which we conclude that 7 is of order 2 x 10'. For a computer with a performance of 100 Mflops, the sum
will stop to increase after (2 x 2 x 10*)/10%) = 4 x 10° seconds, i.e. 46 days of computing without
exceeding the value of 100.
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Numerical differenciation 44

Approximation of derivatives

We want to replace derivatives (partial) by numerical approximations.
Given f: R — R a continuous function with f’ continue. For x € R we can write:

fla+ h) - f(z)

F@) = lim (1)
h —o h
If, instead of letting h go to zero, we consider “small” values for h , we get an approximation for f’(x)
Question: How to choose h to get a good approximation if we work with floating point arithmetic?
NMF (4313006) — M. Gilli Spring 2008 — 44
Approximation of derivatives (cont.d)
We consider f with derivatives of order n 4+ 1
For h finite, Taylor expansion writes
’ h? " h3 " h" (n)
fla+h)=fla) + 0 fi @) + 5 f@) + o f7 @) ot o (@) + Ba(a o+ 1)
with the remainder
hn+1
Rn(x + h) = mf(n+1)(£) avec 5 S [QC, x + h]
& not known !!
Thus Taylor series allow to approximate a function with a degree of precision which equals the remainder.
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Forward-difference
Consider Taylors expansion up to order two
h2
Jla+h) = f@) + B @)+ 5 () avec €€ fw z 1]
from which we get
fle+h)—f(z) h
Fa) = LEED @) _hp @
h 2
Expression (2) decomposes f/(z) in two parts,
the approximation of the derivative and the truncation error
This approximation is called forward-difference .
NMF (4313006) — M. Gilli Spring 2008 — 46
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Backward-difference

Choosing h negativewe get

Iw) = 2= ;

This defines the backward-difference approximation.
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Central-difference

Consider the difference f(x +h) — f(z —h):
2
Flo+h) = F@)Hh /(@) + o @ e avee & € lnz )

Fa—h) = @) h @)+ )
We have

—f"(&.) avec ¢ €x—h, ]

P+ B) — fla—hy=2h f'(a) +

& (e + 1)

If f” is continuous we can consider the mean f"/(&), £ € [x — h, x + h]

_2h3 e+ (ES)
T3 2
F17(8)

P (e + £70)

fl(l‘) _ f(.?;‘—l— h)2_hf(w — h)f%f”/(ﬁ)

Defines the approximation by central-difference
More precise as truncation error is of order O(h?)
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Approximating second derivatives

Developing the sum f(x +h) + f(z—h)

2 3
Floth) = f@)+h fim) + o @) avee gy € foa b
2 3
Flo—h) = f@)-h ) + o5 w) e E) avee € e fe—h
we get
f”(l‘) _ f(CC + h) — 2];(237) + flz — h>*§fﬁ/(f) avec &€ [;E —h, T+ h}

There exist several different approximation schemes, also of higher order (see (Dennis and Schnabel, 1983))
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Partial derivatives

Given a function of two variables f(x,y) then the approximation, using central-difference, of the partial
derivative with respect to x is

f(x+hmuy)_f(x_hz7y)

Approximating with a central-difference the partial derivative of f, with respect to y gives

flathe,yt+hy)—f(z—ho,y+hy) _ f@the,y—Ny)—fle—he,y—hy)

- 2h, 2h,
fay = 2h,
1
—f(x+hey,y —hy) + f(x — heyy — hy))
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How to choose /.
How to choose £ if we use floating point arithmetic ?

To reduce the truncation error we would be tempted to choose h as small as possible. However we also
must consider the rounding error !!

If I is too small, we have float (x + h) = float (x)
and even if float (x + h) # float (z),

we can have float (f(x + h)) = float (f(x)) if the function varies very slowly
NMF (4313006) — M. Gilli Spring 2008 — 51

Truncation error for forward-difference —%f”(f)

Denote

fitwy = LT D=1

the approximation of the derivative corresponding to a given value of h

If we accept that in the truncation error —2% f”(¢) we have
|f"(t)) < M for all t in the domain of our application

we get

h

[fi(z) = f1(@)] < 5 M

bound for the truncation error, indicates that we can reach any precision given we choose h sufficiently small.
However, in floating point arithmetic it is not possible to evaluate f; (x) exactly (rounding errors 1)
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How to choose /. (cont’d)

Consider that the rounding error for evaluating f(x) has the following bound

‘ float (f(@) - f(x)) <e
then the rounding error (for finite precision computations) for an approximation of type forward-difference is
bounded by

| foat (f1(a)) = ()] < 5

float ( f{(z)) = fioar (LLEFR)IZI())

float (f(x + h)) — float (f(m))
h

€+ €
h

Finally, the upper bound for the sum of both sources of errors is
2¢ M
!/ !
— < — —
‘f/oat(fh(:v)) f(m)‘_ ; + 5 h

Necessitates compromise between reduction of the truncation error and
reduction of rounding error
Consequence: The precision we can achieve is limited
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h is chosen as power of 2 and therefore can be represented without rounding error
NMF (4313006) — M. Gilli Spring 2008 — note 1 of slide 53

27




How to choose /. (cont’d)

Minimization problem of g(h) = 2¢ + 201
m}jng(h) =g (h)=0

2¢ M

4e
o= —
M
€
h = 2
M

Bound reaches its minimum for

h=2/— (4)

In practice € corresponds to the machine precision ¢,,. and if we admit that M is of order one, thus we set
M =1 and

h = 2/ €mach

With Matlab we have ¢,,, ~ 2 x 107 and h~~ 1078
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How to choose /. (cont’d)

Considering central-differences we have g(h) = 2¢ + %\[

mgng(h) =4'(h)=0

2 N 2Mh 0
h2 3
(i1
R =
oM
3e\1/3
n= (51)
ha~10"°
NMF (4313006) — M. Gilli Spring 2008 - 55
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An example

To illustrate the influence of the choice of h on the precision of the approximation of the derivative, consider
the function

f(x) = cos(z”) — sin(e”)
and its derivative

f'(@) = = sin(@”) a* (log(w) +1) = cos(e”) ",

NMF (4313006) — M. Gilli Spring 2008 — 56

How to choose /. (cont’d)

f(x) = cos(x”) - sin(e®)

15

Erreur rélative

X h

Relative error for the approximation of the derivative for 2 = 1.77, as a function of & in the range of 20 et 2752,
corresponding to €., for Matlab.
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Measuring the error 58
Absolute and relative error
Measuring the error e between an approximated value & and an exact value z.
o Absolute error
| — |
For £ = 3 and x = 2 absolute error is 1, cannot be considered as “small”
For 2 =10° + 1 and = 10° can be considered “small” with respect to 2
o Relative error
|m—|x| Defined if x # 0 not defined if x =0
x
If x = 0 the absolute error would do the job !!
The relative error for the previous example is 0.5 and 10~ respectively (“small” for the second case)
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Combining absolute and relative error
Combination between absolute and relative error
i —af
|z| + 1
o Avoids problems if x is near zero
o Has properties of the relative error if |z| > 1
o Has properties of absolute error if || < 1
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Numerical instability and ill conditioning 60

Numerical instability

If the “quality” of a solution is not acceptable it is important to distinguish between the following two situations:

o Errors are amplified by the algorithm — numerical instability
o Small perturbations of data generate large changes in the solution
— ill conditioned problem
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Numerically unstable algorithm

Example of a numerically unstable algorithm: solution of az? +bx +c =0
Analytical solutions are:

—b — Vb2 — 4ac S —b+ Vb?% — dac

= 2a 2 2a

Algorithm: Transcription of analytical solution

1: A =+b?—4ac

2: z1 = (=b—A)/(2a)

3z =(=b+A)/(2a)
For a =1, ¢ = 2 and a floating point arithmetic with 5 digits of precision the algorithm produces the following
solutions for different values of b:

b A float(A)  float(z2) Z2 %
5.2123 4.378135 4.3781 —0.41708 —0.4170822 1.55 x 10°°
121.23  121.197 121.20 —0.01500 —0.0164998 1.47 x 1073
1212.3 1212.2967 1212.3 0 —0.001649757  Catastrophic cancelation
Attention: float (z2) = (—b+ float (A))/(2a)
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Numerically stable algorithm

Alternative algorithm, exploiting 2129 = ¢/a (Viete theorem):

A = /b2 — dac
if b < 0 then

71 = (~b+ A)/(20)
else

1 =(—=b—A)/(2a)
end if
x2 =c¢/(ax1)

Noo s

b float(A)  float(wz1) float(z2) T2
1212.3 1212.3 —1212.3 —0.0016498 —0.001649757

Avoids catastrophic cancelation
(loss of significant digits when subtracting two large numbers).
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Il conditioned problem

Measures the sensitivity of the solution of a linear system Ax = b with respect to a perturbation of the elements

of A

Example:
780 .563 217
A= [ 913659 ] b= { 254 }
The exact solution is x = [1 — 1]’ (generally not known !1).

Matlab computes

v = A\b = { .99999999991008 ]

—.99999999987542

This is an ill conditioned problem !!!
NMF (4313006) — M. Gilli Spring 2008 — 63
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Il conditioned problem

Consider the matrix

001 001
b= { —.002  —.001 }

and the perturbed system (A + E)xg =0
The new solution is

{ —5.0000 }
TR =

7.3085
5 ‘ 5
0 0
ES 0 5 5 0 5
5
4.5419
4.5419¢
4.5419¢
4.5418¢
-1/ | 45417
4.54171
4.5416¢
4.5416¢
_5 L L L L L
-5 1 5 -3.0001-3.0001 -3 -3 -2.9999-2.9999
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Condition of a matrix

The condition of a matrix x(A) is defined as
K(A) = [lATH]Al
Matlab function cond computes the condition of a matrix.

For our example we have cond(A) = 2.2 x 105
If cond(A) > 1/sqrt(eps), we should worry about our numerical results !!

For eps = 2.2 x 10716, we have 1/sqrt(eps) = 6.7 x 108
(We loose half of the significant digits !!!)
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Complexity of algorithms 66

o Many different algorithms to solve same problem

o How to compare them in order to choose the best
Precise comparison generally very difficult — use notion of complexity

o Problem size — number of elements to be processed
e.g. linear algebra algorithms: Az = b order n of A
if A€ R"™ ™ size given by n and m
graph theory: G = (V,E), n =|V| and m = |E|
Time necessary to execute the algorithm expressed as a function of problem size —
independent from executing platform

o Operation count (flop): only 4 elementary operations + — X \ considered
o Only order of function counting operations considered

e.g. Complexity of algorithm with %3 +n?+ %n elementary operations is of order O(n?)
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Order of complexity O(-) and classification

Definition: Function g(n) is O(f(n)) if there exist constants ¢, and n, such that g(n) is inferior to for
all n > ng

g(n) = (5/4)n® + (1/5) n? + 500
g(n) is On?) as

co f(n) > g(n) for n>ng

co=2and ng=9

—g(n)
c 0f(n) |
—f(n)=n /
1374 __//
6 8.8256 12
11
15X10 ‘
—g(n) |
—f(n)=n 7
10/
R n2
5 L -
% 2000 4000 6000 8000 10000

Algorithms are classified into 2 groups (according to the order of the function counting elementary operations):
o polynomial

o non-polynomial

Only algorithms from the polynomial class can be considered as efficient !!

Performance of computer measured in Mflops (10° flops per second)
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Evolution of performance

Machine Mflops Year
8086,/87 a 8 MHz 0.03 1985
Cray X-MP 33 1985
Pentium 133 MHz 12 1995
Pentium Il 233 MHz 28 1997
Pentium 11 500 MHz 81 1999
Pentium IV 2.8 GHz 1000 2003
Intel U2500 1.2 GHz 1000 2006
Earth Simulator 30 TFlops 2003

www.top500.org

Fantastic increase of cheap computing power !!!
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We will make use of it
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Equations differentielles 69

Exemple de solution numérique

L'équation différentielle suivante

o 1w )

oz x

est une une équation différentielle ordinaire car f ne fait intervenir qu' une seule variable . Lorsqu'on résoud
une équation différentielle, on cherche la fonction f(x) qui satisfait (5). On vérifie que la solution générale est

C
f(z) = - (6)
Si I'on dérive (6) on obtient % = _1% et
of _ fo)_ §_ C
or xz  x a2
ce qui vérifie (5).
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Exemple de solution numérique

Dans la solution (6) intervient une constante arbitraire C'. Il y a un choix infini pour C dans (6) qui

satisfait (5), étant donné que la constante C' disparait en dérivant. Pour trouver une solution particuliére, il faut
imposer quelques contraintes a (6), comme par exemple de passer par un point précis donné. On appelle ceci
des conditions initiales .

Conditions initiales zp = 2 et yo = 1, d'o 1 =C/2 et C =2

1 o y=2/x
1 L
0 ; ; ; . . .
0 2 5 10 GO 2 5 10

Solution particuliere: y = C/z = 2/x
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Exemple de solution numérique
Trois approches peuvent étre envisagées pour obtenir une solution d'une équation différentielle:

o Recherche d’une solution analytique
(difficile, souvent elle n'existe pas)
o Recherche d'une solution analytique approchée
(beaucoup d'efforts pour une approximation dont on mesure mal la précision)
o Approximation numérique
(permet de s'attaquer a n'importe quelle équation différentielle; relativement facile a réaliser)
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Une approximation numérique

En remplacant la dérivée par une approximation, on peut écrire I'équation différentielle % = f@ comme
et 80) — @) f(@)
AP x

d'ou I'on tire
fla+ a2) = £l (1- 22)

Ainsi, partant du point xg = 2, yo = 1, on peut déterminer numériquement la valeur de la fonction en zo+ A,

Ecrivons le programme qui calcule N approximations de la solution entre ¢ et zy.
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Une approximation numérique

Dans Matlab la premiére adresse d'un élément d'un vecteur est 1 (d'autres langages commencent avec 0). Ainsi
x (1) adresse la variable xy. Afin de rendre un programme plus lisible il serait souhaitable de pouvoir faire
correspondre x a I'adresse 0. On peut le réaliser avec I'artifice suivant:

définir une variable £7=1 ( offset ) 0 1 N
décaler I'indice d'adressage avec £7 o2 N1
x(£7+1) i =0,1,...,N v |wo|m | | an |

2y 8 g % O0ffset pour 1’adressage

x0 = 2; yO = 1; % Initial conditions

xN = 10; N = 199;

dx = (xN - x0)/N;

b4 linspace (x0,xN,N+1);
y(£7+0) = yoO;
for i = 1:N
y(£7+i) = y(£7+i-1) * ( 1- dx/x(£7+i-1) );
end

plot(x,y,’ro’), hold on
z = linspace(x0,xN); f = 2./z; plot(z,f,’b’)
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Note

En exécutant ce code, on peut observer comment la précision des approximations dépend de A,.
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Une approximation numérique

En exécutant ce code, on peut observer comment la précision des approximations dépend de A,.

0.8

0.2r

0.8

0.6

0.4r

0.2r

0 . . . . . . . . .
1 2 3 4 5 6 7 8 9 10 11

Let's choose the optimal value for A,. (We have to reduce the interval )

-10

10 T

——h=10"
——h=10"

h=10"°

——h=10"

| | | T T
2 2.0002 2.0004 2.0006 2.0008 2.001
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Note

Demonstration avec 0DEex1.m comment la précision augmente lorsqu’on diminue A, MAIS le nombre de steps
devient prohibitif !!!

NMF (4313006) — M. Gilli Spring 2008 — note 1 of slide 74
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Une autre approximation

On peut aussi remplacer la dérivée de I'équation différentielle par I'approximation suivante

flat 8qg) = fla—0.)  f(@)

2 A, x

et on peut écrire

- s
T 2A,

1) (Fla= 80) = fla+ )

Pour pouvoir résoudre cette expression, il faut connaitre deux points de la solution f(z— A;) et f(az+ Ay) .

On a donc besoin davantage de conditions initiales.
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Une autre approximation

Ecrivons I'approximation pour quatre points successifs:

F@) = 573 (Fle= 80) = ot 8))
y1=21(Y0 — y2)/(2 Az)
y2 = x2(y1 —¥3)/(2 Ly)
y3 = x3(y2 — Y1)/ (2 Aa)
ys = 24(y3 — Ys5)/(2 0z)

et I'on remarque qu'il s’agit d'un systéme linéaire

1 Y1 €190
—C2 1 Co Y2 _ 0
—C3 1 C3 Y3 o 0
—cy 1 Y4 —C4Ys5

ol ¢; = x;/(2 Az), et que I'on peut résoudre si I'on connait iy, et ys.
NMF (4313006) — M. Gilli
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Une autre approximation

Code pour construire et résoudre le systéme pour xg, Yo, Ty, yn et N données

Code /Teaching/MNE/Ex/0DEex2.m:

clear, close all

£f7 = 1;

x0 = 2; yo = 1;

xN = 30; yN = 0; N = 30;
dx = (xN - x0)/N;

b'd linspace (x0,xN,N+1);
y(£7+0) = yoO;
x(£7+0) = x0;
for i = 1:N
c(i) = x(£7+1i)/(2%dx);
end
A = spdiags([[-c(2:N) 0]’ ones(N,1) [0 c(1:N-1)]°],-1:1,N,N);
b = [c(1)*y0 zeros(1,N-2) -c(N)*xyN]’;
y(£7+(1:N)) = A\b;
figure
plot(x,y,’ro’), hold on
z = linspace(x0,xN); f = 2./z; plot(z,f,’b’)

%
%% -- Question 2
clear
£7 = 1;
x0 = 2; yo = 1;
xp = 20;
yN = 0; N = leéd;
for xN = [30 100 400 500 600 800 1000]
dx = (xN - x0)/N;
x = linspace(x0,xN,N+1);
y(£7+0) = yO;
x(£7+0) = x0;
for i = 1:N
c(i) = x(£f7+1)/(2*dx);
end
A = spdiags([[-c(2:N) 0]’ ones(N,1) [0 c(1:N-1)]°’],-1:1,N,N);
b = [c(1)*y0 zeros(1,N-2) -c(N)*yN]’;
y(£7+(1:N)) = A\b;
f = 2./xp;
p = find(x < xp);
p = p(end);
e = abs(y(p) - £) ./ f;
fprintf (’\n Erreur relative maximale est %6.4f (xN = %i)\n’,e,xN);
end
dx=2.80 N =10 dx=0.93 N =30
1.2 1.2
1 1
0.8 0.8
— ~
X 0.6 X 0.6
— O y—
0.4 o 0.4
O O
0.2 o 0 0.2 Q00030060
0 ; L @) 0 ‘ 100 0Qq
0 10 20 30 0 10 20 30

Précision de la méthode implicite en fonction du choix de A,.
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Fonction spdiags

spdiags(B,d,m,n)
NMF (4313006) — M. Gilli Spring 2008 — 78

Dans la suite du cours on présentera en détail ces deux méthodes numériques dans le cadre des équations
différentielles utilisées pour |'évaluation des options.
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Classification des equations différentielles

EDO Equations Différentielles Ordinaires (une seule variable indépendante y = f(z))
EDP Equations Différentielles Partielles (PDE) (plusieurs variables)

Critéres de classification:

[¢]

degré le plus élevé de la dérivée
linéaire avec coefficients constants:
Ugpy + Uy + Uyy + Uy —u =" 7Y

[¢]

o linéaire avec coefficients variables:
sin(ay)uz, + 3:132uwy + Uy +uy; —u=0

o non linéaire:
2 —
Ugg + Flgy + Uyy +uy —u=e"""
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Equations différentielles (2)

EDP linéaires a 2 dimensions et de degré 2:
AUgy + DUgy + ClUyy + dug +euy + fu+g=10

Classées selon la valeur du discriminant:

> 0 équation hyperbolique
b? —4ac{ =0 équation parabolique
< 0 équation elliptique.

Avec coefficients variables on peut passer d'une situation a une autre !!
NMF (4313006) — M. Gilli Spring 2008 — 80
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Equations différentielles (3)

o EDP hyperboliques (processus temporels), ex. mouvement d'une onde
Uge — Ugg = 0

o EDP paraboliques (processus temporels de propagation)
ex. propagation de la chaleur

Up — Ugg = 0

o EDP elliptiques (systémes en équilibre)
ex. équation de Laplace

Ugg + Uyy = 0
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Equations différentielles (4)
Trois composantes dans un probleme d'EDP:

I'EDP
o domaine spacial et temporel dans lequel I'EDP doit étre satisfaite
o conditions initiales (au temps 0) conditions au bord du domaine.
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Equation de Black-Scholes

1
Vit 50° 5 Vas + (r = q)SVe =1V =0

V' valeur de I'option

S prix du sous-jacent

o volatilité du sous-jacent
r  taux du marché

q dividende

L'équation de Black-Scholes est:

o linéaire avec coefficients variables

o du premier ordre dans le temps

o du deuxieme ordre dans |'espace

o EDP parabolique (rétrograde) (b =0, ¢ = 0)

Cond. terminales et cond. aux bords (call)
V(S,T)= (S —E),
V(0,t) =0 limg_.oo V(S,t) =S
Cond. terminales et cond. aux bords (put)
V(S,T) = (E - 8),
V(0,t) = Ee (Tt limg .o V(S,t) =0
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Equation de Black-Scholes (2)
Call

18

O _;
MUY
MY
LI
MMM
LMMIHn
L NN
LMY
NN
MMM
LNk

\ Nk

NMF (4313006) — M. Gilli

Put
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Definition of the grid put )
g / (N as —E)4 call As= (Smax - Smin)/N
N=T/M
S N @@ 000 =t
: : : : : : Numerical approximations
OO 000 (h i g of V(S,1) only computed
s : : : : : . /(ibs —E) call at grid points
I Si = Smin +ibs  i=0,..N
G @O GGG = 0.
[ O GGG O @ -
; ; ; ; ; ; Vij = V(Smin +14s,j At) =0, M
Smin ’ . . . . . o> t o
1 e M denotes values of V (S, t) ) ~
WMFQ&L%@OQ mIGiti 2 at the (V+1)x(M+1) grid points Spring 2008 — 85
+ e T pUT
0 call
Finite difference solution for BS
Approximation of derivatives of v;; = V(Spim +1As, ] Ay):
V. |t:jAt ~ % (backward differeng
t
Vs |S:Smm+iAs ~ % (central differend
S
Vig1,j — 2Vij +Vi—1 5
S Vis | 5= Sumting A —2 Aéj —
S N @ @000 °
As : : : o :
‘ : : VU jVij : Four grid points are involved in the
0 009 00 approximation of the derivative of v;;
'U/—l
Smin ’ . . . . . ._) t
0 1 2 j M
Ay T
NMF (4313006) — M. Gilli Spring 2008 — 86

Finite difference methods

8b
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Finite difference solution for BS

We replace the derivatives by the approximations in the BS formula:

1
Vit =02S? Ve +(r—q)SVs =7V =0

2
Vij = Vij—1 | 1 Vi1, — 2055 + Vi—1, Vigl,j — Vi—lj
(] ] + 70_25;2 i+1,5 ;,] v J + (7,, _ q) Sz 1+ { =Ly TV = 0
Ay 2 A% 2h0g ‘
Ato

2
LYW
ZAS

2 NQ ) . .
Denote a; = 5 and b; = M;f;’)b’ and the i =1,..., N — 1 equations of column j are:

Vi = i1+ @i (Vi1 = 20ij + vie15) + 0 (Vi1 — vier)— Ar T v =0
Factorising identical nodes:

’Uij - Ui,j—l + (CLZ‘ - bz) /Ui,fl.j + (720,1‘7 At T‘) ’l,',,‘,j + (ai + bl) ”lf,j+l_j = O

d; m; U;
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Formalization of the system of finite difference equations

Let us write the i = 1,..., N — 1 equations:
vig = vig-1 + o divoy; 0 maw A+ wivy; =0
va; — V2.1 + do vy, j + mo V2 j + wuzwzy; =0
vij — Wij-1 + divici; + m; v + wivig1,; =0
UN-1,j — UN-14-1 + AdN-1VN—2; + MNy_1UN_1,; + un—1VN, ; = 0
in matrix notation: V1:N—1,; — V1:N—1,j—1 + Pvo:n,; =0 (M
dl ml ul 0 PRI ... 0
0 dg mo U
P= ds
UN—-2 0
_O ...... O dN—lmN—luN—l_
Il We change the notation for the indices of the vectors —
NMF (4313006) — M. Gilli Spring 2008 — 88
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Finite difference solution for BS
We consider the following partition of the set © of rows of the grid:

Q=QUIN e QNOIN=10

o  set of interior points (i =1,...,N —1)
o 0N set of points lying on the border (i = 0, N)

We apply this partition to the columns of P — defines matrices A and B

di mi u; 0 - 0
0 do ma2 u2
(13

UN_2 0

0 v - 0 dy—1 my_1 un—_1 |

Puvl = Av), + Bujg
NMF (4313006) — M. Gilli

U%E’l}ib i:0,17...7N
'ngz’zﬁ,;j, i=1,...,.N—1

i — o
Vho = Vij, = 0,N

Spring 2008 — 89

Columns

Columns of P correspond to the rows of the grid !!
NMF (4313006) — M. Gilli
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Finite difference solution

g—1
Introducing the previous notation, equation N . ®
VI:N-1,j — V1:N—1,j—1 + Pvo.n ;=0 N-—-1 O ------ 0
becomes : Vit1
’ ...... : h
. - . . ' :
vy —vl  + Avl+Bo), =0 (8) vulz/v
; - Vij
, @—@
The solution v, is obtained by computing ' } :
1 . , f E'U'ifl,j
vy =T+ A)vl,+ B 0 - '
forj=M,M—-1,...,1 —  Explicit method 1 & ®
NMF (4313006) — M. Gilli 0 O
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Finite difference solution for BS

j  g+1
If we approximate V; with a forward difference: N o °
Vij+1 = Vij : :
‘/t —ja, R 5]+ J : :
emso, & LT N
equation (8) becomes gvz’+l.j+l
, . , . 0 o
Ug;rl—vg)—i-Avgz—i-ngQ:O ) v /
b Vi j+1
and the solution v, is obtained by solving a linear ! ; ;
system E\.Ulfl‘j+l
. . . - '
(I = A)vhy, = vy + Buhg :
for j=M—1,...,1,0 — Implicit method 1 &0
NMF (4313006) — M. Gilli 0 . ...... o Spring 2008 — 91

Finite difference solution for BS
Let us consider equation (9) at time step j A¢
v — vl + A +BU§Q =0
and equation (8) at time step (j + 1) Ay
vf{H — vgz + Av?{H + ngzgl =0
Consider a linear combination of the two previous equations 6 € [0, 1]
0 (vg;l — ng + Avg2 + ngm) +(1-46) (vg;rl— v{z + Avg;l—}— nggl) =0
and rearranging
A vy = Ayvltt + 0 Bul, + (1 - 0) Bu)d! H-method (10)
Ap,=I—-60A and A,=I+(1-0)A

Solution vQ, obtained by solving linear system (10) for j = M —1,...,1,0
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Finite difference solution for BS

The O-method generalizes all methods:
A vl = Ayl 0 Bulg + (1 —0) Buhl!

Apn=I-0A A, =I+(1-0A4A

0 Method A, Ap
0 Explicit 1 I+A
1 Implicit I-A 1
% Crank-Nicolson — %A I+ %A

Algorithm 1 Computes the solution v, with the 6-method

. Define initial and boundary conditions v vg:é”_l and 0

1 Q-

2: Compute A,,, A, and B

3 forj=M—-1:-1:0do

4 Solve A, v = A,vi™ +0Bvl, + (1 —0) Bull!

5. end for
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Implementation of ¢-method with Matlab

Statement 2 of algorithm 1:

: Define initial and boundary conditions v, v33" " and 0

: Compute A,,, A and B

cforj=M-—-1:-1:0do

Solve A vh = Ay vh™ +0Buvl, + (1 —0)Bubd!
: end for

function [Am,Ap,B,S] = GriduiD(r,q,T,sigma, Smin,Smax,M,N,theta)
% Uniform grid in original variables

f7 = 1;
dt = T/M;
S = linspace(Smin,Smax,N+1)’;

dS = (Smax - Smin) / N;

a = (dt*sigma”2*S(£7+(1:N-1)).72) ./ (2%dS"2);
b = (dt*(r-q)*S(£f7+(1:N-1))) / (2xdS);

d =a - b;

m = - 2%xa - dt*r;

u=a + b;

P = spdiags([d m ul, 0:2, N-1, N+1);

Am = speye(N-1) - theta *P(:,f7+(1:N-1));

Ap = speye(N-1) + (1-theta)*P(:,f7+(1:N-1));
B = P(:,f7+[0 NI);
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LU factorization

Two broad categories of methods:
o Direct methods (resort to factorization)

o Iterative methods (stationary, non-stationary)

Direct methods resort to a factorization of matrix A (transform the system into one easier to solve)
LU factorization (method of choice if A has no particular structure nor quantification)

_ U
& |l L

L Lower triangular matrix
U Upper triangular matrix

: 2.3 _ 1,2 _ 1
Operation count: zn 5N gn+1

NMF (4313006) — M. Gilli Spring 2008 — 95

llustrate complexity with example n + n? 4+ n for n = 100, 1 000, 10 000
NMF (4313006) — M. Gilli Spring 2008 — note 1 of slide 95

Solution of Az =

In Ax = b we replace A by its factorization

U
m =
I b
) -
I = |b Solve Ly =b (forward substitution)
U _—
xT| = Solve Uz =y (backward substltutlon)
NMF (4313006) — M. Gilli Spring 2008 - 96
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LU factorization with Matlab

o Matlab uses the syntax x = A\b to solve Az = b (no matter what A is)

o LU factorization Matlab:  [L,U] = 1u(A); But L is a permuted triangular matrix !

We can not apply a forward substitution

o [L,U,P] = 1u(Ad); produces a triangular matrix L
P is a permutation matrix such that LU = PA

[L,U,P] = 1u(A);
x = U\ (L \ Pxb );

If the system is solved only once, we simply code x = A\b
(see ExSLO.m)

NMF (4313006) — M. Gilli
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ExSLO.m

Generate A with Matlab and compute LU
NMF (4313006) — M. Gilli
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Implementation of /-method with Matlab

Statement 4 of the algorithm 1:
Solve A, vgz = A, ng“ +6B 1%9 +(1-0)B végl

VO(1:N—1) V1(1:N—1) vo([oN]) vi([oN])

b

function P = FDM1DEuPut(S,E,r,T,sigma,q,Smin,Smax,M,N,theta)
% Finite difference method for European put
£7 = 1;
[Am,Ap,B,Svec] = GridU1D(r,q,T,sigma,Smin,Smax,M,N,theta);
VO = max(E - Svec,0);
% Solve linear system for successive time steps
[L,U] = 1u(Am);
for j = M-1:-1:0
Vi = VO;
VO(£7+0) = (E-Svec(£f7+0))*exp (-r*(T-j*T/M)); J dt=T/M
b = ApxV1(£7+(1:N-1)) + theta *B*VO(£7+[0 N1)...
+ (1-theta)*BxV1(f7+[0 N1);
VO(£7+(1:N-1)) = U\(L\b);
end
P = interp1(Svec,V0,S, spline’);

NMF (4313006) — M. Gilli

vo Vi1
J Jj+1
N o ®
N-1eo e
Vi+1,5+1
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Example

>> P = BSput(50,50,0.10,5/12,0.40)
P =
4.0760
>> P = FDM1DEuPut(50,50,0.10,5/12,0.40,0,0,150,100,500,1/2)
P =
4.0760
>> P = FDM1DEuPut(50,50,0.10,5/12,0.40,0,0,150,100,500,0)
P =
-2.9365e+154
>> P = FDM1DEuPut(50,50,0.10,5/12,0.40,0,0,150,100,500,1)
P =
4.0695
>>
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Example

function P = BSput(S,E,r,T,sigma)

dl = (log(S./E) + (r + sigma.”2 /2) .* T) ./ (sigma .* sqrt(T));
d2 = dl - sigma .* sqrt(T);

Ee = E .x exp(-r .*x T);

P = Ee .* normcdf(-d2) - S .* normcdf(-dl);

>> P = FDM1DEuPut(50,50,0.10,5/12,0.40,0,0,150,1000,100,0)
P =
4.0756

Need to discuss stability !!
NMF (4313006) — M. Gilli Spring 2008 — 100
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Comparison of FDM

function CompareFDM(S,E,r,T,sigma,q, Smin,Smax,M,N)
Ex = FDM1DEuPut(S,E,r,T,sigma,q,Smin,Smax,M,N,0);
Im = FDM1DEuPut(S,E,r,T,sigma,q,Smin,Smax,M,N,1);

CN = FDM1DEuPut(S,E,r,T,sigma,q,Smin,Smax,M,N,1/2);
BS = BSPut(S,E,r,T,sigma);

Ex_err = BS - Ex;

Im_err = BS - Im;

CN_err = BS - CN;

figure

plot(S,Ex_err,’b.-’,’LineWidth’,1), hold on

plot(S,Im_err, ’mo-’,’LineWidth’,1)

plot(S,CN_err,’r~-’,’LineWidth’,1)

plot([S(1) S(end)], [0 0],°k’);

legend (’Explicit’, ’Implicit’,’Crank-Nicolson’,2);

title([’N=’,int2str(N),’> M=’,int2str(M),’ sigma=’,num2str(sigma,2),...
> r=’ pnum2str(r,2),’ T=’,num2str(T,1),’ E=’,int2str(E)]);

xlabel(’S’); ylim([-.005 .045]); grid on
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Comparison of FDM

% goCompareFDM.m (without transformation)
clear, close all

E =10; r = 0.05; T = 6/12; sigma = .2; q = 0;
Smin = 0; Smax = 100; S = linspace(5,15,30);
%

M = 30; N = 100;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)

M = 500;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)

M = 30; N = 200;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)

M = 30; N = 200; sigma = 0.4;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)

M = 30; N = 310; sigma = 0.2;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)

M = 30; N =700; sigma = 0.2;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)

M = 30; N = 700; sigma = 0.5;
CompareFDM(S,E,r,T,sigma,q,Smin, Smax,M,N)
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Comparison of FDM

Time discretization:

N=100 M=30 0=0.2 r=0.05 T=0.5 E=10 N=100 M=500 0=0.2 r=0.05 T=0.5 E=10
—&— Explicit P —a—Explicit
0.04} | —e— Implicit ; il 0.041| —e—Implicit i
—4— Crank-Nicolson —4— Crank-Nicolson
0.035 1 0.035f 1
0.03 1 0.03r 1
0.025 1 0.025F 1
0.02 . 0.02+ .
0.015 1 0.015f 1
0.01 . 0.01- .
0.005 1 0.005F 1
0 G -
—-0.005 -0.005 ;
5 10 15 5 10 15
S S
NMF (4313006) — M. Gilli Spring 2008 — 103
Comparison of FDM
Increase space discretization with different volatilities:
N=200 M=30 0=0.2 r=0.05 T=0.5 E=10 N=200 M=30 0=0.4 r=0.05 T=0.5 E=10
I I I I I I I
—a— Explicit —&— Explicit
0.04 | —e— Implicit 1 0.04r| —e— Implicit 1
—&— Crank—Nicolson —A— Crank-Nicolson
0.035F 8 0.035f 8
0.031 1 0.03r 1
0.0251 1 0.025F 1
0.02 . 0.02+ .
0.0151 1 0.015f 1
0.01 0.01r 1
ﬁ/’”‘ =
0.005 0.005F " A e 7
e e W
o: o *h*‘-ar&ﬁ
S Lo
—-0.005 ! -0.005 :
5 10 15 5 10 15
S S
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Comparison of FDM

Increase space discretization:
N=310 M=30 0=0.2 r=0.05 T=0.5 E=10

N=700 M=30 0¢=0.2 r=0.05 T=0.5 E=10

—=— Explicit —=— Explicit
0.04 | —e— Implicit 1 0.041 | —e— Implicit 1
—&— Crank-Nicolson —4A— Crank-Nicolson
0.035F {1 o0.035f 1
0.03F 1 0.03¢ 1
0.025F {1 0.025f 1
0.02 1 0.02¢ 1
0.015F {1 o0.015f 1
0.011 1 0.01F 1
0.005 0.005} 1
o adaJd, WA PN PN N
-0.005 ‘ -0.005 ‘
5 10 15 5 10 15
s S
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Comparison of FDM
Higher volatility:
N=700 M=30 0=0.5 r=0.05 T=0.5 E=10
I I
—a— Explicit
0.04 | —e— Implicit 7
0.035 —4— Crank-Nicolson
' Conclusions:
0.03F .
0.025 o errors larger
’ at-the-money
0.02 1 o errors depend on
0.015F ] oand r
0.01f 1 o on rank-Nicolson
ly Crank-Nicol
0.0051 | o-0-0—0-0-o i produces higher pre-
o ( N (M constant)
-0.005; 10 15 © suggests variable grid
s
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Coordinate transformation of space variable

S

6 66 0 00 @
Ag S S
E i@ @ @ @ @ 0 @

Smin 0 g @

¢ o—o o
Recall the (BlackLSchdes equation M
T
Ay

1
Vt—|—5025’2VSS+(r—q)SVs—rV:O
consider the transformation
S = S(x)

and remplace (11) in the Black-Scholes equation.

Compute derivatives of V(S(x)) (with respect to z):

oV 95 v,
Ve= G509, ~ VeI and Ve =0
9 10 (V.
5o (V) = Veed (@) and Vi = () 9z (J(x))
————
Vs

NMF (4313006) — M. Gilli

(11)
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Coordinate transformation of space variable

Writing the Black-Scholes equation as a function of x

o2S2(z) O ( V. S(x)

27(x) ox J(x))+(T_Q)V"_TV:0

v, + o)

We use the following approximations:

J(z+5)+J(z—4)
2
S(z+ 8z) — S(=)
Ay
V(z+ Ag) = Vi(e— Ag)
2 Ay

Q

J(x)

J(:L’Jr%) &

Ve =

oz \ J(x)

NMF (4313006) — M. Gilli

0 < Ve ) - (V(H L) —=Viz) V(z)—V(z— Az)

J(z+ 4¢) 02 J(x —4¢) 02

Spring 2008 — 108

55




Coordinate transformation of space variable

Using a forward difference to approximate V; we get:

Ui, j+1 — Uij g Sl <’UZ+17J — Uiy Vij — U’L—l,j) +

A% Ji+% A% Ji—l

Ag 2J1 2
Vitlg V15 ) _ L
2 A, Y

+
S
(r— Q)I

Substituting

Jip1 = 51%1—51 Ji1= SFT?—I and J; = M%fb—l
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Coordinate transformation of space variable

we obtain

2.¢2
0’57 Ny Viglj — Vij  Vij — Vi1,
i i+1,5 — Vij ij — Vi1,
Ui+l — Vij t - +

Sit1— Si—1 \ Sit1 — 5 Si —Si1
S; At
(r—a)g o (Wit1y = Vic1j)= BeTvi; =0
i+l — i1
We denote
- Sily . _ _o”Sia; . _ _o°Sia; o — (o )
a = 5555 b; = S, € = g and ¢; = (r — q)a;

we get the s =1,2,..., N — 1 equations

g1 = Vg + 0i(Vig1; — vig) = ¢i(vij = vic1g) + ei(Vigrg — vic1g)— A rvig =0
Collecting identical terms

Vij1 — Vij + (¢ — €)vim1,; + (=bi — ei— A m)vig 4 (b + €)vigr,; =0

d; m; g

Vij41 — Vij +
(ci —e)vim1j + (=bi — ci— Ay m)vgj + (bi + €i)vig1,; =0

d; myg Us
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Coordinate transformation of space variable

In matrix notation

J+1 J J
vy —vnt+Pus=0

(di mi wvi 0 --- 0

0 d2 mo U2

un—2 0
O ...... 0 dN—l my-—1 uN—l_

We apply the same partition to P as done previously and compute the matrices A,,, A, and B needed to
implement the #-method
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Choice of transformation S = S(z)
o z=log(S/E) — S=FEe ze€l[-1I, 1 (log transform)

cie—(m—c)

o S=EC"=4¢—"+E z€|0,1] (sinh transform)

160 1

140+ b

120+ 1

100 - 1

80+

60+

40}

20+

0

5 02 04 0.6 08 1
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Comparaison of transformations

Errors at-the-money for sinh and log transformation
(F =40, r=0.05, T =0.25, 0 = 0.40, ¢ = 0)

107! v , SRRRE
10—27 8
10—37 3
Eﬂ_o“‘, 4
10—57 3
. : o s i
10 " ——"sinh transform e R
—e— log transform =2 :
_7[_—2— log transform I=3 ;
10 1 ‘ 2 3 4
10 10 10 10
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American options 114

American options
Can be exercised at any time — price must satisfy the following PDE
V. + %JQSQVSS—F (r—q)SVe—rV=>0
and in order to exclude arbitrage opportunities
V(S,t) > (E—-9)+ V(S,t)>V (S,T) (12)
Terminal and boundary conditions (put)
V(S,T)=(E—-S)+ V(0,t) = E, shigo V(S,t) =
We denote S¢(t) the largest value of .S, at time ¢, for which

V(Sp(t).8) = (E - (1))

S (t) defines the free or early exercise boundary,
i.e. price of underlying at time ¢ for which it is optimal to exercise the option
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American options

Solution is formalized as

/:BS()((St) ST) 0
Los(V)>0 et (( V(S,T )

Ls(V) def V, + 2025%Vis + r SV — r V is the Black-Scholes differential operator

Constitutes a sequence of “linear complementary problems”
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American options

Using the notation introduced for the formalization of the #-method:

(Amvé — bj) X (ng — vgf) =0
Amug2 > b and vg) > oM

v = payoff

A, =1-0A Ay =T+(1-0)A

W= A, 00 +0Bulg + (1 —0) Buhd!

The solution can be approached by first computing x the solution of
A vl = b and correct it as v}, = max (.’17, vg)
—_—

Ax b
Two main methods used for the correction:

o Projected successive overrelaxation (PSOR)
o Explicit payout
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Explanation:

We must reason component-wise when explaining the max operation.
NMF (4313006) — M. Gilli Spring 2008 — note 1 of slide 116

Projected SOR (PSOR)

o Solve Az = b with an iterative method
o If necessary truncate element in solution vector at every step

PSOR is a modification of Gauss-Seidel.
Gauss-Seidel for Az = b:

a1171 + aiaTs + a13r3 = by
Az =b = a21T1 + Q229 + ao3r3 = by
(3171 + a32%2 + azzrz = b3

We explicit the diagonal element of each equation:

= (b —a12%2 —ai3x3 )/an
T2 = (bz —a21T1 —a23T3 )/1122
x3 = (b3 —ag1x1 —asaTa )/ass

Elements x; on the right-hand side are unknown, assume an approximation z(*) for 2 = A~1b, we then get a
new approximation x(**1) by computing

J?ik‘l) = (b1 —ai2 Z;k) —ais chk) )/a11
.TékAl) = (bg —a21 ;I‘,V(lk+1> —az3 chk) )/azz
2T = by —ag 2TV —agg 2TV )/ass
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Implementation for Gauss-Seidel

1. Give initial solution z(® € R"

2: for k=0,1,2,... until convergence do

3: fori=1:ndo .

4: rL‘Ek'H) = (bi — Z aij m§k+1) — Z aij ;t:_(ll")>/aii

j=1 j=i+1
5: end for
6: end for
k+1
Qi LE o b;
i _ A

Same array x can be used to store z(*) and x(k*+1)
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PSOR for Az =1b

1: Give starting solution z(®) € R™

2. for k=0,1,2,... until convergence do

33 fori=1:ndo xg’“;j) Gauss-Seidel solution

4 x§k+1) = wLEAf,U +(1-w) xz(-k) 0 < w < 2 relaxation parameter

5 end for

6: end for

Statement 4 can be rewritten

2D = o (:rff';fl) - J‘f“) + 2P

7

il (k+1)  n (k) (k)
b, —> 1 Qij T; \L‘/ P41 @ig Ty ag g

Qg (€273

—~J

i—1 (k+1 (k)
(bi — Z_[/.fl Qij T ) Z:LI @ij T >/(z“-
k+1 / k
acg ) = w (b; — As1nx)/ay + xg )
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PSOR for Az =0

function x1 = PSOR(x1,A,b,payoff,omega,tol,maxit)
% Projected SOR for Ax = b
if nargin == 4, tol=le-6; omega=1.2; maxit=100; end
it = 0; converged = 0; N = length(x1);
while “converged
x0 = x1;
for i = 1:N-1
x1(1) = omega*x(b(i)-A(i,:)*x1)/A(i,1) + x1(i);
x1(i) = max(payoff(i), x1(i));
end
converged = all((abs(x1-x0)./(abs(x0)+1)) < tol );
it=it+1; if it>maxit, error(’Maxit reached’), end
end

NMF (4313006) — M. Gilli
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Explicit payout (EP)

o Solve linear system with a direct method
o Truncate the solution in order to satisfy (12) v (s,)>V(S,1)

1: US]—\Z/[ = (E — S)+

2: forj=M—-1:-1:0do '
3 b =A,00" + QB.U%Q +(1—6)Buvly!
4:  Solve A, vl =1V

. J — e (o) oM
5wy, = max(vy, vg )

6: end for
NMF (4313006) — M. Gilli
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Computation of early exercise boundary

Early exercise boundary (M=100, N=300)

P - payoff

Early exercise boundary (M=100, N=300)

0.12
0.1
0.08

payoff

1 0.04

P
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Comment

First panel shows the boundary for small values of 7 (near expiration)

Second panel shows the boundary for larger values of 7 (far from expiration). If we consider the truncated
solution we will obtain a step function.

NMF (4313006) — M. Gilli
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Computation of Sy by interpolation

j=55
41t
40+
9.3323 J .

39l 1 Seek last negative element of
solunc — Payoff, consider
next following two elements,

0.0957 fit a polynomial, seek zero of
solunc - Payoff polynomial

solunc = U\(L\b);

[VO(£7+(1:N-1)) ,Imax] = max([Payoff solunc],[],2);

p = find(Imax == 2);

i =p() - 1; % Grid line of last point below payoff

Sf(£7+j) = interpl(solunc(i:i+2) - Payoff(i:i+2),
Svec(f7+(i:1i+2)),0,’cubic’);

20.0 15.1 ]
19.0 15.6
18.0 15.8
[Payoff solunc|]= | 17.0 16.0 Imax =
16.0 16.1
15.0 16.2
14.0 16.5

DO DO N = = =
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Implementation with Matlab

function [P,Sf] = FDM1DAmPut(S,E,r,T,sigma,q,Smin,Smax,M,N,theta,method)
% Finite difference method for American put
£f7 = 1;
[Am,Ap,B,Svec] = GridUiD(r,q,T,sigma,Smin,Smax,M,N,theta);
VO = max(E - Svec,0); Payoff = VO(£7+(1:N-1));
Sf = repmat(NaN,M+1,1);
[L,U] = lu(Am); % Solve linear system for successive time steps
for j = M-1:-1:0
Vi = VO;
VO(£7+0) = E;
b = Ap*V1(£7+(1:N-1)) + theta *BxVO(£7+[0 N1) + (1-theta)*BxV1i(£7+[0 NI);
if strcmp(method,’PSOR’)
VO(£7+(1:N-1)) = PSOR(V1(£f7+(1:N-1)),Am,b,Payoff);
else 7 Explicit payout
solunc = U\(L\b);
[VO(£7+(1:N-1)),Imax] = max([Payoff soluncl,[],2);
p = find(Imax == 2);
i = p(1) - 1; % Grid line of last point below payoff
Sf(£7+j) = interpl(solunc(i:i+2)-Payoff(i:i+2),Svec(£7+(i:i+2)),0, cubic’);
end
end
P = interp1(Svec,V0,S, ’spline’);
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Example

S =50; E=050; r=20.10; T = 5/12; sigma = 0.40; q = 0;
Smin = 0; Smax = 100; N = 100; M = 100; theta = 1/2;

tic

[P,Sf] = FDM1DAmPut(S,E,r,T,sigma,q,Smin,Smax,M,N,theta, ’PSOR’);
fprintf(°’\n PSOR: P = %8.6f (%i sec)\n’,P,ceil(toc));

PSOR: P = 4.279683 (2 sec)
tic

[P,Sf] = FDM1DAmPut(S,E,r,T,sigma,q,Smin,Smax,M,N,theta, ’EPOUT’) ;
fprintf (’\n EPout: P = %8.6f (%i sec)\n’,P,ceil(toc));

EPout: P = 4.2775556 (1 sec)

o PSOR executes slower
o Explicit payout # PSOR
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Example

Early exercise boundary

50
45} .
S
40 | L g 7
3% 01 02 t 03 04 05
Option is exercised if S is below the boundary
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Example
20- ‘ 20 - 1
\\\\\\\\\\\\\\‘“\\\
/// 15 \\\\\\\\\\\\\\\\\\\\ i \
157 o \ \\\\\\\\\‘\‘\\\\\\\\\““‘\‘\\\\\\\““‘\‘\\\\\\“‘\‘\\\\\
o LY
B 10 . 3
10 %//%M%@WM//// \\\\\\\\\\\ \\\\\\\\\‘\\\\\\\\\‘\“‘\\\“\\\\‘\\\“33\\‘
/////////////////////// \\\\\\\\\\\\‘“ \\\“\‘\\
\\‘~‘\“ 0.1
04 AR
0- 0 0% 0.2
100
00 . 100 t
s s
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Example

20 ‘
— Payoff
18+ — PutAm
wo Put Eu
16+ b

147\
120
10!

8
6
4t
2

%5 40 485 50 55
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Monte-Carlo methods 129

Generation of uniform random variables [0, 1]

Exigences: Solution:

o Efficace (générer 107 valeurs/s) o Modéliser une procédure complexe pour “as-

o Reproductible !l surer le caractére aléatoire”. Mais absence de

o Bonne qualité (longue période, etc.) compréhension théorique du processus modélisé

o Portable (reproduire mémes sequences sur ma- conduit souvent a des résultats désastreux !!
chines différentes) o Observer un phénomene physique aléatoire

(émission de particules d'une source radioactive)
o Modele mathématique — v.a. pseudo-aléatoire

Il existe de nombreux modéles mathématiques (sujet
de recherche trés actif).

On présente la classe des générateurs linéaires con-
gruents.
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Générateur linéaire congruent
o Fixer une valeur initiale zq, puis calculer récursivement pour i > 1

T =axi—q (mod M) (13)

avec a et M des entiers donnés.
o 1‘7;6{0,1,...,M—1}
o x;/M (variable pseudo-aléatoire), approche une v.a. uniforme dans I'intervalle [0, 1].

Exemple: z; =2 x;_1 avec xg =5, M =70

x;  x;(mod 70) w

i
1 10 10 0.1429
2 20 20 0.2857
3 40 40 0.5714
4 80 10 0.1429
5 160 20 0.2857
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2K

Générateur linéaire, congruent

VI ....... g;l-:2;1;i71

t
)

|
—
=

I
\]
o

NMP %Q3136@6) _ MG

Spring 2008 — 131

Générateur linéaire congruent
Propriétés en fonction de a et M:

o Longueur du cycle (trés important!!)
o Couverture de I'intervalle (distance entre les valeurs générées, granularité).

Modulo fait évoluer la fonction sur un tore de longueur M et de circonférence M.
NMF (4313006) — M. Gilli
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Génération de v.a. uniforme (0,1) avec Matlab

Période = 2492 granularité (tous les ' € [0, 1])

o rand
o rand(’seed’,n) n est un point de départ quelconque
o rand(n,m) génere une matrice n X m

1200

x = 0.05:0.1:0.95
hist(y,x) 89
h = findobj(gca,’Type’, ’patch’);

set (h, ’FaceColor’,’r’, ’EdgeColor’,’w
set(gca,’xtick’,x);
set(gca,’FontSize’,14); 200

600

400

0 005 015 025 035 045 055 065 075 085 095
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Simulation of asset price S(¢)
Geometric brownian motion for S(t):
dS = pSdt+ o Sdz

@ drift
o volatility
dz standard Wiener process

Discretization (Prisman, 2000, p. 629):

Interval [0, T, Alt increments

Siya, = Sp exp ( (r—22) Ay + oAy u) u~ N(0,1)
We can also write

Sr =50 exp((r—%)T—kaﬁu)
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Simulation of price paths

St+a, = St exp ( (r—2) Ap+ oDy u)
—_——— ——

trend sigdt

function S = MBGOO(S0,r,T,sigma,NIncr,NRepl)
% Geometric brownian motion (Simulation of NRepl paths)
% Every path has NIncr+1l points (S(£7+0)=S0)
£7 = 1;
dt = T/NIncr;
trend = (r - sigma”2/2)*dt;
sigdt = sigma * sqrt(dt);
S = repmat(NaN,NRepl,NIncr+1);
S(:,f7+0) = S0;
for i = 1:NRepl
for j = 1:NIncr
S(i,f7+j) = S(i,f7+j-1)*exp(trend+sigdt* randn );
end
end
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Example of simulation of price paths

randn(’state’,10);
S = MBG00(50,0.1,5/12,0.4,150,5);
plot(8’); ylim([0O 120])

50 8

25r g

00 20 40 60 80 100 120 140 160

S = MBG00(50,0.1,5/12,0.4,150,100);

00 20 40 60 80 100 120 140 160

tic, S = MBG00(50,0.1,5/12,0.4,150,10000); toc
elapsed_time =
33.0100

Too slow !l
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Efficient simulation of price paths

A more efficient method for generating price paths (Matlab):

o Sita, =S exp( (r—22) Ay +o/By u)
o Change of variable z; = log(S;)

o Zppa, =2+ (r - é) Ay +o/ D u

hy

o ’U:[UO V1 V2 ---]E[Zo h1 h2 h3 }

o = ZE:O v;

with Matlab z = cumsum(v)

o
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Simulation of price paths

Efficient simulation of price paths:

function S = MBG(SO,r,T,sigma,NIncr,NRepl)

% Brownian geometric motion

% Simulation of NRepl paths with NIncr+l points (S(1)=S0)
dt = T/NIncr;

trend = (r - sigma”2/2)*dt;

sigdt = sigma * sqrt(dt);

h = trend + sigdt*randn(NRepl,NIncr);

z = cumsum( [repmat (log(S0) ,NRepl,1) h],2);

S = exp(z); % Price paths

tic, S = MBG(50,0.1,5/12,0.4,150,10000); toc
elapsed_time =

2.2000
~ 15 times faster
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Simulation of price paths

Without temporary storage matrices h and z:

function S = MBGV(SO,r,T,sigma,NIncr,NRepl)
% Brownian geometric motion
% Simulation of NRepl paths with NIncr+l points (S(1)=S0)
dt = T/NIncr;
trend = (r - sigma”2/2)*dt;
sigdt = sigma * sqrt(dt);
S = exp( cumsum([repmat (log(S0),NRepl,1)
trend + sigdt*randn(NRepl,NIncr)],2) );

tic, S = MBGV(50,.1,5/12,.4,1,1000000); toc
elapsed_time =
2.4700
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Simulation of price paths

hist(S(:,end),100)
axis ([0 150 0 7e4])
colormap([.6 .7 .8])

x10 *

1,

O0 50 100 150
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Valuation of an European call

o Compute price path j of underlying — Sg) (price at expiry)
o payoff (at expiry)
oW _ (S(j) _ E)
T T N
o discounting at risk free rate » — actual value of payoff
Oé]) — efT'r‘C;j)
o Expectation E(C’éj)) is option price
Mean of N simulations is an estimator of the expectation
L= )
A J
Co= 5 2_Co
Jj=1
NMF (4313006) — M. Gilli Spring 2008 — 141

73




Confidence intervals

Cy is a random variable — we can construct confidence intervals

o Estimator of variance of

(C(J)

o Variance of ()

v(co) = v(

Cé])

ij: (O(J) )

1 ZN:C(J‘))
N & 0
(v)

N V(C)

v(cy)

N
NMF (4313006) — M. Gilli
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Central limit theorem

o Su=Xit+Xot-+Xa p=EX) o?=EX—p)>

Sn —np

«~ N(0,1
o X;=C, ECY)=Cy  Sy=NC
NC, —‘NCO _ VN (Cy —‘co) - N(O.1)
V(N v(cg)
N(C, —
o &=0.05 ©1t.2=196 —tey2 < M <tey2

])

8/2
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Computing confidence intervals with Matlab

1 — 1 <
Given z =[xy 2 --+ ], xbar = — E x;, §2= g (x; — xbar)?
n
i=1 i=1

n—1
With Matlab we compute:

[xbar,s,cixbar,cis] = normfit(x,epsilon)

o cixbar confidence interval for xbar
o cis confidence interval for s
o epsilon confidence level (default = .05)

European call with Monte Carlo:

function [P,IC] = MCO1(SO,E,r,T,sigma,NIncr,NRepl)
% European call with Monte Carlo (crude)

S = MBGV(SO,r,T,sigma,NIncr,NRepl);

Payoff = max( (S(:,end)-E), 0);

[P,ignore,IC] = normfit( exp(-r*T) * Payoff );
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Examples

function dispMC(name,P,IC,t0)

% Output Monte Carlo results

fprintf (’\n %9s: P = %6.3f (%5.2f - %5.2f) ’,name,P,IC(1),IC(2));
fprintf (° %4.2f (%21 sec)’,IC(2)-IC(1),ceil(etime(clock,t0)));

50;

= 50;

0.10;
5/12;
sigma = 0.40;

H R @ W»
|

P = BScall(S,E,r,T,sigma)
P =
6.1165
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Examples

NIncr = 1; NRepl = 10000;
randn(’seed’,0); tO0 = clock;

[P,IC] = MCO1(S,E,r,T,sigma,100,NRepl);
dispMC(’MCO1’,P,IC,t0)

MCO1: P = 6.131 ( 5.95 - 6.31) 0.36 ( 2 sec)
randn(’seed’,0); t0 = clock;

[P,IC] = MCO1(S,E,r,T,sigma,1,NRepl);
dispMC(’MCO1’,P,IC,t0)

MCO1: P = 6.052 ( 5.86 - 6.24) 0.37 (1 sec)
randn(’seed’,0); t0 = clock;

[P,IC] = MCO1(S,E,r,T,sigma,NIncr,100000);
dispMC(’MCO1’,P,IC,t0)

MCO1: P = 6.098 ( 6.04 - 6.16) 0.12 ( 1 sec)
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Convergence rate

Standard deviation decreases proportional to 1/,/NRepl

Crude Monte Carlo (Confidence intervals 95%) ; Crude Monte Carlo (Confidence intervals 95%)
6.8 | 1 6.8 f
6.6 R 6.6 i
6.4 R 6.4 B
N
N 2
6.2 1 6.2 N -7\ f
6 1 6 N .
o 2
5.8 1 5.8 f
5.6 1 56 b
5.4 i 54f ,
52 1 5.2 f
5 3 : 4 ; 5 : 6 7 5 3 ; 4 : 5 ; 6 7
10 10 10 10 10 10 10 10 10 10
NRepl NRepl
Crude Monte Carlo (Confidence intervals 95%) Crude Monte Carlo (Confidence intervals 95%)
T T T 7 T T T
6.8 1 6.8 f
6.6 1 6.6 f
6.4 g 6.4 i
| 62 2 S 1
N // \;7\’_;J
4 6 \\ v 4
1 5.8 |
i 56 4
54 4 5.4 - i
52 1 52 f
5 3 : 4 : 5 : 6 7 5 3 : 4 : 5 : 6 7
10 10 10 10 10 10 10 10 10 10
NRepl NRepl
Crude Monte Carlo (Confidence intervals 95%) Crude Monte Carlo (Confidence intervals 95%)
T T T 7 T T T
6.8 1 6.8 f
6.6 1 6.6 f
6.4 g 6.4 - i
6.2 ] ]
6 v 1 f
5.8 1 f
56 1 f
54 1 f
52 1 b
5 3 : 4 ; 5 : 6 7 5 3 ; 4 : 5 ; 6 7
10 10 10 10 10 10 10 10 10
NRepl NRepl
Comment
Comment the different convergence pattern !!!
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Variance reduction
Given two random variables X; and X5 with same distribution, then

X+ X
V(1+2

: ) - 1(V(Xl) + V(X2) + 2cov(X1,X2))

4

o We can reduce the variance if X; et X, are negatively correlated !!

o How to construct X; and X5 verifying a negative correlation?

Xl = h(u)
XQ = h(—u)
u ~ N(0,02?)
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Antithetic variates
o Consider a portfolio with two (identical) options

o Underlying S7 and S5 satisfy same stochastic differential equation
dS; = uSldt + oS51dz
dSQ = /JSth - O'SQdZ

o The 2 options are identical (same u and o)
o Sy et Sy are perfectly (negatively) correlated

o Variance of mean of the 2 options is smaller !!
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Antithetic variates

function [S1,82] = MBGAT(SO,r,T,sigma,NIncr,NRepl)

% Brownian geometric motion (NRepl antithetic paths)

dt = T/NIncr; NRepl = fix(NRepl/2);

trend = (r - sigma”2/2)*dt;

sigdt = sigma * sqrt(dt);

D = sigdt*randn(NRepl,NIncr);

S1 = exp(cumsum([repmat (log(S0),NRepl,1) trend + D],2));
S2 = exp(cumsum([repmat (log(S0),NRepl,1) trend - D],2));

function [P,IC] = MCAT(SO,E,r,T,sigma,NIncr,NRepl)

% European call with Monte Carlo (antithetic)

[S1,S2] = MBGAT(SO,r,T,sigma,NIncr,NRepl);

Payoff = ( max( (S1(:,end)-E), 0) + max( (S2(:,end)-E), 0) ) / 2;
[P,ignore,IC] = normfit( exp(-r*T) * Payoff );
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Antithetic variates: examples

S =50; E=50; r =0.10; T = 5/12; sigma = 0
P = BScall(S,E,r,T,sigma); --> P =6.1165

randn(’seed’,0); t0 = clock;
[P,IC] = MCO1(S,E,r,T,sigma,NIncr,NRepl);

MCO1: P = 6.052 ( 5.86 - 6.24) 0.37 (1

randn(’seed’,0); t0 = clock;
[P,IC] = MCAT(S,E,r,T,sigma,NIncr,NRepl);

MCAT: P = 6.080 ( 5.94 - 6.22) 0.20 (1

randn(’seed’,0); tO = clock;
[P,1C] = MCO1(S,E,r,T,sigma,NIncr,1e6);

MCOl: P = 6.123 ( 6.10 - 6.14) 0.04 (5

randn(’seed’,0); tO0 = clock;
[P,IC] = MCAT(S,E,r,T,sigma,NIncr,1e6);

MCAT: P = 6.115 ( 6.10 - 6.13) 0.03 ( 4
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.40; NIncr = 1; NRepl = 10000;

dispMC(’MCO1’,P,IC,t0)

sec)

dispMC(’MCAT’,P,IC,t0)

sec)

dispMC(’MCO1’,P,IC,t0)

sec)

dispMC(’MCAT’,P,IC,t0)

sec)

Spring 2008 — 151

“Crude” vs antithetic Monte Carlo

S0 = 50; E = 50; r = .10; sigma = .40; T = 5/12;
k1 = 10; k2 = 18; i = 0;
for NRepl = 2.7 (k1:k2)

i=1i+1;

[P,IC] = MCO1(SO,E,r,T,sigma,1,NRepl);

cbr(i) = IC(2) - IC(1);

[P,IC] = MCAT(SO,E,r,T,sigma,1,NRepl/2);

cat(i) = IC(2) - IC(1);
end
n = linspace(2°k1,27k2);
pl = cbr(1)*sqrt(n(1)); ybr = pl./sqrt(n);
p2 = cat(1)*sqrt(n(1)); yat = p2./sqrt(n);
semilogx (2. (k1:k2),cbr,’r.’,n,ybr,’:’,...

2.7 (k1:k2),cat,’r*’,n,yat,’~.")

legend(’int. emp. (MC brut)’ ,’pl/sqrt(NRepl)’,...

’int. emp. (MC v.ant.)’,’p2/sqrt(NRepl)’)

xlabel (’NRepl’)
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“crude” vs antithetic Monte Carlo

Confidence intervals for crude Monte Carlo and antithetic variables

® Crude MC

pl/sgrt(NRepl)
1r A Antithetic var. |
- - p2/sgrt(NRepl)
0.8f °
0.6%
L ®
A
0.4 ®
A °
L \A ~
0.2 ~a_ ; o
0 : B \Z 2
10° 10" 10° 10°
NRepl

Error proportional to 1/y/n !
1

€EX —=

Vn
Other variance reduction techniques:

o Control variates

o Stratified sampling

o Importance sampling
[e]

cf. Jackel, P., (2002): Monte Carlo methods in finance. Wiley.
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Quasi-Monte Carlo

o Sequence of N “random" vectors (), z(2) . z(N) € C™ =1[0,1]™

o Sequence is uniformly distributed if number of points in any subspace G € C™ is proportional to volume of

G
o Given x = [x1 X2 ... %y ] and the rectangular subspace G,
Gz =[0,21) x [0,22) X -+ X [0, 24,)
Volume of G, is given by vol(G,) = z1 2 -+ Ty,
o Sx(G) is number of point of sequence in G € C™

o Definition of discrepancy of a sequence:

D('r(l)7' e 71.(N)) = Sup ISN(GZ) - le e -rm|
zeCm

o Small D — Low-discrepancy sequence, Quasi-Monte Carlo
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Quasi-Monte Carlo

rand(’seed’,0);
plot(rand(100,1) ,rand(100,1),’ro’);

grid on

® ) .‘
09re ® ®

[ ] ®
0.8/ e o

()
[
07r o e o o
0.6- : ® ®
0.51 : ° ® ®
0.4r @ ° o
0.3r
[}
0.2® oo
o ® ..
[}

0.1p

0 I

1 — & ‘ o

0 Oi dZ 0.3 d4 0.5 36
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Halton sequences

plot(GetHalton(100,2),GetHalton(100,7),’ko’, ’MarkerSize’,8, ’MarkerFaceColor’,’g’);

1= ‘ o

0.9r 9] ° )

o8} © 5 °
0.7 ®e ®
0.6 : o ®

05-% ¢ ¢}

0.4r e ® ®

0.3- ® ° © e
6]
0.2p o

0.1f L

O \. I Q@ L I I e
0 01 02 03 04 05 06
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Construction of Halton sequences

o Consider an integer n represented in a basis b with b a prime number
n = (dp---dsdadidy)p

o We invert the order of the digits and add a radix such that the resulting number lies in [0, 1]
h=(0.dodydads-"-dm)p

Ex.: n =169 and b = 3:

n = 169 = (20021)3

h = (0.12002)s
= 1x3142x3240x334+0x3414+2x37°
= 0.33333 4 0.22222 + 0 + 0 + 0.00823
= 0.56378
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Construction of Halton sequences

The integer n can be written as

n= idk bk
k=0

and the corresponding nth element of the Halton sequence is
h(n,b) = di b~ KD
k=0

Previous example:

n=2x3" +0x3 +0x3 +2x3' +1x3°
h=2x3°%4+0x3*+0x33%+2x32 4+ 1x3!
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Construction of Halton sequences

function h = Halton(n,b)

n0 = n;

h = 0; for i=1:12

c = 1/b; H(i) = Halton(i,13);

while n0O > O end
nl = floor(n0/b);
d = n0 - nlx*b; H = 0.0769 0.1538 0.2308
h = h + dxc; 0.3846 0.4615 0.5385
¢ = c/b; 0.6923 0.7692 0.8462
n0 = ni;

end
@ (] @ () (] @ () (] @ (] (] ()

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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0.3077
0.6154
0.9231
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Construction of Halton sequences

function H = GetHalton(HowMany,Base)
H = zeros(HowMany,1);
NumBits = 1 + ceil(log(HowMany)/log(Base)) ;
BaseVec = Base.  (-(1:NumBits));
WorkVec = zeros(1,NumBits);
for i = 1:HowMany
j =1; done = 0;
while “done
WorkVec(j) = WorkVec(j) + 1;
if WorkVec(j) < Base

done = 1;
else
WorkVec(j) = 0;
i=i*tL
end
end
H(i) = dot(WorkVec,BaseVec);
end
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Comment

bBi*s < n — Bits = 1+ [log(n)/log(b)]
NMF (4313006) — M. Gilli
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Box-Muller transformation

Transformation generates X, Y ~ N(0,1):

o Generate Uy et Uy uniform random variables
o X =+/—2logU; cos(2nUs)
o Y =+/—2logU sin(2wUs)

Use Halton sequences, instead of uniform pseudo-random variables !
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Example for Halton sequences

function S = MBGHalton(SO,r,T,sigma,NRepl,B1,B2)

% Geometric brownian motion (simulation of NRepl paths)
% Halton sequences replace uniform variables

trend = (r - sigma”2/2)x*T;

sigT = sigma * sqrt(T);

H1 = GetHalton(ceil (NRepl/2),B1);

H2 = GetHalton(ceil (NRepl/2),B2);

Vlog = sqrt(-2*log(H1));

Norm(1:2:NRepl-1,1) = Vlog .* cos(2xpi*H2);
Norm(2:2:NRepl ,1) = Vlog .* sin(2xpixH2);

S = exp( cumsum([log(S0)*ones(NRepl,1) trend + sigT*Norm],2) );
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Example for Halton sequences

function P = QMCHalton(SO,E,r,T,sigma,NRepl,B1,B2)
% European call with quasi-Monte Carlo (Halton)

S = MBGHalton(SO,r,T,sigma,NRepl,B1,B2);

Payoff = max( (S(:,end)-E), 0);

P = mean( exp(-r*T) * Payoff );

P = BScall(50,52,0.10,5/12,0.40) P = 5.1911
P = QMCHalton(50,52,0.10,5/12,0.40,5000,2,7)
P =

5.1970
P = MC01(50,52,0.10,5/12,0.40,1,5000)

5.2549

NMF (4313006) — M. Gilli Spring 2008 — 163

84




Example for Halton sequences
Example for bad choice of parameters for Halton sequence:

plot(GetHalton(100,3),GetHalton(100,9),’ro’);

1 T T T T g
0.9F o . o
0.8F
0.7F
0.6
05
0.4} °®
0.3F o ® R

L [ ] i
0.2 00

0.1 ® il
:‘

0 | | | |
0.2 0.4 0.6 0.8 1

o

More quasi-Monte Carlo sequences:

o Sobol

o Fauré

o Niederreiter
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Lattice methods 165

General idea

On approxime la distribution de probabilité du sousjacent par un arbre (les feuilles représentent les différents
états)
On peut procéder de beaucoup de fagons:

o fixer d’abord le nombre de branches (beaucoup de possibilités)

o faire correspondre les deux premiers moments de la distribution (lognormale)
Donne lieu a un systeme d'équations avec 1 degré de liberté — il faut fixer quelque chose (plusieurs
possibilités)
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Binomial trees (2 branches)

Le prix S d'un sousjacent suit un processus binomial multiplicatif si dans un intervalle de temps A; le prix
monte avec une probabilité de p a « S ou descend avec la probabilité (1 —p) a dS

ousS p

/ On determine u, d et p de sorte a faire correspondre
S O\

les deux premiers moments de la distribution de S.
Ay edS 1—p

o Sipq verifies Sy = e "2t E(Sy11]St)
o Expectation of Syy1:

puS;+(1—p)dS; = ™S,
pu+ (1—p)d = ™ (14)
o Variance of S;y1 has to verify 0257 A, from where:
2
E(S74181) — (E(St+1|5t)) = 0°S} Ay
pu+(1—p)d® = 0% Ay +e*0 (15)

Three unknowns in (14) and (15), we fix d =1/u and we get the solutions

TAy
u = 60\/A7t p — 76 d
u—d
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(@)Y

A

Binomial trees

Given a call which expires after A;. Possibles prices for underlying and call:

uS

) Ch = (uS—F), We construct a riskless portfolio with A

units of S and a call on S. We want the
portfolio value to be the same, regardless

) ds whether S goes down or up:

A Cq=(dS—E)y :

v — uAS —-C,=dAS-C
From there we get AS = Cu=Ca d

Since the portfolio is riskless wlé can write
uAS — C, =™ (AS - C)

and substituting AS = (C, — Cy)/(u — d) we get the value for the call
C =e At (pCu +(1-p) C’d)

“Future payoff discounted under risk neutral probability”
NMF (4313006) — M. Gilli
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Binomial trees

Extend tree over 4 periods: Store tree in a 2-dimensional array:
(44 1
14
(4,3)
+3
4,2)
12

1)

11
(0,0,77(1,0,77(2,0) (&;MSO)
O o Lo
o 1 2 3 4 o 1 2 3 4
Node (i, j) represents asset price after ¢ periods and j up mouvements

S = Suld =i

Recall that d = u=1 !l
NMF (4313006) - M. Gilli
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Binomial trees

At maturity the payoff is
Ol = (5% — B) (16)

At any node in the tree the value of the option at time ¢ corresponds to the discounted expected value of the
call at time t +1

Cl =2 (pCifl + (1 -p) ) (17)

/O ng-rll P
clo
A\to Cly 1op
By starting with (16) and using (17) we can compute the value of the option for any period i = M —1,...,0 in

the tree.

This is implemented with the multiplicative binomial tree algorithm.
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Multiplicative binomial tree algorithm

European call for S, E, r, o, T and M time steps:
1: Initialize Ay=T/M, SJ =S5, v=e "%

Compute u = e?V2:,  d=1/u, p= (e —d)/(u—d)
S9, = SQaM
for j=1:M do

Sy = S{Vf u/d Initialize asset prices at maturity
end for
for j =0: M do

Cy =Sy —E)y Initialize option values at maturity
end for
10: fori=M —1:—1:0do
11: for j=0:7do

©PXNDO AN

12: i =v (p CIt 4 (1-p) C’f) Step back through the tree
13:  end for

14: end for

15: Call = CJ
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Matlab implementation of binomial tree algorithm

(4,4) 17
function CO = MultBinTree(SO,E,r,T,sigma,M) T4
Multiplicative binomial tree
£f7 = 1; dt = T/M; v = exp(-r*dt); 13
u = exp(sigma*sqrt(dt)); d = 1/u;

p = (exp(r*dt) - d) / (u - d; 12
Asset prices at maturity (period M) 11
S = zeros(M+1,1); S(£f7 + 0) = S0*d"M;
for j = 1:M Lo
S(£7 + j) = 8(£f7 + j - 1) * u / d4; | ! ! : .
end 0 1 2 3 4 1
C = max(S - E, 0); Option at maturity
for i = M-1:-1:0 Step back through the tree
for j = 0:i
C(£7+j) = vk (p*xC(£7+j+1) + (1-p)*C(£7+3));
end
end
CO = C(£7 + 0);
Array C can be overwritten !!
We only store array C. Used portion of the array diminishes at each time step.
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Example and convergence
S = 100; E = 100; r = 0.03; T = 6/12; sigma = 0.30;
CBS = BScall(S,E,r,T,sigma)
CBS = 9.1494
CBT = MultBinTree(S,E,r,T,sigma,100)
CBT = 9.1284
9.16
9.155
9.5 RS
9.1450 : o 0
9.14f+ P Lo e P B N N N i
9.1350 .
9.13f j
9.1250
9.120
91150 !
9.11 1 ‘2 ‘3 ‘4 5
10 10 10 10 10
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Example and convergence

Distribution of S for M = 100, 500, 1000

0.1

0.05

O'II|||‘ ‘ “ ||\||I
0 8

] I
0 100 120 140 160 180

80 100 120 140 160 180

100 120 140 160 180

0.04

0.02

\HHHHHH
0

o

0.04

0.02

%080

Shmax > 82000 for M = 1000 "I Compare empiric CDF with theoretic lognormal (in particular in the tail,
(Hull, 1993, p. 211)).
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American put

The binomial tree can be used to evaluate American options. To compute an American put we introduce the
correction €Y = max(CY,E — S7)+
fori=M—-1:—-1:0do
for j=0:ido
Cl=v(pCI™+(1-p)
CJ = max(C?, E — 57)
end for
end for

As for array C' it is not necessary to store the tree in order to access the values of S. We simply update
column i of S

J
fori=M—-1:-1:0do T4
for j=0:7do g

Cj=v (p Cjs1+ (1 —p) Cj)
S;=25;/d 12
C; = max(Cj, E — Sj) 1

end for
end for 1 ‘ ‘ ‘ ‘ 0
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Portfolio selection 175

Mean-variance model (Markowitz (1952))

Principe: Un portefeuille est optimal s'il maximise le rendement espéré pour un niveau de risque donné ou
s'il minimise le risque pour un rendement espéré donné

Solution: Combinaison rendement-risque la plus attractive

o Mesures pour rendement et risque:

o Rendement: espérance des gains futurs
o Risque: variance des gains futurs

o Repose sur les hypothéses de la normalité des rendements futurs ou de I'utilité quadratique
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Formalisation et notations

o n, nombre de titres

o R=/[ry] rendement du titre j en ¢

o r; rendement (espéré) du titre j =1,2,...,n, (v.a.)

o x; proportion du titre j dans portefeuille

o rp rendement du portefeuille P rp = 2?21 xjr; = a'r

o E(rp) espérance rendement portefeuille P E(ry) =2'E(r)
r = mean(R,1) estimateur E(r) (rendements futurs)

o V(rp) variance rendement portefeuille P

V(re) = E(2'(r — E(rs))(r — E(re))'z)
=2 E(r—E(rp))(r — E(rp)) z
=2'3x e
Q = cov(R) estimateur de X,
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Efficient frontier

Génération de 50000 portefeuilles aléatoires
(poids et cardinalité générés aléatoirement):
0.04 : ‘ :

0.035 |
0.03 |
0.025 |
ooz |
0.015 |
0.01 f

0.005 |

o 0.05 01 0.15 0.2

o On observe une frontiere
o A chaque niveau de risque correspond un rendement maximal (et vice-versa)
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Code generating random portfolios

load SMI
% Extraire prix (SMI) ler du mois
i= 0;
for year = 1997:1999
for mois = 1:12
numdate = fbusdate(year,mois);
1i = find(SMI.Dates==numdate) ;
if ~“isempty(1li)
i=1i+1;
mil(i) = find(SMI.Dates==numdate);

end

end
end
n = size(SMI.Ph,2);
R = diff(log(SMI.Ph(mi,:)),1,1);
r = mean(R);
Q = cov(R);
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Code generating random portfolios (cont’d)

N = 50000; RR = zeros(N,2);

h = waitbar(0,’ Computing portfolios ...’);
for i = 1:N

nA = unidrnd(n);

P = randperm(n);

P = P(1:nA); % Indices titres dans PF

x = rand(mA,1);

x =x ./ sun(x);

RR(i,1) = r(P) * x; % TP

RR(i,2) = sqrt(x’*Q(P,P)*x); 7, sigma_rP
waitbar(i/N,h)

end, close(h);

plot(RR(:,2) ,RR(:,1),°k.?)
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A first problem
Chercher le portefeuille qui minimise le risque (variance)
min z'Qx
xr

ijj:l

Zj > 0 j ::1,...,nA

Il s'agit d’'un programme quadratique
La fonction Matlab quadprog résoud le probleme:

min 2'Qr+ f'z
xr

Az <b
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Solving the QP with Matlab
x = quadprog(Q,f,A,b,Ae,be)

avec f=[0...0], (2Q =Q pour min) et Aetb

min z'Qx
-1 0 r
-1 = 0 25 =1
-1 ~10 z; >0 7=1,...

Tn 4

(e R

min 12'Qr+ f'z
x

Lignes 1 a na: (—z; <0) = (z; >0) e < b
r <

Ae et be définissent les égalités A.x = b,
A=[1 1 ... 1] ,b.=1 — ijjzl
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Solving the QP with Matlab  (cont’d)

A = -eye(n); b = zeros(n,1);
Ae = ones(1,n); be =1; f = zeros(i,n);
x = quadprog(Q,f,A,b,Ae,be);

rP = r * x;

sigmaP = sqrt(x’ * Q * x);
plot(sigmaP,rP,’ro’) 0.04
x1im([0 0.20])
ylim([0 0.04])

0.035 |
0.03 |
0.025 |
002 |
0.015 |
0.01 |

0.005

0 0.05 01 o015 0.2

NMF (4313006) — M. Gilli

Spring 2008 — 182

A second problem

Find portfolio which minimises risk for a given return:

min z'Qx
x
Zj rjr; = T (additionnal constraint)
Zj zj =1 .
T > j=1,...,n4
A et b become:
[ —r1 —ry I3 T Ty 1
—1 1 —rp
-1 0
-1 <
i = Tny 0
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Solving the QP with Matlab  (cont’d)

rP = 0.02;

f = zeros(i,n);

A = [-r; -eye(n)];

b = [-rP zeros(1,n)]’;

Ae = ones(1,n); be = 1;

x = quadprog(Q,f,A,b,Ae,be);

TP = r * x; 0.04
sigmaP = sqrt(x’* Q * x);
plot(sigmaP,rP,’ro’)
"®.02
% 0.2
P
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Computing the efficient frontier

min 6 2'Qr — (1—-0)z'r
ijj:]-
z; >0 j=1,...,n4

Les solutions pour # allant successivement de 0 a 1 produisent la frontiére efficiente
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Matlab code

f = zeros(1,n);

A = -eye(n); b = zeros(n,1);

Ae = ones(1,n); be = 1;

npoints = 100; % Sur circle unitaire

theta = sqrt(1-linspace(0.99,0.05,npoints)."2);

for i = 1l:npoints

H = theta(i)*Q; 0.04
f = -(1-theta(i))*r;
x = quadprog(H,f,A,b,Ae,be);
plot (sqrt (x?*Q*x) ,r*x,’r.”)
end
"oz |
%
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Finance toolbox

frontcon, frontier, etc.
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Portfolio with risk-free asset (cash)

o 719 taux de marché
o xo quantité (proportion) de cash dans PF
Return of portfolio:

nA n

e = Tooner“in:T‘o (1*

=1 2

A A
= TO*TOE x¢+§ TiTi
i=1 i=1

gt

zo

A
= 1o+ Y @i (ri—ro)
i=1

min 2'Qz

xr
ro + Z} xj(r; — 7o)
Zj Ty

Lj

IV IA IV
— =
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Matlab code

r0 = 0.0025; i=0;
f = zeros(1,n); A = [rO-r; -eye(n)];
for rP = [0.010 0.015 0.023 0.030];
i=1i+ 1
b = [r0 - rP zeros(1,n)]’;
x = quadprog(Q,f,A,b);
x0(i) = 1 - sum(x);

rP = x0(i)*r0 + r*x; 0.04
sigmaP = sqrt(x’*Q*x);
plot(sigmaP,rP, ko)
end
x0 =
0.6376 0.3960 0.0095 -0.3288
r
o2 t
Q)
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Holding size constraints

min z'Qx

x
2 TjT; 2 Te
ijj =1

z; <xz; < 11; jeP
P:  ensemble indices des titres du portefeuille

A:[—m —Try —T3 -+ —TnA}:
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Holding size constraints (Matlab code)

rP = 0.02;
xL = 0.00*ones(1,n);

xU = 0.30*ones(1,n);

A = [-r; ones(1,n)]; b = [-rP 1]°;
Ae = ones(1,n); be = 1; f = zeros(1,n);
x = quadprog(Q,f,A,b,Ae,be,xL,xU);

P =1 * x3
sigmaP = sqrt(x’*Q*x)

sigmaP =
0.0750
xL = 0.00%ones(1,n); T
xU = 1.00%ones(1,n); 0.5¢ I Unconstraint ]
e [ IConstraint
sigmaP = 203t d
0.0679 = ﬂ
0 L L L L L L L L H [ul L L L L L [ul
1234567 8 910111213141516171819
Asset number
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Profile of efficient portfolios

(10 portefeuilles efficients avec risque décroissant)

0.04
[ ]
..
0.02 '.0
Titre r o . .
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Optimisation de portefeuille
Données SMI (fichier SMI.mat):

SMI.Ph 611 prix journaliers de 19 titres
SMI.Dates  dates des observations

dates = [’28-Jun-1999’
’29-Jun-1999°];
for i = 1:size(dates,1)

SMI.Dates(i) = datenum(dates(i,:)); % Codage
end
date = datestr(SMI.Dates(1),1); % Décodage
o SMI.Noms noms des titres
load SMI;

plot (SMI.Dates,SMI.Ph(:,3),’r’)
dateaxis(’x’,12)
title([SMI.Noms(3,:)])
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Calcul des rendements

o discret:

R = SMI.Ph(2:end,:)./SMI.Ph(1:end-1,:) - 1;

o continu:

re = log(pe) — log(pe—1)

R = diff(log(SMI.Ph),1,1);
Dates = SMI.Dates(2:end);
plot(Dates,R(:,3),’b’)
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Distribution normalisée des rendements journaliers

function plotR(SMI)
% Plot des rendements journaliers
R = diff(log(SMI.Ph),1,1);
sig = std(R);
nA = size(R,2); isp = 0; ifig =
for i = 1:nA
if rem(isp,4)==0, ifig=ifig+l;isp=0;figure(ifig),end
isp = isp + 1; subplot(4,1,isp)
epdf (R(:,1i)/sig(i),15)
title([deblank (SMI.Noms(i,:))], ’FontSize’,8)
%ylabel([deblank (SMI.Noms(i,:))],’Rotation’,90, FontSize’,8)
end

function epdf (x,nbins)
% Plots empirical probability distribution of x
= length(x); minx = min(x); maxx = max(x);

d = (maxx - minx) / nbins; % largeur des classes
cc = minx + d/2 + d * (0:nbins-1);% centres des classes
ec = hist(x,cc); effectifs des classes

fr = ec / n;

hc = fr * (1/4d);
bar(cc,hc,0.8,%y?)

x1im([-10 81); ylim([0 0.6]1);

frequences relatives
hauteur rectangle pour loi tronquée (P = 1)

RIS
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Rendements

o Rendement moyen du titre j pour N observations:

N
1
Tj = N E Rij
i=1
o Matrice variances et covariances des rendements:

mean(R,1);
cov(R);

r

Q

“Paysage des corrélations” :

C = corrcoef (R)

bar3(C)

[C,Pval]l = corrcoef(R); % Matlab 6.xx
I = find(Pval > 0.05);

Cc(I) = 0;

C = C + eye(size(C));
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