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Summary 3

Introduction 5
I Physical phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
II Modelization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
III Phase transition and fluctuation of interfaces . . . . . . . . . . . . . . . 10

III.1 Ising model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
III.2 Potts model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
III.3 Effective interface models and pinning . . . . . . . . . . . . . . 13

IV Thermodynamic limit and Gibbs measures . . . . . . . . . . . . . . . . 14

Part 1: On the Gibbs states of the noncritical Ising and Potts models on Z2 19

1 A review of the Ising and Potts models 21
1.1 Finite volume Gibbs measures . . . . . . . . . . . . . . . . . . . . . . . . 21

1.1.1 The Ising model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.1.2 The Potts model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.2 A few elementary results for the Ising model . . . . . . . . . . . . . . . 23
1.2.1 Basic properties on finite graphs . . . . . . . . . . . . . . . . . . 23
1.2.2 Infinite volume measures . . . . . . . . . . . . . . . . . . . . . . 26
1.2.3 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
1.2.4 Planar techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

1.3 Edwards-Sokal coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
1.3.1 The random cluster model . . . . . . . . . . . . . . . . . . . . . . 36

iii



1.3.2 The coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
1.3.3 Potts two-point correlations and magnetization are Random-

Cluster connexions and exit probabilities . . . . . . . . . . . . . 39
1.4 Results for the Random-Cluster model . . . . . . . . . . . . . . . . . . . 40

1.4.1 Basic properties on finite graphs . . . . . . . . . . . . . . . . . . 40
1.4.2 Infinite volume Random-Cluster measures . . . . . . . . . . . . 44
1.4.3 Percolation transition . . . . . . . . . . . . . . . . . . . . . . . . . 49
1.4.4 Exponential relaxation . . . . . . . . . . . . . . . . . . . . . . . . 50
1.4.5 Inverse correlation length and surface tension . . . . . . . . . . 52
1.4.6 Ornstein-Zernike asymptotics of the two-point function on Zd . 56
1.4.7 Exponential decay in finite volume with wired boundary con-

dition and cluster size estimates on Z2 . . . . . . . . . . . . . . . 59
1.5 Results for the Ising and Potts models . . . . . . . . . . . . . . . . . . . 63

1.5.1 Infinite volume Potts measures . . . . . . . . . . . . . . . . . . . 63
1.5.2 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
1.5.3 Uniqueness of the infinite volume measure . . . . . . . . . . . . 68
1.5.4 Exponential relaxation into pure phases . . . . . . . . . . . . . . 69
1.5.5 Ornstein-Zernike asymptotics of the two-point function on Zd . 71
1.5.6 Absence of roughening transition and Brownian scaling

of the interfaces on Z2 . . . . . . . . . . . . . . . . . . . . . . . . 72
1.5.7 More results for the random-line representation of the planar

Ising model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2 About the Gibbs states of the Ising and Potts models 77
2.1 General results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

2.1.1 Markov property and DLR equations . . . . . . . . . . . . . . . 78
2.1.2 Properties of the set of DLR measures . . . . . . . . . . . . . . . 78
2.1.3 General Gibbs measures . . . . . . . . . . . . . . . . . . . . . . . 81

2.2 The Ising case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
2.2.1 Previously known results . . . . . . . . . . . . . . . . . . . . . . 83
2.2.2 New results and open problems . . . . . . . . . . . . . . . . . . 83

2.3 The Potts case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
2.3.1 Previously known results . . . . . . . . . . . . . . . . . . . . . . 86
2.3.2 Extremality of the q pure phases for β > βc . . . . . . . . . . . . 86
2.3.3 New results and open problems . . . . . . . . . . . . . . . . . . 87

2.4 Heuristics of the proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
2.4.1 General heuristics . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
2.4.2 Sketch of the proof for the Ising model . . . . . . . . . . . . . . . 91
2.4.3 Sketch of the proof for the Potts model . . . . . . . . . . . . . . 95

3 Detailed proofs about the Ising model 107
3.1 The theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
3.2 Some tools and two lemmata . . . . . . . . . . . . . . . . . . . . . . . . 108

3.2.1 Surface tension . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
3.2.2 Random-line representation . . . . . . . . . . . . . . . . . . . . . 109

iv



3.2.3 Spatial relaxation in pure phases . . . . . . . . . . . . . . . . . . 110
3.2.4 Finite volume corrections to the surface tension . . . . . . . . . 110

3.3 The proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
3.3.1 Step 1 : Typical configurations have at most one crossing interface112
3.3.2 Step 2 : When present, this interface has large fluctuations . . . 117
3.3.3 Step 3 : Every Ising measure is close to a convex combination

of the two pure states . . . . . . . . . . . . . . . . . . . . . . . . 119
3.3.4 Optimality of the convergence rate . . . . . . . . . . . . . . . . . 121

4 Detailed proofs about the Potts model 123
4.1 The theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

4.1.1 Some notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
4.2 Step 1: From Potts model to random-cluster model . . . . . . . . . . . . 125

4.2.1 Coupling with a supercritical random-cluster model on (Z2)∗ . 125
4.2.2 Coupling with the subcritical Random-Cluster model on Z2 . . 126
4.2.3 Reformulation of the problem in terms of the subcritical

random-cluster model . . . . . . . . . . . . . . . . . . . . . . . . 127
4.3 Step 2: Macroscopic flower domains . . . . . . . . . . . . . . . . . . . . 129

4.3.1 Definition of flower domains . . . . . . . . . . . . . . . . . . . . 130
4.3.2 Cardinality of Gm,n . . . . . . . . . . . . . . . . . . . . . . . . . 130
4.3.3 Reduction to FK measures on flower domains with free bound-

ary condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
4.4 Step 3: Macroscopic structure . . . . . . . . . . . . . . . . . . . . . . . . 133

4.4.1 Steiner forests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
4.4.2 Forest skeleton of the cluster CG . . . . . . . . . . . . . . . . . . 138
4.4.3 Distance between CG and Steiner forests . . . . . . . . . . . . . . 140

4.5 Step 4: Fluctuation theory . . . . . . . . . . . . . . . . . . . . . . . . . . 142
4.5.1 Scenario S1: No imposed crossing . . . . . . . . . . . . . . . . . 143
4.5.2 Scenario S2: One imposed crossing . . . . . . . . . . . . . . . . . 143
4.5.3 Scenario S3: One tripod . . . . . . . . . . . . . . . . . . . . . . . 144

Part 2: A few notes on the discrete GFF with disordered pinning on Zd 153

5 A review of homogenous and disordered systems related to our model 155
5.1 The discrete Gaussian free field . . . . . . . . . . . . . . . . . . . . . . . 155
5.2 Homogenous pinning of the discrete Gaussian free field . . . . . . . . . 157
5.3 Similar disordered systems . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.3.1 Dimension 1: Random polymers in random media . . . . . . . 160
5.3.2 Dimension 2 (and more): Random surfaces in random media . 161

5.4 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
5.4.1 The δ−pinning model (attractive potential) . . . . . . . . . . . . 162
5.4.2 The attractive / repulsive model . . . . . . . . . . . . . . . . . . 163
5.4.3 Existence of the free energy . . . . . . . . . . . . . . . . . . . . . 163
5.4.4 Strict inequality between quenched and annealed free energies 164
5.4.5 Attraction by a repulsive in average environment . . . . . . . . 164

v



5.5 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

6 Random Bernoulli δ-pinning (attractive environment) 167
6.1 Pinned sites representation . . . . . . . . . . . . . . . . . . . . . . . . . 167
6.2 Existence of quenched free energy . . . . . . . . . . . . . . . . . . . . . 168

6.2.1 Lower bound on Ze
Bn

. . . . . . . . . . . . . . . . . . . . . . . . . 169
6.2.2 Upper bound on Ze

Bn
. . . . . . . . . . . . . . . . . . . . . . . . . 169

6.2.3 Expectation of f
q
Bn

(e) converges and its variance tends to zero . 170
6.3 Bounds on the quenched free energy . . . . . . . . . . . . . . . . . . . . 171

6.3.1 Strict positivity of the quenched free energy . . . . . . . . . . . 171
6.3.2 Strict inequality between quenched and annealed free energies 173

7 Generalisation : square potential with attractive/repulsive environment of
arbitrary law 175
7.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
7.2 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

7.2.1 Existence of the free energy . . . . . . . . . . . . . . . . . . . . . 176
7.2.2 Positivity of the free energy . . . . . . . . . . . . . . . . . . . . . 180
7.2.3 Strict inequality between quenched and annealed free energies 181

8 Attraction by a repulsive in average environment (Bernoulli case) 189
8.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
8.2 New result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

8.2.1 The case d > 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
8.2.2 The case d = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

Articles presented for the PhD 199

Bibliography 201

vi



Remerciements / Acknowledgments

Cette thèse n’aurait pas vu le jour sans la présence de nombreuses personnes que je
souhaite remercier ici.

Je tiens avant tout à remercier Yvan Velenik pour tout ce qu’il m’a apporté durant
ces quatre années. L’enthousiasme avec lequel il partage son immense culture en
physique et en mathématiques, sa constante disponibilité, son support et son aide
précieuse sont autant de raisons qui me font mesurer la chance de l’avoir eu comme
directeur de thèse. Je lui suis reconnaissante de m’avoir donné la possibilité de voy-
ager et de travailler avec d’autres chercheurs confirmés. Ce fut un plaisir d’être as-
sistante de ses cours avancés, durant lesquels j’ai aussi beaucoup appris. Par-delà les
sujets passionnants auxquels il m’a initiée, il m’a plus généralement transmis le sens
du mot “comprendre”.

J’aimerais remercier chaleureusement Thierry Bodineau pour avoir accepté d’être
rapporteur de ma thèse, et pour m’avoir consacré plusieurs séances de travail après
des journées de conférence bien chargées au CIRM en février dernier. Ses questions
et remarques m’ont été fort utiles pour la rédaction de l’introduction.

Je remercie Stanislav Smirnov et Jean-Pierre Eckmann d’avoir accepté de faire par-
tie de mon jury. Les mythiques cours avancés de Jean-Pierre font partie des raisons
qui m’ont fait pencher vers la physique mathématique.

I gratefully acknowledge Dima Ioffe for his constant support, for the opportunity
he offered me to spend six months splitted in two stays in Haifa, Israel. Thanks for the
invitation to give my first research talk at the Technion Probability seminar (which
Anton Bovier made memorable!). It was a pleasure to work together as co-authors
on the Potts paper, and to learn from him about several new topics. I am also grateful
for his advice concerning my future. He is a deep person whom I respect a lot.

Merci à Hugo Duminil-Copin pour s’être intéressé à mon premier travail en col-
laboration avec Yvan, puis pour nous avoir prêté main forte dans sa généralisation
au modèle de Potts. Travailler avec lui aura été une expérience enrichissante. Merci
aussi de m’avoir invitée à la conférence YEP IX, où je parlais pour la première fois en
tant que “invited speaker”.
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Résumé

Cette thèse est consacrée à l’étude de plusieurs modèles de Mécanique Statistique
qui peuvent être vus comme des modèles d’interfaces, i.e. constituant une modélisa-
tion des interfaces entre plusieurs phases (e.g. liquide-vapeur, aimantation positive-
négative). Elle est articulée en deux parties traitant de problématiques assez diffé-
rentes.

Dans la première partie, nous étudions l’ensemble des mesures de Gibbs en vo-
lume infini correspondant aux modèles d’Ising et de Potts dans le régime de coexis-
tence de phases, i.e. sous la température critique. L’analyse des fluctuations des in-
terfaces joue un rôle important dans ce domaine.

Le premier résultat est un raffinement du célèbre théorème indépendamment éta-
bli par Aizenman et Higuchi durant la fin des années 70, affirmant que toutes les me-
sures de Gibbs en volume infini correspondant au modèle d’Ising plus proche voisins
sur Z2 sont de la forme

αP+ + (1 − α)P−, α ∈ [0, 1]

où P+ et P− sont les deux phases pures du modèle. Nous présentons une nouvelle
approche à ce résultat, qui a un certain nombre d’avantages : nous obtenons un ana-
logue optimal et quantitatif en volume fini (impliquant le résultat classique) ; la philo-
sophie de la preuve est plus naturelle et fournit une meilleure image du phénomène
physique sous-jacent.

Le second résultat est la caractérisation de l’ensemble des mesures de Gibbs du
modèle de Potts en dimension 2. Nous avons pu étendre l’heuristique générale de
l’approche développée pour le modèle d’Ising, pour prouver que tous les états de
Gibbs du modèle de Potts plus proche voisins à q états sur Z2 sous la température
critique sont les combinaisons convexes des q phases monochromatiques. En parti-
culier, ils sont tous invariants sous les translations. Ce résultat était conjecturé par
les physiciens depuis longtemps, mais n’avait jamais été prouvé rigoureusement.

Nous insistons sur le fait que ces deux résultats sont non-perturbatifs et valides
jusqu’à la température critique du modèle (non-incluse).

Dans la seconde partie de la thèse, notre motivation principale est de comprendre
les surfaces aléatoires en environnement aléatoire. Leurs analogues en dimension 1,

1



2 Résumé

appelés modèles de polymères aléatoires, ont beaucoup été étudiés dans la dernière
décennie, grâce à la structure de renouvellement sous-jacente, qui ne survit pas en di-
mensions supérieures. Par conséquent, toutes les questions importantes sont encore
ouvertes en dimensions 2 et plus.

Nous étudions le champ libre Gaussien discret en dimension d, vu comme un
modèle d’interface en dimension d + 1, en présence d’un potentiel aléatoire dont le
support est un hyperplan horizontal fixé. Ce potentiel est soit attractif soit répulsif
avec une intensité choisie aléatoirement.

Pour une intensité positive (potentiel attractif), choisie aussi petite que l’on veut,
il est connu que l’interface est localisée, i.e. elle est collée sur l’hyperplan pour une
densité positive de sites. Les questions que nous posons concernent l’influence du
désordre sur le comportement de l’interface : est-ce que la présence du désordre mo-
difie les propriétés macroscopiques du système ?

Le premier résultat est l’inégalité stricte entre les énergies libres “trempée” et “re-
cuite”1. Plus précisément nous prouvons, sous des hypothèses minimales sur la loi
de l’environnement, que l’énergie libre trempée associée au modèle existe, est posi-
tive, déterministe, et strictement inférieure à l’énergie libre recuite lorsque celle-ci est
positive.

Le second résultat est une caractérisation partielle du diagramme de phase du
modèle, pour un environnement attractif/répulsif suivant une loi de Bernoulli. Nous
prouvons que dans le plan de coordonnées données par l’espérance et la variance de
l’environnement, la ligne critique trempée (séparant les phases d’énergie libre posi-
tive et nulle) se trouve strictement sous la ligne d’espérance nulle. Ceci montre en
particulier qu’il existe une région non-triviale où l’interface est localisée bien que re-
poussée en moyenne par l’environnement.

Je souhaite au lecteur une agréable promenade parmi
les fleurs, les fôrets et les champs...

1traduction littérale de “quenched” et “annealed”.



Summary

This thesis is devoted to several models of Statistical Mechanics which can be seen
as interfaces models, i.e. they constitute a modelization of interfaces between several
phases (e.g. liquid-vapor, positive-negative magnetization). It is organized in two
parts dealing with quite different problematics.

In the first part of the thesis, we study the set of infinite volume Gibbs measures
of the Ising and Potts models in the phase coexistence regime, i.e. below the criti-
cal temperature. The analysis of interfaces fluctuations plays a crucial role in this
domain.

The first result is a refinement of the celebrated theorem independently estab-
lished by Aizenman and Higuchi in the late 1970s, which states that all infinite vol-
ume Gibbs measures of the ferromagnetic nearest-neighbor Ising model on Z2 are of
the form

αP+ + (1 − α)P−, α ∈ [0, 1]

where P+ and P− are the two pure phases of the model. We present a new approach
to this result, with a number of advantages: we obtain an optimal finite volume,
quantitative analogue (implying the classical claim); the scheme of our proof is more
natural and provides a better picture of the underlying phenomenon.

The second result is the characterization of the set of Gibbs measures of the two-
dimensional Potts model. We have been able to extend the general heuristics behind
the approach introduced for the Ising model to prove that all Gibbs states of the
q-state nearest neighbor Potts model on Z2 below the critical temperature are con-
vex combinations of the q monochromatic phases; in particular, they are all transla-
tion invariant. This result was conjectured by physicists since a long time but never
proved rigorously.

We emphasize that both these results are non-perturbative and valid up to the
(non-included) critical temperature of the model.

In the second part of the thesis, our main motivation is to understand random sur-
faces in random environment. Their one-dimensional counterparts, called random
polymers, have been extensively studied in the last decade, thanks to the underlying

3



4 Summary

renewal structure present in the model, which does not survive in higher dimensions.
Consequently, all important questions are still open in dimension 2 and more.

We study the discrete d-dimensional Gaussian free field, seen as an interface model
in dimension d+1, in the presence of a random potential which support is a fixed hor-
izontal hyperplane. This potential is either attractive or repulsive with a randomly
chosen strength.

For a constant positive (attraction) strength, chosen as small as we want, it is
known that the interface is localized, i.e. it is sticked on the hyperplane for a positive
density of sites. The questions we ask concern the influence of the disorder on the
behavior of the interface: do the presence of disorder modify macroscopic properties
of the system?

The first result is the strict inequality between the quenched and annealed free
energies. More precisely, we prove under minimal assumptions on the law of the
environment, that the quenched free energy associated to this model exists in R+, is
deterministic, and strictly smaller than the annealed free energy whenever the latter
is strictly positive.

The second result is a partial characterization of the phase diagram of the model,
for an attractive/repulsive Bernoulli environment. We prove that in the plane of co-
ordinates given by the expectation and the variance of the environment, the quenched
critical line (separating the phases of positive and zero free energy) lies strictly below
the line of zero expectation, showing in particular that there exists a non trivial re-
gion where the interface is localized though repulsed on average by the environment.

I wish to the reader a nice walk among
flowers, forests and fields...



Introduction

Mathematical physics represents the purest image that
the view of nature may generate in the human mind;
this image presents all the character of the product of
art; it begets some unity, it is true and has the quality of
sublimity; this image is to physical nature what music
is to the thousand noises of which the air is full...

Théophile de Donder

Statistical physics is the branch of mathematical physics which treats of systems
with a very large number of particles, typically of the order 1023. From a microscopic
modelization of a system, typically the description of the interaction between neigh-
boring atoms, its goal is to predict the behavior of macroscopic observables, such
as the density or the magnetization of a sample. In this thesis, we are particularly
interested in lattice models where several phases coexist; for example liquid-vapor
or positive-negative magnetization. The description of the interfaces between the
phases will be our main object of study.

I Physical phenomena
Consider for example a piece of ferromagnetic metal in thermal equilibrium. The
atoms constituting this sample form a crystal lattice, and each of them carries a mag-
netic moment resulting from the spin of its electrons, which can be represented as a
vector on S3. The interaction properties of the electrons in the crystal are such that
nearest neighbor atoms have a tendency to align their magnetic moment. This en-
ergetic gain is in competition with thermal fluctuations. The following transition
is well known: at low temperature the coupling of magnetic moments is dominant
and the sample presents a spontaneous magnetization, the piece of metal is a mag-
net, whereas above a certain critical temperature, called the Curie temperature, no
macroscopic magnetic field is induced in the sample, see Figure 1.

5
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Figure 1 – The paramagnetic-ferromagnetic phase transition. Left: two low tempera-
ture samples, the red zone of positive magnetization percolates throughout the sample
while blue zones of negative magnetization form very small clusters. Center: a critical
sample, red and blue clusters are big and occupy about the same volume. Right: two
high temperature samples, red and blue clusters still occupy the same volume but the
behavior of each atom becomes more and more independent.

A similar example is the liquid-vapor phase transition. The liquid phase is due
to the Van der Waals attraction between the particles which is in competition with
the thermal fluctuations. Imagine we heat a glass of water. At low temperature
the sample is in a liquid phase characterized by a high density of particles below
the liquid-air interface, whereas above the boiling temperature all the sample is in a
gaseous phase characterized by a low density of particles, see Figure 2.

Figure 2 – The liquid-gas phase transition. Left: below the boiling temperature the liq-
uid is present but the liquid-air interface fluctuates more and more. Center: at the boil-
ing temperature the interface fluctuates at the scale of the box. Right: above the boiling
temperature the gaseous phase occupies all the glass.

There exist also material with three phases at low temperature: the Strontium
Titanate (SrTiO3) is a crystal which has a symmetry called Perovskite structure. The
lattice mesh consists of a central atom of Titanium, surrounded by an octahedron of
6 atoms of Oxygen, which are located at the center of the faces of a cube of 8 atoms
of Strontium, see Figure 3.

Under a stress, the crystal has three favorite directions of deformation, which are
the three directions of the cube [100], [010] and [001]. If we stress the crystal in the
[111] direction, the crystal tends to locally deform itself in the three above directions.
Moreover, below a certain critical temperature, the atom of Titanium undergoes a
displacement along the direction of deformation. This induces a local polarization2

2Note that Perovskite crystals are well known piezoelectric materials thanks to their property of polarizing
under a stress.
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of each lattice mesh, which can take three values. At microscopic scale, the lattice
consists of a number of domains of the three phases. We will be interested in the
behavior of these interfaces between domains.

Photo Copyright Rob Lavinsky irocks.com hgs-model.com mrc.iisc.ernet.in

Figure 3 – Left: Natural Perovskite crystal. Center: schematization of its atomic struc-
ture. Right: Zoom on one lattice mesh.

Figure 4 – Experimental phase diagram of the SrTiO3 crystal [73]. The horizontal axis
represents the temperature T in Kelvin degrees, and the vertical axis the stress strength
p in direction [111] expressed in kg/mm2.
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II Modelization
In 1920, Wilhelm Lenz introduced a modelization of ferromagnetic materials where
the magnetic moments of each atom of the lattice L can point either upwards or
downwards. An energy is associated to each configuration σ = {σx}x∈L where σx ∈
{−1,+1} is the magnetic moment, or “spin” of the atom x. It takes the form:

H(σ) = −
∑
x∼y

σxσy (1)

where the notation x ∼ y denotes neighboring atoms in L. Each pair of atoms con-
tribute negatively to the energy if they have the same sign, and positively if they have
opposite signs. So the bigger the fraction of aligned spins the smaller the energy. In
practice, the number of atoms is so large that it is impossible to measure the state of
each of them in the lattice. That is why in Statistical Physics, the equilibrium states
of the system are described by probability measures on the space of configurations
of the system. In other words, we enumerate all the possible spin configurations
and assign them a probability of realization. Of course, every configuration has not
the same probability to occur: according to the second principle of Thermodynam-
ics which amounts to minimize the information we have about the micro-states of
the system, this probability measure has to maximize the entropy3at a given average
energy. It is not difficult to show that the probability measure describing the system
has thus to take the form:

P(σ) =
exp(−H(σ)/T)

Z
(2)

where T is the temperature and Z is a normalization constant. Such a finite volume
measure is called a Gibbs distribution. At low temperature, it favors the configura-
tions which almost minimize the energy, that is where the spins have almost all the
same sign, whereas at high temperatures, every atom is more or less free to behave at
random; the system’s behavior is almost like that of a free system with independent
components. We thus imagine why this is a good candidate for a model of phase
transition.

The underlying lattice L is supposed to model real materials. The square lattice is
a natural example, but we can think about more general periodic lattices, as the Per-
ovskite structure represented on Figure 3. As we will see along this thesis, it turns out
that bidimensional systems with enough symmetry have duality and integrability
properties which make them much more understood than their higher dimensional
counterparts.

Ernst Ising, who was Lenz’s PhD student, studied the one-dimensional version of
the model, and proved [58] that the latter does not undergo a phase transition: a wire
of ferromagnetic atoms interacting with their nearest neighbors is never magnetized
at any positive temperature. In 1936, Rudolf Peierls proved [75] the existence of a
phase transition in the same model in dimension larger than or equal to two. That

3The entropy of a probability measure P is the number between 0 and 1 given by S =
∑

σ P(σ) log P(σ). One
can verify easily that the uniform measure has entropy 1, while the atomic measure has entropy 0.
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means that in the limit of an infinitely large sample, there exists a well defined pos-
itive temperature below which the system is magnetized and above which it is not.
Let us emphasize that such a transition from positive to zero average magnetization
cannot occur in finite volume because the magnetization is a weighted sum of ana-
lytic functions of the inverse temperature. The absolute value of the magnetization
measured in laboratories is very close to zero but positive below Tc, see Figure 10.
The now called “Ising model” was the first model of Statistical Physics for which it
was possible to prove the existence of a phase transition, which constituted a first
sign of success of this theory. This result was followed in 1944 by the work of On-
sager [74] who obtained the “exact solution” of the Ising model in two dimensions
on a square lattice. He computed in particular the Curie temperature. The analyti-
cal expression for the magnetization as a function of temperature was then derived
rigorously and published by Yang [90].

The Ising model can also be used to model the liquid-vapor phase transition de-
scribed above. In a real situation, the particles can be anywhere in a box, in contrast
with the magnet where the atoms form a lattice, but we can study a simplified model
by dividing the container of the gas into a large number of cells (which form a lattice)
and which are of about the same volume as the particles. Hence a particular cell is
either occupied or empty (we label it by 1 or 0). This simplified picture is called a
“lattice gas”. An energy of the form (1) can also be used in this case; the term σxσy

is only non-zero when the cells x and y are occupied, which means that the particles
attract each other. The magnetization in the Ising model corresponds to the differ-
ence between the density of the liquid and the gaseous phase. From a formal point
of view, the liquid-vapor transition of this lattice gas is similar to the spontaneous
magnetization of an Ising ferromagnet as long as the coupling between magnetic
moments of the atoms is similar to the effective interaction between the occupation
numbers of the cells.

Figure 5 – The mapping between the lattice gas and the Ising ferromagnet.
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In 1952, R.B. Potts introduced [79] a generalization of the Ising model where the
notion of “spin” is replaced by the one of “color”: each atom of the lattice have a
certain color labeled between 1 and q. The energetic cost is invariant under permu-
tations of the labels and is only due to nearest neighbor pairs of atoms which do not
have the same color. Similarly as in the Ising model, the energy associated to each
configuration σ = {σx}x∈L with σx ∈ {1, . . . , q} takes the following form:

H(σ) = −
∑
x∼y

1[σx=σy]. (3)

For q = 2 it can be mapped to the Ising model just by replacing +1 spins by color 1
and −1 spins by color 2, and noticing that for Ising spins (1+σxσy)/2 = 1[σx=σy]. It is
thus as well a model for ferromagnetic materials. For q = 3 it models for example the
cubic-tetragonal transition of the Perovskite described above. The interesting feature
of this model is that the phase transition properties depend non-trivially on q and
the dimension d of the lattice. As in the Ising model, there is no phase transition
in dimension 1. The existence of a phase transition in dimension 2 and higher can
be proved with the analog of Peierl’s argument. Another proof is due to Fortuin
and Kasteleyn [34] who introduced an ingenious coupling with another model called
“random-cluster”: below a certain critical temperature Tc, the system spontaneously
orders: it has more atoms with a particular color. So there is a well defined order
parameter which is the density of this particular color: below Tc it is larger than 1/q.
In planar lattices, it is conjectured that the phase transition is of second order for
q 6 4 (the order parameter is continuous at the transition) and first order for q > 4
(the order parameter makes a jump).

III Phase transition and fluctuation of interfaces
III.1 Ising model
Consider a layer of fixed +1 spins all around the sample. If the spin located in the
middle of the sample is more probable to be +1 than −1 it means that the system is
influenced by the boundary condition and is positively magnetized.

It is a very general fact that no phase transition occurs in one-dimensional sys-
tems with finite range interactions [81]. Indeed, exact computations are possible in
this case which amount to express all relevant quantities as powers of an appropri-
ate “transfer matrix”; its eigenvalues are real analytic functions of the local poten-
tials, and thus of the inverse temperature. We quote Ruelle to summarize the interest
of one-dimensional systems: “the statistical mechanics of classical one-dimensional
systems is relatively tractable and at the same time relatively uninteresting”. In the
sequel we will thus be interested in lattices of dimension 2 or larger.

Let us explain the Peierls argument which shows the existence of a phase transi-
tion in the two dimensional Ising model. If the central atom has a spin −1 then there
must exist an interface (separating spins of opposite signs) surrounding this atom.
The “energetic cost” of observing a given interface of length n is equal to exp(−2n/T),



III. PHASE TRANSITION AND FLUCTUATION OF INTERFACES 11

according to (1). On the other hand, the number of possible interfaces of length n

surrounding the central atom is upper-bounded by 4n. Thus, the probability for the
central atom to have a spin −1 is upper-bounded by∑

n>0

Number of interfaces of size n surrounding 0 ×

× Weight of a contour =
∑
n>0

4n · e−2n/T .

This sum is strictly smaller than 1/2 when T is sufficiently small, hence the system is
magnetized at small enough temperature.

Peierls argument shows that the phase transition in the Ising model can be under-
stood by looking at the typical configurations of broken lines or surfaces separating
the domains with plus and minus spins. At high temperature, the center of a large
piece of lattice will typically encounter more or less the same configurations no mat-
ter what boundary conditions outside this domain are imposed. This is not the case
below the critical temperature, where what happens at the boundary of the sample
has an influence deep inside it.

Note that the critical temperature is increasing in the dimension of the lattice. In-
deed, each atom has 2d nearest neighbors, so at a given temperature the system is
more ordered as d increases. In other words, a larger temperature is needed to disor-
der the system as d increases. As there exists a phase transition in dimension 2, this
is also true in any dimension larger than 2.
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Figure 6 – The Dobrushin interface of the Ising model at low temperature, d = 2 and 3.

Imposing a non constant boundary condition amounts to imposing the existence
of interfaces inside the system. A natural way to study interfaces is to choose a
boundary condition which imposes the existence of at least one interface through-
out the system: put +1 spins on the upper-half boundary of a domain, and −1 spins
on the lower-half; this is called the Dobrushin boundary condition. On the square
lattice, it is known [37, 30] that the induced interface is delocalized in dimension 2,
whereas it is flat in dimension 3 at small enough temperature, see Figure 6.
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More precisely, in dimension 2 the interface is spread over a typical width which
is the square root of the side-length of the sample [48]), and in dimension 3 it has
small fluctuations of constant size. If we write φ0 the height of the interface above
the origin, we have:

Var(φ0) =

{
O(
√

n) for d = 2
O(1) for d > 3

The intuition behind these results can be explained as follows. In 2 dimensions,
the interface can be typically decomposed into a chain of irreducible pieces whose
increments constitute an effective one-dimensional directed random walk. The pre-
cise study of the correlations between the increments shows that this random walk
has diffusive Gaussian fluctuations.

In 3 dimensions, the situation is different. Note that at zero temperature the in-
terface is flat, it is the horizontal plane passing through the origin. At very low but
positive temperature, a Peierls type argument can be implemented to show that only
small local fluctuations appear: the “energetic cost” for creating a deformation of
height 1 in the plane is proportional to its perimeter, see Figure 7. As before, the
weight of a deformation of perimeter n is exp(−2n/T) and the number of such (non-
overhanging) deformations is bounded above by 4n. So the probability to see any
deformation tends to zero as T → 0.

Figure 7 – Deformations of the zero temperature interface in the 3-dimensional Ising
model with Dobrushin boundary conditions.

The same kind of argument shows that interfaces in dimension d are localized at
low temperature for all d > 3.

III.2 Potts model
For the Potts model, the analog of most of the results described above are still valid.
The existence of a phase transition can be proved either via a Peierls argument, or
with the auxiliary random-cluster model, which will be introduced later in this thesis.

The fluctuations of the Dobrushin interface (with any two colors on the boundary)
in a sample of side-length n are also known [21] to be of order O(

√
n) in 2 dimensions,

and of O(1) in dimension 3 and higher at small enough temperature, see Figure 8.
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Figure 8 – The Dobrushin interface of the Ising model (left) and Potts model (right,
q = 5) below Tc in dimension 2 on the square lattice.

III.3 Effective interface models and pinning
As we have seen, the energy of a configuration is proportional to the number of dis-
agreeing pairs of spins. At very low temperature, overhangs of the Dobrushin inter-
face are very much penalized and a reasonable simplified interface model consists in
choosing at random a height-function over a d−1 dimensional lattice L, with the con-
straint that big gradients are penalized and the height is zero at the boundary of the
sample. Consider for example the following models where a function φ = (φx)x∈L

with φx ∈ Z or R is chosen with a weight:

exp

(
−

1
4(d − 1)

∑
x∼y

(φx − φy)2

)
where d − 1 is the dimension of the underlying lattice. These models represent an
interface between two d-dimensional media; the cases d = 1, 2 are relevant in a 3-
dimensional world. Both Z and R-valued models are interesting in themselves, and
different techniques allow to study them. The latter is called the Gaussian free field.

The Z-valued model represents a free interface, with no overhangs, whose law is
close to the Ising one for a 1-dimensional Dobrushin interface at low temperature. If
the variables φx are R-valued, the variance of the height over site x can be computed
with a useful random walk representation [25]: the covariance between variables
φx and φy under the measure µ coincides with the expected number of visits in y

of a simple symmetric random walk starting at x before it exits the finite lattice L.
Well known results about the random walk [84] allow us to compute the variance of
the interface over the origin (written 0) in a sample of side-length n. Here are the
variances for the Z and R-valued models.

VarZ(φ0) =

 O(
√

n) for d = 1 + 1
O(1) for d > 2 + 1

and T ≪ 1
VarR(φ0) =

 O(
√

n) for d = 1 + 1
O(
√

log n) for d = 2 + 1
O(1) for d > 2 + 1
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Figure 9 – Interpretation of the discrete Gaussian free field in dimension 1 and 2 as
interface models in R2 and R3.

As in the Ising model, we observe that the 1-dimensional interface of the Z-valued
model is delocalised over a width which is the square root of the side-length of the
sample.

An interesting modification of the model consists in adding a potential, for ex-
ample an attraction or a repulsion at zero height. One can then view the previous
interface as a random 1-dimensional polymer, or d-dimensional surface which is at-
tracted or repelled by a deterministic hyperplane.

In Part 2 of this thesis, a new version of this model is studied: we consider the
Gaussian free field model in the presence of a potential on the hyperplane, which is
either attractive or repulsive with a randomly chosen strength. For a constant posi-
tive (attraction) strength, chosen as small as we want, it is known [16] that the (hyper-
)surface is localized, i.e. a positive density of its monomers are sticked at zero height.
In our work, the question we ask concern the influence of the disorder on the behav-
ior of the interface: does the presence of disorder modify macroscopic quantities in
the system?

IV Thermodynamic limit and Gibbs measures
As the number of atoms in a ferromagnet or in a gas is very large, and the phase tran-
sition phenomenon (magnetization or density curve as a function of the temperature)
is sharper and sharper when the volume of the sample increases (see Figure 10), it is
natural to study the models introduced above in the limit of large volume |L| → ∞,
also called thermodynamic limit.

Of course, the Hamiltonian (1) is not well defined on an infinite lattice and one
must either take suitable limits of finite volume measures, or try to characterize an
infinite volume distribution by the specification of its restrictions in finite volume. A
probability measure on an infinite lattice whose finite volume conditional probabili-
ties have the form (2) is called a Gibbs measure. It turns out that this characterization
is intimately connected with the limiting procedure we describe now.

In a large but finite system, the measurement of local observables in the bulk (i.e.
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Figure 10 – Expected magnetization as a function of p = 1−e−1/T for the bidimensional
Ising model, for different values of the side-length N of the sample.

observables which depend on a finite number of spins) should not depend on finite-
size effects, and thus should be well approximated by an infinite-volume measure.
The mathematical framework which corresponds to this requirement is given by the
weak convergence of measures: a sequence of probability measures PL on a finite lat-
tice L converges to some measure P on the infinite lattice if the expectation of all local
observables under PL (these are real numbers) converge towards their counterpart
under P.

Hence, it is the local behavior of a given model which allows to characterize the
set of its infinite volume Gibbs measures. In particular, the fluctuations of interfaces
play a crucial role.

In the Ising and Potts models, we call “pure phases”4 the probability measures on
a d-dimensional lattice which are the limits, as n → ∞, of finite volume measures
with constant boundary conditions outside a sample of side-length n. For example,
the “plus” phase P+ (or gaseous phase in the lattice gas picture) of the Ising model
consists, below the critical temperature, of an infinite “sea” of plus spins with finite
islands of minus spins, while the “minus” (or liquid) phase P− consists of the op-
posite picture. In the Potts model, there are q pure phases, each of them having an
infinite “sea” of atoms which have color i, with i = 1, . . . , q. Of course all these
measures depend on the temperature.

The set G of infinite volume Gibbs measures associated to a given model describes
the set of equilibrium states of the system. It is a convex set and actually also a sim-
plex, thus characterized by a set of extremal measures. The phenomenon of phase
transition corresponds to a transition from uniqueness to non-uniqueness of the equi-

4In the Physics literature, the term “pure phase” designs an extremal, translation-invariant measure. As we
prove in this thesis, the limits of measures with monochromatic boundary conditions turn out to be the pure
phases of the 2d Potts model. That is why we use this abuse of terminology.
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librium states of the system. Indeed, below the Curie temperature, a ferromagnet can
for example magnetize upwards or downwards, this corresponds to the plus and mi-
nus phases of the Ising model, which are extremal. At least two equilibrium states
are thus possible below the critical temperature, while thermal fluctuations allow
only one equilibrium state above the critical temperature.

To know whether there are more than the pure phases in G, it is useful to consider
measures enforcing the presence of macroscopic interfaces throughout the system.
We explain what happens with Dobrushin boundary conditions for the Ising model;
analogous results holds for the Potts model as well. We call Dobrushin measure
P± the limit, as n → ∞, of the finite volume measures with Dobrushin boundary
conditions outside a sample of side-length n, see Figure 8.

In dimension 2, the interface is delocalized and has typical fluctuations of order√
n so with high probability any local observable will “see” configurations that are

typical either of the plus phase or of the minus phase. Indeed, with high probabil-
ity, any local part of the sample is far from the macroscopic interface, and thus sur-
rounded by (far away) spins with a constant value, which make it close to a typical
configuration under the corresponding pure phase5. This implies that we can ex-
press the measure as a convex combination of the plus phase and the minus phase.
By symmetry, we have

P±
d=2 =

1
2
(P+ + P−).

On the other hand, in dimension 3, at small enough temperature, the interface is
localized and has bounded fluctuations, so the local observables whose support is
above (resp. below) the interface will see the plus (resp. minus) phase. Moreover,
observables probing the region close to the interface (this is a deterministic location)
will feel local phase coexistence. Consider indeed the observable

“spin of the atom at (0, 0, 10) − spin of the atom at (0, 0, −10).”

Its expectation is close to m⋆ − (−m⋆) = 2m⋆ under P±
d=3, where m⋆ is the mag-

netization in the plus phase (the interface passes between the two atoms with high
probability). Under the plus phase, the minus phase (in any dimension), and P±

d=2
the expectation of the above observable is equal to 0 with high probability (the inter-
face passes far away from the above two atoms located at (0, 10) and (0,−10)).

These observations have a very important consequence: the Dobrushin measure
is translation invariant6 in dimension 2 while it is not in dimension 3. In particular,
P±

d=3 cannot be expressed as a convex combination of the plus and minus phases. It
is a different equilibrium state of the system.

5It is indeed known that the law of the spins located in a region surrounded by spins of constant value con-
verges exponentially fast towards the pure phase corresponding to this value.

6A measure is called translation invariant if it gives the same expectation to a local function and all its trans-
lates.
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On Z2, it is known [1, 55] that the set GT of Gibbs measures of the Ising model at
temperature T is

GT = {αP+
T + (1 − α)P−

T , α ∈ [0, 1]}.

Namely, only the pure phases are the relevant equilibrium states. In the first half of
Part 1 of this thesis, we refine this result by showing that, for any ε > 0, the finite vol-
ume measures in a sample of side-length n with any boundary conditions are convex
combinations of the plus and minus phases up to probabilities of order O(n−1/2+ε).
In other words, we prove that, whatever boundary condition we choose (which can
enforce a priori up to O(n) interfaces throughout the system) local phase coexistence
does not occur: all macroscopic interfaces are located at least at distance O(n1/2−ε)
from any fixed local region with high probability.

In dimension 3, it is known that the Dobrushin measure, as well as all its vertical
translates, are extremal. The set G is thus more complicated in this case. Moreover,
very little is known yet about other types of boundary conditions.

The second half of Part 1 is devoted to the Potts model, for which much less was
known about the set G, even in dimension 2. Only the perturbative regimes of low
temperature or large parameter q where studied [78, 71]. In this thesis we prove that
on Z2 every Gibbs measure of the Potts model below the critical temperature is a
convex combination of these q pure phases.

GT =

{
q∑

i=1

αiPi
T ,

q∑
i=1

αi = 1

}
.

A corollary of this result is that all Gibbs measures are translation invariant (as the
pure phases are), and that the set of extremal measures coincides with the pure phases,
neither of which was known before up to the critical temperature. Above the criti-
cal temperature there exists a unique Gibbs state, and at the critical temperature it is
conjectured that G contains the q pure phases as extremal elements for q 6 4, and
those plus the high temperature phase when q > 4. This in intimately connected
with the expected first order phase transition for q > 4 we already mentioned.

The idea behind our result is a finite volume estimate which is the analog of the
one for the Ising model: we show that any fixed finite part of a finite sample of side-
length n is at a distance O(n1/2−ε) from any macroscopic interface. Note that the
structure of the Potts interfaces is more complicated that the Ising one: in the bidi-
mensional case, the Ising interfaces are just lines separating plus and minus spins,
while the Potts interfaces are locally trees with several branches. The work consists
in proving that only a finite number of interfaces reach the internal half of the sam-
ple, and that due to surface tension the macroscopic structure of remaining interfaces
concentrates on a forest consisting of trees with internal nodes of degree 3, see Fig-
ure 11. Then, the analysis of interfaces fluctuations separating 2 or 3 phases is needed:
they are big enough to make any local region most likely to be located deep inside a
pure phase. Exponential relaxation into pure phases allows to conclude.
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Figure 11 – Macroscopic interfaces in the 2d Potts model with piecewise constant bound-
ary condition. (Left: q = 4. Right: q = 6.) Interfaces internal nodes of degree more than
3 are prohibited by the surface tension.



Part 1
On the Gibbs states of the noncritical

Ising and Potts models on Z2

Si la vie n’est qu’un passage, sur ce passage au moins
semons des fleurs.

Michel de Montaigne, “Les Essais”.



20



Chapter1
A review of the Ising and Potts models

In this chapter we give a detailed review of the known results about the
non-critical Ising and Potts models, which are needed to study the set of
their infinite volume measures. Most of the elementary results are proven,
and some heuristics is given for the more involved ones. In both cases, we
mention the reference to original literature.

1.1 Finite volume Gibbs measures
Let G = (V, E) be a finite connected graph, where V and E are the vertices and edges
of G. We write V = V0 ∪ ∂V , where ∂V denotes the distinguished set of bound-
ary vertices of G, see Figure 1.1. We write e = [i, j] to denote the edge e ∈ E

which connects the vertices i and j. A particular vertex, “the origin”, will be also
distinguished, we write it 0. We also define the ball of radius n and center x in G,
Bn(x) = {y ∈ V : dG(x, y) 6 n} where dG denotes the graph distance (we will write
it d when no confusion is possible).

∂V

V0

E

Figure 1.1 – A graph G = (V, E), with V = ∂V ∪ V0.
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1.1.1 The Ising model
Consider the configuration space ΣV = {−1, +1}V . An Ising configuration in ΣV is
written σ = {σi}i∈V . It associates to each vertex i ∈ V a “spin” in {−1, +1}. Let
σ ∈ Σ∂V be a boundary condition. We associate to each configuration σ its energy
in G, which depends on the inverse temperature β ∈ [0, ∞), and is described by the
following Hamiltonian:

HHH
σ
G,β(σ) = −β

 ∑
[i,j]∈E

σiσj +
∑

i∈V,j∈∂V
[i,j]∈E

σiσ

 (1.1)

The Ising model on G at inverse temperature β is the following probability measure
on Σσ

V = {σ ∈ ΣV : σ ≡ σ on ∂V} (with the associated product σ−algebra):

Pσ
G,β(σ) =

1
Zσ

G,β

exp
(
−HHHσ

G,β(σ)
) (1.2)

The normalization constant Zσ
G,β is called the partition function. We denote by P+

G,β,
resp. P−

G,β, the measures obtained using σ ≡ +1, resp. σ ≡ −1. We denote by Pf
G,β

the measure obtained without specifying the value of the spins on ∂V .

1.1.2 The Potts model
Consider the configuration space ΣV = {1, ..., q}

V . A Potts configuration in ΣV is
written σ = {σi}i∈V . It associates to each vertex i ∈ V a number in {1, ..., q}, usually
called “color” or “state”. Let σ ∈ Σ∂V be a boundary condition. We associate to
each configuration σ its energy in G, which depends on the inverse temperature β ∈
[0,∞), and is described by the following Hamiltonian:

Hσ
G,β(σ) = −β

 ∑
[i,j]∈E

δσi,σj
+

∑
i∈V,j∈∂V

[i,j]∈E

δσi,σ

 (1.3)

The q-state Potts model on G at inverse temperature β is the following probability
measure on Σσ

V = {σ ∈ ΣV : σ ≡ σ on ∂V}.

Pσ
G,β,q(σ) =

1
Zσ

G,β,q

exp
(
−Hσ

G,β(σ)
) (1.4)

Note that:
• For q = 2, if we map the colors 1 and 2 onto +1 and -1, since δσiσj

=
1+σiσj

2 , we
recover the Ising model on G at inverse temperature β/2.
• When σ ≡ i for some i = 1 . . . q, we will speak about “the finite volume Potts

measure with pure boundary condition i”. We denote by Pf
G,β,q the measure

obtained without specifying the value of the spins on ∂V .
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1.2 A few elementary results for the Ising model
A lot of techniques have been developed in the last decades in order to study the Ising
model. We will not be exhaustive here; in the first part of this section, we emphasize
the fact that, unlike the Potts model, the natural ordering present in the Ising model
allows to prove “easily” important results. More specific techniques are available
for planar graphs; in the second part of this section we present the Kramers-Wannier
duality and the random-line representation, which will be useful for our new results
about the Ising model.

1.2.1 Basic properties on finite graphs
In this section we describe basic properties of the Ising model on a finite connected
graph G = (V, E).

1.2.1.1 The spatial Markov property

If σ1 and σ2 are the restrictions of a configuration to two disjoint parts of G, we denote
by σ1 ∨ σ2 their concatenation. For a subgraph G ′ = (V ′,E ′) of G we write ∂V ′ for
the set of vertices sharing an edge with V\V ′. A simple property of the Ising model
is the following:

Proposition 1.1 (Spatial Markov property)
Let β > 0. For all subgraphs G ′ = (V ′,E ′) of the graph G = (V, E), for all η ∈ Σσ

V and for
all boundary conditions σ on ∂V , we have

Pσ
G,β(σ | σ ≡ η on V\V ′) = Pσ

G,β(σ | σ ≡ η on ∂V ′) = P
η∨σ

G ′,β(σ)

The proof is elementary and consists in observing the cancellation of the weights
due to the nearest neighbor range of the model. Of course the spatial Markov prop-
erty is also valid for the Potts model.

1.2.1.2 The GKS inequalities

The following very useful inequalities are named after Griffiths, Kelly and Sher-
man [49, 50, 60]. They are restricted to + and free boundary conditions, and give
information about expectation and covariances of products of spins. We will use the
following notation throughout this chapter:

Definition 1.1 For A b V , we write

σA +
∏
x∈A

σx.
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Proposition 1.2 (GKS inequalities) Let β > 0, and A, B b V . Then,

P+
G,β(σA) > 0

P+
G,β(σA · σB) > P+

G,β(σA) · P+
G,β(σB)

The same is true for the measure Pf
G,β.

We refer to the original articles cited above for the proof. A first corollary of Propo-
sition 1.2 is that the expectations P+

G,β(σA) are increasing in the coupling constants
of the model. Indeed, writing the Hamiltonian (1.1) as

HHH
+
G,β(σ) = −β

 ∑
i,j∈V\∂V

[i,j]∈E

Jijσiσj +
∑

i∈V,j∈∂V
[i,j]∈E

Jijσi


with Jij = 1 is useful to observe that:

d

dJij

P+
G,β(σA) = P+

G,β(σAσiσj) − P+
G,β(σA)P+

G,β(σiσj)
GKS

> 0. (1.5)

This result is valid even if the Jij differ from one site to the other, as long as the model
is ferromagnetic (Jij > 0,∀i, j).

1.2.1.3 The FKG inequality
There is a natural partial order on the set of configurations of the Ising model:

σ 6 σ ′ ⇐⇒ σx 6 σ ′
x ∀x ∈ V .

Therefore, we can define a notion of monotonicity: a function f : ΣV → R is called
increasing if σ 6 σ ′ =⇒ f(σ) 6 f(σ ′). An event is called increasing if its indicator
function is increasing. The following inequality is named after Fortuin, Kasteleyn
and Ginibre [35], and states that increasing functions are positively correlated, inde-
pendently of the boundary condition.

Proposition 1.3 (FKG inequality)
Let β > 0. For any boundary condition σ, let f, g : Σσ

V → R be two increasing functions.
Then

Pσ
G,β(f · g) > Pσ

G,β(f) · Pσ
G,β(g).

Despite the intuitiveness of the statement, which comes from the ferromagnetic
type of the coupling constants, the original proof is somehow technical. We refer to
[41] for a nice proof; see also [56]. The FKG inequality has many interesting conse-
quences. One of them is the stochastic comparison between boundary conditions:
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Proposition 1.4 For any increasing function f, inverse temperature β > 0, and boundary
conditions σ 6 σ ′, we have

P−
G,β(f) 6 Pσ

G,β(f) 6 Pσ ′

G,β(f) 6 P+
G,β(f).

We say that the above measures are stochastically ordered, and we write

P−
G,β 4 Pσ

G,β 4 Pσ ′

G,β 4 P+
G,β.

Proof We can write
HHHσ

G,β(σ) = HHHσ ′

G,β(σ) + β
∑

i∈V,j∈∂V
[i,j]∈E

σi(σj − σ ′
j) + HHHσ ′

G,β(σ) + I(σ)

and note that I(σ) is a decreasing function. Therefore,

Pσ
G,β(f) =

Pσ ′

G,β(f · eI)

Pσ ′

G,β(eI)
6

Pσ ′

G,β(f)Pσ ′

G,β(eI)

Pσ ′

G,β(eI)
= Pσ ′

G,β(f)

The same can be done by replacing σ by + or −.

Let us use the following notations:
Definition 1.2 We write

nx =
1
2
(1 + σx) and nA =

∏
x∈A

nx.

It is easy to prove that the following functions are increasing for any x ∈ V and
A b V :

σx, nx, nA,
∑
x∈A

nx − nA. (1.6)

Definition 1.3 The support of a function f : ΣV → R is the smallest set A such that
f(σ) = f(σ ′) as soon as σ|A = σ ′

|A, where σ|A denotes the restriction of σ to A. It is
denoted Support(f).

The following lemma shows that two classes of local functions, which are amenable
to the use of correlation inequalities (either GKS or FKG), form a basis of the set of
local functions.

Proposition 1.5 (Decomposition onto local increasing functions)
Let f : ΣV → R be a function. Then there exist coefficients f̂A and f̃A, for all A ⊆ Support(f)
such that

f =
∑

A⊆Support(f)

f̂AσA =
∑

A⊆Support(f)

f̃AnA
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Proof Observe that the following orthogonality relation holds:

2−|B|
∑
A⊆B

σAσ ′
A = 1[σx=σ ′

x ∀x∈B]

Indeed, suppose σx = σ ′
x for all x ∈ B. Then σAσ ′

A = 1, and the relation holds.
Suppose there exists some x ∈ B such that σx ̸= σ ′

x, i.e. σx · σ ′
x = −1. Then,∑

A⊆B

σAσ ′
A =

∑
A⊆B\{x}

σAσ ′
A + σA∪{x}σ

′
A∪{x} =

∑
A⊆B\{x}

σAσ ′
A + σxσ ′

xσAσ ′
A = 0,

and the relation holds too. Apply it to B =Support(f):

f(σ) =
∑
σ ′

f(σ ′)1[σ|Support(f)=σ ′] =
∑
σ ′

f(σ ′)2−|Support(f)|
∑

A⊆Support(f)

σAσ ′
A

=
∑

A⊆Support(f)

(
2−|Support(f)|

∑
σ ′

f(σ ′)σ ′
A

)
︸ ︷︷ ︸

f̂A

σA

The second decomposition follows from the observation σA =
∏

x∈A(2nx − 1).

1.2.2 Infinite volume measures
As we are interested in large systems, it is interesting to have a notion of infinite
volume measures, namely a set of measures on an infinite graph G∞, which are limits
of measures on finite subgraphs of G∞, for a suitable notion of convergence. To this
end, we consider a sequence of graphs G = (Gn)n such that Gn b G∞ = (V∞,E∞)
and Gn ↑ G∞ as n → ∞ (which we write G ↑ G∞ in the sequel), where G∞ is
an infinite, locally finite, connected graph (i.e. each vertex has a finite number of
outcoming edges). We will add hypothesis on G∞ for some of the results below. We
also consider a sequence of boundary conditions σn on Gn, and we will define a
notion of limiting measure for sequences Pσn

Gn,β.
First of all, let Σ = {−1, +1}V∞ . We say that a function f : Σ → R is local if its

support is finite, or in other words, if it depends only on a finite number of spins.

Definition 1.4 A sequence (Pσn

Gn,β)n converges to some limiting measure P on (Σ, F), where
F is the product σ−algebra, if and only if

lim
n→∞ Pσn

Gn,β(f) = P(f)

for all local functions f : Σ→ R.

Let us introduce notations for the set of all infinite-volume measures. The next
chapter is devoted to the properties of this set and contains more details.
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Definition 1.5 Let β > 0. A probability measure P on (Σ, F) is an infinite volume measure
of the Ising model at inverse temperature β if P is an accumulation point of some sequence of
finite volume measures {Pσn

Gn,β}
n

, for the above notion of convergence. We also call such an
accumulation point a “weak limit”, and write

Gβ = {Weak limits of sequences (Pσn

Gn,β)
n
, with Gn ↑ G∞, and σn ∈ Σ}

The physical motivation for this definition is that in a large but finite system, the
measurement of local observables in the bulk should not depend on the finite-size
effects, and thus should be well approximated by an infinite-volume measure.

On the other hand, the mathematical framework is exactly given by the weak
convergence of measures in the compact metric space (Σ, F), where F is the product
σ−algebra, endowed with the metric:

d(σ, σ ′) =
∑

x∈V∞
2−∥x∥11[σx ̸=σ ′

x]

Indeed, we can easily check that the local functions are dense in the set of continuous
functions for the product topology, which satisfy

∀ε > 0, ∃A b V∞ : sup
σ,σ ′ :

σ|A=σ ′
|A

|f(σ) − f(σ ′)| 6 ε.

We emphasize that the existence of a probability measure P on (Σ,F) such that
P(f) = limn→∞ Pσn

Gn,β(f) is ensured by the Caratheodory extension theorem and the
Kolmogorov theorem [12]. Indeed, the product σ−algebra F is generated by the
cylinders

CA,ω = {σ ∈ Σ : σx = ωx, ∀ x ∈ A} with A b V∞ and ω ∈ ΣA,

whose indicator function is a local function. Then, the function P̂ characterized by
the limiting expectations of indicator of cylinders can be extended to a probability
measure P̃ on the algebra generated by the cylinders, which on its turn can be ex-
tended in a unique way to a probability measure P on the induced σ−algebra.

Let us still recall some general definitions about infinite graphs:
Definition 1.6 1. A graph G = (V, E) is of bounded degree if there exists some constant

K ∈ [1, ∞) such that any vertex x ∈ V has a degree smaller than K.
2. An automorphism τ of a graph G is a permutation of the vertex set V such that the pair

of vertices (x, y) form an edge if and only if the pair (τ(x), τ(y)) also form an edge. We
denote by Aut(G) the group of automorphisms of the graph G.
A graph G is called transitive if for any two vertices x, y ∈ V there exists an automor-
phism τ ∈ Aut(G) such that τ(x) = y.

3. A graph G is called periodic if Aut(G) contains a subgroup isomorphic to Zd, whose
elements are called “translations”, and which acts freely with a finite number of or-
bits. In other words, G can be embedded periodically in Rd in such a way that those
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“translations” correspond to Euclidean translations of Rd. The value of d is well de-
fined and we call it the dimension of the graph. We call “fundamental domain” a set of
representatives of each orbit of the vertex set under the translations.

4. An infinite graph G is said to have sub-exponential balls if

sup
x∈V

lim
n→∞

1
n

log |Bn(x)| = 0.

5. An infinite graph G∞ is said to be Van Hove if there exists sequences of finite graphs
G ↑ G∞ such that,

lim
G↑G∞

|∂V |

|V |
= 0

As we will see, the FKG inequality allows us to prove easily the existence of the
infinite volume measures with +,− and free boundary conditions.

Proposition 1.6 Let G∞ be a locally finite graph, β > 0.
The weak limits

P+
β = lim

G↑G∞ P+
G,β , P−

β = lim
G↑G∞ P−

G,β and Pf
β = lim

G↑G∞ Pf
G,β

exist and are independent of the choice of the sequence G ↑ G∞. Moreover,
1. P+

β and P−
β are invariant under the automorphisms of G∞,

2. P−
β 4 P 4 P+

β for all P ∈ Gβ. (In particular P−
β 4 Pf

β 4 P+
β .)

Proof We easily get the following monotonicity property: for every increasing local
function f, and G1 = (V1, E1) ⊂ G2 = (V2,E2) b G∞,

P+
G1,β(f) = P+

G2,β(f | σx ≡ +1 on V2\V1) > P+
G2,β(f)

As any local function is bounded, we deduce the convergence of expectations of in-
creasing local functions, as G ↑ G∞. As any local function can be decomposed onto
increasing local functions by Proposition 1.5, this implies the weak convergence of
P+

G,β towards some measure P+
β . The same argument (with reversed inequality)

shows the existence of the infinite measure with − boundary conditions. For free
boundary condition we use the GKS inequality: for any A ⊂ G1 ⊂ G2 b G∞, using
(1.5) we deduce

Pf
G1,β(σA) = Pf

G2,β,J≡0 on G2\G1
(σA) 6 Pf

G2,β(σA)

Proposition 1.5 must be used as well for the decomposition of local functions onto
the functions σA. The fact that P+

β , P−
β and Pf

β do not depend on the chosen sequence
of graphs is standard: suppose it does, then we can construct two growing sequences
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of graphs (G1
n)n and (G2

n)n which lead to the limits P1 and P2. Consider an alternate
growing sequence of graphs (Gn)n such that the even graphs come from (G1

n)n and
the odd ones from (G2

n)n. This new sequence leads a priori to a third limit P. But
P = P1 = P2 because all subsequences of (Gn)n must lead to the same limit.
For the automorphism invariance, let τ ∈ Aut(G∞). For any local function f,

P+
G,β(f) = P+

τG,β(τ−1f).

Now passing to the limit G ↑ G∞, we get
P+

β(f) = P+
β(τ−1f),

where the last limit follows from the fact that P+
β does not depend on the chosen se-

quence of graphs. The same argument (with reversed inequality) works for − bound-
ary conditions, and for free boundary condition we use the GKS inequality and the
functions σA.
Finally, the stochastic extremality property follows easily from the FKG inequality in
finite volume (Prop. 1.3).

1.2.3 Phase transition
The stochastic ordering of Ising measures implies the following uniqueness criterion
for infinite volume measures.

Proposition 1.7 Let G∞ be a locally finite, periodic graph, and β > 0.
The following statements are equivalent:

1. There exists a unique infinite volume Gibbs measure.
2. P+

β = P−
β .

3. P+
β(σx) = P−

β(σx) for all x in a fundamental domain.
Assertions 1 and 2 are equivalent to the following modified assertion in the case of a non-periodic graph: 3’.
P+

β(σx) = P−
β(σx) for all x in G∞.

Proof The equivalence 1 ⇔ 2 follows from the stochastic ordering given by Propo-
sition 1.6. Implication 2 ⇒ 3 is trivial and 3 ⇒ 2 follows from the next Lemma 1.1
together with the automorphism invariance of P+

β and P−
β : if P+

β(σx) = P−
β(σx) for

all x in a fundamental domain, then P+
β(σx) = P−

β(σx) for all x ∈ G∞.

Lemma 1.1 Let P1, P2 be two probability measures on {−1,+1}V (with V some countable
set). Let σ = (σx)x∈V ∈ {−1, +1}V .
If P1 4 P2 and P1(σx) = P2(σx) for all x ∈ V , then P1 = P2.
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Proof We have seen (1.6) that the functions ∑
x∈A nx−nA are increasing for all A b E.

Hence,

P1

(∑
x∈A

nx − nA

)
6 P2

(∑
x∈A

nx − nA

)
,

which implies that∑
x∈A

(P2(nx) − P1(nx)) > P2(nA) − P1(nA) > 0.

If P1(σx) = P2(σx) for all x ∈ E, then P1(nx) = P2(nx) for all x ∈ E, and hence
P1(nA) = P2(nA) for all A b E. Proposition 1.5 finishes the proof.

Definition 1.7 By the FKG inequality the following limit always exists and is called the
average magnetization under P+

β :

m⋆
β + lim

G↑G∞ P+
G,β

(
1

|G|

∑
x∈V

σx

)
.

Note that by symmetry the average magnetization under the measure P−
β equals −m⋆

β.

We will show later in a more general context (see Proposition 1.26), that if G∞ is a
locally finite, Van Hove, transitive graph, then

P+
β(σ0) = lim

G↑G∞ P+
G,β

(
1

|G|

∑
x∈V

σx

)

whenever G is a Van Hove sequence. The same holds for P−
β . This allows us to use

the name “average magnetization” for the quantities P+
β(σ0) and P−

β(σ0) as well.

Proposition 1.7 allows to define a critical inverse temperature βc above which
there are more than one unique infinite volume Gibbs measure. Indeed, by symmetry
P+

β(σx) = −P−
β(σx), by the FKG inequality P+

β(σx) > P−
β(σx), and the consequence

(1.5) of the GKS inequalities ensures that P+
β(σx) − P−

β(σx) is increasing in β.
Definition 1.8 The critical inverse temperature of the Ising model is defined as

βc + sup{β > 0 : P+
β = P−

β} = sup{β > 0 : m⋆
β = 0}.

There exist several methods to prove that 0 < βc < ∞, namely non-uniqueness
at low temperature for periodic graphs of dimension d > 2. One can mention the
Peierls argument [75], or the “disagreement percolation” method [85]. Another one
is detailed in Proposition 1.20 and Corollary 1.6, which has the advantage of treating
the Potts models as well.
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1.2.4 Planar techniques

In this section we treat only the case of finite planar graphs (embedded in R2). The
Ising model presents a duality property, which was first noticed by Kramers and
Wannier [62, 63]. It links certain properties of the Ising model at low temperature
to properties at high temperature, and is an important tool for the non-perturbative
analysis of the Ising model. The presence of such a duality is one of the main reasons
why the model is much better understood in dimension 2 than in higher dimensions.

Let G = (V, E) be a (simply connected) planar graph. Its dual G⋆ = (V⋆, E⋆)
is constructed as follows: place a dual vertex within each face of G (including the
infinite face), forming the set of dual vertices V⋆, and place a dual edge e⋆ joining
two dual vertices whenever they are placed on adjacent primal faces. This forms the
set of dual edges E⋆. Note that V⋆ is in one-to-one correspondence with the set of
faces of G and E⋆ is in one-to-one correspondence with E.

For our purposes here, we will consider the dual vertex on the infinite face as
splited into as many vertices as incoming half-edges, see Figure 1.2. We call this set
of vertices ∂V⋆.

∂V ?

∂V

Figure 1.2 – A planar graph and its dual. Primal edges E are drawn with solid lines,
while dual edges E⋆ are drawn with dashed lines.

1.2.4.1 Low temperature representation

Let σ be some boundary condition. To a configuration σ compatible with this bound-
ary condition, we associate the set E⋆(σ) of all edges of the dual graph separating a
pair i, j of nearest-neighbor vertices of G such that and σi ̸= σj. The set of edges
E⋆(σ) can be decomposed into a family of self-avoiding lines by applying a fixed de-
formation rules at each vertex of the dual graph at which more than two edges of E⋆

meet. Here is the case of Z2:
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where the last four deformation rules can only occur on the boundary of the box.
Each of these lines is called a contour of σ and is denoted γ. Its length is denoted |γ|.
We write Γ̄(σ) for the set of all closed contours of σ, i.e. the closed lines.

Of particular interest will be the open contours Γ(σ) = (λ1(σ), . . . , λM(σ)) of the
configuration σ, i.e., the open lines. Observe that each of those has its two endpoints
on ∂V⋆. The set b(σ) ≡ {b1, . . . , b2M} of all endpoints of open contours is completely
determined by the boundary condition σ, see Figure 1.3. The notation ∂Γ = b(σ)
means that the set of open contours Γ is compatible with b(σ) (i.e., the set of end-
points of Γ is b(σ)). We sometimes use the notation λ : b→ b ′ in place of ∂λ = {b, b ′}.

Λ

Figure 1.3 – The contour representation of the Ising model on Z2. The open contours
are drawn in red, the closed contours in green. The set of endpoints of open contours
(locations of the spin changes) is drawn with void dots.

We also say that a family of contours γ is (σ, G)-compatible, and write γ ∼ (σ,G) if
there exists a configuration σ in G, compatible with the boundary condition σ, such
that γ is the family of contours of σ. The sum of the length of a family of contours γ

is denoted |γ|.
Note that by rewriting the Hamiltonian (1.1) as

HHH
σ
G,β(σ) = −β

 ∑
i,j∈V\∂V

[i,j]∈E

(σiσj − 1) +
∑

i∈V,j∈∂V
[i,j]∈E

(σiσ − 1)

− β|E|



1.2. A FEW ELEMENTARY RESULTS FOR THE ISING MODEL 33

and by observing that σiσj − 1 ̸= 0 if and only if σi ̸= σj, i.e. iff the vertices i and j

are separated by a contour, we deduce:

Zσ
G,β = eβ|E|

∑
σ∈Σσ

V

 ∏
γ∈Γ̄(σ)

e−2β|γ|

 ∏
λ∈Γ(σ)

e−2β|λ|


= eβ|E|

∑
σ∈Σσ

V

exp(−2β|Γ̄(σ)|) · exp(−2β|Γ(σ)|)

︸ ︷︷ ︸
+Zσ(G)

. (1.7)

More generally, given any (σ,G)-compatible family λ of open contours, we set

Zσ(G|λ) =
∑

σ∈Σσ
V

Γ(σ)=λ

exp(−2β|Γ̄(σ)|).

We define the weight qσ
G,β(λ) of an arbitrary family of open contours λ as follows

qσ
G,β(λ) =

{
exp(−2β|λ|) · Zσ(G|λ)

Z+(G)
if ∂λ = b(σ) and λ ∼ (σ,G)

0 otherwise. (1.8)

Note that the weights qσ
G,β(λ) do not define a probability measure on the set of (σ, G)-

compatible open contours since above we divide by Z+(G) and not by Zσ(G).

1.2.4.2 High temperature representation
Consider free boundary conditions. The elementary identity

eβσiσj = cosh β + σiσj sinh β = cosh β(1 + σiσj tanh β)

is used to derive a second useful representation of the partition function.
Zf

G,β =
∑

σ∈Σf
V

∏
i,j∈V

{i,j}∈E

eβσiσj = (cosh β)|E|
∑

σ∈Σf
V

∏
i,j∈V

{i,j}∈E

(1 + σiσj tanh β)

= 2|V |(cosh β)|E|
∑

∂Γ̄=∅

(tanh β)|Γ̄|

︸ ︷︷ ︸
+Z(G)

(1.9)

Indeed, after the summation over σ, only terms labelled by sets of bonds with empty
boundary give a non-zero contribution. And any term of the expansion which gives
a non-zero contribution can be uniquely labelled by a family Γ̄ of closed contours
which are compatible with the graph G (and the free boundary condition).

More generally, given any (f, G)-compatible family γ of (non-necessary closed)
contours, we set

Z(G|γ) =
∑

Γ̄ : ∂Γ̄=∅
Γ̄∨γ∼(f,G)

(tanh β)|Γ̄|
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where Γ̄ ∨ γ stands for the concatenation of the two families of contours, using the
deformation rule explained at the beginning of the section. We define the weight
qG,β(γ) of an arbitrary family of contours γ as follows

qG,β(γ) =

{
(tanh β)|γ| · Z(G|γ)

Z(G)
if γ ∼ (f, G)

0 otherwise. (1.10)

1.2.4.3 Kramers-Wannier duality and random-line representation of the even correlation
functions

The Kramers-Wannier duality relates the high and low temperature expansions by
the following observations:

Proposition 1.8 (Kramers-Wannier duality)
Let G = (V, E) and G⋆ = (V⋆,E⋆) be a finite graph and its dual.
Let β⋆ be the solution of

tanh β⋆ = e−2β.

Then,
2−|V⋆|(cosh β⋆)−|E⋆| · Zf

G⋆,β⋆ = e−β|E| · Z+
G,β

Moreover, let σ be a boundary condition. Then the set of (σ,G)-compatible families of con-
tours coincides with the set of compatible families of contours γ of the graph G⋆ such that
∂γ = b(σ). Namely, let λ be a family of open contours such that ∂λ = b(σ), then

qσ
G,β(λ) = qG⋆,β⋆(λ).

Proof The first assertion comes from the comparison between (1.7) and (1.9), and the
second one from the comparison between (1.8) and (1.10).

The usefulness of the definition of the weights qG,β(λ) comes from the following
representation of the correlation function Pf

G,β(
∏

x∈A σx) . If the cardinality of A is
odd, then by symmetry this correlation function vanishes. If |A| = 2m, for some
m > 1, then by expanding the numerator of this correlation function as in (1.9), we
observe that the presence of the variables σx, x ∈ A, implies that the only terms which
give non-zero contributions, are those labelled by compatible families of contours
containing a sub-family λ = {λ1, . . . , λm} of m open contours such that ∂λ = A. By
summing over all closed contours for such a given family λ, we get a contribution to
the numerator which is exactly (tanh β)|λ|Z(G|λ).

This observation implies the following random-line representation for the even cor-
relation functions:

Pf
G,β

(∏
x∈A

σx

)
=

∑
λ :∂λ=A

qG,β(λ)

And we deduce the following duality, which comes from Proposition 1.8, which we
also call “random-line representation” henceforth.
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Proposition 1.9 (Random-line representation)
Let G = (V, E) and G⋆ = (V⋆, E⋆) be a finite planar graph and its dual, β⋆ the solution of
tanh β⋆ = e−2β.
Let σ be a boundary condition on G and b(σ) ⊆ ∂V⋆ be the set of locations of spin changes
along the boundary of G. Then,

Zσ
G,β

Z+
G,β

=
∑

λ : ∂λ=b(σ)

qσ
G,β(λ) = Pf

G⋆,β⋆

 ∏
x∈b(σ)

σx



One of the interests of the random-line representation is that the weights qG,β

have number of useful properties which follow essentially from the GKS inequalities.
We give here some examples, with precise references to where a proof can be found.

As before, let G = (V,E) and G⋆ = (V⋆, E⋆) be a finite graph and its dual. Then,

• Let G1 ⊂ G2 and Γ a family of contours on E⋆
1 . Then

qG1,β(Γ) > qG2,β(Γ). (1.11)

See [77, Lemma 6.3] for the proof.

• Let b1, b2 be two disjoint subsets of even cardinality of ∂V⋆. The weights satisfy
the following BK-type inequality,∑

Γ1,Γ2 :
∂Γ1=b1,∂Γ2=b2

qG,β(Γ1 ∨ Γ2) 6
∑

Γ1 : ∂Γ1=b1

qG,β(Γ1)
∑

Γ2 : ∂Γ2=b2

qG,β(Γ2). (1.12)

See [77, Lemma 6.5] for the proof.

• Let us associate to a (σ,G)-compatible family of open contours the set F(Γ1, . . . , Γn)
of all vertices of G whose spin value is completely determined by σ and these
open contours, i.e., the maximal set such that, if σ ′ is another configuration com-
patible with σ such that Γ1, . . . , Γn ⊂ Γ(σ ′), then σ ′

i = σi, for all i ∈ F(Γ1, . . . , Γn).
We set G(Γ1, . . . , Γn) + G \ F(Γ1, . . . , Γn), and say that Γ1, . . . , Γn partition the box
G into the connected components of G(Γ1, . . . , Γn). Then,

qG,β(Γ1, . . . , Γn, Γn+1, . . . , Γm) = qG,β(Γ1, . . . , Γn) qG(Γ1,...,Γn),β(Γn+1, . . . , Γm),
(1.13)

for all (σ,G)-compatible family Γ1, . . . , Γm ⊂ Γ(σ) of open contours.
See [77, Lemma 6.4] for the proof.

More properties of the weights will be described in Section 1.5.7. They are based
on estimates of the two point correlation functions. We treat this topic together with
the Potts models in the following sections.
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1.3 Edwards-Sokal coupling between Potts and Random-Cluster
models

There are much less tools in terms of the spins for the Potts model than for the Ising
model (the Hamiltonian is invariant under the permutations of the q colors and for
example no natural partial order allows to compare them). But an extremely useful
coupling, introduced by Edwards and Sokal in 1988 [33], allows to express magne-
tization properties in the Potts model (on a general graph G) as percolation proper-
ties in an appropriate model of random subgraphs of G, called the “random-cluster”
model. The latter was introduced by Fortuin and Kasteleyn in the seventies [34], and
we define it now.

1.3.1 The random cluster model
Consider a finite graph G = (V, E) as before. The configuration space is ΩE ≡ {0, 1}E.
A configuration in ΩE is denoted ω = {ω(e)}e∈E. It associates to each edge e a num-
ber in {0, 1}. The edge e is called open in the configuration ω if ω(e) = 1, it is called
closed if ω(e) = 0.
Let ω be a boundary condition, i.e. a wiring of the vertices on ∂V . When G is a sub-
graph of an infinite graph G∞, we will consider ω to be a configuration on G∞\G.
Let κ(ω, ω) be the number of connected components (also called clusters) of the con-
figuration ω, including isolated sites, and counted according to the connections of
the boundary condition ω. This notation will be often simplified to κ(ω) when the
boundary condition is implicitly fixed.
Let |ω| denote the cardinality of the set of edges of ω seen as a subgraph of G, i.e. the
number of open edges of the configuration ω. We write |E| to denote the number of
edges of G.
We define a probability measure on the set Ωω

E of configurations which have addi-
tional edges between the vertices of ∂V according to the connections prescribed by
ω. This measure depends on two real parameters p ∈ [0, 1] and q ∈ (0, ∞):

µω
G,p,q(ω) =

1
Zω

G,p,q

∏
e∈E

[
pω(e)(1 − p)1−ω(e)

]
qκ(ω,ω)

=
1

Zω
G,p,q

p|ω| (1 − p)|E|−|ω| qκ(ω,ω).

Note that:
• For q = 1, we recover the well known Bernoulli bond Percolation model (see [52]).

It is the only parameter for which the variables ω(e) are independent. The
model with q ∈ N⋆ is related to the q-state Potts model, as we will see.
• We define two “extremal” boundary conditions: ω ≡ 0 is called free bound-

ary condition (vertices on ∂V are not connected together outside G), we write
µf

G,p,q, whereas ω ≡ 1 is called “wired” boundary condition (all vertices in ∂V

are in the same connected component), we write µw
G,p,q.
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1.3.2 The coupling
We present here the Edwards-Sokal coupling between the q-state Potts model, at
inverse temperature β, with boundary condition “1”, and the random-cluster model
with parameters p = 1 − e−β and q, and wired boundary condition. More general
boundary conditions will be discussed in Section 2.4.3.
Let q ∈ {2, 3, 4, ...}, p ∈ [0, 1], and G = (V,E) as before. Consider the product space
Σ1

V×Ωw
E = {1, 2, 3, ...q}

V\∂V×{0, 1}E, with boundary condition 1 on ∂V whose vertices
are all connected to each other. We define a probability measure on this space, which
is called Edwards-Sokal coupling:

ν(σ,ω) =
1
Z

∏
e∈E

(1 − p)δω(e),0 + pδω(e),1δe(σ) (1.14)

=
1
Z

p|ω| (1 − p)|E|−|ω|
∏

e :ω(e)=1

δe(σ),

where δe(σ) = δσi,σj
if e = [i, j] ∈ E and Z is defined such that ∑

σ,ω ν(σ,ω) = 1.
Note that ν can be seen as the product measure ⊗

i∈V\∂V

Uniform{1,...q}

⊗(⊗
e∈E

Bernoulli(p)

)

conditioned on the event C ≡ {δe(σ) = 1 for all e such that ω(e) = 1}.

Proposition 1.10 Let p = 1 − e−β ∈ [0, 1), then:
1. The marginal of ν on Σ1

V is the Potts measure:

∑
ω

ν(σ, ω) =
1

Z1
G,β,q

exp

(
β

∑
e∈E

δe(σ)

)
,

where the right-hand side is a simplified notation which takes also into account the “1”
boundary condition on ∂V .

2. The marginal of ν on Ωw
E is the random-cluster measure, i.e.:

∑
σ

ν(σ, ω) =
1

Zw
G,p,q

(∏
e∈E

pω(e)(1 − p)1−ω(e)

)
qκ(ω).

3. The normalization constants satisfy: Zw
G,p,q = e−β|E|Z1

G,β,q.
Moreover,
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1. For ω ∈ Ωw
E, the conditional measure ν(·|ω) on Σ1

V is obtained by coloring the vertices
as follows: color ”1” on the cluster connected to ∂V,

constant color on each remaining cluster, distributed uniformly on {1, . . . q},

independent between clusters.

2. For σ ∈ Σ1
V , the conditional measure ν(·|σ) on Ωw

E is obtained as follows: indepen-
dently for each edge e = [i, j] ∈ E,

If σi ̸= σj, then ω(e) = 0,

If σi = σj, then ω(e) =

{
1 with probability p

0 with probability 1 − p.

Proof Let us compute the first marginal:

ν(σ) =
∑
ω

ν(σ,ω) =
1
Z

∑
ω

∏
e

(
(1 − p)δω(e),0 + pδω(e),1δe(σ)

)
=

1
Z

∏
e

((1 − p) + pδe(σ))

=
1
Z

∏
e

(
e−β + (1 − e−β)δe(σ)

)
=

1
Z

∏
e

eβ(δe(σ)−1)

=
e−β|E|

Z

∏
e

eβδe(σ) = P1
G,β,q(σ),

where in the last line we used 1 = e−β|E|

Z
Z1

G,β,q (obtained by integrating over σ).
For the second marginal we have:

ν(ω) =
∑

σ

ν(σ, ω) =
1
Z

∑
σ

∏
e

(
(1 − p)δω(e),0 + pδω(e),1δe(σ)

)
=

1
Z

∑
σ

∏
e

(
(1 − p)δω(e),0 + pδω(e),1

)
1[δe(σ)=1 if ω(e)=1]

=
1
Z

∏
e

(1 − p)1−ω(e)pω(e)qκ(ω) = µw
G,p,q(ω),

where in the last line we used 1 =
Zw

G,p,q

Z
(obtained by integrating over ω). The two

last remarks show that Zw
G,p,q = e−β|E|Z1

G,β,q. Let us pick the simplest expressions
for:

ν(σ, ω) =
1
Z

∏
e

(
(1 − p)δω(e),0 + pδω(e),1

)
1[δe(σ)=1 if ω(e)=1],

ν(ω) =
1
Z

∏
e

(1 − p)1−ω(e)pω(e)qκ(ω) and ν(σ) =
1
Z

∏
e

((1 − p) + pδe(σ)) ,
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so that we can divide easily and obtain

ν(σ | ω) =
1[σ is constant on the open clusters of ω]

qκ(ω)

ν(ω | σ) =
∏

e

(1 − p)δω(e),0 + pδω(e),1δe(σ)

(1 − p) + pδe(σ)
.

which are the announced conditional measures.

1.3.3 Potts two-point correlations and magnetization are Random-Cluster con-
nexions and exit probabilities

Let us define the following events
{x↔ y} = {there exists some path of open edges in G connecting x to y}

{x↔ ∂V} =
∪

y∈∂V

{x↔ y}.

Then, the probability of seeing two vertices having the same color in the Potts model
under P1

G,β,q is directly related to the probability of seeing these two vertices con-
nected in the random-cluster model. Similarly, the probability of seeing a vertex
having the color “1” in the Potts model is directly related to the probability of seeing
this vertex connected to the boundary in the random-cluster model:

Proposition 1.11 1. For all x, y ∈ V ,

P1
G,β,q(σx = σy) − 1/q

1 − 1/q
= µw

G,p,q(x↔ y).

2. For all x ∈ V ,
P1

G,β,q(σx = 1) − 1/q

1 − 1/q
= µw

G,p,q(x↔ ∂G).

Proof We have indeed, using the Edwards-Sokal coupling:
P1

G,β,q

(
δσx,σy

)
=

∑
σ

(
δσx,σy

)
P1

G,β,q(σ) =
∑

σ

∑
ω

(
δσx,σy

)
ν(σ, ω)

=
∑
ω

∑
σ

(
δσx,σy

)
ν(σ | ω)︸ ︷︷ ︸

1[x↔y]+
1
q
1[x=y]

µw
G,p,q(ω)

= µw
G,p,q(x↔ y) +

1
q

µw
G,p,q(x = y)

=

(
1 −

1
q

)
µw

G,p,q(x↔ y) +
1
q

.
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For the second assertion, we notice that∑
σ

δσx,1ν(σ | ω) = 1[x↔∂G] +
1
q
1[x=∂G],

which allows the same conclusion with the corresponding event.

1.4 Results for the Random-Cluster model
1.4.1 Basic properties on finite graphs
We list here and prove some useful properties of the random-cluster model on a fi-
nite graph G. The model is well defined for any positive value of the parameter q.
Almost all the properties described below are valid for q > 1 (which is the domain
of validity of the FKG inequality, see below). In our work, the random-cluster model
constituting a tool for studying the Potts model, we will use it for integer values of
q in the next three chapters.

1.4.1.1 The finite energy property
The random-cluster models satisfy a very simple property. The conditional proba-
bility for an edge to be open, knowing the states of all the other edges, is bounded
away from 0 and 1 uniformly in p ∈ (ε, 1 − ε) and in the configuration outside this
edge, for all ε ∈ (0, 1/2). This property extends to any finite family of edges. Indeed,
we have more precisely the following

Proposition 1.12 (Finite energy property)
Let e = [x, y] ∈ E, p ∈ (0, 1) and q ∈ (0,∞). Then, uniformly in ω ′ ∈ Ωω

E , we have

µω
G,p,q (ω(e) = 1| ω ≡ ω ′ on E\{e}) =

{
p if x

E\{e}←→ y in ω
p

p+q(1−p)
otherwise.

Proof Let us write ωe (resp. ωe) for the configuration ω restricted to the edge e,
where e is open (resp. closed). Let ∨ denote the concatenation of edge configurations.
We have by definition,

µω
G,p,q (ω(e) = 1| ω ≡ ω ′ on E\{e}) =

µω
G,p,q(ωe ∨ ω ′)

µω
G,p,q(ωe ∨ ω ′) + µω

G,p,q(ωe ∨ ω ′)

=

(
p

1−p

)|ωe∨ω ′|

qκ(ωe∨ω ′)(
p

1−p

)|ωe∨ω ′|

qκ(ωe∨ω ′) +
(

p

1−p

)|ωe∨ω ′|

qκ(ωe∨ω ′)
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Obviously we have |ωe| = |ωe| + 1, and

κ(ωe ∨ ω ′) =

{
κ(ωe ∨ ω ′) if x

E\{e}←→ y in ω

κ(ωe ∨ ω ′) − 1 otherwise

Hence,

µω
G,p,q (ω(e) = 1| ω ≡ ω ′ on E\{e}) =

{
p/(1−p)

p/(1−p)+1 = p if x
E\{e}←→ y in ω

p/(1−p)
p/(1−p)+q

= p

p+q(1−p)
otherwise.

1.4.1.2 The spatial Markov property
Like the Ising model, the random-cluster measures satisfy the spatial Markov prop-
erty in the following sense.

Proposition 1.13 (Spatial Markov property)
Let p ∈ [0, 1] and q > 0. For all subgraph G ′ of G and for all boundary condition ω outside
G, we have

µω
G,p,q(ω | ω ≡ ω ′′ on G\G ′) = µω ′′∨ω

G ′,p,q (ω)

Proof Let ω ′ denote the configuration ω restricted to G ′, so that the left hand side
asks for ω = ω ′ ∨ ω ′′ ∨ ω. We have

µω
G,p,q(ω |ω ≡ ω ′′ on G\G ′) =

µω
G,p,q(ω ′ ∨ ω ′′)∑

ω̃ µG,p,q(ω̃ ∨ ω ′′)
=(

p

1−p

)|ω ′|+|ω ′′|

qκ(ω ′∨ω ′′,ω)

∑
ω̃

(
p

1−p

)|ω̃|+|ω ′′|

qκ(ω̃∨ω ′′,ω)

=

(
p

1−p

)|ω ′|

qκ(ω ′,ω ′′∨ω)

∑
ω̃

(
p

1−p

)|ω̃|

qκ(ω̃,ω ′′∨ω)

= µω ′′∨ω
G ′,p,q (ω)

Note that this spatial Markov property is of a different type from the one satisfied by
the Ising and Potts models. Indeed, the information on ω ′′ ∨ ω cannot be reduced
to the one on edges outcoming from G ′. The random-cluster model is not of nearest
neighbor range as its Potts counterpart.

1.4.1.3 The FKG inequality
There is a natural partial order on the set of configurations of the random-cluster
model:

ω 6 ω ′ ⇐⇒ ω(e) 6 ω ′(e) ∀e ∈ E.



42 CHAPTER 1. A REVIEW OF THE ISING AND POTTS MODELS

Therefore, a function f : ΩE → R is called increasing if ω 6 ω ′ =⇒ f(ω) 6 f(ω ′).
An event is called increasing if its indicator function is increasing.
The FKG inequality, already seen in terms of the spin variables for the Ising model,
is valid in the framework of the random-cluster model for any q > 1.

Proposition 1.14 (FKG inequality)
Let p ∈ [0, 1], q ∈ [1,∞). For any boundary condition ω, let f, g : Ωω

E → R be two
increasing functions. Then

µω
G,p,q(fg) > µω

G,p,q(f) · µω
G,p,q(g)

The original proof [35] is somehow technical and not very informative. A nice
proof can be found in [41], it is based on [56] and proceeds by constructing a cou-
pling between two Markov processes which have µω

G,p,q and µω ′

G,p,q, with ω 6 ω ′ as
stationary distributions.

Note that the FKG inequality is not true for q < 1 and therefore very little is
known on the corresponding models.

The FKG inequality has number of interesting consequences. One of them is the
stochastic comparison between boundary conditions: for any ω 6 ω ′,

µf
G,p,q 4 µω

G,p,q 4 µω ′

G,p,q 4 µw
G,p,q

where by 4 we mean the stochastic domination, namely µ 4 ν ⇔ µ(f) 6 ν(f) for
any local increasing function f.

1.4.1.4 Comparison inequalities

A remarkable property of the random-cluster measures is that it is possible to com-
pare expectations of increasing functions under measures with different parameters
p or q. The later turns out to be very useful, in particular to show occurrence of a
phase transition for every q > q0 once we prove it for q0, as we will see later.

Proposition 1.15 (Comparison inequalities)
Let p1, p2 ∈ [0, 1] and q1, q2 ∈ [1,∞) such that either

1. q1 > q2 and p1 6 p2, or
2. q2 > q1 and p1

q1(1−p1)
6 p2

q2(1−p2)

Then for any increasing function f,

µw
G,p1,q1

(f) 6 µw
G,p2,q2

(f).
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Proof We have, under assumption 1:

µw
G,p2,q2

(f) =
1

Zw
G,p2,q2

∑
ω

f(ω)

(
p2

1 − p2

)|ω|

q
κ(ω)
2

=
1

Zw
G,p2,q2

∑
ω

f(ω)

(
p2(1 − p1)

p1(1 − p2)

)|ω|(
q2

q1

)κ(ω)

︸ ︷︷ ︸
=g(ω)

(
p1

1 − p1

)|ω|

q
κ(ω)
1

=
µw

G,p1,q1
(fg)

µw
G,p1,q1

(g)
> µw

G,p1,q1
(f),

where in the last line we used the FKG inequality, after observing that the function g

is increasing. Let us treat assumption 2:

µw
G,p1,q1

(f) =
1

Zw
G,p1,q1

∑
ω

f(ω)

(
p1

1 − p1

)|ω|

q
κ(ω)
1

=
1

Zw
G,p1,q1

∑
ω

f(ω)

(
q2p1(1 − p2)

q1p2(1 − p1)

)|ω|(
q1

q2

)κ(ω)+|ω|

︸ ︷︷ ︸
=g ′(ω)

(
p2

1 − p2

)|ω|

q
κ(ω)
2

=
µw

G,p2,q2
(fg ′)

µw
G,p2,q2

(g ′)
6 µw

G,p2,q2
(f),

where in the last line we used the FKG inequality, after observing that the function
g ′ is decreasing.

1.4.1.5 Planar duality

Let G = (V, E) be a planar graph. We recall Section 1.2.4 for the definition of its dual
G⋆ = (V⋆,E⋆). A random-cluster configuration ω ∈ {0, 1}E gives then rise to a dual
configuration ω⋆ ∈ {0, 1}E⋆ defined as ω⋆(e⋆) = 1 − ω(e), i.e. e⋆ is open if e is closed
and conversely. Suppose G is finite. Let o(ω) = {e ∈ E : ω(e) = 1} and f(ω) be the
set of faces of the graph of open edges (V, o(ω)) including the unique infinite face.

Proposition 1.16 (Planar duality)
Let the configuration ω ∈ Ωf

E be distributed according to µf
G,p,q.

Then the configuration ω⋆ ∈ Ωw
E⋆ is distributed according to µw

G⋆,p⋆,q, where the dual pa-
rameter p⋆ is solution of

p⋆

1 − p⋆
=

q(1 − p)

p
.
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Remark 1.1 If we put q = 2 in the above duality relation, and use p = 1 − e−2β (the factor
2 comes from the mapping from the 2-state Potts model to the Ising model), we easily see that
p⋆ is given by

p⋆ =
2(1 − p)

p + 2(1 − p)
=

2
e2β + 1

.

Hence, defining β⋆ by p⋆ = 1 − e−2β⋆ , we get

e−2β⋆

= tanh β

which is the Kramers-Wannier duality relation, see Proposition 1.8. This duality via the
mapping to the random-cluster model is thus another manifestation of the Kramers-Wannier
duality, which is more deep, though, because it is valid configuration by configuration.

Proof One sees easily that f(ω⋆) is in one-to-one correspondence with the connected
components of (V, o(ω)), hence:

|f(ω⋆)| = κ(ω) (1.15)

By Euler’s formula, we have

κ(ω) = |V | − |ω| + |f(ω)| − 1. (1.16)

Note also that
|ω| + |ω⋆| = |E|. (1.17)

Hence,

µf
G,p,q(ω) ∝

(
p

1 − p

)|ω|

qκ(ω) ∝
(

p

1 − p

)−|ω⋆|

q|f(ω⋆)| by (1.15) and (1.17)

∝
(

q(1 − p)

p

)|ω⋆|

qκ(ω⋆) by (1.16) applied to ω⋆

∝ µw
G⋆,p⋆,q(ω⋆)

with the announced p⋆. Note that the constants of proportionality above are inde-
pendent of ω and ω⋆.

Note that the dual value of p⋆ is p, and the unique solution of p = p⋆ is called the
“self-dual point”:

psd(q) =

√
q

1 +
√

q
.

1.4.2 Infinite volume Random-Cluster measures
As in Section 1.2.2, we now consider a sequence of graphs G = (Gn)n such that
Gn b G∞ = (V∞, E∞) and Gn ↑ G∞ as n → ∞, which we write G ↑ G∞. We always
consider G∞ to be locally finite and connected, the latter being usually implicit.
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1.4.2.1 Definition of infinite volume measures
Analogously as for the Ising model (see Section 1.2.2), we define infinite volume
random-cluster measures as weak limits of finite volume measures.
Definition 1.9 Let p ∈ [0, 1] and q ∈ (0, ∞). Let Ω = {0, 1}E∞ . A probability measure µ

on Ω is an infinite volume random-cluster measure with parameters p and q if µ is an accu-
mulation point of some sequence of finite volume measures {µωn

Gn,p,q}n, for the weak topology
(see Definition 1.4). We write:

Wp,q = {Weak limits of sequences (µωn

Gn,p,q)
n
, with Gn ↑ G∞, and ωn ∈ Ω}

Note that every µ ∈Wp,q satisfy the finite energy property (Prop.1.12), the compari-
son inequalities (Prop.1.15) and the FKG inequality (Prop.1.14) whenever q > 1. We
refer to [53] for proofs.

1.4.2.2 Existence of infinite volume measures
As we will see, the FKG inequality allows us to prove easily the existence of the
infinite volume measures with free and wired boundary conditions when q > 1.

Proposition 1.17 Let G∞ be a locally finite graph, p ∈ [0, 1] and q ∈ [1, ∞).
The weak limits

µw
p,q = lim

G↑G∞ µw
G,p,q and µf

p,q = lim
G↑G∞ µf

G,p,q

exist and are independent of the choice of the sequence G ↑ G∞. Moreover,
1. µf

p,q and µw
p,q are invariant under the automorphisms of G∞,

2. µf
p,q 4 µ 4 µw

p,q for all µ ∈Wp,q.

Proof As for the Ising model, we easily get the following monotonicity property: for
every increasing local function f, and G1 = (V1, E1) ⊂ G2 = (V2, E2),

µw
G1,p,q(f) = µw

G2,p,q(f | ω(e) ≡ 1 on E2\E1) > µw
G2,p,q(f)

As any local function is bounded, we deduce the convergence of expectations of in-
creasing local functions, as G ↑ G∞. It is a standard fact that any local function
can be decomposed onto increasing local functions. This implies the weak conver-
gence of µw

G,p,q towards some measure µw
p,q. The same argument (with reversed in-

equality) shows the existence of the infinite measure with free boundary conditions.
The fact that the limits do not depend on the chosen sequence of graphs, as well as
the automorphism invariance, are standard. See the proof of Proposition 1.6. The
stochastic extremality property follows easily from the FKG inequality in finite vol-
ume (Prop.1.14).
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1.4.2.3 Uniqueness of the infinite volume measure
By contrast with the Potts models, the random-cluster model presents a phase transi-
tion, as we will see, which is not related to the non-uniqueness of the infinite volume
measure. Indeed, for a given q, the set of parameters p such that |Wp,q| > 1 is at most
countable for a very general class of graphs.

Proposition 1.18 Let G∞ be a locally finite, periodic graph.
Let p ∈ (0, 1), q ∈ [1, ∞). Then the set

Dq = {p : |Wp,q| > 1} is countable.

For p ̸∈ Dq, we write µp,q for the unique infinite-volume random-cluster measure with
parameters p and q.

Proof This is a consequence of the convexity of the pressure associated to the random-
cluster model. Indeed, up to a constant factor, we have:

Zω
G,p,q =

∑
ω

(
p

1 − p

)|ω|

qκ(ω,ω) =
∑
ω

exp
(

log
(

p

1 − p

)
|ω| + (log q)κ(ω,ω)

)
It is standard to show the near-multiplicativity of Zω

G,p,q as a function of G when the
graph is periodic (and thus Van Hove) (see [53, Theorem 4.58] for the proof in the
case of Zd). As a consequence, the limit

F(p, q) = lim
G↑G∞

1
|E|

log Zω
G,p,q

exists and is independent of the sequence G ↑ G∞ as soon as |∂G|/|G|→ 0 as G ↑ G∞.
The irrelevance to the limit of the boundary condition ω comes also from the Van
Hove property. Moreover, it is easy to see that F(p, q) is convex as a function of the
two variables log(p/(1−p)) and log q with (p, q) ∈ (0, 1)×R+. The latter fact implies
that for each q ∈ R+, there exists a (possibly empty) countable subset Dq ⊂ (0, 1)
such that

Dq = {p ∈ (0, 1) : F(p, q) is a non-differentiable function of p}

Now, let p ∈ (0, 1), q ∈ [1,∞), define π = log p

1−p
and Fω

G = 1
|E|

log Zω
G,p,q (so that

F(p, q) = limG↑G∞ Fω
G ), and observe that

dFω
G

dπ
(p, q) =

µω
G,p,q(|ω|)

|E|

Since F is convex, if p ̸∈ Dq then, for all ω,
dFω

G

dπ
(p, q)

G↑G∞−→ dF

dπ
.
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As |ω| is an increasing function, we have µf
G,p,q(|ω|) 6 µω

G,p,q(|ω|) 6 µw
G,p,q(|ω|),

and as a consequence of the automorphism invariance of µf
p,q and µw

p,q, we have,

lim
G↑G∞

µb
G,p,q(|ω|)

|E|
= lim

G↑G∞
1
|E|

∑
e∈E

µb
p,q(ω(e) = 1) =

1
|F|

∑
e∈F

µb
p,q(ω(e) = 1) for b = f, w

where F denotes a fundamental domain of the periodic graph. We deduce, when
passing to the limit G ↑ G∞, that when p ̸∈ Dq,

dF

dπ
=

1
|F|

∑
e∈F

µf
p,q(ω(e) = 1) =

1
|F|

∑
e∈F

µw
p,q(ω(e) = 1).

As µf
p,q(ω(e) = 1) 6 µw

p,q(ω(e) = 1) for all e ∈ E, we deduce the equality of the
one-site marginals: µf

p,q(ω(e) = 1) = µw
p,q(ω(e) = 1) for all e ∈ E.

Uniqueness of the infinite-volume measure follows from the fact that, since µf
p,q 4

µw
p,q and the two measures have the same one-site marginals, they are equal (see

Lemma 1.1 which trivially holds for measures on {0, 1}E by a change of variables).

An important consequence of the countability of Dq together with comparison
inequalities is that there exists a well defined value pc(q) above which the random-
cluster model percolates. Let us first define:

Definition 1.10 Let C0 denote the open cluster of the origin and define

{0↔∞} = {|C0| = ∞}

An immediate corollary of Proposition 1.15 is the following:

Corollary 1.1 Let G∞ be a locally finite graph, and q > 1.
Then the function

p 7→ θw(p) = µw
p,q(0↔∞) is increasing .

We can thus unambiguously introduce the following definition:

Definition 1.11 Let G∞ be a locally finite, (connected) periodic graph. Then the critical
parameter for the percolation of the random-cluster model on G∞ is

pc(q) = sup{p : µp,q(0↔∞) = 0}.

Note that the probability that the cluster of the origin has infinite cardinality may
be different under the free or the wired measure, but by monotonicity in p at fixed
q (see Corollary 1.1) the supremum of the parameters p for which this probability
vanishes is the same.
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Remark 1.2 In the case of a (connected) periodic graph with a fundamental domain F con-
taining more than one vertex, we should have defined the critical parameter as the supremum
sup{p : supx∈F µp,q(x ↔ ∞) = 0}. However, by the finite energy property, we have
µp,q(x↔∞) 6 cd(0,x)µp,q(0↔∞), which makes it equivalent to the above definition.

Let us now prove the easy result that there is uniqueness below pc(q) which im-
plies Dq ⊂ [pc(q), 1].

Proposition 1.19 Let G∞ be a locally finite, periodic graph.
Let q > 1. Then there is a unique infinite-volume random-cluster measure for all parameters
p < pc(q), i.e.

µw
p,q = µf

p,q for all p < pc(q)

(For a graph on which pc(q) is not uniquely defined, the statement is true for any p < pw
c (q) with pw

c (q) =
sup{p : µw

p,q(0↔∞) = 0}.)

Proof In view of the above, it is sufficient to prove that µw
p,q 4 µf

p,q. As before
we write Bn = {x ∈ G∞ : d(0, x) 6 n}. Let A be an increasing local event, which
depends only on the edges inside BR, and En = {BR ↔ Bc

n}. We have,
µw

p,q(A) 6 µw
p,q(En) + µw

p,q(A | Ec
n)

Since p < pc(q), we have µw
p,q(0↔∞) = 0, which implies µw

p,q(En)→ 0 as n→∞.
On the other hand, on Ec

n, there exists some subset ∆ such that BR ⊆ ∆ ⊆ Bn and
all the edges of ∂∆ are closed. Let Ec

n,∆ = Ec
n ∩ {∆ is the biggest such subset} (where

biggest is defined with respect to the inclusion). Then, by the Markov property and
the FKG inequality we get:

µw
p,q(A |Ec

n) =
∑
∆ :

BR⊆∆⊆Bn

µw
p,q(A | Ec

n,∆) µw
p,q(Ec

n,∆ | Ec
n) (1.18)

=
∑
∆ :

BR⊆∆⊆Bn

µf
∆,p,q(A)µw

p,q(Ec
n,∆ |Ec

n)

6 µf
p,q(A)

∑
∆ :

BR⊆∆⊆Bn

µw
p,q(Ec

n,∆ | Ec
n)

= µf
p,q(A)

Taking the limit n→∞ we get µw
p,q(A) 6 µf

p,q(A) which gives the equality of these
two probabilities for local increasing events. We get the statement for any general
increasing event by approaching it with local ones.

Remark 1.3 Note that in the planar case, if we know that pc(q) = psd(q), which is the
case on Z2 as we will see, then Proposition 1.19 implies that the only possible p for which
non-uniqueness could occur is pc. Indeed, uniqueness for p < psd implies uniqueness for
p > psd by duality since µf

p,q = µw
p⋆,q. It is conjectured that on Z2 uniqueness holds at

pc(q) if and only if q 6 4. Non-uniqueness at psd(q) is known only for q large [66].
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1.4.3 Percolation transition
As we just mentioned, on infinite periodic graphs, at fixed q the value of the crit-
ical parameter above which the random-cluster model percolates is well defined.
The comparison inequalities (Prop. 1.15) have moreover the important yet immedi-
ate corollary:

Corollary 1.2 (Comparison between critical parameters)
Let G∞ be a locally finite, periodic graph. Let q, q1, q2 > 1 and p1, p2 ∈ [0, 1].
Then the function

pc(q) is increasing in q.

Moreover, let 1 6 q1 6 q2, then
1

pc(q2)
6 1

pc(q1)
6 q2/q1

pc(q2)
−

q2

q1
+ 1.

Hence, the existence of a non-trivial percolation transition in the random-cluster
model follows from the corresponding statement for the edge percolation model (i.e.
q = 1).

A very interesting question is to know whether all phase transitions which can
arise in a given model take place at the same critical parameter. In the sub-critical
regime, we usually expect exponential decay of connectivities. To this end, we define
a second critical parameter:
Definition 1.12 Let G∞ = (V∞,E∞) be a locally finite graph. The critical parameter for the
exponential decay of connectivities on G∞ is defined by:

p̃c(q) = sup{p : ∃ c > 0 such that ∀ x, y ∈ V∞,

µp,q(x↔ y) 6 e−cd(x−y)}

Again Proposition 1.15 implies that µw
p,q(x ↔ y) is increasing in p, hence p̃c(q) is

well defined and increasing in q (by Propositions 1.18 and 1.15).
Note that if y ∈ ∂Bn(x) then

µp,q(x↔ y) 6 µp,q(x↔ ∂Bn(x)) 6
∑

y∈∂Bn(x)

µp,q(x↔ y) (1.19)

hence for any graph such that the size of the ball of radius n grows less than expo-
nentially in n, we have exponential decay of µp,q(x↔ ∂Bn(x)) if and only if we have
exponential decay of µp,q(x↔ y).

Proposition 1.20 Let G∞ be a locally finite, periodic graph of dimension d > 2. Let q > 1,
then

0 < p̃c(q) 6 pc(q) < 1
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Proof First of all, the inequality p̃c(q) 6 pc(q) is trivial since by (1.19), having ex-
ponential decay of the two-point function and sub-exponential balls (which holds in
the case of periodic graphs) implies that 0↔∞ with probability zero.
By Corollary 1.2, and the analog of its point 2 for p̃c(q), the two parameters pc(q)
and p̃c(q) are increasing in q. It is then sufficient to prove that p̃c(1) > 0 to get the
first inequality, and that pc(1) < 1 to get the last one for all values of q.

In the latter case (q = 1), a very standard “Peierls argument”1 shows that p̃c(1) >

0 on any infinite graph with bounded degree. Its relies on the fact that in G∞, the
number of paths of length n starting at x ∈ V∞ is upper-bounded by C(K)n where
C(K) is a positive constant and K is the uniform bound on the degree of a vertex.
Then,

µp,1(x↔ y) 6 (pC(K))d(x,y)

and hence µp,1(x↔ y) decays exponentially in d(x, y) as soon as p < 1/C(K).
A dual version of the Peierls argument can be used in the case of periodic graphs

to show that, for a graph embedded in Rd, there exist two positive constants c(d)
and ν such that

µp,1(|C0| = n) 6 Nn(c(d)(1 − p))νn(d−1)/d

where Nn = O(nd) is the number of edges of E∞ having an end-vertex within dis-
tance n of the origin. If p is sufficiently close to 1, then (1 − p)c(d) < 1 and the
result follows by the union bound. It is rather easy to make this argument rigor-
ous in dimension 2 for graphs with bounded degree such that the dual graph is also
of bounded degree (see [52][Theorem 1.10]). Topological complications occur when
d > 3, but the result still holds.

1.4.4 Exponential relaxation
It is very informative to know when a finite volume measure is close to its infinite vol-
ume counterpart. We will show that in the case of a graph G∞ with sub-exponential
balls, under the hypothesis of finite volume exponential decay of connectivities with
wired boundary condition, the finite volume wired measure (in a ball of radius n in
G∞) is exponentially close (for the weak topology) to its infinite volume counterpart.

Definition 1.13 We say that the hypothesis Hp,q is verified for the graph G∞ if there exists
a constant c = c(p, q) > 0 such that for all n > 0 and all x ∈ V∞,

µw
Bn(x),p,q(x↔ ∂Bn(x)c) 6 e−cn (1.20)

1See [75] for the original paper by Peierls who proved the existence of a phase transition for the Ising model.
The argument for percolation is very similar.
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The hypothesis Hp,q is conjectured to hold for all q > 1 and all p < pc(q). It is
proved to hold in any dimension for q = 1 (it follows from [2]), for q sufficiently
large [66], and for q = 2 (the so-called sharpness of the phase transition in the Ising
model, i.e. the fact that pc(2) = p̃c(2) was proved in [3] and it follows from the
GKS (Proposition 1.2) and the GHS inequality [51] that the magnetization relaxes
exponentially fast in a finite box). As we will see in the next section, the hypothesis
Hp,q is known to hold on Z2 for all q > 1 and p < pc(q).

Proposition 1.21
Let G∞ be a locally finite graph with sub-exponential balls. Let q > 1 and p such that the
hypothesis Hp,q holds.
Then there exist C1, C2 ∈ (0, ∞) depending on p and q such that

0 6 µw
Bn,p,q(A) − µw

p,q(A) 6 C1e
−C2(n−n0) ∀n > n0,

for all events A such that Support(A)⊆ Bn0 .
The same statement is valid for free boundary conditions for p < pc.

Proof Suppose A is an increasing event. The result for general functions follows
from the standard decomposition of local functions onto increasing ones.

The lower bound follows from the FKG inequality. For the upper bound, let us
define E = {Bn0 ↔ Bc

n}. We have,

µw
Bn,p,q(A) 6 µw

Bn,p,q(E) + µw
Bn,p,q(A | Ec)

On the one hand, by the hypothesis Hp,q and the FKG inequality we have

µw
Bn,p,q(E) 6

∑
i∈∂Bn0

µw
Bn,p,q(i↔ Bc

n)

6 |∂Bn0 | sup
i∈∂Bn0

sup
j∈∂B n−n0

2

µw
B n−n0

2
(j),p,q(j↔ Bc

n−n0
2

(j))

6 e−c(n−n0).

On the other hand, on Ec, there exists some subset ∆ such that Bn0 ⊆ ∆ ⊆ Bn and all
the edges of ∂∆ are closed. Let

Ec
∆ = Ec ∩ {∆ is the biggest such subset}

(where biggest is defined with respect to the inclusion). Then, by the same reasoning
as (1.18)

µw
Bn,p,q(A | Ec) 6 µf

p,q(A) 6 µw
p,q(A)

which concludes the proof.
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1.4.5 Inverse correlation length and surface tension
1.4.5.1 Existence and properties

In this section we consider G∞ = Zd to simplify the notations. Possible generaliza-
tions will be mentioned.

The study of (a priori part of) the sub-critical regime of the random-cluster model
can be done via the rate of exponential decay of the two-point function, also called
inverse correlation length.
Definition 1.14 Let G∞ = Zd, q > 1, p ∈ [0, 1], and x ∈ Rd, we define

ξp(x) = − lim
k→∞

1
k

log µp,q(0↔ ⌊kx⌋) (1.21)

where µp,q is the unique infinite volume random-cluster measure with parameters p and q

(which is well defined for almost every p at fixed q). We will often write ξ(x) when p is
implicitly fixed. The dependence on q will always be implicit, to lighten the notation.
This definition can be extended to periodic graphs embedded in Rd. In this case ⌊kx⌋ is a
(fixed) choice of rounding inside the fundamental domain containing kx ∈ Rd.
Note that the existence of the limit follows from the super-multiplicativity of µp,q(0↔
⌊kx⌋) as a function of k, which is due to the FKG inequality and translation invariance
of µp,q. Indeed, first consider x ∈ Zd. Then,

µp,q(0↔ ⌊(k + ℓ)x⌋) > µp,q(0↔ ⌊kx⌋ , ⌊kx⌋ ↔ ⌊(k + ℓ)x⌋)
> µp,q(0↔ ⌊kx⌋)µp,q(⌊kx⌋ ↔ ⌊(k + ℓ)x⌋)
> µp,q(0↔ ⌊kx⌋)µp,q(0↔ ⌊ℓx⌋)

which implies the sub-additivity of 1
k

log µp,q(0 ↔ ⌊kx⌋) and hence existence of the
limit. For x ∈ Rd\Zd, some error term can come from rounding error, namely we can
have

µp,q(⌊kx⌋ ↔ ⌊(k + ℓ)x⌋) = µp,q

(
0↔ ⌊ℓx⌋ ±

d∑
i=1

êi

)
where êi denotes the unit vector in direction i. In this case we can use the finite
energy property, which implies, after a splitting as before,

µp,q

(
0↔ ⌊ℓx⌋ ±

d∑
i=1

êi

)
> Cµp,q(0↔ ⌊ℓx⌋) for some C > 0

We deduce that Cµp,q(0↔ ⌊(k + ℓ)x⌋) > (Cµp,q(0↔ ⌊kx⌋))(Cµp,q(0↔ ⌊ℓx⌋)) from
which follows the existence of the above limit as well.

The surface tension has interesting geometrical properties which are crucial to
understand. Here are those we will use the most in the sequel.
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Proposition 1.22 Let G∞ = Zd and p < p̃c(q). Then the surface tension

ξp is a norm on Rd.

Proof
1. ξ(x) > 0 with equality iff x = 0. This comes from p < p̃c(q).
2. ξ is positive homogenous. Let λ > 0, then

ξ(λx) = − lim
k→∞

1
k

log µp,q(0↔ ⌊kλx⌋)

= − lim
k→∞

λ

kλ
log µp,q(0↔ ⌊kλx⌋)

= λξ(x)

Moreover, by invariance of µp,q under the symmetries of Zd, we have ξ(x) =
ξ(−x), hence

ξ(λx) = |λ|ξ(x) ∀λ ∈ R

3. ξ satisfies the triangle inequality. Indeed, we can proceed as before to show the
sub-multiplicativity, and obtain for x and y in Zd,

µp,q(0↔ ⌊k(x + y)⌋) > µp,q(0↔ ⌊kx⌋)µp,q(0↔ ⌊ky⌋)

which implies ξ(x + y) 6 ξ(x) + ξ(y). For x or y in Rd\Zd, there is as above an
error term of at most one unit in each lattice direction, which disappears in the
limit k→∞.

4. ξ is finite. Indeed, by the finite energy property, for a fixed path γ connecting 0
to x, we have µp,q(γ is open | ω ≡ ω ′ in Zd\γ) > p|γ| = e−c|x| uniformly in ω ′

for some finite c > 0. Hence,
µp,q(0↔ ⌊kx⌋) > p∥⌊kx⌋∥1 = e−c ′k|x| for some finite c ′ > 0

which implies that ξ(x) 6 c ′|x| < ∞, where | · | denotes the Euclidean norm
in Rd.

Two convex bodies play an important role in the analysis of the fluctuations of
interfaces. We introduce the following definitions:

Definition 1.15 Let G∞ be a locally finite, periodic graph. Let q > 1 and p < p̃c(q), and let
ξ be the inverse correlation length of the subcritical random-cluster model with parameters
p and q. Denote by (·, ·) the Euclidean scalar product in Rd.
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The equi-decay set is the unit ball for the ξ-norm:

Uξ = {x ∈ Rd : ξ(x) 6 1},

The Wulff shape is the polar transform of Uξ:

Wξ =
∩

n̂∈Sd−1

{t ∈ Rd : (t, n̂) 6 ξ(n̂)}

Pairs (x, t) ∈ Rd × ∂Wξ are called dual if (t, x) = ξ(x).

1.4.5.2 Subcritical surface tension coincide with supercritical inverse correlation length
on planar graphs

In this section, we define the surface tension for the random-cluster model starting
from the corresponding quantity in the Potts model. We will come back to the Ising
and Potts surface tensions in Section 1.5.5.

In view of the Edwards-Sokal coupling and the planar duality presented in Sec-
tions 1.3 and 1.4.1.5, in two dimensions there is a natural notion of surface tension
associated to a super-critical random-cluster model with parameters p⋆ and q, with
p⋆ chosen such that p < p̃c(q).
Indeed, let x̂ ∈ S1. Consider the Potts model in the box ΛL,M = {−M, . . . M} ×
{−L, . . . , L}, with x̂-Dobrushin boundary condition, that is

σi =

{
1 if (x̂, i) > 0
2 if (x̂, i) < 0 .

We write Px̂
ΛL,M,β⋆,q for the corresponding Potts measure, and x⋆

ℓ = x⋆
ℓ(L,M), resp.

x⋆
r = x⋆

r(L,M) for the locations on (Z2)⋆∩∂Λn of the color changes. It is not difficult to
see that the measure Px̂

ΛL,M,β⋆,q can be coupled (via the Edwards-Sokal coupling) to
the random-cluster measure µw,x̂

ΛL,M,p⋆,q( · | Cup = Cdown) where the boundary con-
dition w, x̂ consists in wiring the edges around ∂ΛL,M except at the location of the
Potts color changes, giving two boundary clusters Cup and Cdown. The dual of this
random-cluster measure is µf

Λ⋆
L,M

,p,q(· | x⋆
ℓ ↔ x⋆

r). See Figure 1.4.
The surface tension at p⋆ in a direction x̂ ∈ S1 is thus defined as follows:

τp⋆(x̂) = − lim
L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log
Zx̂

ΛL,M,β⋆,q

Z1
ΛL,M,β⋆,q

= − lim
L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log
Zw,x̂

ΛL,M,p⋆,q(Cup = Cdown)

Zw
ΛL,M,p⋆,q

= − lim
L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log µf
Λ⋆

L,M
,p,q(x⋆

ℓ ↔ x⋆
r)

where the first line involves a ratio of Potts partition functions, which can be rewrit-
ten as a ratio of super-critical random-cluster partition functions in the second line



1.4. RESULTS FOR THE RANDOM-CLUSTER MODEL 55

2

2 2 2 2 2 2 2 2 2

2

2

2

2

1

111111111

1

1

1

1

x?
`(L, M)
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(L,−M)

(−L, M)

(−L,−M)

Figure 1.4 – A random-cluster configuration and its dual, corresponding to x̂-Dobrushin
Potts boundary condition. Open (resp. closed) edges of Z2 are drawn with dark (resp.
light) solid lines, open (resp. closed) edges of (Z2)⋆ are drawn with dark (resp. light)
dashed lines. The dual cluster connecting x⋆

ℓ to x⋆
r is drawn in red, while primal clusters

Cup and Cdown are drawn in blue, resp. green.

thanks to Edwards-Sokal coupling, and then as a sub-critical random-cluster proba-
bility via duality.

Note that as soon as we show that the above limit is the same as the one taken
in infinite volume, we show that the surface tension at p⋆ coincides with the inverse
correlation length at p.

Proposition 1.23 Let G∞ = Z2, and x̂ ∈ S1, p < p̃c(q). Let p⋆ dual to p as defined in
Prop. 1.16, then

ξp(x̂) = τp⋆(x̂)

Proof As announced, it is sufficient to show that

− lim
L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log µf
Λ⋆

L,M
,p,q(x⋆

ℓ ↔ x⋆
r) = − lim

L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log µf
p,q(x⋆

ℓ ↔ x⋆
r)

We usually call the right-hand the “short” correlation length, and the left-hand side
the “long” correlation length or the mass-gap, see [83]. Below we follow an argument
by [18].
First, note that by the FKG inequality, µf

Λ⋆
L,M

,p,q(x⋆
ℓ ↔ x⋆

r) 6 µf
p,q(x⋆

ℓ ↔ x⋆
r), which

implies the inequality ξp(x̂) 6 τp⋆(x̂).
On the other hand, let us write Λn = ΛnL,nM and x⋆

i = (1
2 ,

1
2) + n(x⋆

r − (1
2 ,

1
2)) (in
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particular x⋆
ℓ = x⋆

−1 and x⋆
r = x⋆

1). Again by the FKG inequality we have

µf
Λ⋆

nk
,p,q(x⋆

−nk ↔ x⋆
nk) >

n−1∏
i=−n

µf
Λ⋆

nk
,p,q(x⋆

ik ↔ x⋆
(i+1)k)

Now it follows from Proposition 1.21 that for any ε > 0, if the distance of the points
to the boundary satisfies d(xik, ∂Λn) ∧ d(x(i+1)k, ∂Λn) > δ, there exists a δ > 0 such
that

µf
Λ⋆

nk
,p,q(x⋆

ik ↔ x⋆
(i+1)k) > µf

p,q(x⋆
ik ↔ x⋆

(i+1)k) − ε

= µf
p,q(x⋆

0 ↔ x⋆
k) − ε

where in the last line we used translation invariance of the infinite volume measure
µf

p,q. This implies

1
|x⋆

−nk − x⋆
nk|

log µf
Λ⋆

nk
,p,q(x⋆

−nk ↔ x⋆
nk) > 1

2n|x⋆
k − x⋆

0 |

n−1∑
i=−n

log µf
Λ⋆

nk
,p,q(x⋆

ik ↔ x⋆
(i+1)k)

> 1
2n|x⋆

k − x⋆
0 |

(
O(δ/k) + (2n − O(δ/k)) log µf

p,q(x⋆
0 ↔ x⋆

k) − O(nε)
)

where for the boundary terms we used the fact that µf
Λ⋆

nk
,p,q(x⋆

ik ↔ x⋆
(i+1)k) > 0

(which follows easily from the finite energy property).
We prove ξp(x̂) > τp⋆(x̂) by taking the limit (sup) n → ∞, followed by k → ∞ and
finally ε→ 0.

1.4.6 Ornstein-Zernike asymptotics of the two-point function on Zd

We have seen that exponential decay holds in (a priori part of) the subcritical regime.
It is a much more difficult task to prove that it holds all the way to the critical point.
This result is known only in the cases q = 2, and q large, as we will explain later.

In the case of Zd, under the hypothesis Hp,q, the correction to exponential decay is
an algebraic factor. The behavior of the two-point function is called Ornstein-Zernike
asymptotics. The article [21] proves this result by introducing crucial coarse-graining
methods which we will use in our main result, which is Theorem 2.2.

Below we emphasize the dependencies on p and q of all the relevant quantities.

Theorem 1.1 (Campanino, Ioffe, Velenik, 2008)
Let G∞ = Zd, and d > 2. For all q > 1 and p < pc(q) such that hypothesis Hp,q defined
in (1.20) holds,

1. The two-point function satisfies the Ornstein-Zernike asymptotics, i.e.

µp,q(0↔ x) =
Ψp,q(x̂)

|x|
d−1
2

e−ξp,q(x̂)|x|(1 + o|x|(1))
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uniformly as |x| → ∞, where x̂ = x/|x| and | · | denotes the Euclidean norm in Rd.
Moreover, the functions Ψp,q and ξp,q are positive and locally analytic on Sd−1.

2. The Wulff shape Wξ has a locally analytic, strictly convex boundary. Moreover, the
Gaussian curvature χp of Wξ is uniformly positive,

χp = min
t∈∂Wξ

d−1∏
i=1

χp,i(t) > 0

where χp,i(t), i = 1, . . . , d − 1 are the principal curvatures of ∂Wξ at t. By duality,
∂Uξ is also locally analytic and uniformly convex.

The general heuristics behind this result is that on the event 0 ↔ x, for large
|x|, the cluster C0,x containing 0 and x can be typically decomposed into a chain of
irreducible sub-clusters, whose increments constitute an effective 1-dimensional di-
rected random walk. More precisely, let t be dual to x̂ according to Definition 1.15.
The authors show that there exist two constants c > 0 and δ ∈ (0, 1), depending on
p and q, such that up to probabilities of order exp(−ξ(x) − c|x|), the cluster C0,x can
be represented as a concatenation

C0,x = γb ∨ γ1 ∨ . . . ∨ γN ∨ γf (1.22)
where N > 1 and γi, i = 1, . . . , N are irreducible clusters in the sense that they are
confined into the intersection of shifted backward and forward cones, ±Y, where
Y = {y ∈ Zd : (t, y) > δξ(y)}. One can then think about this decomposition in
terms of an effective random walk with boundary conditions γb and γf and steps
V(γi), i = 1, . . . , N where V(γ) is the displacement along the irreducible cluster γ,
see Figure 1.5.

The precise study of the correlations between the increments turn out to fall in
the framework of 1d full shifts over countable alphabets, for which a classical local
limit theorem holds, giving the factor |x|−(d−1)/2, which is called Ornstein-Zernike

0

x

γb

γ2

γ3

γ4

V (γ1)

V (γ2)

V (γ3)

V (γ4)

γ1

γf

Figure 1.5 – Effective random walk representation.
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type asymptotics. As the coarse-graining techniques of [21] will be explained in the
proof of Theorem 2.2, we do not enter into more details here.

Note that the uniform convexity of the Wulff shape Wξ is actually equivalent to
a sharper version of the triangle inequality for the τ-norm (cf. [77][Theorem 2.1]),
which allow us to compare the curvature of the ξ-ball with the one of the Euclidean
ball:

Corollary 1.3 (Sharp triangle inequality) Let G∞ = Zd, and d > 2.
For all q > 1 and p < pc(q) such that hypothesis Hp,q defined in (1.20) holds, then there
exists some ρ = ρ(p) > 0 such that

ξ(x) + ξ(y) − ξ(x + y) > ρ(|x| + |y| − |x + y|),

where | · | denotes the Euclidean norm on Rd. The same inequality is true for the surface
tension τ of the dual random-cluster model.

The local limit result can be extended to a full invariance principle for the cluster
C0,xn

as xn → ∞ in the direction x̂, i.e. subcritical clusters have a Brownian scaling,
with a variance which depends on the direction x̂ and is related to the curvature of
∂Wξ(t), with t dual to x̂. Indeed, consider a sequence of vertices xn = ⌊nx⌋ and the
corresponding sequence of conditional measures µp,q(· | 0↔ xn). The authors show
that the cluster C0,xn

can be decomposed as (1.22) up to µp,q(· | 0 ↔ xn)-probability
of order exp(−cn). Let X = {0, u0, . . . , uN, xn} be the trajectory of the corresponding
effective random walk, and Ln(X) be the linear interpolation between the vertices ui.
Let Hx be the (d− 1)-dimensional hyperplane orthogonal to x. Note that this shifted
hyperplane intersects Ln(X) only in one point because the clusters γi are confined in
cones. There is thus a natural parametrization of Ln(X) as a function Φn : [0, 1]→ Hx.
If we define ϕn to be the diffusive scaling of Φn, i.e.

ϕn(·) =
1√
n

Φn(·)

then it follows from estimates in the proof of Theorem 1.1 (see [21] and [48]) that the
function ϕn weakly converges to the distribution of a (d− 1)-dimensional Brownian
bridge:

Corollary 1.4 Let G∞ = Zd, and d > 2. For all q > 1 and p < pc(q) such that hypothesis
Hp,q defined in (1.20) holds, then {ϕn(·)}n weakly converges under {µp,q(· | 0 ↔ xn)}n to
the distribution of (√

χp,1B1(·), . . . ,
√

χp,d−1Bd−1(·)
)

where Bi(·), i = 1, . . . , d − 1 are independent Brownian bridges on [0, 1], and χp,i(t), i =
1, . . . , d − 1 are the principal curvatures of ∂Wξ at t.
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1.4.7 Exponential decay in finite volume with wired boundary condition and clus-
ter size estimates on Z2

As already mentioned, it is a hard question for general graphs to prove that the per-
colation transition takes place at the same critical parameter as the exponential decay
of connectivities.

The proof of pc(q) = p̃c(q) on Z2, was known only for q = 1, 2 and q large until
very recently (see [52, 74, 66]). It is now proved [11] that pc(q) = p̃c(q) = psd(q) for
all values of q > 1. Note that for the case of large values of q, the paper [66] proves
that non-uniqueness holds at psd(q), which was then identified to be the critical value
of the random-cluster model, in view of Remark (1.3).

Theorem 1.2 (Beffara, Duminil-Copin, 2010) Let G∞ = Z2, and q > 1. Then the criti-
cal value pc(q) for the random-cluster model with parameter q satisfies

pc(q) = psd(q) =

√
q

1 +
√

q
. (1.23)

Moreover, for all q > 1 and for any p < pc(q) there exist two constants c, C ∈ (0,∞)
depending on p and q such that for any x, y ∈ Z2,

µp,q(x↔ y) 6 Ce−c|x−y| (1.24)

were | · | denotes the Euclidean norm.

The description of the proof of this result goes beyond the scope of this manuscript.
We mention the rough heuristics, which involves two main ingredients. The first one
consists in estimating crossing probabilities at the self-dual point psd(q), i.e. show-
ing that the probability of crossing a rectangle with length n and height αn in the
horizontal direction is bounded away from 0 and 1 uniformly in n. It is the analog
of the Russo-Seymour-Welsh theorem for percolation (cf. [52][Theorem 11.70]). The
second ingredient is called sharp threshold theorem, analog of [36] for percolation,
which is used to show that the probability of crossings rectangles goes rapidly to 1
when p > psd(q). The approach up to here allows the determination of the criti-
cal value, but it provides only weak estimate on the speed of convergence towards
0 for crossing probabilities in the sub-critical regime. Another threshold theorem is
needed to prove that the cluster-size at the origin has finite moments of any order,
which implies exponential decay of the two-point function by [53, Theorem 5.86].

An important consequence of Theorem 1.2, which will be useful for our work, is
that on Z2 the hypothesis Hp,q is satisfied for p < pc(q) for all q > 1.

Indeed, exponential decay of connectivities in the bulk together with uniqueness
of the infinite volume measure imply (1.20) for a very general class of graphs. We
explain the argument now in the case of Z2 but a generalization to Zd or even non
nearest neighbor graphs works the same.
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Proposition 1.24 Let G∞ = Z2, p ∈ [0, 1] and q > 1 such that there exists a unique infinite
random-cluster measure µp,q, which, in addition, has exponential decay of connectivities

µp,q(0↔ x) 6 e−c ′|x|

Then hypothesis Hp,q is satisfied, i.e. there exists a constant c = c(p, q) > 0 such that for
all n > 0,

µw
Λn,p,q(0↔ Λc

n) 6 e−cn

Proof We follow the lines of [21, Appendix]. First let us prove that

lim sup
n→∞

1
n2 log µw

Λn,p,q

(
1

|Λn|

∑
x∈Λn

1[x↔Λc
n] > δ

)
< 0 (1.25)

By uniqueness and exponential decay property of the infinite-volume measure,
lim

m→∞ µw
Λm,p,q(0↔ Λc

m) = µp,q(0↔∞) = 0

Hence, for any δ > 0 there exists some m = m(δ) < ∞ such that

µw
Λm,p,q

(
1

|Λm|

∑
x∈Λm

1[x↔Λc
m]

)
6 δ/2 (1.26)

Now divide Λn in cells of side-length m such that n = (2k + 1)m. We have,

1
|Λn|

∑
x∈Λn

1[x↔Λc
n] 6 1

|Λk|

∑
x∈kZ2∩Λn

 1
|Λm|

∑
y∈Λm(x)

1[y↔Λm(x)c]


Let us write f(x) =

∑
y∈Λm(x) 1[y↔Λm(x)c]. By inclusion of events, the Markov in-

equality, and finally the FKG inequality, we have for any t > 0,

µw
Λn,p,q

(
1

|Λn|

∑
x∈Λn

1[x↔Λc
n] > δ

)
6 µw

Λn,p,q

 1
|Λk|

∑
x∈kZ2∩Λn

f(x) > δ


6 e−tδk2

µw
Λn,p,q

 ∏
x∈Z2∩Λn

etf(x)


6 e−tδk2 ∏

x∈Z2∩Λn

µw
Λm(x),p,q

(
etf(x)

)
Now we estimate the right-most term by using the general result that, for a random
variable X such that E(X) = 0 et a 6 X 6 b, we have

E(etX) 6 et2(b−a)2/8. (1.27)
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This follows from writing X = αb + (1 − α)a for an explicit (random) α ∈ (0, 1) and
using the convexity of y 7→ ety together with the Taylor formula. Using (1.26),(1.27)
and the fact that f(x) ∈ {0, 1, . . . , m2}, it is easy to see that

µw
Λm(x),p,q

(
etf(x)

)
6 exp(tm2δ/2 + t2m4/8).

Plugging this result into the last expression we get

µw
Λn,p,q

(
1

|Λn|

∑
x∈Λn

1[x↔Λc
n] > δ

)
6 exp(−tδk2 + k2(tm2δ/2 + t2m4/8))

6 exp
(

k2−δ2(m2 − 2)2

2m4

)
where in the last line we minimized over the value of t. As k = n/m we obtain (1.25).
Let Aℓ,n = Λn\Λℓ. By (1.25), we can restrict our attention to the configurations where∑

x∈A n
2 ,n

1[x↔Λc
n] < δn2/2.

Thus in these configurations there is at least one square layer Lℓ = {x : |x| = n − ℓ}

which contains less than δn sites connected to the complement of Λn. Explore the
cluster of the boundary from the exterior and declare you are at layer Lℓ⋆ if it is the
first layer which contains less than δn sites connected to Λc

n in An−ℓ⋆,n. The events
Eℓ = {ℓ = ℓ⋆} partition the event {0↔ Λc

n/2}:

{0↔ Λc
n/2} =

n/2∨
ℓ=0

{0↔ Λc
n/2 ; Eℓ}

Let ωℓ
in denote the random-cluster configuration inside Λn−ℓ and ωℓ

out the one in
An−ℓ,n. On the event Eℓ, we have to close less than δn edges on ∂Λn−ℓ in order
to disconnect Λn−ℓ from Λc

n. Hence, by the finite energy property, for each ω =
ωℓ

in ∨ ωℓ
out fulfilling the event Eℓ,
µw

Λn,p,q(ωℓ
in ∨ ωℓ

out) 6 ecδnµw
Λn,p,q(ωℓ

in ∨ ωℓ
out; ∂Λn/2 = ∂Λn)

for some c < ∞ uniform in ωℓ
in,ωℓ

out. Hence, for each ℓ we have:
µw

Λn,p,q(0↔ ∂Λn/2; Eℓ) 6 ecδnµw
Λn,p,q(0↔ ∂Λn/2; ∂Λn/2 = ∂Λn; Eℓ)

6 ecδnµw
Λn,p,q(0↔ ∂Λn/2; ∂Λn/2 = ∂Λn)

6 ecδnµp,q(0↔ ∂Λn/2) 6 e−c ′n

for some c ′ > 0 where in the last line we omitted the standard decoupling argument
explained in (1.18).

We will use the following corollary as a key initial step in the proof of our main
result, which is Theorem 2.2 below.
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Corollary 1.5 Let G∞ = Z2. For all q > 1 and p < pc(q),
1. there exists a constant c = c(p, q) > 0 such that for all n > 0,

µw
Λn,p,q(0↔ Λc

n) 6 e−cn

2. for n large enough and m > n,

µw
Λn,p,q(there exists a cluster of cardinality m in Λn/2) 6 e−cm.

Proof The assertion 1 follows from Proposition 1.19 and Theorem 1.2. Now we use
assertion 1 to prove assertion 2.

Let us construct a coarse graining at scale K of an open cluster C. Namely, cover
C iteratively with balls for the ξ-norm of radius K + c log K, written B̄K, while balls
of radius K are written BK: center the first ball at some ui = x0 ∈ Λn/2, and continue
centering the (n + 1)-th ball at the site where C exits ∪n

i=1B̄K(xi), see Figure 1.6. This
produces a graph FK with vertices {xi} and such that [xi, xj] (with i > j) is an edge
if C exits ∪i−1

k=1B̄K(xk) through B̄K(xj). Writing Āi = B̄K(xi)\ ∪i−1
j=1 BK(xj), and Ai =

BK(xi)\ ∪i−1
j=1 B̄K(xj), and NF = ♯{i : xi ∈ F} we have the upper-bound:

µw
Λn,p,q(FK = F) 6 µw

Λn,p,q

( ∩
xi∈F

xi

Ai←→ ∂BK(xi)

)
6

∏
xi∈F

µw
Āi

(
xi

Ai←→ ∂BK(xi)
)

6 e−KNF(1−oK(1)) (1.28)

where in the second inequality we expand the probability of the intersection as a
product of conditional probabilities and then use the FKG inequality to compare
these conditional probabilities with the probability with wired boundary conditions.

x1

x2

x0 = 0
x

x3

x4

x5

x6

x7

x8

BK(x0)

B̄K(x0)

Figure 1.6 – Coarse-graining procedure.



1.5. RESULTS FOR THE ISING AND POTTS MODELS 63

We finally used that,

µw
Āi,p,q

(xi

Ai←→ ∂BK(xi)) = e−K(1 + oK(1))

Indeed, by the FKG inequality,

µw
Āi,p,q

(xi

Ai←→ ∂BK(xi)) 6 µw
Āi,p,q

(xi

Ai←→ ∂BK(xi)) · µw
Āi\Ai,p,q

(∂Ai↔∂Āi)

+ µf
Āi,p,q

(xi

Ai←→ ∂BK(xi)).

where by assertion 1,
µw

Āi\Ai,p,q
(∂Ai↔∂Āi) = oK(1),

and again by FKG and exponential decay in infinite volume,

µf
Āi,p,q

(xi

Ai←→ ∂BK(xi)) 6 µ(xi

Ai←→ ∂BK(xi)) 6 e−K.

To prove assertion 2, assume in the configuration ω there exists a cluster of car-
dinality m in Λn/2, with m > n. Write Λn/2 = {y1, . . . , yn2}. Construct the coarse
graining at scale K of the open cluster of yi and delete it if less than m/2K2 balls are
used; continue with yi+1 and so on. Given the assumption, we necessarily end up
with the (non-empty) coarse-graining FK(ω) of the first cluster of cardinality at least
m in ω according to our enumeration of Λn/2. Hence, using (1.28), and the fact that
m > n, we get

µw
Λn,p,q(there exists a cluster of cardinality m in Λn/2)

=

n2∑
i=1

∑
F starting at yi :
NF>m/2K2

µw
Λn,p,q(FK = F)

6 n2(cK)m/2K2
e−K m

2K2 (1−oK(1)) 6 e−m[oK(1)+on(1)] 6 e−cm

for K (and n) sufficiently large, where we upper bound crudely the number of pos-
sible coarse-grainings starting at yi with m/2K2 steps by (cK)m/2K2 .

1.5 Results for the Ising and Potts models
1.5.1 Infinite volume Potts measures
In Section 1.2.2, we introduced the set Gβ of all infinite-volume measures for the Ising
model, and proved the existence of the so-called + and − phases of the Ising model,
i.e. P+

β and P−
β . The analogous set Gβ,q of infinite volume Potts measures will be of

interest in the sequel.
As before we consider a sequence of graphs G = (Gn)n such that Gn b G∞ =

(V∞, E∞) and Gn ↑ G∞ as n→∞ (which we write G ↑ G∞), where G∞ is an infinite,
locally finite, connected graph. We also consider a sequence of boundary conditions
σn on Gn. Let Σ = {1, . . . , q}V∞ , and define:
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Definition 1.16 Let β > 0. A probability measure P on Σ is an infinite volume measure of
the Potts model at inverse temperature β if P is an accumulation point of some sequence of
finite volume measures {Pσn

Gn,β}
n

, for the weak topology (see Definition 1.4). We write
Gβ,q = {Weak limits of sequences (Pσn

Gn,β,q)
n
, with Gn ↑ G∞, and σn ∈ Σ}

In the last section, we have proved the existence of the infinite volume random-
cluster measures µf

p,q and µw
p,q. The corresponding Potts measures coupled to them

are the free and “1” measures, the latter is also called the pure phase “1”. In general
we define the following weak limits:

Pf
β,q = lim

G↑G∞ Pf
G,β,q (free phase) (1.29)

Pi
β,q = lim

G↑G∞ Pi
G,β,q, i = 1, . . . , q (pure phases) (1.30)

where Pf
G,β,q is the Potts measure on G with no prescribed color on the boundary of

G. We have proved the existence of the analogous +, −, f limits in the case of the Ising
model in Proposition 1.6. The easiest way to prove the existence of these Potts infinite
volume measures is to use the Edwards-Sokal coupling with a random-cluster on G

and use the stochastic monotonicity in the volume in the latter. The coupling survives
in infinite volume; we have indeed the following conditional measures.

Proposition 1.25 Let G∞ = (V∞,E∞) be an infinite, locally finite graph.
1. Let ω be distributed according to µw

p,q. Assign a random color σx ∈ {1, . . . , q} to every
vertex x ∈ V∞ in such a way to have color 1 on infinite cluster(s)

constant color on each finite cluster, distributed uniformly on {1, . . . q}

independent colors between clusters

Then σ = (σx)x∈V∞ is distributed according to P1
β,q which satisfy (1.30).

2. Let σ be distributed according to P1
β,q. Assign a random number ω(e) ∈ {0, 1} to

every edge e ∈ E∞ in such a way that independently for each edge e = [i, j],
If σi ̸= σj, then ω(e) = 0,

If σi = σj, then ω(e) =

{
1 with probability p

0 with probability 1 − p

Then ω = (ω(e))e∈E∞ is distributed according to µw
p,q.

3. The same is valid for the measures µf
p,q and Pf

β,q except that infinite open clusters must
be colored independently uniformly in {1, . . . , q} in the analog of assertion 1.

Remark 1.4 The measures Pf
β,q and Pi

β,q satisfy as well the automorphism invariance prop-
erties we proved for µf

p,q and µw
p,q in Proposition 1.17. We refer to [53] for the proofs.
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1.5.2 Phase transition
As in the Ising case, we can define a notion of magnetization in the Potts model.
Definition 1.17 For a finite graph G, the magnetization of the vertex x ∈ V under the
measure P1

G,β,q is

m1
G,β(x) =

P1
β,q (σx = 1) − 1/q

1 − 1/q
.

The total magnetization of the finite system is

m1
G,β =

1
|G|

∑
x∈V

m1
G,β(x).

Let G∞ be an infinite, locally finite graph. The associated infinite volume magnetization
under the “1” phase is the following limit, if it exists:

m1
β = lim

G↑G∞ m1
G,β

Note that m1
G,β = 1 if all the vertices of G have the color 1, and m1

G,β = 0 if each vertex
has a uniform color in {1, . . . q} (it is the case for β = 0). We say that the system is
in an ordered phase if the infinite volume magnetization (exists and) is positive, i.e.
m1

β > 0. On the other hand, as we have seen, we say that percolation occurs in the
(infinite volume) random-cluster model if µw

p,q(0 ↔ ∞) > 0. We will prove that the
two limits coincide for transitive graphs.
Remark 1.5 Note that a transitive Van Hove graph has necessarily sub-exponential balls.

Proposition 1.26 Let G∞ be a locally finite graph. Then the Potts vertex-magnetization is
positive if and only if the corresponding random-cluster model percolates:

m1
β(x) =

P1
β,q(σx = 1) − 1/q

1 − 1/q
= µw

p,q(x↔∞).

In the case q = 2, this can be rewritten in terms of the Ising model as:

P+
β(σx) = µw

p,2(x↔∞).

Moreover, if G∞ is also transitive and Van Hove, the magnetization coincides with the vertex-
magnetization at the origin, and

m1
β = m1

β(0) = µw
p,q(0↔∞).

For the Ising model, recalling Definition (1.7), we have:

m⋆
β = P+

β(σ0) = µw
p,2(0↔∞).
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Proof We will proceed in three steps. First we recall Proposition 1.11: the compo-
nent 1 of the Potts magnetization at site i is the random-cluster probability that i is
connected to the boundary of the graph:

P1
G,β,q(σx = 1) − 1/q

1 − 1/q
= µw

G,p,q(x↔ ∂G)

And then we show that the expressions with x averaged over G on both sides con-
verge to respectively m1(β) (in the case of transitive graphs) and µw

p,q(0 ↔ ∞) as
G ↑ G∞. As before, we have the relation p = 1 − e−β. Let us first prove that

µw
p,q(0↔∞) = lim

G↑G∞ µw
G,p,q(0↔ Gc)

By the FKG inequality we have, for 0 ∈ ∆ ⊂ G:
µw

p,q(0↔ Gc) 6 µw
G,p,q(0↔ Gc) 6 µw

G,p,q(0↔ ∆c).

Taking the limit G ↑ G∞, we obtain:
µw

p,q(0↔∞) 6 lim
G↑G∞ µw

G,p,q(0↔ Gc) 6 µw
p,q(0↔ ∆c),

and finally taking the limit ∆ ↑ G∞ leads to:
µw

p,q(0↔∞) 6 lim
G↑G∞ µw

G,p,q(0↔ Gc) 6 µw
p,q(0↔∞).

as claimed. Now, when the graph G∞ is supposed to be Van Hove and transitive, we
take |∂G|/|G|→ 0 as G ↑ G∞, this will allow us to prove that

P1
β,q(σ0 = 1) = lim

G↑G∞ P1
G,β,q

(
1

|G|

∑
i∈V

δσi,1

)
.

Write as before P1
G,β,q(δσi,1) = µw

G,p,q(i ↔ Gc)
(
1 − 1

q

)
+ 1

q
. Note that by the exis-

tence of the infinite volume Potts measure P1
β,q (justified above) we can write

P1
β,q(δσ0,1) = limG↑G∞ P1

G,β,q(δσi,1). It remains to prove that

lim
G↑G∞ µw

G,p,q(0↔ Gc) = lim
G↑G∞

1
|G|

∑
i∈V

µw
G,p,q(i↔ Gc).

On the one hand, by the FKG inequality, for all i we have,
µw

G,p,q(i↔ Gc) > µw
p,q(i↔ Gc) > µw

p,q(i↔∞) = µw
p,q(0↔∞) = lim

G↑G∞ µw
p,q(0↔ Gc),

which implies the upper bound. On the other hand, let R > 0. Let us define the ball
of radius R centered at i in the graph G by BR(i) (for the graph distance). For any
i ∈ V located at a distance at least R from ∂G, we have, by the FKG inequality:

µw
G,p,q(i↔ Gc) 6 µw

BR(i),p,q(i↔ (BR(i))c)
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Hence,

lim sup
G↑G∞

1
|G|

∑
i∈V

µw
G,p,q(i↔ Gc)

6 lim sup
G↑G∞

(
1

|G|

∑
i∈V

µw
BR(i),p,q(i↔ (BR(i))c) +

|∂G|supi∈V |BR(i)|

|G|

)
= µw

BR(0),p,q(0↔ (BR(0))c) by transitivity.

Now as BR(0) ↑ G∞ as R→∞, we have:

lim sup
G↑G∞

1
|G|

∑
i∈V

µw
G,p,q(i↔ Gc) 6 lim

R→∞ µw
BR(0),p,q(0↔ (BR(0))c)

= µw
p,q(0↔∞) = lim

G↑G∞ µw
G,p,q(0↔ Gc)

Propositions 1.26, 1.18 and 1.11 allow us to define the critical parameter for the
magnetization transition and for exponential decay of the correlations in the Potts
model. They satisfy pc(q) = 1 − e−βc(q) (and similarly for p̃c(q)).
Definition 1.18 Let G∞ be a locally finite, periodic graph, and q > 1. Let F(0) be the funda-
mental cell of the graph around the origin. Then the critical parameters for the magnetization
and the exponential decay in the Potts model are defined by βc(q) = − log (1 − pc(q)) and
β̃c(q) = − log (1 − p̃c(q)), namely
βc(q) = sup{β > 0 : inf

x∈F(0)
m1

β(x) > 0},

β̃c(q) = sup
{

β > 0 : ∃ c > 0 s.t. P1
β,q(σx = σy) − 1/q

1 − 1/q
6 e−c|x−y| for all x, y ∈ V∞

}
We recall Definition 1.8 for the Ising model. Note as well that

β̃c(2) = sup
{
β > 0 : ∃ c > 0 such that P+

β(σ0σx) 6 e−c|x−y| for all x, y ∈ V∞}
An immediate consequence of Proposition 1.20 and Theorem 1.2 is the following

Corollary 1.6 Let q > 1.
1. Let G∞ be a locally finite, periodic graph of dimension d > 2, then

0 < β̃c(q) 6 βc(q) < ∞
2. If G∞ = Z2,

β̃c(q) = βc(q) = log(1 +
√

q)
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1.5.3 Uniqueness of the infinite volume measure

Let Gβ,q be the set of infinite volume Gibbs measures of the Potts model at inverse
temperature β and parameter q as in Definition 1.16. We will show that Gβ,q is a
singleton for any β < βc(q). The interesting regime where several Gibbs states can
coexist is thus [βc(q), ∞). In the regime (βc(q), ∞), it is easy to show that there are at
least q different mutually singular Gibbs states: the q pure phases defined in (1.30).
We refer to Chapter 2 for a review of known and new results on Gβ,q.

Proposition 1.27 Let G∞ be a locally finite, transitive, Van Hove graph.
Let q > 1. Then,

1. for all β < βc(q), |Gβ,q| = 1,
2. for all β > βc(q), there exists at least q mutually singular measures in Gβ,q.

Proof

1. Let β < βc(q). The argument is close to the proof Proposition 1.19 which states
uniqueness of the random-cluster measure for p < pc(q). Let P be the infi-
nite volume Gibbs measure for the Potts model given by the weak limit P =
limG↑G∞ Pσ

G,β,q, with some arbitrary boundary condition σ. Generalizing the
Edwards-Sokal coupling for non-pure boundary condition (as we did in a spe-
cial case in Section 1.4.5.2), we see that the finite volume measure Pσ

G,β,q can be
coupled to the random-cluster measure µw,σ

G,p,q(· | Cond(σ)) where p = 1−e−β <

pc(q), the boundary condition w, σ denotes wired except some holes at edges
corresponding to Potts color changes, and Cond(σ) = {Coli = Colj, ∀ i ̸= j}

with Coli = {x ∈ ∂G : σx = i}, and i = 1 . . . q.
We will prove that P = Pf

β,q, which intuitively comes from the fact that under
the (random-cluster) event {0 = ∞}, there exists a “surface” of closed edges
with high probability, making any subcritical measure close to the free measure.
The rigorous proof of this fact is not difficult but we explain it deliberately in
details to emphasize tricky points.
We must prove that for every Potts local function f, we have

lim
G↑G∞ Pσ

G,β,q(f) = Pf
β,q(f).

Let BR b G be a ball of radius R such that Support(f) ⊂ BR, and define En =
{BR ↔ Bc

n}. Since p < pc(q), we have µw
p,q(0 ↔ ∞) = 0, which implies

µw
p,q(En) → 0 as n → ∞. By FKG, this is also true under µw,σ

G,p,q(· | Cond(σ)),
since the conditioning is decreasing:

µw,σ
G,p,q(En | Cond(σ)) 6 µw

p,q(En)→ 0
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we can then suppose that Ec
n is realized, since for all functions g:

µw,σ
G,p,q(g | Cond(σ)) = µw,σ

G,p,q(g | Cond(σ) ∩ En)µw,σ
G,p,q(En | Cond(σ))

+ µw,σ
G,p,q(g | Cond(σ) ∩ Ec

n)µw,σ
G,p,q(Ec

n | Cond(σ))

= on(1) + (1 − on(1))µw,σ
G,p,q(g | Cond(σ) ∩ Ec

n)

On Ec
n, there exists some subset ∆ such that BR ⊆ ∆ ⊆ Bn and all the edges of

∂∆ are closed. Let Ec
n,∆ = Ec

n ∩ {∆ is the biggest such subset} (where biggest is
defined with respect to the inclusion).
Now observe two crucial facts. First, the Potts local function f gets rephrased
as a random-cluster function g depending a priori on every edge, but with the
property that on the event Ec

n,∆, g is measurable with respect to edges of ∆.
Indeed, the non-local term κ(ω) in the random-cluster measure is splited once
edges are closed on a “surface” which surrounds BR. Second, on the event Ec

n,∆

the event Cond(σ) is measurable with respect to the edges outside ∆. Indeed,
the disconnection between the different parts of the boundary can be achieved
partially by the “surface” ∂∆.
Now, as in (1.18), by the Markov property we get:
µw,σ

G,p,q(g | Cond(σ) ∩ Ec
n) =

∑
∆ :

BR⊆∆⊆Bn

µw,σ
G,p,q(g | Cond(σ) ∩ Ec

n,∆)×
× µw,σ

G,p,q(Ec
n,∆ | Cond(σ) ∩ Ec

n)

=
∑
∆ :

BR⊆∆⊆Bn

µf
∆,p,q(g)µw,σ

G,p,q(Ec
n,∆ | Cond(σ) ∩ Ec

n)

we emphasize that in the second line we used the last two observations. Using
Proposition 1.21 we have,

µf
∆,p,q(g) = µf

p,q(g) + oR(1)

which concludes the proof by taking the limit n→∞ and then R→∞.
2. When β > βc, by definition Pi

β,q(σ0 = i) > 1/q for all i = 1, . . . , q (as the
Hamiltonian is invariant under the permutations of the colors). Moreover, the
Edwards-Sokal coupling implies

Pi
β,q(σ0 = j) = (1 − 1/q)µw

p,q(0 = ∞) + 1/q < 1/q for all j ̸= i.

Hence the q pure phases are different mutually singular measures in this regime.

1.5.4 Exponential relaxation into pure phases
On planar graphs, the exponential relaxation of the finite volume free and wired
random-cluster measures towards corresponding infinite volume measures (see Propo-
sition 1.21), imply an analog statement for the pure phases in the Potts model.
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Proposition 1.28 Let G∞ be a planar transitive graph. Let β > βc(q) be such that the dual
parameter p⋆ corresponding to p = 1−e−β satisfy hypothesis Hp⋆,q. Then there exists c > 0
such that, for any n > 0,

|Pf
B2n,β,q(f) − Pf

β,q(f)| 6 O(∥f∥∞e−cn),

|Pi
B2n,β,q(f) − Pi

β,q(f)| 6 O(∥f∥∞e−cn) ∀i = 1, . . . , q

for any f such that Support(f) ⊆ Bn.
This can be rewritten for the Ising model as:

|P+
B2n,β(f) − P+

β(f)| 6 O(∥f∥∞e−cn)

the same holds for P−
β .

Proof We treat the case of the free boundary condition. The other cases follow from
the same proof. Since p⋆ satisfy hypothesis Hp⋆,q, see (1.20), it follows from Proposi-
tion 1.21 that

|µw
B2n,p⋆,q(g) − µw

p⋆,q(g)| 6 O(∥g∥∞e−cn)

for any function g which has support inside Bn. This in turn implies by duality
|µf

B2n,p,q(g) − µf
p,q(g)| 6 O(∥g∥∞e−cn) (1.31)

with the same restriction on g. More generally, let F be the event that there exists
an open crossing of the annulus An,3n/2 = B3n/2\Bn. The event F has exponentially
small µw

B2n,p⋆,q probability by hypothesis Hp⋆,q. Consider a function g ′ depending
a priori on every dual edges, but with the property that g ′

1[Fc] is measurable with
respect to edges of B3n/2. We immediately find that

µf
B2n,p,q(g ′) = µf

B2n,p,q(g ′
1[F]) + µf

B2n,p,q(g ′
1[Fc])

= O(∥g ′∥∞e−cn) + µf
B2n,p,q(g ′

1[Fc])

= O(∥g ′∥∞e−c ′n) + µf
p,q(g ′

1[Fc])

= O(∥g ′∥∞e−c ′n) + µf
p,q(g ′)

where in the third line we used (1.31) (which uses hypothesis Hp⋆,q), and in the last
line we used “soft” infinite volume exponential decay. Hence (1.31) is still valid for
the function g ′.

Now, consider f depending only on spins in Bn. Via the Edwards-Sokal coupling,
Pf

B2n,β,q(f) and Pf
β,q(f) can be seen as µf

B2n,p,q(g ′) and µf
p,q(g ′) for a certain function

g ′, depending a priori on every edge, but for which (as above) g ′
1[Fc] depends on

edges in B3n/2 only. We conclude that
|Pf

B2n,β,q(f) − Pf
β,q(f)| = |µf

B2n,p,q(g ′) − µf
p,q(g ′)| 6 O(∥g ′∥∞e−cn)
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Let us mention that whenever there is uniqueness of the infinite volume random-
cluster measure as well as (almost sure) uniqueness of the infinite cluster (if any) for
the parameters p = 1 − e−β and q, then point 3 of Proposition 1.25 implies that

Pf
β,q =

1
q

q∑
i=1

Pi
β,q. (1.32)

1.5.5 Ornstein-Zernike asymptotics of the two-point function on Zd

It is possible to reformulate Theorem 1.1 for the Potts model in the following way,
taking into account Theorem 1.2 and Proposition 1.24. Recall as well Proposition 1.26
for the relation between the two-point functions, and Definition 1.15 for the Wulff
shape.

Theorem 1.3
Let G∞ = Zd, and d > 2. Let q > 1 and β < βc(q). We denote by Pβ,q the unique infinite
volume measure of the q-state Potts model at inverse temperature β.

1. The two-point function satisfies the Ornstein-Zernike asymptotics:

Pβ,q(σ0 = σx) − 1/q

1 − 1/q
=

Ψβ,q(x̂)

|x|
d−1
2

e−ξβ,q(x̂)|x|(1 + o|x|(1))

uniformly as |x| → ∞, where x̂ = x/|x| and | · | denotes the Euclidean norm in Rd.
Moreover, the functions Ψ and ξ are positive and locally analytic on Sd−1. In the case
of the Ising model, denoting the unique infinite volume measure as Pβ, we have

Pβ(σ0σx) =
Ψβ,2(x̂)

|x|
d−1
2

e−ξβ,2(x̂)|x|(1 + o|x|(1))

2. The Wulff shape Wξ has a locally analytic, strictly convex boundary. Moreover, the
Gaussian curvature χβ of Wξ is uniformly positive,

χβ + min
t∈∂Wξ

d−1∏
i=1

χβ,i(t) > 0

where χβ,i(t), i = 1, . . . , d − 1 are the principal curvatures of ∂Wξ at t. By duality,
∂Uξ is also locally analytic and uniformly convex.

Remark 1.6 The result for the Ising model has been proved before the general Potts case
by the same authors in the paper [20], using the random-line representation defined in Sec-
tion 1.2.4.3. The BK inequality 1.12 that satisfy the weights simplifies notably the proof.
Of course the inverse correlation length of the Potts model coincides with the one of
the corresponding random-cluster model, i.e. ξβ,q = ξp,q (with p = 1 − e−β). We
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do not rewrite in details the fact that ξβ,q satisfies the sharp triangle inequality, see
Corollary 1.3.

1.5.6 Absence of roughening transition and Brownian scaling
of the interfaces on Z2

In the special case of two-dimensional random cluster model, duality allows us to
reinterpret the results of Theorem 1.3 as results about interfaces in the q-state Potts
model in the phase coexistence regime (β > βc).

We have proved in Section 1.4.5.2 that the inverse correlation length of the sub-
critical random-cluster model at p < pc coincides with the surface tension of the
Potts model at the corresponding dual inverse temperature β > βc (satisfying p⋆ =
1 − e−β).

An important corollary of Theorem 1.3 for the sub-critical Potts model on Z2 is
the absence of roughening transition, due to the Brownian scaling of the Dobrushin
interfaces. Before defining these expressions and stating the results, we recall the
definition of the surface tension of the Potts and Ising models.

1.5.6.1 Surface tension for the Potts model

Let x̂ ∈ S1. Consider the Potts model in the box ΛL,M = {−M, . . . M} × {−L, . . . , L},
with x̂-Dobrushin boundary condition, that is

σi =

{
1 if (x̂, i) > 0
2 if (x̂, i) < 0 .

As in Section 1.4.5.2, we write Px̂
ΛL,M,β,q for the corresponding Potts measure, and

x⋆
ℓ , x

⋆
r for the locations on (Z2)⋆∩∂Λn of the color changes, see Figure 1.4. The surface

tension at inverse temperature β in a direction x̂ ∈ S1 is defined as follows:

τβ,q(x̂) = − lim
L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log
Zx̂

ΛL,M,β,q

Z1
ΛL,M,β,q

As we saw, this limit is known to exist for all values of β. It is useful to extend τβ to
a function on R2 by positive homogeneity, setting τβ(x) + τβ(x̂)|x|, where x̂ = x/|x|.
When β > βc, the extended function is a norm on R2. The proof is the same as the
one of Proposition 1.22, via duality and the Edwards-Sokal coupling. (The statement
for the whole regime β > βc takes into account Theorem 1.2.)

1.5.6.2 Surface tension for the Ising model

In the case of the Ising model, this corresponds to take the x̂-Dobrushin boundary
condition

σi =

{
+1 if (x̂, i) > 0
−1 if (x̂, i) < 0 ,
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and, denoting by P
(±,x̂)
ΛL,Mβ the corresponding Ising measure in ΛL,M, the surface ten-

sion in direction x̂ is defined as

τβ,2(x̂) = − lim
L→∞
M→∞

1
|x⋆

ℓ − x⋆
r |

log
Z

(±,x̂)
ΛL,M,β

Z+
ΛL,M,β

The function τβ,2(x) + τβ,2(x̂)|x| was known to be positive (and thus a norm on
R2) for all β > βc since the work of Lebowitz and Pfister [70].

1.5.6.3 Corollary of the Ornstein-Zernike asymptotics of the two-point function

We say that a system undergoes a roughening transition when the interface between
two phases has bounded fluctuations below a certain temperature (uniformly in the
size of the sample) and fluctuations which diverge with the size of the sample above
this temperature. A corollary of Theorem 1.3 is the absence of roughening transition
for the q-state Potts model on Z2. Indeed, the underlying proof, as briefly described
in Section 1.4.6, shows that the interfaces have a diffusive scaling for all β > βc.

Indeed, let x̂ ∈ S1, and consider the box Λn = {−n, . . . n}2, with x̂-Dobrushin
boundary condition, as defined above. We define the interface as the connected com-
ponent of all dual edges separating disagreeing spins, which is attached to x⋆

ℓ and x⋆
r

(see Figure 1.7).
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Figure 1.7 – The interface in direction x̂ of the 3-state Potts model.

As we saw in Section 1.4.5.2, the measure Px̂
Λn,β,q is coupled to the dual random-

cluster measure of µf
Λ⋆

n,p,q(· | x⋆
ℓ ↔ x⋆

r). In particular the interface as defined here is
a subset of the open cluster connecting xℓ to xr in the latter random cluster model.
It can thus can be approximated by the same effective random walk we described in
Section 1.4.6.
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Denoting as before by Φn its linear interpolation, and by ϕn diffusive scaling of
Φn, we get the following corollary:

Corollary 1.7 Let G∞ = Z2, β > βc and q ∈ N. Consider the q-state Potts model with
x̂-Dobrushin boundary condition in the box Λn. Then {ϕn(·)}n weakly converges under
{Px̂

Λn,β,q}n to the distribution of
{
√

χβB(·)}

where B is the standard Brownian bridge on [0, 1] and χβ is the curvature of ∂Wτ computed
at the point t ∈ ∂Wτ dual to x̂. This curvature is uniformly positive.
In particular, the q-state Potts model on Z2 do not undergo a roughening transition.

The existence of a Brownian bridge diffusive limit in the Ising model on Z2 has
been established [48] for a single interface, resulting from the Dobrushin boundary
condition. Similar results restricted to large β include [37] and [54].

Note that the unboundedness of the Ising interfaces is specific to the two-dimen-
sional model. Indeed, in dimensions d > 3, it was proved by Dobrushin that at
sufficiently low temperature, the interface corresponding to Dobrushin boundary
condition along coordinate axis has bounded fluctuations. As we will see later this
shows that non translation-invariant infinite-volume Gibbs measures exist in dimen-
sion 3 and higher.

1.5.7 More results for the random-line representation of the planar Ising model
The previous section gives useful estimates on the decay of correlations. This can be
rewritten in the case of the Ising model as estimates on the weights of the random-
line representation introduced in Section 1.2.4.3. As we will use these results on Z2

(were duality plays an important role), we introduce some specific notations.
A subset A ⊂ Z2 is said to be (simply) connected if∪i∈A

(
i + [−1

2 ,
1
2 ]

2
) is (simply)

connected. Let Λ b Z2 be simply connected. Let σ ∈ {−1, 1}Z2 be some boundary
condition. To a configuration σ compatible with this boundary condition, we asso-
ciate the set E(σ) of all edges of the dual lattice (Z2)⋆ + (1

2 ,
1
2) + Z2 separating a pair

i, j of nearest-neighbor vertices such that {i, j} ∩ Λ ̸= ∅ and σi ̸= σj. We recall the
notations and compatibility relations described at the beginning of Section 1.2.4.

The weights qΛ,β have a number of remarkable properties we began to describe
in (1.11), (1.12) and (1.13). Here we add some other useful properties of the weights
which are based on estimates on the two-point function of the Ising model on Z2.

• Let i, j ∈ ∂⋆Λ. Then, ∑
Γ :i→j

qΛ,β(Γ) 6 e−τβ(j−i). (1.33)

See [77, Lemma 6.6 and Prop. 2.4] for the proof.
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• Let z ∈ Λ⋆; we write Γ : b→ z→ b ′ when Γ : b→ b ′ and Γ ∋ z. Then,∑
Γ :b→z→b ′

qΛ,β(Γ) 6 C(β)√
∥z − b∥2∥z − b ′∥2

e−τβ(z−b)−τβ(z−b ′). (1.34)

(this comes essentially from the BK-type inequality (1.12) and from the Ornstein-
Zernike behavior of the two-points correlation function in infinite volume, i.e.
Theorem 1.3.)
• Let

E(x, y, ρ) + {t ∈ (Z2)⋆ s.t. ∥x − t∥+ ∥y − t∥ 6 ∥x − y∥+ ρ}

be the ellipse in R2 with focuses x and y and big axis 2ρ + ∥x − y∥.
The following lemma states that for β⋆ < βc the set of contours contributing to
the infinite volume two points function ⟨σxσy⟩β⋆ is exponentially concentrated
into the ellipse E(x, y, ρ) if ρ is of order nϵ, with ϵ > 0. More precisely, under
the infinite volume measure at inverse temperature β⋆ < βc we have

∑
λ:x→y

λ̸⊂E(x,y,ρ)
qβ⋆(λ)

⟨σxσy⟩
=

∑
λ:x→y

λ ̸⊂E(x,y,ρ)
qβ⋆(λ)∑

λ:x→y qβ⋆(λ)
6 c · |∂E(x, y, ρ)| · ∥x − y∥1/2e−κβ⋆ρ

(1.35)
for a certain c > 0, and some κβ⋆ > 0. See [77, Lemma 6.10] for a proof.
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Chapter 2
About the Gibbs states

of the Ising and Potts models

In this chapter, we first present some general results about the set G of
infinite volume Gibbs measures of models with a finite spin space. The
results are written in the case of the Potts model to simplify the exposition;
the general definition of a Gibbs measure is given thereafter. We continue
with a review of the known results toward the characterization of G for
the Ising and the Potts models. We present our new results, the main one
being the full characterization of G for the Potts model on Z2. Finally, we
give a general heuristics, followed by more detailed sketches of the proofs.

2.1 General results

In the last chapter (see Section 1.2.2), we justified physically the definition of the set of
infinite-volume measures of a given model as the set of weak limits of finite volume
measures. We recall the latter definitions.

Consider a sequence of graphs G = (Gn)n such that Gn b G∞ = (V∞, E∞) and
Gn ↑ G∞ as n→∞ (which we write G ↑ G∞), where G∞ is an infinite, locally finite,
connected graph. Let Σ = {−1,+1}V∞ , and Σ = {1, . . . , q}V∞ . We defined, according
to Definition 1.4 of weak convergence,

Gβ = {Weak limits of sequences (Pσ̃n

Gn,β)
n
, with Gn ↑ G∞, and σ̃n ∈ Σ}

Gβ,q = {Weak limits of sequences (Pσn

Gn,β,q)
n
, with Gn ↑ G∞, and σn ∈ Σ}

In this section, we will identify the 2-state Potts model with the Ising model, as
well as Gβ with Gβ,2, despite a slight abuse of notation.

77
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2.1.1 Markov property and DLR equations
A general feature of the Ising and Potts models is the spatial Markov property (see
Proposition 1.1). For an arbitrary subset A of V , let FA be the σ-algebra generated by
spins in A. The spatial Markov property can also be written as

Pσ
G,β,q(· |FAc)(η) = Pη∨σ

A,β,q = Pη

A,β,q,

where we write A for the subset of vertices and for the corresponding subgraph of
G. This remark implies the following “compatibility relation”:

Proposition 2.1 Let G = (V, E) be a finite graph, and A ⊂ G. For all boundary condition
σ and all functions f, we have

Pσ
G,β,q(f) = Pσ

G,β,q

(
P ·∨σ

A,β,q(f)
)
.

Let us pass to the infinite volume limit, i.e. let G ↑ G∞ and keep A fixed, and
consider a limit P ∈ Gβ,q. Then the so-called Dobrushin-Lanford-Ruelle equations
are satisfied, namely,

Proposition 2.2 (DLR equations)
Let G∞ = (V∞,E∞) be an infinite, locally finite graph and P ∈ Gβ,q, then

P(f) = P
(
P ·

A,β,q(f)
)
.

In other words, for P-almost every σ ∈ Ω, and all A b V∞,

P(·|FAc)(σ) = Pσ
A,β,q. (2.1)

Proof Take G ↑ G∞ and keep A b V∞ fixed in Proposition 2.1, then for each (fixed)
local function f,

P ·∨σ
A,β,q(f) : ΩV∞\A → R is a local function of support ∂A.

Indeed, the nearest-neighbor range of the model implies that the above function de-
pends only on the spins located on the boundary of A. The Definition 1.4 of weak
convergence finishes the proof.

2.1.2 Properties of the set of DLR measures
In the beginning of the seventies, Dobrushin [29], Lanford and Ruelle [68] have intro-
duced a new way to construct probability measures on infinite product probability
spaces (i.e. directly in infinite volume) which allow to model phase transitions in
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statistical mechanics. The key-point of their approach is to replace the definition via
accumulation points of finite-volume measures, by the system (2.1) of conditional
probabilities with respect to the outside of any finite set. We will explain this ap-
proach by taking the Potts model as an example, although the DLR theory deals
with the very general framework of “specifications” [80].
Definition 2.1 (DLR Potts measures)
The set of DLR measures for the q-state Potts model at inverse temperature β is the set of
probability measures on (Ω, F) (which we denote by M+

1 (Ω)) defined as

G̃β,q = {P ∈M+
1 (Ω) : P(·|FAc)(σ) = Pσ

A,β,q for P − a.e. σ ∈ Ω and all A b V∞}.

The main advantage of this approach is that functional analysis tools allow to
prove interesting properties of this set. We have seen in Proposition 2.2 that Gβ,q ⊂
G̃β,q. As our motivation for studying infinite volume measures comes from the study
of large finite systems, we would also like to have the reversed inclusion. We will see
that this is “almost true”; indeed, G̃β,q turns out to be a simplex, and all its extremal
measures (i.e. the relevant measures, which are not convex combinations of others)
are weak limits of finite-volume measures. Hence, G̃β,q contains all the “physically
relevant measures”.

It is worth noticing here that the analog of Proposition 2.2 is not trivial at all in
the case of the random-cluster model. Indeed, the function µ ·

A,p,q(f) is not local.
A boundary condition on E∞\EA induces a set of connections between the vertices
of ∂A which depends on the whole configuration outside A. Nothing forbids us,
though, to define a set W̃p,q of DLR random-cluster measures analogously as in Def-
inition 2.1; this can be inspired by the spatial Markov property (see Proposition 1.13)
which is valid for this model. However, very little is known about the relation-
ship between the sets Wp,q and W̃p,q. It is not known, for example, whether or not
Wp,q ⊂ W̃p,q, and even the proof of non-emptiness of W̃p,q is not trivial. We refer to
[53] for more details.

Let us introduce an important σ-algebra.

F∞ =
∩

AbV∞
FAc

is called the tail σ-algebra; it contains the events whose realization does not depend
on the values of the spins inside any finite region.

Definition 2.2 (Choquet simplex) A Choquet simplex is a metrisable compact convex set
G such that all elements of G have a unique decomposition onto the set of extremal elements
exG, i.e. for all P0 ∈ G, there exists a unique measure ρ0 ∈M(exG) such that

P0 =

∫
exG

P ρ0(dP)
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where we say that an element P is extremal, and write P ∈ exG, if P = αP1 + (1 − α)P2
with α ∈ (0, 1) and P1, P2 ∈ G implies P1 = P2.

Proposition 2.3 The set G̃β,q is a convex subset of M+
1 (Ω, F), which satisfies the following

properties

1. The elements of G̃β,q are completely determined by their macroscopic behavior: let
P1, P2 ∈ G̃β,q,

If P1(E) = P2(E) for all E ∈ F∞, then P1 = P2.

2. The extreme elements of G̃β,q are the probability measures P ∈ G̃β,q that are trivial on
the tail σ-algebra F∞:

exG̃β,q =
{
P ∈ G̃β,q : P(E) = {0, 1}, ∀E ∈ F∞}

.

3. G̃β,q is a Choquet simplex.

The convexity of G̃β,q is obvious. The proof of the fact that it is a simplex relies
on technical functional analysis which does not really correspond to any physical
intuition. The points 1 and 2 are not difficult to prove. We refer to [69] for the proofs.

This proposition can be interpreted as follows: the “true” macroscopic equilib-
rium states of the system are the “physically relevant” measures, and are described
by the extremal measures, which give a deterministic value to any macroscopic ob-
servable; while non-extremal measures describe an uncertainty about the prepara-
tion of the system.

The following proposition shows that G̃β,q and Gβ,q coincide on the set of “phys-
ically relevant” measures: an infinite-volume extremal measure can be selected by a
sequence of finite-volume measures with boundary conditions that are typical for it.

Proposition 2.4 Let P ∈ exG̃β,q. Then

lim
G↑G∞ Pσ

G,β,q = P for P − almost every σ ∈ Σ.

Proof Let f be a local function and write Gn = (Vn,En). Observe that the random
variables {P ·

G,β,q(f) = P(f | FVc
n
)(·)}

n
constitute a backward martingale for the filtra-

tion {FVc
n
}
n

. The convergence theorem for backward martingales [89] implies
P(f | FVc

n
)(·)→ P(f | F∞)(·) = P(f) P − a.s. as n→∞,

where we used the triviality of P on the tail σ−algebra (see Proposition 2.3).
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Note that in the case of a regular lattice G∞, an analog of Proposition 2.3 is true
when we replace the tail-triviality by the translation invariance. The ergodic the-
orem plays the role of the backward martingale limit theorem in this framework.
However, let us emphasize that the set of extremal translation-invariant measures is
far from coinciding with the set of extremal measures itself. The latter form a rather
small and sometimes empty set, whereas the former consists of ergodic measures,
that are in particular extreme because Finv ⊂ F∞, where Finv is the σ-algebra gener-
ated by translation invariant events. If one does not focus on translation-invariance,
the structure of extremal states could be very rich, and the analysis of the set of Gibbs
states G of a given model is in general a very hard problem which remains essentially
completely open in dimension 3 and higher, for any non trivial model, even in per-
turbative regimes. The known results about the Ising and Potts models are described
below. Before, we briefly describe the general notion of Gibbs measure.

2.1.3 General Gibbs measures
The DLR approach of defining the set of infinite volume measure through Defini-
tion 2.1 can be applied to very general random fields defined in finite volume. In-
deed, the set of probability measures

{P( · |FAc)(σ) : σ ∈ Ω, A b V∞} (2.2)

can be given as a “specification”1 for the conditional expectations of a random field.
In our case, these quantities are the finite-volume Gibbs measures corresponding to
some precise Hamiltonian (1.3), describing the Potts model.

For a modelization in finite volume V , the Gibbs measures

µ(σ) =
1
Z

exp(−βHV(σ))

are particularly interesting in statistical mechanics because they are easily shown to
maximize the entropy S(µ) =

∑
σ∈Ω µ(σ) log µ(σ) having the given energy µ(HV) =∑

σ∈Ω HV(σ)µ(σ). They thus satisfy the “second principle” of thermodynamics, and
can reasonably be considered as equilibrium states of a system.

It is hence interesting to know under which condition a given specification (2.2)
can be written as a finite volume Gibbs measure. To this end, we define a general
notion of Hamiltonian, and we can think about {1, . . . , q} being replaced by any finite
set called “spin space”.
Definition 2.3 (General Hamiltonian and Gibbsian specification)
Let G = (V, E) ⊂ G∞ = (V∞, E∞), and

Hσ
G(σ) =

∑
AbV∞

A∩V ̸=∅

ϕA(σ ∨ σ)

1We voluntarily do not enter the formal definition of the notion of specification, which would be outside the
scope of this thesis. We refer to the book [40] and the review [69].
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with some interaction potential Φ = {ϕA}AbV∞ such that ϕA : Ω → R is FA measurable
for all A b V∞, such that ∑

A:x∈A ∥ϕA∥∞ < ∞ for all x ∈ V∞.
The specification of conditional expectations{

P( · |FAc)(σ) =
1

Zσ
G,β

exp(−βHσ
G(·)) : σ ∈ Ω, A b V∞

}

is called the Gibbsian specification (associated to Φ).
We now describe two important properties which can be fulfilled the specifica-

tion (2.2), and that will turn out to be equivalent to its Gibbsianity.

Definition 2.4 We say that a specification (2.2) is quasi-local if for all cylindrical event C

and all A b V∞
lim

V↑V∞ sup
σ,σ ′∈Ω:
σ|V=σ ′

|V

|E(C | FAc)(σ) − E(C | FAc)(σ ′)| = 0,

We say that it is uniformly non-null if for all A b V∞
inf

σ,σ∈Ω
P(σ | FAc)(σ) > 0.

Proposition 2.5 A specification (2.2) is Gibbsian (i.e. there exists a potential Φ such that
Definition 2.3 holds) if and only if it is quasi-local and uniformly non-null.

This proposition shows that the Gibbsian specifications constitute a quite natural
class of specifications. We refer to [61] for a proof.

2.2 The Ising case
To determine the set G of infinite volume Gibbs measures of a model, it is necessary
to understand all the possible local behaviors of the system. Indeed, the expectations
of local functions characterize an infinite volume measure, by definition of the weak
convergence of finite-volume measures.

Pirogov-Sinăı [78] theory gives a way to determine the extremal translation-inva-
riant Gibbs states at low temperature as perturbation of the corresponding ground
states. But as soon as local phase coexistence is possible, namely when a macroscopic
interface between two phases has bounded fluctutations in the bulk, which breaks
translation invariance, the present knowledge is very limited.

Some rare cases for which Gβ can be characterized include the two dimensional
Ising model (with the result of Aizenman and Higuchi, see below), and now the two-
dimensional Potts model, which constitute the main result of this manuscript.

We give now the history of the known results for the Ising model on Zd.
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2.2.1 Previously known results
We proved in Proposition 1.27 that Gβ,2 contains a unique element for all β < βc. It
is known in dimension d ̸= 3 (and expected in dimension 3) that uniqueness holds
also at β = βc (see [74] for d = 2, [5] for d > 4).

It follows from Proposition 1.6 that P+
β and P−

β are always extremal, translation-
invariant elements of Gβ,2. Hence, in the non-uniqueness regime β > βc, the set Gβ,2
contains at least the two distinct extremal measures P+

β and P−
β .

In 1975, Messager and Miracle-Sole [72] proved that all translation invariant infinite-
volume Gibbs measures of the Ising model on Z2 are convex combinations of P+

β and
P−

β , i.e. they are of the form

αP+
β + (1 − α)P−

β , 0 6 α 6 1.

An earlier result on that problem was obtained by Gallavotti and Miracle-Sole for
large enough β [38].

At this stage, the problem was thus reduced to figuring out whether there exist
non-translation invariant infinite-volume Gibbs measures in this model.
Important progress was made in 1979 by Russo [82], who proved that an infinite-
volume Gibbs measure for the 2d Ising model which is invariant under translations
along one direction is necessarily invariant under all translations.
Building up on these earlier results, Aizenman [1] and Higuchi [55] (see also [42] for
a more recent variant) independently established, in the late 1970s, that all infinite-
volume Gibbs measures of the 2d Ising model are translation invariant, thus provid-
ing a complete description of the set Gβ.

Note that the absence of non-translation invariant infinite-volume Gibbs mea-
sures is specific to the two-dimensional model: In higher dimensions, as was men-
tioned in other terms in Section 1.5.6, it was proved by Dobrushin [30] that such
measures exist at sufficiently large values of β. Indeed, the boundedness of the fluc-
tuations of interfaces uniformly in the volume of the system imply local phase coex-
istence, and thus existence of non-translation-invariant measures.

However, all translation invariant measures of the Ising model in all dimensions
are still convex combinations of P+

β and P−
β , as was proved by Bodineau in [13].

We emphasize that the main difference between the 2d case and its higher-di-
mensional counterparts is that interfaces in 2d are one-dimensional objects and as
such undergo unbounded fluctuations (with diffusive scaling) at any β < ∞, while
horizontal interfaces in higher dimensions are rigid at large enough values of β.

As we already mentioned, Greenberg and Ioffe established the existence of a
Brownian bridge diffusive limit in 2d [48] for a single interface, resulting from the Do-
brushin boundary condition. Earlier results restricted to large β include [37] and [54].

2.2.2 New results and open problems
In collaboration with Yvan Velenik, we introduced a new approach to the Aizenman-
Higuchi result, which states that all the infinite volume Gibbs measures of the 2d
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Ising model are of the form αP+
β +(1−α)P−

β . Our approach has a number of distinc-
tive advantages:
• We obtain a finite-volume, quantitative analogue (of course, implying the clas-

sical claim), and our error estimate is of the correct order.
• The scheme of our proof seems more natural, and provides a clear picture of

the underlying phenomenon.
• This new approach is more robust, as the underlying general heuristics has been

extendable to the Potts model (see Section 2.3), for which the classical approach
does not apply.

Here is the statement of our theorem.

Theorem 2.1 Let β > βc, and ω ∈ Ω.
Then, for any ε ∈ (0, 1

2) and b < 1−ε

2 , there exists n0 = n0(β, b, ε) and Cβ > 0 such that,
for all n > n0, there exists a constant αn,ω(β) ∈ [0, 1] such that,∣∣Pω

Λn,β(f) −
(
αn,ωP+

β(f) + (1 − αn,ω)P−
β(f)

)∣∣ 6 Cβ∥f∥∞ n− 1−ε
2 +b.

uniformly in all functions f which have support inside Λnb .

It is not difficult to deduce the Aizenman-Higuchi theorem from Theorem 2.1, see
Chapter 3. Let Gβ be the set of all infinite-volume Gibbs measures of the Ising model
on Z2, at inverse temperature β, then,

Corollary 2.1 For any β > βc, Gβ = {αP+
β + (1 − α)P−

β : 0 6 α 6 1}.

Moreover, the estimate we have on the error term in Theorem 2.1 is essentially
optimal:

Proposition 2.6 Let β > βc. There exist a local function f and a constant c = c(β) > 0
such that, for all n large enough, one can find σ ∈ Ω with

inf
α∈[0,1]

∣∣Pσ
Λn,β(f) − αP+

β(f) − (1 − α)P−
β(f)

∣∣ > cn−1/2.

The proof of Theorem 2.1 comprises two main steps:
• Proving that, with high probability, at most one interface approaches the center

of the box Λn,
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• proving that this interface, when present, undergoes unbounded fluctuations
(actually of order √n).

It then follows that any local observable, with support close to the center of the box
lie, with high probability, deep inside the + or − phase. A more detailed sketch of
the proof can be found below, while Chapter 3 contains the detailed proof.

As we already mentioned, Greenberg and Ioffe [48] established the existence of
a Brownian bridge diffusive limit in 2d for a single interface, resulting from the Do-
brushin boundary condition. The behavior of the system under a general boundary
condition is the main topic of our work here.

Note that there is one drawback in our approach: It does not imply uniqueness
at the critical temperature, while this can be extracted from the classical Aizenman-
Higuchi result, e.g., using [17]. However, this should not be surprising, since the
general philosophy apply to the q-state Potts model for any q > 2 for which the
transition is known to be of first-order for q large.

2.2.2.1 Open problems
2.2.2.1.1 “Generic” boundary condition. As discussed above, the estimate we have
on the error term in Theorem 2.1 is essentially optimal. However, it seems very likely
that a “generic” boundary condition should yield, with high probability, configu-
rations with no crossing interfaces, which should improve the error term to e−cn.
One of the difficulties is to give a precise meaning to the word “generic” in this
context. One possible choice would be to sample the boundary condition accord-
ing to some natural probability measure. Unfortunately, very little is known about
the Ising model with a strongly inhomogeneous boundary condition. The only work
we are aware of that is related to this question is [87], in which the following result is
proved: Let the spins of the boundary condition σ be independent Bernoulli random
variables with parameter 1/2. Then, for almost all σ, the probability of appearance of
an interface goes to zero as the system size goes to infinity, provided that β be large
enough. This shows that, for a generic boundary condition, typical configurations of
the low-temperature Ising model do not possess macroscopic interfaces.

2.2.2.1.2 Wetting with inhomogenous boundary fields. A related issue, whose solu-
tion would probably be helpful in making progress in the previously mentioned
problem, is that of wetting above an inhomogeneous substrate. Consider a 2 di-
mensional Ising model at inverse temperature β > βc, in a box Λn with + bound-
ary condition along the vertical and top sides of the box, and − boundary condition
along the bottom side. If the interaction σiσj between the spins in the bottom row
of Λn and those outside the box is modified to hσiσj, with h > 0, then an interface
is present along the bottom wall. As long as h < hw(β), for some explicitly known
value 0 < hw(β) < 1, the interface sticks to the bottom wall, its Hausdorff distance to
the wall being O(log n); this is the so-called partial wetting regime. When h > hw(β),
the interface is repelled away from the bottom wall, and the Hausdorff distance be-
comes O(

√
n); this is the complete wetting regime. The transition between these two

regimes is called the wetting transition. All this is rather well understood, see [76] for a
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review. Understanding the corresponding problem when the homogeneous bound-
ary field h is replaced by site-dependent boundary fields hi is much more difficult
and still mostly open [32].

2.2.2.1.3 Robustness of the Dobrushin boundary condition. A final open problem that
might be of interest is to understand how robust the Dobrushin boundary conditions
are: Start with such a boundary condition, and randomly flip a density ρ > 0 of spins;
does the macroscopic interface survive? What can be said about the critical ρ at which
the macroscopic interface disappears?

2.3 The Potts case
2.3.1 Previously known results
As we will see in the next chapter, in the case of the Ising model (q = 2), the presence
of only two phases simplifies the investigation (which is not trivial, though). In the
Potts model with q = 3 or more states, there are more than two phases and conse-
quently interfaces are more complicated objects, elementary macroscopic interfaces
being trees rather than lines.

Proposition 1.27 implies that there exists at least q extremal phases for β > βc.
We will prove in Proposition 2.7 that the q pure phases are actually extremal.

At very low temperature, Dobrushin and Shlosman proved [31], in a general con-
text including the Potts model, that all Gibbs states are translation invariant, and in
particular are convex combinations of the q pure phases corresponding to perturba-
tions of the ground states of the model.

In the case of Zd and q large enough (depending on the dimension d of the lattice),
Martirosian [71] extended the result given by Pirogov-Sinăı ’s theory up to the critical
temperature and treated also criticality. He proved that for β > βc(q) all translation
invariant Gibbs states are convex combination of the q pure states, while for β =
βc(q), the decomposition is onto q + 1 pure phases: the q low-temperature ordered
pure phases and the high temperature disordered phase. The same result was proved
before in dimension 2 by Lanaait, Messager and Ruiz [67].

2.3.2 Extremality of the q pure phases for β > βc

The infinite volume Edwards-Sokal coupling allows to prove extremality of the q

pure phases of the Potts model below the critical temperature.

Proposition 2.7 Let β > βc(q). Then the pure phases (Pi
β,q)i=1,...,q, of the q-state Potts

model are extremal.

Proof Let i ∈ {1, . . . , q} be fixed. As Pi
β,q is a Gibbs measure, proving extremality is

equivalent to proving tail triviality by Proposition 2.3.
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Let A ∈ F∞. Using the infinite volume Edwards-Sokal coupling presented in Propo-
sition 1.25 we can write

Pi
β,q(A) =

∫
µw

p,q(dω)ν(A|ω). (2.3)

One can show that µw
p,q is trivial on the random-cluster tail σ−algebra FRC∞ [53, The-

orem 4.19]. Therefore, it is sufficient to show that ν(A|·) is FRC∞ -measurable.
Let ω,ω ′ be two random-cluster configurations which differ only on one edge e =
[x, y]. By iteration, proving that ν(A|ω) = ν(A|ω ′) implies the claim. We now con-
struct a coupling P between the measures ν(·|ω) and ν(·|ω ′).
Let {c−1, c0, c1, c2, . . .} be a sequence of independent random variables distributed
uniformly on {1, . . . , q}. For a given random-cluster configuration η, generate a col-
oring of the vertices as follows:
• Let Ση

z = i if z↔∞.
• If x = ∞, paint the cluster containing x with the color c0, i.e.

Ση
z = c0 for all z↔ x.

• If y = ∞ and y = x paint the cluster containing y with the color c−1, i.e.
Ση

z = c−1 for all z↔ y.
• Number the remaining finite clusters in the lexicographic order and paint the

cluster i with the color ci.
The Edwads-Sokal coupling ensures that if η is distributed according to µw

p,q, then
Ση = (Ση

z)z∈V is distributed according to Pi
β,q. We thus have:

ν(A|ω) − ν(A|ω ′) = P(A is realized in Σω) − P(A is realized in Σω ′
). (2.4)

Without loss of generality we can assume that the edge e is open in ω and closed in
ω ′. Two cases can occur outside the edge e (recall that ω and ω ′ differ only on e):

1. y↔∞: in this case Σω
z = Σω ′

z for all z ∈ V and the difference (2.4) vanishes.
2. y = ∞: in this case Σω

z differs from Σω ′
z with probability 1 − 1

q
for z ↔ y. But

the cluster of y is finite and A ∈ F∞. Therefore (2.4) vanishes as well.
We have proved that ν(A|·) is tail measurable and thus Pi

β,q is extremal.

2.3.3 New results and open problems
We recently proved together with Hugo Duminil-Copin, Dmitry Ioffe and Yvan Ve-
lenik that, in the case of Z2 and β > βc(q), all Gibbs states of the Potts model (without
the restriction to translation invariant states) are convex combinations of the q pure
phases.

Particularizing some of the notations we used before to the case of Z2, and writing
Gβ,q for the set of all infinite volume Gibbs measures of the two-dimensional q-state
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Potts model on Z2 at inverse temperature β, and Pi
β, i = 1 . . . q for the pure phases

of the model (the dependence on q is omitted since we work with fixed q > 2), our
theorem is the following:

Theorem 2.2 (Coquille, Duminil-Copin, Ioffe, Velenik, 2012)
Let G∞ = Z2, q > 2 and β > βc(q). Then every Gibbs measure P ∈ Gβ,q is a convex
combination of the q pure states Pi

β, i = 1 . . . q.
Namely there exists a (unique) family of numbers α1, . . . , αq ∈ [0, 1] such that

P =

q∑
i=1

αiPi
β, with

q∑
i=1

αi = 1.

Corollary 2.2 For any q > 2 and for any inverse temperature β > βc(q),
1. Every Gibbs measure P ∈ Gq,β is translation invariant.
2. The pure phases Pi

β, i = 1 . . . q are (the only) extremal measures of the
simplex Gβ,q.

The latter corollary is a consequence of elementary results proved in Section 1.5.
Indeed, the pure states are translation invariant (which implies point (1)), and we
can observe that in the decomposition of Theorem (2.2), the coefficient αi is directly
related to the i-th component of the magnetization of the system. We have

αi =
P(σ0 = i) − ∆(β)

Pi
β(σ0 = i) − ∆(β)

, with ∆(β) =
1

q − 1
Pi

β(σ0 ̸= i). (2.5)

This shows that we cannot decompose any Pi
β on the other Pj

β with j ̸= i, implying
point (2).

A sketch of the proof can be found below, and Chapter 4 contains the detailed
proof. Note that our proof does not work for β = βc, but this is not surprising since
the result is false at criticality for large values of q. Indeed, the phase transition is
known to be of first order in this regime, and conjectured to be so down to q = 5.

2.3.3.1 Open problems

2.3.3.1.1 Critical 2d Potts models. The behavior of two-dimensional q-state Potts
models in the critical regime β = βc(q) is still open. It is conjectured that there is
a unique Gibbs state when q = 3 and 4, but that, for q > 5, there is coexistence at
βc of q + 1 pure phases: the q low-temperature ordered pure phases and the high
temperature disordered phase.
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2.3.3.1.2 Finite-range 2d models. The extension of Theorem 2.2, even in the Ising
case q = 2, to general finite-range interactions still seems out of reach today. There
are, at least, two main difficulties when dealing with such models: On the one hand,
it is difficult to find a suitable non-perturbative definition of interfaces (the classical
definitions used, e.g., in Pirogov-Sinăı theory become meaningless once the temper-
ature is not very low); on the other hand, interfaces will not partition the system into
(random) subsystems with pure boundary conditions anymore, which implies that
it will be necessary to understand relaxation to pure phases from impure boundary
conditions. The general philosophy of the approach we use should still apply, though.

2.3.3.1.3 The question of quasi-periodicity. There is a general conjecture that two-
dimensional models with finite spin space should always possess a finite number of
extremal Gibbs states, all of which are periodic. In particular, this would imply that
all Gibbs states are periodic, and thus that a two-dimensional quasicrystal cannot
exist (as an equilibrium state).

2.3.3.1.4 Models in higher dimensions. As already mentioned, the situation in higher
dimensions is very different, due to the existence of translation non-invariant states.
Even in the very low-temperature 3-dimensional n.n.f. Ising model, the set of ex-
tremal Gibbs states is not known. We recall however, that it has been proved, in the
case of a d-dimensional Ising model for any d > 3, that all translation invariant Gibbs
states are convex combinations of the two pure phases at all temperatures [13].

2.4 Heuristics of the proofs
2.4.1 General heuristics
In this section we give the general heuristics which is behind the result that, for both
the Ising and the Potts models, the set of extremal infinite volume Gibbs measures
exG̃β,q is the set of pure phases (P+

β and P−
β for Ising and P1

β, . . . Pq

β for Potts).
The way we proceed to prove this result gives at the same time an upper bound

on the rate of convergence of any sequence of finite volume measures towards the
corresponding convex combination onto pure phases. Moreover, this bound is al-
most of the optimal order, namely it is almost sharp for a well chosen sequence of
boundary conditions together with an appropriate local function.

Note that Proposition 2.4, which states that the extremal measures are weak lim-
its of finite volume measures, ensures that we really can characterize the abstract set
exG̃β,q by analyzing the asymptotic behavior of finite volume measures, in the large
volume limit.

Proving that any infinite volume measure can be decomposed as a convex com-
bination onto the pure phases amounts to showing, in view of the weak topology
we are using, that no local function can “feel” phase coexistence. This statement is
closely related to translation invariance: as the pure phases are translation invariant,
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so is any of their convex combinations, and what we mean by saying that a local func-
tion “feels” phase coexistence is that its support is located on an interface between
two phases with positive probability, uniformly in the volume of the box.

We must thus prove that, in a finite box of side-length n with boundary condi-
tion ωn, with probability tending to 1 as n → ∞, the macroscopic interfaces fluctu-
ate enough so that every local function has its support far away from any of them
(where by far away we mean at a distance which diverges, as n→∞. In other words
we must prove that the support of any local function is located “deep inside a pure
phase”, up to on(1) probability.

Once the latter is proved, spatial relaxation into pure phases (see Proposition 1.28)
allows to conclude: if the support S(f) of a given local function f is far away from
macroscopic interfaces, then there exists a path surrounding S(f) where the spins
take a constant value i (we say “the phase i surrounds S(f)”). Conditionally on this
event, the expectation of f in the finite box is close to its expectation in the pure phase
i, up to a term which is exponentially small in the distance from the support of f to
the interface.

We describe now the three steps which show that, with probability 1−O(n−1/2+ε)
none of the macroscopic interfaces of a box Λn of side-length n intersect a (determin-
istic) sub-box of side-length O(n1/2−ε).

First, observe that an arbitrary boundary condition ωn can enforce the presence
of O(n) interfaces. We claim that, uniformly in ωn, only a finite number of them
reach a sub-box of side-length n/2 with high probability. Indeed, below the critical
temperature, the surface tension is positive. Hence each interface crossing Λn\Λn/2

from i to j “costs” e−τβ(i−j) where i ∈ ∂Λn and j ∈ ∂Λn/2, the cost of seeing r in-
terfaces crossing is thus upper-bounded by e−Crn, for some C = C(β) > 0. On the
other hand, imposing the spins on ∂Λn−1 to have the same value costs O(e−C ′8n) by
the finite energy property, for some C ′ = C ′(β) > 0. By taking r sufficiently large
(but finite), we ensure the probability of seeing r crossing interfaces to be at most
exponentially small in n.

Now, we can focus on the box Λn/2, and look at the typical macroscopic interfaces
configurations with these r endpoints. With a large deviation analysis, we can prove
that there exists some η > 0 such that the latter are located in a ηn neighborhood of
the graphs which are solution of the so-called Steiner problem: link the r endpoints
in a way which is compatible with the boundary condition and which minimizes the
total τβ-length.

At this stage the Ising and Potts cases are quite different: the above Steiner graphs
are (union of) lines for q = 2, while they are (union of) trees for q > 2. Hence, the
Ising model is easier to handle, since only two cases can occur: for δ sufficiently
small, the box Λδn can intersect either none of the Steiner lines, or one of them. For
the Potts model, complication comes from the fact that Λδn can also intersect a node
of a Steiner tree. But due to the uniform convexity of the τβ norm, it is known that
a node of a Steiner graph has degree three. Only one more case is thus added to the
Ising situation: Λδn intersects a “Steiner tripod”.
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Conditionally on the event that Λδn does not intersect the Steiner forest, the sup-
port of any local function being eventually deep inside Λδn/2, it is necessary deep
inside a pure phase.

Conditionally on the event that Λδn intersects a line of the Steiner forest, there
is a unique interface going through the box, and the Brownian scaling of interfaces
(or equivalently the Ornstein-Zernike asymptotics of the two-point function) ensures
that the box Λ(δn)1/2−ε is “missed” with high probability by the interface. The same
reasoning as before can be made inside Λ(δn)1/2−ε/2, and this finishes the proof in the
case of the Ising model.

Conditionally on the event that Λδn intersects a tripod of the Steiner forest, there
are three phases present inside the box, and one must analyze the fluctuations of
the triple “point”. A coarse-graining at scale nε (for some ε small enough) allows
us to get rid of the microscopic details of the interfaces. It is the scale at which the
interfaces “look like” the Steiner forest. By the mass gap arguments of [21], which
come essentially from strict convexity of the τβ norm, we can then prove that the
triple “point” has typically a diameter of order nε and that it fluctuates in a Gaussian
way. The same reasoning as before can be made inside Λ(δn)ε/2, and this concludes
the proof in the case of the Potts model.

2.4.2 Sketch of the proof for the Ising model
The proof of Theorem 2.1 can be explained in three natural steps, along the lines of
the above heuristics, but taking account of the simplifications which come from the
Ising model. We now sketch the proof without giving all the technical details, and
refer to Chapter 3 for the detailed proof.

Throughout this section the notations C, C ′, C ′′, c, c ′, c ′′ stand for positive con-
stants which can change from line to line.

2.4.2.1 Step 1: Typical configurations have at most one crossing interface

Let ω be a boundary condition around Λn = {−n, . . . , n}2, and b(ω) ≡ {b1, . . . , b2M}

be the set of endpoints of the open contours induced by ω, see the notations of Sec-
tion 1.2.4.

Let a = 1 − ε, with ε ∈ (0, 1/2). The first step is to prove that a contour Γb,b ′ such
that the segment bb ′ is too far from the center of Λn does not reach Λna with high
probability. More precisely,

Pω
Λn,β

(
∃(b, b ′) ∈ b(ω) : Γb,b ′ ∩Λna ̸= ∅, and bb ′ ∩ Λ̄2na = ∅

)
6 e−Cn2a−1

. (2.6)

Indeed, let (b, b ′) ∈ b(ω), such that bb ′ ∩Λ2na = ∅, suppose there exists a compat-
ible Γb,b ′ : b→ b ′. Observe that on the event {Γb,b ′ ∩Λna ̸= ∅} there exists a path of
(w.l.o.g.) + spins going from b to Λna .

The latter event is increasing and, by monotonicity and conditionning on the con-
tours Γ1 which are below Γb,b ′ , its probability is bigger than in a box with Dobrushin
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b

b′

Γb,b′

L̄

Λn(Γ1(σ))

+ +
+

+ + +
+

+ +
+

Λna

Λ2na

Figure 2.1 – Proof of (2.6). The box Λn(Γ1) is shaded. The contour Γb,b′ reaches Λna

while the segment bb ′ does not intersect Λ2na .

boundary condition ±(b, b ′) (i.e. +1 above and −1 below bb ′):

P
ω(Γ1)

Λ(Γ1),β

(
Γb,b ′ ∩Λna ̸= ∅

)
6 P

±(b,b ′)
Λn,β

(
Γb,b ′ ∩Λna ̸= ∅

)
,

where the (random) box Λ(Γ1) and the boundary condition ω(Γ1) can be infered from
Figure 2.1. Now, let z ∈ ∂Λna be the first hitting point of Γbb ′ on Λna starting from
b. The cost of the interface Γbb ′ is

Z
±(b,b ′)
Λn,β (Γbb ′ : b→ z→ b ′)

Z+
Λn,β

≈ e−τβ(z−b)−τβ(z−b ′).

On the other hand, the cost of the unconstrained interface is:
Z

±(b,b ′)
Λn,β

Z+
Λn,β

≈ e−τβ(b−b ′).

The constraint to reach Λna imposes a vertical deviation from the segment bb ′

of at least O(na), which has small probability due to surface tension: by the sharp
triangle inequality (1.3) and the Pythagoras theorem, we have, uniformly in z ∈ ∂Λna

and in b, b ′ such that bb ′ ∩Λ2na = ∅,
τβ(z − b) + τβ(z − b ′) − τβ(b ′ − b) > κβ

(
∥z − b∥2 + ∥z − b ′∥2 − ∥b ′ − b∥2

)
> Cn2a−1.

Since there are at most 4na vertices z ∈ ∂Λna , we conclude that, for n large enough,

P
±(b,b ′)
Λn,β

(
Γb,b ′ ∩Λna ̸= ∅

)
6 4na · e−Cn2a−1 6 e−C ′·n2a−1

,

and the conclusion follows, since there are at most 64n2 pairs b, b ′. �

This first result shows that the open contours which cross the box by reaching
Λna have their endpoints quasi-diametrally opposed. This will allows us to prove
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that the number of such crossing contours is either 0 or 1 with high probability. Let us
denote by Ncr the number of open contours intersecting Λna (which we call crossing
contours). Then,

Pω
Λn,β

(
Ncr > 2

)
6 e−Cn2a−1

. (2.7)
Indeed, suppose there are at least two of them, and denote the two first ones by Γb1b ′

1and Γb2b ′
2
. By conditioning on the other open contours which are linking the points

of b(ω)\{b1, b
′
1, b2, b

′
2} (we call them Γ1 above Γb1b ′

1
and Γ2 below Γb2,b ′

2
) we end up

with a (random) box with boundary conditions (w.l.o.g.) +1 above Γb1b ′
1
, and below

Γb2b ′
2
, and the initial ω inbetween b1, b2 and b ′

1, b
′
2, see Figure 2.2.

b1

b2

b3

b4

b′
3

b′
4

b′
2

b′
1

Λn(Γ1,Γ2)

Figure 2.2 – Proof of (2.7). The box Λn(Γ1, Γ2) is shaded. The contours Γb1,b′
1

and Γb2,b′
2

reach Λna and the segments b1b
′
1 and b2b

′
2 intersect Λ2na .

Observing that if there is more than one crossing contour, by (2.6), their endpoints
are located in a O(na) neighborhood from each other. The unconstrained contours
have thus a cost:

Z
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β

Z+
Λn(Γ1,Γ2),β

≈ e−C na

,

where the box Λn(Γ1, Γ2) and the boundary condition ω(Γ1, Γ2) can be inferred from
Figure 2.2. Indeed we just have to change boundary conditions from − to + on a total
length less of order O(na). On the other hand, observing two crossing contours has
a cost:

Z
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β(Γb1,b ′
1

and Γb2,b ′
2

are crossing)

Z+
Λn(Γ1,Γ2),β

≈ e−τβ(b ′
1−b1)−τβ(b ′

2−b2) 6 e−C·n.

since min{∥b ′
1 − b1∥1, ∥b ′

2 − b2∥1} > Cn. Combining these estimates, we deduce that
Pω

Λn,β

(
Ncr > 2, D

)
6 C ′′n2+2a · eC na

e−C ′n 6 e−cn

where D denotes the event that all crossing contours have endpoints b, b ′ satisfying
bb ′ ∩Λ2na ̸= ∅. We then have, in view of (2.6) and since 2a − 1 < 1,

Pω
Λn,β

(
Ncr > 2

)
6 e−Cn2a−1
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which finishes the proof. �
There are now only two cases remaining. In the first case, no open contour reaches

the box Λna , which surrounds eventually any local function; in this case a local func-
tion f has its support at distance O(na) of the nearest open contour, and is thus deep
inside a pure phase. In the second case, one open contour reaches Λna . To ensure that
no local function can feel the phase coexistence, we must prove that this open con-
tour has fluctuations which diverge with n. We treat this situation in the following
step.

2.4.2.2 Step 2: When present, this interface has large fluctuations
We denote by I0 the event that there is no crossing contour, and by I1 the event that
there is a unique crossing contour. Let b < a/2, and Γ be the unique crossing contour
on the event I1. Then there exists some constant C = C(β) such that, for all n large
enough,

Pω
Λn,β(Γ ∩Λ2nb ̸= ∅, I1) 6 Cnb−a/2, (2.8)

Indeed, let us denote by b and b ′ the endpoints of the unique crossing contour Γ . Let
also Γ denote the set of all open contours of the configuration inside Λn\Λna . Let
d, d ′ be the endpoints of Γ on ∂Λna , we thus have Dobrushin boundary conditions
outside the (random) box Λn(Γ) see Figure 2.3.

b

b ′γ ′
d ′

γ

d

Λn(Γ, γ, γ ′)

Λna

Figure 2.3 – Proof of (2.8). The box Λn(Γ) is shaded. The contour Γbb′ intersects Λna at
the points d and d ′.

We can begin to argue as for (2.6), but the sharp triangle inequality gives nothing
then, since we do not impose some macroscopic fluctuation to the interface. We have
to take care of the sub-exponential behavior of the two-point function.

Inside Λn(Γ), the two point function is morally the same as in infinite volume
(finite size effects affect only the constant in the Ornstein-Zernike asymptotics), and
Theorem 1.3 yields:

Z
±(d,d ′)
Λn(Γ),β

Z+
Λn(Γ),β

≈ C

na/2e−τβ(d ′−d).
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Now, let z ∈ ∂Λ2nb be the first hitting point of Γdd ′ on Λ2nb starting from d. The cost
of the interface Γdd ′ is

Z
±(d,d ′)
Λn(Γ),β(Γdd ′ : d→ z→ d ′)

Z+
Λn(Γ),β

≈ C

na/2e−τβ(z−d) C ′

na/2 e−τβ(z−d ′) 6 C ′′

na
e−τβ(d ′−d).

Summing over z ∈ ∂Λ2nb , we get
P
±(d,d ′)
Λn(Γ),β(Γd,d ′ ∩Λ2nb ̸= ∅) 6 C · nb−a/2,

which finishes the proof of (2.8). �

2.4.2.3 Step 3: Every Ising measure is close to a convex combination of the two pure states
It remains now to combine the results of Steps 1 and 2, and the spatial relaxation in
pure phases, proved in Proposition 1.28, to achieve the proof of Theorem 2.1.

From Step 1, we know that
Pω

Λn,β(I0) + Pω
Λn,β(I1) = 1 + Oβ(e−Cn2a−1

)

Moreover, conditionally on the event I0, all the open contours surround Λna . This
implies the existence of a circuit surrounding Λna along which the spins take a con-
stant value, +1 or −1. We denote by I±0 these events. By Proposition 1.28, we have,
uniformly in all FΛna/2-measurable functions f,

Pω
Λn,β(f | I0) = Pω

Λn,β(I+
0 | I0)P+

β(f) + Pω
Λn,β(I−

0 | I0) P−
β(f) + O

(
∥f∥∞e−Cna)

,

Similarly, conditionally on the event I1, all the open contours surround Λnb with
probability 1 − O(nb−a/2). We define I±1 as above. Let I± + I±0 ∪ I±1 , we obtain
finally, uniformly in FΛ

nb
-measurable functions f,

Pω
Λn,β(f) = Pω

Λn,β(I+)P+
β(f) + Pω

Λn,β(I−) P−
β(f) + O

(
∥f∥∞nb−a/2),

In particular, we recover the statement of the theorem. �

The proof of the Aizenman-Higuchi theorem as a corollary of this finite volume
estimate is elementary, and we refer to Chapter 3. As for showing that the rate n−1/2

is the correct order, we actually think that the Dobrushin boundary condition (in the
horizontal direction), which enforces the existence of a crossing contour, should lead
the above rate, in view of the results [48]. We were not able to prove this fact with
this precise boundary condition, but we present an example in Chapter 3 which is
very close in spirit.

2.4.3 Sketch of the proof for the Potts model
The proof of Theorem 2.2 is based on a stronger lemma, which gives quantitative
estimates on the closeness of the finite volume measure Pσ

Λn,β to the corresponding
convex combination onto pure states, uniformly on the boundary condition σ around
the finite box Λn = {−n, . . . , n}2. It is the analog of Theorem 2.1 for the Ising model.
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Lemma 2.1 Let q > 2 and β > βc be fixed. Then for all ε > 0 there exists some constant
Cε < ∞ such that:
for any boundary condition σ around ∂Λn there exists a family of non-negative numbers
αn

1 . . . αn
q depending on (n, σ, β, q) only, such that

∣∣∣Pσ
Λn,β(f) −

q∑
i=1

αn
i Pi

β(f)
∣∣∣ 6 Cε∥f∥∞n− 1

2+ε (2.9)

for any function f with support inside Λnε .

The latter Lemma implies Theorem (2.2): indeed, let P ∈ Gβ,q and f be a local
function, by the DLR equations (Proposition 2.2) and (2.9) we have:

P(f) =

∫
dP(σ)Pσ

Λn,β(f) =

3∑
i=1

(∫
dP(σ)αi

n

)
Pi

β(f) + O(n−1/2+ε).

Applying this to f = σ0, we conclude that ∫
αi

ndP(σ) converges to αi as defined
in (2.5) when n → ∞. Hence P(f) =

∑3
i=1 αiPi

β(f) + O(n−1/2+ε). Theorem 2.2 fol-
lows by taking the limit n→∞.

The general philosophy which is behind the proof of Lemma (2.1) is the following.
We can draw the separation lines between the different colored parts of the bound-
ary of Λn (they will be called “interfaces” in the sequel). Observe that elementary
macroscopic interfaces are now trees rather than lines.

We want to show that with high Pσ
Λn,β probability (the error term being given by

the right hand side of (2.9)), whatever boundary condition we choose around the box
Λn, any local part of Z2 stays at least at distance O(n1/2) from all these interfaces (i.e
deep inside a pure phase). Once this is proved, we can conclude with exponential
relaxation into pure phases given by Proposition 1.28.

2.4.3.1 Step 1: Reformulation in terms of the random-cluster model
Unlike the Ising case, there is no useful tool in terms of the Potts spins, and no natu-
ral partial order distinguishing the colors. That is why we consider the conditioned
random-cluster measure associated to the Potts model. Generalizing the Edwards-
Sokal coupling for constant boundary condition in Proposition 1.10, we see that a
general boundary condition σ for the Potts model gets rephrased as absence of con-
nections (in the random-cluster configuration) between specified parts of the bound-
ary of the domain. More precisely, if our initial Potts model lives on (Z2)⋆ the asso-
ciated random-cluster measure has edge-weight p⋆ = 1 − e−β, cluster-weight q and
wired boundary condition on ∂Λ⋆

n, conditioned on the following event:
Writing Coli = {x ∈ ∂Λ⋆

n : σx = i}, the sets Coli and Colj are not connected
by open edges of Λ⋆

n, for every i ̸= j in {1, . . . , q}. This event is called
Condn[σ].
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We denote this measure by µw
Λ⋆

n
(· | Condn[σ]). Note that the conditioning is a priori

very complicated since we can impose up to O(n) color changes along the boundary.
In the random-cluster representation, we have to prove that with high probability,

no dual cluster connected to the boundary reaches a small box deep inside Λn (which,
in particular, implies the same for the Potts interfaces). Since dual clusters are the rel-
evant objects we want to consider, it is worth working with the dual random-cluster
measure µf

Λn
(· | Condn[σ]) which is defined on Z2 and is subcritical (p < pc(q)), see

Proposition 1.16. For this measure, Condn[σ] is an increasing event which requires
the existence of direct open paths disconnecting different dual Coli-s. This hence re-
duces the problem to the study of the stochastic geometry of subcritical clusters, for
which a lot of precise results are known.

If we reformulate the problem in terms of the subcritical random-cluster model,
we have to prove that, for fixed p < pc(q) and some ε ∈ (0, 1), uniformly in the
boundary condition σ,

µf
Λn

(
C ∩Λnε ̸= ∅ | Condn[σ]

)
= O(n− 1

2+ε) (2.10)

where C is the set of sites connected to the boundary ∂Λn.

From now on, we give the sketch of the proof, without entering into technical
details. Some of the statements will not be completely exact, but keep hopefully the
main physical ideas of the proof.

The numerical constants will be written c or C. They are always non negative and
can change from line to line. Let ε > 0 to be chosen later in the proof.

2.4.3.2 Step 2: Macroscopic flower domains

We first show that, no matter what the boundary condition σ is, with high probability
only a bounded number of such interfaces is capable of reaching the box Λm, where
m is a fraction of n. Furthermore, we argue that the number of sites on ∂Λm which are
connected to the original ∂Λn is uniformly bounded (there could indeed be a finite
number of crossings ending by little forks which could lead to a diverging number of
such points). In terms of the original Potts model, this corresponds to the existence,
with high probability, of a domain including the box Λm for which the boundary
condition contains a uniformly bounded number of spin changes, see Figure (2.4).

Using exponential decay of the two points function and the FKG inequality, we
first show that

µf
Λn

(∃ r disjoint crossings of Λn\Λn/2) 6 e−crn (2.11)

for some c > 0, where by r disjoint crossings we mean r clusters which are disjoints
in Λn\Λn/2. Indeed, by induction, if we explore the open clusters of r−1 crossings of
Λn\Λn/2, we have to upper bound the probability to have a crossing in the remain-
ing part of the annulus, with free boundary conditions on the border of the previous
exploration. By the FKG inequality this is upper bounded by the probability to have
a crossing of Λn\Λn/2 with wired boundary conditions on ∂Λn ∪ ∂Λn/2, which is
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Λm

Λm

Λn
Dm,n

Gm,n

Figure 2.4 – We call a “flower domain” Dm,n the complement of the exploration of the
open cluster C from ∂Λn up to Λm. (On the picture Dm,n is the union of the heart Λm

(in yellow) and the petals (in red); all the edges which are incident to the drawn open
edges are closed). We write Gm,n = C ∩ ∂Λm.
Thanks to Paola for the esthetic advice, and see Figure 4.2 for a more realistic flower domain.

exponentially small in n by Corollary 1.5.
Together with exponential bounds on the size of subcritical clusters (point 2 of Corol-
lary 1.5), (2.11) implies that with probability 1 − O(e−cn),

∃ m ∈
[n

3
,
n

2

]
and M < ∞ such that |C ∩ ∂Λm| 6 M (2.12)

Indeed, if for all m ∈ [n/3, n/2] we have |Gm,n| = |C∩∂Λm| > M, either the annulus
Λn/2\Λn/3 contains more than r crossings, or one of the crossings has cardinality
bigger than Mn/6r. The first possibility is exponentially decaying in nr by (2.11)
and the second one in Mn/r by Corollary 1.5. We easily prove (2.12), for M and
r sufficiently large, using the finite energy property: the probability of achieving
Condn[σ] is bigger than pn for some p ∈ (0, 1) (just open all the edges along ∂Λn).

Henceforth we write D = Dm,n, G = Gm,n and CG = C∩Λm. Note that Condn[σ]
corresponds to the existence of certain connections between different sites of G. We
will write Cond(G) for the event imposing connections between subsets in the par-
tition G of G (which is compatible with Condn[σ]), see Figure (2.5).

Note that some of the points of G can be connected together from the outside (On
Figure (2.4), it is the case of the two points on the upper part of ∂Λm). We simplify
the problem with the following upper-bound:

µf
Λn

(
C ∩Λnε ̸= ∅

∣∣ Condn[σ]
)

6 e−cn + CqM max µf
D

(
CG ∩Λnε ̸= ∅

∣∣ Cond(G)
)
,

(2.13)
where the maximum is over all flower domains D rooted at m ∈ [n/3, n] with at
most |G| 6 M color changes, and over all partitions G of G. The factor qM bounds
the Radon-Nikodym derivative between the measure resulting from the exploration
of C up to Λm, which accounts for the external connections, and the measure µf

D.
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u1

u2

u3

u4

u5

u1

u2

u3

u4

u5

Figure 2.5 – Here is an example of two partitions G1 = {{u1, u2}, {u3, u4, u5}} and G2 =
{{u2, u3}, {u1, u4, u5}} of G = {u1, u2, u3, u4, u5}, which are compatible with the coloring
of the boundary condition.

2.4.3.3 Step 3: Macroscopic structure near the center of Λn

The next step of the proof consists in studying the macroscopic structure of the set of
sites C connected to the boundary of Λn. We will see that if we coarse grain C at scale
K > 0 sufficiently large, then we get (in a small fraction of the box Λn) a set that is
either empty, or close to a segment, or close to a tripod (three segments coming out
from a point).

After (2.13), we work with a given partition G of the set G of points connected
to the boundary of Λn, which is compatible with the initial Potts boundary condi-
tion σ. The natural objects we consider now are the graphs (seen as subsets of R2)
which connects the points according to the partition and have minimal total τ length.
We will prove that these “Steiner forests” are the structure on which the subcritical
clusters (conditioned to Condn[σ]) concentrate.

Recall Theorem 1.1. It turns out that very important features of the Steiner min-
imal graphs for the τ norm follow from the strict convexity of Uτ. General works
about the Steiner problem such as [10] and [23] show that, for any given finite set G
and any partition G:

1. There exists a finite number of such Steiner minimal graphs, which connect the
sites of G according to G.

2. These minimal graphs are forests (i.e. collection of disjoint trees) such that each
inner node has degree 3, and there exists an η > 0 such that the angle between
two edges incident to an inner node is always larger than π/2 + η.

3. If a given graph has a total τ length δn close to the minimal one (fulfilling the
partition), then this graph is δ ′n close (for the τ Hausdorff distance) to one of
the Steiner forests, for some δ, δ ′ > 0.

Let us now construct a coarse graining at scale K of the cluster CG obtained under
the measure µf

D(·| Cond(G)). Namely, cover iteratively the cluster CG with τ balls of
radius K + c log K, written B̄K, (where K is a constant that we will have to take suf-
ficiently large depending on |G| ; the little “security corridor” of size c log K ensures
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decoupling of the weights, and τ-balls of radius K are written BK):
center the first ball at some ui = x0 ∈ G, and continue centering the (n + 1)-th ball at
the site where CG exits ∪n

i=1B̄K(xi). This produces a graph FK with vertices {xi} and
such that [xi, xj] (with i > j) is an edge if CG exits ∪i−1

k=1B̄K(xk) through B̄K(xj). Note
that FK is a family of trees, called “K-forest skeleton”. Each tree TK consists of a trunk
tk and of branches BK, see Figures 1.6 and 2.6).

u2

u4

u5

BK(x0)

u1 = x0

u3

t1

B1

t2

B2

Figure 2.6 – Construction of the forest skeleton FK = {T1
K, T2

K} of the cluster CG (in black),
consisting of the trees Ti

K = {ti, Bi}, i = 1, 2. The Steiner forest corresponding to the
partition G = ({u1, u2, u5}, {u3, u4}) is drawn in dashed green.

Using an adaptation of [21, Section 2], we are able to prove that for all δ > 0 there
exists some c = c(δ) > 0 such that:

µf
D

(
min

F∈{ τ Steiner forests
corresp. to G }

dτ(FK,F) > δn

∣∣∣ Cond(G)

)
6 e−cn, (2.14)

where dτ denotes the τ Hausdorff distance.
Indeed, by the FKG inequality, µf

D(Cond(G)) > e−τG(1+on(1)), where τG is the
τ length of the Steiner forest associated to the partition G. Moreover, for a given
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K-forest skeleton F∗ with trees t∗, writing Āi = B̄K(xi)\ ∪i−1
j=1 BK(xj), and Ai =

BK(xi)\ ∪i−1
j=1 B̄K(xj), we have the upper-bound:

µf
D(FK = F∗) 6 µf

D

( ∩
t∗∈F∗

∩
i∈t∗

xi

Ai←→ ∂BK(xi)

)
6

∏
t∗∈F∗

∏
i∈t∗

µw
Āi

(
xi

Ai←→ ∂BK(xi)
)

6 e−τ(F)(1−oK(1)−on(1)),

where in the second inequality we expand the probability of the intersection as a
product of conditional expectations and then use the FKG inequality to compare
these conditional expectations with the probability with wired boundary conditions.
We also used that µw

BK(x)(x ↔ ∂BK(x)) = e−K(1−oK(1)), see the proof of Corollary 1.5.
If we now upper bound crudely the number of K-forest skeletons (which contain nec-
essarily less than Cτ(F)/K vertices) by (cK)Cτ(F)/K, we prove (2.14) by comparison
with the lower bound on the denominator.

The result (2.14), together with the known properties of τ Steiner forests, allows us
to simplify drastically the problem: with overwhelming probability, a box Λm, where
m is a sufficiently small fraction of n, intersects either nothing, or one segment, or
one tripod of one of the Steiner forests F compatible with the partition G. We can
show that moreover the set Gm,n consists in either 0 or 2 or 3 points on ∂Λm (that
must be connected together).

In the Potts counterpart (uniformly in the boundary condition σ), we have proved
up to now that the macroscopic structure of the interfaces, in a box of size which is a
fraction of n, is δn close to a Steiner forest connecting a finite number of points (with
δ > 0 as small as we want provided n is sufficiently large). This implies that in a
smaller box of size which is still a fraction of n, only 3 cases occur: either the box sees
a pure phase corresponding to a unique color, or it is crossed by an interface between
two colors, or it stays at the triple point between three colors. All the other cases are
exponentially suppressed with n, see Figure (2.7).

u1

u2

u3

u4

u5

CASE 1

CASE 2

CASE 3

Figure 2.7 – The 3 cases to study.



102 CHAPTER 2. GIBBS STATES OF THE ISING AND POTTS MODELS

2.4.3.4 Step 4: Fluctuation theory

It remains to study the fluctuations of CG in the later three cases in order to ensure it
intersects a box of size nε with vanishing probability.

• Case 1: No imposed crossing
The first case boils down to exponential relaxation into pure phases (see Propo-
sition 1.21). Cond(G) is in this case the sure event (no conditioning inside Λm):
we have

µf
D(CG ∩Λnε) 6 O(e−cn) (2.15)

• Case 2: One imposed crossing
Known results about the two point function in the subcritical random-cluster
model allow us to handle the case where Cond(G) = {u ↔ v} for some points
u, v ∈ ∂Λm, where m is a fraction of n. Indeed, [48] and Theorem 1.1 imply that
the law of the cluster connecting u and v converges to the law of a Brownian
bridge. Consequently, uniformly in u, v,

µf
D(CG ∩Λnε | u↔ v) 6 O(n−1/2+ε) (2.16)

• Case 3: One tripod
This is the non trivial case where Cond(G) = {C{u1,u2,u3} ̸= ∅} for some vertices
u1, u2, u3 ∈ ∂Λm. By the preceding step of the proof, we know that C{u1,u2,u3}

is O(n) close (for the τ Hausdorff distance) to the unique Steiner tripod corre-
sponding to this conditioning, denoted {u1, u2, u3; x} (the later is a short notation
for the graph with vertices {u1, u2, u3, x} and edges [u1, x], [u2, x], [u3, x] such
that its τ length is minimal). We will show that the actual tripod has Gaussian
fluctuations and therefore intersects a small box with probability O(n−1/2+ε).
Using tools developed in [21] we can show that, with probability larger than
1 − O(e−cnε

), the cluster C{u1,u2,u3} coarse grained at scale nε is contained in a
set which is a union of:
• A central part Λ⋆ of diameter O(nε) centered at distance less than δn from x.
• Three non degenerate cones based at v1, v2, v3 ∈ ∂Λ⋆ which contain respec-

tively u1, u2, u3.
We call this event Sε, see Figure (2.8).
If we indeed construct a coarse graining at scale nε of C{u1,u2,u3}, the forest skele-
ton consists of a unique tree Tnε whose multiple point is written xε (it is the cross
point between the three “legs” of the tree: Tnε\{xε} = ∪3

i=1T
i
nε). We claim that

there exists a box Λ⋆ of diameter O(nε), κ > 0 and wi ∈ ∂Λ⋆ such that

Ti
nε\Λ⋆ ⊆ wi + Yi,κ ∀i = 1, 2, 3,

where Yi,κ is the cone {z : ](z, ui − xε) 6 κ}. Namely the first “cone point” wi

of each of the three legs Ti
nε is in a O(nε)-neighborhood of the triple point xε.
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u1

u2

u3

w1 + Y1

w2 + Y2
w3 + Y3

Λ?

w2

w1

w3

Λm

y

Figure 2.8 – The event Sε. The diameter of Λ⋆ is of order O(nε).

To see this, let us come back to coarse graining techniques we used for Step 3 of
the proof at a rougher scale. We want to prove:

µf
D

(
Sε

∣∣∣ C{u1,u2,u3} ̸= ∅
)

> 1 − O(e−cnε

) (2.17)

Again, by the FKG inequality and the Ornstein-Zernike two point function asymp-
totics (see Theorem 1.1), we have

µf
D(C{u1,u2,u3} ̸= ∅) >

3∏
i=1

µf
D(x↔ ui) >

3∏
i=1

C√
n

e−τ(ui−x)

= exp

(
−

3∑
i=1

τ(ui − x) − C log n

)
.

Now, by the mass gap arguments of [21], which come essentially from strict
convexity of the τ norm, the exponential cost for a leg Ti

nε not to have any cone
point (between xε and ui) is of order n. Let wi denote the first cone point of the
leg Ti

nε . For each fixed realization Ti,⋆ of Ti
nε up to wi such that |wi − xε| > Cnε,

we have (as in Step 3), using the OZ asymptotics:

µf
D

(
Sε ∩

{
wi is the first cone point of Ti

nε

Ti
nε=Ti,ε up to wi

})
6 exp

(
−

3∑
i=1

τ(ui − xε) − cnε

)
(2.18)

where we used either the strict convexity of the τ norm in the case wi ∈ xε +Yi,κ

which leads to τ(Ti,⋆) > τ(wi − xε)+C|wi −xε|, or the sharp triangle inequality
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in the case wi ̸∈ xε + Yi,κ (see Proposition 1.3), which implies

τ(wi − xε) + τ(ui − wi) − τ(ui − xε) > C|wi − xε|.

As before we can upper bound the entropic factor related to the number of pos-
sible compatible realizations Ti,⋆ by (nε)♯balls 6 exp

(
C|wi − xε|

log n

nε

), which is
suppressed, proving (2.17).
In the Potts counterpart, we just proved that the interfaces associated to a bound-
ary condition with 3 different colors (on macroscopic parts of Λn) have a tri-
pod structure, with a central zone of diameter O(nε) and center δn close to the
Steiner triple point x.

Once we know that the event Sε occurs with overwhelming probability, we can
analyze the fluctuations of its middle point. Let Sε(y) denote the event Sε with a
prescribed middle point y. By performing a quadratic expansion of the function
ϕ(y) =

∑3
i=1 τ(ui − y) around x, and by showing that µf

D(Sε(y)) ≃ µf
D(Sε(x))

for all y in a O(n1/2)-neighborhood of x, we can prove that y fluctuates in a
Gaussian way:

µf
D

(
Sε(y)

∣∣∣ C{u1,u2,u3} ̸= ∅
)

= O

(
n−1 exp

(
−c

|y − x|2

n

))
(2.19)

Indeed, it is not difficult to argue, by homogeneity of τ, that ϕ(y) − ϕ(x) ≃
C

|y−x|2

n
. This yields morally the following estimate:

µf
D(Sε(y))

µf
D(Sε(x))

= Θ

(
exp

(
−c

|y − x|2

n

))
,

implying the upper bound:

µf
D

(
Sε(y)

∣∣∣ C{u1,u2,u3} ̸= ∅
)

6 exp
(

−c
|y − x|2

n

)
µf

D(Sε(x))

µf
D(C{u1,u2,u3} ̸= ∅)

.

Next, by observing that |y − x| 6 n1/2 implies that exp(−c|y − x|2/n) is of order
1, by looking at the n sites which are at distance at most n1/2 from x we deduce:

µf
D(Sε(x))

µf
D(C{u1,u2,u3} ̸= ∅)

6 O(n−1),

which proves (2.19).

The later estimate allows us to compute explicitly the probability for the cluster
CG to reach the box Λnε , conditioned on CASE 3. Suppose for simplicity that
the Steiner triple point x coincides with the origin, and for each y ∈ (ΛCnε)

c
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write d = dτ(0, [y, ui]) where [y, ui] is the segment of the Steiner tripod which
is the closest to the origin. Then,

µf
D(CG ∩Λnε ̸= ∅ | C{u1,u2,u3} ≠ ∅)

6 C
∑

y∈Λn

n−1 exp
(

−c
|y|2

n

)
µf

D

(
CG ∩Λnε ̸= ∅

∣∣∣ Sε(y)
)

6 O(n−1+ε) + Cn−1
∑

y∈Λ
n1/2+ε\ΛC ′nε

1√
|y|

exp
(

−c
d2

|y|

)

6 O(n−1+ε) + Cn−1
n1/2+ε∑
ℓ=C ′nε

O(
√

ℓ)√
ℓ

6 O(n− 1
2+ε) (2.20)

In the third line we used the Brownian scaling of the two point function (Corol-
lary 1.4) when the center of the tripod is far enough from the box Λnε (i.e. out-
side ΛC ′nε), and the previous remark that sites y located outside Λn1/2+ε do not
contribute to the sum because the term exp(−c|y|2/n) is too small. In the fourth
line we use that sites y at distance ℓ from the origin contributing substantially
to the sum must satisfy d = O(

√
ℓ).

Putting eveything together, (2.15), (2.16) and (2.20) imply the upperbound in (2.10). It
is not difficult to show that this bound is (almost) optimal by taking a Potts boundary
condition of the Dobrushin type (one color on Λn ∩ (Z × Z+) and another color on
Λn ∩ (Z× Z−)): the unique induced interface fluctuates like a Brownian bridge and
gives the correct exponent 1/2.
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Chapter 3
Detailed proofs about the Ising model

This chapter is devoted to the rigorous proof of the result described in
Section 2.2.2. It consists of an extended version of the article [LC4]. The
introductive part is adapted to this manuscript in order to refer to results
proved in details in Chapter 1. The article is a joint work with Yvan Ve-
lenik, and was published in the journal Probability Theory and Related Fields
in June 2012.

3.1 The theorem
Let Ω + {−1, 1}Z2 be the set of spin configurations, and Λ be a finite subset of Z2. For
A ⊂ Z2, we denote by FA the σ-algebra of all events depending only on the spins
inside A. We recall that A probability measure P on Ω is an infinite-volume Gibbs
measure for the 2 dimensional Ising model at inverse temperature β if and only if it
satisfies the DLR equation

P(· |FΛc)(ω) = Pω
Λ,β, for P-a.e. ω, and all Λ b Z2. (3.1)

We denote by Gβ the set of all such measures.
We set Λr + {−⌊r⌋, . . . , ⌊r⌋}2. For Λ b Z2, we denote by ⟨·⟩ωΛ,β the expectation

under the (finite-volume) measure Pω
Λ,β and by ⟨·⟩+β , resp. ⟨·⟩−β , the expectation under

the (infinite-volume) measure P+
β , resp. P−

β .
We shall make use of the following notation: If R1, R2 and R3 are three expressions,

depending on various parameters (β, n, ω, etc.), and we write R1 = R2 + Oβ(R3),
this means that there exists a constant C(β) < ∞, depending on β only, such that
|R1 − R2| 6 C(β)R3.

During the whole chapter, the notation c, c ′, c ′′, . . . will be used for positive con-
stants that may change from line to line, while the notation C1, C2, C3, . . . will be used
for positive constants defined once for all and recalled throughout the proofs.

Our main theorem is the following.

107



108 CHAPTER 3. DETAILED PROOFS ABOUT THE ISING MODEL

Theorem 3.1 Let β > βc, b < 1/2 and ω ∈ Ω. Then, for any 0 < δ < 1/2 − b, there
exists n0 = n0(β, b, δ) such that, for all n > n0, there exists a constant αn,ω(β) ∈ [0, 1]
such that, for all FΛ

nb
-measurable function f,

⟨f⟩ωΛn,β = αn,ω⟨f⟩+β + (1 − αn,ω)⟨f⟩−β + Oβ

(
∥f∥∞ n−δ

)
.

As a corollary we get the Aizenman-Higuchi theorem:

Corollary 3.1 For any β > βc, Gβ = {αP+ + (1 − α)P− : 0 6 α 6 1}.

The estimate we have on the error term in Theorem 3.1 is essentially optimal:

Proposition 3.1 Let β > βc. There exist a local function f and a constant c = c(β) > 0
such that, for all n large enough, one can find ω ∈ Ω with

inf
α∈[0,1]

∣∣⟨f⟩ωΛn,β − αn,ω⟨f⟩+β − (1 − αn,ω)⟨f⟩−β
∣∣ > cn−1/2.

As explained in Section 2.4.2, the proof of Theorem 3.1 comprises two main steps:
(i) Proving that, with high probability, at most one interface approaches the center
of the box Λn, (ii) proving that this interface, when present, undergoes unbounded
fluctuations (actually of order√n). It will then follow that any local observable, with
support close to the center of the box, will lie, with high probability, deep inside the
+ or − phase.

3.2 Some tools and two lemmata
In this section we gather the results introduced in details in Chapter 1 which we use
in the proof of Theorem 3.1.

3.2.1 Surface tension
We recall that the surface tension of the Ising model on Z2 satisfies the sharp triangle
inequality, which follows from a combination of [77, Theorem 2.1] and [20, Theo-
rem B]:
For any β > βc, there exists a constant κβ > 0 such that

τβ(x) + τβ(y) − τβ(x + y) > κβ

(
∥x∥2 + ∥y∥2 − ∥x + y∥2

)
, ∀x, y ∈ R2. (3.2)
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3.2.2 Random-line representation
We refer to Section 1.2.4.3 for a presentation of the random line representation. Let ω

be a boundary condition around the box Λ b Z2, and let Γ(σ) = (Γ1(σ), . . . , ΓM(σ)) be
the open contours of the configuration σ. The set of all endpoints of open contours,
which is completely determined by the boundary condition ω, is denoted b(ω) ≡
{b1, . . . , b2M}.

We recall and gather the following properties of the weights qΛ,β:
• Let β < βc, and β⋆ > βc the dual inverse-temperature. Then,

Zω
Λ,β

Z+
Λ,β

=
∑

∂Γ=b(ω)

qω
Λ,β(Γ)=

∑
Γ∼(ω,Λ)

qΛ⋆,β⋆(Γ) = ⟨σb1 · · ·σb2M
⟩Λ⋆,β⋆ , (3.3)

where ⟨·⟩Λ⋆,β⋆ denotes expectation with respect to the finite-volume Gibbs mea-
sure in Λ⋆ at inverse temperature β⋆ with free boundary condition,
• If Λ1 ⊂ Λ2 then

qΛ1,β(Γ) > qΛ2,β(Γ). (3.4)
• We associate to an (ω,Λ)-compatible family of open contours the set F(Γ1, . . . , Γn)

of all vertices of Λ whose spin value is completely determined by ω and these
open contours, i.e., the maximal set such that, if σ ′ is another configuration com-
patible with ω such that Γ1, . . . , Γn ⊂ Γ(σ ′), then σ ′

i = σi, for all i ∈ F(Γ1, . . . , Γn).
We set Λ(Γ1, . . . , Γn) + Λ \ F(Γ1, . . . , Γn), and say that Γ1, . . . , Γn partition the box
Λ into the connected components of Λ(Γ1, . . . , Γn). We then have:

qΛ,β(Γ1, . . . , Γn, Γn+1, . . . , Γm) = qΛ,β(Γ1, . . . , Γn)qΛ(Γ1,...,Γn),β(Γn+1, . . . , Γm),
(3.5)

for all (ω,Λ)-compatible family Γ1, . . . , Γm ⊂ Γ(σ) of open contours.
• Let b be a subset of even cardinality of ∂⋆Λ, and b1, b

′
1, b2, b

′
2 four distinct ver-

tices of b. Let also A1 ⊂
{
Γ : b1 → b ′

1

} and A2 ⊂
{
Γ : b2 → b ′

2

}. It follows
easily from (3.3) and (3.5) that∑

Γ1∈A1,Γ2∈A2,Γ
∂(Γ1,Γ2,Γ)=b

qΛ,β(Γ1, Γ2, Γ) 6
∑

Γ1∈A1,Γ2∈A2
∂(Γ1,Γ2)={b1,b ′

1,b2,b ′
2}

qΛ,β(Γ1, Γ2). (3.6)

• Let i, j ∈ ∂⋆Λ. Then, ∑
Γ :i→j

qΛ,β(Γ) 6 e−τβ(j−i). (3.7)

• Let b1, b2 be two disjoint subsets of even cardinality of ∂⋆Λ. Then we have the
BK-type inequality:∑

∂Γ1=b1,∂Γ2=b2
∂(Γ1,Γ2)=b1∪b2

qΛ,β(Γ1, Γ2) 6
∑

∂Γ1=b1

qΛ,β(Γ1)
∑

∂Γ2=b2

qΛ,β(Γ2). (3.8)
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• Let z ∈ Λ⋆; we write Γ : b→ z→ b ′ when Γ : b→ b ′ and Γ ∋ z. Then,∑
Γ :b→z→b ′

qΛ,β(Γ) 6 C1(β)√
∥z − b∥2∥z − b ′∥2

e−τβ(z−b)−τβ(z−b ′). (3.9)

3.2.3 Spatial relaxation in pure phases
We recall Proposition 1.28: for Λ ⊂ Z2 and any β > βc, there exists C2(β) > 0 such
that, uniformly for any local function f with support S(f) inside Λ,∣∣⟨f⟩+Λ,β − ⟨f⟩+β

∣∣ 6 ∥f∥∞ |S(f)| e−C2·d(S(f),Λc). (3.10)

3.2.4 Finite volume corrections to the surface tension
We recall the “ellipse’s lemma”. Let

E(x, y, ρ) + {t ∈ (Z2)⋆ s.t. ∥x − t∥+ ∥y − t∥ 6 ∥x − y∥+ ρ}

be the ellipse in R2 with focuses x and y and big axis 2ρ + ∥x − y∥. Then,∑
λ:x→y

λ̸⊂E(x,y,ρ)
qβ⋆(λ)

⟨σxσy⟩
=

∑
λ:x→y

λ ̸⊂E(x,y,ρ)
qβ⋆(λ)∑

λ:x→y qβ⋆(λ)
6 c · |∂E(x, y, ρ)| · ∥x − y∥1/2e−κβ⋆ρ (3.11)

for a certain c > 0.
The next two lemmas provide informations on the finite-volume corrections to the

surface tension τβ and play a crucial role in our analysis. The first lemma provides a
lower bound for the ratio of partition functions in a square box, when the endpoints
are not both simultaneously close to one side of the box (in which case, the pre-factor
would change). With slightly more work, this lower bound can be replaced by full
Ornstein-Zernike asymptotics, using a variant of [20] similarly as in [48].
Let Λ̄n/2 + [−n/2, n/2]2 ⊂ R2.

Lemma 3.1 Let β > βc. Then there exists a constant C3 > 0 such that, as n tends to
infinity, uniformly in vertices i, j ∈ ∂⋆Λn such that ij ∩ Λ̄n/2 ̸= ∅,

Z
±(i,j)
Λn,β

Z+
Λn,β

> C3n
−1/2 e−τβ(j−i),

Proof
The argument is an adaptation of the proof of the Ornstein-Zernike asymptotics

given in [20]. Take a forward-cone (see the latter paper for definition) of sufficiently
small opening to ensure that it is contained in the cone {x = (x1, x2) ∈ R2 : x1 >
0, x2 > 0}.
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One can then proceed exactly as in [48]: By [20], typical contours appearing in the
random-line representation admit a decomposition into a string of irreducible pieces.
The distribution of the displacement random variables associated to the irreducible
pieces has exponential tails. One then concatenates the (log n)2 left-most irreducible
pieces into a single path, and does the same with the (log n)2 right-most pieces. Up
to an event of negligible probability, the size of these two paths is bounded above
by (log n)4. By construction, the two inner endpoints i ′ and j ′ of these two paths
are at a distance at least (log n)2 from Λc; in particular, the ellipse E(i ′, j ′, log n) is
entirely contained inside Λ. It follows that their qΛ,β weight can be replaced by their
infinite-volume counterpart qβ with negligible cost. The analysis then proceeds as
in [20, 48], the left-most and right-most paths constructed above affecting only the
function ΨΛ,β in the pre-factor.

When the endpoints i and j both lie too close to one of the sides of Λn, the above
result does not apply (and is actually incorrect in general). It turns out that, for our
purposes, the following rough lower bound is sufficient.

Lemma 3.2 Let β > βc. Then, for any 1/2 < ρ < 1, there exists a constant C4 = C4(β, ρ)
such that, for all i, j ∈ ∂⋆Λn

Z
±(i,j)
Λn,β

Z+
Λn,β

> e−C4nρ

e−τβ(j−i).

Proof First, by (3.3), we have

Z
±(i,j)
Λn,β

Z+
Λn,β

= ⟨σiσj⟩Λ⋆
n,β⋆ .

Let i ′, j ′ ∈ Λn−nρ be the two vertices closest to i and j. Then, by the GKS inequality,
⟨σiσj⟩Λ⋆

n,β⋆ > ⟨σiσi ′⟩Λ⋆
n,β⋆⟨σi ′σj ′⟩Λ⋆

n,β⋆⟨σj ′σj⟩Λ⋆
n,β⋆ .

On the one hand, by the GKS inequality and the finite energy property, we have
⟨σiσi ′⟩Λ⋆

n,β⋆ > ⟨σiσi1⟩Λ⋆
n,β⋆⟨σi1σi2⟩Λ⋆

n,β⋆ . . . ⟨σiℓ
σi ′⟩Λ⋆

n,β⋆ > e−c·∥i−i ′∥,

where {i, i1, i2, . . . iℓ, i ′} is the approximation on Z2 of the segment ii ′. Doing the same
for the third term, we get

⟨σiσi ′⟩Λ⋆
n,β⋆⟨σ ′

jσj⟩Λ⋆
n,β⋆ > e−c(∥i−i ′∥+∥j−j ′∥) = e−cnρ

.

By construction, E = E(i ′, j ′, nρ) is included in Λ̄n. So, by the ellipse’s lemma (3.11),
we have,

⟨σi ′σj ′⟩Λ⋆
n,β⋆ = (1 − O(e−nc

))⟨σi ′σj ′⟩β⋆ .
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Then, since the infinite-volume 2-point function admits Ornstein-Zernike asymp-
totics, see Theorem 1.3, for n sufficiently large,

⟨σi ′σj ′⟩Λ⋆
n,β⋆ > c · ∥j ′ − i ′∥−1/2

2 e−τβ(j ′−i ′).

It then follows from the continuity of τβ as a function of the direction that

⟨σi ′σj ′⟩Λ⋆
n,β⋆ > e−c·nρ

e−τβ(j−i).

Finally, we get ⟨σiσj⟩Λ⋆
n,β⋆ > e−C4nρ

e−τβ(j−i).

3.3 The proof
3.3.1 Step 1 : Typical configurations have at most one crossing interface
As explained before, we associate to the boundary condition ω the set of endpoints
of the open contours induced by ω, written b(ω) ≡ {b1, . . . , b2M}. We also denote
by Γ(σ) ≡ {Γ1(σ), . . . , ΓM(σ)} the set of the latter open contours in a configuration
σ compatible with the boundary condition ω (their ordering is chosen according to
some fixed, but arbitrary, rule). Γ induces a matching of the elements of b(ω). Of
course, not all possible matchings of b(ω) can be realized in this way, and we denote
by Π(ω) the set of all admissible matchings; a particular admissible matching, real-
ized in a configuration σ, is denoted by π(σ). The notation (b, b ′) ∈ π(σ) means that
b and b ′ are matched in π(σ). The open contour with endpoints b and b ′ is denoted
by Γb,b ′ .

Let Λ̄2na + [−2na, 2na]2 ⊂ R2. The next lemma shows that, for max{2b, 3
4 } < a <

1, with high probability, a pair (b, b ′) in an admissible matching, whose associated
open contour intersects the box Λ⋆

na , must be such that the segment bb ′ intersects
Λ̄2na .

Lemma 3.3 Let b < 1/2 and max{2b, 3
4 } < a < 1. There exists C5 = C5(β) > 0 such that,

for all n large enough,

Pω
Λn,β

(
∃(b, b ′) ∈ π(σ) : Γb,b ′ ∩Λ⋆

na ̸= ∅, and bb ′ ∩ Λ̄2na = ∅
)

6 e−C5n2a−1
.

Proof Let (b, b ′) ∈ b(ω), such that bb ′ ∩ Λ̄2na = ∅. The line segment bb ′ splits Λn

into two disjoint components Λ1
n and Λ2

n (with a fixed rule for attributing the vertices
falling on the segment to one of these two sets), with Λ̄2na ⊂ Λ1

n (see Fig. 3.1). We
denote by b1(ω) the subset of b(ω) \ {b, b ′} consisting of vertices lying on ∂Λ1

n.
Let Cb,b ′ be the set of configurations of all open contours Γ1(σ) with (both) end-

points in b1(ω) appearing in configurations σ for which Γb,b ′ ∩Λ⋆
na ̸= ∅.

Such a family Γ1(σ) splits Λn into a number of connected components, only one
of which contains b and b ′ along its boundary; we denote the latter component by
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b

b′

Λna
Λ2na

Λ2
n

Λ1
n

b

b′

L

Λn(Γ1)

Γb,b′

Figure 3.1 – The procedure in Lemma 3.3. The dots on the boundary represent b(ω),
which contain b, b ′. Left: The yellow area is the sub-box Λ1

n. Right: The yellow area
is the box Λn(Γ1); observe that when Γb,b′ intersects Λ⋆

na , there must be an s-path of +

spins starting from ∂Λ2
n ∩ ∂Λn and crossing L̄ (assuming that the boundary condition

on ∂Λn(Γ1) \ ∂Λn is −).

Λ(Γ1(σ)), and the corresponding boundary condition by ω(Γ1(σ)) (see Fig. 3.1); we
assume, without loss of generality, that the boundary condition along the random
boundary ∂Λ(Γ1(σ)) \ ∂Λn is given by − spins. Using these notations and the DLR
equation (3.1), we can write

Pω
Λn,β

(
Γb,b ′ ∩Λ⋆

na ̸= ∅
)

=
∑

Γ1∈Cb,b ′

Pω
Λn,β(Γ1(σ) = Γ1) P

ω(Γ1)

Λ(Γ1),β

(
Γb,b ′ ∩Λ⋆

na ̸= ∅
)
.

Denote by L̄ the line parallel to bb ′ at distance na from the latter, and located on the
same side as Λ̄2na , and L a discrete approximation in (Z2)⋆ (say, the nearest neighbor
path staying closest to L̄ in Hausdorff distance, with a fixed rule to break possible
ties). On the event Γb,b ′ ∩ Λ⋆

na ̸= ∅, there must be an s-path of + spins connecting
(∂Λ2

n ∩ ∂Λn) to L, ∂Λ2
n ∩ ∂Λn

+←→ L. The latter event being increasing, it follows
from stochastic domination of measures (P−

Λ ≼ Pω
Λ ≼ P+

Λ) and the FKG inequality
that

P
ω(Γ1)

Λ(Γ1),β

(
Γb,b ′ ∩Λ⋆

na ̸= ∅
)

6 P
ω(Γ1)

Λ(Γ1),β

(
∂Λ2

n ∩ ∂Λn
+←→ L

)
6 P

±(b,b ′)
Λ(Γ1),β

(
∂Λ2

n ∩ ∂Λn
+←→ L

)
6 P

±(b,b ′)
Λn,β

(
∂Λ2

n ∩ ∂Λn
+←→ L

)
6 P

±(b,b ′)
Λn,β

(
Γb,b ′ ∩ L ̸= ∅

)
, (3.12)

where the boundary condition±(b, b ′) is given by −1 along ∂Λ1
n and +1 along ∂Λ2

n.
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To evaluate the latter probability, first observe that

P
±(b,b ′)
Λn,β

(
Γb,b ′ ∩ L ̸= ∅

)
6

Z+
Λn,β

Z
±(b,b ′)
Λn,β

∑
z∈L∩Λ⋆

n

∑
Γ :b→z→b ′

qΛ⋆
n,β⋆(Γ). (3.13)

On the one hand, applying Lemma 3.2 with ρ ∈ (1/2, 2a − 1), we obtain, for some
constant C4 = C4(β) that

Z
±(b,b ′)
Λn,β

Z+
Λn,β

> e−C4nρ

e−τβ(b−b ′).

On the other hand, it follows from (3.9) that∑
Γ :b→z→b ′

qΛ⋆
n,β⋆(Γ) 6

∑
Γ1:b→z

qΛ⋆
n,β⋆(Γ1)

∑
Γ2:z→b ′

qΛ⋆
n,β⋆(Γ2)

= ⟨σbσz⟩Λ⋆
n,β⋆⟨σzσb ′⟩Λ⋆

n,β⋆

GKS

6 ⟨σbσz⟩β⋆⟨σzσb ′⟩β⋆

6 e−τβ(z−b)−τβ(z−b ′).

However, the sharp triangle inequality (3.2) implies that, uniformly in z ∈ L ∩ Λ⋆
n

and in b, b ′ such that bb ′ ∩ Λ̄2na = ∅,
τβ(z−b)+ τβ(z−b ′)− τβ(b ′ −b) > κβ

(
∥z−b∥2 + ∥z−b ′∥2 − ∥b ′ −b∥2

)
> c ·n2a−1.

Indeed, let T = ABC be an arbitrary triangle.

0A B

C

x

y

If we draw it in the plane, its base AB being horizontal and centered at the origin,
and C = (x, y) denoting the position of the third vertex, then it’s easy to show that
the function

T(x, y) = ∥C − A∥2 + ∥B − C∥2 − ∥B − A∥2

=

√(
AB/2 + x

)2
+ y2 +

√(
AB/2 − x

)2
+ y2 − AB

in convex in x and y. This fact implies that the worst possible triangle bzb ′ (i.e.
giving the smallest value of T ) is isosceles and has a base bb ′ of length equal to c n

and height equal to c ′na, so we get (by a Taylor expansion)
∥z − b∥2 + ∥z − b ′∥2 − ∥b ′ − b∥2 = 2

√
(cn/2)2 + (c ′na)2 − cn

= cn
[√

1 + (2c ′na/cn)2 − 1
]

> c ′′ · n2a−1
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Since there are at most 4n vertices z ∈ L, we conclude that, for n large enough,

P
±(b,b ′)
Λn,β

(
Γb,b ′ ∩ L ̸= ∅

)
6 4n · eC4nρ−cn2a−1 6 e−c·n2a−1

,

(Note that we use here the fact that ρ < 2a − 1). We thus obtain from (3.12) that, for
all n large enough,

Pω
Λn,β

(
Γb,b ′ ∩Λ⋆

na ̸= ∅
)

=
∑

Γ1∈Cb,b ′

Pω
Λn,β(Γ1(σ) = Γ1)P

ω(Γ1)

Λ(Γ1),β

(
Γb,b ′ ∩Λ⋆

na ̸= ∅
)

6 e−cn2a−1 ∑
Γ1∈Cb,b ′

Pω
Λn,β(Γ1(σ) = Γ1)︸ ︷︷ ︸

61

,

and the conclusion follows, since there are at most 64n2 pairs b, b ′ :

Pω
Λn,β

(
∃(b, b ′) ∈ π(σ) : Γb,b ′ ∩Λ⋆

na ̸= ∅, and bb ′ ∩ Λ̄2na = ∅
)

6 64n2 · Pω
Λn,β

(
Γb,b ′ ∩Λ⋆

na ̸= ∅
)

6 e−C5n2a−1
.

Lemma 3.4 Let us denote by Ncr the number of open contours intersecting Λ⋆
na (which we

call crossing contours). There exists C6 = C6(β) > 0 such that, for all n large enough,

Pω
Λn,β

(
Ncr > 2

)
6 e−C6n2a−1

.

Proof Thanks to Lemma 3.3, we can assume that all crossing contours have endpoints
b, b ′ satisfying bb ′ ∩ Λ̄2na ̸= ∅; let us denote by D this event.

Let Γb1,b ′
1
(σ), . . . , Γbm,b ′

m
(σ) be the family of all crossing contours in a configu-

ration σ ∈ D, assuming that m > 2. Because we suppose that the event D is real-
ized, these endpoints can be naturally split into two “diametrically opposed” families
b1, . . . , bm and b ′

1, . . . , b ′
m. The vertices b1, . . . , bm are ordered clockwise (and thus

the corresponding vertices b ′
1, . . . , b ′

m counterclockwise). In particular, the crossing
contours Γb1,b ′

1
(σ) and Γb2,b ′

2
(σ) are neighbors (i.e. there are no other crossing con-

tours between them). Notice that, since D is supposed to hold, max{∥b1 −b2∥1, ∥b ′
1 −

b ′
2∥1} 6 c na.

The segments b1b
′
1 and b2b

′
2 split the box Λn into 3 pieces. We denote by Λ1

n and
Λ2

n the two non-neighboring ones (see Fig. 3.2). Let also Γ1, resp. Γ2, be the open
contours with both endpoints on ∂Λ1

n, resp. ∂Λ2
n. These open contours split Λn into

connected pieces, exactly one of which contains b1, b
′
1, b2, b

′
2 along its boundary (it

also contain the random slice b1, b
′
1, b2, b

′
2); we denote this component by Λn(Γ1, Γ2),

and the induced boundary condition on Λn(Γ1, Γ2) by ω(Γ1, Γ2) (see Fig. 3.2). For def-
initeness and without loss of generality, we can assume that the boundary condition
acting along ∂Λn(Γ1, Γ2) \ ∂Λn is given by − spins.



116 CHAPTER 3. DETAILED PROOFS ABOUT THE ISING MODEL

b′
1

b′
2

b1

b2

Λ2na
Λna

Λ1
n

Λ2
n

b′
1

b′
2

b1

b2

Λn(Γ1,Γ2)

Figure 3.2 – Illustration of the procedure in the proof of Lemma 3.4.

Using the DLR equation (3.1), we have

Pω
Λn,β

(
Ncr > 2,D

)
6

∑
b1,b ′

1,b2,b ′
2

∑
Γ1,Γ2

Pω
Λn,β(Γ1(σ) = Γ1, Γ2(σ) = Γ2)

× P
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β

(
Γb1,b ′

1
and Γb2,b ′

2
are crossing).

Let {k1, . . . , kℓ} = b(ω(Γ1, Γ2)) \ {b1, b2, b
′
1, b

′
2} be the set of all endpoints of open

contours induced by the boundary condition ω(Γ1, Γ2), apart from b1, b2, b
′
1, b

′
2 (they

are situated on the small sides of the random slice b1b
′
1b2b

′
2). Using (3.6), we obtain

P
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β

(
Γb1,b ′

1
and Γb2,b ′

2
are crossing) 6

Z+
Λn(Γ1,Γ2),β

Z
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β

∑
Γ1:b1→b ′

1
Γ2:b2→b ′

2

qΛ⋆
n(Γ1,Γ2),β⋆(Γ1, Γ2).

On the one hand, we evidently have the lower bound

Z
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β

Z+
Λn(Γ1,Γ2),β

> e−c ′ na

,

for some constant c ′ = c ′(β) < ∞, since max{∥b1 − b2∥1, ∥b ′
1 − b ′

2∥1} 6 c na and
changing boundary conditions (from - to + on a total length less than 2c na) add
contours whose length are bounded below by c ′na.
On the other hand, using (3.8) and (3.7), we deduce the following upper bound for
the second term∑

Γ1:b1→b ′
1

Γ2:b2→b ′
2

qΛ⋆
n(Γ1,Γ2),β⋆(Γ1, Γ2) 6

∑
Γ1:b1→b ′

1

qΛ⋆
n(Γ1,Γ2),β⋆(Γ1)

∑
Γ2:b2→b ′

2

qΛ⋆
n(Γ1,Γ2),β⋆(Γ2)

6 e−τβ(b ′
1−b1)−τβ(b ′

2−b2) 6 e−c·n.
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for a certain c = c(β) since min{∥b ′
1 − b1∥1, ∥b ′

2 − b2∥1} > c ′n. Combining these
estimates, we deduce that

Pω
Λn,β

(
Ncr > 2,D

)
6

∑
b1,b ′

1,b2,b ′
2

∑
Γ1,Γ2

Pω
Λn,β(Γ1(σ) = Γ1, Γ2(σ) = Γ2)

× P
ω(Γ1,Γ2)

Λn(Γ1,Γ2),β

(
Γb1,b ′

1
and Γb2,b ′

2
are crossing)

6 ecna

e−c ′n
∑

b1,b ′
1,b2,b ′

2

∑
Γ1,Γ2

Pω
Λn,β(Γ1(σ) = Γ1, Γ2(σ) = Γ2)︸ ︷︷ ︸

61

6 c ′′n2+2a · ec na

e−c ′n 6 e−cn

for some constant c = c(β) > 0 and for all n large enough.
We then have

Pω
Λn,β

(
Ncr > 2

)
= Pω

Λn,β

(
{Ncr > 2} ∩D

)︸ ︷︷ ︸
6e−cn

+ Pω
Λn,β

(
{Ncr > 2} ∩Dc

)︸ ︷︷ ︸
6e−C5n2a−1

6 e−C6n2a−1

3.3.2 Step 2 : When present, this interface has large fluctuations
We denote by I1 the event that there is a unique crossing contour. To deal with I1,
we have to exploit the fact that the interface undergoes fluctuations of order√n and
will thus “miss”, with high probability, a box of side-length nb with b < 1/2. The
next lemma implements this idea.

Lemma 3.5 Denoting by Γ the unique crossing contour on the event I1, we have

Pω
Λn,β(Γ ∩Λ⋆

2nb ̸= ∅, I1) 6 C7n
b−a/2,

for some constant C7 = C7(β) and all n large enough.

Proof Let us denote by b and b ′ the endpoints of the unique crossing contour Γ . We
denote by γ and γ ′ the parts of Γ connecting, respectively, b to ∂⋆Λna and b ′ to ∂⋆Λna

(these are two open contours). Let also Γ̄ denote the set of all open contours of the
configuration apart from Γ . The contours Γ̄, γ, γ ′ split Λn in a number of connected
components, only one of which contains Λna ; we denote the latter by Λn(Γ̄, γ, γ ′) (see
Fig. 3.3). Let d, d ′ be the endpoints of γ and γ ′ on ∂⋆Λna . Observe that the bound-
ary condition acting on Λn(Γ̄, γ, γ ′) takes two different constant values along each of
the two pieces between d and d ′; we write ±(d, d ′) for this boundary condition (by
symmetry, it does not matter which part is + and which is −). We consider two cases.
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Λna
Λnb

d d′

b

b′
γ

γ′

Λn(Γ, γ, γ′)

Figure 3.3 – The construction in Lemma 3.5.

Case 1: dd ′ ∩ Λ̄na/2 = ∅. In that case, we argue exactly as in the proof of Lemma 3.3
to obtain that

P
±(d,d ′)

Λn(Γ̄,γ,γ ′),β
(Γd,d ′ ∩Λ⋆

2nb ̸= ∅) 6 e−cna(2a−1) 6 e−cna

.

for some c = c(β) > 0. Indeed, one can check easily that the proof of Lemma 3.3
works for the extended box Λn(Γ̄, γ, γ ′) containing Λna

Case 2: dd ′ ∩ Λ̄na/2 ̸= ∅. The argument is once more the same as the one used in the
proof of Lemma 3.3 or Lemma 3.5 until getting an analog of expression (3.13) :

P
±(d,d ′)

Λn(Γ̄,γ,γ ′),β
(Γd,d ′ ∩Λ⋆

2nb ̸= ∅) 6
Z+

Λn(Γ̄,γ,γ ′),β

Z
±(d,d ′)

Λn(Γ̄,γ,γ ′),β

∑
z∈∂⋆Λ2nb

∑
Γ :d→z→d ′

qΛ⋆
n(Γ̄,γ,γ ′),β⋆(Γ).

But now, the sharp triangle inequality doesn’t provide an exponentially small term
uniformly over all Γd,d ′ considered here, since the interface can be straight. We then
have to keep track of the pre-factors. On the one hand, using duality, we get

Z
±(d,d ′)

Λn(Γ̄,γ,γ ′),β

Z+

Λn(Γ̄,γ,γ ′),β

= ⟨σdσd ′⟩Λ⋆
n(Γ̄,γ,γ ′),β⋆

GKS

> ⟨σdσd ′⟩Λ⋆
na ,β⋆ =

Z
±(d,d ′)
Λna ,β

Z+
Λna ,β

As dd ′ ∩ Λ̄na ̸= ∅, hypothesis of Lemma 3.1 is satisfied and we get
Z

±(d,d ′)
Λna ,β

Z+
Λna ,β

> C3

na/2e−τβ(d ′−d).

On the other hand, by (3.9),∑
λ:d→z→d ′

qΛn(Γ̄,γ,γ ′),β(λ) 6 c

na/2

c ′

na/2 e−τβ(z−d)−τβ(z−d ′) 6 c

na
e−τβ(d ′−d).
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Summing over z ∈ ∂⋆Λ2nb , with |∂⋆Λ2nb | 6 c nb shows that

P
±(d,d ′)

Λn(Γ̄,γ,γ ′),β
(Γd,d ′ ∩Λ⋆

2nb ̸= ∅) 6 C7n
b−a/2.

3.3.3 Step 3 : Every Ising measure is close to a convex combination
of the two pure states

Proof [of Theorem 3.1] Let I0 be the event that there is no crossing interface, and, as
before, I1 the event that there is a unique crossing contour. We know from Lemma 3.4
that,

Pω
Λn,β(I0) + Pω

Λn,β(I1) = 1 + Oβ(e−C6n2a−1
)

which means that, uniformly in f,

⟨f⟩ωΛn,β = ⟨f | I0⟩ωΛn,β Pω
Λn,β(I0) + ⟨f | I1⟩ωΛn,β Pω

Λn,β(I1) + Oβ

(
∥f∥∞e−C6n2a−1)

. (3.14)
Let us consider first the event I0. When the latter occurs, there must be a circuit
surrounding Λna along which spins take a constant value. Let us denote by I+

0 (γ),
I−
0 (γ) the events that the largest such circuit is given by γ, and the spins value along

γ is 1, resp. −1. Let us also denote by Λ(γ) the interior of the circuit γ. It then follows
from (3.10) that, uniformly in all FΛ

nb
-measurable functions f,∣∣⟨f⟩+

Λ(γ),β − ⟨f⟩+β
∣∣ 6 ∥f∥∞ |S(f)| e−c·na−c ′·nb 6 c∥f∥∞e−c ′·na

.

Then,

⟨f | I0⟩ωΛn,β =
∑

γ

{
Pω

Λn,β(I+
0 (γ) | I0) ⟨f⟩+Λ(γ),β + Pω

Λn,β(I−
0 (γ) | I0) ⟨f⟩−Λ(γ),β

}
= Pω

Λn,β(I+
0 | I0) ⟨f⟩+β + Pω

Λn,β(I−
0 | I0) ⟨f⟩−β + Oβ

(
∥f∥∞e−cna)

, (3.15)

where I±0 =
∪

γ I±0 (γ).
Now let us consider the event I1. It follows from Lemma 3.5 that, conditionally on I1,
there is, with high probability, a contour surrounding Λ2nb along which spins take
a constant value. Denoting as before the largest such contour by γ, its interior by
Λ(γ), and introducing the events I+

1 (γ) and I−
1 (γ) similarly as above, we obtain in

the same way (cf. (3.10)) that, for any FΛ
nb

-measurable function f,∣∣⟨f⟩+
Λ(γ),β − ⟨f⟩+β

∣∣ 6 ∥f∥∞ |S(f)| e−c·nb

and
Pω

Λn,β(I+
1 | I1) + Pω

Λn,β(I−
1 | I1) = 1 + Oβ(nb−a/2) where I±1 =

∪
γ

I±1 (γ).

Then, combining these two results similarly as in (3.15), we get
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Λna

Λ(γ)

Λna
Λ2nb

Λ(γ)

Figure 3.4 – Left: On the event I0, there is a region Λ(γ) (yellow) containing Λna with
constant spin value on its boundary. Right: On the event I1, there is a region Λ(γ)
(yellow) containing Λ2nb with constant spin value on its boundary.

⟨f | I1⟩ωΛn,β = Pω
Λn,β(I+

1 | I1) ⟨f⟩+β + Pω
Λn,β(I−

1 | I1) ⟨f⟩−β + Oβ

(
∥f∥∞nb−a/2), (3.16)

Let I± + I±0 ∪ I±1 . Inserting (3.15) and (3.16) into (3.14), we obtain finally
⟨f⟩ωΛn,β = Pω

Λn,β(I+) ⟨f⟩+β + Pω
Λn,β(I−) ⟨f⟩−β + Oβ

(
∥f∥∞nb−a/2),

uniformly in FΛ
nb

-measurable functions f. In particular, we recover the statement of
the theorem,

⟨f⟩ωΛn
= αn,ω⟨f⟩+ + (1 − αn,ω)⟨f⟩− + Oβ(∥f∥∞ nb−a/2),

by choosing a = 2(b + δ).

Proof [of Corollary 3.1] For β < βc, we know that there is a unique infinite-volume
Gibbs measure and the statement is therefore trivial.
For β > βc, let P ∈ Gβ be an infinite-volume Gibbs measure and f be a local function.
Let n0 be such that f is FΛ

nb
-measurable for all n > n0.

Now from the DLR equation (3.1), we get that for all n > 0, and any function g,

P(g) =

∫
⟨g⟩ωΛn

dP(ω).

Theorem 3.1 implies that, for some δ > 0 and uniformly in FΛ
nb

-measurable func-
tions g,

P(g) = An⟨g⟩+β + (1 − An)⟨g⟩−β + Oβ

(
n−δ∥g∥∞

)
, (3.17)

with An =
∫

αn,ω dP(ω). Applying this to the function g = σ0, we deduce that
P(σ0) = (2An − 1)m⋆

β + Oβ(n−δ),
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where we have introduced the spontaneous magnetization m⋆
β + ⟨σ0⟩+β . This shows

that
An =

m⋆
β + P(σ0)

2m⋆
β

+ Oβ(n−δ).

Let us set α + (m⋆
β +P(σ0))/2m⋆

β. Applying now (3.17) to the function g = f, we see
that, for all n > n0,

P(f) = α⟨f⟩+β + (1 − α)⟨f⟩−β + Oβ(∥f∥∞n−δ).

Letting n tend to infinity, we conclude that P(f) = α⟨f⟩+β + (1 − α)⟨f⟩−β . Since this
holds for any local function f, it follows that P = αP+

β + (1 − α)P−
β .

3.3.4 Optimality of the convergence rate
Proof [of Proposition 3.1] Let us consider the box Λn = {−n, . . . , n}2 and the bound-
ary condition ωi = +1 if and only if i = (i1, i2) with i2 > 0 (Dobrushin boundary
condition). We denote the corresponding expectation by ⟨·⟩±Λ,β. The trick is to con-
sider a local function f for which the expectation ⟨f⟩+β = ⟨f⟩−β = 0, since this trivializes
the optimization over α. Let fi(ω) = ω(0,i) − ω(0,i−1), and

F(ω) =

⌊Kn1/2⌋∑
i=−⌊Kn1/2⌋+1

fi(ω) = ω(0,⌊Kn1/2⌋) − ω(0,−⌊Kn1/2⌋),

with K a large constant, to be chosen below. Thanks to translation invariance of P+

and P−, ⟨fi⟩+β = ⟨fi⟩−β = 0, for all i, and thus ⟨F⟩+β = ⟨F⟩−β = 0. Let us denote the only
open contour by γ and its endpoints a and b. Let also

S = {(1
2 , j) ∈ Λ⋆ : |j| > ⌊Kn1/2⌋},

We then have
⟨F⟩±Λ,β > ⟨F | γ ∩ S = ∅⟩±Λ,β P±

Λ,β(γ ∩ S = ∅) − 2P±
Λ,β(γ ∩ S ̸= ∅).

Now, FKG inequality implies that
⟨F | γ ∩ S = ∅⟩±Λ,β > 2m⋆

β,

while, using (3.2), (3.9) and Lemma 3.1, we get

P±
Λ,β(γ ∩ S ̸= ∅) 6 c

∑
z∈S

√
|a − b|√

|a − z|
√

|z − b|
e−(τβ(a−z)+τβ(z−b)−τβ(a−b))

6 c√
n

∑
k>⌊K

√
n⌋

e−κβk2/2n 6 c e−κβK2/2.
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Since |F| 6 2, we deduce from the above, choosing K large enough, that

⟨F⟩±Λ,β > 2m⋆
β(1 − c e−κβK2/2) − 2c e−κβK2/2 > c ′ > 0,

Now, F being a sum of 2⌊Kn1/2⌋ terms, there exists an index j0 = j0(n) such that

⟨fj0⟩±Λ,β >
c

2⌊Kn1/2⌋
> c n−1/2,

for some constant c > 0. At this point, we have very little control on the location of
the support of fj0 inside Λ. To remedy this, let ∆j0

n = (0, j0) + {−⌊n/2⌋, . . . , ⌊n/2⌋}2.
Using DLR equation, we can write (the averaging being over ω)

⟨fj0⟩±Λ,β = ⟨ ⟨fj0⟩ω∆j0
n ,β
⟩±Λ,β > c n−1/2,

so that there exists an ω̃ = ω̃(n) for which

⟨fj0⟩ω̃∆j0
n ,β

> c n−1/2.

This proves, albeit non-constructively, the existence of a constant c = c(β) > 0 and a
sequence of boundary conditions (ωm)m>1 such that, for all m large enough,

inf
α∈[0,1]

|⟨f⟩ωm

∆m,β − α⟨f⟩+β − (1 − α)⟨f⟩−β | > c m−1/2, (3.18)

where f(ω) = ω(0,1) − ω(0,0) and ∆m = {−m, . . . ,m}2.

Remark 3.1 We actually expect that (3.18) is satisfied, for the same function f, with ω given
by Dobrushin boundary condition.



Chapter 4
Detailed proofs about the Potts model

This chapter is devoted to the rigorous proof of the result described in Sec-
tion 2.3.3. It consists of a slightly extended version of the proof published
in the article [LC1]. The introductive part is adapted to this manuscript in
order to refer to results proved in details in Section 1. The article is a joint
work with Hugo Duminil-Copin, Dima Ioffe and Yvan Velenik, it was ac-
cepted for publication in the journal Probability Theory and Related Fields in
January 2013.

4.1 The theorem
Let Ω = {1, . . . , q}Z

2 be the space of configurations. Let Λ be a finite subset of Z2,
and Λc = Z2 \ Λ be its complement. For an arbitrary subset A of Z2, let FA be the
sigma-algebra generated by spins in A. We recall that a probability measure P on Ω

is an infinite-volume Gibbs measure for the q-state Potts model at inverse temperature
β if and only if it satisfies the following DLR condition:

P(·|FΛc)(σ) = Pσ
Λ,β,q for P-a.e. σ, and all finite subsets Λ of Z2.

with Pσ
Λ,β,q the finite volume Potts measure defined in (1.4). Let Gq,β be the space of

infinite-volume q-state Potts measures.
In the present work, we determine all infinite-volume Gibbs measures for the q-

state Potts models at inverse temperature β > βc(q) on Z2. More precisely, we show
that every Gibbs state is a convex combination of infinite-volume measures with pure
boundary condition:

Theorem 4.1 For any q > 2 and β > βc(q),

Gq,β =
{ q∑

i=1

αiPi
β, where αi > 0,∀i ∈ {1, . . . , q} and

q∑
i=1

αi = 1
}

. (4.1)

123



124 CHAPTER 4. DETAILED PROOFS ABOUT THE POTTS MODEL

where Pi
β is the pure phase with boundary condition “i” defined in (1.30). The

parameter q is dropped from the notation since it is fixed throughout the chapter.
We recall the two important corollaries of this theorem (presented in Corollary 2.2

above): for q > 2 and β > βc(q), all elements of Gq,β are invariant under translations;
moreover, the extremal elements of Gq,β are pure phases Pi

β, i ∈ {1, . . . , q}.
As already explained in the heuristics in Section 2.4.3, our main result is stronger
than Theorem 4.1. We give here the exact statement of the result 1

Theorem 4.2 Let q > 2 and β > βc(q), and set Λn = Z2 ∩ [−n,n]2. For any ε > 0, there
exists Cε < ∞ such that, for any boundary condition σ on ∂Λn, we can find αn

1 , . . . , αn
q > 0

depending on (n, σ, β, q) only, such that

∣∣Pσ
Λn,β[g] −

q∑
i=1

αn
i Pi

β[g]
∣∣ 6 Cε∥g∥∞n

−
1
2+14ε

,

for any measurable function g of the spins in Λnε .

Above we write µ[f] =
∫

fdµ for a measure µ and an integrable function f.
Note that the error term is essentially of the right order (which is O(n−1/2)); see [LC4]
for a proof of this claim when q = 2.

The strategy of the proof is the following. We consider the conditioned random-
cluster measure on Λ associated to the q-state Potts model with boundary condition
σ. Boundary conditions for the Potts model get rephrased as absence of connections
(in the random-cluster configuration) between specified parts of the boundary of Λ.
In other words, boundary conditions for the Potts models correspond to conditioning
on the existence of dual-clusters between some dual-sites on the boundary. Note that
the conditioning can be very messy, since intricate boundary conditions correspond
to microscopic conditioning on existence of dual-clusters. It will be seen that being a
mixture of measures with pure boundary condition boils down to the fact that, with
high probability, no dual-cluster connected to the boundary reaches a small box deep
inside Λ (which, in particular, implies that the same is true for the Potts interfaces).

The techniques involved in the proof are two-fold. First, we use positivity of
surface tension in the regime β > βc, which was proved in [11], in order to get rid
of the microscopic mess due to the conditioning and to show that, deep inside the
box, the conditioning with respect to σ corresponds to the existence of macroscopic
dual-clusters. The second part of the proof consists in proving that these clusters
are very slim, and that they fluctuate in a diffusive way, so that the probability that
they touch a small box centered at the origin is going to zero as the size of Λ goes to
infinity. The crucial step here is the use of the Ornstein-Zernike theory of sub-critical
FK clusters developed in [21].

1 which differs from the heuristic Lemma 2.1 by 13ε in the exponent of the error term, where according to
Dima Ioffe “13 is the number of steps of the proof”.
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4.1.1 Some notations
Each nearest-neighbor edge e of Z2 intersects a unique dual edge of (Z2)∗ = (1

2 ,
1
2) +

Z2, that we denote by e∗. Consider a subgraph G = (V, E) of Z2, with vertex set V and
edge set E. If E is a set of direct edges, then its dual is defined by E∗ = {e∗ : e ∈ E}.
Furthermore, if G does not possess any isolated vertices, we can define the dual V∗

as the endpoints of edges in E∗. Altogether, this defines a dual graph G∗ = (V∗, E∗).
Let Λn be the set of sites of Z2 ∩ [−n,n]2 and En be the set of all nearest-neighbor

edges of Λn. The dual graph is denoted by (Λ∗
n, E∗

n). For m < n, the annulus Λn\Λm

is denoted by Am,n. The vertex-boundary ∂V of a graph (V, E) is defined by ∂V =
{x ∈ V : ∃y ∼ x such that y ̸∈ V}. The exterior vertex-boundary ∂extV of a graph (V, E)
is defined by ∂extV = ∪x∈V {y ̸∈ V : y ∼ x }. The edge-boundary ∂E of a graph (V, E) is
the set of edges between two adjacent points of ∂V .

It will occasionally be convenient to think about ∂Em as a closed contour in R2

or, more generally, to think about subsets of E (clusters, paths, etc) in terms of their
embedding into R2; we shall do it without further comments in the sequel.

All constants in the sequel depend on β and q only. We shall use the notation
f = O(g) if there exists C = C(β, q) > 0 such that |f| 6 C|g|. We shall write f = Θ(g)
if both f = O(g) and g = O(f).

4.2 Step 1: From Potts model to random-cluster model

Il n’y a réellement ni beau style, ni beau dessin, ni belle
couleur : il n’y a qu’une seule beauté, celle de la vérité
qui se révèle.

Auguste Rodin

Let G = (V(G), E(G)) be a finite graph. An element ω ∈ {0, 1}E(G) is called a
configuration. An edge e is said to be open in ω if ω(e) = 1 and closed if ω(e) = 0.
We shall work with two types of boundary conditions: f-free and w-wired. Recall
that the random-cluster measure with edge-weight p and cluster-weight q on G with
∗-boundary condition (∗ = f, w) is given by

µ∗
G,p,q(ω) = µ∗

G(ω) =
p# open edges(1 − p)# closed edgesq#∗ clusters

Z∗
G,p,q

,

where Z∗
G,p,q is a normalizing constant and a cluster is a maximal connected com-

ponent of the graph (V(G), {e ∈ E(G) : ω(e) = 1}). The number #f clusters counts
all the disjoint clusters, whereas the number #w clusters counts only those disjoint
clusters which are not connected to the vertex boundary ∂V .

4.2.1 Coupling with a supercritical random-cluster model on (Z2)∗

We consider the q-state Potts model on the graph (Z2)∗ at inverse temperature β >

βc(q). As the parameters β and q will always remain fixed, we drop them from the
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notation. Fix σ ∈ {1, . . . , q}
(Z2)∗ . For each n, we define the Potts measure Pσ

Λ∗
n

on Λ∗
n

with boundary condition σ on the vertex boundary ∂Λ∗
n.

We recall that the Potts model can be coupled with a random-cluster configuration
in the following way. From a configuration of spins η ∈ {1, . . . , q}V(Λ∗

n), construct a
percolation configuration ω∗ ∈ {0, 1}E∗

n by setting each edge in E∗
n to be

• closed if the two end-points have different spins,
• closed with probability e−β and open otherwise if the two end-points have the

same spins.
The measure thus obtained is a random-cluster measure on (Z2)∗ with edge-weight
p∗ = 1 − e−β, cluster-weight q and wired boundary condition on ∂Λ∗

n, conditioned
on the following event, called Condn[σ]: writing Si = {x ∈ ∂Λ∗

n : σ(x) = i}, the sets
Si and Sj are not connected by open edges in E∗

n, for every i ̸= j in {1, . . . , q}. We de-
note this measure by µw

Λ∗
n
(· | Condn[σ]). When there is no conditioning, the random-

cluster measure with wired (resp. free) boundary condition is denoted by µw
Λ∗

n
(resp.

µf
Λ∗

n
).

Reciprocally, the Potts measure can be obtained from µw
Λ∗

n
(· | Condn[σ]) by assign-

ing to every cluster a spin in {1, . . . , q} according to the following rule:
• For every i ∈ {1, . . . , q}, sites connected to Si receive the spin i,
• The sites of a cluster which is not connected to Si receive the same spin in

{1, . . . , q} chosen uniformly at random, independently of the spins of the other
clusters.

Thanks to the connection between Potts measures and random-cluster measures,
tools provided by the theory of random-cluster models can be used in this context.
Note that the parameters of the corresponding random-cluster measure are super-
critical (p∗ > pc(q)).

4.2.2 Coupling with the subcritical Random-Cluster model on Z2

Rather than working with the supercritical random-cluster measure on (Z2)∗, we will
be working with its subcritical dual measure on Z2 (this is the reason for choosing to
define the Potts model on (Z2)∗). We recall the natural one-to-one mapping between
{0, 1}E

∗
n and {0, 1}En . Namely, set ω(e) = 1 − ω(e∗). In this way, both direct and

dual FK configurations are defined on the same probability space. In the sequel, the
same notation will be used for percolation events in direct and dual configurations.
For instance, ω ∈ Condn[σ] means that ω∗ ∈ Condn[σ]. The corresponding direct
FK measure is µf

Λn
(· | Condn[σ]). We recall the relation between primal and dual

parameters p and p∗: they satisfy pp∗/[(1 − p)(1 − p∗)] = q.
Since we are working with the low temperature Potts model, the random-cluster

model on (Z2)∗ corresponds to p∗ > pc(q) so that the random-cluster model on Z2

is subcritical (p < pc(q)). For this measure, Condn[σ] is an increasing event which
requires the existence of direct open paths disconnecting different dual Si-s. This
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reduces the problem to the study of the stochastic geometry of subcritical clusters.
In particular, this enables us to use known results on the subcritical model.

We recall Corollary 1.5 of the introduction, which we slightly adapt to the follow-
ing proposition.

Proposition 4.1 There exists c > 0 such that, for n large enough and 2k 6 n 6 m,

µw
Ak,n

(there exists a crossing of Ak,n) 6 e−cn,

µw
Λn

(there exists a cluster of cardinality m in Λn/2) 6 e−cm,

where a crossing is a cluster of Am,n connecting the inner box to the outer box.

A cluster surrounding the inner box of Am,n inside the outer box of Am,n is said
to be a circuit. Note that the existence of a dual circuit is a complementary event to
the existence of a crossing between the inner and outer boxes.

4.2.2.1 Surface tension

We recall that the surface tension in the supercritical dual model is the inverse cor-
relation length in the primal sub-critical FK percolation. Let p < pc(q). The surface
tension in direction x is defined by

τ(x) = τp(x) = − lim
k→∞

1
k

log µZ2(0↔ [kx]),

where y ↔ z means that y and z belong to the same connected component. We
will also refer to it as the τ-distance. By Proposition 4.1, τ is equivalent to the usual
Euclidean distance on Rd. Furthermore, we recall Corollary 1.3 of the introduction,
it satisfies the “sharp triangle inequality”, i.e. there exists ρ = ρ(p) > 0 such that

τ(x) + τ(y) − τ(x + y) > ρ(|x| + |y| − |x + y|). (4.2)

We define dτ(A, B) = supa∈A infb∈B τ(a − b) to be the τ-Hausdorff distance between
the two sets A, B ⊂ R2.

4.2.3 Reformulation of the problem in terms of the subcritical
random-cluster model

Theorem 4.3 Fix p < pc(q) and let ε ∈ (0, 1). Then, uniformly in all boundary condi-
tions σ,

µf
Λn

(
C ∩Λnε ̸= ∅ | Condn[σ]

)
= O(n− 1

2+14ε) (4.3)
where C is the set of sites connected to the boundary ∂Λn.
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The proof of this theorem will be the core of the paper. Before delving into the proof,
let us show how it implies Theorem 4.2. First of all, we recall (1.32), uniqueness of
the infinite cluster on (Z2)∗ implies that for β > βc(q),

Pf
(Z2)∗ =

1
q

q∑
i=1

Pi
(Z2)∗ . (4.4)

Moreover, we recall Proposition 1.28: there exists c > 0 such that, for any n > 0 and
any subdomain Ω∗ of (Z2)∗ containing Λ∗

2n,
Pf

Ω∗[g] = Pf
(Z2)∗[g] + O(∥g∥∞e−cn), (4.5)

for any g depending only on spins in Λ∗
n. The same holds for pure boundary condi-

tions i ∈ {1, . . . , q}.
In the sequel we will also need the so-called ratio strong mixing property for the
dual random-cluster model (which follows from [7, Theorem 1.7(ii)]): If a percola-
tion event A depends on edges from EA and if B depends on edges from EB, then,∣∣∣∣∣ µf

(Z2)∗(A ∩ B)

µf
(Z2)∗(A)µf

(Z2)∗(B)
− 1

∣∣∣∣∣ 6 ∑
eA∈EA,eB∈EB

e−cd(eA,eB), (4.6)

where d(eA, eB) is a distance between edges eA and eB (for instance the distance
between their mid-points).

Fix now some n > 0 and a boundary condition σ on ∂Λn. Fix ε > 0 small. We
consider the coupling (η,ω) (the measure is denoted by ν) with marginals Pσ

Λn
and

µf
Λn

(· | Condn[σ]) described in the previous section. Let E be the event that ω contains
an open crossing in A2nε,n. Let Ff be the event that ω contains an open circuit in
A2nε,n. Let F(i) be the event that ω contains neither an open crossing nor an open
circuit in A2nε,n, and that (Λ2nε)∗ is connected in the dual configuration to Si. Note
that

ν(E) = µf
Λn

(E | Condn[σ]) = O(n− 1
2+14ε),

by applying Theorem 4.3.
• (conditioning on Ff). Let Γ∗ be the connected component of ∂Λ∗

n in ω∗. De-
note the connected component of Λ∗

2nε in Λ∗
n \ Γ∗ by Ω∗. We have Λ∗

2nε ⊂ Ω∗.
Conditioning on Γ∗ we infer, using (4.5) and (4.4) that

ν
(
g
∣∣ Ff) = ν

(
Pf

Ω∗[g]
∣∣ Ff) = Pf

(Z2)∗[g] + O(∥g∥∞e−cnε

)

=
1
q

q∑
i=1

P(i)

(Z2)∗[g] + O(∥g∥∞e−cnε

).

• (conditioning on F(i)). In this case, let us condition on the connected cluster Γ of
∂Λn. We view Γ as the set of bonds. Define Ω∗ as the connected component of
Λ∗

2nε in (En \ Γ)
∗. By construction, Λ∗

2nε ⊂ Ω∗ and Ω∗ ∩ Si ̸= ∅. Consequently,
using (4.5) once again, we obtain

ν
(
g
∣∣ F(i)

)
= ν

(
P(i)

Ω∗[g]
∣∣ F(i)

)
= P(i)

(Z2)∗[g] + O(∥g∥∞e−cnε

).
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By summing all these terms,

Pσ
Λn

[g] = ν[g] = ν[g|E]ν[E] + ν[g|Ff ]ν[Ff ] +

q∑
i=1

ν[g|F(i)]ν[F(i)]

=

q∑
i=1

(
1
q
ν[Ff ] + ν[F(i)]

)
P(i)

(Z2)∗[g] + O(∥g∥∞n− 1
2+14ε),

which implies Theorem 4.2 readily.

Λn

Λ2nε

Λnε

Λn

Λ2nε

Λnε

Λn

Λ2nε

Λnε

Figure 4.1 – On the left (resp. center, right), the event E (resp. Ff , F(i)) is depicted.

4.3 Step 2: Macroscopic flower domains

Je n’ai qu’une fleur dans mon jardin
C’est une fleur que m’a fait le destin
[...]
Elle m’en fait voir de toutes les couleurs
Ma fleur, ma fleur

Claude Nougaro, “Ma fleur”.

In the box Λn, the conditioning on Condn[σ] can be very messy. Indeed, as we
mentioned before, it forces the existence of open paths separating the sets Si. For
instance, the number of such paths forced by an alternating boundary condition
1, 2, . . . , q, 1, 2, . . . is necessarily of order n.

We first show that, no matter what the boundary condition σ is, with high proba-
bility only a bounded number of such interfaces is capable of reaching an inner box
Λm, where m is a fraction of n. Furthermore, we shall argue that the number of sites
in ∂Λm which are connected to the original ∂Λn is uniformly bounded. In terms of
the original Potts model, this corresponds to the existence, with high probability, of
a domain including the box Λm for which the boundary condition contains a uni-
formly bounded number of spin changes. This will be called a flower domain below.
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4.3.1 Definition of flower domains
Let m < n. For a configuration ω, let Cm,n = Cm,n(ω) be the set of sites connected
to ∂Λn in ω ∩ (En \ Em). Define the set of marked vertices by

Gm,n = Gm,n(ω) = Cm,n ∩ ∂Λm.

The set Gm,n ∪ (Λn \ Cm,n) may have several connected components, exactly one
of them containing Λm. Let us call the latter the flower domain Dm,n = Dm,n(ω)
rooted at m. Note that Gm,n = ∂Dm,n∩∂Λm, that is marked sites are unambiguously
determined by the corresponding flower domains.

Fix a configuration ω. Let C = Cm,n(ω) and let D = Dm,n(ω) be the correspond-
ing flower domain. Let also G = Gm,n(ω). By construction, the restriction of the
conditional measure µf

Λn
( · |Cm,n = C) to {0, 1}ED , where ED is the set of edges of D,

is the FK measure with free boundary conditions on ∂D\G and wiring between sites
of G inherited from connections in C. We denote this restricted conditional measure
as µflower

D . We also set CG for the connected component of G in the restriction of ω

to ED.
Λn

Λm

Λm

Λn

Dm,n

Gm,n

Figure 4.2 – Description of a flower domain Dm,n (light grey area). The blue points
are locations of spin changes (i.e. separation between sets Si), the red points constitute
Gm,n, the solid black lines in the annulus Λn\Λm constitute Cm,n.

4.3.2 Cardinality of Gm,n

Flower domains have typically small sets Gm,n, as the following proposition shows.

Proposition 4.2 There exists M > 0 such that for any δ > 0

µf
Λn

(
∃m ∈

[
δn

3 , δn
]

: |Gm,n| 6 M

∣∣∣ Condn[σ]
)

> 1 − e−δn, (4.7)

uniformly in σ and n sufficiently large.



4.3. STEP 2: MACROSCOPIC FLOWER DOMAINS 131

The notation M will now be reserved for an integer M > 0 satisfying the previous
proposition. We shall prove this Proposition for δ = 1; the general case follows by a
straightforward adaptation.
Definition 4.1 Let Er be the event that there exist r disjoint crossings of An/3,n/2.

Lemma 4.1 For all r > 1 and n > 0,

µf
Λn

(Er) 6 e−crn,

where c > 0 is defined in Proposition 4.1.

Proof We prove that for all r > 1 and n > 0,

µf
Λn

(Er) 6
(
µw

An/3,n/2
(E1)

)r. (4.8)

The conclusion will then follow easily, since Proposition 4.1 implies that µw
An/3,n/2

(E1)

is smaller than exp(−cn).
In order to prove (4.8), we proceed by induction. First, note that µf

Λn
restricted to

An/3,n/2 is stochastically dominated by µw
An/3,n/2

.
Let r > 1 and consider µf

Λn
(Er+1|Er). We number the vertices of the boundary

of Λn as ∂Λn = {x1, . . . , x4n+4} in clockwise order, starting at the bottom right cor-
ner. Let k be the smallest number such that there are r crossings among the clusters
containing x1, . . . , xk. Denote by S the union of these clusters (which may contain iso-
lated vertices). Observe that all edges in An/3,n/2 \ S which are incident to vertices
of S are closed. Therefore, the conditional measure µf

Λn
(·|An/3,n/2\S|S) is stochastically

dominated by µw
An/3,n/2

(·|An/3,n/2\S). In both instances above, the symbol ν(·|B) means
the restriction of ν to edges of the graph with the vertex set B. As a result, the proba-
bility, under µf

Λn
(·|An/3,n/2\S|S), that there exists a crossing of An/3,n/2 is smaller than

µw
An/3,n/2

(E1). We obtain

µf
Λn

(Er+1) = µf
Λn

(Er+1|Er)µ
f
Λn

(Er) = µf
Λn

[µf
Λn

(Er+1|S)]µf
Λn

(Er)

6 µw
An/3,n/2

(E1)µ
f
Λn

(Er) 6 µw
An/3,n/2

(E1)
r+1.

Proof [of Proposition 4.2] Obviously,

µf
Λn

(
∀m ∈

[
n

3 , n

2

]
: |Gm,n| > M

∣∣ Condn[σ]
)

6
µf

Λn

(
∀m ∈ [n

3 , n

2 ] : |Gm,n| > M
)

µf
Λn

(Condn[σ])
.

(4.9)
Let us bound from below the denominator of (4.9). If all the edges of ∂En are open,
then Condn[σ] occurs. Moreover, the measure µf

Λn
stochastically dominates inde-

pendent Bernoulli edge percolation on {0, 1}En with p̃ = p/(p + (q − 1)p), see [4,



132 CHAPTER 4. DETAILED PROOFS ABOUT THE POTTS MODEL

Theorem 4.1]. We deduce

µf
Λn

(Condn[σ]) > µf
Λn

(all the edges in ∂En are open) > p̃8n. (4.10)

Let us now bound from above the numerator of (4.9). First,

µf
Λn

(
∀m ∈

[
n

3 , n

2

]
: |Gm,n| > M

)
6 µf

Λn

(
|Cn/3,n ∩An/3,n/2| > Mn/6

)
.

Fix R > 0. If |Cn/3,n ∩An/3,n/2| > Mn/6, either An/3,n/2 contains more than R cross-
ings or one of the crossing has cardinality larger than Mn/(6R). Proposition 4.1 im-
plies that the probability of having clusters with size larger than Mn/(6R) in Λn/2
is smaller than exp[−cMn/(6R)] for n large enough. Lemma 4.1 together with (4.9)
implies that, for n large enough,

µf
Λn

(
∀m ∈

[
n

3 , n

2

]
: |Gm,n| > M

∣∣ Condn[σ]
)

6 p̃−8n[e−cRn + e−cMn/(6R)] 6 e−n,

provided that R and M be sufficiently large.

4.3.3 Reduction to FK measures on flower domains with free boundary condition
We define

Mn = max{m 6 n : |Gm,n| 6 M}, (4.11)
where the maximum is set to be equal to ∞ if there is no m 6 n such that |Gm,n| 6 M.
With this notation, we actually proved that Mn ∈ [n

3 , n] with probability bounded
below by 1 − e−n.

Let C be a possible realization of Cm,n and D = Dm,n be the corresponding flower
domain. The restriction of µf

Λn
(· | Mn = m; Cm,n = C) to D is µflower

D . Furthermore,

Condn[σ] ∩ {Mn = m} ∩ {Cm,n = C}

is a product event Ωσ,C × {Mn = m; Cm,n = C}, where Ωσ,C ⊂ {0, 1}ED . Then

µf
Λn

(C ∩Λnε ̸= ∅ | Condn[σ]; Mn = m; Cm,n = C) = µflower
D (CG ∩Λnε ̸= ∅ | Ωσ,C).

(4.12)
The event Ωσ,C has an obvious structure. It corresponds to the existence of certain
connections between different sites of G = C ∩ ∂Λm = D ∩ ∂Λm. More precisely,
let PG be the collection of different partitions of G. Elements of PG are of the form
G = (G1, . . . , Gℓ). Define

ΩG =
∩
i

∩
u,v∈Gi

{u↔ v} ⊂ {0, 1}ED .

Let us say that a partition G is compatible with Ωσ,C if ΩG ⊆ Ωσ,C. Note that we do
not rule out that some elements Gi of a partition G are singletons. If Gi is a singleton,
then ∩u,v∈Gi

{u ↔ v} is, of course, a sure event, which could be dropped from the
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definition of ΩG. In other words, only non-singleton elements of G are relevant for
ΩG. Also note that the events ΩG do not have to be disjoint. Still, for any σ,

Ωσ,C =
∪

G∈P′
G

ΩG,

where the set P′
G corresponds to partitions which are compatible with the occurrence

of the event Ωσ,C, and which are maximal in the sense that one cannot find a finer
partition which would be still compatible with Ωσ,C.

The previous section implies the following reduction, which we will now consider
for the rest of this work.

Proposition 4.3 Fix δ > 0. Then, writing Bk for the kth Bell number, which counts the
number of partitions of a set of k elements,

µf
Λn

(
C∩Λnε ̸= ∅

∣∣ Condn[σ]
)

6 e−δn + BMqM max µf
D

(
CG ∩Λnε ̸= ∅

∣∣ ΩG
)
, (4.13)

for all boundary conditions σ and n sufficiently large. The above maximum is over all flower
domains D rooted at m ∈ [n

3 , n] with at most |G| 6 M marked points, and over all partitions
G ∈ P ′

G.

Above the term qM comes from the fact that the elements of G are possibly wired
together. It then bounds the Radon-Nikodym derivative between measures µflower

D

and µf
D. The quantity BM bounds from above the number of sub-partitions of G (the

events ΩG being not necessarily disjoint).

4.4 Step 3: Macroscopic structure near the center of the box

Je n’ai vu qu’un seul arbre, un seul, mais je l’ai vu,
Et je connais par cœur sa ramure touffue,
Et ce tout petit bout de branche me suffit :
Pour connaître une feuille, il faut toute une vie.

Georges Brassens, “Le fidèle absolu”.

This section studies the macroscopic structure of the set C of sites connected to the
boundary of Λn. Its main result, Proposition 4.4 below, implies that on a sufficiently
small scale δ > 0, the intersection C ∩ Λk for boxes with k ∈ [δn

3 , δn] is with an
overwhelming probability either empty, or close to a segment, or close to a tripod
(three segments coming out from a point).

Before starting, note that Proposition 4.3 enables us to restrict attention to a flower
domain D = Dm,n with m ∈ [n

3 , n] and |Gm,n| 6 M. We set G = Gm,n. We now
fix this flower domain and work under µf

D

(
·
∣∣ΩG

) for some G ∈ P ′
G. All constants

in this section are independent of Dm,n and G as long as |Gm,n| 6 M. We will often
recall this independence by using the expression “uniformly in (D, G) with |G| 6 M”.
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Define Ck,G to be the set of edges connected to G in D \ Λk (which can consist of
several connected components). Note that Gk,n = Ck,n ∩ ∂Λk = Ck,G ∩ ∂Λk. Given
v1, v2 ∈ R2, we define [v1, v2] to be the line segment with endpoints v1 and v2, and
](v1, v2) to be the angle between v1 and v2, seen as vectors in the plane. We refer to
Fig. 4.3 for an illustration of the following definitions.

Definition 4.2 For k < m, ν > 0 and ℓ = 1, 2, 3, let us say that Eℓ
ν,k ⊂ {0, 1}ED occurs if

Sℓ below happens:

S1. Gk,n = ∅.

S2. Gk,n = V1
k,n ∪V2

k,n, where V1
k,n, V2

k,n are two disjoint sets of τ-diameter less than or
equal to νk. Moreover,

– Each of the sets V1
k,n and V2

k,n is connected in Ck,G.
– For any two vertices vi ∈ Vi

k,n; i = 1, 2, we have [v1, v2] ∩Λk/2 ̸= ∅.

S3. Gk,n = V1
k,n ∪ V2

k,n ∪ V3
k,n, where V1

k,n, V2
k,n and V3

k,n are disjoint sets with τ-
diameter less than or equal to νk. Moreover,

– Each of the sets V1
k,n, V2

k,n and V3
k,n is connected in Ck,G,

– For any choice of vi ∈ Vi
k,n; i = 1, 2, 3. there exists x ∈ Λk/2 such that T =

{v1, v2, v3; x} is a Steiner tripod (see Definition 4.4 below). In particular, as it
follows from P2 of Proposition 4.5 below, ](vi − x, vj − x) > π

2 + η for every
i ̸= j.

Λn

Λk

Λn

Λk

Λk/2
V2

k,n

V1
k,n

Λn

Λk

Λk=2

x

V1
k,n

V2
k,n

V3
k,n

Figure 4.3 – Description of the events Eℓ
ν,k, ℓ = 1, 2, 3 from left to right. The set Gk,n,

partitioned into Vℓ
k,n, ℓ = 1, 2, 3, is indicated in red.

We are now in a position to state the main proposition.
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Proposition 4.4 For any ν > 0, there exist δ = δ(ν,M) > 0 and κ = κ(ν,M) > 0 such
that

µf
D

( ∪
k>δn

(
E1

ν,k ∪ E2
ν,k ∪ E3

ν,k

)
∩

{
|Gk,n| 6 M

} ∣∣∣ ΩG

)
> 1 − e−κn, (4.14)

uniformly in (D, G) with |G| 6 M.

The proof of Proposition 4.4 comprises two steps: First, we show that the implied
geometric structure is characteristic of deterministic objects called Steiner forests. Then,
we show that, with high µf

D( · | ΩG)-probability, the cluster CG sits in the vicinity of
one such forest.

4.4.1 Steiner forests
Note that for every m the set Km of all compact subsets of Λm is a Polish space with
respect to the dτ-distance.

We now recall the concept of Steiner forest. Consider E ⊆ ∂Λm with |E| 6 M. Let
E = (E1, . . . , Ei) be a partition of E and ΩE be the set of compact subsets of R2 such
that Ej is included in one of their connected components for every j ∈ {1, . . . , i}. For
the trivial partition E = {E}, we shall write ΩE.

For a compact S ⊂ R2, let τ(S) be the (one-dimensional) Hausdorff measure of S

in the τ-norm. Explicitly,

τ(S) = lim
ε→0

inf
{∑

diamτ(Ai) : S ⊆ ∪Ai, diamτ(Ai) 6 ε

}
, (4.15)

where diamτ(A) = sup{τ(x − y) : x, y ∈ A}. Define the set of Steiner forests by

Ωmin
E =

{
F ∈ ΩE : τ(F) = min

S∈ΩE

τ(S)
}
.

We set
τE = min

S∈ΩE

τ(S) = τ(F),

for any Steiner forest F ∈ Ωmin
E .

In the sequel we shall work only with Steiner forests F ∈ Ωmin
E , when E is a parti-

tion of a set E ⊂ ∂Λm of cardinality |E| 6 M. Let Ωmin
M,m be the collection of all such

forests.
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u
1

u2

u3 u4

u
5

u6

Figure 4.4 – A non trivial Steiner forest with a partition E = (E1, E2) with
E1 = {u1, u2, u3, u4} and E2 = {u5, u6}.

Proposition 4.5 Fix M > 0. The following properties hold uniformly in m, in finite subsets
E ⊆ ∂Λm with |E| 6 M and in partitions E of E:
P1. (Number of Steiner forests and compactness of Ωmin

M,m) There exists k = k(M) <∞ such that |Ωmin
E | 6 k. The set Ωmin

M,m is a compact subset of (Km, dτ).

P2. (Structure of Steiner forests) The sets F ∈ Ωmin
E are forests (that is collections of

disjoint trees). Each inner node (that is not belonging to E) of such F has degree 3.
Furthermore, there exists an η > 0 such that the angle between two edges incident to
an inner node of F is always larger than π

2 + η.
P3. (Well separateness of trees) There exists δ1 = δ1(M) > 0 such that any F ∈ Ωmin

E

satisfies:
(a) for any Steiner tree T ∈ F, two different nodes of T in Λm/2 are at dτ-distance at

least δ1m of each other;
(b) if T1 and T2 are two disjoint trees of F, then dτ

(
T1 ∩Λm/2, T2 ∩Λm/2

)
> δ1m .

P4. (Stability) For any δ2 > 0, there exists κ2 = κ2(δ2, M) > 0 such that, for any
|E| 6 M, any partition E of E and any S ∈ ΩE,

τ(S) 6 τE + κ2m implies min
F∈Ωmin

M,m

dτ(S,F) < δ2m. (4.16)

Proof We shall be rather sketchy since the arguments are presumably well under-
stood. We shall consider the case m = 1 (the general case follows by homogeneity).

Let us start with P4. The functional τ in (4.15) is lower semi-continuous on (K1, dτ)
and has compact level sets (meaning sets of the form {S : τ(S) 6 R}). See, for in-
stance, [24, Proposition 3.1], where these facts are explained for the inverse correla-
tion length of sub-critical Bernoulli bond percolation.
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Assume that P4 is wrong. Then there exists δ > 0 and two sequences; Ek and
Sk ∈ ΩEk

, such that

τ (Sj) < τEk
+

1
k

but min
F∈Ωmin

M,m

dτ(Sj, F) > δ.

Since |Ek| 6 M, the sequence τEk
is bounded. Hence {Sj} is pre-compact. Possibly

passing to subsequence we may assume that Ek converges to E (points might col-
lapse, but this is irrelevant since this preserves |E| 6 M), and that Sk converges to
S ∈ ΩE. Both convergence are, of course, in the sense of Hausdorff distance. By min-
imality it is evident that τE = lim τEk

. By lower-semicontinuity τ(S) 6 lim inf τ(Sk).
Which means that S ∈ Ωmin

E . A contradiction.
A proof of the first assertion of P1 can be found in [23, Theorem 1]. Compactness

of Ωmin
M,1 follows from compactness of level sets of τ and the fact that if Fk ∈ Ωmin

Ek

converges to F ∈ ΩE, then, as was already mentioned above, τE = lim τEk
, and

hence, by the lower-semicontinuity of τ, F ∈ Ωmin
E .

A proof of P2 can be found in [10].
Let us turn to the proof of P3. For trivial partitions, Steiner forests are trees. Now,

assume that there exists a sequence of Steiner trees Tk ∈ Ωmin
Ek

such that Tk contains at
least two inner nodes in Λ1/2 at distance less or equal 1

k
. There is no loss of generality

to assume that the sequence Tk converges to some T∗ . As it follows from P4, T∗ ∈
Ωmin

E∗ , where E∗ is the corresponding limit of Ek. Obviously, |E∗| is still less or equal
to M, since boundary points can only collapse under the limiting procedure.

The total number of nodes of each of Tk is uniformly bounded above. Hence by
our assumption we can choose a number ℓ > 2, a point x ∈ Λ1/2, a radius ε > 0 and
a sequence ν(k)→ 0, so that
(a) each of Tk contains ℓ nodes in Λν(k)(x) = x + Λν(k);
(b) none of Tk contains nodes in the annulus Aν(k),ε(x).
Then the restriction of Tk to Λε(x) is a Steiner tree, whereas the cardinality of the
intersection |∂Λε(x) ∩ Tk| = ℓ + 2. By the minimality of Tk the points of ∂Λε(x) ∩ Tk

are uniformly separated. Consequently, |∂Λε(x) ∩ T∗| = ℓ + 2 > 3. We infer that the
degree of x in the Steiner tree T∗ is ℓ + 2 > 3, which is impossible by P2. This proves
P3(a).

Consider now two disjoint Steiner trees T1 ∈ Ωmin
E1

and T2 ∈ Ωmin
E2

, such that the
forest {T1,T2} belongs to Ωmin

{E1,E2}. By the strict convexity of τ, the trees are confined
to their convex envelopes: Ti ∈ co (Ei) for i = 1, 2. Thus if both trees are disjoint and
intersect Λ1/2, it follows that co (E1) ∩ co (E2) = ∅. Consequently, there exist u1, v1 ∈
E1 and u2, v2 ∈ E2, such that T1 lies below the interval [u1, v1] and T2 lies above
the interval [u2, v2] (notions of above and below are with respect to the directions
of normals). We are now facing two cases:
• T1 or T2 has an inner node in Λ2/3. By P2, inner nodes are of degree three and

angles between edges incident to inner nodes are at most π − 2η. This pushes
inner nodes of Ti away from [ui, vi] uniformly in T1 and T2. In such a case, P3
is satisfied.
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• Both T1 and T2 do not contain nodes in Λ2/3, but each contains an edge which
crosses Λ1/2. Having such edges close to each other (and hence running essen-
tially in parallel across Λ1/2) is easily seen to be incompatible with the minimal-
ity of F.

This achieves the proof of P3(b).

4.4.2 Forest skeleton of the cluster CG

Let G be a partition of G. We now aim to show that, under µf
D( · | ΩG), the cluster CG

stays typically close to one of the Steiner forests from Ωmin
M,m. In order to do that, we

introduce the notion of forest skeleton of the cluster. This notion is a modification of
the coarse-graining procedure developed in Section 2.2 of [21].

Let Uτ be the unit ball in τ-norm. Fix a large number c > 0 and consider K such
that c log K < K. For any y ∈ Z2, set

BK(y) = (y + K ·Uτ) ∩ Z2 and B̂K(y) = BK+c log K(y).

If x ∈ A ⊂ Z2 and y ∈ A ∪ ∂extA, we shall use {x
A←→ y} to denote the event that x

and y are connected by an open path from x to y whose vertices belong to A, with
the possible exception of the terminal point y itself.

Let us construct the forest skeleton FK of the cluster CG (see Figure 4.5). Here and
below, vertices in Z2 are ordered using the lexicographical ordering. In the following
construction, we will often refer to the minimal vertex having some property.

Step 1. Set r = 1, i = 1. Set x1
0 = ui1 be the minimal vertex of G. Set V = {x1

0} and
C = B̂K(x1

0). Go to Step 2.

Step 2. If there exists x ∈ V and u ∈ G\V such that u ∈ B̂2K(x), then choose u∗ ∈ G\V

to be the minimal such vertex. Set xr
i = u∗, Ar

i = BK(xr
i) and go to Step 3. Otherwise,

go to Step 4.

Step 3. Update V → V ∪ {xr
i}, C→ C ∪ B̂K(xr

i) and i→ i + 1. Go to Step 2.

Step 4. If there is at least one vertex y ∈ ∂extC such that

y
CG\C←→ ∂extBK(y) \ C,

then choose y∗ to be the minimal such vertex, set xr
i = y∗, Ar

i = BK(xr
i) \ C, and go

to Step 3. Otherwise, go to Step 5.

Step 5. If G ⊂ V , then terminate the construction. Otherwise, choose u∗ to be the
minimal vertex of G \V . Update r→ r+ 1 and set xr

0 = u∗. Update V → V ∪ {xr
0} and

i = 1. Go to Step 2.



4.4. STEP 3: MACROSCOPIC STRUCTURE 139

Definition 4.3 The above procedure produces r disjoint sets of vertices V1 = {x1
0, x

1
1, . . . },

V2 = {x2
0, x

2
1, . . . }, . . . , Vr = {xr

0, x
r
1, . . . }. The vertices x

j

i constructed on Step 4 are equipped
with sets A

j

i, j = 1 . . . r. Exit paths through such A
j

i-s contribute multiplicative factors
e−K each. Sets A

j

i for vertices x
j

i constructed on Step 2 play no role and are introduced for
notational convenience only (see (4.19) below). By construction, there are at most M such
vertices.

The edges within each group ℓ = 1, . . . , r are constructed as follows: xℓ
i is connected to

the vertex of {
xℓ

j : j < i and xi ∈ B̂2K(xj)
}

which has smallest index j.
This produces a graph which is a set of r trees T1

K, . . . , Tr
K. The union of the trees is called

the forest skeleton FK = ∪ℓT
ℓ
K.

Note that we consider these graphs as compact subsets of R2. An example of forest
squeleton is drawn on Figure 4.5.

u2

u4

u5

B̂K(x1
0)

BK(x1
0)

u1 = x1
0

u3 = x2
0

x2
1

x2
2

x2
3

etc.

t1

B1

t2

B2

Figure 4.5 – Construction of the forest skeleton FK = {T1
K, T2

K} of the cluster CG (in black),
consisting of the trees Ti

K = {ti, Bi}, i = 1, 2. The Steiner forest corresponding to the
partition G = ({u1, u2, u5}, {u3, u4}) is drawn in dashed green.

The following result follows trivially from the construction of the forest skeleton.
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Proposition 4.6 Let FK be the forest skeleton of CG, then
1. G is included in the vertices of FK.
2. Two vertices u, v ∈ G which were connected in CG are also connected in FK.
3. CG ⊆ ∪ℓ,iB̂2K(xℓ

i).

4.4.3 Distance between CG and Steiner forests

Proposition 4.7 For every δ3 > 0, there exists κ3 = κ3(M) > 0 such that for n large
enough,

µf
D

(
min

F∈Ωmin
M,m

dτ

(
CG, F

)
> δ3n

∣∣∣ ΩG

)
6 e−κ3n,

uniformly in (D, G) with |G| 6 M.

Proof Let FK be the forest skeleton of CG at scale K (K will be chosen later). By the
third item of Proposition 4.6,

dτ (CG, FK) 6 2K + c log 2K.

The proposition thus reduces to the following claim: for any δ3 > 0, there exist K =
K(M) > 0 and κ3 = κ3(M) > 0 such that

µf
D

(
min

F∈Ωmin
M,m

dτ

(
FK,F

)
> δ3n

∣∣∣ ΩG

)
6 e−κ3n,

uniformly in (D, G) with |G| 6 M. We now prove this statement.
Writing E + {minF∈Ωmin

M,m
dτ

(
FK, F

)
> δ3n}, we have

µf
D(E|ΩG) =

µf
D(E ∩ΩG)

µf
D(ΩG)

6 µf
D(τ(FK) > τG + κ2n)

µf
D(ΩG)

(4.17)

where in the last inequality we used Property P4 of Proposition 4.5, applied with
δ2 = δ3.

Let F be a Steiner forest in Ωmin
G and F ′ be the forest obtained by replacing each

inner node of F by the closest vertex of Z2. Now, by the FKG inequality, we can lower
bound the denominator

µf
D(ΩG) > µf

D

( ∩
{x,y}∈E(F ′)

{x↔ y}
)

>
∏

{x,y}∈E(F ′)

µf
D(x↔ y)

>
∏

{x,y}∈E(F ′)

e−τ(y−x)(1+o|y−x|(1)) = e−τG(1+on(1)). (4.18)
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where limk→∞ ok(1) = 0 by definition, and the product is taken over the set E(F ′) of
all the inner edges of the approximate Steiner forest F ′.

To obtain an upper bound on the numerator, we follow [21, Section 2]. Let |V(FK)| =∑r

ℓ=1 |Vℓ| be the total number of vertices of the forest skeleton F, then

e−2KMµf
D(FK = F) 6 µf

D

( r∩
ℓ=1

|Vℓ|∩
i=0

xℓ
i

Aℓ
i↔ ∂extBK(xℓ

i)
)

6
r∏

ℓ=1

|Vℓ|∏
i=1

µw
Âi

K

(
xℓ

i

Aℓ
i↔ ∂extBK(xℓ

i)
)

6
(
e−K(1−oK(1))

)∑r
ℓ=1 |Vℓ|

= e−K|V(F)|(1−oK(1))

6 e−τ(F)(1−oK(1)−on(1)), (4.19)

where in the first inequality the term e−2MK compensates (by the FKG inequality)
the inclusion of events xℓ

i

Aℓ
i↔ ∂extBK(xℓ

i) for points xℓ
i ∈ G, whereas in the second

inequality we expand the probability of the intersection as a product of conditional
expectations and then use the FKG inequality to compare this conditional expecta-
tions with the probability with wired boundary conditions, and in the second line we
use that µw

BK(x)(x ↔ ∂extBK(x)) = e−K(1−oK(1)) (this follows from [21, Corollary 1.1],
which is now known to be valid up to pc(q) thanks to Proposition 4.1). If we now
upper bound crudely the number of forest K-skeletons rooted at G with τ(F) = T

(and so with less than C1T/K vertices) by (C2K)C3T/K, we get

µf
D(τ(FK) > τG + κ2n) =

∑
F:τ(F)>τG+κ2n

µf
D(FK = F) =

∑
T>τG+κ2n

∑
F :

τ(F)=T

µf
D(FK = F)

=
∑

T>τG+κ2n

e(C1T/K) log(C2K)−T(1−oK(1)−on(1))

6 C4 · e−(τG+κ2n)(1+oK(1)+on(1)), (4.20)

where we used (4.19) in the second line. The result follows by comparison with (4.18):

µf
D(E|ΩG) 6 e−(τG+κ2n)(1−oK(1)−on(1))+τG(1+on(1)) 6 e−nκ3 .

Note that τGon(1) = o(n) since τG = O(n). The latter follows from the fact that τG
is bounded by the τ-length of the forest obtained by opening all the edges of ∂Em

(recall that τ is an equivalent norm on R2).

Proof [of Proposition 4.4]
Fix D = Dm,n and G = Gm,n with m > n

3 and |G| 6 M. Let ν > 0. Fix an arbitrary
0 < δ≪ 1 such that Λ250δn ⊂ δ1nUτ, where δ1 is given by P3. By definition of δ, we
know that for any forest F ∈ Ωmin

M,m, F ∩ Λ250δn is connected and contains at most
one node. Therefore, we have three cases: either F ∩ Λ2δn = ∅, or F ∩ Λ2δn ̸= ∅
but F ∩Λ20δn contains only one edge, or F ∩Λ20δn contains more than one edge. In
the later case, the fact that edges incident to a node make an angle larger or equal to
π

2 + η implies that F ∩Λ40δn contains a node.
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Also set δ3 < min{ν, δ}. Proposition 4.7 implies that
min

F∈Ωmin
M,m

dτ

(
CG,F

)
6 δn, (4.21)

with probability larger than 1 − e−κ3n for n large enough. We now assume that this
inequality is indeed satisfied. Since, by P1 of Proposition 4.5 the set Ωmin

M,m is compact,
and since we are after an upper bound which vanishes with n, it will be enough to
fix a Steiner forest F ∈ Ωmin

M,m and to assume that
dτ

(
CG,F

)
6 δn, (4.22)

Let us treat the three previous cases separately.
C1. F ∩Λ2δn = ∅. In such case, (4.22) shows that CG ∩Λδn = ∅. Thus, E1

ν,δn holds
true and Gδn,n = ∅.

C2. F ∩ Λ20δn = [u1, u2] with u1 and u2 on ∂Λ20δn and [u1, u2] ∩ Λ2δn ̸= ∅. In
such case, (4.22) shows that CG intersects Λ3δn which in turns implies that E2

ν,k

holds for every k ∈ [6δn, 18δn]. Proposition 4.2 implies the existence of k ∈
[6δn, 18δn] with |Gk,n| 6 M on an event of probability larger than 1 − e−18δn.

C3. There exists a node x ∈ Λ40δn and therefore F ∩ Λ250δn = [u1, x] ∪ [u2, x] ∪
[u3, x] with u1, u2, u3 on ∂Λ250δn such that ](ui − x, uj − x) > π

2 + η for every
i ̸= j. In such case, (4.22) shows that E3

ν,k holds for every k ∈ [82δn, 246δn].
Proposition 4.2 implies the existence of k ∈ [82δn, 246δn] with |Gk,n| 6 M on
an event of probability larger than 1 − e−246δn.

Altogether, we obtain the claim.
For later use, let us introduce the following definition:
Definition 4.4 For u1, u2, u3 in general position the function ϕ(y) +

∑3
i=1 τ(ui − y) is

strictly convex and quadratic around its minimum point; see [19, Lemma 3]. Let x be the
unique minimizer of ϕ. In this way the notation T(u1, u2, u3; x) is reserved for the minimal
Steiner forest (in this case it is a tree) which contains u1, u2, u3. It might happen, of course,
that x coincides with one of the ui-s. When, however, this is not the case, we shall refer to
T(u1, u2, u3; x) as a Steiner tripod.

4.5 Step 4: Fluctuation theory
We are now in a position to prove Theorem 4.3. Let ν > 0 small enough to be fixed
later. By (4.13) and (4.14), we can assume that there exist δ = δ(ν) > 0 and k > δn

such that |Gk,n| 6 M and Eℓ
ν,k holds true for some ℓ ∈ {1, 2, 3}. Let

Rn = max
{
k > δn : |Gk,n| 6 M and E1

ν,k ∪ E2
ν,k ∪ E3

ν,k

}
∈ [δn, n] .

Let C be a possible realization of Ck,n and D = Dk,n be the corresponding flower
domain. We also set G = Gk,n. The restriction of µf

Λn
(· | Rn = k; Ck,n = C) to D is

µflower
D . Exactly as in Section 4.3.3,

Condn[σ] ∩ {Rn = k} ∩ {Ck,n = C} = Ωσ,C × {Rn = k; Ck,n = C},
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where Ωσ,C = ∪G∈P ′
G
ΩG is defined as in Section 4.3.3. This reduction shows that it is

sufficient to prove that

µf
D

(
CG ∩Λnε ̸= ∅

∣∣ Ωσ,C

)
= O(nε−1/2),

uniformly in the possible realizations of D, C and G.
From now on, we fix k > δn such that |Gk,n| 6 M and Eℓ

ν,k holds true for some
ℓ ∈ {1, 2, 3}. We set D = Dk,n,C = Ck,n and G = Gk,n.

Since each set Vi is already assumed to be connected outside of D (since E1
ν,k ∪

E2
ν,k ∪ E3

ν,k occurs), partitions G ∈ P ′
G can be of four different types (recall that they

are maximal in the sense defined in the previous section): singletons only, singletons
together with one pair of elements in two different Vi (this cannot occur in E1

ν,k),
singletons together with one triplet of elements in three different Vi (this can occur
only in E3

ν,k), singletons together with two pairs (u, v) and (u ′, w), where u and u ′

belong to the same Vi, and v and w belong to the other Vj (this can occur only in E3
ν,k).

Let P∗
G be the set of partitions in P ′

G of one of the first three types. If the configuration
is in Ωσ,C \∪G∈P∗

G
ΩG, there are two different clusters connecting two pairs of vertices

(u, v) and (u ′, w) satisfying the conditions described above. By choosing ν > 0 small
enough, the assumption that E3

ν,k holds implies that τ(u− v)+τ(u ′ −w) > (1+ ε)τG
(where ε = ε(δ3, ν) > 0) uniformly in the possible pairs (u, v) and (u ′, w). As in the
proof of Proposition 4.7, one obtains after a small computation that

µf
D

(
Ωσ,C \ ∪G∈P∗

G
ΩG

∣∣ Ωσ,C

)
= O(e−ck),

for some constant c > 0. Hence, a reduction in the spirit of Proposition 4.3 shows
that Theorem 4.3 would follow from the bound

µf
D

(
CG ∩Λnε ̸= ∅

∣∣ ΩG
)

= O(nε−1/2), (4.23)

where the right-hand side is uniform in the possible realizations of D and in the
G ∈ P∗

G. We decompose the proof of (4.23) into three cases, depending on the type of
G.

4.5.1 Scenario S1: No imposed crossing
This occurs in the following two cases (cf. Definition (4.2)): (i) E1

ν,k occurs; (ii) E2
ν,k ∪

E3
ν,k occurs and the partition G is composed of singletons only. In this case, the mea-

sure µf
Dk,n

( · |ΩG) is unconditioned (i.e. ΩG = Ω). Proposition 4.1 then implies that
µf

D

(
CG ∩Λnε ̸= ∅

∣∣ ΩG
) decays exponentially with n.

4.5.2 Scenario S2: One imposed crossing
This occurs when E2

ν,k ∪ E3
ν,k occurs and G is composed of singletons together with

a unique pair (u, v), where u ∈ Vi, v ∈ Vj with i ̸= j. In other words, ΩG = {u↔ v}.
In this case, the cluster CG ⊆ D may contain several connected components, but, up
to exponentially small (in k) µf

D(·|u↔ v)-conditional probabilities, only one of them,
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namely the connected cluster C(u, v) of {u, v} is capable of reaching Λnε . However,
the law of the cluster connecting u and v converges to the law of a Brownian bridge.
In fact, one obtains the following stronger result:

µf
D(x ∈ C(u, v)|u↔ v) 6 C√

|u − v|
exp
(
−κ

dτ(x, [u, v])2

|u − v|

)
, (4.24)

where κ and C are constants depending on p only, and [u, v] denotes the segment
between u and v. In the case of Ising interfaces, such bound was obtained in [48,
(3.31)]. The proof relies on the positive curvature of the surface tension and on the
effective random walk with exponentially decaying step distribution representation
of the interface. The theory developed in [21] enables a literal adaptation to the case
of sub-critical FK-clusters, see Theorems C and E and Subsections 4.4 and 4.5 in [21].
Consequently,

µf
D

(
CG ∩Λnε ̸= ∅

∣∣ ΩG
)

= O(n2ε−1/2). (4.25)

4.5.3 Scenario S3: One tripod
This can only happen when E3

ν,k occurs and G is composed of singletons together
with one triplet (u1, u2, u3) with u1 ∈ V1, u2 ∈ V2, u3 ∈ V3. Thus, in this case ΩG =
{C(u1, u2, u3) ̸= ∅}, where C(u1, u2, u3) is the joint connected cluster of {u1, u2, u3}.
Again, C = CG ⊆ D may contain several connected components, but, up to exponen-
tially small (in k) µf

D(·|C(u1, u2, u3) ̸= ∅)-conditional probabilities, only one of them,
namely C(u1, u2, u3) itself, is capable of reaching Λnε . By definition, there exists a
unique x= x(u1, u2, u3) ∈ Λk/2 (see Definition 4.4) such that Tx = {u1, u2, u3; x} is a
Steiner tripod. To lighten the notation, we set

E(u1, u2, u3, x) = {u1, u2, u3 are connected and dτ(CG, Tx) 6 νk}

and redefine C = C(u1, u2, u3). Thanks to Propositions 4.4 and 4.7, we now aim at
proving the bound

µf
D

(
C ∩Λnε ̸= ∅

∣∣ E(u1, u2, u3, x)
)

= O(nε−1/2). (4.26)

This bound will imply Theorem 4.3.
Proving (4.26) is more complicated than proving (4.25). Nevertheless, the idea

remains the same: The tripod has Gaussian fluctuations, therefore it intersects a small
box with probability going to 0. In the case of percolation, fluctuations of tripods on
the level of local limit results were studied in [19]. We are not after a full local limit
picture here, and merely explain how techniques from [21] allow to derive (4.26). Let
us write Λr(x) for x + Λr.

Definition 4.5 (Cones Y1, Y2,Y3)
Since, by Property P2 of the Steiner forests, for every i ̸= j,

](ui − x, uj − x) > π

2
+ η,
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there exist disjoint cones Y1,Y2 and Y3 such that each Yi contains exactly one lattice direction
in its interior (i.e., one of the four vectors (1, 0), (0, 1), (−1, 0) and (0, −1), denoted by
fi), and there exists ε1 > 0 such that ui ∈ int (y + Yi) for every y ∈ Λε1k(x) and every
i ∈ {1, 2, 3}, and ui ∈ int (uj − Yi) for every i ̸= j.
Definition 4.6 (Event S(t, y))
Given y ∈ Λε1k(x) and t ∈ N, let S(t, y) be the event that the following three conditions
occur:
R1. u1, u2 and u3 are pairwise disconnected in C \ Λt(y),
R2. C intersects ∂Λt(y) in exactly three vertices.

For i = 1, 2, 3, let Ci(t, y) be the connected component of C \ Λt(y) containing ui, and
vi(t, y) = Ci(t, y) ∩ ∂Λt(y). Define C0(t, y) = C \

(
C1(t, y) ∪ C2(t, y) ∪ C3(t, y)

)
. We

will drop the reference to t and y when no confusion is possible.

R3. C0 is contained in ∩3
i=1 (vi − Yi) and Ci ⊂ (vi + Yi) for i ∈ {1, 2, 3}.

C1(t)

C2(t)

C3(t)

C0(t, y)

Λkε

u1

u2

u3

v1 + Y1

v2 + Y2
v3 + Y3

∩3
i=1(vi − Yi)

Λt(y)

v2

v1

v3

Λm

Figure 4.6 – Description of the event S(t, y), namely the cones and the decomposition
of the cluster C into Ci(t) and vi(t), i = 1, 2, 3.

Lemma 4.2 Fix ε1 > 0 and let ε > 0 be sufficiently small. There exists C > 0 such that

µf
D

( ∪
t6Ckε

∪
y∈Λε1k(x)

S(t, y)
∣∣∣ E(u1, u2, u3, x)

)
> 1 − O(e−kε

). (4.27)



146 CHAPTER 4. DETAILED PROOFS ABOUT THE POTTS MODEL

Proof [of Lemma 4.2] First of all, we notice that coarse-graining on the kε-scale en-
ables a reduction to particularly simple geometric structures. Consider a forest skele-
ton of the cluster C at scale kε. Note that, conditionally on E(u1, u2, u3, x), this forest
is in fact a tree Tkε .

We define the trunk tε of Tkε as the minimal subtree of Tkε which spans {u1, u2, u3}.
We define the branches of Tkε as Bε = Tkε\tε. In this case, we obtain the following

reduced geometry of typical Tkε , which holds uniformly in all situations in question,
up to probabilities which are exponentially small in kε:
T1. Tkε does not have branches. This means that the tree Tkε consists only of a

trunk which is a tripod, i.e. with one vertex of degree 3 and all other ver-
tices of degree at most 2. We will write xε for the only triple point of Tkε ,
and Ti

kε = {uni

i,ε, . . . , u
1
i,ε = xε}, i = 1, 2, 3, for the three legs of Tkε . Note that

ui ∈ B̂2kε(uni

i,ε).
T2. Fix κ > 0 small. For every ε > 0 and each ε′ ∈ (0, ε/2), the skeletons Ti

kε′ \

Λkε(xε′) ⊆ xε′ + Yi,2κ as soon as k becomes sufficiently large, where cones Yi,2κ

are defined via
Yi,r =

{
z : ](z, ui − xε′) 6 r

}
. (4.28)

That is, the vertices of each of the three branches of Tkε′ outside the box Λkε are
confined to the respective cones xε′ + Yi,2κ.

Before proving Properties T1 and T2, let us describe how they can be used to prove
the lemma. First of all, note that, by Proposition 4.7, we may assume that |xε′ −
x| 6 δ1k with δ1 > 0 fixed as small as we wish. In particular, we may assume that
ui ∈ int(xε′ + Yi) (see Definition 4.5) and, consequently, that Yi,2κ ⊂ Yi.
By Proposition 4.6, the connected cluster C is included in Tkε′ + 2kε′

Uτ. Therefore,
Properties T1 and T2 imply that C \ Λkε(xε′) = C̃1 ∪ C̃2 ∪ C̃3, where C̃1, C̃2 and C̃3 are
the clusters (in C \ Λkε(xε′)) of u1, u2 and u3 respectively. Note that, by T2, clusters
Ci are confined to the sets (actually truncated cones) (xε′ +Yi,2κ + 2kε′

Uτ) \Λkε(xε′),
which are well separated on the kε-scale. Consequently coarse-graining estimates
developed in [21, Section 2] apply to each of Ci separately. As a result, the claim
of Lemma 4.2 follows by a straightforward adaptation of the mass-gap arguments
of [21, Section 2] applied separately to each of the three disjoint clusters C̃1, C̃2 and
C̃3. For instance, one can show the following: Fix r large enough so that Λkε′ (xε′) ⊂
v − Yi for any v ∈ (xε′ + Yi,2κ) ∩ (Λ2rkε(xε′) \ Λrkε(xε′)) and i = 1, 2, 3. Then, up
to probabilities which are exponentially small in kε, there exists t ∈ [rkε, 2rkε] such
that each of the clusters C̃i contains a Yi-break point on ∂Λt(xε′). That is,
• for i = 1, 2, 3, the intersection vi = C̃i ∩ ∂Λt(xε) is a singleton;
• for i = 1, 2, 3 the cluster C̃i ⊂ (vi + Yi) ∪ (vi − Yi).

This ensures S(t, y) for some y ∈ Λε1k and (4.27) follows.

Proof [of Property T1.] We follow the idea of [21, Lemma 2.1 and 2.2], which consists
of two steps. First we show that, up to probability of order e−ck, the trunk of Tkε is
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ballistic, namely N(t) 6 (1 + δ)k1−ε for some δ > 0, where N(t) denotes the number
of vertices of t. Second we show that, up to probability of order e−ckε , a typical trunk
t has no branches. For the first step,

µf
D

(
N(t) > (1 + δ)k1−ε

∣∣ E(u1, u2, u3, x)
)

=
∑

m>(1+δ)k1−ε

∑
t : N(t)=m

µf
D(t ∩ E(u1, u2, u3, x))

µf
D(E(u1, u2, u3, x))

6
∑

m>(1+δ)k1−ε

(C1k
ε)m exp

[
(−kεm + τG)(1 + ok(1))

]
6 C2 exp(−k(C3(1 + δ) − C4)) < e−C5k for some δ > 0 sufficiently large.

We used the rough upper bound (C1k
ε)m on the number of t for which N(t) = m,

and the fact that τG = O(k). For the second step, let us denote by N(B) the number of
edges of B. Neglecting branches with more than one edge (which have an additional
cost of order e−ckε) each branch has N(t) possibilities to be attached to the trunk. This
implies

µf
D

(
N(B) > 1

∣∣ E(u1, u2, u3, x)
)

6 µf
D

(
N(B) > 1

∣∣ N(t) 6 (1 + δ)k1−ε , E(u1, u2, u3, x)
)

+ O(e−k)

6
(
1 + O(e−kε

)
) (1+δ)k1−ε∑

m=1

(
(1 + δ)k1−ε

m

)
e−C1kεm 6 e−C6kε

.

Proof [of Property T2.] Let us start with a lower bound on µf
D(E(u1, u2, u3, x)) which

will be used later as a test threshold quantity for ruling out improbable events. Let
y be a lattice approximation of x. By the FKG inequality,

µf
D(E(u1, u2, u3, x)) > µf

D

( 3∩
i=1

{
y

D↔ ui

})
>

3∏
i=1

µf
D

(
y

D↔ ui

)
.

Theorem A in [21] gives sharp asymptotics of quantities µf (y↔ ui). These sharp
asymptotics are built upon an effective random walk representation of events {y↔ u}

as described in Subsection 4.1 of the paper. Steps of this random walk have effective
drift from ui towards y, and, since Λk ⊂ D, it is easy to adjust the arguments therein
in order to show that

µf
D

(
y

D↔ u
)

> C0√
k

e−τ(u−y),

uniformly in y ∈ Λk
2

and u ∈ ∂Λk, where C0 (and, similarly, C1, C2, . . . below) is a
universal constant, in the sense that (4.29) applies uniformly in all the situations in
question as soon as k is sufficiently large. Consequently,

µf
D(E(u1, u2, u3, x)) > exp

(
−

3∑
i=1

τ(ui − x) − C1 log k

)
, (4.29)
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also uniformly in all the situations in question as soon as k is sufficiently large.
Next, let us say that w ∈ Ti

kε′ is a 2κ-cone point of Ti

kε′ if Ti

kε′ ⊂ (w − Yi,2κ) ∪
(w + Yi,2κ). In our notation,

τ(Tkε′ ) =

3∑
i=1

τ(Ti

kε′ )

Since τ is a strictly convex norm ([21, Subsection 1.3.2]) ,
τ(Ti

kε′ ) > τ(ui − xε′) + C2k, (4.30)

whenever Ti

kε′ does not contain 2κ-cone points at all. This is essentially Lemma 2.4
of [21]. In view of (4.19), and in view of the lower bound (4.29), we are entitled to
ignore the situation when any of the Ti

kε′ does not have 2κ-cone points at all.
In the sequel, we use w∗

i to denote the first 2κ-cone point of Ti

kε′ (starting at xε ′) and
Ni to denote its serial number; that is, w∗

i = u
Ni

i,ε′ . Define Ti,∗
kε′ = {u1

i,ε′ , . . . , uNi

i,ε′ = w∗
i }

as the portion of Ti

kε′ up to w∗
i . Given y and w = (w1, w2, w3), define the percolation

event Eε′(y, w) ⊂ E(u1, u2, u3, x) as
Eε′(y, w) =

{
xε′ = y ; w∗

i = wi for i = 1, 2, 3
}
.

In view of (4.29), Property T2 will follow as soon as we shall have checked that

µf
D (Eε′(y, w)) 6 e−

∑
i τ(ui−y)−C3kε

, (4.31)
uniformly in k, tripods Tx, y and w ̸⊂ Λkε(y). For fixed realizations Ti,∗ of Ti,∗

kε′ we
have

µf
D

(
Eε′(y, w); Ti,∗

kε′ = Ti,∗ for i = 1, 2, 3
)

6 exp
{

−

3∑
i=1

{
τ(ui − wi) + τ(Ti,∗)(1 − okε′ (1))

}
+ C4k

2ε′
}

. (4.32)

This follows from (4.19) and from the finite energy property (applied for configu-
rations on ΛC5kε′ (wi)) of the FK measures. Indeed, the finite energy property and
the exponential ratio mixing property (4.6) enable to decouple between the event∩

i

{
Ti,∗

kε′ = Ti,∗} and the events ∩i

{
wi

wi+Yi,2κ←→ ui

}.
Assume, for instance, that w1 ̸∈ Λkε(y). There are two cases to consider:
Case 1: w1 ∈ y + Y1,κ. Then, as by definition T1,∗ does not contain any 2κ cone

points, exactly as in (4.30) we get τ(T1,∗) > τ(w1 − y) + C6 |w1 − y|. As in (4.20) we
can upper bound the entropic factor related to the number of possible compatible
realizations T1,∗ by

(kε′
)N1 6 exp

(
C7|w1 − y|

log k

kε′

)
. (4.33)

The entropic factor (4.33) as well as the factor C4k
2ε′ of (4.32) are suppressed if we

choose ε > 2ε′, and (4.31) follows.
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Case 2: w1 ∈ (y+Y1,2κ)\(y+Y1,κ). By construction, τ(T1,∗) > τ(w1−y). However,
by the sharp triangle inequality (4.2),

τ(w1 − y) + τ(u1 − w1) − τ(u1 − y) > C8 |w1 − y| ,

uniformly in w1 under consideration. Again, the entropic factor (4.33) as well as the
factor C4k

2ε′ of (4.32) are suppressed if we choose ε > 2ε′, and (4.31) follows.

Lemma 4.3 Let Sε(y) =
∪

t6Ckε S(t, y). There exist two universal constants κ > 0 and
C < ∞ such that

µf
D

(
Sε(y)

∣∣ E(u1, u2, u3, x)
)

= O

(
k12ε−1 exp

(
−κ

|y − x|
2

k

))
, (4.34)

uniformly in y ∈ Λε1k(x).

Proof Decompose

S(t, y) =
∪
W

SW(t, y)

according to the triple W = {v1 − y, v2 − y, v3 − y} ⊂ ∂Λt which shows up in the
definition. From now on, we set w1 = v1 − y, w2 = v2 − y and w3 = v3 − y.

Since, under the event SW(t, y), we have that C0 ⊆
∩3

i=1 (vi − Yi) and that the
points ui lie deep in the interior of the corresponding cones vi +Yi, with vi ∈ ∂Λt(y)
and t 6 Ckε, the Ornstein-Zernike asymptotics of [21, Theorem A] imply that

µf
D

( 3∩
i=1

{Ci ⊂ vi + Yi}
∣∣∣ C0(t, y)

)
= Θ

(
k−3/2 e−

∑3
i=1 τ(ui−vi)

)
, (4.35)

uniformly in any possible realization C0 of C0(t, y) compatible with SW(t, y). Note
that if C0(t, y) is compatible with SW(t, y), then shifts Cu

0
∆
= C0 + u are compatible

with shifted events SW(t, y + u).
Recall Definition 4.4 of ϕ(y). Given a triple W = {w1, w2, w3} ⊂ ΛCkε , let us define

ϕW(y) =

3∑
i=1

τ(ui − wi − y).

Together with (4.35), we obtain

µf
D

(
SW(t, y)

)
µf

D

(
SW(t, z)

) =

∑
C0

µf
D

(∩3
i=1{Ci ⊂ y + wi + Yi}

∣∣∣ C0

)
µf

D(C0(t, y) = C0)∑
C0

µf
D

(∩3
i=1{Ci ⊂ z + wi + Yi}

∣∣∣ C0

)
µf

D(C0(t, z) = Cz−y
0 )

= Θ
(
eϕW(y)−ϕW(z)

)
, (4.36)
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uniformly in t 6 Ckε, W = {w1, w2, w3} ⊂ ∂Λt and y, z ∈ Λε1k, where the sum is
over C0 compatible with SW(t, y) and where in the last line we used classical ratio-
mixing properties of subcritical random-cluster measures [6, Theorem 3.4] and (4.6)
to compare µf

D(C0(t, y) = C0) and µf
D(C0(t, z) = Cz−y

0 ).
The function ϕW has a non-degenerate quadratic minimum at some xmin(W) (see [19,

Lemma 3]). In view of the homogeneity of τ, a quadratic expansion around xmin
yields

ϕW(y) − ϕW(xmin) = Θ

( |y − xmin|
2

k

)
, (4.37)

uniformly in all situations in question. Since |ϕ(y)−ϕW(y)| = O(kε), its minimizers
xmin(W) solve

F(x,W)
∆
= ∇xϕW(x) = 0.

Since Hess(ϕ) is non-degenerate at x, the implicit function theorem applies. As a
result, |xmin(W) − x| = O(

∑
i |wi|) = O(kε) uniformly in all W in question. This fact,

together with (4.37), yields that

ϕW(y) − ϕW(x) = Θ

( |y − x|
2

k
+ k2ε−1

)
. (4.38)

Since there are at most O(k3ε) possible choices for W and O(kε) possible choices for
t, we deduce from (4.36) and (4.38) that

1
O(k4ε)

exp
(
−C1

|y − x|2

k

)
6 µf

D(Sε(y))

µf
D(Sε(x))

6 O(k4ε) exp
(
−C2

|y − x|2

k

)
. (4.39)

Above Sε(x) means in fact Sε(⌊x⌋). We can now compute

µf
D(Sε(y) | E(u1, u2, u3, x)) =

µf
D(Sε(y))

µf
D(Sε(x))

· µf
D(Sε(x))

µf
D(E(u1, u2, u3, x))

6 O(k4ε) exp
(
−C2

|y − x|2

k

) µf
D(Sε(x))

µf
D(E(u1, u2, u3, x))

(4.40)

where we used the second inequality in (4.39). In order to see that the rightmost term
in (4.40) is of the right order, observe that |y − x| 6 k1/2−ε implies that e−C2|y−x|2/k

is of order 1, and therefore the ratio in (4.39) is smaller than O(k4ε). Therefore, by
looking at the k1−2ε sites which are at distance at most k1/2−ε from x, we deduce,
using the first inequality in (4.39), that

µf
D(Sε(x)) 6 O(k−1+6ε)

∑
y∈Λ

k1/2−ε(x)

µf
D(Sε(y)) 6 O(k−1+8ε)µf

D(E(u1, u2, u3, x)),

where in the second inequality, we used the fact that in a given configuration there are
at most O(k2ε) sites y such that the corresponding events Sε(y) occur. This implies
that

µf
D

(
Sε(x)

)
µf

D

(
E(u1, u2, u3, x)

) 6 O(k8ε−1).
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Together with (4.40), we obtain (4.34).
Lemmas 4.2 and 4.3 imply that

µf
D

(
C ∩Λkε ̸= ∅

∣∣ E(u1, u2, u3, x)
)

6
O(k12ε−1)

∑
y∈Λε1k(x)

e−κ|y−x|2/kµf
D

(
C ∩Λkε ̸= ∅

∣∣ Sε(y)
)

+ O
(
e−kε)

. (4.41)

It remains to provide an upper bound on µf
D

(
C ∩ Λkε ̸= ∅

∣∣ Sε(y)
). There are two

cases to consider:
Case 1: y ∈ Λ2Ckε . In this case, we simply use

µf
D

(
C ∩Λkε ̸= ∅

∣∣ Sε(y)
)

6 1. (4.42)

The total contribution to the right-hand side of (4.41) is then bounded by O(k14ε−1),
which is negligible with respect to our target estimate (4.26).
Case 2: y ̸∈ Λ2Ckε . In this case, Λkε can intersect at most one of the ΛCkε(y)+Yi, and
therefore can be hit by only one cluster Ci. Without loss of generality, let us assume
that Ci = C1. Conditioning on the smallest t such that S(t, y) occurs as well as on C0,
C2 and C3, the cluster C1 obeys, as was explained after (4.24), a diffusive scaling. In
particular,

µf
D

(
z ∈ C1

∣∣ S(t, y), C0, C2, C3
)

= O

( 1√
|v1 − z|

exp
[
−κ ′dτ(z, [v1, u1])

2

|v1 − z|

])
.

In the previous inequality, v1 = v1(t, y). We find:

µf
D

(
C ∩Λkε ̸= ∅

∣∣ S(t, y), C0, C2, C3
)

6
∑

z∈∂Λkε

µf
D

(
z ∈ C1

∣∣ S(t, y), C0, C2, C3
)

6
∑

z∈∂Λkε

O

( 1√
|v1 − z|

exp
[
−κ ′dτ(z, [v1, u1])

2

|v1 − z|

])
= O

( kε√
|y|

exp
{
−κ′′dτ(0, [y, u1])

2

|y|

})
. (4.43)

In the last line, we used the fact that y, v1 /∈ ΛCkε and |v1 − y| 6 Ckε. Let us substi-
tute (4.43) into the sum on the right-hand side of (4.41) to obtain

µf
D

(
C ∩Λkε ̸= ∅

∣∣ E(u1, u2, u3, x)
)

6 O(e−kε

) + O(k14ε−1)

+ O(k13ε−1)
∑

y∈Λε1k(x)\Λ2Ckε

1√
|y|

exp
[

− κ
|y − x|

2

k
− κ′′dτ(0, [y, u1])

2

|y|

]
. (4.44)
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After a simple estimate, we see easily that the sum on the right is bounded above as

2
∑

y∈Λ
k1/2+ε(x)\Λ2Ckε

1√
|y|

exp
[

− κ′′dτ(0, [y, u1])
2

|y|

]

6
|x|+k1/2+ε∑

ℓ=max{2Ckε,|x|−k1/2+ε}

O(
√

ℓ)√
ℓ

= O(k
1
2+ε),

uniformly in x. In order to obtain the first inequality, we used the fact that the term
exp(−κ|y−x|2/k) is very small for sites outside of Λk1/2+ε(x). For the second, observe
that sites y at distance ℓ contributing substantially to this sum must satisfy the con-
dition that 0 is at distance O(

√
ℓ) of [y, u1]. There are O(

√
ℓ) of them. This concludes

the proof. �



Part 2
A few notes on the

discrete Gaussian Free Field
with disordered pinning on Zd, d > 2

Derrière les ennuis et les vastes chagrins
Qui chargent de leur poids l’existence brumeuse,
Heureux celui qui peut d’une aile vigoureuse
S’élancer vers les champs lumineux et sereins.

Charles Baudelaire, “Elévation”.
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Chapter 5
A short review of

homogenous and disordered systems
related to our model

In this chapter we present a short overview of the state of the art con-
cerning models of pinned interfaces. First of all, we describe the discrete
Gaussian free field (GFF), which we choose as the free (unpinned) interface
model. Then, we present known results about the homogenous pinning
of the GFF. Finally, we review the present knowledge about disordered
pinning of interface models: the 1-dimensional case covers the so-called
“polymers” in random environment, which have been studied a lot in the
last decade, while in dimension 2 and more, much less is known. We end
by introducing our new results which constitute some progress in the lat-
ter case, and by stating some open problems.

5.1 The discrete Gaussian free field

The discrete Gaussian free field is an interface model in Zd×R, which can also be seen
as a spin model where the spins take value in a non-compact set, R. A configuration
of the GFF is an application φ : Zd → R. We write the configuration space Ω = RZd .
Let Λ b Zd, the Hamiltonian in Λ associated to the GFF is

HΛ(φ) =
1
4d

∑
{x,y}∩Λ ̸=∅

x∼y

(φx − φy)2, (5.1)
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The Gibbs measure of the GFF in Λ with boundary condition φ̄ ∈ Ω is the probability
measure on Ω given by

µφ̄
Λ(dφ) =

1
Zφ̄

Λ

exp (−βHΛ(φ))
∏
x∈Λ

dφx

∏
y∈Λc

δφ̄(dφy), (5.2)

where δa is the Dirac measure at a, and Zφ̄
Λ is the normalizing constant. The param-

eter β is actually irrelevant since we can make the change of variables φ → φ/
√

β

and obtain the same model with β = 1. For this reason, we will henceforth assume
β = 1 and omit it from the notations.

Figure 5.1 – Interpretation of the 2d Gaussian free field as an interface in R3.

The GFF measure (5.2) is Gaussian, and thus characterized by its mean and covari-
ance matrix. There exists a useful representation of the latter in terms of the Green
function of the simple symmetric random walk on Zd.

Proposition 5.1 Let ((Xn)n, Px) be a simple symmetric random walk on Zd starting at x,
and τΛ be its exit time from the box Λ. Then,

µφ̄
Λ(φx) = Ex

[
φ̄XτΛ

]
µφ̄

Λ(φxφy) = Ex

[
τΛ−1∑
n=0

1[Xn=y]

]
.

We refer to [25] for the proof. As the simple random walk is recurrent in d = 2
and transient in d > 3, the variances diverge in d = 2, and stay bounded for d > 3 as
Λ ↑ Zd. More precisely, we have the following estimates
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Proposition 5.2 There exists constants c(d) > 0 such that the variance of the GFF in the
box Λ = {−n, . . . , n}d satisfies, as n→∞,

µφ̄
Λ(φ2

x) − (µφ̄
Λ(φx))2 =

 (c(1) + o(1)) · n for d = 1
(c(2) + o(1)) · log n for d = 2
c(d) + o(1) for d > 3

independently of the boundary condition φ̄.

We do not focus on the set of Gibbs measures of the models in this part of the
manuscript, but note that the later proposition implies in particular that there are no
infinite volume Gibbs measures for the GFF in dimension 1 and 2. In higher dimen-
sions, d > 3, there exist uncountably many infinite-volume Gibbs measures, even
when considering only bounded boundary conditions. See [25].

An important property of the GFF is the FKG inequality. There exists indeed a
partial order on the configurations in Ω: we say that

φ 6 φ̃ iff φx 6 φ̃x ∀ x ∈ Zd

A function f : Ω→ R is said to be increasing if f(φ) 6 f(φ̃) for φ 6 φ̃.

Proposition 5.3 (FKG inequality) Let f and g be two increasing functions from Ω to R,
and Λ b Zd. Then, for any boundary condition φ̄,

µφ̄
Λ(f · g) > µφ̄

Λ(f) · µφ̄
Λ(g)

This remains true for measures with density with respect to µφ̄
Λ of the form exp(

∑
x h(φx)),

for h ∈ C2.

We refer to [25] for a proof and for more informations about the GFF. See also [84]
for random walks estimates.

5.2 Homogenous pinning of the discrete Gaussian free field
The following model breaks the continuous symmetry of the GFF Hamiltonian, by
pinning the field at height 0. The configuration space is still Ω = RZd and the so-
called “delta-pinning” measure with intensity ε and boundary condition 0 (dropped
from the notation) is:

µε
Λ(dφ) =

1
Zε

Λ

exp (−HΛ(φ))
∏
x∈Λ

(dφx + εδ0(dφx))
∏

y∈Λc

δ0(dφy), (5.3)

with ε > 0 and HΛ given by (5.1).
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To analyze the properties of the model with pinning (ε > 0), it is convenient to
map it onto a model of a random walk in an annealed random environment of killing
obstacles. To achieve that, we can expand the product ∏

x∈Λ dφx + εδ0(dφx), as in
a high temperature expansion. Let A = {x ∈ Λ : φx = 0} be the random variable de-
scribing the set of pinned sites. By simple computations, for any integrable function
f : RΛ 7→ R, we have:

µε
Λ(f) =

∑
A⊂Λ

µε
Λ(f | A = A) · µε

Λ(A = A) =
∑
A⊂Λ

µ0
Λ\A(f) · µε

Λ(A = A). (5.4)

For simplicity we denote νε
Λ(A) + µε

Λ(A = A). Conditionally on A, the measure µε
Λ

is Gaussian with covariances described by the random walk representation above.
We get for example an expression for the covariance of the field φ under the mea-
sure µε

Λ in terms of the Green function of the random walk in an annealed random
environment of killing traps of distribution νε

Λ.

Important results concerning the pinned sites distribution were obtained in [16]. First
of all, the measure νε

Λ is strong FKG in the sense of [35], with a partial order on the
set of pinned sites which is the inclusion. Moreover, it can be compared with i.i.d.
Bernoulli distributions. Let Bα

Λ be the Bernoulli product measure (or site percolation)
of parameter α ∈ [0, 1] in the box Λ, namely the measure on subsets of Λ given by
Bα

Λ(A = A) = α|A|(1 − α)|Λ|−|A|.

Proposition 5.4 There exist constants 0 < c+(d) < c−(d) < ∞ such that for any Λ, any
B ⊂ Λ, and ε sufficiently small, we have

B
c−(d)g(ε)
Λ (A ∩ B = ∅) 6 νε

Λ(A ∩ B = ∅) 6 B
c+(d)g(ε)
Λ (A ∩ B = ∅), (5.5)

where
g(ε) =

{
ε| log ε|−1/2 d = 2,
ε d > 3.

For d > 3, an even stronger statement is true; the distribution of the pinned sites
is strongly stochastically dominated by B

c+(d)ε/(1+c+(d)ε)
Λ and strongly stochastically

dominates B
c−(d)ε/(1+c−(d)ε)
Λ , namely,

Proposition 5.5 Let d > 3. For any C ⊂ Λ,

c−(d)ε

1 + c−(d)ε
6 νε

Λ(x ∈ A | A\{x} = C) 6 c+(d)ε

1 + c+(d)ε
. (5.6)

The proof can be found in [16, Theorem 2.4].
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Concerning the behavior of the interface, it is known that an arbitrarily weak pin-
ning ε is sufficient to localize the interface. Indeed, in [28], Deuschel and Velenik
proved that the infinite volume Gibbs measure µε exists in all d > 1 and that for any
ε small enough and all K large enough 1,

− log µε(φ0 > K) ≍d

 K d = 1,
K2/ log K d = 2,
K2 d > 3.

The so-called mass, or rate of exponential decay of the two-point function, associated
to the infinite volume Gibbs measure µε,0 is defined, for any x ∈ Sd−1, by

mε(x) + − lim
k→∞

1
k

log Covε(φ0φ[kx]).

where [x] is the vector of integer parts of x’s coordinates. In [57] Ioffe and Velenik
showed that for any d > 1,

inf
x∈Sd−1

mε(x) > 0.

The localization of the interface becomes weaker as ε → 0, we can quantify this by
studying the behavior of the variance and the mass of the field in this limit. The most
precise results were proved by Bolthausen and Velenik in [16], and can be stated as
follows. For d = 2 and ε small enough,

µε(φ2
0) =

1
π

| log ε| + O(log | log ε|).

For ε small enough,

mε ≍d

{ √
ε| log ε|−3/4 d = 2,√
ε d > 3.

5.3 Similar disordered systems
The goal of this section is to present known results about some variant of the inter-
face models presented above, but which have another random feature, usually called
random environment.

For most of them, it is the pinning parameter which is randomly chosen from one
site to the other. When a realization of this random environment is chosen at random
and fixed, the quantities associated to the model are called “quenched”. When the
average over the environment is performed before taking expectation values (w.r.t.
Gibbs measures), the associated quantities are called “annealed”.

The rate of exponential volume-growth of the partition function of a model (up
to a constant) is called the free energy. It will be defined rigorously in Section 5.4.
As we will see, the quenched and annealed free energies are important quantities
in the study of statistical mechanics systems in random environment. The natural
questions to be asked in this field will appear throughout the text.

1 a ≍d b means that there exist two constants 0 < c1 6 c2 < ∞, depending only on d, such that
c1b 6 a 6 c2b.
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5.3.1 Dimension 1: Random polymers in random media
In [9], Alexander and Sidoravicius studied the following 1-dimensional model of a
random walk called “polymer” which is randomly attracted or repulsed at a certain
height. More generally, they consider a polymer, with monomer locations modeled
by the trajectory of an integer valued Markov chain (Xi)i∈Z, in the presence of a po-
tential (usually called a “defect line”) that interacts with the polymer when it visits
0. Formally, let Vi be an i.i.d. sequence of 0-mean random variables, the model is
given by weighting the realization of the chain with the Boltzmann term

exp

(
β

n∑
i=1

(u + Vi)1[Xi=0]

)
.

Their purpose was to study the localization transition in this model. If a positive
fraction of monomers is at 0, we say that the polymer is pinned. In the plane β vs.
u, critical lines are defined: for β fixed, let uq

c (β) (resp. ua
c (β)) the quenched (resp.

annealed) critical value of u above which the polymer is pinned with probability
1 (for the quenched (resp. annealed) measure). They show that the quenched free
energy and critical point are nonrandom, computed the critical point for a determin-
istic interaction (i.e. Vi ≡ 0) and proved that the critical point in the quenched case
is strictly smaller.
Note that when the underlying chain is a symmetric simple random walk on Z, the
deterministic critical point is known to be 0, so having the quenched critical point
(uc(β)) strictly negative means that, even when the disorder is repulsive on average,
the chain is pinned. This result was obtained by Galluccio and Graber in [39] for a
periodic potential, which is frequently used in the physics literature as a “toy model”
for random environment.
In [47], Giacomin and Toninelli investigated the order of the localization transition
in general models of directed polymers pinned on a defect line.
They prove that for quite a general class of models, as soon as disorder is present,
the transition is at least of the second order, i.e. the free energy is differentiable at the
critical line and the order parameter (which is the density of pinned sites) vanishes
continuously at the transition.
This is particularly interesting as there are examples of non-disordered systems with
first order transition (cf. for example [44], Proposition 1.6, for (1 + d)-dimensional
directed polymers and d > 5). The result thus implies that the introduction of a
disorder may have a smoothening effect on the transition. For 1-dimensional models,
the renewal structure of the return times to 0 plays important role, in particular it
simplifies a lot of computations.

In [8], Alexander emphasized this fact by assuming that the tails of the excursion
length between consecutive returns of X to 0 are as n−cϕ(n) (for some 1 < c < 2 and
slowly varying ϕ). He analyzed the quenched and annealed critical curves in the
plane (u, β) for different values of c, showing that for c > 3/2 at high temperature the
quenched and annealed curves differ significantly only in a very small neighborhood
of the critical point, whereas for c < 3/2 the quenched and annealed critical points
are equal. This was a prediction made by theoretical physicists on the basis of the
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so-called Harris criterion (see [44], Section 5.5, for more informations). The relevant
case in the framework of this paper is the case of the Markov chain given by a simple
symmetric random walk on Z, which corresponds to c = 3/2 and ϕ(n) ∼ K for K > 0,
which is borderline.

Progress on this question has been made recently by Giacomin, Lacoin and Toni-
nelli in [45] and [46]. They prove that in the borderline case c = 3/2, the disorder
is relevant in the sense that the quenched critical point in shifted with respect to
the annealed one. They consider i.i.d. Gaussian disorder in the first paper and ex-
tend the result to more general i.i.d. laws, as well as refine the lower bound on the
shift, in the second paper. Note that this case includes pinning of a directed poly-
mer in dimension (1+1) as already mentioned2, but also the classical models of two-
dimensional wetting of a rough substrate, pinning of directed polymers on a defect
line in dimension (3 + 1) and pinning of an heteropolymer by a point potential in
three-dimensional space.

5.3.2 Dimension 2 (and more): Random surfaces in random media
5.3.2.1 Diluted pinning, known results

The only result about random pinning in more than one dimension we are aware of
is [59]. In this paper, Janvresse, De La Rue and Velenik considered a version of the
delta-pinning model (5.3) in dimension 1 and 2 where the parameter ε can be either
0 or η on each site of the lattice. This is a model for an interface interacting with an
attractive diluted potential. They show that the interface is localized in a sufficiently
large but finite box (in the sense that there is a density of pinned sites) if and only if
the sites at which the pinning potential is non-zero have positive density. Note that in
this paper they characterize the set of realizations of the environment for which pin-
ning holds (the disorder is fixed, not sampled from some given distribution), which
is stronger than an almost sure result.

5.3.2.2 Random magnetic fields, known results

We also mention a series of papers by Kuelske et al. ([64], [86], [65] which study a
model with disordered magnetic field (instead of disordered pinning potential). For
example, Kuelske and Orlandi studied the following model in dimension 2

µ
ε,η
Λ (dφ) =

1
Z

ε,η
Λ

exp

(
−

1
4d

∑
x∼y

V(φx − φy)+

+
∑
x∈Λ

ηxφx

)∏
x∈Λ

(dφx + εδ0(dφx))
∏

y∈Λc

δ0(dφy),

where η = (ηx)x∈Λ is an arbitrary fixed configuration of external fields and V is not
growing too slowly at infinity. Without disorder (η ≡ 0), the interface is localized

2We speak about “polymer in dimension (d+1)” when the state space of the Markov chain X is of dimension d.
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for any ε > 0 [16]. One could expect that in presence of disorder and at least for
very large ε the interface is pinned. However, the authors show that this is not the
case: the interface diverges regardless of the pinning strength. This implies that an
infinite-volume Gibbs measure for this model does not exist. One could hope for
the existence of the so-called gradient Gibbs measure (Gibbs distributions of the in-
crements of the interface). In [86] Van Enter and Kuelske proved that such (infinite
volume) measures do not exist in the random field model in dimension 2. Note that
gradient Gibbs measures may exist, even when the corresponding Gibbs measure
does not. This happens when the interface is locally smooth, although at large scales
its fluctuations diverge. This is the case for the two-dimensional Gaussian free field.

5.4 New results
In collaboration with Piotr Mi loś we studied two models belonging to the so-called
effective interface class. As above, for Λ b Zd, let φ = (φx)x∈Λ represent the heights
of the interface above or below sites in Λ. We always refer to φ as “the interface”
or “the field”. The models are defined in terms of a Gaussian pair potential and a
random potential term at interface height zero (or close to zero). Both models hence
contain two levels of randomness. The first one is e which we refer to as “the envi-
ronment”, and the second one is the actual interface model, depending on e.

The dimensions 1 and 2 are physically relevant as interface models. In our work
we focus on d > 2 which is a step towards the understanding of random (hyper-
)surfaces in random environment. We recall that one-dimensional models have been
well-studied in the last decade, but only a few works are about higher dimensions
(see Section 5.3.1).

5.4.1 The δ−pinning model (attractive potential)
In the first model, which is an easy case we can consider as a warm up for the ques-
tions we treat, we consider only attractive potential and random δ-pinning intensities
which follow a Bernoulli law:

µe
Λ(dφ) =

1
Ze

Λ

exp (−HΛ(φ))
∏
x∈Λ

(dφx + exδ0(dφx))
∏

y∈Λc

δ0(dφy), (5.7)

where HΛ(φ) is given by (5.1) and as usual Ze
Λ is the partition function, i.e. it nor-

malizes µe
Λ so it is a probability measure. The environment e + (ex)x∈Λ is given by

positive i.i.d. Bernoulli random variables on Zd standing for the quenched disorder,
which thus represents a random attraction strength at height 0:

P(ex = e) = p = 1 − P(ex = e) for some 0 < e < e and p ∈ (0, 1)

We write
e⋆ + pe + (1 − p)e and σ2 + pe2 + (1 − p)e2 − (e⋆)2

for the average and variance of ex, respectively.
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The annealed model is obtained by averaging the weights over the disorder. It
thus corresponds to a model with homogenous delta-pinning of parameter e⋆. In
particular,

EZe
Λ = Ze⋆

Λ

5.4.2 The attractive / repulsive model
In the second model, we consider an attractive/repulsive square potential, and a
general environment law:

µe
Λ(dφ) =

1
Ze

Λ

exp

(
−HΛ(φ) +

∑
x∈Λ

(b · ex + h)1[φx∈[−a,a]]

)∏
x∈Λ

dφx

∏
y∈Λc

δ0(dφy)

(5.8)
where a, b > 0, h ∈ R and HΛ(φ) is given by (5.1). We consider the environment
e + (ex)x∈Λ to be given by any i.i.d family of random variables such that E(ex) = 0,
Var(ex) = 1, and

E(eb·ex+h) < ∞.
The parameter b is usually called the “intensity of the disorder”, while h is its av-
erage. The disordered potential attracts or repells the field at heights belonging to
[−a, a]. Observe that the annealed model corresponds to a model with homogenous
potential height equal to ℓ + log E(ebex+h). In particular,

EZe
Λ = Zℓ

Λ

Note that ℓ depends only on the law of e. The assumption E(ebex+h) < ∞ is the
minimal one in order for the annealed model to be well defined.

5.4.3 Existence of the free energy
The quenched and annealed free energies per site in Λ b Zd are defined by

f
q
Λ(e) + 1

|Λ|
log
(

Ze
Λ

Z0
Λ

)
, fa

Λ + 1
|Λ|

log
(

EZe
Λ

Z0
Λ

)
,

where Z0
Λ denotes the partition function of the Gaussian free field. This normaliza-

tion is chosen such that the free energy of the model with no pinning (which is the
GFF) is zero.

The questions we are addressing in our work are the usual ones concerning sta-
tistical mechanics models in random environment:
Is the quenched free energy non-random? Does it differ from the annealed one?
Can we give a physical meaning to the strict positivity (resp. vanishing) of the free
energy? What can be said concerning the quenched and annealed critical lines (sur-
faces) in the space of the relevant parameters of the system?

For both models we proved that (fq
Λ(e))

Λ
converges to a non-random quantity as

Λ ↑ Zd provided the Van Hove criterion is satisfied, namely |∂Λ|/|Λ|→ 0. It is called
the infinite volume quenched free energy, and is denoted by fq. The same proof can
be used to show that fa

Λ → fa as Λ ↑ Zd under the same condition.
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Theorem 5.1 For models (5.7) and (5.8), the following limit exists

f
q
Λ(e)→ fq(e)

almost surely and in L2 as Λ ↑ Zd provided |∂Λ|/|Λ|→ 0.
Moreover, the quenched free energy is deterministic, namely

fq(e) = Efq(e) a.s.

The proof of this result in dimension 1 can be found in [47].
Remark 5.1 In the attractive/repulsive model, the quenched and annealed free energies are
convex functions of h, for fixed b. This can be immediately checked by noting that in finite
volume ∂2

hf
q
Λ(e) = Var(∑x∈Λ 1[|φx|6a]) > 0. Hence, by elementary properties of convex

functions, fq and fa are increasing functions of h, since ∂+
hfq = µe(

∑
x 1[|φx|6a]) > 0.

5.4.4 Strict inequality between quenched and annealed free energies
Comparing the free energy for the quenched and annealed models is useful for study-
ing the effect of the environment on the system. The case when they are different
indicates that the disorder of the environment has some macroscopic effect.

By the Jensen inequality and the L1 convergence of f
q
Λ(e), it is easy to see that

fq 6 fa a.s.

Theorem 5.2 For models (5.7) and (5.8),

fq < fa a.s. whenever fa > 0.

We provide also some estimates on the difference fa − fq in terms of σ2 = Var(e)
for model (5.7), and in terms of ℓ for model (5.8).

5.4.5 Attraction by a repulsive in average environment
Intuitively a model with positive free energy has a positive density of pinned points
while a model with zero free energy is delocalised. We prove this statement rig-
orously for both models. In particular, we prove that the quenched free energy is
always strictly positive in case of model (5.7), while it is strictly positive for ℓ > 0
and vanishes for ℓ 6 0 in case of model (5.8).

This fact, together with Remark 5.1, motivates the definition of critical lines in the
case of model (5.8), which are delimiting the region where fq = 0 (resp. fa = 0) from
the region fq > 0 (resp. fa > 0).

hq
c (b) + sup{h ∈ R : fq(e) = 0} and ha

c (b) + sup{h ∈ R : fa = 0}
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We are interested in describing the behavior of these quantities in the phase dia-
gram described by the plane (b, h). Knowing the behavior of the homogenous model
for positive pinning [16], we easily deduce that the annealed critical line is given by
the equation ℓ = 0. Note that fq 6 fa implies that hq

c (b) > ha
c (b).

Theorem 5.3 For model (5.8), in the Bernoulli case P(ex = −1) = P(ex = +1) = 1/2, the
quenched critical line hq

c (b) lies strictly below the axis h = 0 in the neighborhood of b = 0
for all dimensions d > 2.

We also provide some estimates on hq
c (b) near b = 0. The extension of this result

to more general environment laws is expected. Our result shows in particular that
there exists a non trivial region where h < 0, b > 0 and fq > 0, i.e. where the field is
localized though it is repulsed on average by the environment, see Figure 5.2.

fa = 0
fq = 0

fa > 0

fq > 0

fq =?

Figure 5.2 – Phase diagram of the model. The red curve is the annealed critical line; the
blue one is our bound on the quenched critical line.

Note that we do not have any estimate on the behavior of hq
c (b) − ha

c (b). Hence
our results do not allow us to treat the questions concerning critical exponents of the
system, nor the order of the phase transition, in presence (absence) of disorder. This
has been done for a certain class of 1-dimensional systems (see Section 5.3.1), and is
a much more difficult problem in dimension 2 and above.

5.5 Open problems
The models we studied lend to number of extensions. We list here a selection, with
brief comments.
• Path-wise description of the interface. In the positive free energy region, for

model (5.8), one expects localization, i.e. the finite variance of φx and exponen-
tial decay of correlations. A much more difficult question concerns the behavior
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of the interface near the critical line. Does it behave the same as in the homoge-
nous case (i.e. second order transition with the density of pinned sites decreas-
ing linearly for d > 3, and with a logarithmic correction for d = 2) ? Or does
the presence of disorder have a smoothening effect on the transition (as it was
proven for certain 1-dimensional models) ?
In the zero free energy region, we expect the behavior similar to the entropic re-
pulsion for the GFF: in a box of size n the interface should be repelled at height
± log n in d = 2 and ±√log n in d > 3 (see [27] and references therein for de-
tails). The ± stems from the fact that the model is symmetric with respect to
reflection at zero height, hence with probability 1/2 it either goes upwards or
downwards.
• Description for non Gaussian pair-potential. A natural conjecture is that the

behavior of the models (5.7) and (5.8) is the same if we change the Gaussian
term (φx − φy)2 to any other uniformly convex potential V(φx − φy). Some
results can be extended to this case in the homogenous setting [16].
• Non-nearest neighbors interactions. We restricted our work to the case of

the nearest neighbors interactions. We suspect that the results hold true for
fast decaying interactions, at least with condition like in [16, (2.1)] (which en-
sures a control of the random walk’s behavior in the random walk representa-
tions). Note that As the behavior of the homogenous pinning model beyond
this regime is not known, we are unable to pose any further conjectures.
• Non i.i.d. environment laws. Going beyond the i.i.d. case is a very interest-

ing direction. Two natural cases would be the stationary Bernoulli field or the
quenched chessboard like configuration. These questions may be closely con-
nected to convexity/concavity properties of the annealed free energy function
in terms of the homogenous pinning parameter. The understanding of this case
is still limited. It would be interesting to know if finite range environment laws
change the picture, as it is sometimes the case in models with bulk disorder but
it seems difficult to answer this question rigorously.
• Geometry of pinned sites. The geometry of the pinned sites is still not fully

understood in the homogenous case. For the d > 3 the law of pinned sites
resembles a Bernoulli point process. It is conjectured that once the pinning tends
to zero, under suitable re-scaling, this field converges to Poisson point process.
For d = 2 the situation is not clear at all, since it is expected that the dependency
between the points will be preserved in the limit (implying the limit being non-
Poissonian). Not only these questions propagate to the non-homogenous case
but also new ones arise. E.g. for model (5.8) it would be interesting to study the
joint geometry of attractive and repulsive sites.
• Models with wetting transition. The effects of introducing a disorder in other

models with pinning might be interesting, for example in models exhibiting a
wetting phenomenon. In the case of the massless Gaussian model in d = 2, it
is known [22] that the wetting transition takes place at a non-trivial point. A
natural question to ask is, if adding disorder shifts this point.



Chapter6
Random Bernoulli δ-pinning

(attractive environment)

This chapter treats the case of a “toy model” we studied in order to get
intuition about the addition of a random environment to a pinning model.
The proof of existence of the free energy is much shorter in this case and
contains the heuristics of the proof in the general case (given in the next
chapter). That is why we present it here.

6.1 Pinned sites representation
We recall the notations introduced in the previous chapter. We denote by Ω = RZd the
set of configurations of the model. For Λ b Zd, the measure of the discrete Gaussian
Free Field with random δ-pinning e, with 0 boundary condition, is

µe
Λ(dφ) =

1
Ze

Λ

e−βHΛ(φ)
∏
x∈Λ

(
dφx +

√
βexδ0(dφx)

) ∏
y∈Λc

δ0(dφy), (6.1)

where the Hamiltonian HΛ is given by (5.1). The non-homogenous pinning envi-
ronment is denoted by e + (ex)x∈Λ. We consider the law of e given by a Bernoulli
product measure. Namely, independently on each site x ∈ Λ:

ex =

{
e with probability p

e with probability (1 − p),
(6.2)

for some fixed triplet (e, e, p) such that 0 < e < e and p ∈ (0, 1). We consider only
positive values of the environment, meaning purely attractive environment. Let

e⋆ + pe + (1 − p)e, and σ2 + pe2 + (1 − p)e2 − (e⋆)2. (6.3)

be the average and variance of ex, respectively.
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Remark 6.1 1. The measure (6.1) is the weak limit of the measures µen

Λ,an , given by (5.8),
once we choose (an)n>1, (e

n)n>1 such that an → 0 and 2an(een
x − 1) = ex.

2. The temperature parameter enters only in a trivial way. If we replace the field (φx)x∈Λ

by (
√

βϕx)x∈Λ, and (ex)x∈Λ by (
√

βex)x∈Λ we have transformed the model to tem-
perature parameter β = 1. Thus in the sequel, we will assume β = 1.

In this section we extend the decomposition (5.4) to our inhomogenous model:

µe
Λ(dφ) =

1
Ze

Λ

e−HΛ(φ)
∏
x∈Λ

(dφx + exδ0(dφx))
∏

y∈Λc

δ0(dφy)

=
1

Ze
Λ

e−HΛ(φ)
∑
A⊂Λ

∏
x∈A

exδ0(dφx)
∏

y∈Λ\A

dφy

 ∏
z∈Λc

δ0(dφz)

=
∑
A⊂Λ

(∏
x∈A

ex

)
Z0

Λ\A

Ze
Λ︸ ︷︷ ︸

+νe
Λ

(A)

µ0
Λ\A(dφ). (6.4)

In other words νe
Λ is the marginal of the measure µe

Λ(dφ) giving the distribution of
pinned points. We can obtain a formula for the ratio of partition functions appearing
in the free energy:

Ze
Λ

Z0
Λ

=
∑
A⊂Λ

(∏
x∈A

ex

)
Z0

Λ\A

Z0
Λ

. (6.5)

6.2 Existence of quenched free energy

Theorem 6.1 For d > 2, let f
q
Λ(e) + |Λ|−1 log(Ze

Λ/Z0
Λ) be the quenched free energy per

site in Λ b Zd. Then, the limit

fq(e) + lim
Λ↑Zd

f
q
Λ(e),

exists almost surely and in L2, and does not depend on the sequence Λ ↑ Zd provided it
satisfies |∂Λ|/|Λ|→ 0. Moreover, fq(e) is non-random, i.e.

fq(e) = E(fq(e)) a.s.

Proof We prove the existence of the limit along the sequence of boxes Bn + Λ2n−1.
The generalization to all sequences Λ ↑ Zd such that |∂Λ|/|Λ|→ 0 is rather standard
(cf. for example [88]).
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Let us write αe(dφ) +
∏

x∈Bn
(dφx + exδ0(dφx))

∏
y̸∈Bn

δ0(dφy). We recall also no-
tation (5.1) for the Hamiltonian. We will cut Bn in 2d sub-boxes denoted by B

(i)
n−1. Let

X + (
∪2d

i=1 ∂B
(i)
n−1)\∂Bn be the interface between the sub-boxes. In order to prove the

existence of the limit along (Bn)n, we first derive a “decoupling property”. Namely
there exist cn > 0 such that ∑

n cn < ∞ and |Ze
Bn

−
∏2d

i=1 Ze(i)

Bn−1
| 6 cn for any realiza-

tion of e, where e(i) is the restriction of e to the box B
(i)
n−1. This allows us to prove that

expectation of f
q
Bn

(e) converges, and its variance tends to zero, i.e. f
q
Bn

(e) → c ∈ R
almost surely, in L1 and in L2.

6.2.1 Lower bound on Ze
Bn

We have,

Ze
Bn

=

∫
φ∈RBn

e−H(φ)αe(dφ) > eX

∫
φ|X≡0

e−H(φ)αe(dφ)

> e|X|

2d∏
i=1

Ze(i)

Bn−1
= ed2n(d−1)

2d∏
i=1

Ze(i)

Bn−1
,

where e(i) denotes e restricted to B
(i)
n−1. Hence,

f
q
Bn

(e) = 2−nd log
(

Ze
Bn

Z0
Bn

)
> 1

2d

2d∑
i=1

fe(i)

Bn−1
+ Cmin2−n.

for some constant Cmin > 0.

6.2.2 Upper bound on Ze
Bn

We will first prove that with high probability |φi| 6 2nδ for all i ∈ X and some small
δ > 0. This will allow us to “force” φ to be zero on X for small energetic cost.

Lemma 6.1 There exists C1, C2 > 0 such that for all i ∈ Λn and for all n sufficiently large,

µe
n(|φi| > T) 6 C1e

−C2T2/ log n.

Proof Using (6.4),

µe
n(|φi| > T) =

∑
A⊂Λn

νe
n(A) · µ0

Λn\A(|φi| > T)

Now, µ0
Λn\A

is Gaussian, therefore, φi ∼ N(0, σA) with

σA + Var0
Λn\A(φi) 6 Var0

Λn
(φ0) 6 C̃ log n
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for some C̃ > 0 and n large (cf. [25]). We can use the Gaussian tail estimate:

µ0
Λn\A(|φi| > T) 6 C1e

−C2T2/ log n.

In the sequel, the notation C, C ′, C ′′ will be used for positive constants that may
change from line to line. Let us define X̃ + X ∪ (∂X ∩ Bn), which is a thickening
of X consisting of 3 “layers”. Then, Lemma 6.1 allow us to control the height of the
field on X̃ ⊂ Bn:

µe
Bn

(∃i ∈ X̃ : |φi| > 2δn) 6
∑
i∈X̃

µe
Bn

(|φi| > 2δn) 6 C2n(d−1)e−C22δn 6 e−C2δn (6.6)

Hence,

Ze
Bn

= (1 + C ′e−C2δn

)

∫
φ|

X̃
∈[−2δn,2δn]

e−H(φ)αe(dφ)

6 (1 + C ′e−C2δn

)C ′′e22δn2n(d−1)

∫
φ|X≡0

∫
φ|∂X∩Bn

∈[−2δn,2δn]

e−H(φ)αe(dφ)

6 (1 + C ′e−C2δn

)C ′′e22δn2n(d−1)

2δn2n(d−1)

∫
φ|Bn\X

e−H(φ|Bn\X)αe(dφ|Bn\X)

= (1 + C ′e−C2δn

)C ′′e2n(2δ+d−1)

2δn2n(d−1)
2d∏

i=1

Ze(i)

Bn−1
.

This leads to

f
q
Bn

(e) 6 1
2d

2d∑
i=1

fe(i)

Bn−1
+C2n(δ−d) + C ′2n(2δ−1) + C ′′2−n.

Combining our two bounds, we obtain:

Cmin2−n 6 f
q
Bn

(e) −
1
2d

2d∑
i=1

f
q
Bn−1

(e(i)) 6 Cmax2n(2δ−1) (6.7)

for some constants Cmin, Cmax > 0.

6.2.3 Expectation of f
q
Bn

(e) converges and its variance tends to zero

By (6.7), it is easy to see that:

|E(fq
Bn

(e)) − E(fq
Bn−1

(e))| 6 |E(fq
Bn

(e)) − E(
1
2d

2d∑
i=1

f
q
Bn−1

(e(i)))| 6 C2n(2δ−1) (6.8)
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The right hand side is summable for δ < 1/2 hence E(fq
Bn

(e)) converges as n → ∞.
Using independence of environment among the boxes B

(i)
n−1, we can deal with the

variance. Let us write

f
q
Bn

(e) = 2−d

2d∑
i=1

f
q
Bn−1

(e(i)) + En

where En is the above error term, |En| 6 C ′2n(2δ−1). Then,

Var(fq
Bn

(e)) = Var(2−d

2d∑
i=1

f
q
Bn−1

(e(i))) + Var(En) + 2Cov(2−d

2d∑
i=1

f
q
Bn−1

(e(i)), En)

= 2−dVar(fq
Bn−1

(e)) + Var(En) + 2Cov(fq
Bn−1

(e), En)

6 2−dVar(fq
Bn−1

(e)) + Var(En) + C ′2n(2δ−1)E(fq
Bn−1

(e))

Now, since (E(fq
Bn−1

(e)))n converges, we get the following upper bound on the vari-
ance:

Var(fq
Bn

(e)) 6 2−dVar(fq
Bn−1

(e))+C22n(2δ−1) + C ′2n(2δ−1) (6.9)

We deduce Var(fq
Bn

(e)) → 0, and conclude f
q
Bn

(e) → c ∈ R in L2. The sequence
converges also almost surely, since all error terms are summable.

Exactly the same proof until (6.7) yields

Theorem 6.2 For d > 2, let fa
Λ + |Λ|−1 log(EZe

Λ/Z0
Λ) be the annealed free energy per site

in Λ b Zd. Then, the limit
fa + lim

Λ↑Zd
fa
Λ

exists and does not depend on the sequence Λ ↑ Zd provided it satisfies |∂Λ|/|Λ|→ 0.

6.3 Bounds on the quenched free energy
6.3.1 Strict positivity of the quenched free energy
In this section we prove that the free energy of the model is strictly positive for all
environments (e, e, p) such that 0 < e < e and p ∈ (0, 1). That implies the localization
of the field, namely the strict positivity of the limiting density of pinned sites. Our
results are valid for all d > 2.

Fact 6.1 For all (e, e, p) such that 0 < e < e and p ∈ (0, 1), we have fq > 0.
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Proof Using (6.5), and the fact that 0 < e < e, we can write

fq(e) = lim
n→∞ n−d log

( ∑
A⊂Λn

∏
x∈A

ex

Z0
Λn\A

Z0
Λn

)
> lim

n→∞ n−d log

( ∑
A⊂Λn

e|A|
Z0

Λn\A

Z0
Λn

)

which is the free energy in the deterministic case ex = e for all x. Moreover, it fol-
lows from [16] Theorem 2.4, that the asymptotic density of pinned points under µ

e

Λnis strictly positive uniformly in Λn for n large enough. This immediately implies by
definition of the free energy that the righmost term is strictly positive.

Fact 6.2 Let 0 < e < e and p ∈ (0, 1) then there exists c > 0 such that for almost every
realization e we have

lim
n→∞ µe

Λn

(
n−d

∑
x∈Λn

1[φx=0] > c

)
= 1.

Remark 6.2 More is known for d = 1. By [9] there exists ρ = ρ(e⋆, σ) such that

lim
ϵ→0

lim
n→∞ µe

Λn

(
n−d

∑
x∈Λn

1[φx=0] ∈ (ρ − ϵ, ρ + ϵ)

)
= 1.

Proof Let δ > 0, and Aδ + {
∑

x∈Λn
1[φx=0] 6 δnd}. Let us fix some ϵ > 0. By

definition we have

µe
Λn

(Aδ) =
Zϵ

Λn

Z0
Λn

Z0
Λn

Ze
Λn

(Zϵ
Λn

)−1
∫
1[Aδ]e

−H(φ)
∏
x∈Λ

(dφ + exδ0(dφx)).

Using the pinned sites decomposition (6.4) we get:

Ze
Λn

Zϵ
Λn

=
∑

A⊂Λn

eA
Z0

Λn\A

Zϵ
Λn

=
∑

A⊂Λn

eA

ϵ|A|
ϵ|A|

Z0
Λn\A

Zϵ
Λn

= νϵ
n

(
γA
)
, (6.10)

where eA +
∏

x∈A ex, γ = (γx)x∈Λn
and γx + ex/ϵ. Similarly,

(Zϵ
Λn

)−1
∫
1[Aδ]e

−H(φ)
∏
x∈Λ

(dφ + exδ0(dφx)) = νϵ
n

(
γA; |A| 6 ndδ

)
6 (e/ϵ)ndδ.

We thus have

n−d log µe
Λn

(Aδ) 6 δ log(e/ϵ) + n−d log
Zϵ

Λn

Z0
Λn

− n−d log
Ze

Λn

Z0
Λn

.
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By Fact 6.1 the last term n−d log(Ze
Λn

/Z0
Λn

) converges to a strictly positive quantity.
Moreover, it is not difficult to show that Zϵ

Λn
6 Z0

Λn
(1 + Cϵ)nd for some C > 0 uni-

formly in n, hence the second term tends to 0 uniformly in n as ϵ → 0. Choosing
ϵ > 0 and δ > 0 small enough we get

lim sup
n→+∞ n−d log µe

Λn
(Aδ) < 0.

and the result follows.

6.3.2 Strict inequality between quenched and annealed free energies

Theorem 6.3 Take (p, e, e) such that p ∈ (0, 1) and 0 < e < e. Let e be an i.i.d. Bernoulli
environment of parameters (p, e, e) as described in (6.2). We recall the notations e⋆ = pe +
(1 − p)e and σ2 = e2p + e2(1 − p) − e⋆2.

(a) Let d > 3. Then,
fq < fa.

Moreover, there exists c3(d, p) > 0 such that,

fa − fq > c3(d, p)σ + O(σ2) as σ→ 0.

(b) Let d = 2. There exists ϵ > 0 uniform in p, e, e such that if e⋆ < ϵ, then

fq < fa.

Moreover, under the same hypothesis on e⋆, there exist c2(p, e⋆) > 0 such that,

fa − fq > c2(p, e⋆)σ + O(σ2) as σ→ 0.

The proof will be presented in more generality in the next chapter.
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Chapter 7
Generalisation: square potential

with attractive/repulsive environment
of arbitrary law

This chapter contains the main part of the results obtained in collabora-
tion with Piotr Mi loś. The corresponding article [LC2] has been accepted
for publication in the journal Stochastic Processes and their Applications in
April 2013.

7.1 The model
Let Ω = RZd be the set of configurations. The finite volume Gibbs measure in Λ for
the discrete Gaussian Free Field with disordered square-well potential, and 0 bound-
ary conditions, is the probability measure on Ω defined by:

µe
Λ(dφ) =

1
Ze

Λ

exp

(
−βHΛ(φ) + β

∑
x∈Λ

(b · ex + h)1[φx∈[−a,a]]

)∏
x∈Λ

dφx

∏
y∈Λc

δ0(dφy).

(7.1)
where a, β, b > 0, h ∈ R and HΛ(φ) is given by (5.1). We consider the environment
e + (ex)x∈Λ to be an i.i.d. family of random variables such that E(ex) = 0, Var(ex) =
1, and

E(eb·ex+h) < ∞. (7.2)
We recall that EZe

Λ = Zℓ
Λ with ℓ + log(E(eb·ex+h)).

The inverse temperature parameter β enters only in a trivial way. Indeed, if we
replace the field (φx)x∈Λ by (

√
βϕx)x∈Λ, a by √βa, and (b · ex + h)x∈Λ by (β(b ·

ex + h))x∈Λ we have transformed the model to temperature parameter β = 1. In the
sequel, we will therefore work with β = 1.

Below we prove that the quenched free energy exists, is non-random, and strictly
smaller than the annealed free energy whenever the annealed free energy is positive.
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7.2 New results
7.2.1 Existence of the free energy

Theorem 7.1 Let d > 2 and e be an environment such that (7.2) holds. Then the limit

fq(e) + lim
Λ↑Zd

f
q
Λ(e) ∈ R,

exists almost surely and in L2, and does not depend on the sequence Λ ↑ Zd provided that
|∂Λ|/|Λ|→ 0.
Moreover, fq(e) is deterministic, i.e.

fq(e) = E(fq(e)) a.s.

The following is a straightforward corollary.

Corollary 7.1 Let d > 2 and e be an environment such that (7.2) holds. Then the limit

fa + lim
Λ↑Zd

fa
Λ,

exists in R and does not depend on the sequence Λ ↑ Zd provided that |∂Λ|/|Λ|→ 0.

Below we present the proof of Theorem 7.1. The heuristics is close to the one
developed in the last chapter for delta-pinning. However, there are a few technical
issues which need to be clarified. They stem for the square potential and the fact that
we put only minimal conditions of the environment.

In the main part of the proof it will be easier to deal with environments with
bounded support. Thus we start with a truncation argument. Let H > 1, we define
a new environment eH by eH

x + ẽx1[ẽx∈[−H,H]] with ẽx + bex + h. We claim that:

lim sup
H↑∞ lim sup

Λ↑Zd

|f
q
Λ(e) − f

q
Λ(eH)| = 0. (7.3)

Proof By definition of the free energy and a direct calculation we obtain

f
q
Λ(e) − f

q
Λ(eH) = |Λ|−1 log µeH

Λ

(
exp

(∑
x∈Λ

ẽx1[ẽx∈[−H,H]c]1[φx∈[−a,a]]

))

6 |Λ|−1 log µeH

Λ

(
exp

(∑
x∈Λ

ẽx1[ẽx∈[H,∞)]1[φx∈[−a,a]]

))
6 |Λ|−1

∑
x∈Λ

ẽx1[ẽx∈[H,∞)].
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As Λ ↑ Zd the last expression converges to E(ẽ01[ẽ0∈[H,∞)]), which in turn converges
to 0 as H→∞. Further we observe that

f
q
Λ(e)−f

q
Λ(eH) > |Λ|−1 log µeH

Λ

(
exp

(∑
x∈Λ

ẽx1[ẽx∈[H,∞)]1[φx∈[−a,a]]

)
1[φx /∈[−a,a] ∀x∈A]

)
,

where A = {x ∈ Λ : ẽx 6 −H}. Let a1, a2, . . . , aN be some enumeration of point in A

and Ai = {a1, a2, . . . , ai}, where i ∈ {1, 2, . . . ,N}. We write

f
q
Λ(e) − f

q
Λ(eH) > |Λ|−1 log µeH

Λ (φx /∈ [−a, a] ∀x ∈ A)

= |Λ|−1
N∑

i=1

log µeH

Λ (φxi
/∈ [−a, a]|φx /∈ [−a, a] ∀x ∈ Ai−1). (7.4)

For any xi ∈ A, by the spatial Markov property, we have

µeH

Λ (φxi
/∈ [−a, a]|φx, x ∼ xi) = Z−1E

(
1[G/∈[−a,a]]e

ẽxi
1[G∈[−a,a]]

)
, (7.5)

where G denotes a Gaussian random variable N((
∑

x∼xi
φx)/2d, 1) (which law is de-

noted P and the corresponding expectation E) and Z is the normalizing constant
Z + E

(
eẽxi

1[G∈[−a,a]]
). We recall that at site xi we have necessarily ẽxi

< 0 hence
Z 6 1. Finally, the expression (7.5) is lower bounded by

E
(
1[G/∈[−a,a]]e

ẽxi
1[G∈[−a,a]]

)
= P(G /∈ [−a, a]) > C,

for some C > 0 independent of (
∑

x∼xi
φx)/2d. We use this to estimate (7.4) as follows

f
q
Λ(e) − f

q
Λ(eH) > |Λ|−1N log C→ P(ẽx 6 −H) · log C as Λ ↑ Zd.

Like previously this converges to 0 as H→∞, which concludes the proof of (7.3).

Further we will assume that the law of the environment has a bounded support.
Moreover, by the well-known fact that the free energy of the Gaussian free field exists,
i.e. limΛ↑Zd |Λ|−1 log Z0

Λ exist and is finite, it is enough to prove the existence of the
limit of f̃

q
Λ(e) given by

f̃
q
Λ(e) + |Λ|−1 log Ze

Λ.

We prove convergence only along a sequence of boxes Bn = Λ2n−1. The extension
to the case of general sequences is standard. We will cut Bn in 2d sub-boxes denoted
by Bi

n−1. Let X = (
∪2d

i=1 ∂Bi
n−1)\∂Bn be “the border” between the sub-boxes. In

order to prove the existence of the limit along (Bn)n, we first derive a “decoupling
property”. Namely, there exists cn > 0 such that ∑

n cn < ∞ and

|Ze
Bn

−

2d∏
i=1

Zei

Bi
n−1

| 6 cn,

for any realization of e, where ei is the restriction of e to the box Bi
n−1.

The next lemma provides us with control over the concentration of the field.
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Lemma 7.1 There exist C1, C2, C3 > 0 such that for n sufficiently large, for all x ∈ Λn and
T > C3 log n we have

µe
Λn

(|φx| > T) 6 C1e
−C2T2/ log n.

Proof Let A + {x : φx ∈ [−a, a]}. We first use the following decomposition, which is
a reordering of the pinning contributions over subsets of Λ:

µe
Λn

(|φx| > T) =
∑
A⊂Λ

((∏
x∈A

ebex+h

)
Z0

Λn
(A = A)

Ze
Λn

)
µ0

Λn
(|φx| > T | A = A).

It is sufficient to upper-bound the rightmost term uniformly in A. Using the FKG
inequality (see e.g. [43, Section B.1]) it is standard to check that

µ0
Λn

(dφx | A = A) ≺ µ0
Λn

(dφx |∀y ∈ Λn, φy > a),

where≺ denotes the stochastic domination. Further, we intend to use the Brascamp-
Lieb inequality. To this end we first estimate

An + µ0
Λn

(φx |∀y ∈ Λn, φy > a).

For d > 3 it follows easily by [43, Theorem 3.1] that An 6 C
√

log n for some C > 0.
For d = 2 let us assume first that An > C log n for some large C. By [43, (B.14)] we
have µ0

Λn
(φ2

i |∀y ∈ Λn, φy > a) 6 log n+A2
n. Using the Paley-Zygmund inequality

we get
µ0

Λn
(φi > An/2 |∀y ∈ Λn, φy > a) > 1

4
· A2

n

log n + A2
n

> 1/8,

for n large enough. Increasing C further, if necessary, we get a contradiction with [14,
Theorem 4]. Thus, An 6 C log n. Finally by the Brascamp-Lieb inequality [43, Section
B.2] we obtain
µ0

Λn
(φx > T |∀y ∈ Λn, φy > a) 6 exp(−C̃2(T − An)2/ log n) 6 C1 exp(−C2T

2/ log n)

as announced.

Let us define X̃ = X∪(∂X∩Bn), which is a thickening of X consisting of 3 “layers”.
Then, Lemma 7.1 allows us to control the height of the field on X̃ ⊂ Bn. Let us fix
some δ > 0, we have

µe
Bn

(∃i ∈ X̃ : |φi| > 2δn) 6
∑
i∈X̃

µe
Bn

(|φi| > 2δn) 6 e−C2δn

, (7.6)

for some C > 0. We denote the full Hamiltonian of our system (i.e. not only the
Gaussian part) by K(φ). Using (7.6) we deduce

Ze
Bn

6 (1 + 2e−C2δn

)

∫
RBn

1[|φx|62δn,∀x∈X̃]e
−K(φ)dφ.
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Given φ we define φ̃ by setting φx = 0 for x ∈ X and φ̃x = φx otherwise. It is easy to
check that for φ fulfilling |φx| 6 2δn for any x ∈ X̃ we have |K(φ)−K(φ̃)| 6 C|X|22δn,
for some C > 0 (here we used the fact that the support of the law of the environment
is bounded). Therefore

Ze
Bn

6 (1 + C ′e−C2δn

)eC|X|22δn

∫
[−2δn,2δn]X

∏
i

∫
RBi

n

1[|φx|62δn,∀x∈X̃]e
−K(φ̃)dφ.

We notice that φ̃ “enforces” 0 boundary conditions on X. Consequently, each of the
inner integrals is bounded from above by Zei

Bi
n
. This leads to

f̃
q
Bn

(e) 6 1
2d

2d∑
i=1

f̃
q

Bi
n−1

(ei)+Cmax2n(2δ−1),

for some Cmax > 0. Now let us prove a bound from below. We have

Ze
Bn

=

∫
RBn

e−K(φ)dφ >
∫

RBn

1[φ∈A]e
−K(φ)dφ,

where A = {φ : φx ∈ (−a, a), ∀x ∈ X and |φx| 6 n3, ∀x ∈ X̃}. Let φ ∈ A we define
φ̃ by setting φx = 0 for x ∈ X and φ̃x = φx otherwise. It is easy to check that
|K(φ) − K(φ̃)| 6 C|X|n3, for some C > 0 (again we use the fact that the environment
is bounded). Therefore

Ze
Bn

> e−C|X|n3
∫

[−a,a]X

∏
i

∫
RBi

n

1[φ∈A]e
−K(φ̃)dφ.

Let us consider an integral in the product. Using Lemma 7.1 similarly as before we
check that it is bounded from below by (1 − |X|e−Cn

)
Zei

Bi
n
. Hence

f̃
q
Bn

(e) > 1
2d

2d∑
i=1

f̃
q

Bi
n−1

(ei) − Cmin2−n/2.

for some constant Cmin > 0. Combining our two bounds above we obtain

Cmin2−n/2 6 f̃
q
Bn

(e) −
1
2d

2d∑
i=1

f̃
q

Bi
n−1

(ei) 6 Cmax2n(2δ−1). (7.7)

By (7.7), it is easy to see that:

|E(f̃q
Bn

(e)) − E(f̃q
Bn−1

(e))| 6
∣∣∣E(f̃q

Bn
(e)) − E

( 1
2d

2d∑
i=1

f̃
q

Bi
n−1

(ei)
)∣∣∣ 6 2−cn, (7.8)

for some c > 0 as soon as δ < 1/2 and n is large enough. The right hand side is
thus summable hence E(f̃q

Bn
(e)) converges as n → ∞ to some limit L ∈ R. Using
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independence of environment among the boxes Bi
n−1, we can estimate the variance.

Let us write

f̃
q
Bn

(e) = 2−d

2d∑
i=1

f̃
q

Bi
n−1

(ei) + En,

where En is the (random) error term above. We have |En| 6 2−cn. Thus

Var(f̃q
Bn

(e)) = Var
(
2−d

2d∑
i=1

f̃
q

Bi
n−1

(ei)
)

+ Var(En) + Cov
(
2−d

2d∑
i=1

f̃
q

Bi
n−1

(ei), En

)

6 2−dVar(f̃q
Bn−1

(e)) + Var(En) + 2−cnE
(
2−d

2d∑
i=1

f̃
q

Bi
n−1

(ei)
)
.

Now, since (E(f̃q
Bn−1

(e)))n converges, we get the following inductive upper bound
on the variance:

Var(f̃q
Bn

(e)) 6 2−dVar(f̃q
Bn−1

(e))+2−2cn + 2L2−cn,

as long as n is large enough. We deduce that for some b ∈ (0, 1) and n large enough
we have Var(f̃q

Bn
(e)) 6 bn. This yields f̃

q
Bn

(e)→ L both in L2 and almost surely.

7.2.2 Positivity of the free energy

Fact 7.1 Let d > 2 and e be an environment such that (7.2) holds. Then,

fq > 0.

Proof By definition of the free energy we have

fq = lim
n→∞ n−d log µ0

Λn

(
exp

( ∑
x∈Λn

(b · ex + h)1[|φx|6a]

))
> lim

n→∞ n−d log µ0
Λn

(φx > a , ∀x ∈ Λn) .

One easily checks that

µ0
Λn

(φx > a , ∀x ∈ Λn) > µ0
Λn

(φx > a , ∀x ∈ Λn−1|φx ∈ [a, a+1] , ∀x ∈ ∂Λn−1)

× µ0
Λn

(φx ∈ [a, a + 1] , ∀x ∈ ∂Λn−1).

The second factor is of order e−Cnd−1 and thus is negligible. The first one is bounded
from below by In = µ0

Λn−1
(φx > 0 , ∀x ∈ Λn−1). Using Gaussian tail estimates and
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the FKG inequality, we have for n large enough:

In > µ0
Λn−1

(φx > 0, ∀x ∈ Λn−1 | φx > log n, ∀x ∈ ∂Λn−2) · e−Cnd−1(log n)2

>

1 −
∑

x∈Λn−2

µ0
Λn−2

(|φx| > log n)

 · e−Cnd−1(log n)2

> (1 − e−c(log n)2
) · e−Cnd−1(log n)2

> 1/2 · e−Cnd−1(log n)2

We obtain lim infn→∞ n−d log In > 0, which concludes the proof.

7.2.3 Strict inequality between quenched and annealed free energies
In this section we state the main results of our work. Before that we recall that we
assume b > 0 hence the disorder is always non-trivial.

Theorem 7.2 Let d > 2 and e be an environment such that (7.2) holds. Then

fq < fa whenever fa > 0.

Moreover, the following quantitative bounds hold. Let γ + exp(b · e0 + h − ℓ), then
(a) For d > 3 we have

fq − fa 6 E log(λγ + 1 − λ),

where λ + C1ℓ

1+C1ℓ
for some C1 = C1(a) > 0.

(b) For d = 2 we have

fq − fa 6 E log
(

λ

| log λ|
γ + 1 −

λ

| log λ|

)
,

for some λ = λ(ℓ) > 0 which equal to C2ℓ√
| log ℓ|

with C2 = C2(a) > 0 for ℓ small enough.

For the annealed model, using a variant of the argument in the proof of [16, The-
orem 2.4], it is possible to show that
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Fact 7.2 The annealed free energy is a non-decreasing function of ℓ such that fa = 0 when-
ever ℓ < 0. Moreover, for d > 3 there exist a constant Cd > 0 such that

fa = Cdℓ(1 + o(1)) as ℓ→ 0,

For d = 2 there exists a constant C2 such that

fa = C2
ℓ√

| log(ℓ)|
(1 + o(1)) as ℓ→ 0

The constant Cd can be computed explicitely for all d > 2.

Remark 7.1 1. The explicit expression for λ(ℓ) for large ℓ in dimension 2 could be a priori
derived by a method similar to the one developed in [16, 57]. One should keep track,
though, of the dependency in ℓ of the size of all the boxes. This information is of little
relevance here.

2. It follows from Fact 7.2 that in all dimensions d > 2 we have λ = C̃dfa for ℓ small
enough and some constants C̃d = C̃d(a) > 0.

As an example, we can compute the bounds for concrete environment laws. Let
the environment be given by the Bernoulli random variables P(ex = −1) = P(ex =
1) = 1/2. Then there exists a constant C > 0 such that for b, h small enough and
ℓ > 0 we have

fq − fa 6
{

−Cb2(b2/2 + h) + o(b2(b2/2 + h)) in d > 3,
−Cb2 b2/2+h

| log(b2/2+h)|3/2 + o

(
b2 b2/2+h

| log(b2/2+h)|3/2

)
in d = 2

We recall that for d > 3, we have fa ≈ ℓ ≈ b2/2 + h. We note that the condition ℓ > 0
yields b2/2 + h > 0 hence the expression above is well-defined.

The same estimates hold for the Gaussian environment i.e. ex ∼ N(0, 1).

Proof [of Theorem 7.2] We perform calculations which resemble the so-called high-
temperature expansion

µe
Λ(dφ) =

1
Ze

Λ

exp

(
−HΛ(φ) +

∑
x∈Λ

(b · ex + h)1[φx∈[−a,a]]

)∏
x∈Λ

dφx

∏
y∈Λc

δ0(dφy)

=
1

Ze
Λ

exp (−HΛ(φ))
∏
x∈Λ

(
(eb·ex+h − 1)1[φx∈[−a,a]] + 1

)∏
x∈Λ

dφx

∏
y∈Λc

δ0(dφy)

=
∑
A⊂Λ

(∏
x∈A

(
eb·ex+h − 1

) Z0
Λ(φx ∈ [−a, a] ,∀x ∈ A)

Ze
Λ

)
︸ ︷︷ ︸

=νe
Λ

(A)

× (7.9)

× µ0
Λ(dφ | φx ∈ [−a, a] , ∀x ∈ A).
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We observe that when b ·ex +h > 0 for all x in the domain Λ, then νe
Λ is a probability

measure (otherwise some weights eb·ex+h − 1 are negative).
For any homogenous environment ex = ε for all x ∈ Λ, it is known [16] that νε

Λ is
strong FKG in the sense of [35], and that it can be stochastically majored and minored
by two Bernoulli product measures (the precise statement needed in our work will
appear later on).

By Theorem 7.1 and Corollary 7.1 we have

fq − fa = lim
n→∞ n−dE log

(
Ze

Λn

Zℓ
Λn

)
= lim

n→∞ n−dE log µℓ
Λn

(
exp

( ∑
x∈Λn

(b · ex + h − ℓ)1[φx∈[−a,a]]

))
. (7.10)

For the rest of the proof A will denote the set of “pinned points” of a given configu-
ration φ ∈ Ω, namely A = {x ∈ Λn : φx ∈ [−a, a]}. By (7.10) we conclude that our
goal is to prove

lim sup
n→∞ n−dE log

(
µℓ

n

(
γA
))

< 0,

where µℓ
n is a simplified notation for µℓ

Λn
and we denote

γA +
∏
x∈A

γx with γx + exp(b · ex + h − ℓ).

Let us now comment on the proof strategy. Let us observe that the calculations
would be simple if A was distributed according to an i.i.d. Bernoulli(λ) product mea-
sure. Indeed, in such a case, the above limit does not depend on n:

n−dE log µℓ
n(γA) = n−dE log

( ∏
x∈Λn

(λγx + 1 − λ)

)
= E log(λγ0 + 1 − λ) < 0. (7.11)

The last inequality follows by the strict concavity of the logarithm and the Jensen
inequality. However, the interaction between the geometry of A and the one of the
environment in γA might be potentially complicated and hard to analyze. Exploiting
the fact that the environment is i.i.d. we will introduce an additional randomization.
This will simplify the problem so that only the information about the cardinality of A

will matter. The last trick we use is to compare the distribution of A under µℓ
n with the

measure νℓ
n defined in (7.9). This will enable to use the stochastic domination results

announced above and to get an expression similar to (7.11). Further, calculations are
standard though little tiresome since we work with general laws of environments.

Let us now introduce the randomization. Let π be a permutation of the vertices
of Λn chosen uniformly at random. We will denote the corresponding expectation
by Ẽ. It is easy to check that for any i.i.d. pinning law EẼ(·) = E(·). By the Jensen
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inequality we have

n−dE log
(
µℓ

n

(
γA
))

= n−dEẼ log µℓ
n

(∏
i∈A

γπ(i)

)
(7.12)

6 n−dE log Ẽµℓ
n

(∏
i∈A

γπ(i)

)
= n−dE log Ẽµℓ

n

(
γπ(A)

)
,

where π(A) = {π(i) : i ∈ A}. Intuitively, Ẽµℓ
n is the expectation of the distribution

of pinned sites “scattered” by a random permutation. Thanks to this we can work
with a uniformly distributed set of pinned points, provided we know its cardinality.
More precisely,

Ẽµℓ
n

(
γπ(A)

)
=

nd∑
k=0

(
nd

k

)−1
 ∑

A⊂Λn:|A|=k

γA

µℓ
n (|A| = k) . (7.13)

We recall measure νℓ
n defined in (7.9). Paper [16] provides us with stochastic dom-

ination results which will be useful in our estimations. To this end we make the
following elementary calculations:

µℓ
n(|A| 6 k) =

∑
A⊂Λn

νℓ
n(A) · µ0

n(|A| 6 k |∀x ∈ A, |φx| 6 a)

=
∑

A⊂Λn,|A|6k

νℓ
n(A) · µ0

n(|A| 6 k |∀x ∈ A, |φx| 6 a)

6
∑

A⊂Λn,|A|6k

νℓ
n(A) = νℓ

n(|A| 6 k). (7.14)

The next difficulty is that {|A| = k} appearing in (7.13) is not an increasing event. This
will be handled differently for d > 3 and d = 2. Let us start with the former.

7.2.3.1 Case d > 3

By [16, Theorem 2.4, (2.15)], there exists some C1 > 0 such that νℓ
n stochastically

dominates a Bernoulli product measure, denoted Bλ
n, with a specific intensity λ de-

pending on a and ℓ. More precisely,

νℓ
n ≻ Bλ

n with λ + C1ℓ/(1 + C1ℓ). (7.15)

Below we will write Bλ
n(|A| = k) = bn,λ(k) =

(
nd

k

)
λk(1 − λ)nd−k.

Observe that by [16] we know that fa(e) > 0 as soon as ℓ > 0 and consequently
λ > 0. As the event {|A| 6 k} is decreasing, we have the following upper-bound,
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using (7.14) and (7.15):

µℓ
n (|A| = k) 6 µℓ

n (|A| 6 k) 6 νℓ
n (|A| 6 k) 6 Bλ

n (|A| 6 k) (7.16)

=

k∑
j=0

bn,λ(j) = bn,λ(k)

(
1 +

k−1∑
j=0

bn,λ(j)

bn,λ(k)

)

= bn,λ(k)

(
1 +

k−1∑
j=0

k−1∏
i=j

bn,λ(i)

bn,λ(i + 1)

)
,

Now, for i 6 ⌊λnd⌋,
bn,λ(i)

bn,λ(i + 1)
=

i + 1
nd − i

1 − λ

λ
6 1.

This gives an upper bound for k 6 ⌊λnd⌋, namely

µℓ
n (|A| = k) 6 nd · Bλ

n (|A| = k) . (7.17)

By Stirling’s formula for k ∈ [⌈λnd⌉, nd] we have bn,λk
(k) > c2n

−d/2 > 0, where
λk + kn−d. Trivially

µℓ
n (|A| = k) 6 nd · Bλk

n (|A| = k) ,

for n large enough. Using the above estimates we treat (7.13) as follows

Ẽµℓ
n

(
γπ(A)

)
6 nd

nd∑
k=0

(
nd

k

)−1
 ∑

A⊂Λn:|A|=k

γA

Bλ
n (|A| = k) +

nd∑
j=⌈λnd⌉

B
λj

n (|A| = k)


6 n2d max

α∈[λ,1]

nd∑
k=0

(
nd

k

)−1
 ∑

A⊂Λn:|A|=k

γA

 · Bα
n(|A| = k)

6 n2d max
α∈[λ,1]

Bα
n

(
γA
)

= n2d max
α∈[λ,1]

∏
x∈Λn

Bα
n

(
γ
1[x∈A]
x

)
.

Hence,

n−d log Ẽµℓ
n

(
γπ(A)

)
6
(

n−d max
α∈[λ,1]

∑
x∈Λn

log(αγx + (1 − α))

)
+ o(1), as n→∞.

We recall (7.10) and (7.12). Taking the expectation with respect to the environment
we get

fq − fa 6 lim
n→∞ n−dE

[
max

α∈[λ,1]

∑
x∈Λn

log (α(γx − 1) + 1)

]
. (7.18)

At this stage the knowledge of the law of the environment can simplify the cal-
culations. But we want to keep the generality and treat all the possible laws which
satisfy assumption (7.2).
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Let r, R ∈ R such that 0 < r < 1 < R < ∞. The right hand side of (7.18) is bounded
from above by I1(r) + I2(r, R) + I3(R) where

I1(r) = lim
n→∞ n−dE

[
max

α∈[λ,1]

∑
x∈Λn

log (α(γx − 1) + 1)1[06γx6r]

]
,

and I2, I3 are defined analogously by exchanging 1[0<γx6r] with 1[r<γx<R] and 1[R6γx]

respectively. As r < 1, we have I1(r) 6 0. Further as R > 1 the term I3(R) is maxi-
mized at α = 1, consequently

I3(R) = E log(γ0)1[R6γ0].

We observe that limR→∞ I3(R) = 0 and further we proceed to I2. Firstly we denote

fn(α, r, R) + n−d
∑

x∈Λn

log(αγx + 1 − α)1[r<γx<R],

and further let Xn(α, r, R) = fn(α, r, R) − Efn(α, r, R). That is

Xn(α, r, R) = n−d
∑

x∈Λn

[
log(αγx + 1 − α)1[r<γx<R] − E

(
log(αγx + 1 − α)1[r<γx<R]

)]
.

The summands are centered independent and bounded. By Hoeffding’s inequality
we get

P(|Xn(α, r, R)| > t) 6 2e−2t2nd/C2(α,r,R)2
, (7.19)

for any t > 0, where C2(α, r, R) = log(αR + 1 − α) − log(αr + 1 − α). Further we
observe that there exists C1(λ, r, R) > 0 (deterministic) such that

max
α∈[λ,1]

∂αfn(α, r, R) 6 n−d
∑

x∈Λn

max
α∈[λ,1]

(
γx − 1

αγx + 1 − α
1[r<γx<R]

)
6 C1(λ, r, R).

This let us work with a finite number of values of α. Let N ∈ N and αi + (1− i

N
)λ+ i

N
.

We have
max

α∈[λ,1]
fn(α, r, R) 6 max

i=0,...,N
fn (αi, r, R) + C1(λ, r, R)/N.

Let C̄2(r, R) = maxα∈[λ,1] C2(α, r, R)2 < ∞. We use (7.19) and the union bound to get

P( max
i=0,...,N

|Xn(αi, r, R)| > t) 6 2(N + 1)e−2t2nd/C̄2(r,R). (7.20)

Now we may write

I2(r, R) = lim
n→∞ E max

α∈[λ,1]
fn(α, r, R) 6

6 lim
n→∞ E( max

i=1,...,N
Xn(αi, r, R)) + lim

n→∞ max
α∈[λ,1]

Efn(α, r, R) +
C1(λ, r, R)

N
.
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The first term vanishes by (7.20). Taking the limit N ↑∞ we have
I2(r, R) 6 lim

n↑∞ max
α∈[λ,1]

Efn(α, r, R).

Taking now limits r ↓ 0, and R ↑∞ and coming back to (7.18), we obtain
fq − fa 6 max

α∈[λ,1]
E log(αγ0 + 1 − α) = E log(λγ0 + 1 − λ), (7.21)

where the second equality will become apparent shortly. Indeed, we denote h(α) +
E log(αγ0 + 1 − α). Obviously, h ′(α) = E γ0−1

α(γ0−1)+1 6 E(γ0−1)
αE(γ0−1)+1 = 0, which follows

by the Jensen inequality applied to x/(αx + 1) and the facts that γ0 > 0 and Eγ0 = 1.
We notice that (7.21) is precisely the bound announced in Theorem 7.2 part a). The
strict inequality between the quenched and annealed free energies (d > 3) follows
easily by the strict Jensen inequality and the fact that Eγ0 = 1. �

7.2.3.2 Case d = 2

The case d = 2 requires some slight modification as the stochastic domination of νℓ
n

by Bernoulli product measures holds in a weaker sense. Consequently, we cannot
use the same argument as in (7.16). Indeed, by [16, Theorem 2.4, (2.13)], for any ℓ > 0
and any set B ⊂ Λn we have

νℓ
n(A ∩ B = ∅) 6 (1 − λ)|B|, (7.22)

with some λ > 0 depending on a and ℓ, which takes the form

λ + C1ℓ| log ℓ|−1/2 (7.23)
for some C1 > 0 when ℓ is small enough. Now, using (7.14) and (7.22) we have

µℓ
n(|A| = k) 6 µℓ

n(|A| 6 k) 6 νℓ
n(|A| 6 k)

= νℓ
n(∃B ⊂ Λn : |B| = nd − k and A ∩ B = ∅)

6
∑

B⊂Λn:|B|=nd−k

νℓ
n(A ∩ B = ∅) 6

(
nd

k

)
(1 − λ)nd−k.

By a direct calculations one checks that for λ̃ + λ

| log λ|
we have(

nd

k

)
(1 − λ)nd−k 6 Bλ̃

n(|A| = k), for k 6 ⌊λ̃nd⌋.

Further one may process as for d > 3 by using λ̃ instead of λ. Consequently we
deduce

fq − fa 6 E log
(

λ

| log λ|
γ0 + 1 −

λ

| log λ|

)
.

This finishes the proof for d = 2.
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Chapter 8
Attraction by a repulsive in average

environment (Bernoulli case)

This chapter contains the second part of the results obtained in collabora-
tion with Piotr Mi loś. The corresponding article [LC3] can be found on the
arXiv.

8.1 The model
We study the discrete Gaussian Free Field with a disordered square-well potential
defined in (7.1):

µe,0
Λ (dφ) =

1
Ze,0

Λ

exp

(
−HΛ(φ) +

∑
x∈Λ

(b · ex + h)1[φx∈[−a,a]]

)∏
x∈Λ

dφx

∏
y∈Λc

δ0(dφy).

(8.1)
The superscript 0 reminds the boundary condition, it is added to the notation com-
pared to (7.1) because it will be useful below. We consider here e given by i.i.d.
random variables

P(ex = −1) = P(ex = +1) = 1/2

In the previous chapter, we proved under minimal assumptions on the law of the
environment, that the quenched free energy associated to this model exists in R+, is
deterministic, and strictly smaller than the annealed free energy whenever the latter
is strictly positive.

Here we investigate the phase diagram of the model: in the plane (b, h), we prove
that the quenched critical line (separating the phases of positive and zero free energy)
lies strictly below the line h = 0. Thus there exists a non trivial region where the field
is localized though repelled on average by the environment.

As we mentioned in Section 5.3.1, the same type of result has been proven for
(1-dimensional) polymer models in great generality in [9].
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A much shorter proof with explicit bounds can be found in [44], in less gener-
ality, but [26] contains a revisited proof with explicit estimates and weakening the
assumptions on the underlying model.

Note that for polymers, or discrete height interfaces, one need a coarse graining
procedure to achieve the proof. In our case, as we will see in the next section, we can
shift the continuous interface where the environment is unfavorable, and this has a
small cost in dimension d > 3. The procedure is a bit more complicated in dimension
2 and we have to localize the field before by introducing a small mass.

8.2 New result
We recall the definitions of the critical lines.

hq
c (b) + sup{h ∈ R : fq = 0} and ha

c (b) + sup{h ∈ R : fa = 0}

Knowing the behavior of the homogenous model for positive pinning [16], we
easily deduce that the annealed critical line is given by the equation ℓ = 0.

Recall that fq 6 fa implies that hq
c (b) > ha

c (b).

Theorem 8.1 Let e ∼ ⊗x∈ZdBernoulli1/2(−1,+1). Then,

For d > 2, the quenched critical line hq
c (b) is located in the quadrant

{(b, h) : b > 0, h < 0}.

More precisely, there exists some C, C ′ > 0 depending on d, a only and ϵ ∈ (0, 1) such that
for any environment e which fulfills b + h > 0, −ϵ < −b + h < 0 and{

h >
C ′(−b+h)2

log(b−h)
for d = 2

h > −C · (−b + h)2 for d > 3,

we have fq > 0.

Remark 8.1 1. A sketch of these bounds in the plane (b, h) can be seen on Figure 8.1.
Moreover, the bound for d > 3 can be rewritten as h > −C ′′(d, a) · b2.

2. Jensen’s inequality gives us an upper bound on C, C ′. Indeed, as fa > fq, if fa = 0
then fq = 0. In particular, we must have −C 6 ∂2

∂b2 hc|b=0 < 0. Our result gives thus
an upper-bound on the behavior of the quenched critical line near b = 0.

The dimensions d > 3 and d = 2 are treated differently so we split the proof
accordingly.
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fa = 0
fq = 0

fa > 0

fq > 0

fq =?

Figure 8.1 – Phase diagram of the model. The red curve is the annealed critical line; the
blue one is our bound on the quenched critical line.

8.2.1 The case d > 3

We assume −b + h < 0 < b + h i.e. the environment is repulsive if ex = −1 while it
is attractive if ex = +1.

The idea is to tilt the measure such that the field φ is shifted up of an amount
s on the sites x for which b · ex + h < 0. In this way the shift of the field follows
the environment. For some technical reasons, we need to work with the measure
with boundary condition a, so perform two changes of measure (first one changing
boundary condition and the second one to follow the environment). Let s > 0 (to be
fixed later).

f
q
Λn

(e) = n−d log µ0,a
Λn,e,s

(
dµ0,a

Λn

dµ0,a
Λn,e,s

dµ0,0
Λn

dµ0,a
Λn

exp

( ∑
x∈Λn

(b · ex + h)1[φx∈[−a,a]]

))
,

where (φx)x∈Λn
under µ0,a

Λn,e,s is distributed as (φx + s1[(b·ex+h)<0]

)
x∈Λn

under µ0,a
Λn

.
More formally, introducing Te,s : ((φx)x∈Λn

) 7→
(
φx + s1[(b·ex+h)<0]

)
x∈Λn

, we define
µ0,a

Λn,e,s as µ0,a
Λn
◦ T−1

e,s.
Using Jensen’s inequality, we get

f
q
Λn

(e) =
1

nd
log

[
µ0,a

Λn,e,s exp

( ∑
x∈Λn

(bex + h)1[φx∈[−a,a]] + log
dµ0,a

Λn

dµ0,a
Λn,e,s

+ log
dµ0,0

Λn

dµ0,a
Λn

)]

> n−dµ0,a
Λn,e,s

 ∑
x∈Λn

(b · ex + h)1[φx∈[−a,a]] + log
dµ0,a

Λn

dµ0,a
Λn,e,s︸ ︷︷ ︸

(1)

+ log
dµ0,0

Λn

dµ0,a
Λn︸ ︷︷ ︸

(2)


As Z0,0

Λn,e,s = Z0,0
Λn

(which follows by change of variables in the Gaussian integral),
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the first term can be written as

(1) = −
1
4d

∑
{x,y}∩Λn ̸=∅

x∼y

(φx − φy)2 − (φ̂x − φ̂y)2

where φ̂x + φx + s1[b·ex+h<0]. Hence, using the definition of µ0,a
Λn,e,s,

n−dµ0,a
Λn,e,s((1)) = −

n−d

4d
µ0,a

Λn

 ∑
{x,y}∩Λn ̸=∅

x∼y

(φ̂x − φ̂y)2 − (φx − φy)2


= −

s2n−d

4d

∑
{x,y}∩Λn ̸=∅

x∼y

(1[b·ex+h<0] − 1[b·ey+h<0])
2

The second term contains only boundary contribution of order nd−1. Indeed,

(2) = 2a
∑

x∈∂Λn

φx − a2|∂Λn|

Hence,

n−dµ0,a
Λn,e,s((2)) > 2a·n−d

∑
x∈∂Λn

µ0,a
Λn

(φ̂x)−Cn−1 > s
∑

x∈∂Λn

1[b·ex+h<0]−Cn−1 > −Cn−1

We get

f
q
Λn

(e) > n−d
∑

x∈Λn

(b · ex + h)µ0,a
Λn

(φ̂x ∈ [−a, a])

−
s2n−d

4d

∑
{x,y}∩Λn ̸=∅

x∼y

(1[b·ex+h<0] − 1[b·ey+h<0])
2 − Cn−1

Now we use the fact that the marginal laws of all φx, x ∈ Λn under µ0,a
Λn

are Gaussian
variables centered at a, i.e. φx ∼ N(a, σx

n) where σx
n = Var0,a

Λn
(φx) 6 Var0,a∞ (φx) 6

c(d) < ∞ for d > 3. Therefore,

µ0,a
Λn

(φx ∈ [−a, a]) − µ0,a
Λn

(φx + s ∈ [−a, a])

= µ0,0
Λn

(φx ∈ [−2a, 0]) − µ0,0
Λn

(φx ∈ [−2a − s, −s])

= C

(∫ 0

−s

−

∫−2a

−2a−s

)
e−y2/2σx

n
2
dy

≍ s as n→∞, (8.2)

for c(d)≫ s. In particular we will use that:

µ0,a
Λn

(φx ∈ [−a, a]) − µ0,a
Λn

(φx + s ∈ [−a, a]) > C1(d, a) · s,
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for some C1(d, a) > 0.

fq
n(e) > n−d

∑
x∈Λn

(b · ex + h)
(
µ0,a

Λn
(φx ∈ [−a, a]) − C1(d, a)s1[b·ex+h<0]

)
−

s2n−d

4d

∑
{x,y}∩Λn ̸=∅

x∼y

(1[b·ex+h<0] − 1[b·ey+h<0])
2 − Cn−1

Observe that µ0,a
Λn

(φx ∈ [−a, a]) = µ0,0
Λn

(φx ∈ [−2a, 0]) > µ0,0∞ (φx ∈ [−2a, 0]) >
C2(d, a) for some C2(d, a) > 0.

By taking the expectation with respect to the environment, using the bounded
convergence theorem and the fact that fq(e) = E(fq(e)) (cf. previous chapter) we
get:

fq = lim
n→∞ Ef

q
Λn

(e) > hC2(d, a) −
sC1(d, a)

2
(−b + h) −

s2

16
(8.3)

We may optimize over s as the left hand side does not depend on it. Doing this one
checks that fq(e) > 0 as soon as

h > −
C1(d, a)

C2(d, a)
· (−b + h)2 + −K(d, a) · (−b + h)2

This gives the implicit equation in terms of the variance b2 of b · ex + h:

h > b −
1

2K
+

1
2

√
1
K2 −

8b
K

= −Kb2 + O(b3)

The annealed critical curve as well as this bound are drawn on Figure 8.1. We recall
that (8.2) is valid under assumption that s is small. The maximum of (8.3) is realized
at smax = −4C1 · (−b + h), thus it is enough to assume that (−b + h) is small. �

8.2.2 The case d = 2

In the case d = 2, the variance of the Gaussian free field diverges with the size of
the box, so we cannot use the previous estimates. To circumvent this problem we
introduce the so-called massive free field. Let m > 0,

µ0,ζ
Λn,m(dφ) =

1
Z0,ζ

Λn,m

exp

(
−HΛn

(φ) − m2
∑

x∈Λn

(φx − ζ)2

) ∏
x∈Λn

dφx

∏
x∈∂Λn

δ0(dφx),

(8.4)
where HΛ(φ) is defined in (5.1). Known facts about this model can be found in [25,
Section 3.3]. In particular, the random walk representation for the massless GFF
(Proposition 5.1) is still true, but for a random walk Yt that is killed with rate ξ(m) =

m2

1+m2 , namely at each time ℓ, if the walk has not already been killed, it is killed with
probability ξ(m), where the killing is independent of the walk. We write its law Px

when it starts at x.
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Lemma 8.1 Let d = 2. Then,
1. There exists some C1 > 0 such that for n large enough, m > 0 small enough and all

x ∈ Λn,
µ0,0

Λn,m(φ2
x) 6 C1| log(m)|.

2. There exists some C2 > 0 such that for n large enough and m > 0 small enough, we
have

n−2 log
Z0,0

Λn,m

Z0,0
Λn

> −C2m
2| log(m)|.

Proof These bounds are rather standard. We give here the main steps of the proofs
with some references. For the first claim, we use the random walk representation [25]
to write

µ0,0
Λn,m(φ2

x) =

∞∑
ℓ=0

Px(Yℓ = x , τΛn
∧ ℵ > ℓ) =

∞∑
ℓ=0

(1 − ξ(m))ℓPx(Yℓ = x , τΛn
> ℓ)

where τΛn
is the first exit time of Λn and ℵ is the killing time of the random walk Yt.

Hence,

µ0,0
Λn,m(φ2

x) 6 µ0,0
Λn,m(φ2

0) 6
∞∑

ℓ=1

(1 − ξ(m))ℓP0(Xℓ = 0) (8.5)

where Xℓ is a simple random walk (without killing). The projections of Xℓ onto the
canonical basis rotated by π/4 are two independent 1−dimensional random walks
X1

ℓ and X2
ℓ, then by Stirling formula,

P0(X2ℓ = 0) = (P0(X
1
2ℓ = 0))2 =

((
2ℓ
ℓ

)
2−2ℓ

)2

=
1
πℓ

(1 + o(1)) as ℓ→∞
The asymptotics of (8.5) for small m gives the desired upper-bound.
To prove the second claim we use the representation of the partition function de-
scribed in [15, p.542] (it applies to the massive GFF with an obvious modification).
We denote by P̃ the coupling of a random walk Xn and a killed random walk Yn such
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that Yn = Xn up to its killing time ℵ,

1
|Λn|

log
Z0,0

Λn

Z0,0
Λn,m

=
1

2|Λn|

∑
x∈Λn

∞∑
ℓ=1

1
2ℓ
(
P̃x(X2ℓ = x, τΛn

> 2ℓ)

−P̃x(Y2ℓ = x, τΛn
∧ ℵ > 2ℓ)

)
6 1

2

∞∑
ℓ=1

1
2ℓ
(
P̃0(X2ℓ = 0, τΛn

> 2ℓ) − P̃0(Y2ℓ = 0, τΛn
∧ ℵ > 2ℓ)

)
=

1
2

∞∑
ℓ=1

1
2ℓ

P̃0(X2ℓ = 0, τΛn
> 2ℓ, ℵ 6 2ℓ)

6 1
2

∞∑
ℓ=1

1
2ℓ

P̃0(X2ℓ = 0)
(
1 − (1 − ξ(m))2ℓ

) (8.6)

Using the same estimate as in (8.5), the asymptotics of (8.6) for small m gives the
desired upper-bound.

The idea is to tilt the measure, as in the proof for d > 3, first to work with the massive
measure, and second to follow the environment such that the field φ is shifted up of
an amount s on the sites x for which b·ex+h < 0. For some technical reason, we need
to work with the measure with boundary condition a, so we perform three changes
of measure (first one for changing boundary condition, a second one for adding mass,
and a third one for following the environment).
Let s > 0 and m > 0 to be fixed later.

f
q
Λn

(e) = n−2 log µ0,0
Λn

(
exp

∑
x∈Λn

(b · ex + h)1[ϕx∈[−a,a]]

)

= n−2 log µ0,ζ
Λn,m,e,s

(
exp

( ∑
x∈Λn

(b · ex + h)1[ϕx∈[−a,a]]

+ log
dµ0,0

Λn

dµ0,ζ
Λn

+ log
dµ0,ζ

Λn

dµ0,ζ
Λn,m

+ log
dµ0,ζ

Λn,m

dµ0,ζ
Λn,m,e,s

))

where (φx)x∈Λn
under µ0,ζ

Λn,m,e,s is distributed as (φx + s1[(b·ex+h)<0]

)
x∈Λn

under
µ0,ζ

Λn,m; more formally, introducing Te,s : ((φx)x∈Λn
) 7→

(
φx + s1[(b·ex+h)<0]

)
x∈Λn

,
we define µ0,ζ

Λn,m,e,s as µ0,ζ
Λn,m ◦ T−1

e,s. Using Jensen’s inequality, f
q
Λn

(e) is bounded
below by

n−2µ0,ζ
Λn,m,e,s


∑

x∈Λn

(b · ex + h)1[φx∈[−a,a]] + log
dµ0,0

Λn

dµ0,ζ
Λn︸ ︷︷ ︸

(1)

+ log
dµ0,ζ

Λn

dµ0,ζ
Λn,m︸ ︷︷ ︸

(2)

+ log
dµ0,ζ

Λn,m

dµ0,ζ
Λn,m,e,s︸ ︷︷ ︸
(3)
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As in the proof for d > 3, we have
n−2µ0,ζ

Λn,m,e,s((1)) > −Cn−1.

By Lemma 8.1, we have Z0,ζ
Λn,m

Z0,ζ
Λn

=
Z0,ζ

Λn,m

Z0,0
Λn,m

Z0,0
Λn,m

Z0,0
Λn

Z0,0
Λn

Z0,ζ
Λn

> −Cn − C2n
2m2| log m|, and then

(2) = log

(
Z0,ζ

Λn,m

Z0,ζ
Λn

)
+ m2

∑
x∈Λn

φ2
x > −Cn − C2n

2m2| log m| + m2
∑

x∈Λn

φ2
x

hence,
n−2µ0,ζ

Λn,m,e,s((2)) > −Cn−1 − C2m
2| log m|.

Finally, noticing that Z0,ζ
Λn,m,e,s = Z0,ζ

Λn,m (just perform a change of variables in the
Gaussian integral), we can compute the third term.

(3) = −
1
8

∑
{x,y}∩Λn ̸=∅

x∼y

(φx − φy)2 − (φ̂x − φ̂y)2 − m2
∑

x∈Λn

(φx − s)2 − (φ̂x − s)2

where φ̂x + φx + s1[b·ex+h<0]. Now we will use the fact that the marginal laws of all
φx, x ∈ Λn under µ0,ζ

Λn,m are Gaussian variables, i.e. φx ∼ N(µx
n, σx

n
2) where µx

n ≈ ζ

except for x close to the boundary of the box. Indeed, by the random walk represen-
tation of the mean, there is C > 0 such that |µ0,ζ

Λn,m(φx) − ζ| 6 C(1 + m2)−∥x−∂Λn∥.
Moreover, (σx

n)
2

= Var0,ζ
Λn,m(φx) 6 C1| log m|. Using the definition of µ0,ζ

Λn,m,e,s, and
computing the terms as in the proof for d > 3,

n−2µ0,ζ
Λn,m,e,s((3)) > −

s2

8n2

∑
{x,y}∩Λn ̸=∅

x∼y

(1[b·ex+h<0] − 1[b·ey+h<0])
2

−
m2s2

n2

∑
x∈Λn

1[b·ex+h<0] +
C

n
.

We get, for n large enough and m small enough

f
q
Λn

(e) > n−2
∑

x∈Λn

(b · ex + h)µ0,ζ
Λn,m(φ̂x ∈ [−a, a])

−
s2

8n2

∑
{x,y}∩Λn ̸=∅

x∼y

(1[b·ex+h<0] − 1[b·ey+h<0])
2

−
m2s2

n2

∑
x∈Λn

1[b·ex+h<0] − C ′m2| log m| − Cn−1,

for some C and C ′ > 0. Note that for O(n2) sites x, we have
µ0,ζ

Λn,m(φx ∈ [−a, a]) − µ0,ζ
Λn,m(φx + s ∈ [−a, a]) ≍ Φ ′

ζ,b(a) · s as n→∞, (8.7)
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for s ≪ a 6 ζ = C1| log m|, and b = C1| log m|. Above Φζ,b stands for the p.d.f. of
the above Gaussian distribution with mean ζ and variance b2. In particular, for a
positive fraction of x (close to 1) and m sufficiently small, we have the upper bound:

µ0,ζ
Λn,m(φx ∈ [−a, a]) − µ0,ζ

Λn,m(φx + s ∈ [−a, a]) > C1(a)

| log m|
· s,

for some C1(a) > 0. Now we can compute:

f
q
Λn

(e) > n−2
∑

x∈Λn

(b · ex + h)(µ0,ζ
Λn,m(φx ∈ [−a, a]) −

C1(a)

| log m|
s1[b·ex+h<0])

−
s2

8n2

∑
{x,y}∩Λn ̸=∅

x∼y

(1[b·ex+h<0] − 1[b·ey+h<0])
2 −

m2s2

n2

∑
x∈Λn

1[b·ex+h<0]

−C ′m2| log m| − Cn−1

Observe that µ0,ζ
Λn,m(φx ∈ [−a, a]) > 2a · Φ ′

ζ,b2(−a) =
C̃1(a)
| log m|

uniformly in x ∈ Λn.
Let us take the expectation with respect to the environment, we get:

fq = lim
n→∞ Ef

q
Λn

(e) > h
C̃1(a)

| log m|
− s · C1(a)(−b + h)

2| log m|
−

s2m2

2

−
s2

16
− C ′m2| log m|. (8.8)

Our aim now is to show that the right hand side can be positive even when h is neg-
ative. In the above expression s, m are free parameters which we may vary. How-
ever, we have to remember that both s and m need to be small enough, which makes
standard optimization analysis cumbersome. We are going to show that there exists
C > 0 and ϵ > 0 such that for any b, h such that (−b + h) ∈ (−ϵ, 0) and

h + C
(−b + h)2

log(−(−b + h))
,

there exist small s and m such that the r.h.s. of (8.8) is positive. Notice that the result
will imply that for any h > C

(−b+h)2

log(−(−b+h))
the free energy is positive. Let us choose

the value of s which maximizes (8.8) for fixed m, i.e.

s = −
C1(a)(−b + h)

(m2 + 1/4)| log(m)|
. (8.9)

and for m let us take
m2 = −k/(log k)3, where k + −hC̃1(a)/C ′. (8.10)

One can verify that with the above choice of parameters both s and m are as small as
we want. Let us first put (8.9) into the r.h.s. of (8.8) and obtain

fq > h
C̃1(a)

| log m|
+

C1(a)2(−b + h)2

(m2 + 1/4)(log m)2 − C ′m2| log m|.
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For k and consequently m small enough we have

fq > h
C̃1(a)

| log m|
+

C1(a)2(−b + h)2

2(log m)2 − C ′m2| log m|.

Further let us multiply both sides by (log m)2 and insert (8.10).

fq(log m)2 > −hC̃1(a) log m +
C1(a)2(−b + h)2

2
+ C ′m2(log m)3

= −
hC̃1(a)

2
(log k − 3 log(| log k|)) +

C1(a)2(−b + h)2

2

−C ′k(log k − 3 log(| log k|))3

8(log k)3

= −h
C̃1(a)

2
log(−hC̃1(a)/C ′) +

C1(a)2(−b + h)2

2
+ h

C̃1(a)

8
+ o(h)

as |h|→ 0. From the last claim it is straightforward to conclude existence of C (suffi-
ciently small) and ϵ with the properties described above. �
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[47] G. Giacomin and F. L. Toninelli, Smoothing effect of quenched disorder on polymer

depinning transitions, Comm. Math. Phys., 266 (2006), pp. 1–16.
[48] L. Greenberg and D. Ioffe, On an invariance principle for phase separation lines, Ann.
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