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Abstract

Waveform relaxation techniques are an important tool for the simulation of
very large scale circuits. They are based on a partition of the circuit into
sub-circuits, and then use an iteration between sub-circuits to converge to the
solution of the entire circuit. Their importance has increased with the wide
availability of parallel computers with a large number of processors. Unfortu-
nately classical waveform relaxation is hampered by slow convergence, but this
can be addressed by better transmission conditions, which led to the new class
of optimized waveform relaxation methods. In these methods, both voltage and
current information is exchanged in a combination which can be optimized for
the performance of the method. We prove in this paper a conjecture for the op-
timal combination for the particular case of a small RC circuit, and also present
and analyze a transmission condition which includes a time derivative.

Keywords: Waveform Relxation, Circuit Simulation, Optimized Transmission
Conditions

1. Introduction

Waveform Relaxation (WR) methods are based on partitioning large cir-
cuits into sub-circuits which then are solved separately for multiple time steps.
Using an iteration and exchanging information between the sub-circuits, one
arrives at better and better approximations of the solution of the original large
scale circuit. The exchange of waveforms for multiple time steps reduces the
importance of processor communication latency and is therefore a very suitable
approach for the parallel simulation of large scale circuits. The classical WR,
algorithm was invented in 1980/81 in the circuit simulation community [21],
and only later it was discovered that the algorithm is very much related to the
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Figure 1: A finite size RC circuit.

classical Picard-Lindelof iteration, see [22, 23, 24]. WR algorithms have been
tested on a multitude of problems in the circuits area, see [25] and references
therein, and also for evolution partial differential equations under the name
Schwarz waveform relaxation, see [4, 20, 5, 16, 17, 18].

The limiting factor for classical waveform relaxation is the rather slow con-
vergence for an important class of problems. This can however be overcome
with the newly developed class of optimized WR or oWR, see [14, 12, 13, 8, 15],
which has its roots in optimized Schwarz waveform relaxation methods, see
[11, 9, 10, 3] and also the related approach for circuits in [7, 6]. In oWR, combi-
nations of voltage and current values are transmitted at the interfaces between
sub-circuits, and one can optimize the combination in order to obtain rapidly
converging algorithms, which also led to the name oWR. In [2] a conjecture was
stated on the optimal combination for a specific class of RC circuits. We prove
in this paper the optimality conjecture for a small RC circuit of this class. We
then introduce a transmission condition which also includes a time derivative,
and leads to an even better algorithm.

Circuit equations are nowadays derived using Modified Nodal Analysis (MNA),
see [19], which leads to equations of the form C&(t) + Gx(t) = Bu(t), where
C contains the reactive elements, G the other elements, while B is the input
selector matrix, and wu(t) are the excitation or forcing functions. In [2], the
model RC circuit in Fig. 1 was considered, and the MNA circuit equations were
rewritten in tridiagonal form,

bl C1
al b2 C2
az by c
& = R z+f, 1)

where
. ‘(%*R%Ec%; i=1 .
a; = 5 b: - X +_,_7 Z_273 C; = 5
) RiCiJrl ) B ( Rtfl R; ) C; Z I 1 R’L Cz
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and n is the number of nodes in the circuit. The source term on the right hand

side is given by f = (I5(t)/C1,0,...,0)T, for some source function I,(t), and

the initial voltages are given by z(0) = (v9,v9,...,v9)T at the time t = 0.



While in [2] classical and optimized WR algorithms were introduced for RC
circuits of arbitrary size, we focus here on the particular case of n = 4 in order
to prove the conjecture from [2]. For this case, the classical WR algorithm with
two equal size sub-circuits is given by (see [14])

aFtl b1 ¢ wktl 4 fi + Ok ,
al bg fg Czwlk (2)
. bs ¢ f asu
k1 _ 3 C3 k41 3 2Ug
et = e () (),

with corresponding initial conditions u**1(0) = (v?,v9)7 and w**1(0) = (v3,v9)7.
To start the WR iteration, we need to specify two initial waveforms uJ(t) and
wi(t) for t € [0,T).

We see that in the relaxed terms in (2) the so called classical transmission
conditions

k+1 _ & k+1 _  k
Uz =~ =Wy, Wy = Uy (3)

were used. Using a Laplace transform in time with Laplace parameter s, it was

shown in [14] that 42% = (pea)” 49, and B2 = (paa)* 19, with the convergence
factor

_ ca(s—b1) as(s—ba) _ .
Pela(8; a, b, c) = (s—b1)2(s—b21)—a101 : (s_b3)zzs_b4§_a3c3a s =1+ ww. (4)

Furthermore, it was shown in [14] that p., reaches its maximum for w = 0.
Hence, the low angular frequency components w close to zero will cause dif-
ficulties and slow down the convergence of the algorithm. New transmission
conditions were therefore proposed in [14], namely

k k k ;
(u%:rll - uQI:rll) + O¢u3;:11= ( If - wlg) + awlfa (5)
(Wit —wi™h) + Bwy ™ = (uf — ub) + Bub.

Applying these transmission condition (5) in the WR iteration leads to an op-
timizable WR algorithm

. b 0
aFtl = [al b—?” }uk+l+<?>+<cwk— Czwk>’
R ’ L ¢ (6)
Wt by — 37 3 Wi L f3 4 aguy + gE7u3
as by f4 0 ’

where the values u% and w are determined by the transmission conditions (5).

It was shown in [14], that 42% = (pop)* @9, and W2* = (pop)" @Y, where the
convergence factor popt is given by

popt(57 a, b7 C, o, /8) =
_ _ca(s=b)(B=1)+(s=b1)(s—=ba)—aic1 = —aaz(s—ba)(at1)+(s—bs)(s—bs)—ascs
((s—bs)(s—ba)—azcs)(B—1)+az(s—ba)  ((s—b1)(s—b2)—aic1)(a+1)+ca(b1—s) (7)




The best choice in the Laplace transformed domain for o and S in the trans-
mission conditions (5) is thus
—ascs s — b3 aicy S

— by
o= + -1, g:= — +1, s € C, 8
(s — bs)as as g (s —b1)eca C2 ®)

since then the convergence factor (7) vanishes, and hence we have converges in
two iterations, independently of the guess for the initial waveforms [14]. This
optimal choice in the Laplace transformed domain depends however on the
Laplace parameter s, and thus represents symbols of operators in time in the
real domain. Therefore, in [14], an approximation by a constant was proposed,
which leads to a very practical algorithm with remarkable improvement over
the classical WR algorithm. The optimal choice of this constant was given as a
conjecture in [2] for an RC circuit of arbitrary size. We will prove in the next
section the optimality of this constant approximation. We then also analyze a
first order approximation in detail.

2. Optimization of the constant approximation

We now assume that o and [ are constants, and start by studying the
convergence factor pop: in (7), whose analyticity in the right half of the complex
plane is proved in [14] under the conditions that

ca|b1 | az|b4| 7
a> ————1=:0, <——+1=p 9
biby — aicy - 4 bsbs — ages - a ©)
Under these conditions, the maximum of p,p: for s =71+ iw, n > 0, is attained
on the boundary. Since, the limit of p,p; for s := e, where -5 <0< 3, as

1 e . . .
m) the same limit in all directions, we see that it suffices

to minimize the convergence factor for n = const. In order to get an optimized
algorithm for the L? norm in time, we need hence to solve the min-max problem

7‘—>oois(

min ( max |popt(iw, @, b, c,oz,ﬁ)|> . (10)
a>a,B<B \|w|<oo

One can see from (7) that the modulus of pop: for s = iw depends on w? only,
since |ez(iw — b1)(B — 1) + (iw — by)(iw — ba) — a1c1| depends only on w?, and
similarly for the other terms. Hence, it suffices to optimize for non-negative
frequencies, w > 0.

We use now the same simplifying assumptions that led to the conjecture in
[2], namely that all circuit elements are the same,

c=a;,=afori=1,23, b,=bfori=1,234. (11)
In this case, we see from the optimal choice in (8) that the symmetry assumption
B = —a also made in [2] is reasonable. This reduces the optimization parameters
to a, and leads to the simplified convergence factor
a+1-x\°
o ) ) 7b7 = NN ) 12
popn(ica.0) = (252 ) (12)



where
(s—b)2—a®> —b 1s(s—b)—a?
A=BTo e T 238 TY) m e
a(s —b) a a s—b

We next show an important property of .

5 =iw. (13)

Lemma 2.1. Letb <0, a > 0, and —b > 2a. Then the modulus of \ in (13) is
larger than one in the right half of the complex plane.

Proof The modulus of A is given by

b2 —a? (st B2 — a2
=" = s+

2

and using a time scaling of the equations, i.e. taking a = 1, b = —2¢*, and

c>1, we have

o (2 4+1+w2+4nc2+2n+4c2+4ct)(n2+14w?2+4nc2 —2n—4c2+4c?)

|>‘| - \/ n2+4nc2+4ct+w? '
This shows that the modulus || is bigger than one, since the first factor in the
numerator of the argument under the square root is bigger than the denomina-
tor, and the second factor is bigger than one for ¢ > 1 and n > 0. Hence, || > 1
in the right half of the complex plane. |
Using this lemma, we see that it suffices in this case to require @ > 0 and the
convergence factor popeo is still analytic in the right half of the complex plane.
Nevertheless, as we will see later, the optimized value of a will be bigger than
a, but for the change of variables that will follow, it is convenient to work with

the simpler assumption o > 0.
s(s—b)—a’®

We now use a change of variables based on the real part of z := =——,

s = iw, w > 0, which appears in \. We write z as

Hence, we have
b 1
A= —+4— 11 ). 15
2t Szt iy) (15)

The optimal value of « in (8) can be written in terms of A as @ = A — 1.
Moreover, if p is a free parameter corresponding to a constant approximation of
x + iy in (15), then a constant approximation of « is o = _Tb —-14+2L

In the new variable z, and the new parameter p for the constant approxima-
tion, the convergence factor (12) in modulus becomes

|p0pt0 ($, a, ba p)| =
—a®((2b%42bp—a?)z®+(—2ba+b> —bp? )z —b%a?)
(—4b*—4b2p2+8b3p+3b2a2+a2p2 —4bpa?)z2+(2a2p2b+atb—2b2pa?)xz+bra?2 —2b3pa? +p2b2a?*

Factorizing a® from the denominator and numerator, implies

_ Ql(ma a, bap)

o, ) 7ba A . 7 N\
Poro @002 = G



Q= (2B 2 () B1) OB 2 G- @) (-0)).
Qo= (-4 (2)"=4()” (B8 (2)° ()43 (1) +(2)=4(2) (1) (2)°
F R+ () -2 1) ()
4 2 2
+(@) =20 B+ (B @)
We set p = £, and in addition, we set % = —2¢% ¢ > 1, since |b| > 2a, to elim-
inate one parameter, and assume ¥ = 7, where Z € [b/#a, 0) = [f%,()). Since

we have a > 0, the new parameter p should satisfy p > 1 — 2¢2. Furthermore,
the modulus of the convergence factor (12) now simplifies to

RO (‘%7 ¢, ﬁ) = .
_ (4c?p—8c*+1)32 4+ (8¢5 —4c? —2c%p2) a+-4ct
(64c® —8c2p—12¢T164c5p+16¢3p2—p2) 22+ (2¢2+4c2p2 +8¢2p) T — 16¢5 —16c0p—Acip? )

(16)

where € [—515,0), and the min-max problem (10) becomes

min < max Ro(i,c,ﬁ)> ,c>1. (17)

p>(1-2¢2) \ =L <z<0
2c

To analyze the min-max problem (17), we need the following nine technical
lemmas:

Lemma 2.2. For p > 1—2c2, and ¢ > 1, the polynomial L defined by
L(c,p) == (16¢* — 1)p? + 4c*p — 64c® — 1 + 28¢* (18)

has a unique real root at

_ —2¢%2 4+ V48ct +1024¢12 — 512¢° — 1

16¢* — 1 (19)

b+

Moreover, p. > 0, and L(c,p) > 0 for p > p4, and L(c,p) < 0 for 1 —2¢2 <
D <Pst-

Proof The polynomial L has two real roots p+, which are given by

—2¢% 4+ /48¢4 +1024¢12 — 512¢8 — 1
16¢% — 1 '

Pt = (20)

The first root p, satisfies p4 > 0 > 1 — 2¢?, since

Pr >0 = —26% 4+ /48c* +1024¢12 — 51268 — 1 > 0
—  48¢* +1024c¢'% — 51268 — 1 > 4¢t
—  44ct +1024¢% — 51268 — 1 > 0,



and the last inequality is true for ¢ > 1, since the coefficient of the term c'? is

the dominant one.
For the second root H_, we have p_ < 1 — 2¢? since

Po<1—2c2 <= —2¢%—/48c* +1024c12 — 512¢® — 1 < (1 — 2¢%)(16¢* — 1)
= 32¢% — 16¢* — 4c® + 1 < V48¢* + 1024¢12 — 512¢8 — 1,

and now observing that both sides are positive, we can square and simplify to
obtain
= —1024¢10 4+ 192¢5 — 64¢* — 8¢ + 2+ 512¢° < 0,

and this last inequality holds for ¢ > 1. Hence, p_ can be discarded.

Since L(e, p) is positive for large p, because of the sign of the coefficient of
p? which is positive, we have L(c,p) > 0 for p > p,, and for 1 —2¢? < p < py
the polynomial L(c,p) < 0. |

Lemma 2.3. For p > 1—2c2, and ¢ > 1, the polynomial d given by

d(c,p) = (1 — 16¢*)p* — 4c2p® + (128¢% — 32¢* + 2)p?
6 2\~ 8 4 12 (21)
+(80c® — 4¢*)p + 240¢® — 32¢* — 2561 + 1
has only two real roots, say p1 and py with p1 < P2, which are both larger than
zero, and has no roots in the interval (1 — 2¢,0]. Furthermore, d satisfies the
inequalities

i) d(c,p) <0 for p € (1 —2¢%p1) U (P2, ),
ii) d(c,p) >0 for p € [p1,pa].

Proof The polynomial d(c,p) is negative for large p, because of the sign of
the coefficient of p* which is negative. Moreover, d takes positive values, e.g.
at p = 2¢%, d(c,2¢?) = (16¢* — 1)?2 > 0, hence, it must have by continuity
and the Intermediate Value Theorem at least one real root pa(c) > 2¢? > 1 —
2¢%, d(c, p2) = 0. An example of d with ¢ = 1 and p > 1 —2¢? is given in Figure
2. To show that d has exactly two roots bigger than 1 — 2¢?, say p1 and P, and
P2 > P1 > 0, we use the derivative of d(¢,p) with respect to p. The derivative

d
Z=(d(e,p)) = 4(1 - 16¢h)p® — 12¢%p% + 2(128¢% — 32¢* + 2)p — 4c* + 80c°
P

has two real roots, say r1,72 > 1 — 2¢2, and a third real root, say rs, less than
1 — 2¢2, since

(d(c, ) |22 = 4c*(32¢* —3) >0,
(d(e,D) p=1-2e2 = —8(4c' =26 —1)(4c® —1)* <0,
L(d(c.p) =0 = 4c*(20c* —1) >0,
L(d(c,p)) |p=2ez = —4c*(16c* —1) <0.



The case c=1
T
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Figure 2: The polynomial d for the case ¢ = 1.

Therefore, by the Intermediate Value Theorem, we have r3 € (—2c%,1 — 2¢?

which can be discarded, 12 € (1 — 2¢2,0) which is a minimum, and r; € (0,2c¢?)
which is a maximum.

Now, we have d(c,1 — 2¢?) = —4(4c* — 2¢? — 1)(4c® — 1)? < 0, and then d
decreases to more negative values until d reaches its minimum at ro, after that d
starts increasing to its maximum at r; € (0, 2¢?), which is a positive value since
d(c,2¢®) = (16¢* — 1) > 0, and r1, where the maximum is attained, is less than
2¢2, so here d(c,p) has a real root which is p; > 1 — 2¢?, and more than that,
we have p; > 0 since at p =0, d(c, p) is negative. After d reaches its maximum
at rq, it starts decreasing again to minus infinity, so here d has its second root
P2 > p1 > 0, and there are no more roots, since d decreases to minus infinity.
Therefore, d(c, p) has only two roots, po > p; > 0, for p > 1 —2¢?, and ¢ > 1,
and no roots in the interval (1 — 2¢?,0]. Moreover, d falls under one of the two
cases which are stated in the Lemma, and the proof is complete. |

Lemma 2.4. For ¢ > 1, the root py given in (19) lies in the interval [p1, pa),
where p1 and py are the two real roots of d which are characterized by Lemma
2.3.

Proof By Lemma 2.2, we have p; > 0 for ¢ > 1. Now, since d(c,p+) > 0, pt
must lie in the interval [p1, p], by Lemma 2.3. |

Lemma 2.5. For p € [p1,P2], and ¢ > 1, the polynomial Py defined by
Py(c,p) = (1 — 16¢*)p? — 4c*(1 4 4c*)p + 32¢° — 28¢* + 1
s always negative.

Proof Using the Intermediate Value Theorem, one can show that the two roots
of Py are r_ € (—=2c%,1—2¢?) and 7 € (0,2¢?). By finding the precise r, and
substituting it into d in (21), we have d(c,7+) < 0, and since d(c,p) > 0 for
P € [p1,P2], Lemma 2.3, and 7, < 2¢2, we have r_ < r; < py, and the two zeros



r4+ are not in [Py, p2]. In addition, the coefficient of p? is negative, which implies
that the sign of P» is positive only for p € (r_,r4), and is negative everywhere
else. Hence, the polynomial P is always negative for p € [p1, pa]. |

Lemma 2.6. For p > 1—2c2, and ¢ > 1, the polynomial P, defined by
Py(c,p) = L(c,p) ((—16¢® + 1 — 16c¢")p* — (4¢* 4 32c%)p + 64c™® — 16¢° + 1 — 28¢*)

where L is given in (18), has only two real roots, p4 given in (19) and another
real root, say p, and 1 — 2c¢* < p; < p < D+, where py is the real root of d in
Lemma 2.8. Moreover, Py is negative for p € (1—2c? ,p) U(p4, 00), and positive

fOTﬁ S (57ﬁ+)

Proof For p=py, p_ given in (20), the roots of L, we have Py(p) = 0, which
means py > 0, p_ < 1 — 2¢? are roots for P;(p). One can also find the other
two roots from (1 —16¢® — 16¢*)p? — (4c® 4 32¢5)p + 64¢? — 16¢® + 1 — 28¢* = 0,
which implies two roots, one is less than 1 — 2¢?, and hence, it can be discarded,
and another root p > 1 — 202, where p < Py, since L(c,p) < 0, and L(c,p) is
negative for all p € (1 — 2¢2, p+) by Lemma 2.2. Therefore, P4( p) has exactly
two roots bigger than 1 — 2¢2, which are p4 and p Furthermore, d(c, p) > 0,
which means p; < p, since 1 — 2¢2 < p, and d(c,p) is positive in (p1,p2), by
Lemma 2.3. Therefore, from the sign of Py, the polynomial P, is negative for
pe(l—2e2p) UJ(P4,00), and positive for p € (p Dt )- |

Lemma 2.7. For p > 1—2c?, and ¢ > 1, let x1(c,p) be given by

(16¢* + 8c2p + 2V/d)c?
L )

z1(c,p) =

where L and d are given in (18) and (21) respectively. Then x1 is not defined for
P = Py, and is complex for p € (1 —2c¢%,p1) (P2, 00). Furthermore, x1 <
Jor [p1,p+), and x1 >0 for (P, pa].

2('2

Proof By Lemma 2.2, the denominator of z; is zero at p = p, and by Lemma
2.3, d(c,p) < 0 for p € (1 — 2¢2,p1) U(P2,00). Hence, x1 is not defined for
P =Py, and is complex for p € (1 — 2¢%,p1) (P2, 00). For p € (p, p2], we have
x1 > 0, since it is a fraction of two positive quantities, Lemmas 2.2 and 2.3.
Consider now the interval [p1, p+), then

2 < -1 (8pc? + 16¢* + 2V/d)c? _ -l
22 L 2c2
—  (8pc® + 16¢* + 2Vd)? > 2_?

(note that L < 0 in the interval considered)

4¢*Vd > —L — 16pc° — 3268

4¢*Vd > (1 —16¢M)p? — 42 (1 + 4¢*)p + 32¢® — 28¢* + 1.

1y
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Now, since in the interval considered, the left hand side is positive, Lemma 2.3,
and the right hand side is negative, Lemma 2.5, the last inequality is true and
we have 1 < % |

Lemma 2.8. For p > 1—2c?, and ¢ > 1, let x3(c, p) be given by

(16¢* 4 8¢%p — 2v/d)c?
L b

xQ(cvﬁ) =

where L and d are given in (18) and (21) respectively. Then x4 is not defined for
P = Py, and is complex for p € (1 —2c¢%, p1) (P2, 00). Furthermore, xo > %

for p € [p,p4) b+, B2l, and z2 < 5% for [p1,p). In addition, x5 < 0 for p €
m17ﬁ+) U(ﬁ+7ﬁ); and X2 Z 0 for @7]52]7 where ﬁ =V 404 - 1; and ﬁJr < ]5 < ﬁQ-

Proof The proof is similar to the proof of Lemma 2.7. By Lemma 2.2, the
denominator of x5 is zero at p = py, and by Lemma 2.3, d(c¢,p) < 0 for p €
(1 —2¢2,p1) (P2, o). Hence, x5 is not defined for p = p,, and is complex for
B € (1—2¢%, 1) U(z, o). For § € [f1, ), we have

-1 (8pc® 4 16¢* — 2/d)c? ~ —1
<

> — > —
2 2¢2 L 2¢2
—L
—  (8pc? +16¢* — 2Vd)e? < 52

C

— 4c*Vd > L+ 16pc° + 326
— 4ctVd > —((1 —16cMp? — 4P (1 4 4ch)p + 3265 — 28¢* + 1),

and now the right hand side equals minus the polynomial P, studied in Lemma
2.5, hence both sides are positive, and we can square and simplify to obtain

< L(c,p) ((—=16¢® + 1 — 16¢")p* — (4¢® + 32¢°)p + 64¢'* — 16¢® + 1 — 28¢*) > 0.

The left hand side is the polynomial P, studied in Lemma 2.6. Therefore, by
Lemma 2.6, we have zo < % for p € [ﬁl,ﬁ)7 and for p € [gi]ﬁ), we have
To > %

Consider now the interval (p4, p2], in which we have

I SN (8pc% 4 16¢* — 2V/d) > =
2¢2 L 2c2
—  (8pc? +16¢* — 2Vd)e? > ;_Cf;
— 4c*Vd < L+ 16pc° + 32
— 4cVd < —((1 - 166Y)p% — 421 + 4c)p + 32¢® — 28¢1 + 1)
= L(e,p) ((—16¢® + 1 — 16¢)p* — (4¢® + 32c5)p

+64c'? — 16¢° + 1 — 28¢*) < 0.

11



The left hand side is again the polynomial P studied in Lemma 2.6, and thus,
T2 > % for 13 € (ﬁ+7ﬁ2]' Thereforea Ty > % for 13 € [ﬁaﬁ+) U(ﬁ+aﬁ2]a and
T < % for [p1,p).

For p € [p1,p4+), we also have

(8pc® + 16¢* — 2v/d)c? - -1
L 2c2
= 4p +8c* —Vd >0
= (G-p)E+p)P—ps)F—p-) >0,

To <0

where p = V/4c* — 1, and p,, p_ are given in (20). Therefore, the only two
roots of the left hand side in the last inequality above, which are bigger than
1 —2¢2, are o and p Moreover, since L(c, p) is positive for p =p>1-2c
, we have P+ < p, by Lemma 2.2. Also, since d(c,p) at p = p is positive, and
D > py, we have p € (p1,P2), by Lemma 2.3. By studying the sign of the left
hand side expression in the last inequality, [(p — p)(p + D)(p — py ) (P — p_)], we
see that o < 0 for p € [P1,D4).
Consider now the interval (p4, p2], in which we have

(8pc® + 16¢* — 2v/d)c? - -1
L 2c2
— 4p +8c* —Vd <0
= @-p)@+p)P—p+)P—p-) <0,

To <0 <=

which implies that, 22 < 0 for p € (p+7p) and zo > 0 for p € [ﬁ,ﬁg]. Therefore,
xg <0forpe [pl,p+)U(p+, p), and 29 > 0 for [p, pal. |

Lemma 2.9. For ¢ > 1, the function & — Ro(Z,c,p) defined in (16) has a
unique local minimum in [Qcé, 0), located at

. (16¢* + 8¢%p — 24/d(c, p))c? (22)

&(Qp) = (16C4 _ 1)]32 + 40213 — 64c¢8 — 1 —+ 28047

where d(c,p) is given in (21), if p € [p,py) U (Py,p), where py, p and p are
determined by Lemmas 2.2, 2.6, and 2.8 respectively. For any other value of
p>1—2c%, Ry has no extrema in [%70).

Proof A partial derivative of Ro(Z, ¢, p) with respect to & shows that the roots
of the polynomial

Q(E) = (p—1+2)(p+1+2%)P(7),
where P(Z) is given by

P(&) = —2c2(16¢*p? — p* + 4c?p + 28c* — 64 — 1)7?

+2c2(16¢*p + 32¢5)F — 2¢%(4c*p? + 4c* — 1668), (23)
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determine the extrema of Ry. Since (p—1+2¢?)(p+1+2¢?) > 0 for ¢ > 1 and
p>1—2c¢% we have Q(¥) = 0 <= P(&) = 0, with the same coefficient signs.
The polynomial P(Z) has two roots Z and Z given by

(16¢* + 8¢?p + 24/d(c, p))c?

16¢* — 1)p2? + 4c2p — 648 — 1 + 28¢’
(16¢* + 8¢2p — 24/d(c, p))c?

16¢* — 1)p2? + 4c2p — 648 — 1 + 28¢’

S|

(¢.p) = (

Z(c,p) = (

and d(c,p) is given in (21). Note that, Z and Z are the same x; and x5 which
are given in Lemmas 2.7 and 2.8, respectively. By Lemmas 2.7 and 2.8,  and
Z are not defined for § = p,, and are complex for jp € (1 — 2¢2,p1) (P2, 00).
Therefore, we analyze for the intervals [p1,p+) and (p4, p2]. Now, by Lemmas
2.7 and 2.8, Ry has only one extremum in [%, 0)atz =z ifp e [p,py) UBs,p)
By studying the sign of Q(Z), it is a minimum.

For any other value of § > 1 — 2¢?, Ry has no extrema in #, because either
the extrema are not defined or are not in [%, 0), see Lemmas 2.7 and 2.8. W

Note that if p = py, which is the zero of the denominator of Z that makes it
not defined, then the polynomial that determines the extrema of Ry is reduced
to a polynomial of degree one, and is given by

Pp(7) = 2c*(16¢*py + 32¢%)7 — 2c2 (4c* B3 + 4c* — 16¢%), (24)
and has only one zero, given by

- ._]3_‘_—&-1—464_ —c?
" 4p, +8c2 16ct 17

and Z, € [5%,0). Since the reduced polynomial P,(Z) in (24) is just a line,
and the coefficient of ¥ is positive, &, is a minimum. This case is not however
of our interest, since if we take p = p,, then we already have the value of the
parameter p which we want to optimize, and no more optimization process.
Lemma 2.10. For fized T € [—ﬁ,O), and p > 1 —2c2, we have %ﬂgc’m(ﬁ—
p(&,c)) > 0, where p(Z,c) is given by

6c2% — 4ct — 162c5 — 72 + 87%ct — \/d(Z, c)
S 9
B(&:c) 2(4c'7 + 2232) ’ (25)
and d(Z, c) is given by
PPN 442 )72 2 Q. M\a g4
d(Z,c) = ((16¢* — 4c® — 1)22 + (6¢2 — 8c?)T — 4ct) (26)

((16c* + 4c — 1)@% + (8c* + 6¢%)T — 4c?) .

Proof A partial derivative of Ry(Z, ¢, p) with respect to p shows that the roots
of the polynomial

Q(p) = — ((16¢* — 1)3* + 2¢%% — 4¢*) P(p),

13



where P(p) is given by

P(p) = —(4c*3? + 8¢*7)p? — (3225 — 1632c* — 12¢2% + 8¢* + 272)p

—323c8 + 48725 — 16¢8 4 16¢4F — 8¢272, (27)

determine the extrema of Ry. For & € [—55,0) with ¢ > 1, we have —((16¢* —
1)#% + 2¢27 — 4c*) > 0. Therefore, Q(p) = 0 <= P(p) = 0, and they have the
same coefficient signs. The polynomial P(p) has two roots p and p given by

6c?7 — 4ct — 162c5 — 72 + 87%ct + \/d(Z, c)
2(4c*T 4 2¢222) ’

6c27 — 4ct — 162c5 — 72 + 87%ct — \/d(Z, c)
2(4cA% + 2c232) ’

(&, ) =

(‘%70) =

IS

and d(Z, c) is given by (26). One can show, using the first derivative with respect
to &, where T € [%,O), ¢ > 1, and finding the minimum that the two factors
of d are negative for € [%, 0), c>1,1ie.

(16¢* — 4c® — 1)7? + (6¢* — 8c*)7 — 4c* < 0,

28
(16¢* 4+ 4c% — 1)3* + (6¢* + 8c*) i — 4c* < 0, (28)

and hence, d > 0 for T € [%, ). Now, we want to show that p < 1 — 2¢?, and

hence p can be discarded, and p>1-— 2¢2. For p, we have

p<1-2% — (8" — 1)+ (6¢ —16¢%)7 — 4c* +Vd
> 4c2%(% + 2¢2) (1 — 2¢%) (since #(Z + 2¢?) < 0)
— Vd>—((16¢* — 4 — 1)E + (6¢* — 8¢H)E — 4cY),

and now both sides are positive by (28), and squaring and simplifying leads to
— 8c%%(Z + 2¢) ((16¢* — 4c® — 1)3° + (6¢* — 8¢*)E — 4c*) > 0.

This last inequality holds since (16¢* —4c? — 1)7% 4 (6¢® — 8¢*)Z — 4c* < 0, and
8¢%E (& 4 2c?) < 0 for Z € [5,0). Hence, p < 1 —2c2.
For p, we have, simplifying as before

p>1-22 <=  Vd> (16c" —4c® — 1)@ + (6¢* — 8¢h)i — 4c™.

The last inequality holds since the right hand side is negative, and the left hand

side is positive for T € [%, 0). Hence, p > 1 — 2¢2. The coefficient of $? in the
1

polynomial P(p) is positive for Z € [~5z,0) with ¢ > 1, and hence, the larger of
the two roots p and P is a minimum. Therefore, for 1 —2¢? < p < P, increasing
p decreases Ry, whereas for p > p, the opposite holds, i.e. increasing p increases

Ry. |

14



Theorem 2.11 (Optimized constant transmission conditions). The best
performance of the optimized waveform relazation algorithm (6) with constant
transmission conditions and the simplifying assumption (11) is obtained for
a = a*, where

af =202 —1+p7, (29)

and p*, the solution of the min-max problem (17), is given by

o —14+V1+16¢83 —12¢4
p =

) 30
5.2 (30)
and ¢ = \/g—é’ > 1. Furthermore, o > b;‘—btlﬂ —1=aqa.

Proof By Lemma 2.10, the optimal p* must lie in the interval [%, 00), since

with p outside this interval, Ry can be uniformly decreased for all % <Z < 0by
moving p towards this interval. The left endpoint of this interval is p(z = %),
and the right endpoint is p(z = 07) := ~liI(r)l_ (p(#)). Now, by Lemma 2.9, the
maximum of the min-max problem can (frﬁy be attained on the boundaries, at
T = % and at £ = 07, since Ry has no interior maxima. By the notation
Z = 0~ we mean that & approaches 0 from the left, since we have & € [%, 0),
open from the right. Now, for p = p(& = %) = %, we have RO(%, c, %) =0,
and so increasing p increases RO(%, ¢, p) monotonically, by Lemma 2.10. On

the other hand, for p = 5, we have Ro(0™, ¢, 75) = #6827&4 >0,c>1,

3 =3 = B — S\ 1 : 1 —
and increasing p decreases Ro(0~,¢,p) = G o ﬁl;nolo (W) = 0. There-

fore, by increasing p we reach Ro(%, ¢,p) = Ro(07, ¢, p). Solving the equation
for p gives the solution in (30), and three other solutions, p = 1 — 2¢?, —1 —

1 /IF165—127 . . . -
22, %. Those three solutions can be discarded, since p > 1—2¢2.

_ 9.2 T 9.2 = _ /=b =
Therefore, we have a* = 2¢* — 1+ 2 = 2¢* — 14+ p%, ¢ = /57 > 1, where p*

is given in (30), and o* > bflibELQ —1:=a. u

In Figure 3, we show the modulus of the convergence factor for the optimized
WR algorithm with the optimized constant approximation, pepo(w, ™). We
also show the modulus of the convergence factor using a Taylor approximation,
Popto(w, ar), obtained by a zeroth order expansion of the optimal choice (8),
which gives using the simplifying assumption ar = § — g — 1. We finally show
the modulus of the classical convergence factor pg,. All curves are shown for
¢ =1 from the numerical experiment in Section 4. One can see the remarkable
improvement in magnitude and uniformity for the convergence factor with the
optimized constant approximation over the classical one and the one with the
Taylor approximation.
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Figure 3: Classical convergence factor |peiq (w)|, versus |popto(w, a*)| and |popio(w, ar)|.

3. First order transmission conditions

We now approximate the symbols a and S from (8) corresponding to the
optimal transmission conditions by a first order polynomial in s,

a=ay+as, B=P00+pb1s, (31)

where we have four free parameters ag, a1, By and (7 that we can choose to
obtain a new optimized waveform relaxation algorithm. This will lead to a
time derivative in the time domain in the transmission condition, because of
the multiplication by s, and we assume that aq, 51 # 0, since otherwise we will
get again the constant approximation case.

The simplest first order approximation of the optimal « and 3 is the low
frequency approximation by using a Taylor expansion about s = 0 of the optimal
choice (8), which is given by

asCs b3 1 azCs
OT:—___L arp = — o
a2b4 a9 a9 a2b4

aicr by 1 a
Por=—73—+—+1 bip=———15—
1C2 C2 C2 1C2

In Figure 4 on the left, we compare the classical convergence factor with the
optimized convergence factor with constant approximation and the first order
Taylor approximation for the circuit from the numerical experiment in Section
4. We observe that the first order transmission conditions substantially improve
the convergence further, even using only a Taylor approximation.

In order to implement first order transmission conditions, we reformulate
now slightly the oWR algorithm: the Laplace transform of the transmission
conditions in (5), using the first order expansion (31) for a and 3, implies for
the transmission conditions

skl _ okl k41 k1 . . - .
(a5t —ast™) + apts T + aqsas T = (W8 — DF) + apd¥ + ag sl

. : b > A . R 32
(w’fJrl — w§+1) + Bow§+1 + ﬂlsw’gH = (0 — %) + Btk + Prsiib. (32)
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Since a multiplication by s in the frequency domain corresponds to a time
derivative, by substituting

W = bywh + cswh + apwh + f3,  uk = ayuf + bouk + coub + fo,

from the circuit equations into (32), assuming a1, $1 # 0, we obtain

-k+1 _ a%uéﬂrl (1+040) k+1+(1+ao+a1bs) ’f+(ali2_1)wk+03wl2€+f37
k+1 k+1+(1 ) k+1_ (A= “Bo— Ble)u]2€+(61221+1)u3+a1u1+f2

(33)
Wy /31 Wo B1

These ordinary differential equations found from the transmission conditions
imply the oWR algorithm

ui*i by uzf f
%Il - b12 (s1) u%; |
. _ 0
3 a ag 3 34
A (34
1 ) ( . ) ’
ajaz—1 k l+ap+aibs) k& k
o1 + o wy + c3wsy
and
- k+1 1—Bo —1 k?“rl
wo iy g X f2
w1+ = a2 b3 C3 * + f3
s k+1 k: 1
w2+ as b4 w2+ f4 (35)
N 1—Bp—pB1b co+1
alulf _ [3061[31 2)ul2c + (81 21 )u§
+ )
0

with the initial conditions u**1(0) = (v9,09,v$)T and w**1(0) = (v, 9, v§)T

where now the transmission conditions are already implemented in the algo-
rithm. To start the WR iteration, some initial waveforms u(¢) and w°(t) are
used.

Using the simplifying assumptions (11) from Section 2, and the associated
choice f = —«, we obtain for this variant of the oWR the simplified convergence
factor

)

(ap +18) +1—A )2
ag +ais) + 1A — ’
with A from (13). Similar to the optimized WR algorithm with constant trans-

mission conditions in Section 2, we use an optimization process to get the best
performance of the new WR algorithm. We again want |popi1| < 1.

poptl(svaubv aOval) = ((( (36)

Lemma 3.1. If the circuit parameters satisfy the inequalities
a>0, b<0, [b|>2a, a>0, a3 >0, (37)
then the convergence factor popt1 in (36) is an analytic function in the right half

of the complex plane, s =1+ iw, n > 0.
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Proof We need to show that the denominator does not have zeros in the right
half of the complex plane. We show this by contradiction: Assume there is

a zero, A(1 + ap + a1s) — 1 = 0, then we have A\ = m, which implies
Al = (1+a0+a11n)2+w2a§ < 1, with the condition (37) on ag and a;. On the

other hand, we have by Lemma 2.1 that the modulus |A| is bigger than one in
the right half of the complex plane, and thus we have a contradiction. Hence,
poles are excluded and the denominator has no zeros in the right half of the
complex plane. |

Since popt1 is analytic, we can apply the maximum principle and therefore,
the maximum of |pop1| is attained on the boundary. Now, since for s = re'?,
—5 < 0 < 3, the limit of pyy1 is zero as r goes to infinity, i.e. the same
limit in all directions, the maximum of |popi1| is attained on the boundary
n = const. Looking for an L? estimate in time as in Section 2, the modulus of
popt1 for s = iw depends on w? only, and it suffices to optimize for non-negative

frequencies, w > 0. Therefore, we need to solve the min-max problem

min <ma5< |popt1 (iw, a, b, a, a1)> . (38)

ap>0,a1>0 \ w>

The optimal value of « is given by &« = A — 1, and a first order approximation is
—b
a=a0+als:——1+]—)—|—gs,
a a a

where p, q are new parameters. Considering this first order approximation, and
using in addition the change of variables (14) for the convergence factor, the
modulus of the convergence factor pop1 in (36), after factorizing a” from the
denominator and numerator to eliminate one parameter, is given by

popn(,0,8,p.0)] = ST
where
Qui= (222 —2¢(2)" +2(1)* - 1) (2)°
+§‘5<%> —2q(2)° + 208 + (1) + (2)° 2 - 28) (2)°
+(20(2)° - ()’ - (2)°) 2,
Qui= (B + a2 +4 (2 (2 + 20 (1) 4 (&) -5(4)°2
—( 82+ 4(2)") (2)°

N~
_— els

(b2 2gt 2 (2)P 22 (2) brag (8) 46 () ) (2)°
-G 2B ) P2 (2) - () (1) 2 (2) ) £
— ()¢

18



Letting p = £, g = —2¢2, where ¢ > 1, and & = £, as for the constant
approximation in Section 2, the modulus of the convergence factor pop¢1 in (36)

becomes

~ ~ P i’7cﬂﬁ’q
Ri(%,¢,p,q) := P;Eg}icp‘q;’ (39)

where
Py = —(((8gc* — 8¢ + 1 + 4c?p)7?
+(—16gc® — 2c2p? — 4c? + 4qc® + 8¢5 + 8¢%¢?) T
+4ct — 8qct + 4c*q?)T),

Py = (4¢q? =82 p+16¢p? +8qct —64c®q? +64c0p—p? — 12¢* +64c%) 73
+(2¢%q2 + 4qc® + 8¢ P + 2¢2 + 4c*p? — 16qcS — 48¢%¢?) 2
+(=16¢8—8qct+168¢% —8ciq? — 4t p? — 16¢5p) 7 +8c¢5¢2.
The optimized parameters are given by oy = %b -1+2= 2¢? — 1+ p, and

a; = %, and since for analyticity in the right half of the complex plane we need
ag >0, and a; > 0, we require p > 1 — 2¢?, and ¢ > 0. The min-max problem
(38) then becomes

min max Ri(Z,e,p,q) | = max Ri(Z,c¢,p",q¢"), c>1. (40)
p>1-2c2,g>0 Q;C}S;fz<o =5 <&<0

Since it is hard to solve the optimization problem (40) we use asymptotics, and
since for RC type circuits |b| = 2a, which corresponds to ¢ going to 1, often
holds, we take ¢ = v/1 + ¢, and for € small we have the following result.

Theorem 3.2 (Optimized first order transmission conditions). Ifin the
optimized WR algorithm with first order transmission conditions (34), (35) the
"

free parameters are chosen to be ag = o = 2¢®> — 1+ p*, and oy = o = -,

where ¢ = \/5—;’ =+v1+e>1 and a,b are the entries of the matrices in (34),

(85), and p* and q* are defined by the system of equations

~ ~% * =~ ~ * a = ~% *
Rl(anC7p > q ):Rl(xacvp » q )7 8_qR1(xacvp >, q ):O? (41)

where T = %, Ry(Z,¢,p,q) is given in (39), and T is given by the root of the
polynomial P(Z) giving the mazimum of Ry, then for € small, R1(Z, ¢, p*, ¢*) <
R1(%o,¢,p%,q%) := Ro1 for all & € [%0,0). Moreover, we have the asymptotic
result

5~ —0.4655, ¢* ~ 1.1378, Roy ~ 0.0007.

Proof A partial derivative of Ry with respect to & shows that the roots of
the polynomial P(Z) determine the extrema of R;. First, to see that there is
indeed a solution as stated in (41) for € small, we substitute ¢ = v/1 + ¢, and we
use the ansatz p = Cpe™t, ¢ = Cye’?, and T = C1€’, and determine the leading
asymptotic terms as € goes to zero of the root of the polynomial P(Z), and the
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equations (41). After extensive calculations, which can be found in [1], we get
by equating the exponents in these three equations v; = 72, = § = 0, which
implies the same equations as for the case ¢ = 1. Since the constants need to
match as well, we obtain C, = —0.4655, C; = 1.1378, and C; = —0.2617, by

solving the resulting equations. Since ¢ = ,/5—: =1+ €, we have ¢ = 5—;’ -1,

and using these results we get

P = C’p(;—b — )" =C, = —0.4655, (42)
q" = C’q(g—zs — 1) =(C, =1.1378.

Now, to see that there is indeed only one interior maximum, which we denote
by Z, we take ¢ = v/1 + ¢, and we substitute p*, ¢* from (42) into P(Z). The
leading terms of the polynomial P(Z) as € goes to zero are

P(&) = 7.1756762%* — 2.05778823 — 10.88760728%2
—5.584709787 — 0.78638698 + O(e),

which is a polynomial of degree 4 in & plus higher order terms. As € goes to 0,
finding the roots of this 4" degree polynomial implies the four roots —0.5737,
—0.4610, —0.2617, and 1.5832. Only two roots lie in the interval [—3,0), which
are one maximum given by & = —0.2617 and one minimum. Therefore, as €
goes to zero, Ry (Z,p*,q*) has only one interior maximum at #, where p* and
g* are given in (42). Since R; has only one interior maximum for & € [%,O),
¢ = /14 ¢, and € small, and no other interior maximum as we have shown
above, and since in addition, Ry — 0 as Z — 0, the maximum of R; can be
attained either on the boundary at & = ¥ or at the maximum . Balancing
the value of Ry at the two locations as stated in (41) guarantees then that R
is uniformly bounded by R; at &, for € small. Now, expanding Ro; for € small,
we get

1+4C, +4C}2

24C, + 9C2 + 16’

Roi ~
and substituting from (42) we obtain the asymptotic result
Ro1 ~ 0.0007.

Finally, af and «of are given by

* p—

a8:202—1+%:202—1+ﬁ*, aiz%,c= 2L

(=

and p*, ¢* are given in (42). |
In Fig. 4 on the left, we observe the better convergence we get by using the first
order approximation over the classical convergence and the convergence using
the optimized constant approximation. We show in Fig. 4 on the right the result
of the optimization with respect to ay and «; using the circuit elements from
the numerical experiment in Section 4. The solution of the min-max problem
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Figure 4: On the left: classical convergence factor |peiq(w)| versus |popio(w,a™)],
|popt1(w, aor,a17)|, and |popt1(w, af,af)l. On the right: convergence factor with the op-
timized first order approximation |popt1(w, og, o )| versus |popt1(w, aor, a17)l.

occurs when the convergence factor at w = 0 and at w = w are balanced, where
w > 0 is the interior maximum of the modulus of the convergence factor. We
also show in Fig. 4 on the right the better convergence we obtain using the
optimized values of and aj over the one using the low frequency first order
approximation agpr and ai7.

4. Numerical experiments

The results so far in the reduction of the convergence factor p in this work
clearly indicate that the oWR does converge faster. To confirm this we use a
numerical example to show the improvements in the convergence of the opti-
mized WR algorithms in comparison to a classical WR algorithm. We use the
typical values of the RC circuit parameters

R3=R1:R2=R3:1k0hms, C1=CQZCSZC4=EI)F.

2 100
We use a simple backward Euler time integration method to compute the tran-
sient solution for ¢ € [0,10] ns and a time step of At = 1/10. We start with
random initial waveforms and use an input step function with an amplitude of
I; = 1 mA and a rise time of 1 time unit. In Figure 5 we show the error as a
function of the iterations. One can see the remarkable improvement of the op-
timized WR algorithm over the classical one. Furthermore, the optimized WR
algorithm with first order transmission conditions converges faster than the one
with constant transmission conditions.

On the left hand side of Figure 5, we show the example where the simplifying
assumptions (11) we used to compute the optimized constant and first order
approximations with 8 = —q« are satisfied. This leads to the optimized value
a* = 1.618 as well as the Taylor approximation ar = 0.5 in the optimized
WR algorithm with constant transmission conditions, and for the first order
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Figure 5: Convergence behavior of classical versus optimized WR algorithms for a model RC
circuit.

transmission conditions we obtained the optimized values of = 0.5345, af =
0.3585, and the Taylor approximations agr = 0.5, ay7 = 0.3937.

On the right hand side of Figure 5, we show an example where the simplifying
assumptions (11) are not satisfied, by = %1, and we find the Taylor approxima-
tion ar = 0 and By = —0.5, and the numerically optimized constant approxima-
tion o* = 2.3002 and £* = —0.6953, which we use in the constant optimized WR
algorithm. The optimized constant approximation o* = 1.618 with g* = —a*
computed using the simplifying assumptions is also shown in the constant opti-
mized WR algorithm for comparison purposes. For the first order Taylor approx-
imation, we obtained agr = 0, ayr = 0.63, Bor = —0.5, S = —0.3937, and
the numerically optimized first order approximation of = 0.3530, o] = 0.4092,
B85 = —0.5027, ff = —0.3875. The optimized first order approximation used
here for this case is again af = 0.5345, o] = 0.3585 with * = —a*.

5. Conclusion

We have proved in this paper that the optimal choice of the constant trans-
mission condition conjectured in [2] is indeed true for a small RC circuit. We
have also proposed a first order transmission condition which includes time
derivatives, and leads to even better convergence behavior of the oWR, algo-
rithm. We should note that other circuit topologies like RLC transmission lines
have successfully been solved with the oWR approach, see for example [8].
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