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OPTIMIZED SCHWARZ METHODS WITH NONOVERLAPPING
CIRCULAR DOMAIN DECOMPOSITION

MARTIN J. GANDER AND YINGXIANG XU

ABSTRACT. While the classical Schwarz method can only be used with overlap,
optimized Schwarz methods can also be used without overlap, which can be an
advantage when simulating heterogeneous problems, problems with jumping
coefficients, or also for independent mesh generation per subdomain. The anal-
ysis of nonoverlapping optimized Schwarz methods has so far been restricted
to the case of straight interfaces, even though the method has been successfully
used with curved interfaces. We close this gap by presenting a rigorous analysis
of optimized Schwarz methods for circular domain decompositions. We derive
optimized zeroth and second order transmission conditions for a model ellip-
tic operator in two dimensions, and show why the straight interface analysis
results, when properly scaled to include the curvature, are also successful for
curved interfaces. Our analysis thus complements earlier asymptotic results
by Lui for curved interfaces, where the influence of the curvature remained
unknown. We illustrate our results with numerical experiments.

1. INTRODUCTION

With the arrival of exascale computing, domain decomposition (DD) methods
are the main focus of interest for the large scale parallel solution of partial dif-
ferential equations. Among modern DD methods, optimized Schwarz methods
(OSMs), which use transmission conditions based on an optimization procedure,
have been successfully used in many application areas, e.g. for Maxwell’s equations
[10,13[38.[39.41], Helmholtz problems [7[12L25[35]42], Navier-Stokes equations [9],
advection diffusion problems [823[36[40], wave equations [221[24], and even in cir-
cuit simulation [3}[4L20]. The underlying structure which makes optimized Schwarz
methods work has also been rediscovered more recently under various names; see
for example the sweeping preconditioner [2,[16]26]27,42] and the source transfer
method [T1].

Optimized Schwarz methods are usually analyzed for a model problem with
straight interfaces using Fourier techniques (see [I8] and references therein), and
the optimized transmission parameters are given in closed form asymptotically in
terms of the mesh parameter or the overlap size and the problem parameters. In
most applications however the computational domain is decomposed according to
physical properties or by partitioning software, and hence the artificial interfaces
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Qo
FIGURE 1. The nonoverlapping circular domain decomposition used.

are seldom flat. Nevertheless numerical experiments for many applications have
shown that the optimized transmission parameters from the straight interface anal-
ysis also work well for curved interfaces; see for example [18/[25,35]. Optimized
Schwarz methods for overlapping circular decompositions have been studied in [28].
For a nonoverlapping optimized Schwarz method with nonstraight interfaces, spec-
tral estimates of Poincaré-Steklov operators confirmed the asymptotic behavior of
optimized transmission conditions in the mesh size (see [32L[33]), but the precise
dependence on the constants and the interface curvature could not be captured.

While the overlap in general accelerates the convergence of optimized Schwarz
methods [18], nonoverlapping variants have advantages for problems with jumping
coefficients [14}[15,21], heterogeneous media [34] and also certain interface prob-
lems [43]. We study in this paper optimized Schwarz methods for a nonoverlapping
circular domain decomposition. The results have many potential applications, e.g.
to problems with domains that are circular, circular sectors or circular rings, for
example fluid-structure interaction problems [31}[37]. We will also show how the
interface curvature for a general interface can be included in the optimized trans-
mission conditions in a heuristic fashion.

We consider the model problem

(1.1) (A=nu=f, on Q=R?

with the model parameter n > 0. The domain 2 is decomposed into the two
subdomains

(1.2) O ={(z,y)lVa? +y* <R}, O ={(z,y)|R < V2> +y},

such that Q = Q; U Qs (see Figure []), with the interface I' := Q1 N Qs = {(z,)]
V&% +y? = R}. In polar coordinates, the model problem (L) reads

1 1
(1.3) Orrtt + =0pu + — Jggu — nu = f.
r r

A parallel Schwarz algorithm for (3] with subdomains ©; and Q5 solves for n =
1,2,...

1 1 .
Opruy + —0ruf + — Ogouy —nuy = fin O,
(1.4) 71” ’"1
Orruty + ;&ug + T—2899u§ —nuy = f in Qg,
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with the transmission conditions
(1.5) Bi(uf) = Bi(up™), Ba(up) = Ba(uj "), onT,

where By and By are transmission operators to be chosen such that the subdomain
problems are well posed and the method converges as fast as possible. With the
classical choice of Dirichlet transmission conditions, i.e. B; = I the identity oper-
ator, the Schwarz method without overlap would not converge, so more effective
transmission conditions are needed.

2. OPTIMIZED SCHWARZ ALGORITHMS

Choosing B;(u) = 0ru + S;u in (LT, we obtain

(87‘ + Sl)u?(Rv 9) = (87‘ + Sl)ugil(Rv 6‘)7

@1) (O + S2)ub (R, 0) = (0, + So)u (R, 0),

where 6 € [0,27) and S;,¢ = 1,2, are linear operators along the interface in the 6
direction, which we will determine in what follows to get the best possible perfor-
mance of the Schwarz algorithm. By linearity, we only need to consider the error
equations, i.e. the homogeneous case f = 0. Applying a Fourier transform to (L)
in the 6 direction for f = 0 gives

1 2
Ol + 07 — (5 +m)a} = 0, r<R kekK

(2.2) ,

1 k
8”123 + ;&ﬁg — (’]"—2 + 7’])’&3 = 07 r > R, k - K,

where K = [kmin, kmax] consists of the relevant frequencies involved in the compu-
tation. For a circular domain, the lowest frequency ki, can be estimated by 1
and the highest frequency kmax by 7/h, where h is the angular mesh size along the
interface. If the computational domain is a circular sector with the central angle «
and homogeneous Dirichlet boundary condition on both radii, the lowest frequency
kmin could be estimated by 7/, and the highest frequency again by w/h. Note that
in the limit for an angle of a = 27, we get ki, = %, which is correct for Dirichlet
conditions and different from k.,;, = 1 for the periodic case of the entire circular
domain.

Taking also a Fourier transform of the transmission conditions ([2) in the 6
direction gives

23) (0r +o1(k)aP(R k) = (0 +o1(k)ay (R k), keK,
' (8, + oo (k)3 (R, k) = (8, + oa(k)a? Y (R, k), keK,

where o1 2(k) are the symbols of S; 5. We find from (2.2)) the subdomain solutions
in the Fourier transformed domain to be

(2.4) at(r, k) = CY (K)Le(vir), a5 (r, k) = C3 (k) Ky (vir),

where I (z) and Kj(z) are the modified Bessel functions of the first and the sec-
ond kind [I]. Inserting these solutions into the Fourier transformed transmission
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conditions (2.3]), we obtain by induction
(2.5) ﬂ?n(Ra k) = pgptﬁ?(Ra k), agn(Ra k) = pgptﬁg(Rv k),
where the convergence factor p,p: is given by

. \/ﬁvk(\/ﬁR) + Ul(k) ' \/ﬁwk(\/ﬁR) =+ O'Q(k)
(3O Pl B 00200 = e (R + 0nR) () + )

I (z)
Ik(:E

with vg(z) 1= gégg and wy (1) ==

can be found in [28].

. The following lemma about these functions

N

Lemma 2.1. For fized x > 0, both —vi(z) and wi(x) are positive functions which
are strictly increasing in k for k > 0. Moreover, limy_, 4 oo —0k () =limg_ 4 0o Wi (2)
= +00.

Let Gi(x) := wg(z) — vk (z). Then Gi(z) is also strictly increasing in k for k > 0
by Lemma 2] The functions vy (z), wi(z) and Gi(z) can be evaluated using the
relations [I]

(2.7) (&) = 3k (&) + Ty (&) = T (&) + “Ii(2),

N~

(2.8) Ki#) = — (Kir (@) + K (1)) = S Ki(o) — Kia (),

Theorem 2.2 (Optimal Schwarz method). If o1(k) = —\/nui(\/nR) and o2(k) =
—/Mwi(/NR), the Schwarz algorithm described by (L) and Z.1)) converges in two

iterations.

Proof. The proof is similar to Lemma 2.2 in [I7]; see also [I§]. O

Unfortunately, the optimal symbols o;(k) described in Theorem correspond
to nonlocal operators S;, i« = 1,2 (see [I8]), which are hard to implement and
expensive to use. In optimized Schwarz methods, one uses local approximations of
o;(k), i = 1,2. Here, we choose polynomials of degree two:

(2.9) ot (k) = p1+ qk?, 5" (k) = —ps — gak?.
The transmission conditions with this polynomial approximation are

(Or + p1 — q1000)u} = (O + p1 — q10p0)ul ™",

(2.10) ! -
(Or — P2 + @2000)usy = (Or — P2 + q2009)uy™ .

Inserting the approximation (Z9)) into (Z8]), the convergence factor of the parallel
Schwarz algorithm described by (Il and (2] becomes

(2.11)

—Mok(y/NMR) — p1 — 1k?  Vwk(y/nR) —p2 — ¢k?
VTwk(y/MR) +p1+ qik?  —/mue(/R) + p2 + g2k

Remark 2.3. Unlike the infinite domain decomposition case analyzed in [I8], the
parallel Schwarz methods ([4) and (2I0) do not converge for all parameters p; > 0
and ¢; > 0, ¢ = 1,2. This was also observed in the overlapping circular domain
decomposition case [28]. For example, the choice p; = 0.01, po = 100, g1 = ¢2 =0

P(k’7 Ra n,P1,P2,4q1, q2) =
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FIGURE 2. Domain in which the OSM with 2-sided Robin condi-
tion converges for n = 2, R = 0.5 and h = 0.01. The parameters
outside the dark colored region lead to a convergent method (the
vertical dashed line is the curve’s asymptote). The star indicates
the position of the optimized parameters from Theorem [2.12] and
the circle the one obtained by equi-oscillation.

leads with the model parameter n = 2 and R = 0.5 to a convergence factor
—1.214404261 at k = 1. The dark colored region in Figure 2lis the complement of
the set of parameter choices which result in a convergent method. The Turan type
inequalities (ZI3]) and (214 we will see later show that —uvy(x) > wg(z) for k& > 0.

Therefore, for g1 = g2 = 0 and p; small enough, the first factor in p will be bigger
—v/Mvk(yMR)—p1 Vnwi (v/1R)—p2
Viwe (vV1R)+p1 —vMvk (VMR)+p2
tends to infinity, which shows that this is the only case of divergence. It is thus

better to use p; > p2, which agrees with the results in [29].

than one, > 1, and the second factor — —1 as ps

Since the modified Bessel functions I (z) and Kj(x) are involved through wy ()
and v (z), the convergence factor p(k, R,n, p1,p2,q1,¢2) in (ZII) cannot be opti-
mized directly. We therefore propose the approximation

2

5 — P2 — q2k?

_|_
fav] B

N+ —pi—ak®\/n

(212) papp(k7R7777p17p27q17q2) =

2

N+ 5z + 01+ @k? \/n+ 5z + D2+ @2k?

HH
H

with the following estimate.

Theorem 2.4 (Approximation of the convergence factor). For k > 1, there exists
a constant C > 0 independent of k such that

C
|p(kaR7nap1ap2aq17qQ) - papp(k’Ran7p17p27Q1an)| S ﬁ
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Proof. As Lemma 3.3 in [28], the proof is based on the Turdn type inequalities (for
a proof, see [9])

k xI] (x)
2.1 \/ 2 4 k2 k Va2 + k2 k
(2.13) k:+1x+ < To(@) < Vz?+ k2, Ve >0, k>0,
K/
(2.14) —4/ k x2+k2<m<—\/w2+k‘2, Ve >0, k>1,
k—1 Kk(:c)

where the right hand side inequality in ([2I4) holds for k£ > 0.
We consider first the case p1+q1k* < —/nui(y/1MR) and pa+g2k? < /mwi(\/MR).
Using the Turdn type inequalities [ZI3) and ([2I4]) we arrive at

%*’1]%—22—]91—(11/?2 i+ — p2 — gk? 1

A+ ak? \/n+ B+ po+ gk?

Similarly, we obtain

n+§—i—P1—Q1k2 P & — py — qok?

p>

1
= Papp +O(_3)-
N+ £ 1+ ak? Pk + 4 po + gk? K

i
i

Integrating the two inequalities above, we arrive at the assertion for the case p; +
ak? < —/mup(y/NR) and pg +q2k* < \/mwi(\/MR). For the other cases, the results
can be obtained similarly. |

In the rest of this section, we study the influence of various choices of the free
parameters p; > 0, g; > 0, ¢ = 1,2, on the performance of the optimized Schwarz
method.

2.1. Taylor transmission conditions. A simple way to use information from the
optimal symbols o;(k) is to use a Taylor expansion. Since for k small

o1(k) = =vuo(viR) + O(k),  oa(k) = —y/nuwo(vnR) + O(k),

one can choose py = —/nvo(\/NR), p2 = \/qwo(y/mR) and q1 = g2 = 0, which leads
to the Taylor transmission condition of order 0 (T0). The corresponding Schwarz
method has the convergence factor

_'Uk(\/ﬁR) —+ ’Uo(\/ﬁR) . wk(\/ﬁR) — ’w()(\/ﬁR)
wi(y/NR) —vo(y/nR)  —uvk(y/nR) 4+ wo(\/MR)’

where vo(\/nR) = —% and wo(\/nR) = gé%ﬁ; by the connection formulas

7)) and (Z8). We show in Figure Bl the dependence of this convergence factor
on k.

(215) pTo(]f,R, 7]) =

Theorem 2.5 (Taylor asymptotics). The Schwarz method (L4) with Taylor trans-
mission condition of order 0 satisfies for kyax — +00 the convergence factor esti-
mate

Jmax [pro(k, Rym)| = 1= 2RGo(VAR ik + Ol

Proof. By Lemma 2.1} it is easy to show that Tu’;(({%gifg((ﬁg)) is positive and

. . . . - —vg (y/nNR)+vo(y/1MR)
strictly increasing in k for k& > 0. A similar result holds for —on (IR Fwo (iR

Thus, as the product of these two, the convergence factor prq is positive and strictly
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FiGURE 3. Convergence factors for n = 2 and R = 0.5 with various
transmission conditions obtained from the circular interface anal-
ysis (solid), compared to those from the straight interface analysis
[18] with the frequencies appropriately scaled (dashed). From top
to bottom: T0, OO0, O2s and O02.

increasing in k for k > 0. Hence the convergence factor pro attains its maximum
at kmax. Using Theorem 2.4] we thus obtain

max |pTO(k,R7 77)| = pTo(kmaxaRa 77)

0<k<kmax
- Papp(kmaxa R; n, _\/ﬁvo(\/ﬁR)v \/ﬁwo(\/ﬁR)v Oa 0) + O(kr;:;x)
=1- QﬁRGO(\/ﬁR)kr;ix + O(kr;ix) U

Note that one can also use a Taylor expansion about another frequency k, instead
of kK = 0, which would lead to transmission conditions that are very effective for
that particular frequency. An example can be seen in Figure [3, the second curve
(green) from the top. We will show in the next section that there is an optimal
choice for the frequency about which to expand by reinterpreting the problem as
an optimization problem for a Robin transmission condition. Also higher order
Taylor conditions can be obtained in principle by expanding the optimal choices
o1(k) and o9(k) in k to higher orders. However, the derivatives of the modified
Bessel functions Iy (z) and Kj(x) in k are not easy to obtain [I], so in what follows
we focus on optimized transmission conditions instead.

2.2. Optimized Robin transmission conditions. From Figure[3 and the above
analysis, we see that the Taylor transmission condition is only efficient in damping
low frequency errors. To balance the damping on each frequency mode, the param-
eters in the transmission conditions should be determined by solving the min-max
problem

(2.16) . nin_ max [p(k, B, 11, p1, P2, 41 62|

Solving ([2.16) with different constraints on the free parameters will lead to Schwarz
methods with different optimized transmission conditions.
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We consider first the restriction p1 = pa = p, ¢1 = g2 = 0, which leads to the
simplified convergence factor

—Vu(ViR) —p iwk(yiR) —p
—vioe(ynR) +p  /qw(y/nR) +p’

where the parameter p should be determined by solving the min-max problem

pOOO(k7 R7 nap) =

2.17 min ma k, R .
( ) p>lg keﬂé{‘POOO( ) anvp)|
The resulting transmission condition is known as the optimized transmission condi-
tion of order 0 (O00). We first need a lemma, which will also be useful in subsection

24

Lemma 2.6. Let ko(p) be the positive solution of min{—./qu(\/nR), /wr(y/nR)}
=p. Then ko(p) ~ pR for p — +oo. In addition, the result holds as well if ‘min’
is replaced by ‘max’.

Proof. Based on the Turdn type inequalities (ZI3]) and (2I4]), we only need to
show the result for the following cases:

o \/n+ E—i = p: expanding the solution ko(p) = v/p?> — nR in p for p large
gives the desired result.

° ,/ki_ﬂn + 1’3—22 = p: squaring on both sides and inserting the ansatz k :=
2 2a
Cip®, a > 0, we obtain n — ﬁ + C’j;f)z = p?. Since the equation
should hold for any p large, we arrive at the desired result by setting the
leading terms on both sides equal.

° ,/%77 + }]%—22 = p: the proof is similar to the case above. |

Theorem 2.7 (Optimized Robin parameter). The solution p* to the min-max
problem (217 is given in closed form by

2
* * * * 1 1 1 1
Uy, . WL .U w — + + —
. Kmin  Kmin ~Kmax  Kmax ( v;max w:max 'u;;min wzmin)
Kmin Kmin Kmax kmax

where v, = vi(\/MR) and wy, = wi(\/MR). In addition, the optimized parameter

1 1
p* behaves asymptotically like p* = 2_%n%GéinR_%k§1ax as kmax — +oo with
Guin = Gknlin(\/ﬁR)'

Proof. We separate the proof into the following three steps.

In the first step we show that increasing p decreases pooo(k, R, n,p) for all k >
Emin if p < /=nvk,... (/TR Wk, (y/nR), which implies that one only needs to
consider the problem for p > /—nup,..(\/TR)Wk,..(y/7R). This result follows
directly from the fact that, for fixed k > kpin, the convergence factor pooo(k, R,
n,p) attains its unique minimum at p = \/—nup(/nR)wi(y/MR), a value that is
greater than or equal to \/—nvg,... (\/1R) Wk, (v/7R) by Lemma 211
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In the second step, we show that maxge k... k1 (9))U(ks (p),Fmax] lpooo(k, R,n,p)|
achieves its minimum if

(219) POOO(kminaRvnap) = pOOO(kmaX5R7nap)7

where k1,2(p) are solutions of —,/nui(y/nR) = p and /nuwy(,/MR) = p respectively
which satisfy k1 (p) < k2(p) by the Turdn type inequalities (ZI3]) and (2I4). When

_ R)— R)—
k € (Kmin, k1(p)), we have by Lemma 2.l that both 7%2&%1%%2 and ﬁzigﬁRngz

are negative and increasing in k, which implies that poog, as the product of these
two, is positive and decreases in k for k € (kmin, k1(p)). Similarly, we find that pooo
is positive and increases in k for k € (k2(p), kmax). In addition, with increasing p,
2000 (kmin, R, 1, p) increases and pooo(kmax, R, 7, p) decreases. Based on this, we
arrive at our assertion of this step. Consequently, solving [2.19) leads to (2I8]),
and a series expansion of p* for k.« large gives the asymptotic behavior of p*.

In the last step we show that maxy, («)<k<k.(p*) [P000(k, R, 7, p)| remains below
the maximum value obtained previously. By Lemma we have asymptotically

1 1
ki(p*) = 272nTG2. R2kZay. Using the convergence factor approximation in The-

min

orem 24 we can conclude the proof, noting that for k € [k1(p*), k2(p*)],
_3 _3
pOOO(ka Ra nvp*) = pa;D;D(k’ Rv n;p*ap*a 0, 0) + O(km§X) = O(kma%X)' O

Theorem 2.8 (Robin asymptotics). The Schwarz method ([L4) with optimized
Robin condition has for kymax — +00 the asymptotic convergence factor estimate

max

3 1 1 _1
max|pooo(k, R.n.p*)| = 1= 2503 Gy, R¥ ki + O(kppi)-
€
Proof. Using Theorem 27, it suffices to expand pooo(Kmin, B, 1, p*) in kmax- O

2.3. Optimized second order transmission condition. We now restrict the
free parameters to p; = p2 = p, ¢1 = g2 = ¢, which gives the optimized transmission
condition of order 2 (002), and the convergence factor (2-I1]) simplifies to

—Mk(/1R) —p — qk® /i (yiR) — p — gk
—Vk(ynR) +p+ qk?  \/quwi(y/nR) +p + qk?’

The free parameters p and ¢ can then be determined by solving the min-max prob-
lem

(220) pOOQ(ky Ru n, b, q) =

2.21 i k, R :
( ) p>%171;12011?31§|p002(’ ;1,05 9)]

We will need the following lemma.

Lemma 2.9. Let ky(p,q) > ky(p,q) be the positive solutions of

min{—y/mur(v/iR), iwr(vViR)} = p + gk?
with p = Cpkl,. and ¢ = Cykyl , where B > a > 0. Then k1 5(p,q) behave

max max’

asymptotically for kmax — +oo like

ky(p,q) = CpRE, ky(p,q) = C;'R™ES

max’ q max*
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Proof. From the proof of Lemma 2.6, we know min{—,/nui(y/nR), \/nur(\/nR)}
behaves like k for k£ large enough. Thus, we need to solve asymptotically the
equation qu2 k+ Rp = 0. Assuming that the solution is of the form k = Cyk .,
and inserting this assumption and the expressions for p and ¢, we get

CrkY
% C kr?lax + chk krznvaxﬁ =0.

If v < «a, we have 2y — 3 < 7 because a < 5. We then set the leading terms in
the above equation equal to obtain v = o and C}, = RC),, which gives the solution
k,(p,q). Otherwise, if v > «, we set the leading terms in the above equation again

equal to obtain v = and Cj, = %, which gives the solution k4 (p, q). O
q

Theorem 2.10 (Optimized second order parameters). The parameters
5 3 3 1.1
(2.22) Pt =2"1nsGL R 7 kiax, =2 477 8GmmR kqu
solve asymptotically the equi-oscillation equations
(223) pOO2(krnin7 R7 n, D, q) = pOOQ(]%*a Ra n,p, Q) = pOO2(kmaX7 R7 nDp, Q)7

1
with k* given asymptotically by k* = 2~ B 774 Gmm B kdax, at which pepp(k, R, 1, D, p,
q,q) attains its unique interior mazimum asymptotically.

Proof. First, it is easy to show that papp(k R,n,p,p,q,q) attains its unique interior
maxunum at the pomt k= k(p,q) := \/p/q — 277R2 If we make the ansatz p :
C’pkmax, q:= qumax, then k behaves like \/C,/ qumax. Inserting the ansatz also
into poo2(kmin, R, 1, p, q) and expanding asymptotically in kpyax gives

272 G

(224) pOOZ(kmirn Ru n, b, q) =1- C
P

mdx + O(kf'ma%x)

— 1 —
Inserting k = /C)p/Cykiax and the ansatz into pap,(k, R, 1, p,p, ¢, q) and expand-
ing asymptotically for k.. gives

- _1 _1
papp(kv Ra m,Dp,P: 9, Q) =1- 8\/ Cqukaéx + O(kmgx)~
Thus, by Theorem 2.4] we have
p002(ky By 1,9.0) = papp (ks Ry 19,0, 0, @) + Okmie)
:1—8Jqpu%@i+0@ggy

Inserting the ansatz also into papp(kmax, B, 7, P, P, q,q) and expanding asymptoti-
cally in kpax gives

(2.25)

4
papp(kmax, R,nap,pa q,q) =1- CqR max + O( max)

Again, using Theorem 2.4] we obtain

p002(kmax; R, n,p,q) = papp(kmaxa R,n,p,p,q, Q) + O (ko)

(2.26)

4
=1~ max max
oo+ Olhink).
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From ([2.23)), we see that for any kpax large enough, the three results (2.24), (2.25)
~1
and (Z26]) should be equal. We then just set the coefficients of the term kmax in

Z24), 225) and (226]) equal to obtain

277%Gmin 4
— =8y/C,C,R =
C, Pt T OOR

The solution is Cj = 2~ 4778G R™%, Cr = 27ip sG_1

Hlln

[222), and the asymptotlc expression of k*. a

Theorem 2.11 (OO2 asymptotics). The parameters p* and q* given in (Z22)
solve asymptotically the min-maz problem 2.21I), and the asymptotic convergence
factor of the Schwarz method with optimized second order transmission condition
for kmax — 400 is given by

(227) I]?ea]é( ‘pOOQ(ka R, nvp*a q*)‘ =1- 2%778 GfmnR kmdx + O(kmazux)

Proof. We use three steps as well to prove this result.

First, we show that when (p, ) = (p*, ¢*) the convergence factor poo2(k, R, 7, p, q)
has only three local maxima at kmin, &* and knyax. To this end, we denote T1 (k, p, q)

=T (VIR)—p—gk? . VAwk(/MR)—p—qk?
= 7\/;vz(\/ﬁR)+p+qk2 and Ty(k,p,q) = %wz(gR)erJquQ' By Lemma 211 we

know that both —uvy(x) and wg(z) are increasing in k for x > 0 fixed. Since
Ti(k,p*,¢*) < 0 and Ta(k,p*,¢*) < 0 for k < ky(p*,¢*) (for the definition of
k1(p,q), see Lemma [ZT)), we obtain that both T (k,p*, ¢*) and Ta(k,p*,q*) are
negative and increasing in k for k < k;(p*, ¢*). Hence, poo2(k, R, n,p*,q*), as the
product of T4 o(k, p*, ¢*), decreases in k for k < k;(p*,¢*). Thus, kmin is a possible
maximum point of poo2(k, R, n,p*, ¢*). By Lemma 2.9 we know that &k, (p*, ¢*) be-

3 1
haves asymptotically like &k, (p*, ¢*) = Rp* = 2’%17%GéﬁnR%kﬁﬁax; therefore When

k> ki(p*,q*) we have poo2(k, R, n,p", q*) = papp(k Ron,p* 0", 0, q%) + Okm).
Now it is easy to show that papp(k: R,n,p*,p*,q*, q*) has local maxima for k > k;
only at k = 2~ 2774 G"’ kadx and kmax, and thus also poo2(k, R, 1, p*, ¢*) has
only two further 1ocal maxima at & and kmax.

Next, we calculate the maximum of ppo2(k, R,n,p*,q*). Due to (Z23), we
evaluate directly poo2(k, R, 1, p*, ¢*) at kmin with parameters p* and ¢* from (2.22)
to obtain

pOOQ(kmina R,n,p*, q*) =1- 2%778Gé1mR kmax + O( max)

To show that p* and ¢* from ([Z22]) solve asymptotically the min-max problem
@21), we finally need to show that any parameters (p,q) other than (p*,q*)
would lead at some k* to a convergence factor poo2(k, R,n,p,q) that is larger
than poo2(kmin, R, 1, 0%, q¢*) asymptotlcally To this end, we denote p := Cpkg
and q = Cyk2,, and similarly p* := C;kfr‘lax and ¢* := C;‘kmgx with a* = 1,
B* = 4. We then try to find a k* such that when (p, q) 76 (p*, q*), the asymptotic
performance is worse for k.« large enough:

max

kmax .

* 2 %Gmin -1
POOQ(k aRanvpaQ) > 1_77T A
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We first show that if (a, 8) # (a*, 8*), then the asymptotic order of the resulting
optimized Schwarz method is worse. To do so, it suffices to analyze the following
five cases:

a) a > a*, B> —«. In this case at k* = ky,in we have poo2(kmin, R, 1,0, q) =
1 2fcmmk o +O(l€ 2a)

max max

b) a > a, B < —a. In this case at k* = kuin we have poo2(kmin, R, 1, p,q) =
2\/_ mm kréiax (kgiax)

c) —6 =« > o*. Tn this case at k* = kmin we have poo2(kmin, Ry 1, P, q) =

2\/_Gmm @ «a
1- Co+Cy k2‘ N kmax + O(kmax)

atB
d) a<a*, B> 6*but (a,B) # (o, 5%). In this case at k* = Crhkm3x we have

B— B—a
POO2(k‘*7 R7 D, Q) =1- 4%kaax + O(krnax )
e) a < a* B < B* In this case at k* = kyax we have pooa(k*, R,n,p,q) =
1- 4C eréia)% + O(krﬁna)%)

In each of these cases, we see that at £* the convergence factor poo2(k*, R,n,p,q)
behaves asymptotically like 1 — Ck;0  with & > 7, and thus the method is asymp-
totically worse than with the choice (a, ) = (a*, B8*). We now consider the case
(o, B) = (a*, %) but (Cp,Cy) # (C;,Cr). From (224) we see that if C), > Cj;
and kmax is large enough, we have poo2(kmin, B, 1,0, 9) > poo2(kmin, B, n, 0%, ¢*).
If Cy > C; and knax is large enough, we have from ([2.28)) that poo2(kmax, R, 1, P, q)
> p002(kmax, R, n,p*, ¢*). Finally, from ([Z23) we see that if C), < C;; or Cy < Cy
and kpyay is large enough, then pooz(k, R,n,p,q) > pooz(k, R,n,p*,q*), which
concludes the proof. O

2.4. Optimized two-sided Robin transmission condition. If we restrict the
free parameters to the set p; > 0, p2 > 0, g1 = g2 = 0, we obtain an optimized
two-sided Robin transmission condition (O2s); i.e. we use different transmission
parameters on each side of the interface. The convergence factor (ZII)) can then
be simplified to

— V(IR =p1 - wk(VTR) —p
(2.28) po2s(k, R, n,p1,p2) = \/ﬁwkk(\/ﬁR)-i-Pll = an(\/’TIR)‘i‘PZ'

The free parameters p; and ps are determined by solving the min-max problem

2.29 s(ky R, p1,
(2.29) plrggo ilicaeax\poz (k,R,m,p1,p2)|

Theorem 2. 12 (Optimized two-sided Robin parameters). The parameter choice

3
Py =2 it Gmm 4I<;max and p% = 23 Gmm R~ 3 kdax represents an asymptotic
solution of the equi-oscillation problem

(2.30)  po2s(kmins B0, 03, p3) = —po2s(k*, Ry, pi, p3) = po2s(kmax, B, 0, DT, D3),

where k* := 27§nZGmm
papp(kvRan,plaPZ,O O)

R2 kmax represents the unique interior minimum point of

Proof. First, we solve the derivative of pgpp,(k, R,n,p1,p2,0,0) w.r.t. k equal to
zero and obtain as the unique posmve solution k = k(R 1,01, P2) = /P1p2 — NR.

We then make the ansatz p; := Clkmax and py = CkaaX Inserting this ansatz
_I
into k and expanding for kyayx large, we find k = /C} Cszmax +O(kmdx). Inserting
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the same ansatz into poas(kmin, R, 1, p1, p2) and expanding for kny.x large we get

U%Gmin —1 -1
(2'31) p02s(kmina R, 7772?172?2) =1- C Fmax + O(kmazx)-
1
Doing the same at k = k in the approximate convergence factor, we find
- Cy -1 1
(232) _papp(k7 Ra n,P1,P2, 0, 0) =1-4 C_kme%x + O(kmgx)
2

Now using Theorem 24 we see that —pogs(k, R, 7, p1, p2) has the same asymptotic
expansion (232). Similarly, we obtain at k = kmax:

_1 _1
(233) papp(kmaxu R7 n,P1,P2, 07 O) =1- 202ka;11)( + O(km;%x),

and again Theorem [Z4] shows that also po2s(kmax, R, 7, P1, p2) has the expansion
@33). Since (Z30) holds for any kp,.x large, we set the coefficients of the term

_1
kmax in (231), 232) and ([233) equal and obtain the equation

1
2Gmin _ g [C1 _9c,R,

2.34
(2.34) c C

3 1 3 .
Denoting by C} := 2’%77_5 GéﬁnR’% and C5 := Z%U%Gémez the solution of
@34), we find pj, p5 and k* as announced in the theorem. O

Remark 2.13. From the proof of Theorem[Z.12] we see that swapping the parameters
p; and p5 does not affect the asymptotic results.

Theorem 2.14 (O2s asymptotics). The parameters p; and p3 given in Theorem
212 solve asymptotically the min-mazx problem [229). The corresponding conver-
gence factor satisfies for kmax — +00:

1 1 1
(235) rl?eaﬂé{ |pO2S (k;a R7 napT7p§)| =1- Q%UéafninRik;g" + O(k;lgx)
Proof. Using similar techniques as in the proof of Theorem [ZT1] we can show that
lpo2s(k, R,n,p%,p5)| has local maxima at kmin, kf and kmax asymptotically. We
then show that if (p1, p2) # (p7, p3), there exists a k* such that |po2s(k*, R, 1, p1, p2)|
> |po2s(kmin, R, 1, 07, p3)|. Because of Remark 213 we can assume without loss of
generality that 8 > « and thus have to investigate the following cases:

a) a > a*, B> «. In this case, at k* = ki we have |po2s(k*, R, n,p1,p2)| =
1- \/ﬁGCn—)lmkr;gx + O(kr;gx)'

b) 8 = a > «*. In this case, at k* = ki, we have |po2s(k*, R, 1, p1,p2)| =
1= /NGuin(g; + 75 ) hmax + 0(kngy)-

c) a<a* B> p*but (a,f) # (a*, 5*). In this case, at k* = Ckk,:ﬁ we have,
using Theorem [Z.4] that |poos(k*, R, 17, p1,p2)| = 1—2(%5 + R%Z)k;ic% +
o(kmaZ ).

d) a < a*,a < p < f* In this case, by Theorem 24 we have at k* = kpax
that |po2s (k*, R, 1, p1,p2)| = 1 = 2Co RE L + okt

e) f=a<a*. Wetake k* = kyax in this case. Using Theorem 2.4 we obtain
that poos(k*, R,n,p1,p2) = 1 — 2(Cy + C2)RES,L + o(k& L),

max max
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In each of these cases, we see that at k* the convergence factor |po2s(k, R, 1, p1, p2)|
behaves asymptotically like 1 —Ck 2 with § > i and thus the performance is worse.

It remains to study the case (a, 8) = (a*, 8%), but (C1,C2) # (CF,C3). If Cy >
Cy, we have from (23] that |po2s(kmin, R, 1, P1,P2)| > |p02s (kmin, R, 1, D5, 05)] as
kmax — +oo. If Co < C%, we have from ([233)) that |po2s(kmax, R, 1, p1,02)| >
|po2s (kmax, B, 1, PT,05)| as kmax — +oo. If C1 < Cf and Cy > C3, we have from
(m) that |P023(k, R,naplap2)| > ‘p02s(k*’ RaU,PT7P§)| as Kmax — +00.

Finally, the asymptotic convergence factor estimate is obtained by inserting the
optimized parameters pj 5 into ([2.31). O

Remark 2.15. If one has different values of 7 in different subdomains, for example
1 in €y and 72 in €5, the analysis in this section still holds: one only needs to
replace the frequently occurring term /NG win by /mw (/M R) —/N2vk (/2 R) to
represent the optimized transmission parameters and the corresponding estimates
for the convergence factors.

3. STRAIGHT INTERFACE ANALYSIS REVISITED

We now compare the asymptotically optimized transmission parameters we ob-
tained with those from the straight interface analysis in [18], which we will denote
by a subscript “;”. In the straight interface analysis, the frequency k; is the Fourier

frequency along the interface, which is connected to our analysis by the equation
(3.1) k; = k/R.

We compare first the Taylor transmission conditions. With the frequency relation
B, it is easy to show that the Taylor transmission conditions of order 0 and
2 from the straight interface analysis correspond to choosing p; = /7,¢; = 0
and p; = \/1,q; = 2\/—% in our analysis. In fact, these parameter choices can
also be obtained directly by Taylor expanding the approximately optimal symbols
oi™(k) = \/n+ }’;—22 = N+ 2\’;—% + O(k*), where o (k) gives an identically
zero approximate convergence factor p,p,. They lead to the Schwarz method with
approximate Taylor transmission condition of order 0 (AT0) and of order 2 (AT2)
(see [28]), with corresponding convergence factors

—’Uk(\/ﬁR) —1 wk(\/ﬁR) -1

(32) pATO(kv Ra 77) = ’Ll)k(\/"_?R) + 1 ' —ka(\/ﬁR) =+ 1

and
VA (IR) ~ i~ 3l I (IR) Vi 3l
VIws(VIR) + T+ gheg —yioe(/IR) + T+ gy

A comparison with ppo(k, R,n) is shown in Figure Bl

(3.3) par2(k,R,n) =

Theorem 3.1 (Approximate Taylor asymptotics). The parallel Schwarz method
([T4) with approzimate Taylor transmission conditions of order 0 and 2 satisfies for
kmax — 400 the asymptotic convergence factor estimate

max |pATO(k, Rv 77)| =1- 4\/ﬁer;;x + O(kr;Zx)a

0<k<FEmax

—1_ —1 —2
OSII?Sak)fnax |pAT2(k7 Rv 77)| =1 8\/ﬁkaax + O(kmax)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



OSM WITH NONOVERLAPPING CIRCULAR DOMAIN DECOMPOSITION 651

TABLE 1. Optimized transmission parameters obtained from both
the circular domain analysis and the straight interface analysis.

Type| Circular domain analysis Straight interface analysis

1 1 1,1
000 | P1=2"21 G2 R 2 kiax, pa=p1 | P1= (ki + 1) 3 hiuss P2=P1
n1=92=0 @1=92=0

El 1 1 3.1
002 |P1=2 N3G R ki, pa=p1 [P1=2"2 (kg + 1) ks P2=p1
Q=270 3G LR Thmd, e=q |@=2"3(k2;, +1) Tkl 2=

_5 3 3 _1,4
p1=2"4ns5Gr R %ktax, ¢q1=0

02s 5. 3 b1
R™%kmax, q2=0 | p2

_1 3, L
2 Q(kgnin,l+n)8]:§13x7l7 (J1:0
p2=24n°Gy 23 (s + ¥k =0

min

Proof. Similar to Theorem [2Z.]] it is easy to prove that the convergence factors parg
and paro are strictly increasing in & for £ > 0. However, since for fixed z > 0 we

know that Ij(x) increases in k for k > 0 and Kj(z) decreases in k for k£ > 0 [I],

; - _ Eyv(ynR)=Ko(vaR) = L(ynR)—Io(VIR)
we obtain pATO(O7 R7 77) - pAT2(07 R7 77) - Ki(gRH*K(oj(%R) : Ii(gR%FIS(%R) < 0.

Thus the values of pa7o and pars at £ = 0 can be negative, and hence p a1 and
par2 could attain their maxima at ki, or kmax. Note however that the value of
paro and pars at k = 0 is a constant. Using Lemma 2. we see that the convergence
factors paro and papo tend to 1 as kyax — +00, and therefore, both p a1 and pars
will eventually attain their maxima at kyay for knax large enough. Thus, the result
follows from the Taylor expansion of pgp, at kmax and using Theorem 2.4 O

Remark 3.2. The previous discussion was for R > 0 fixed. If R varies, the situation
is different: when R is large, we see from [28] that the Taylor condition of order 0
behaves like its approximation ATO, and the latter can be obtained by a microlocal
analysis. When R — 0, the Schwarz algorithm with Taylor condition of order
0 behaves better than the one with the ATO condition, since Go(,/nR) — oo as
R — 0. Note that for R > 0 small,

K1(\/iR) 1 1

(3.4) Rolo/iF) ~ L Vi + O(R)
and
(3.5) DGR _ VIR | o),

Io(\/7R) 2

where v = 0.5772156649 . . . is Euler’s constant. Thus paro(0, R,n) = par2(0, R,n)
— —1 as R — 0. To guarantee that the convergence factor at kp.x is larger than
its value at ki, i.e. the corresponding Schwarz method attains its asymptotic
regime, kyax would have to be very large. Thus, when R is small, the angular mesh

would need to be very fine to observe the asymptotic regime described in Theorem
B since kpax behaves like 7 /h.

We next compare the optimized transmission conditions; see Table[ll Using (3.1]),
we see that it suffices to study the difference between 2_117% Gmin and /k‘ﬁlin e if

we can show that there is only a small difference, we have proved that the straight
interface analysis works well for circular domain decomposition. Therefore, we
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FIGURE 4. Plot of the function fi(z).

2703 Guuin— /R 1
27192 G
G (z)—2Vk2+22
zGy ()
since kmini = Kmin/R. Note that kp;, > 1/2 for circular sectors and circular
VitdxzZ 1—e” %
x 2

consider the relative difference with varying R, which means

we have to study fi(z) := , for x > 0, evaluated at k = ki,

domains. By direct calculation, we find fi(z) = 1 — , and it is
easy to check that f% (z) attains its unique maximum 0.1231 at 0.3110 and its
unique minimum —0.0131 at 2.3450. Thus max,>o [f1 (z)] = 0.1231. In addition,

Figure @ shows that |fi(2)| < maxz>o|f1(x)| for all # > 0 and k > 1/2. Hence

the relative difference between 2_177%Gmin and 4 /kfnin’ ; + 1 is quite small, and the

transmission parameters obtained from the straight interface analysis also perform
well when applied to circular domain decompositions, provided that the frequencies
are appropriately scaled as shown in ([BI). This explains why in Figure B the
convergence factors of the Schwarz method with transmission parameters from the
circular interface analysis are so close to those with appropriately scaled parameters
from the straight interface analysis.

Remark 3.3. The discussion above also applies to the overlapping case; i.e. the
straight interface analysis can provide good approximations to the optimized trans-
mission conditions for overlapping circular domain decompositions provided the
frequencies are appropriately scaled, as indicated in [BI). For a general interface,
one can thus include the curvature locally in the optimized parameters by using the
results from the straight interface analysis and the scaling ([B.1]) locally, and this for
all types of problems, not just for the operator n — A. This would however only be
an approximation of course; other geometric characteristics of the interface would
enter as well into the optimized parameters. For example, an analysis for elliptical
domain decomposition shows that not only the curvature but also the semi-major
axis and the semi-minor axis of the ellipse enter into the optimized parameters; see
[30]. Therefore, optimized Schwarz methods with general interfaces still need to be
further investigated.
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TABLE 2. Number of iterations required by the optimized Schwarz
methods with different transmission conditions from the circular
interface analysis, when used as both direct solvers and precon-
ditioners, compared to those (in parentheses) from the straight
interface analysis [I8] with the frequencies appropriately scaled.
Big annular domain.

h  [«/50 [«/100 [x/200 [ /400 | w/800
Optimized Schwarz as an iterative solver

TO 148(139) | 296(282) | 604(581) | 1272(2k+) | 2k+(2k+)

000 | 21(21) 29(29) 41(41) 58(57) 82(81)

002 | 6(6) 7(7) 9(9) 10(10) 12(12)

02s | 13(12) 15(15) 18(18) 21(21) 27(26)
Optimized Schwarz as a preconditioner

TO 15(16) 19(19) 25(25) 34(34) 48(48)

000 | 7(7) 8(8) 10(10) 11(11) 13(13)

002 | 4(4) 4(5) 5(5) 5(5) 5(6)

02s | 6(6) 7(7) 8(8) 8(8) 9(9)

4. NUMERICAL EXPERIMENTS

To illustrate our theoretical results, we perform numerical experiments for our
model problem (1) in polar coordinates on an annulus 2 = (Ry, Rs) x [0, 27), with
homogeneous Dirichlet boundary conditions on » = R; and r = Re. The domain
2 is decomposed into two subdomains 2 = Q; U Qg with @y = (R1, R) x [0, 27)
and Q2 = (R, R2) x [0,27). We choose the model parameter 7 = 2 and use the
classical five-point finite difference scheme in polar coordinates to solve the model
problem in each subdomain. We simulate directly the error equations, f = 0,
and use a random initial guess so that all the frequency components are present;
see [I9, end of subsection 5.1] for the importance of this choice. We show the
results when the optimized Schwarz iteration is accelerated using GMRES with
restart every 30 iterations, and ask for a residual reduction of 1e — 6. The equation
we solve has the exact solution u(r,6) = sin( };;_Rél 7)sin(d). To investigate how
well our analytical results capture the interface curvature, we perform numerical
experiments for a relatively big and a relatively small domain. In the last subsection,
we show numerical results when the domain €2 is decomposed into four equally wide
annuli.

4.1. Relatively big domain. The domain decomposition parameters are Ry =
0.1, R2 = 0.9 and R = 0.5. In the radial direction, we choose a small mesh size
1/640, to obtain an accurate result. Table[2 (here and in the rest of the paper, ‘2k+’
means ‘> 2000’) shows the number of iterations required by the Schwarz method
with different transmission conditions to reduce the error by a factor le — 6. To
compare, we perform the same experiments for transmission parameters from the
straight interface analysis [I8] with the lowest frequency appropriately scaled to
1/R. The corresponding results are shown in parentheses in Table @I We see
that the Taylor transmission conditions from both the circular interface analysis
and the straight interface analysis perform similarly and are in agreement with
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iterations

F1GURE 5. Number of iterations required by Schwarz methods
with different optimized transmission conditions from our circular
interface analysis, as well as those obtained by GMRES accelera-
tion.

the theoretical prediction, requiring many iterations; the optimized transmission
parameters from both analyses perform much better and about equally well. Table
shows in the lower part also the results when the Schwarz methods are used as
preconditioners. We get a remarkable acceleration for all types of transmission
conditions, but the Taylor conditions are still very much inferior compared to the
optimized ones.

In Figure Bl we show a log-log plot of the number of iterations required when
using the parameters from our circular interface analysis. We see that the numerical
results follow well our asymptotic predictions by noting that kmax = 7 (see also the
first paragraph of Section [2), and GMRES gives further asymptotic improvement;
see also [18].

We finally investigate how well the continuous analysis predicts the optimal
parameters to be used in the numerical setting. To this end, we vary the Robin
parameter p with 51 samples for a fixed problem of angular mesh size h = 7/100
and count for each value of p the number of iterations to reach a residual reduction
of le — 6, and similarly for the other transmission conditions. The results are
shown in Figure[6l These results show that the analysis predicts well the optimal
parameters. We also indicate in these figures the transmission parameters from the
straight interface analysis (o). Appropriately scaled, they are quite close to the
optimized parameters obtained from the circular interface analysis, which confirms
the analysis in Section [Bl

4.2. Relatively small domain. We now choose the domain decomposition pa-
rameters Ry = 0.01, R, = 0.09 and R = 0.05, and take in the radial direction the
mesh size to be 1/6400. As for the relatively big domain, the number of iterations
required by the Schwarz methods is shown in Table [3] when they are used as both
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iterations
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FIGURE 6. Optimized parameter (*) found by the analytical op-
timization compared to the optimized parameter for a straight in-
terface (o) reported in [I§] and to the performance of other values
of the parameters: from left to right for OO0, OO2 and O2s.

TABLE 3. Number of iterations required by the optimized Schwarz
methods with different transmission conditions, when used as both
direct solvers and preconditioners, compared to those (in parenthe-
ses) obtained using the transmission parameters from the straight
interface analysis [I8] with the lowest frequency properly scaled.
Small annular domain.

h  [7/50 |7/100  |[x/200  [w/400  [w/800
Optimized Schwarz as an iterative solver

TO |537(1443) | 1124(2k+) | 2k+(2k+) | 2k+(2k+) | 2k+(2k+)

000 | 21(21) 29(29) 41(41) 58(58) 82(82)

002 | 6(6) 7(7) 9(9) 10(10) 12(12)

02s | 13(14) 15(16) 19(18) 22(22) 27(26)
Optimized Schwarz as a preconditioner

TO |17(17) 21(22) 26(27) 37(39) 51(53)

000 | 7(7) 8(8) 10(10) 11(11) 13(13)

002 | 4(4) 4(4) 5(5) 5(5) 6(6)

02s | 6(6) 6(6) 7(7) 8(8) 8(8)

direct solvers and preconditioners. When used as direct solvers, we see that the
Taylor condition of order 0, while still satisfying the predicted asymptotic rate, is
taking way too many iterations to be useful in practice. Also, the Taylor condition
from the circular interface analysis performs much better than the one from the
straight interface analysis, which again confirms our results from Section[3l For the
optimized transmission conditions, the iteration numbers are very similar to the
relatively big domain case, and this happens to be the same when the optimized
Schwarz methods are used as preconditioners. Our results are thus robust with
respect to the curvature parameter 1 / R.

We finally also show in Figure [l a comparison with the numerically best per-
forming parameters, as we did for the relatively big domain in Figure

4.3. Four-subdomain decomposition. Equipped with the theoretical analysis
and numerical tests based on bi-subdomain decomposition, we show in this subsec-
tion numerically that our optimized parameters also perform well when the compu-
tational domain is divided into many nonoverlapping subdomains. We decompose
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FIGURE 7. Optimized parameter (*) found by the analytical op-
timization compared to the optimized parameter for a straight in-
terface (o) reported in [6] and to the performance of other values
of the parameters: from left to right for OO0, OO2 and O2s.

TABLE 4. Number of iterations required by the optimized Schwarz
methods with different transmission conditions, when used as both
direct solvers and preconditioners, compared to those (in parenthe-
ses) obtained using the transmission parameters from the straight
interface analysis [I8] with the lowest frequency properly scaled.
Four-big-subdomain case.

h  [a/50 [#x/100 |=/200 [ 7/400 [ 7/800
Optimized Schwarz as an iterative solver

TO |449(476) | 916(960) | 1902(1979) | 2k+(2k+) | 2k+(2k+)

000 | 87(85) 125(123) | 179(175) 255(250) | 363(355)

002 | 19(20) 18(18) 27(25) 35(33) 43(41)

02s |27(25) 42(40) 58(54) 74(72) 96(92)
Optimized Schwarz as a preconditioner

TO |49(51) 61(64) 85(89) 127(133) | 212(219)

000 | 18(18) 0(20) 4(25) 29(29) 37(37)

002 | 14(14) 13(13) 12(11) 12(12) 13(13)

02s |16(16) (16) 18(18) 19(19) 21(21)

the annular computational domain into four subdomains such that the boundaries
form isometric concentric circles. Table @ shows the number of iterations required
by the Schwarz method with different optimized transmission conditions to reach
an error reduction by a factor le — 6, and we also show the number of iterations
required by the Schwarz method when used as a preconditioner. As in subsection
41l we also perform for comparison purposes the same experiments for transmis-
sion parameters from the straight interface analysis [I8] with the lowest frequency
properly scaled to 1/R with R the radius of the interface under consideration. The
corresponding results are shown in Table [ in parentheses, and they are very close
to the corresponding results of our analysis. Again, in Figure B we show a log-log
plot of iterations required when using the parameters from our circular analysis,
both for the stationary iteration and as preconditioner for GMRES. We see that
the numerical results also follow well our asymptotic predictions.

Similar results for the relatively small subdomain case as described in subsection
are shown in Table[5l Noting that the number of iterations shown in Table [l is
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FIGURE 8. Number of iterations required by Schwarz methods
with different optimized transmission conditions from our circular
interface analysis when used as both direct solvers and precondi-
tioners. Four-big-subdomain case.

TABLE 5. Number of iterations required by the optimized Schwarz
methods with different transmission conditions, when used as both
direct solvers and preconditioners, compared to those (in parenthe-
ses) obtained using the transmission parameters from the straight
interface analysis [I8] with the lowest frequency properly scaled.
Four-small-subdomain case.

h | /50 | /100 | /200 | 7 /400 | /800
Optimized Schwarz as an iterative solver

TO | 1333(2k+) | 2k+(2k+) | 2k+(2k+) | 2k+(2k+) | 2k+(2k+)

000 | 83(88) 129(129) | 185(185) |263(263) |375(373)

002 | 24(24) 22(22) 20(21) 31(31) 40(40)

02s |27(28) 37(36) 52(52) 70(70) 90(90)
Optimized Schwarz as a preconditioner

TO |42(50) 52(58) 61(80) 84(95) 114(117)

000 | 15(16) 18(18) 21(21) 25(25) 30(30)

002 | 13(13) 13(13) 12(12) 10(10) 11(11)

02s | 15(15) 15(14) 15(15) 16(16) 17(17)

similar to what was found in Table[], except for the Taylor transmission conditions,
we find that the conclusions obtained for the relatively big subdomain case remain
true and our optimized parameters are thus robust in the domain size parameter R.
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5. CONCLUSION

We presented a complete study of optimized Schwarz methods for a nonover-
lapping circular domain decomposition. Our closed form asymptotically optimal
results also apply for ring shaped domains and circular sectors. We furthermore
showed how to include curvature in asymptotically optimized transmission condi-
tions from straight interface analysis by an appropriate scaling. Our numerical
experiments showed that the asymptotic transmission conditions perform well and
our results are robust with respect to the interface curvature. The parameters
we obtained are also close to the ones performing best in the numerical setting.
The small deviation is in our opinion due to the truncation to a finite domain in
the numerical computation; for a preliminary study of such a truncation influence,
see [29].
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