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OPTIMIZED SCHWARZ METHODS FOR CIRCULAR DOMAIN
DECOMPOSITIONS WITH OVERLAP*

MARTIN J. GANDER! AND YINGXIANG XU*

Abstract. Optimized Schwarz methods are based on transmission conditions between subdo-
mains which are optimized for the problem class that is being solved. Such optimizations have been
performed for many different types of partial differential equations, but were almost exclusively based
on the assumption of straight interfaces. We study in this paper the influence of curvature on the
optimization, and we obtain four interesting new results: first, we show that the curvature does
indeed enter the optimized parameters and the contraction factor estimates. Second, we develop an
asymptotically accurate approximation technique, based on Turan type inequalities in our case, to
solve the much harder optimization problem on the curved interface, and this approximation tech-
nique will also be applicable to currently too complex best approximation problems in the area of
optimized Schwarz methods. Third, we show that one can obtain transmission conditions from a
simple circular model decomposition which have also been found using microlocal analysis but that
these are not the best choices for the performance of the optimized Schwarz method. Finally, we
find that in the case of curved interfaces, optimized Schwarz methods are not necessarily convergent
for all admissible parameters. Our optimization leads, however, to parameter choices that give the
same good performance for a circular decomposition as for a straight interface decomposition. We
illustrate our analysis with numerical experiments.
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1. Introduction. Domain decomposition methods are important techniques for
the numerical simulation of large scale physical problems, since they can systemati-
cally reduce their complexity by decomposition and lead to efficient parallel solvers.
Among the many domain decomposition methods, optimized Schwarz methods, going
back to an idea for a nonoverlapping method by Lions [28], have attracted substantial
attention over the past decade because their transmission conditions can be adapted
to the physics of the underlying problem and thus lead to very efficient methods
for hard problems; for an overview and references, see [35, 17]. Optimized Schwarz
methods are a very active area of research, and they have found their way into many
areas of applications: for Helmholtz problems, see [12, 6, 22], for advection diffusion
evolution problems, see [34, 20, 7, 40], for wave equations, see [21, 19], for Maxwell
problems, see [41, 13, 38, 37, 8], and for shallow water and the primitive equations,
see [39, 3]. Optimized Schwarz methods have also led to new theoretical developments
(see, for example, [27, 30, 29]) and many innovative preconditioners that appeared
under different names; see, for example, the sweeping preconditioner in [16, 2, 23, 14],
the source transfer method in [11], and also [42], which are among the best iterative
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solvers for the difficult class of Helmholtz problems. For the precise relation between
those methods, see [10].

Optimized Schwarz methods are typically developed and analyzed on model do-
mains with straight interfaces using Fourier techniques. However, the methods also
work well in more general settings in many applications; see, for example, [17] for the
temperature distribution in an apartment in Montreal and [22, 33] for the noise levels
in a car compartment. A more general analysis in [31] shows that the asymptotic
choice of O(h™2) of the Robin parameter (h being the local mesh size) will result
in a contraction factor of the form 1 — O(h?) for a nonoverlapping Schwarz method.
Similar results were obtained for higher order transmission conditions [32].

Since the curvature is the most important information for a smooth curve, in this
paper we are interested in studying the influence of the curvature on the optimization
of the transmission conditions in optimized Schwarz methods. However, it is not
possible to directly study the fully general case of an arbitrarily curved interface.
We thus study in detail the model problem of a circular domain decomposition and
determine how the best choice of coefficients in the transmission conditions depends on
the curvature explicitly. The transmission conditions we obtain can then be employed
in the case of a generally curved interface by using the local curvature at each point
of the interface in the best parameter formulas we obtained. They therefore have
many potential applications—for example, the simulation of fluid-structure interaction
problems in haemodynamics [36], where optimized Robin parameters are observed to
be numerically efficient. The best approximation problem for the circular domain
decomposition is however still too hard to be analyzed directly, and we present for
the first time an asymptotically accurate approximation of such problems based on
Turan-type inequalities. This new idea of approximation will also be important for
other best approximation problems that have so far remained unsolved. It allows us to
present a complete asymptotic analysis for a circular model problem which will reveal,
in contrast to the straight interface case, that the optimized Schwarz algorithm is not
convergent for all admissible parameters. The study of our circular model problem
also allows us to obtain transmission conditions found using the completely different
approach of microlocal analysis [5] and reveals that these do not lead to the best
possible performance of the algorithm.

In order to obtain these results, we consider the negative definite model problem

(1.1) (A—nmu=f on Q=R2 >0,
with a circular decomposition of Q = €y U Q9, where for L > 0
(1.2) le{(xay)|\/m<R1:R+L}’

| QZ:{(ﬁvy)|R2:R<\/m<oo};

see Figure 1 (left).
In polar coordinates, the model problem (1.1) reads

(1.3) Orrtt + laru + %8@911 —nu=f.
r T
A general parallel Schwarz algorithm for (1.3) with decomposition (1.2) is
Orrufl + %&u’f + T%aggu’f —nu} = f in Q,
(1.4) Bi(up) = Bi(uf™') onr=Ry,
’ Orrul + %&,ug + T%aggug —nuy = f in Qo,

Bo(ul) = Bo(up™') onr=Ry.
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Fia. 1. Circular domain decomposition on the left, and on the right an example comparing the
optimal symbols (solid) and the local approzimations we propose (dashed); see text following (3.3)
for details.

2. Classical Schwarz method. Choosing in (1.4) the identity operator B; = I,
i = 1,2, gives the classical Schwarz algorithm. By linearity it suffices to consider only
the case f = 0 and analyze convergence to the zero solution. Taking a Fourier
transform of the Schwarz algorithm (1.4) with B; = I in the 6 direction, we obtain

Oy + Lo,a7 — (5 +pay = o, r< Ry keER,
2.1) W (Ry k) = ag ' (Rik), keR,
' Oprtly + 20,08 — (5 +m)ay = 0, r> Ry, k € R,
a3 (Ro, k) = a7 ' (Ra,k), keR.

Hence subdomain solutions in the Fourier transformed domain are of the form

(2.2) A (r, k) = A (k) Ie (/) + Bi(k) K (Var), i=1,2,

where I, (x) and Kj(z) are the order k modified Bessel functions of the first and second
kinds. Since iterates need to stay bounded, we obtain for the subdomain solutions

(2.3) ai (r, k) = AT (R) L (Vor),  ag(r, k) = By (k) Ky (Vir).

Inserting these solutions into algorithm (2.1), we obtain by induction

(2.4) a1 (Ra, k) = plh, 09 (Ra, k), a3"(Ri, k) = plh,a5(Ra, k),

where the convergence factor peq(k, R, L,n) of the classical Schwarz algorithm is

 L(ynR) Ki(yn(R+L))
(25) pcla(kaRaLan) T Kk(\/ﬁR) ’ Ik(\/ﬁ(R"‘L))

Vk € R.

THEOREM 2.1. The Schwarz algorithm (1.4) with classical transmission condi-
tions B; = I is convergent if and only if the overlap L is greater than zero.

Proof. Note that I(x) is exponentially increasing and Kj(x) is exponentially
decreasing in z for x > 0 (see [1]), and hence |peiq(k, R, L, )| = peia(k, R, L,n) < 1 if
and only if L > 0. d

The following lemma will often be used in the rest of the paper.
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LEMMA 2.2. Let vi(x) := K’“(z; and wy(z) = L) Then, for fived x > 0,

Gi(z) := —vg(x) + wi(x) is an increasing function of k for k > 0, and we have
K, I, K. I 1
(2.6) Gr(z) = — k(x) + k(x) _ kt1(2) + kt1(2) _

Ki(z) = Ip(x) Ky () I () ol (2)Ki(z)

Proof. The first result is obtained directly from Lemma A.3 in the appendix. For
the second result, the first equation is just the definition, the second is obtained by
applying the recurrence relation 9.6.26 in [1], and the last one is obtained by applying
the Wronskian 9.6.15 in [1]. a

THEOREM 2.3. The asymptotic convergence factor of the classical Schwarz method
as L — 0 is

(2.7) 0ax|peia(k, L, R, n)| =1 — Gminy/nL + O(L?),
where Guin = G, (\/TR) and Ky, is the estimate of the lowest frequency involved
in the computation.

Proof. A Taylor expansion of the convergence factor for L small gives

R)I nmR)—1 nR)K R
Pcla(k,L,Ra 77) =1— (\f )Ikk((ng))K:((fR)) K (V1 )\/_L—f— O(L2)

=1 Gy(/iR)iL + O(L?).

Now using the monotonicity of Gy (z) in k for x > 0 fixed we get (2.7). O

Remark 2.4. In the circular domain decomposition described in (1.2), the inter-
face is a circle, which is equivalent to imposing periodic boundary conditions at § = 0
and 27. Then the lowest possible frequency on these domains would be ki, = 1.

We now compare the results above for the circular domain decomposition to the
results in [17] for the straight interface, where the classical Schwarz method has an
asymptotic convergence factor of 1 —2,/nL + O(L?) as L — 0. We thus need to study
the relation between 2 and Gin. If kmin # 0, by 9.6.7 and 9.6.9 in [1] we obtain
Gonin ~ 2’“"“" as R — 0. Therefore, when R is small, we have G,,;, > 2. When
R — o0, we obtam by 9.7.5 in [1]

14k7,—1 1 3 4k in—1) (4h3, 5, —9) -
Gomin ~ 21 = 3028 + 3 eamte— )T~ 2,

which is consistent with the straight interface analysis. If k,;, = 0, we first analyze
if limg 0 m > 2 holds. From the expression of Iy(z) and Ko(z) in 9.6.12

and 9.6.13 in [1], we have lim, o 2Io(z)Ko(z) = 0, and thus when R is small we
have Go(y/nR) > 2. On the other hand, lim, ., Go(r) = 2, since from 9.6.12 and

9.6.13 in [1] we obtain lim, 28; =1 and lim,_, 28 = 1. We illustrate these

comparisons in Figure 2 (left). In summary, if R is small, then the classical Schwarz
method with circular domain decomposition converges faster than with a straight
interface domain decomposition. When R is large, both perform similarly.

3. Optimized Schwarz algorithms. Taking B;(u) = 0,u + S;u in (1.4) leads
to the optimized Schwarz algorithm

Orrul + = 8 uy + = ngul —nuy = f in Qq,
(3.1) (0 + Si)uf (R, 0) = (3r +S1)us " (Ry,0) 0 €0,2m),
’ Orrul + L0,ul + L 0poul —nquy = in Qo,

(Or + S2)us(R2,0) = (8T + So)uf " (R, 0) 6 € [0,27),
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Fic. 2. Left: Go(x) (bottom), G1(x) (middle), and G2(x) (top) compared to 2. Right: Conver-
gence factors for the Schwarz method with classical, T0, ATO, and AT2 transmission conditions for
n=2, R=0.5, L =0.01.

where S;,1 = 1,2, are linear operators along the interface in the 6 direction that
will be determined to get the best possible performance. Setting f = 0, taking a
Fourier transform in the € direction, and denoting by o;(k) the Fourier symbols of
the operators S;, i = 1,2, we find after a short calculation the convergence factor of
(3.1) to be

(3.2)

_ VA A(R+L) 401 (k) | /Twk (JiR)+o2 (k)
Popt (K, L, B, 01, 02) = o0, Cmi e on () vron(aras () Peta(k Ly Bom),

where v () and wy(z) are as defined in Lemma 2.2.

THEOREM 3.1 (optimal Schwarz method). If o1(k) = —/nur(\/n(R + L)) and
oa(k) = —/muwr(y/nR), then the new Schwarz algorithm (3.1) will converge in two
iterations.

Proof. The proof is similar to the proof of Lemma 2.2 in [15]. O

Unfortunately, the optimal choice of o;(k), ¢ = 1,2, in Theorem 3.1 results in
nonlocal operators S;,i = 1,2, which are hard to implement and expensive to use in
practice. If we choose for o;(k), i = 1,2, however, polynomials in k, we obtain local
transmission conditions involving derivatives w.r.t. 8. Here, we choose polynomials of
degree two,

(3.3) oiPP (k) = p1 + ak?, o3P (k) = —p2 — @2k,

since second order derivatives corresponding to k2 are already contained in the dif-
ferential operator A — 7, and thus the transmission conditions will not increase the
bandwidth of the discretized problem. We thus approximate by (3.3) the best choice
in Theorem 3.1, which contains the ratios of the modified Bessel functions and their
derivatives in vy and wg. We show in Figure 1 (right) an example comparing the
optimal symbols with the second order approximations we propose. The transmission
conditions resulting from the choice (3.3) are

(3.4) Bi =0 +p1 — q10ss, Bz = 0, — pa + q20s0.
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F1G. 3. Domain in which the optimized Schwarz method with 2-sided Robin condition converges
form =2, R=0.5, and L = 0.01. On the left, the parameters outside the shaded region lead to a
convergent method (the vertical dashed line is the curve’s asymptote). On the right we show a zoom
of the left close to zero, where again we can show convergence outside the shaded region. The star
indicates the position of the optimized parameters from Theorem 3.13, and the circle that obtained
by equioscillation.

Inserting the expression (3.3) of o;(k) into (3.2), the convergence factor of the parallel
Schwarz algorithm (3.1) becomes

p(kaLaRvnap17p27Q1aq2)

— ok (VI(R+L)—p1—q1k*>  /mwi (/7R)—p2—q2k?
ﬂw:(ﬁ(R+L))+p11+q11k2 ' —ﬂfk(mR)+;z+q22k2 “peta(k, L, R, n).

(3.5)

Remark 3.2. When the domain () is decomposed into two half planes, the op-
timized Schwarz method for problem (1.1) converges for all p; > 0 and ¢; > 0; see
[17]. However, this is not true for a circular domain decomposition. For example, the
choice of p; = 0.01, p2 = 100, ¢1 = g2 = 0 leads to a nonconvergent parallel Schwarz
method with overlap L = 0.01 for the model problem with parameter 7 = 2 and the
circular domain decomposition with R = 0.5: the convergence factor equals —1.1583
at k = 1. Fortunately, in the set {p; > 0,¢; > 0,7 = 1,2}, the measure of the set
in which the parameters result in a nonconvergent Schwarz method is quite small.
In Figure 3, we plot the region where the parameters result in convergent optimized
Schwarz methods.

The goal of optimized Schwarz methods is to choose the free parameters p; > 0,
¢ > 0,4 = 1,2, to obtain good performance. The best performance is obtained by
minimizing the convergence factor over all frequencies relevant to the problem, i.e.,
solving

3.6 i k,L,R .
( ) pI;I(}}qI}ZO(kIZI}Car’:in |p( s anvplaanqlv(IQ)D

However, the modified Bessel functions I (z) and K (z) in the convergence factor
depend on k in a complicated fashion, and problem (3.6) cannot be solved directly.
We therefore propose the approximation

(3.7)
) = \/n+1’;—i—p1—q1kz ) \/n+1’;—2—p2—q2kz 672,/77+I’;—22L7

\/77+1’6722+p1 +q1k?2 \/77+1’6722+p2 +q2k2

papp(k7L7R7n7plap27 q1, 42

which is justified by the following lemma.
LEMMA 3.3 (approximation of the convergence factor). For k > 1, there exists a
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constant C' independent of k and L such that

1 L
(38) |p(k7L7R7n7plap27ql7q2) papp(k L R n, plap27Q1,(I2)| < C( + — 2 +L2)

Proof. For the modified Bessel functions, the so-called Turdn inequalities [4] hold,
I
(3.9) ek < ” < Va2 k2 Vo> 0, k>0,
K
(3.10) LS < D) e e 0, ks

Kk

and we thus have for £k > 1 and 2 > 0

(3.11) \/ + k—2 < wy(z \/: < —uvg(x \/

Denoting

5 _ Vi (VaARA L) —pr—aik? | wk (VTR) —pa—a2k®
p(k7 L7 Ra n,P1,P2, (]1a(]2) — Vnwkr(Vi(RFL))+p1+qik? ! — ok (VIR)tp2 g2k

we obtain p = j - peia, and thus first estimate p. If p1 + q1k* < —/foe(/(R + L))
and py + g2k? < \/wi(\/TR), we obtain using (3.11) that

< V P ()P —pi—ak® /0t S —po—gak?

p<
VRS2 ak? ot B tpataak?

Vit omoel? yutgroeel® oy

).
Vit Estpitaik? /0t 5 tpataak? F

In addition, we have

5> V()2 —m—ak® \/kk—_ﬂ—i-;—z—pz—qzkz
= (R+L)+p1+q1k2 VR pataak?

Vs moakt yrigseeel | oo

7).
\/n+1’“722+p1+q1k2 \/n+1’“722+p2+q2k2 k

Noting that

R) I (iiR) I, (\/iR) Ki (\/iR
pea(k, L, R,n) = 1+ LA )Ikk((\\i_R))K:((\/\CR)) L )\/_L+O(L2)

= 1-2\/n+5L+0(%+1L?
= eXp(—Q\/ﬁ+ﬁL)+O(k—2+E+L2),

we obtain that, if p; + q1k* < —/fur(/1(R+ L)) and ps + g2k < \/mwy(,/MR), then
there exists a constant C' independent of k and L such that (3.8) holds. Since the
Turdn-type inequalities (3.9) and (3.10) hold for any k& > 1,z > 0, similar results can
be obtained for the other cases. O
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3.1. Low-frequency approximations. From the proof of Theorem 2.3 we see
that peia(k, L, R,n) = 1 + Gr(/nR)\/ML + O(L?), and together with Lemma 2.2 we
conclude that peq(k, L, R, n) decreases in k if L is small, as shown in Figure 2 (right).
This shows that the classical Schwarz method cannot eliminate low-frequency errors
efficiently. One can therefore use the transmission conditions that are efficient for
low frequencies by using a Taylor expansion about & = 0 of the optimal symbols

o1(k) = —/muk(y/n(R+ L)) and o2(k) = —/nwi(y/1R).

Using the identities Ij)(z) = I (z) and K{(z) = —Ki(x) [1], we obtain
(\/_(R L)) (\/—R)
o1(k) = /n—=—""=—"="+0(k), o2(k)= + O(k).
Therefore, with the choices of p; = \/_K0 ?Egié;; and po = \/ﬁggyg we obtain

a Schwarz algorithm with the convergence factor

— VK (V(R+ L)) — Tt T K (R4 L))
VAL (A(R+L)) /T 5 L (Vi(R+ L))

VAL (IR A L O T (VIR)
VKR T () K (VTR) |

pTO(kvaRaT]) =

(3.12)

THEOREM 3.4 (Taylor asymptotics). As L — 0, the asymptotic convergence
factor of the optimized Schwarz method with Taylor transmission conditions of order
0 satisfies

max pro(k, L, )| = 1 - At GE (VIR)LE + O(L).

Proof. We first show that papy(k, L, R, 7, \/—I;; %ggii)) \/_2 ?g), 0) attains

its unique maximum in the interior asymptotically at krg = 774 RGO (vnR)L™ 2. To do

\/—Kl(\/_(RJrL))

s0, we solve the derivative of papp(k, L, R, 0, p1, p2,0,0) in k with p; = R (L))

and pa = /7 ggﬁg; and find the positive solution to be

- ﬁR\/Lp%+Lp§—2Ln+pz+p1+\/5
L 3

where ® = p5 + pi + 2p1p2 — 2L*pip3 — 2Lpipa — 2Lp3p1 + L?pi + 2Lpi + L*p3 + 2 Lps.

Although this expression is too complicated to be used directly, it tells us that krg
1

behaves asymptotically like kg = Cr L™ 2, where C}, is a constant to be deterrmned

Inserting this into the derivative of papp(k L,R,n, \/ﬁKl fggi?) \/_Io fﬁ;,o 0)

and expanding for L small, we obtain

VI(R+L nmR mRG nR
papp(k L R n, \/ﬁ ERIL;; \/ﬁIO %R;’O 0) - 2(M - %)L + O(Lz)

The constant C}, is thus obtained by setting the leading term to zero, and kp¢ follows.
Using Lemma 3.3, we then obtain

pro(kro, L, R,n)

K1 (vn(B+L)) (Vn(R+L))
papp(kro, L, By, /e e ) \/_Ko Crern 0,0) + O + ¢ + L7)

1 — 4G (VAR)LE +O(L). O
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Higher order Taylor conditions could in principle be obtained, expanding the
optimal choices of o1(k) and o2(k) in k to higher orders, but the derivatives of the
modified Bessel functions I (z) and Kj(z) with respect to k are too complicated
to be of use for further analysis [1], and one could only exploit them numerically.
We therefore propose as an alternative using expansions of the approximate optimal

choice o{"" (k) = /n+ 1’3—2%, oo (k) = —\/n+ I’;—% we found based on the Turdn-type

inequalities. From
k2 k2
A+ =5 = Oo(k*
7’+R3 ‘/ﬁ+2\/ﬁRi+ (k*),

a zeroth order approximation is then given by p1 = p2 = /0,1 = ¢2 = 0, while a
second order approximation is given by p; = /0, q; = ﬁ, i = 1,2. These choices

lead to the Schwarz method with approximate Taylor transmission condition of order
0 (ATO0) and order 2 (AT2) and corresponding convergence factors
(3.13)

parolk, L, Ryn) = 2K+ D)= KL (JIREL) il (/TR =yl (/TR)
o VAT CAREL) T (RELY) =K (R /K (/TR)

and

~ VKL (Vi(R+1) = (Vir+ 5oy Ko (Vi(R+L))
k,L,R,n)= 7 —
(3.14) pars( ") T (/AR L)+ (VT gy ) T (i (RHL))
' VLR~ (T b ) I (VAR)
VK (VIR +(/+ 555 ) Kk (ViTR)

These convergence factors are shown in Figure 2 (right), and we see that ATO is as
efficient as T0, and AT2 is better than TO.

THEOREM 3.5 (approximate Taylor asymptotics). For L — 0, the asymptotic
convergence factors of the optimized Schwarz methods with approzimate Taylor trans-
mission conditions of order 0 and 2 satisfy

(3.15) max|paro(k, L )| =1~ 427 VL +O(L),
(3.16) max|para(h, L R = 1= 853 VL + O(L).

Proof. A direct calculation shows that pay,(k, L, R,n,/7,/7,0,0) attains its
unique interior maximum asymptotically at karg = ﬂn%RL_%, which gives with
Lemma 3.3

pATO(kAT()vaRaT]) = papp(kAT()vaRanv \/777 \/7_77050)4_0(?20 kALTO +L2)
=1-4V2piVL + O(L).

Similarly, we obtain that pap,(k, L, R, 1, /1, /1, m, ﬁ) attains its unique

interior maximum, asymptotically at ka7 = 217%RL*%, which leads with Lemma 3.3
to

pAT?(kAT27L7Ran) = papp(kAT27L7Ran7 \/777 \/ﬁa gﬁ&{JrL)a 2\/153)"_0(162:7,2 +kALT2 +L2)
—1-8pivVL+O(L). O



1990 MARTIN J. GANDER AND YINGXIANG XU

We now compare the two Taylor conditions T0 and AT0 analytically: we expand
the parameters p; and ps of TO for R large and find

Ky (y/iRy) 1 1 1 1
n=Vig ey -V am s e O\

Ko(\/iRy)
 _h(ynRa) 1 1 1
bz = \/ﬁlo(\/r_]Rg) Vi1~ 3R, 8/RZ  SnR3 +O<R4>

This shows that taking the first terms in the expansions of T0 leads to the ATO
conditions, which is also a transmission condition found using microlocal analysis,
namely, MATC; see [5]. Taking the first two terms in the expansion above results in
MATC2, and taking the first four terms leads to MATC3, two further transmission
conditions based on microlocal analysis. Microlocal analysis can also be used to
construct higher order transmission conditions; see [5].

From our analysis of Go(x) in section 2, we see that for R large, the T0O condi-
tions perform slightly worse than the ATO0 conditions; however, for R small, the TO
conditions perform better than the AT0 conditions. In fact, for the T0 condition we
have for R small

Ki(ynRi) 1 1
(ViR1)  In2—1In(ynR1) — v Ry

where v = 0.5772156649 . .. is the Euler constant, and

L(ynR2) Ry
Io(yinR2) 2

are quite different from /7, the parameter value of ATO.

Using similar arguments, one would also expect that the Taylor transmission
conditions of order 2 would differ for R small, depending on the subdomain, since
the interface curvature is involved. When R is large, however, as in the proof of
Theorem 3.5, it is easy to show that if we choose the parameters in each subdomain
to be the same, i.e., p; = /1], ¢ = the resulting Schwarz algorithm performs

pP1 = \/—KO + O(Rl)v

P2 =N 2+ O(R3)

1
2 /R’
asymptotically like the one with approximate Taylor condition of order 2.

3.2. Zeroth order optimized transmission conditions. Taking p; = p2 = p,
q1 = q2 = 0 gives the simplified convergence factor

_ —VIK (VARHL) —pKr(VA(R+L) /il (VTR)—pIi(VIR)
pooo(k, L B, p) = = R D e (ARALY) | i, (AR - pRn (i)

The optimized parameter p* is thus the solution of the min-max problem

(3.17) min(, max lpooo(k, L, R, n,p)|).

We will in what follows often make use of the following lemma.

LEMMA 3.6.  Assume kg > 0 is the solution of min{—,/nux(y/n(R + L)),
Viwe(y/nR)} = p with p given asymptotically by p = C, L™, 0 < o < 1; then
ko is given asymptotically by ko = CpRL™%.

Proof. Because of the Turdn-type inequalities (3.9) and (3.10), we need only show
the result in the following four cases:



OSM IN CIRCULAR DOMAIN DECOMPOSITION 1991

1. 4/n+ Ik%—i = p: in this case the equation is solved by ko = +/p? —nR =
C,RL™ 4 O(L®).

2. k—iln + 1’3—2 = p: we insert the ansatz k = C, L7 into the equation, square

both sides, and use p = C, L™ to see that to balance higher order terms in
L we need = o and C, = C,R.

3. 4/n+ (RfLV = p: in this case the equation is solved by ko = \/p? — n(R +

L) = C,RL™ + O(L®).

4. ,/%77 + ﬁ = p: using an argument similar to that used before shows

that the solution is asymptotically given by ky = C, RL™. g
Remark 3.7. In Lemma 3.6, if we replace min by max, the same result holds,
with a similar proof.
THEOREM 3.8 (optimized Robin parameter). The parameter

1

2
(3.18) Pt =256, L7
is for L small the asymptotic solution of the equioscillation problem

(319) POOO(kmim La R7 n;p*) = pOOO(E*a La R7 n;p*)a

where k* = k(L,R,n,p*) = L(ZP*JFLE(Z)*)LW))R = n%GimRL_% + o(L™%) is the

location of the unique interior mazimum of papp(k, L, R,n, p*,p*,0,0).
Proof. Setting the derivative of pgp, with respect to k to zero, we find a unique

. . . 7 -

interior maximum at k(L, R,n,p) = —W. We then need to find the
asymptotic expansion for p* for L small from (3.19). We make the ansatz p = C, L™
for @ > 0 and denote p* = C;L’O‘*. We first consider the case a < 1, which gives
with our ansatz asymptotically k(L, R,n,p) = ,/2CZ,RL*HT&. Expanding the left-
hand side of (3.19), we obtain

’

1— 20 (— Bein VTR fim(‘/m) LY 4 o(L) =1 200G L + (L"),
P

1% Khmin (VIR) min (VIR)
and for the right-hand side the expansion is
pOOO(E*vaRaT]?p*) = papp(k*,L,R,’f],p*,p*,O,O)+O(ﬁ+EL7+L2)

—a*+1

= 1-2305L77 +o(L™7") + Olgys + & + I?).

Since (3.19) holds for all L > 0, we must have equality of the leading terms, Zciijm

. o 2
L*" = 4,/2C5L="7, which leads to the solution * = 1, % =27153G}, , and
thus the parameter p* in (3.18). With this asymptotic behavior of p*, the interior

maximum k* behaves asymptotically like

(3.20) K =ntGl. RL™E.

Similarly, we can also show that if & > 1, there is no valid solution for a*. a
THEOREM 3.9 (Robin asymptotics). The parameter value p* in (3.18) solves
the min-maz problem (3.17) asymptotically, and the convergence factor satisfies for L
small
1
max |p000(k7 L7 Ra 777p*)| =1- 477éGr?;nnL% + O(L%)
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Proof. We first show that pooo(k, L, R, n, p*) attains its maximum asymptotically
either at k = ki or at k = k*. We denote by & the solution of min{—/mux(y/n(R +

L)), /mwr(y/nR)} = p*, and from Lemma 3.6 we know that k& ~ Rp* = 2’1R77%G§nn
L=% as L — 0. To show next that for ki, < k < k, pooo(k, L, R,n,p*) decreases in
k, we rewrite pooo as pooo(k, L, R,n,p) = T1(k, L,p)Ta(k, L, p)peia(k, L, R,n) with
Ti(k,L,p) := — j\j’%ﬁ}{(ﬁ%;fj;p and Ty (k, L,p) := \/ﬁﬂ?\%@fgﬁp. Expanding for
L small, we obtain T4 2(k, L, p) = T1,2(k,0,p)+O(L), and hence T o(k, L, p) increases
in k for k < k and L small due to Theorem A.3. Since T 2(k, L, p*) are negative for
k < k, we obtain together with p.,(k, L, R,n) decreasing in k for k > 0 and L small
that pooo, as the product of the three, decreases in k for £ < k and L small. This
implies k = k4 is a possible maximum point for L small.

Next, if k > k, we know pooo(k, L, R,1,0*) = papp(k, L, R, 0, p*, p*,0,0)+O(L3),
and hence pooo(k, L, R,n, p*) attains its unique interior maximum asymptotically at
- 1L 2
k*=nsG}, RL™%.

We can now show that p* given by (3.18) solves the min-max problem (3.17)
asymptotically. Assuming that p = C, L™, we need only show that if o # o = %, or
Cp # C,;, we have maxy [pooo(k, L, R, 1, p)| > maxy, |pooo(k, L, R,n,p*)| for L small
enough. When a < a*, from the proof of Theorem 3.8 we know that

pooo(k(L, R,n,p), L, R, 1,p) = papp(k(L, R,n,p), L, R,1,p,p,0,0) + O(% + £ +1?
=1-22C,L7% +o(L™% )+ O0(3 + £ +L?).

—a* 41

Noting that pooo(k(L,R,n,p*), L, R,n,p*) = 1 — 2 20; L7 + o(L3), we have
when L — 0

pooo(k(L, R,n,p), L, R,n,p) > pooo(k(L, R,n,p*), L, R,n,p").

When a > o*, we consider the convergence factor at k,;,. In this case we have

3.21 POO0 kmina La Rvnap =1- 2ﬁsznLa + O LQOL y
C

p

which is greater than pooo(kmin, L, R,n,p*) as L — 0.

We finally consider the case a = a* but Cp, # C;. By the asymptotic expansions
above we find that if C}, > C};, we have pooo(kmin, L, R,1,p) > pooo(kmin, L, R,1,p*),
and if C, < C, we obtain pooo (k(L, R,1,p), L, R,n,p) > pooo(k(L, R,1,p*), L, R,n,p*),
which concludes the proof of asymptotic optimality.

To show the convergence factor estimate, we only insert C; and o into (3.21). O

3.3. Second order optimized transmission condition. Setting p; = ps =
P,q1 = g2 = ¢ in the convergence factor (3.5) leads to

_ =KL (/A(R+L))— (p+ak*) Ky (y/i(R+L))
(322) pOOQ(kaLaR7777p7 Q) - \/ﬁI;/(\/ﬁ(R+L))+(p+qk2)Ik(\/ﬁ(R+L))
VAl (VAR) = (p+ak) I (i R)
— VK, (ViR)+(p+qk?) K (ynR)

The optimized parameters p* and ¢* for the associated Schwarz algorithm thus are
solutions of the min-max problem

(323) mln( mnax |p002(k7L7R7n7p7q)|)'

P,q>0 k>kpmin
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To analyze this min-max problem, we need again an auxiliary result.

LEMMA 3.10.  Assume ky > k; > 0 are solutions of min{—,/mux(\/n(R +
L)), yiwp(yiR)} = p+ qk* with p = C,L™ and q¢ = CyL?, where B > o > 0.
Then ky o behave asymptotically for L small like

(3.24) ky =Cy,RL™®, ky=C,'"R'L".

Proof. Using Lemma 3.6, we know that min{—,/mux(\/n(R + L)), /ur(y/nR)}
behaves like £, and the problem simplifies to solving k* — ¢ 'R~k + ¢~ 'p = 0,

1 1F4/1-4C,CyR2 LA~

whose solutions are k; , = 3 G IFR . Expanding for L small then gives
’ q
(3.24). O
THEOREM 3.11 (optimized second order parameters). The parameters

_2

4 k
(3.25) pr=2"%3GE, L%, ¢ =237 3G, 5 R2L3

min

solve for L small the equioscillation equations

(3 26) pOOZ(kmm,L,R,T],p*,q*) = Pooz(/%
' k

where IQT)Q = k1o(L, R,n,p*,q*) with ki2(L, R,n,p,q) = gqi?{ L+2qR2_2LquR23FN;
and ¥ = L? 4+ 4LqR? — 4L*pqR? 4+ 4¢>R* — 16 Lpg*R* + 16 L¢®>R%n + 4L?¢*R*n, at
which pooa(k, L, R,n,p*,q*) attains its mazima asymptotically, and we have ki ~
2-4p Gl RL-%, ks ~ 239G3, RL4.

Proof. From the derivative of papp(k, L, R,n,p,p,q,q) in k we get k12 by direct
calculation. Inserting the ansatz p = CpL’% and ¢ = C'qL% into k1 2 and expanding

for L small, we obtain ki(L,R,n,p,q) ~ ,/g—zL‘g and ko(L,1,p,q) ~ 1/C%L‘é.
Using the same ansatz also in poo2(kmin, L, R,7,p,q) and expanding for L small
leads to

(327)  poo2(kmin, L, Ry, pq) = 1 =202 €= L5 + O(LF),
POOZ(/EL L7 Ra n,p, q) = papp(];:l (La R7 P, CI), La Ranapapa q, q) + O(L%)

(3.28) =1-8y/C,C,RL? + O(L?),

pOOZ(%Qv L7 Ra n,p, q) = papp('EQ(La R7 P, Q)a La R7 m,p,p,q, Q) + O(L%)
(3.29) =1-%\/&Ls +0(L?).
Setting the coefficients of the terms L3 equal, we obtain

1 G 4 |2

3.30 —opr 2 — _8,/C.C,LR=—— | —,
( ) 772 Op q~'p R Oq
whose solutions Cj, Cy lead to the announced result for p*, ¢*, and 15{)2. d

THEOREM 3.12 (002 asymptotics). The parameters p*,q* in (3.25) are for L
small solving the the min-maz problem (3.23), and the associated convergence factor
satisfies asymptotically

(331) kn}gax |p002(k7L7R7777p*7q*)| =1- 2?77%G

ZRmin



1994 MARTIN J. GANDER AND YINGXIANG XU

Proof. Inserting the asymptotic values of p*,¢* given in Theorem 3.11 and

k = kumin into the convergence factor poosa(k, L, R, 1, p, q) and expanding for L small,
1

we obtain pooa(kmin, L, R,n,p*,¢*) = 1 — Z%U%GgmL% + O(L%). We thus need

only show that p*, ¢* given in Theorem 3.11 are solving the min-max problem (3.23)

2
asymptotically. We denote T (k, L,p, q) := 7@%&%%;5 JZZ:; ;3’“ and Ty (k, L,p,q) :=

2 — —
e Then Tt (ki Lp*, q*) < 0, Ty o (K, Lp*,¢*) > 0, T1,2(K5, L,
p*,q*) < 0, since by Remark 3.7 we have p* + ¢*k2,;, > max{—uvy,.. (v/7(R +
L)), Wy (VIR)}, p*+¢" (k])? < min{—vg. (/i(R+L)), wg: (/1R)} and p*+q*(k3)* >
max{—vg: (v/N(R + L)), wi; (/nNR)} for L > 0 small. By the same technique applied
in the proof of Theorem 3.9 we can show for L small that T; o(k, L, p*, ¢*) is neg-
ative and increasing in k for k < k;, where k; is defined in Lemma 3.10, and thus
p002(kmin, L, R,n,p*,q¢*) = T1(k, L, p*, ¢*)T2(k, L, p*, ¢*) pera(k, L, R,n) decreases in
k for k < ky, since pe, is always a decreasing function of k for £ > 0. As a con-
sequence, ki, is a possible maximum point of pooa(k, L, R,n,p*, ¢*) for L small
enough, as well as the two interior maxima points /761:2 found earlier.

Let p = CpL™%, g = CyLP and p* = C; L™, ¢* = C; L%, where o* = 1, 8" = 2,
as shown in Theorem 3.11. We now need to show that if (p, q) # (p*, ¢*), then there
exists a k£* such that for L > 0 small enough
(3.32)
poo2(k*,L,R,1,p,q) > 1 —2n2 Cmin s =1 -8,/CiC;RLs =1~ 4, [ & Ls.
q

*
P

We first show that if (a, 8) # (a*,3), then the asymptotic order of the resulting
optimized Schwarz method will be enlarged. To this end, it is sufficient to treat the
following cases:
(a) &> a”, B> —a. In this case at k™ = kmnin we have pooz(k*, L, R,1,p,q) =
1-— MLO‘ — \/_G L+ O(Lmin{a,l})
Cp NG min .
(b) a > o, f = —a. In this case at k* = ki we have poo2(k*, L, R,n,p,q) =
2y/MGmin o min{a,1
L — =L = \/TGminL + o(L™™1)),
() a>0a”, < —a. Inthis case at k™ = kiin we have poo2(k", L, R, p. q) =
2 Grn'in — min{ — 3.
1= cﬁTL B — 1GminL + o L™M=F10),

(d) a=«a*, B> *. Here we have to treat two cases: if 8 < 1, for k* = C’kL‘aTw

we have pooz(k*;L,R,n,p, q) = fapp(k*;L,R,mp,p,q,q) +O(LetP) =1 -
—a 2—a— —a

R (Cy+CCHL =" =2 L5 4o(L"2"). If B > 1, we take k*ﬁzCkL*%
and have pOOZ(k‘.*aLavar]apv Q) = papp(k‘.*aLaRvnapvpaq7Q) + O(LE) =1-

(fe2f 4+ 2% LE + o(L3).

(€) a < a*, B < B* Inthiscaseat k* = C,L~ " we have pooz(k*, L, R,n,p, q) =
* X 1-8 1-8

papp(k 7L7R7777p7p7q7q) + O(Lﬁ-ﬁ-l) = 1 - 2(%& + %)L 2 + O(L 2 )

(f) a<a*, g > f*. Inthis case at f* = CrL™3% we glave poog(k*,Lg R,n,p, qg =
papp(k*ﬂLaRvnapapaqaq)+O(Lg) = 1_4Cv_}:(CpLgia+CqC]3L'Big)—%Lg—k
O(Lmin{%—oz,ﬁ—%,% )

(g) a<a*, f=p" Inthiscaseat k* = Cr L~ %" we have poo2(k*, L, R,n,p,q) =

—a-p

papp(k.*,L,R7n,p7p,q7q)+O(LOt+5) = 1_%:(CP+04013)LB%&_%L2 (;7 +
B—a

o(L™=).
We therefore see that in each case above, at the given k* the convergence factor
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pooa(k*, L, R,n, p,q) behaves asymptotically like 1 — CL? with § > %

It remains thus to consider the case a = o and 8 = * but (Cy, Cy) # (C,,Cy).
From (3.27) we see poo2(kmin, L, R,1,0,q) > poo2(kmin, L, R,n,p*, ¢*) asymptoti-
cally if €, > C. From (3.29) we see poo2(ks, L, R,n,p,q) > poo2(ks, L, R,n,p*, q*)
if Cy > C;, and from (3.28) we conclude that poo2(k1, L, R,n,p,q) > pooz(k3, L, R,
n,p*,q") it Cp < Cp or Cy < C, which concludes the proof. O

3.4. A two-sided optimized Robin transmission condition. We now con-
sider a two-sided optimized Robin transmission condition, p; > 0, p2 > 0, ¢; = g2 =0,
which can better take into account the difference in the Robin transmission conditions
we have seen due to curvature in subsection 3.1. We obtain for this choice from (3.5)
the convergence factor

= AK(/A(R+L)~p1 K (VA(R+L))
(3.33) pozs(hs Ly Romop1op2) = = SR b)) o b (A )
VL, (WVnR)—p2 I (VI R)
— K, (VAR)+p2Ki(VAR)

To determine optimized parameters p; and p3 for the associated Schwarz method, we
have to solve the min-max problem

334 i S kaLaRv ’ Y :
(334 o2, lroze (i Lo oy )

THEOREM 3.13 (optimized two-sided Robin parameters). The parameters

4 2

(335) pT = 2_%U%anan—év p; = 2_%7]%Grf;nnL_%

are for L small solutions of the equioscillation equations

(3.36) po2s(kmin, L, R,n,p1,p3) = —pogs(iﬂf,L,R,n,pT,p?

- pO?s(Ega La Ranapfap§)7

where 12:’1*2 = ]%T)2(L,R,T],pl,p2), at which poas(k, L, R,n,p},p5,0,0) attains its in-
. 3
terior minimum and maximum asymptotically, with ki ~ 2_%771% anmRL_% and
R 1
ks ~275n10G, RL™S.
Proof. We first show that the convergence factor pqpp(k, L, R, 1, p, p3,0,0) attains
. 3
its interior minimum and maximum asymptotically at k; = 2*%77% anmRL*% and
R 1
ko = 2_%7]%0G7§1inRL_§, and then poas(k, L, R,n, pi,p3) does as well, because of
Theorem 3.3. Solving O papp(k, L, R, 1, p1,p2,0,0) = 0, we get the positive solutions

- V2R [Lp? + Lp —2Ln+ps+p1 F V@
k172(LJR7777p17p2) = 2 & P ZJ P2 b 5

where ® = p3 + p? +2p1pa — 2L*pip3 — 2Lpips — 2Lpsp1 + LPpi + 2Lp} + L?p3 +2Lp3.
IAnserting the ansatz p1 = C4 L’% and py = 02{7% and expanding for L small, we get
k1 = RVCL1CoL™ 3% + O(1) and kg = RVC2L75 + O(L’%). Using the same ansatz in
0025 (kmin, L, R, 1, p1,p2) and expanding for L small gives

(3.37) po2s (kmin, Ly Bym, p1,p2) = 1 — TL% +O(L?).
1
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Inserting this ansatz and the expressions for 151,2 into —papp(fcl,L,R,n,pl,pg,0,0)
and papp(k2, L, R,n,p1, p2,0,0) and expanding for L small, we obtain in addition

—Papp(k1, L, Ry, p1,p2,0,0) = 1 — 4 %;L% + O(L3),
Papp k2, L, R0, p1,12,0,0) = 1 — 4\/Cy L5 + O(L3).
Therefore, by Theorem 3.3 we have
—p02s (1, L, B, p1,p2) = =papp(kt, Ly Ry, p1,p2,0,0) + O( % + £ + I7)
(3.38) =1-4,/8Ls + O(L?),
p02s(ka, Ly Ry 11, p1,p2) = papp (k2. Ly By, p1,p2,0,0) + O35 + i + L)
(3.39) =1-4\/C,L5 + O(L%).

Setting the coefficients of the terms L3 in (3.37), (3.38), and (3.39) equal, we obtain
1
TIEGmin Cl
3.40 — =44/ = =4+/Cs.
(3.40) amin [~ 4/

Denoting by CT = 27%77%(;7%%'71 and C3 = 27%77%051171
result (3.35) follows. O

Remark 3.14. From the proof of the above theorem, we see that if we swap the

the solutions of (3.40), the

parameters pj and p3, i.e., taking p] = 2‘%77%GimL‘% and p5 = 2‘§n%GiinL‘%,
the problem (3.36) is solved asymptotically as well for L small enough.

THEOREM 3.15 (2s asymptotics). The parameter values of pi,ps in (3.35) solve
the min-maz problem (3.34) asymptotically, and the associated convergence factor
satisfies for L small

(3.41) max [pozs (k, L, R,n,pi,p3)| = 1 =2

ZRmin

Proof. Let Ti(k,L,p1,p2) := (—y/Mur(\/N(R + L)) — p1)/(=/Mo(y/NR) + p2)
and Ty (k, L,p1,p2) = (y/nwr(y/nR) — p2)/(/mwe(/n(R + L)) + p1), which implies
pOQS(ka La R7 n;plva) =T (ka Laplva)TZ(kv L7p17p2)p0la(k7 L7 R; T]) Let El,Z be such
that — /vy, (yN(R + L)) = p7 and /nuwg,(/nNR) = p5. From Lemma 3.6 we know

that k, ~ Rpf = 2 SRniG2. L%, ky ~ Rps = 2 ¢ RntGE. L%, and thus k, <
ko for L small enough. Now if k < k;, by the same argument used in the proof of
Theorem 3.9 we know that T4 (k, L, pi, p3) and T>(k, L, p},p5) are negative increasing
functions of k for L small because of the monotonicity of vg(z) and wg(z) shown
in Theorem A.3. Since peq(k, L, R,n) decreases in k for L small, the convergence
factor poas(k, L, R,n, py,p3), as a product of these three terms, decreases in k for
kmin < k < k; and L small, and hence k = ks, is a possible maximum point of
pozs(k, L, R,n,p;,ps) for L small.

When k > k,, we have poss(k,L,R,n,p5,05) = papp(k, L, R,n,p},p5,0,0) +
O(L_% ). Since papp(k, L, R, 1, p;, s, 0,0) attains its unique interior minimum asymp-
totically at k1 and attains its unique interior maximum asymptotically at ks, we know
from Theorem 3.3 that poos(k, L, R,n,p;,p5) also attains its interior minimum and
maximum asymptotically at ki, ks.
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We now show that p} and p3 given in Theorem 3.13 solve the min-max prob-
lem (3.34) asymptotically. We make the ansatz p; = C1L™%, py = CoL ™" and
set p} = CYL™, p5y = C3L7F" with o* = £,8* = 2. With this we obtain
p02s(kmin, L, R,n, pi,p3) = 1 —2277%0 G,%m»nLé +O(L%), and we have to show that this
is the optimal asymptotic convergence factor. We first prove that if («, 8) # (o, %),
there exists a frequency k* such that at this frequency the convergence factor has an
asymptotic order bigger than % We show this by examining in detail the following
cases, where due to Remark 3.14, we consider only the case 8 > a; when £ < «, we

could consider the case where p1, ps are swapped.
(a) a > a*, 8 > «. In this case at k* = k4, we have poos(k*, L, R, 1, p1,p2) =
1— \/ﬁcénlm LY — \/ﬁGmlnL 4 O(Lmin{a,l}).
(b) B8 =« > «*. In this case at k* = ki we have poos(k*, L, R, 1,p1,p2) =
1 — \/ﬁGmln(cLl + C%)La _ \/ﬁGminL+O(Lmin{a7l})'
(¢) o < o, B> B*. In this case at k* = C, L™5 we have pogs(k*, L, R, 1, p1, p2) =
1429880 4 2.8 198 4+ 2Ck I3 4 o(Lmin{E-af=%.3)
1
(d) a < a*,a < 8 < B*. In this case at k* = C’kL_B we obtain that
p02s(k*aLaR7777plap2) -1— 2RC—C;1LL+12_2Q . 2(0025 + %)L# + O(L#)
(e) Q= a*vﬁ > ﬁ*ﬂ_lf ﬁ < 17 :Ye_l;a’ve pOQ;ECkL_aTWaLaRvnaplvpz) =-1+
2(%5 + Igckz L= + 2%L 2 4o0o(L = ), and if 8 > 1, we obtain that
pOQS(CkL_%vaRanvplapQ) =-1+ 2(0015 + %)L% + O(L%)
(f) 8=p0* a< a*. Wehave that pogs(CkL’aTw,L,R,n,pl,pz) = —1+2(CC%kR+
B-—«a B-—«a
)L +o(L20).
In each of the cases above, we see that at k* the convergence factor |poas (k*, L, R, 1, p, q)|
behaves asymptotically like 1 — CL? with § > %

We finally consider the case («, 8) = (a*, 5*) but (C1,Cs) # (CF,C3). If Cy >
Cf? we get from (337) that pOQS(kminval/\%anvplaPQ) > pOQS(k‘m’invALvRanvpyfva)a
and if Cy < C3, we get from (3.39) that poos(ke, L, R,n,p1,p2) > po2s(ks, L, R,n,pi, ps),
both for L > 0 small enough. The last case we need to consider is C; < Cf and

Cy > C3; then % < gi, and thus from (3.38) we have |poas(k1, L, R, 1, p1,p2)| >
2

|p025(fci*, L, R,n,pi,p5)| for L > 0 small enough, which concludes the proof. d

JE w
N

4. Numerical experiments. We show two sets of experiments for the model
problem (1.1)—one on a circular domain, a situation close to our analysis, and one on a
rectangular domain with a wavy interface. We use a linear finite element method with
uniform mesh in each subdomain and FreeFem-++ for the simulations. We directly
numerically study the error equations, f = 0, and use a random initial guess so that
all the frequency components are present; see [18, section 5] for the importance of
this.

4.1. Circular domain. The domain here is the unit disk Q = [0, M) x [0,27),
decomposed into Q = Q; UQy with Q; = [0, R+ L] x [0,27) and Qo = [R, M] x [0, 27),
where R = 0.5 and L > 0 is the overlap. We choose 17 = 2 and numerically investigate
the two cases of a relatively large domain and a relatively small domain, with the
overlap L = h, the finite element mesh size. This is the typical case in practical
applications, where the overlapping optimized Schwarz methods need almost the same
amount of computation as the nonoverlapping ones but converge faster; see [24].
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Fic. 5. Optimized parameter (*) found by the analytical optimization compared to the ap-
propriately scaled optimized parameter for a straight line interface (o) reported in [17], and to the
performance of other values of the parameters: On the left for the Robin case, in the middle for the
second order case, and on the right for two-sided Robin.

4.1.1. Relatively large domain. The domain size is M = 1, and the subdo-
main size is R = 0.5. We show in Figure 4 the iteration numbers required by the
various Schwarz methods as a function of the mesh size h. These results illustrate
well our asymptotic analysis. Note that the AT2 has not yet reached its asymptotic
regime.

We next investigate how well the continuous analysis predicts the optimal param-
eters to be used in the numerical setting. To this end, we vary the parameter p in the
Robin transmission conditions for a fixed problem of mesh size h = 1/128 and count
for each value of p the number of iterations to reach a residual of 1le — 6, and similarly
for the other transmission conditions. The results are shown in Figure 5.

These results show that the analysis predicts the optimal parameter very well.

In each plot, we also compare the optimized parameters obtained from the circu-
lar domain decomposition analysis to those obtained from the straight line interface
analysis [17], which are indicated by “o”, where we used the interface curvature in a
heuristic fashion we learned from our analysis to obtain a good method: we estimate
the lowest frequency involved by 1/R. We see that in this case there is no significant
difference between the optimized parameters obtained by these two approaches.

4.1.2. Relatively small domain. We now choose a domain size M = 0.1,
R = 0.05. The number of iterations required by the Schwarz methods is shown in
Figure 6.
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Fic. 7. Optimized parameter (*) found by the analytical optimization compared to the ap-
propriately scaled optimized parameter for a straight line interface (o) reported in [17], and to the
performance of other values of the parameters: On the left for the Robin case, in the middle for the
second order case, and on the right for two-sided Robin, for the relatively small domain.

We see that the approximate Taylor conditions have not yet reached their asymp-
totic regime.

We next investigate, as we did for the relatively large domain, how well the con-
tinuous analysis predicts the optimal parameters to be used in the numerical setting
for a fixed mesh size h = 1/1280. The results are shown in Figure 7 and show that
the analysis predicts the optimal parameter very well also. Again, we compare them
to the appropriately scaled optimized parameters obtained from the straight interface
analysis [17] and see that the good scaling revealed leads to a very similar performance.

4.2. Square domain. We consider now the model problem (1.1) on the square
domain 2 = [0,1] x [0, 1], decomposed into ;1 U s as shown in Figure 8.

The interfaces between subdomains €2 and €25 are described by the Sine functions
a+ Asin(2rwy) and b+ A sin(2rwy), where we chose a = 0.5 and b = a+ L and for the
amplitude A = 0.1. This model problem allows us to test our optimized transmission
conditions in a situation where our analysis does not apply, but the results we obtained
can nevertheless be used: we simply replace the radius of the circular interface in our
optimized formulas for the parameters by the local radius of curvature along the
interface. For various degrees of oscillation w = 1,5,10, the numbers of iterations
needed by the different Schwarz methods are listed in Table 1 with fixed overlap
L =1/32 and in Table 2 for L = h.
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TABLE 1
Number of iterations required by the Schwarz algorithms with different transmission conditions
for the square domain case with fized overlap L = 1/32.

R 1/32 1/64 1/128 1/256 1/512

w 1 5 10|1 5 10]1 5 10 |1 5 10]1 5 10
Classical | 59 228 602]59 220 634]59 220 665 |59 220 649]59 220 651
TO 12 19 / |13 24 383|12 28 >3000|13 26 / |13 26 /
ATO 14 19 19 |13 22 35|13 27 51 |13 26 58 |13 27 58
AT2 12 18 40 |11 19 25|11 18 22 |11 18 19 |12 19 23
000 § 14 24|8 14 22|8 15 23 |8 14 25|8 14 25
002 4 11 20]4 9 18|4 10 17 |4 10 18 |4 11 18
032s 8 22 /|7 23 /|8 26 / |8 238 /|7 25 /

We see first that with the overlap fixed, the number of iterations becomes constant
as the mesh is refined, as predicted by our theorems, and that the optimized transmis-
sion conditions work better than those obtained from microlocal analysis and much
better than the classical Schwarz algorithm. We observe as well that when the inter-
face curvature is varying rapidly, the Schwarz algorithms require more iterations for
each transmission condition. The extreme cases are the Schwarz algorithm with Tay-
lor transmission condition of order 0 and optimized two-sided transmission condition,
when the interface curvature varies very rapidly, i.e., w = 10, and the methods fail to
converge. This, however, only further confirms our finding that already in the circular
domain decomposition not all positive parameters lead to convergent Schwarz algo-
rithms. As far as the asymptotic performance is concerned, we see that the Schwarz
method with optimized Robin and with optimized second order parameters works well
for each case, even when the interface curvature varies very rapidly, i.e., w = 10, and
follows the asymptotic prediction from the circular decomposition when the mesh size
becomes small. The Schwarz algorithm with optimized two-sided Robin transmission
condition gives good results only for slow variation w = 1, while when the variation is
rapid it fails to converge. This is not surprising, however, because we have observed
that in that case the parameters need to be swapped depending on the curvature [25],
and this is difficult for a general interface.

5. Conclusion. We analyzed the optimized Schwarz methods applied to a model
problem with circular domain decomposition. We showed that the curvature enters
the optimized parameters and presented a new approach for analyzing best approxi-
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TABLE 2
Number of iterations required by the Schwarz algorithms with different transmission conditions
for the square domain case with overlap L = h.

R 1/32 1/64 1/128 1/256 1/512

w T 5 101 5 10]1 5 10]1 5 10 |1 5 10
Classical|59 231 605|110 423 1104|206 778 2130|383 1436 >3000|713 2625 >3000
TO 2 18 /|20 26 / |31 35 / |46 46 ] |67 61 ]

ATO 14 16 23|21 23 34 |30 35 52 |44 49 66 |64 70 80
AT2 12 20 45|15 39 63 |24 59 81 |38 96 103 |54 163 253
000 9 16 26|12 21 37 |15 30 48 |20 40 69 |27 50 92
002 4 11 20| 5 13 18 |6 15 24 | 6 18 30 | 7 25 39
02s 8 21 /|10 40 / |12 8 / |14 2997 / |17 ] ]

mation problems based on asymptotically accurate approximate convergence factors,
obtained using Turdn-type inequalities. Our analysis revealed that in the circular de-
composition case, the optimized Schwarz methods are not necessarily convergent for
all admissible parameters, which is an important difference from the straight interface
case. We also derived closed form asymptotic formulas for transmission conditions of
Robin and second order type. Even though the analysis is technical and difficult, the
use of the optimized conditions is not; one can simply use the asymptotic formulas we
obtained. Numerically we showed that they perform well, both on a model problem
close to the analysis and in a more general case. We also learned from our analysis
that one can rescale the optimized parameters obtained from the straight interface
analysis to obtain a very good parameter choice taking into account the curvature
of the interface. In the last experiment, we observed that the two-sided Robin con-
dition performs less well than in the model problem setting. We think that this is
because the parameters should be swapped depending on the interface curvature [25],
which deserves further investigation. In the last domain decomposition conference
DD22, we heard a presentation by Vergara about optimized Schwarz methods for de-
compositions with cylindrical interfaces [26], where the authors propose to optimize
the performance for a particular frequency, but similar techniques to the ones we
presented in this paper could be applied.

Appendix. Monotonicity of ﬁ:gg and ?ZE:; in the order k.
_ L)

Letting wy(x) := I (z)’
ential equation

a direct calculation shows that wy () satisfies the differ-

, 1 k?
(A1) wk+wi+zwk— <1+F> =0.

Rewriting this equation as

/ 1 k2
(A.2) wy, = —w,% — ;wk +1+ o =: fr(z,wg),

we note that for ko > k1 we have fi,(x,w) > fi, (z,w).
LEMMA A.1. There exists an xo, 0 < o < 1, such that wg,(zo) > wg, (zo) for
all ke > k1 > 0.

Proof. For ko > k1 > 0, we choose zg > 0 such that 4/ kfila:g + k3 > \/x3 + k.

Then by the Turdn-type inequality (3.9) we have wy, (xo) > wg, (x0). o
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Let vg(z) = g:g;, then vy, () satisfies
’ 5 1 2
=2 gl
Uk 'Uk ka + + xQ

LEMMA A.2. There exists an xg, 0 < x¢ < 1, such that vy, (zo) < vg, (o) for all
ko > k1 > 0.

Proof. We cannot prove this result when 1 > ko > k; > 0 using the technique
applied in Lemma A.1 since the Turdn-type inequality (3.10) is valid only for k& > 1.
We thus use a different approach, which could also be used to prove Lemma A.1.
Using 9.6.26 and 9.6.9 in [1] for ks > k; > 0, we have as z — 0

K@) Ko@) _ Kigia(e)

k Ky 41(x) k
K@  Kow = Koo e CRLm )
9 (T(ki+1)  T(kat1) ko—ki _  ka—k
~ E(r(lkl) - r(iz))+2ml—_2ml<0-

Therefore, there exists an g > 0 small enough such that ;:233; < g:lgz;, which
2 1

we had to prove. a

THEOREM A.3. Forx >0, wi(x) and —vg(z) are strictly increasing functions of
k when k > 0.

Proof. We only prove the result for wy(z); the proof for v (z) is similar. For any
ko > ki >0, wy, () is the solution of w' = fi, (z,w) with initial value & = wy, (z0),
and wy, (z) is the solution of w' = fj, (z,w) with initial value & = wy, (o), where,
by Lemma A.1, xg is chosen such that & > &. We denote by ¢ the solution of
w = fg,(x,w) with initial value ¢(zo) = &. Since fi,(z,w) > fi, (z,w), by a
Chaplygin-type comparison theorem [9], we have

(A.3) Wk, () > d(x), x> x0.

Notice now that ¢ and wy, are solutions of w = fry (z,w) with initial values & > &,
and hence by the uniqueness of solutions of w = f, (z,w) (see [1]), we have

(A4) o(z) > wg, (), = > xo.

By Lemma A.1l, xo can be taken small enough, and combining (A.3) and (A.4) the
result follows. O
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