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Abstract One-level domain decomposition methods are in general not scalable, and coarse7

corrections are needed to obtain scalability. It has however recently been observed in ap-8

plications in computational chemistry that the classical one-level parallel Schwarz method9

is surprizingly scalable for the solution of one- and two-dimensional chains of fixed-sized10

subdomains. We first review some of these recent scalability results of the classical one-level11

parallel Schwarz method, and then prove similar results for other classical one-level domain-12

decomposition methods, namely the optimized Schwarz method, the Dirichlet-Neumann13

method, and the Neumann-Neumann method. We show that the scalability of one-level do-14

main decomposition methods depends critically on the geometry of the domain decompo-15

sition and the boundary conditions imposed on the original problem. We illustrate all our16

results also with numerical experiments.17
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1 Introduction22

Recent developments in physical and chemical applications are creating a large demand for23

numerical methods for the solution of complicated systems of equations, which are often24

used before rigorous numerical analysis results are available. Moreover, the nature of the25

applications makes such systems untreatable by sequential algorithms and generates the26

need of methods that are parallel in nature or that can be easily parallelized.27

In the field of parallel methods an important role is played by the so-called “scalability28

property” of an algorithm. An algorithm is “strongly scalable”, if the acceleration generated29

by the parallelization scales proportionally with the number of processors that are used.30

For example if on 10 processors, a strongly scalable algorithm needs 10 seconds to solve31
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the problem, it would need 1 second using 100 processors. Strong scalability is difficult32

to achieve, because eventually there is not enough work left to do for each processor and33

communication dominates, but it is possible up to some point, see for instance Table 134

in [30] and Table 3 in [23]. One therefore also talks about “weak scalability”, which means35

that one can solve a larger and larger problem with more and more processors in a fixed36

amount of time. For example, if a weakly scalable algorithm solves a problem with 100’00037

unknowns in 10 seconds using 10 processors, it should be able to solve a problem with38

1’000’000 unknowns in the same 10 seconds using 100 processors. In particular, a domain-39

decomposition method is said to be weakly scalable, if its rate of convergence does not40

deteriorate when the number of subdomains grows [40].41

To analyze weak scalability, we study in this paper the contraction (or convergence)42

factor ρ of the algorithms, the convergence rate being− logρ , see [27, Section 11.2.5]. Thus43

if the contraction factor of a method does not deteriorate, also the convergence rate does not44

deteriorate and the method is weakly scalable. To explain now what the contraction factor ρ45

of a stationary iterative method is, we assume that it generates for iteration index 0,1,2, . . .46

an error sequence e0,e1,e2, . . . converging geometrically in a given norm ‖ ·‖, that is ‖e
n‖
‖e0‖ ≤47

ρn, and ρ is the associated contraction factor. Now, assume that the iterative procedure stops48

at a given tolerance Tol, that is ‖e
n‖
‖e0‖ ≈ Tol. By combining these two formulas we get Tol≈49

‖en‖
‖e0‖ ≤ ρn, and estimate the number of iterations necessary to achieve Tol as n ≤ | logTol|

| logρ| .50

If the contraction factor ρ of a domain decomposition method is uniformly bounded by51

a constant strictly less than one, independently of the number of subdomains N, then the52

method converges to a given tolerance with a number of iterations n that is independent53

of the number of subdomains N, and the method is thus weakly scalable: its convergence54

rate − logρ can not deteriorate when the number of subdomains grows. We study therefore55

in Sections 3,4,5 and 6 the contraction factors for different domain decomposition methods,56

and we provide a constant bound strictly less than one which is independent of the number of57

subdomains N, provided that size of the subdomains is fixed, which is a sufficient condition58

for the domain decomposition methods to be weakly scalable.59

As a particular example of this weak-scalability behavior, we recall the new methodol-60

ogy that was recently presented in [3] and supported by [34,35]. Based on a physical ap-61

proximation of solvation phenomena [1,29,41], the authors introduced a new formulation of62

the Schwarz domain-decomposition methods for the solution of solvation problems, where63

large molecular systems, given by chains of atoms, are involved. Each atom corresponds64

in this formulation to a subdomain, and the Schwarz methods are written in a boundary65

element form. The authors have observed in their numerical experiments the surprising re-66

sult that the convergence of the iterative procedure without coarse correction is in many67

cases independent of the number of atoms and thus subdomains, which means that simple68

one-level Schwarz (alternating and parallel) methods for the solution of chains of particles69

are weakly scalable; no coarse correction seems to be necessary. On the other hand, it is70

well known that the convergence of Schwarz methods without coarse correction depends in71

general for elliptic problems on the number of subdomains, see for example [40]. The sur-72

prising scalability result of the classical one-level Schwarz method in the special case of a73

chain of atoms was recently explained using three different types of analysis: in [6], the au-74

thors used Fourier analysis for an approximate 2-dimensional model that describes a chain75

of atoms whose domains are approximated by rectangles; in [7], the maximum principle76

was used for more realistic 2-dimensional chains of atoms; in [8] the unusual scaling behav-77

ior was explained using variational methods. These scalability results represent exceptions78

to the classical Schwarz theory [40], which shows that one-level domain-decomposition79
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Fig. 1 One-dimensional chain of N fixed-sized subdomains of length L+2δ . The overlap is 2δ .

methods are in general not scalable. Two-level domain-decomposition methods, i.e. domain-80

decomposition methods with coarse corrections, attempt to reach this goal; see the seminal81

contributions [37,10], and [12] for FETI, and more generally the books [39,38,40] and ref-82

erences therein. Coarse spaces were also developed for optimized Schwarz methods, see the83

first contribution [11], and [17], which is based on the new idea of optimal coarse spaces and84

their approximation from [16], see [19] for a general introduction. Optimal coarse spaces85

lead to convergence in a finite number of iterations [4], i.e. the method becomes nilpotent,86

and for certain decompositions and methods this is even possible without coarse space,87

see [5]. Based on the optimal coarse space, optimized variants were developed in [18] for88

restricted additive Schwarz, in [24] for additive Schwarz, and in [21,20] for multiscale prob-89

lems, including a condition number estimate.90

At this point it seems natural to ask: is it possible for other classical domain decompo-91

sition methods to be scalable without coarse correction, like Dirichlet-Neumann methods,92

Neumann-Neumann methods, and optimized Schwarz methods ? Answering this question93

is the main goal of this paper. We focus on the Laplace equation defined on one- and two-94

dimensional chains of subdomains introduced in Section 2, because scalability depends on95

the dimension and the boundary conditions. We then define the parallel Schwarz method for96

the solution to these models in Section 3, and review the scalability results from [6]. In Sec-97

tion 4, we prove that also optimized Schwarz methods have the same scalability properties,98

and this even without overlap. Section 5 focuses on the scalability analysis of the Dirichlet-99

Neumann method, and Section 6 on the Neumann-Neumann method. In all cases, we prove100

that these one-level methods can be scalable for certain geometric situations and boundary101

conditions. We illustrate our analysis with numerical experiments in Section 7.102

2 Formulation of the problem: growing chains of fixed-sized subdomains103

In this section, we define our model problems consisting of chains of N subdomains in104

one and two spatial dimensions, which we will use to study classical one-level domain-105

decomposition methods. In particular, we are interested in the behavior of these methods106

when the number N of subdomains grows while their size is fixed.107

We begin describing the one-dimensional problem. Consider the domain Ω = (a1,bN)108

shown in Figure 1, where the two extrema are the first and the last elements of two sets of109

points a j, for j = 1, . . . ,N + 1, and b j, for j = 0, . . . ,N, defined as a j := ( j− 1)L− δ and110

b j := jL+δ . Therefore, a j and b j form a grid in Ω and define the subdomains Ω j := (a j,b j)111

such that Ω = ∪N
j=1Ω j. The quantities L > 0 and δ > 0 parametrize the dimension of each112

subdomain Ω j and the overlap Ω j ∩Ω j+1 whose length is 2δ . We are interested in the113

solution to the problem114

−∆u = f in Ω , u(a1) = g1, u(bN) = gN , (1)
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Fig. 2 Two-dimensional chain of N rectangular fixed-sized subdomains.

where f is a sufficiently regular function and g1,gN ∈ R. Problem (1) can be formulated as115

follows: we introduce the function u j as the restriction of u to Ω j. Hence u j satisfies116

−∆u j = f j in Ω j,

u j = u j−1 in [a j,b j−1],

u j = u j+1 in [a j+1,b j],

(2)

where the last two conditions describe the interaction of the j-th subdomain with subdo-117

mains j−1 and j+1, and the function f j is the restriction of f to Ω j. Notice that problem118

(2) is defined for j = 2, . . . ,N− 1. The functions u1 and uN of the first and the last subdo-119

mains solve120

−∆u1 = f1 in Ω1,

u1(a1) = g1,

u1 = u2 in [a2,b1],

−∆uN = fN in ΩN ,

uN(bN) = gN ,

uN = uN−1 in [aN ,bN−1].

(3)

Now we consider the two-dimensional model. To define each subdomain, let us consider
L > 0 and δ > 0, and define the grid points a j for j = 1, . . . ,N + 1 and b j for j = 0, . . . ,N
as shown in Figure 2. The j-th subdomain of the chain is a rectangle of dimension Ω j :=
(a j,b j)× (0, L̂). Therefore, the domain of the chain is Ω = ∪N

j=1Ω j. As before 2δ is the
overlap and δ ∈ (0,L/2). We are interested in the solution to

−∆u = f in Ω , u = g on ∂Ω ,

where f and g are sufficiently regular functions. We consider f j and g j as the restriction of121

f and g to the j-th subdomain. The restriction of u to Ω j, denoted by u j, solves the problem122

−∆u j = f j in Ω j,

u j(·,0) = g j(·,0),

u j(·, L̂) = g j(·, L̂),

u j = u j−1 in [a j,b j−1]× (0, L̂),

u j = u j+1 in [a j+1,b j]× (0, L̂),

(4)

for j = 2, . . . ,N−1, and123

−∆u1 = f1 in Ω1,

u1(·,0) = g1(·,0),

u1(·, L̂) = g1(·, L̂),
u1(a1, ·) = g1(a1, ·),

u1 = u2 in [a2,b1]× (0, L̂),

−∆uN = fN in ΩN ,

uN(·,0) = gN(·,0),

uN(·, L̂) = gN(·, L̂),
uN(bN , ·) = gN(bN , ·),

uN = uN−1 in [aN ,bN−1]× (0, L̂).

(5)
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The two models presented in this section seem to be very similar because of their main124

one-dimensional structure (the subdomains are aligned along a straight line). However, we125

will see in the following sections that they lead to completely different convergence behavior126

of domain-decomposition methods.127

3 Classical parallel Schwarz method128

In this section, we study the convergence of the classical parallel Schwarz method (PSM), in129

the form introduced by Lions in [31], for the problems presented in Section 2. In particular,130

we analyze the behavior of the PSM for a growing number of (fixed-sized) subdomains and131

investigate the corresponding weak scalability. We show that the PSM for the solution of132

the one-dimensional problem (2)-(3) is not scalable, in the sense that the spectral radius ρ133

of the iteration matrix tends to one as N grows. On the other hand, for the two-dimensional134

problem (4)-(5), we prove that there exists a function ρ̄ , independent of N and such that135

ρ ≤ ρ̄ < 1, which means that the PSM is scalable.136

3.1 One-dimensional analysis137

Consider problem (2)-(3) and an initial guess u0
1,u

0
2, . . . ,u

0
N . The PSM defines the approxi-

mation sequences {un
j}n by solving

−∂xxun
j = f j in (a j,b j),

un
j(a j) = un−1

j−1(a j),

un
j(b j) = un−1

j+1(b j),

for j = 2, . . . ,N−1, and

−∂xxun
1 = f1 in (a1,b1),

un
1(a1) = 0,

un
1(b1) = un−1

2 (b1),

−∂xxun
N = fN in (aN ,bN),

un
N(aN) = un−1

N−1(aN),

un
N(bN) = 0.

To analyze the convergence of this algorithm, we introduce the errors en
j := u j − un

j and138

notice that they satisfy139

−∂xxen
j = 0 in (a j,b j),

en
j(a j) = en−1

j−1(a j),

en
j(b j) = en−1

j+1(b j),

(6)

for j = 2, . . . ,N−1, and140

−∂xxen
1 = 0 in (a1,b1),

en
1(a1) = 0,

en
1(b1) = en−1

2 (b1),

−∂xxen
N = 0 in (aN ,bN),

en
1(aN) = en−1

N−1(aN),

en
1(bN) = 0.

(7)

The convergence of (6) and (7) can be established via an analysis based on the maximum141

principle; see, e.g. [32,7]. Since this analysis reveals that the PSM is not scalable, we sketch142
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Fig. 3 Example of the PSM for a chain of N = 5 subdomains. The solid lines are the errors at the first iteration
e1

j , the dashed lines represent e2
j , and the dotted line is e3

3. It is possible to observe that the contraction of the
error propagates from the first and the last subdomains (Ω1 and Ω5) till the middle subdomain Ω3. To reach
Ω3, the propagation needs 3 iterations.

it in what follows for the example in Figure 3. Let us consider an initial error e0 = 1. The143

solutions of the internal subdomains is e1
j = 1 for j = 2, . . . ,4, whereas the solutions of the144

first and the last subdomains are straight lines that have value 1 on the interface points b1145

and a5 and that are zero on a1 and b5 (solid lines in Figure 3). Therefore, at the interface146

points a2 and b4 the error is strictly smaller than 1, a result that holds in general for equations147

that satisfy a maximum principle. This means that at the second iteration, the errors e2
2 and148

e2
4 (dashed lines in Figure 3) are straight lines such that e2

2(a2) = e1
1(a2) < 1 and e2

2(b2) =149

e1
3(b2) = 1, and e2

4(b4) = e1
5(b4) < 1 and e2

4(a4) = e1
3(a4) = 1, whereas the errors on the150

subdomains Ω1, Ω3, and Ω5 do not change (e2
1 = e1

1, e2
3 = e1

3, and e2
5 = e1

5). Hence, we151

observe a contraction of the error in Ω2 and Ω4, but the error e2
3 = 1 is still not contracting. At152

the third iteration, we observe a contraction on Ω1 and Ω5 and, finally, also on Ω3, because153

at the points a3 and b3 it holds that e3
3(a3) = e2

2(a3) < 1 and e3
3(b3) = e2

4(b3) < 1, which154

implies by the maximum principle that e3
3(x) < 1 (dotted lines in Figure 3). This example155

shows that, to observe a contraction in the subdomain in the middle of the chain, that is Ω3,156

we have to wait 3 iterations. By induction, we thus have to wait about N/2 iterations before157

observing a contraction of the error in the subdomains in the middle of the chain. Hence,158

for a growing number of subdomains N one has to wait more and more iterations before the159

error contracts on each subdomain in the chain. This observation indicates that the PSM for160

the solution of the one-dimensional problem (2)-(3) is not scalable.161

We study now in detail the convergence of the PSM (6)-(7), whose solutions are

en
j(x) = en−1

j−1(a j)+
x−a j

b j−a j

(
en−1

j+1(b j)− en−1
j−1(a j)

)
,

for j = 2, . . . ,N−1, and

en
1(x) =

x−a1

b1−a1
en−1

2 (b1), en
N(x) =

(
1− x−aN

bN −aN

)
en−1

N−1(aN).

Evaluating en
j at the interface points and defining the vector

en :=
[

0 , en
2(b1) , en

1(a2) , en
3(b2) , · · · , en

j−1(a j) , en
j+1(b j) , · · · ,

en
N−2(aN−1) , en

N(bN−1) , en
N−1(aN) , 0

]>
,

we get
en = T1Den−1,
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Fig. 4 Left: spectral radius of the iteration matrix T1D corresponding to δ = 0.1 and L = 1. It is clear that
ρ(T1D)→ 1 for growing N. Right: spectral radius (solid line) and infinity-norm (dashed line) of the matrix
T2D corresponding to L = 1, L̂ = 1, δ = 0.1, and k = π . Notice that ρ(T2D) does not deteriorates as N grows.

where the (block) matrix T1D is given by162

T1D :=



T2

T̃1 T2
T1 T2

T1 T2

. . .
. . .

T1 T2

T1 T̃2
T1


, (8)

whose blocks are

T1 :=
[ 2δ

2δ+L
L

2δ+L
0 0

]
, T2 :=

[
0 0
L

2δ+L
2δ

2δ+L

]
, T̃1 :=

[
0 L

2δ+L
0 0

]
, T̃2 :=

[
0 0
L

2δ+L 0

]
.

To study the convergence of the sequence {en}n we compute numerically the spectral
radius of the iteration matrix T1D, denoted by ρ(T1D). In particular, we fix a value of the
overlap δ and compute ρ(T1D) for growing N. This is shown in Figure 4 (left), where the
spectral radius is bounded by 1 for any N and ρ(T1D)→ 1 as N grows. Therefore, the PSM
for the solution of the one-dimensional problem is not weakly scalable because ρ(T1D)
deteriorates as N grows. To explain the bound ρ(T1D)≤ 1, we assume that N ≥ 5 (to obtain
exactly the structure of T1D given in (8)), recall that ρ(T1D)≤ ‖T1D‖∞ and notice that

‖T1D‖∞ = max
{
‖T1 +T2‖∞ , ‖T̃1 +T2‖∞ , ‖T1 + T̃2‖∞

}
,

since all the entries of T1, T2, T̃1, and T̃2 are positive. Observing that

‖T1 +T2‖∞ = ‖T̃1 +T2‖∞ = ‖T1 + T̃2‖∞ = 1,

we conclude that ρ(T1D)≤ ‖T1D‖∞ = 1.163
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3.2 Two-dimensional analysis164

In this section, we study the PSM for the solution to (4)-(5). The analysis we present is
mainly based on the results obtained in [6], but we consider a different construction of the
iteration matrix, which is similar to the one considered for the other methods in the following
sections. The PSM is given by

−∆un
j = f j in Ω j,

un
j(·,0) = g j(·,0),

un
j(·, L̂) = g j(·, L̂),

un
j(a j, ·) = un−1

j−1(a j, ·),

un
j(b j, ·) = un−1

j+1(b j, ·),

for j = 2, . . . ,N−1, and

−∆un
1 = f1 in Ω1,

un
1(·,0) = g1(·,0),

un
1(·, L̂) = g1(·, L̂),

un
1(a1, ·) = g1(a1, ·),

un
1(b1, ·) = un−1

2 (b1, ·),

−∆un
N = fN in ΩN ,

un
N(·,0) = gN(·,0),

un
N(·, L̂) = gN(·, L̂),

un
N(aN , ·) = un−1

N−1(aN , ·),
un

N(bN , ·) = gN(bN , ·).

Introducing again the errors en
j := u j−un

j , the PSM becomes165

−∆en
j = 0 in Ω j,

en
j(·,0) = 0, en

j(·, L̂) = 0,

en
j(a j, ·) = en−1

j−1(a j, ·),

en
j(b j, ·) = en−1

j+1(b j, ·),

(9)

for j = 2, . . . ,N−1, and166

−∆en
1 = 0 in Ω1,

en
1(·,0) = 0, en

1(·, L̂) = 0,

en
1(a1, ·) = 0,

en
1(b1, ·) = en−1

2 (b1, ·),

−∆en
N = 0 in ΩN ,

en
N(·,0) = 0, en

N(·, L̂) = 0,

en
N(aN , ·) = en−1

N−1(aN , ·),
en

N(bN , ·) = 0.

(10)

To construct the Schwarz iteration matrix corresponding to (9)-(10), we use the Fourier sine
expansion

en
j(x,y) =

∞

∑
m=1

vn
j(x,k)sin(ky), k =

πm

L̂
,

where the Fourier coefficients vn
j(x,k) are given by

vn
j(x,k) = c̃ j(k,δ )ekx + d̃ j(k,δ )e−kx,

and c̃ j(k,δ ) and d̃ j(k,δ ) are computed using the conditions vn
j(a j,k) = vn−1

j−1(a j,k) and167

vn
j(b j,k) = vn−1

j+1(b j,k), which are obtained by using the transmission conditions. Notice168
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that k is parametrized by m, hence one should formally write km, but we drop the subscript169

m for simplicity. For j = 2, . . . ,N−1, we obtain that170

vn
j(x,k) = ekxe− jkL

[
gA1(k,δ )vn−1

j+1(b j,k)−gA2(k,δ )vn−1
j−1(a j,k)

]
+ e−kxe jkL

[
gB1(k,δ )vn−1

j−1(a j,k)−gB2(k,δ )vn−1
j+1(b j,k)

] (11)

with

gA1(k,δ ) :=
e3kδ+2kL

e4kδ+2kL−1
, gA2(k,δ ) :=

ekδ+kL

e4kδ+2kL−1
,

gB1(k,δ ) :=
e3kδ+kL

e4kδ+2kL−1
, gB2(k,δ ) :=

ekδ

e4kδ+2kL−1
.

We rewrite (11) in the form171

vn
j(x,k) = w j(x,k;δ )vn−1

j+1(b j,k)+ z j(x,k;δ )vn−1
j−1(a j,k), (12)

where

w j(x,k;δ ) := ekxe− jkLgA1(k,δ )− e−kxe jkLgB2(k,δ ),

z j(x,k;δ ) := e−kxe jkLgB1(k,δ )− ekxe− jkLgA2(k,δ ).

In a similar fashion, solving problems (10), we get

vn
1(x,k) = w1(x,k;δ )vn−1

2 (b1,k), vn
N(x,k) = zN(x,k;δ )vn−1

N−1(aN ,k),

with

w1(x,k;δ ) :=
ekδ+kL

1− e4kδ+2kL

[
e−kx− e2kδ+kx

]
,

zN(x,k;δ ) :=
ekδ+kL

1− e4kδ+2kL

[
ekx−kNL− ekNL+2kδ−kx

]
.

Now, we define172

wa(k,δ ) := w j(a j+1,k;δ ) = w j−1(a j,k;δ ),

wb(k,δ ) := w j+1(b j,k;δ ) = w j(b j−1,k;δ ),

za(k,δ ) := z j(a j+1,k;δ ) = z j−1(a j,k;δ ),

zb(k,δ ) := z j+1(b j,k;δ ) = z j(b j−1,k;δ ),

(13)

and a direct calculation [6] shows that zb(k,δ ) = e2kδ+2kL−e2kδ

e4kδ+2kL−1
, wb(k,δ ) = e4kδ+kL−ekL

e4kδ+2kL−1
, with173

(zb +wb)(k,δ ) =
e2kδ + ekL

e2kδ+kL +1
. (14)

We recall the following results [6, Lemma 1 and Lemma 2].174

Lemma 1 For any (k,δ ) ∈ (0,∞)× [0,L], the quantities defined in (13) satisfy wa(k,δ )≥ 0175

and wb(k,δ )≥ 0. Moreover wa(k,δ ) = zb(k,δ ) and wb(k,δ ) = za(k,δ ).176

Lemma 2 The following statements hold:177
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(a) For any δ > 0, the map k ∈ (0,∞) 7→ (zb +wb)(k,δ ) ∈ R is strictly monotonically de-178

creasing.179

(b) For any k > 0, the map δ ∈ (0,L/2) 7→ (zb +wb)(k,δ ) ∈ R is strictly monotonically180

decreasing.181

(c) For any k > 0, we have (zb + wb)(k,0) = 1, ∂ (zb+wb)
∂k (k,0) = 0 and182

∂ (zb+wb)
∂δ

(k,0)< 0.183

Using (12), we evaluate vn
j−1(x,k) and vn

j+1(x,k) at x = a j and x = b j, define the vector

vn :=
[

0 , vn
2(b1,k) , vn

1(a2,k) , vn
3(b2,k) , · · · , vn

j−1(a j,k) , vn
j+1(b j,k) , · · · ,

vn
N−2(aN−1,k) , vn

N(bN−1,k) , vn
N−1(aN ,k) , 0

]>
,

and obtain that
vn = T2Dvn−1,

where the matrix T2D is given by

T2D :=



T2

T̃1 T2
T1 T2

T1 T2

. . .
. . .

T1 T2

T1 T̃2
T1


,

whose blocks T1, T2, T̃1, and T̃2 are

T1 :=
[

wb zb
0 0

]
, T2 :=

[
0 0
zb wb

]
, T̃1 :=

[
0 zb
0 0

]
, T̃2 :=

[
0 0
zb 0

]
.

Notice that T2D depends on the overlap parameter δ and the Fourier mode k, but we omitted
this dependence for brevity. Now, we bound the spectral radius ρ(T2D) by estimating the
infinity-norm of T2D. Since Lemma 1 guarantees that wb and zb are non-negative, we have
that

‖T2D‖∞ = max
{
‖T1 +T2‖∞ , ‖T̃1 +T2‖∞ , ‖T1 + T̃2‖∞

}
,

and observe that

‖T1 +T2‖∞ = ‖T̃1 +T2‖∞ = ‖T1 + T̃2‖∞ = wb + zb =: ρ(k,δ ).

Recalling (14), Lemma 2, and defining ρ̄(δ ):=ρ( π

L̂
,δ ), we conclude that ‖T2D‖∞≤ ρ(k,δ )≤184

ρ̄(δ )< 1. We summarize this result in the following theorem, which is an analog of [6, The-185

orem 3].186

Theorem 1 For any (k,δ ) ∈ (0,∞)× (0, L
2 ) we have the bound

ρ(T2D(k,δ ))≤ ‖T2D(k,δ )‖∞ ≤ ρ̄(δ )< 1,

where ρ(T2D(k,δ )) is the spectral radius of T2D(k,δ ) and ρ̄(δ ) := ρ( π

L̂
,δ ), which is inde-187

pendent of the number N of subdomains. Moreover, for N ≥ 3 it holds that ‖T2D(k,δ )‖∞ =188

ρ(k,δ ).189
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Theorem 1 shows that the PSM for the solution of the two-dimensional problem con-190

verges and the spectral radius (its contraction factor) does not deteriorate as N grows, be-191

cause ρ(T2D(k,δ ))≤ ‖T2D(k,δ )‖∞ ≤ ρ̄(δ )< 1 for any N. This means that the PSM for the192

solution of the two-dimensional problem is weakly scalable. In Figure 4 (right) the spectral193

radius ρ(T2D) (blue line) and the norm ‖T2D‖∞ (red line) are shown as a function of N: as N194

increases, the spectral radius grows, but it is bounded by the infinity-norm which is strictly195

smaller than one.196

4 Optimized Schwarz method197

The classical Schwarz method, despite its flexibility and generality, has major drawbacks198

such as the requirement of overlap, lack of convergence for some PDEs and slow conver-199

gence speed in general [14]. In the pioneering paper [33], Lions proposed to exploit (gener-200

alized) Robin conditions as transmission conditions on the interfaces between subdomains201

to obtain a convergent Schwarz method without overlap. To improve the convergence be-202

havior, one can optimize the Robin parameter, as it was shown in [28]. The generalization203

of this idea led to overlapping and non-overlapping optimized Schwarz methods (OSMs),204

which have extensively been studied over the last decades, see [13] for a review, [22] for205

Helmholtz problems, [9] for Maxwell equations and [26] for advection diffusion equations.206

More recent applications to heterogeneous problems can be found in [15,25].207

We investigate now the scalability of the OSM for the one- and two-dimensional model208

problems introduced in Section 2. Like for the classical parallel Schwarz method, we show209

that the OSM is scalable for the solution of the two-dimensional problem, but not for the210

one-dimensional one, and we will also give some insight on the optimal choice for the Robin211

parameter.212

4.1 Optimized Schwarz method in 1D213

The error equations associated to the OSM for (2)-(3) are given by214

∂xxen
j = 0 in (a j,b j),

∂xen
j(a j)− pen

j(a j) = ∂xen−1
j−1(a j)− pen−1

j−1(a j),

∂xen
j(b j)+ pen

j(b j) = ∂xen−1
j+1(b j)+ pen−1

j+1(b j),

(15)

for j = 2, . . . ,N−1, where p is the Robin parameter, and215

∂xxen
1 = 0 in (a1,b1),

en
j(a1) = 0,

∂xen
1(b1)+ pen

1(b1) = ∂xen−1
2 (b1)+ pen−1

2 (b1),

(16)

and216

∂xxen
N = 0 in (aN ,bN),

∂xen
N(aN)− pen

N(aN) = ∂xen−1
N−1(aN)− pen−1

N−1(aN),

en
N(bN) = 0.

(17)
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The corresponding solution in Ω j is given by217

en
j(x) = An

jx+Bn
j . (18)

Defining218

Rn−1
− (a j) := ∂xen−1

j−1(a j)− pen−1
j−1(a j),

Rn−1
+ (b j) := ∂xen−1

j+1(b j)+ pen−1
j+1(b j),

(19)

and inserting (18) into the boundary conditions in (15), we get the linear system

An
j − pAn

ja j− pB j = Rn−1
− (a j),

An
j + pAn

jb j + pB j = Rn−1
+ (b j),

whose solution is

An
j =

1
κ

p
(
Rn−1
− (a j)+Rn−1

+ (b j)
)
, Bn

j =
1
κ

(
(1− pa j)R

n−1
+ (b j)− (1+ pb j)R

n−1
− (a j)

)
,

with κ := 2p+ p2(L+2δ ). Inserting An
j and Bn

j into (18) and using b j = a j +L+2δ , we get219

en
j(x) =

1
κ

[
p
(
Rn−1
− (a j)+Rn−1

+ (b j)
)

x+Rn−1
+ (b j)−Rn−1

− (a j)

− pa j
(
Rn−1
− (a j)+Rn−1

+ (b j)
)
− p(L+2δ )Rn−1

− (a j)
]
.

(20)

Now, we construct the iteration matrix of the OSM. To do so, we recall the definition (19)
of Rn

−(a j) and Rn
+(b j) and insert (20) in to (19) to obtain, for j = 2, . . . ,N−1, that[

Rn
−(a j)

Rn
+(b j)

]
= T1

[
Rn−1
− (a j−1)

Rn−1
+ (b j−1)

]
+T2

[
Rn−1
− (a j+1)

Rn−1
+ (b j+1)

]
,

where

T1 :=
p
κ

[
(2− pL+ p(L+2δ )) −pL

0 0

]
, T2 :=

p
κ

[
0 0

2pδ − p(L+2δ ) (2+2pδ )

]
.

Similarly, for the subdomains Ω1, Ω2, ΩN−1, and ΩN we obtain[
0

Rn
+(b1)

]
= T2

[
Rn−1
− (a2)

Rn−1
+ (b2)

]
,[

Rn
−(a2)

Rn
+(b2)

]
= T̃1

[
0

Rn−1
+ (b1)

]
+T2

[
Rn−1
− (a3)

Rn−1
+ (b3)

]
,[

Rn
−(aN−1)

Rn
+(bN−1)

]
= T1

[
Rn−1
− (aN−2)

Rn−1
+ (bN−2)

]
+ T̃2

[
Rn−1
− (an)

0

]
,[

Rn
−(aN)

0

]
= T1

[
Rn−1
− (aN−1)

Rn−1
+ (bN−1)

]
,

where

T̃1 :=

[
0 1−pL

(1+p(L+2δ ))

0 0

]
, T̃2 :=

[
0 0

1−pL
(1+p(L+2δ )) 0

]
.
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Fig. 5 Left: spectral radius of the iteration matrix T O
1D corresponding to L = 1, δ = 0.1. Right: comparison

of the spectral radius (solid line) and infinity norm (dashed line) of the matrix T O
2D corresponding to L = 1,

L̂ = 1, δ = 0.1, p = 1, and k = π .

Introducing the vector220

rn :=
[

0 , Rn
+(b1) , R

n
−(a2) , R

n
+(b2) , · · · , Rn

−(a j) , R
n
+(b j) , · · · ,

Rn
−(aN−1) , R

n
+(bN−1) , R

n
−(aN) , 0

]>
,

(21)

we get
rn = T O

1Drn−1,

where the iteration matrix T O
1D is given by221

T O
1D :=



T2

T̃1 T2
T1 T2

T1 T2

. . .
. . .

T1 T2

T1 T̃2
T1


. (22)

Like in Section 3.1, we compute numerically the spectral radius of T O
1D. For given values of222

δ and p, ρ(T O
1D) is depicted as a function of N in Figure 5 (left). It is clear that ρ(T O

1D)→ 1223

as N increases for any δ and p. This means that also the OSM for the solution of the one-224

dimensional problem is not scalable.225

Next, we explain the observed bound ρ(T O
1D)≤ 1 for any N. Exploiting the structure of

T O
1D, and recalling the definitions of T1, T2, T̃1, and T̃2, we obtain

‖T O
1D ‖∞=max

{
p
κ
(|2−pL+p(L+2δ )|+pL),

p
κ
(|2pδ−p(L+2δ )|+2+2pδ ),

|1−pL|
1+p(L+2δ )

}
.

Studying the first two terms, with κ := 2p+ p2(L+2δ ), we observe that

p
κ
(|2− pL+ p(L+2δ )|+ pL) =

1
2+ p(L+2δ )

(2+ p(L+2δ )) = 1,

p
κ
(|2pδ − p(L+2δ )|+2+2pδ ) =

1
2+ p(L+2δ )

(2+2pδ + pL) = 1.

Moreover, it is evident that the third term is smaller than 1. Hence, we conclude that ‖T O
1D‖∞ =226

1, which explains the bound ρ(T O
1D)≤ 1. The bound ‖T O

1D‖∞ = 1 is shown in Figure 5 (left).227
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We now show that it is possible to make the one-dimensional OSM convergent in a228

finite number of iterations. To do so, we use a different Robin parameter p in (15) for each229

subdomain Ω j, namely230

∂xxen
j = 0 in (a j,b j),

∂xen
j(a j)− p−j en

j(a j) = ∂xen−1
j−1(a j)− p−j en−1

j−1(a j),

∂xen
j(b j)+ p+j en

j(b j) = ∂xen−1
j+1(b j)+ p+j en−1

j+1(b j),

(23)

where p−j > 0 and p+j > 0 are given by the following theorem, which is proved using similar231

arguments as in [5].232

Theorem 2 Let L+
j := bN−b j, j = 1 . . . ,N−1, L−j := a j−a1, j = 2, . . . ,N. If we set p+j :=233

1/L+
j , j = 1 . . . ,N− 1, p−j = 1/L−j−1, j = 2, . . . ,N, then the OSM (23) converges exactly in234

N iterations.235

Proof First we prove that p+j , p−j , satisfy the following property:

∂xen
j + p+j en

j = 0 on x = b j =⇒ ∂xen
j + p+j−1en

j = 0 on x = b j−1, (24)

∂xen
j − p−j en

j = 0 on x = a j−1 =⇒ ∂xen
j − p−j+1en

j = 0 on x = a j. (25)

To do so, suppose that ∂xen
j(b j)+ p+j en

j(b j) = 0. Let v be defined on (b j−1,bN) by v(x) :=236

en
j (b j−1)

L+j−1
(bN−x), we have that ∂xv(b j)+ p+j v(b j)= 0 and by construction v(b j−1)= en

j(b j−1).237

Hence v satisfies238

−∂xx(en
j − v) = 0 in (b j−1, b j),

en
j − v = 0 on x = b j−1,

(∂x + p+j )(e
n
j − v) = 0 on x = b j.

(26)

By uniqueness of the solution of (26) we have that en
j = v on (b j−1,b j), and we conclude that

∂xen
j(b j−1)+ p+j−1en

j(b j−1) = 0 since this holds for v. Similarly, suppose that ∂xen
j(a j−1)−

p−j en
j(a j−1) = 0, and let w be defined on (a0,a j) by w(x) =

en
j (x j)

L−j
(x− a0). It holds that

∂xw(a j−1)− p−j w(a j−1) = 0 and w(a j) = en
j(a j). Hence w verifies

∂xx(en
j −w) = 0 in (a j−1, a j),

(∂x− p−j )(e
n
j −w) = 0 on x = a j−1,

en
j −w = 0 on x = a j,

which implies that en
j = w. Therefore ∂xen

j(a j)− p−j+1en
j(a j) = 0.239

Now we prove that the OSM (23) converges in N iterations. A direct calculation shows
that the choices p−2 = 1

L−1
and p+N−1 =

1
L+N−1

imply that ∂xen
1(a1)− p−2 e1

n(a1)= 0 and ∂xen
N(bN−1)+

p+N−1en
N(bN−1) = 0 for any n ≥ 0. Hence, the transmission conditions in (23) allow us to

write

∂xen+1
2 (a1)− p−2 en+1

2 (a1) = ∂xen
1(a1)− p−2 en

1(a1) = 0,

∂xen+1
N−1(bN−1)+ p+N−1en+1

N−1(bN−1) = ∂xen
N(bN−1)+ p+N−1en

N(bN−1) = 0,
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for any n≥ 0. Using (24) and (25) and again the transmission conditions in (23), we get

∂xen+1
3 (a2)− p−3 en+1

3 (a2) = ∂xen
2(a2)− p−3 en

2(a2) = 0,

∂xen+1
N−2(bN−2)+ p+N−2en+1

N−2(bN−2) = ∂xen
N−1(bN−2)+ p+N−2en

N−1(bN−2) = 0,

for n≥ 1. By induction, we obtain that after N iterations that the errors eN
j satisfy

−∂xxeN
j = 0 in (a j,b j),

(∂x + p+j )e
N
j = 0 on x = b j,

(∂x− p−j )e
N
j = 0 on x = a j,

and
−∂xxeN

1 = 0 in (a1,b1),

eN
1 = 0 on x = a1,

(∂x + p+1 )e
N
1 = 0 on x = b1,

−∂xxeN
N = 0 in (aN ,bN),

(∂x− p−N )e
N
N = 0 on x = aN ,

eN
N = 0 on x = bN .

Hence eN
j = 0, for j = 1 . . . ,N, which concludes our proof.240

The one-dimensional result above can be generalized to higher dimensions by replacing241

the parameter p with a suitably chosen global operator (in general a Dirichlet-to-Neumann242

operator), see [36]. This choice is computationally expensive in practice, and hence the243

global operator is often approximated by local operators [28].244

4.2 Optimized Schwarz method in 2D245

Let us consider problem (4)-(5). The OSM (in error form) is given by246

−∆en
j = 0 in Ω j,

en
j(·,0) = 0, en

j(·, L̂) = 0,

∂xen
j(a j, ·)− pen

j(a j, ·) = ∂xen−1
j−1(a j, ·)− pen−1

j−1(a j, ·),

∂xen
j(b j, ·)+ pen

j(b j, ·) = ∂xen−1
j+1(b j, ·)+ pen−1

j+1(b j, ·),

(27)

for j = 2, . . . ,N−1, and

−∆en
1 = 0 in Ω1,

en
1(·,0) = 0, en

1(·, L̂) = 0,

en
1(a1, ·) = 0,

(∂x + p)en
1(b1, ·) = (∂x + p)en−1

2 (b1, ·),

−∆en
N = 0 in ΩN ,

en
N(·,0) = 0, en

N(·, L̂) = 0,

(∂x− p)en
N(aN , ·) = (∂x− p)en−1

N−1(aN , ·),
en

N(bN , ·) = 0.

As in Section 3.2, we use the Fourier expansion en
j(x,y) =∑

∞
m=1 vn

j(x,k)sin(ky) with k = πm
L̂

.247

The Fourier coefficients vn
j must satisfy248

∂xxvn
j = k2vn

j in (a j,b j),

∂xvn
j(a j)− pvn

j(a j) = ∂xvn−1
j−1(a j)− pvn−1

j−1(a j),

∂xvn
j(b j)+ pvn

j(b j) = ∂xvn−1
j+1(b j)+ pvn−1

j+1(b j).

(28)
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Defining Rn−1
− (a j) := ∂xvn−1

j−1(a j)− pvn−1
j−1(a j) and Rn−1

+ (b j) := ∂xvn−1
j+1(b j) + pvn−1

j+1(b j),249

the solution to (28) is given by250

vn
j(x,k) = Rn−1

− (a j)

[
−1

γ
(k− p)ek(x−b j)− 1

γ
(k+ p)ek(b j−x)

]
+Rn−1

+ (b j)

[
1
γ
(k+ p)ek(x−a j)+

1
γ
(k− p)ek(a j−x)

]
,

(29)

where γ := (k+ p)2ek(L+2δ )− (k− p)2e−k(L+2δ ). As for the 1D case, we insert (29) into the251

definitions of Rn
−(a j) and Rn

+(b j) to get252 [
Rn
−(a j)

Rn
+(b j)

]
= T1

[
Rn−1
− (a j−1)

Rn−1
+ (b j−1)

]
+T2

[
Rn−1
− (a j+1)

Rn−1
+ (b j+1)

]
, (30)

where

T1 :=
[

g3− pg1 g4− pg2
0 0

]
, T2 :=

[
0 0

g4− pg2 g3− pg1

]
,

with253

g1 :=−1
γ
(k− p)e−2δk− 1

γ
(k+ p)e2δk, g2 :=

1
γ
(k+ p)ekL +

1
γ
(k− p)e−kL,

g3 :=
−k
γ
(k− p)e−2δk +

k
γ
(k+ p)e2δk, g4 :=

k
γ
(k+ p)ekL− k

γ
(k− p)e−kL.

(31)

Similar arguments allow us to obtain for the subdomains Ω1, Ω2, ΩN−1, and ΩN the relations254 [
0

Rn
+(b1)

]
= T2

[
Rn−1
− (a2)

Rn−1
+ (b2)

]
,[

Rn
−(a2)

Rn
+(b2)

]
= T̃1

[
0

Rn−1
+ (b1)

]
+T2

[
Rn−1
− (a3)

Rn−1
+ (b3)

]
,[

Rn
−(aN−1)

Rn
+(bN−1)

]
= T1

[
Rn−1
− (aN−2)

Rn−1
+ (bN−2)

]
+ T̃2

[
Rn−1
− (an)

0

]
,[

Rn
−(aN)

0

]
= T1

[
Rn−1
− (aN−1)

Rn−1
+ (bN−1)

]
,

(32)

where

T̃1 :=

[
0 (k+p)e−kL+(k−p)ekL

(k+p)ek(L+2δ )+(k−p)e−k(L+2δ )

0 0

]
, T̃2 :=

[
0 0

(k+p)e−kL+(k−p)ekL

(k+p)ek(L+2δ )+(k−p)e−k(L+2δ ) 0

]
.

Similarly as in Section 4.1 we use (30)-(32) to construct the iteration relation rn = T O
2Drn−1,255

where T O
2D is a block matrix with the same structure as in (22). We are now ready to prove256

scalability of the OSM in the overlapping case:257

Theorem 3 Recall (31) and define ϕ(k,δ , p) := |g3− pg1|+ |g4− pg2|. The OSM with over-258

lap, δ > 0, for the solution of problem (27) is scalable, in the sense that ρ(T O
2D(k,δ , p)) ≤259

‖T O
2D(k,δ , p)‖∞ ≤maxk max{ϕ(k,δ , p),‖T̃1(k,δ , p)‖∞}< 1 (independently of N) for every260

p≥ 0.261
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Proof Because of the structure of T O
2D (as in (22)), the norm ‖T O

2D‖∞ is given by

‖T O
2D‖∞ = max

i
∑

j
|(T O

2D)i, j|= max{ϕ(k,δ , p) , ‖T̃1‖∞ , ‖T̃2‖∞ }.

We begin by showing that ϕ(k,δ , p)< 1 for any k, p ∈ [0,∞) and δ > 0. To do so, we notice
that

|g3− pg1|= |
1
γ
(−k(k− p)e−2δk + k(k+ p)e2δk + p(k− p)e−2δk + p(k+ p)e2δk)|

=
1
γ
|(k+ p)2e2δk− (k− p)2e−2δk)|= 1

γ
((k+ p)2e2δk− (k− p)2e−2δk)

and

|g4− pg2|=
1
γ
|(k(k− p)ekL− k(k− p)e−kL− p(k+ p)ekL− p(k− p)e−kL)|

=
1
γ
(k+ p)|k− p|(ekL− e−kL),

which implies that

ϕ(k,δ , p) =
(k+ p)2e2δk− (k− p)2e−2δk +(k+ p)|k− p|(ekL− e−kL)

(k+ p)2ekL+2kδ − (k− p)2e−kL−2kδ
.

By computing the derivative of ϕ with respect to p we find

∂ϕ

∂ p
=− 2ke2δk+2kL −2ke2δk

k2 e4δk +2ke4δk +p2 e4δk e2kL +2k2 e2δk −2e2δk p2 ekL +(p−k)2 for p<k,

∂ϕ

∂ p
=

2ke2δk+2kL −2ke2δk

k2 e4δk +2ke4δk +p2 e4δk e2kL +2p2 e2δk −2e2δk k2 ekL +(k−p)2 for p>k.

Analyzing the signs of these derivatives, we see that ϕ(k,δ , p) is strictly decreasing for p< k
and it is strictly increasing for p > k, thus it reaches a minimum for p = k. Therefore the
maximum of ϕ(k,δ , p) with respect to the variable p is obtained for p = 0 and for p→+∞:

ϕ(k,δ , p)≤max
{

ϕ(k,δ ,0) , lim
p→∞

ϕ(k,δ , p)
}
.

For p = 0, δ > 0 and L > 0 we have

ϕ(k,δ , p) =
e2δk− e−2δk + ekL− e−kL

ekL+2δk− e−kL−2δk

=
sinh(2δk)+ sinh(kL)

sinh(kL)cosh(2δk)+ sinh(2δk)cosh(kL)
< 1,

and, under the same conditions,

lim
p→∞

ϕ(k,δ , p) =
sinh(2δk)+ sinh(kL)

sinh(kL)cosh(2δk)+ sinh(2δk)cosh(kL)
= ϕ(k,δ ,0)< 1.
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Hence, it holds that ϕ(k,δ , p)≤ ϕ(k,δ ,0)< 1. We now focus on ‖T̃1‖∞ and ‖T̃2‖∞. Notice
that ‖T̃1‖∞ = ‖T̃2‖∞ and

‖T̃1‖∞ =

∣∣∣∣ (k+ p)e−kL +(k− p)ekL

(k+ p)ek(L+2δ )+(k− p)e−k(L+2δ )

∣∣∣∣
=

∣∣∣∣ k cosh(kL)− psinh(kL)
k cosh(k(L+2δ ))+ psinh(k(L+2δ ))

∣∣∣∣< 1.

In order to get a bound independently of k, we observe that lim
k→∞

ϕ(k,δ , p) = lim
k→∞
‖T̃1‖∞ =262

0 if δ > 0. Therefore defining ρ̄(δ ) := maxk max{ϕ(k,δ , p),‖T̃1(k,δ , p)‖∞}, we see that263

‖T O
2D‖∞ = max{ϕ,‖T̃1‖,‖T̃2‖}< ρ̄(δ )< 1, for every k,δ , p > 0.264

Figure 5 (right) shows the behavior of the infinity norm and of the spectral radius of T O
2D265

for a given value of p.266

For the case without overlap, we need a further argument because for δ = 0 both ρ(T O
2D)267

and ‖T O
2D‖∞ are less then one for any finite frequency k, but tend to one as k → ∞. One268

can therefore construct a situation where the method would not be scalable as follows: sup-269

pose we have N subdomains, and on the j-th subdomain we choose for the initial guess e0
j270

the j-th frequency e0
j = ê0

j sin( j π

L̂
y). Then the convergence of the method is determined by271

the frequency which maximizes ρ(T O
2D(k)). When the number of subdomains N becomes272

large, this maximum is attained for the largest frequency kN = N π

L̂y
since ρ(T O

2D(k))→ 1 as273

k→ ∞. Thus, every time we add a subdomain to the chain with a new initial condition on274

the interface N + 1 according to our rule, the convergence rate of the method deteriorates275

from ρ(T O
2D(N

π

L̂
)) to ρ(T O

2D((N+1) π

L̂
)) and the scalability property is lost. Theorem 4 gives276

however a sufficient condition such that the OSM is weakly scalable also without overlap,277

and to see this we introduce the vector en with en
k = ‖rn(k)‖∞ where rn(k), defined in (21),278

contains the Robin traces at the interfaces of the k-th Fourier mode.279

Theorem 4 Given a tolerance Tol, and supposing there exists a k̃ that does not depend on280

N such that e0
k < Tol for every k > k̃, then the OSM without overlap, δ = 0, and p > 0 is281

weakly scalable.282

Proof Suppose that the initial guess satisfies ‖e0‖∞ > Tol, since otherwise there is nothing283

to prove. Then, due to the hypothesis, we have that max π
L≤k≤k̃ e0

k > Tol. We now show that284

the method contracts with a ρ independent of the number of subdomains up to the tolerance285

Tol, and therefore we have scalability. Indeed, for every k such that π

L ≤ k ≤ k̃286

en
k = ‖rn(k)‖∞ ≤ ‖T O

2D(k)‖∞‖rn−1(k)‖∞ ≤ ‖T O
2D(k̄)‖∞‖rn−1(k)‖∞ = ‖T O

2D(k̄)‖∞en−1
k ,

where ‖T O
2D(k̄)‖∞ = max π

L≤k≤k̃ ‖T O
2D(k)‖∞ < 1 because ‖T O

2D(k)‖∞ is strictly less then 1 for287

every finite k. Now for k > k̃,288

en
k = ‖rn(k)‖∞ ≤ ‖T O

2D(k)‖∞‖rn−1(k)‖∞ ≤ ‖rn−1(k)‖∞ = en−1
k ,

since ‖T O
2D(k)‖∞ ≤ 1. Therefore we observe that the method does not increase the error for289

the frequencies k > k̃ while it contracts for the other frequencies with a contraction factor290

of at least ρ̄ = ‖T O
2D(k̄)‖∞ < 1. Hence, as long as ‖en‖∞ > Tol, we have ‖en‖∞ ≤ ρ̄n‖e0‖∞291

with ρ̄ independent of N.292
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Fig. 6 Infinity norm of the iteration matrix T O
2D as a function of p for L = 1, L̂ = 1,δ = 0.1,k = 20,N = 50.

Note that the technical assumption in Theorem 4 on the frequency content of the initial293

error is not restrictive, since in a numerical implementation we have a maximum frequency294

kmax which can be represented by the grid. Choosing k̃ = kmax, the hypothesis of Theorem 4295

is verified.296

Note also that without overlap, δ = 0, we have that ‖T O
2D‖∞ = 1 for p = 0 or p→ ∞.297

Therefore we can not conclude that the method is scalable in these two cases. For p = 0, the298

OSM exchanges only partial derivatives information on the interface. For p→∞, we obtain299

the classical Schwarz algorithm and it is well known [14] that without overlap (δ = 0), the300

method does not converge.301

We finally show the behavior of p 7→ ‖T O
2D(k,δ , p)‖∞ for a fixed pair (δ ,k) in Figure 6.302

According to the proof of Theorem 3, the minimum of the function p 7→ ϕ(k,δ , p) is located303

at p = k. Even though it is a minimum for ϕ(k,δ , p) and not necessarily for ‖T O
2D(k,δ , p)‖∞304

or ρ(T O
2D), we might deduce from Figure 6 that in order to eliminate the k-th frequency, a305

good choice would be to set p := k in the OSM. For the Laplace equation, it has been shown306

for two subdomains that setting p := k leads to a vanishing convergence factor ρ(k) for the307

frequency k. In the case of many subdomains, a similar result has not been proved yet, but308

Figure 6 indicates that it might hold as well.309

5 Dirichlet-Neumann method310

In this section, we study a parallel Dirichlet-Neumann method (PDNM) which, to the best311

of our knowledge, has not been studied in the literature for a chain of N fixed-sized subdo-312

mains. A discussion of this method for two subdomains is given in [2], see also [38] and [13,313

page 717]. We now show that as for the Schwarz methods, the PDNM in 1D is not scalable,314

while in 2D it is.315

5.1 Dirichlet-Neumann method in 1D316

Let us consider a set of domains Ω j = (a j−1,a j), where a j = jL. The subdomains have317

length L and do not overlap. Such a non-overlapping decomposition of Ω is shown in Figure318

7, and corresponds to Figure 1 with δ = 0 and Ω =∪N
j=1Ω j. The error equations for PDNM319
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x
a0 a1 · · · a j−1 a j · · · aN−1 aN

Ω1 Ω j ΩN

Fig. 7 One-dimensional chain of N non-overlapping fixed-sized subdomains.

are given by320

∂xxen
j = 0 in (a j−1,a j),

en
j(a j) = (1−θ)en−1

j (a j)+θen−1
j+1(a j),

∂xen
j(a j−1) = (1−λ )∂xen−1

j (a j−1)+µ∂xen−1
j−1(a j−1),

(33)

for j = 2, . . . ,N−1, and321

∂xxen
1 = 0 in (a1,a1),

en
1(a0) = 0,

en
1(a1) = (1−θ)en−1

1 (a1)+θen−1
2 (a1),

(34)

and322

∂xxen
N = 0 in (aN−1,aN),

∂xen
N(aN−1) = (1−µ)∂xen−1

N (aN−1)+µ∂xen−1
N−1(aN−1),

en
N(aN) = 0.

(35)

In (33)-(34), θ and µ are relaxation parameters in (0,1). Now, we define

Dn
j := en

j(a j), N n
j := ∂xen

j(a j−1),

and by a direct calculation we find that the solution to (33) is given by

en
j(x) = N n

j (x−a j)+Dn
j ,

for j = 2, . . . ,N−1, and

en
1(x) =

Dn
1

L
(x−a0), en

N(x) = N n
N (x−aN).

Introducing these expressions into the transmission conditions in (33), we get323 [
0

Dn
1

]
= T̂1

[
N n−1

1
Dn−1

1

]
+T2

[
N n−1

2
Dn−1

2

]
,[

N n
2

Dn
2

]
= T̃0

[
0

Dn−1
1

]
+T1

[
N n−1

2
Dn−1

2

]
+T2

[
N n−1

3
Dn−1

3

]
,[

N n
j

Dn
j

]
= T0

[
N n−1

j−1
Dn−1

j−1

]
+T1

[
N n−1

j
Dn−1

j

]
+T2

[
N n−1

j+1
Dn−1

j+1

]
, for j = 3, . . . ,N−2,[

N n
N−1

Dn
N−1

]
= T0

[
N n−1

N−2
Dn−1

N−2

]
+T1

[
N n−1

N−1
Dn−1

N−1

]
+ T̃2

[
N n−1

N
0

]
,[

N n
N

0

]
= T̃1

[
N n−1

N
Dn−1

N

]
+ T̃2

[
N n−1

N−1
Dn−1

N−1

]
,

(36)
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Fig. 8 Left: spectral radius of the iteration matrix T DN
1D corresponding to θ = µ = 1

2 and L= 1. Right: spectral
radius (solid line) and infinity norm (dashed line) of the iteration matrix T DN

2D corresponding to θ = µ = 1
2 ,

L = 1, L̂ = 1, and k = π .

where

T0 :=
[

µ 0
0 0

]
, T1 :=

[
1−µ 0

0 1−θ

]
, T2 :=

[
0 0
−θL θ

]
,

T̃0 :=
[

0 µ

L
0 0

]
, T̂1 :=

[
0 0
0 1−θ

]
, T̃1 :=

[
1−µ 0

0 0

]
, T̃2 :=

[
0 0
−θL 0

]
.

Now, we define the vector

en :=
[

0 , Dn
1 , N

n
2 , Dn

2 , . . . , N
n

j , Dn
j , . . . ,N

n
N−1 , D

n
N−1 , N

n
N ,0

]>
,

and write equations (36) in the compact form

en = T DN
1D en−1,

where T DN
1D is the 1D iteration matrix defined by324

T DN
1D :=



T̂1 T2

T̃0 T1 T2
T0 T1 T2

T0 T1 T2
. . .

. . .
. . .

T0 T1 T2

T0 T1 T̃2

T0 T̃1


. (37)

A numerical evaluation of the spectral radius of T DN
1D (see, e.g., Figure 8) shows that the325

PDNM is not weakly scalable, since ρ(T DN
1D ) → 1 for growing N, like for the Schwarz326

methods. Note however that, in contrast to what we have shown in Theorem 2 for the OSM,327

for N > 2 it is not possible in general to make the PDNM converge in a finite number of328

iterations, a fact that was proved for an alternating variant in [5, Proposition 5].329
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x
a0 a1 a j−1 a j aN−1 aN· · · · · ·

Ω1 · · · Ω j · · · ΩNL̂

L L L

Fig. 9 Non overlapping domain decomposition in two dimensions. Notice that a j = jL.

5.2 Dirichlet-Neumann method in 2D330

We consider now the two dimensional problem whose non-overlapping domain decomposi-
tion is shown in Figure 9, which corresponds to Figure 2 with δ = 0. The PDNM is given
by

−∆en
j = 0 in Ω j,

en
j(·,0) = 0, en

j(·, L̂) = 0,

en
j(a j, ·) = (1−θ)en−1

j (a j, ·)+θen−1
j+1(a j, ·),

∂xen
j(a j−1, ·) = (1−µ)∂xen−1

j (a j−1, ·)+µ∂xen−1
j−1(a j−1, ·),

for j = 2, . . . ,N−1, and

−∆en
1 = 0 in Ω1,

en
1(·,0) = 0, en

1(·, L̂) = 0,

en
1(a0, ·) = 0,

en
1(a1, ·) = (1−θ)en−1

1 (a1, ·)+θen−1
2 (a1, ·),

and

−∆en
N = 0 in ΩN ,

en
N(·,0) = 0, en

N(·, L̂) = 0,

∂xen
N(aN−1, ·) = (1−µ)∂xen−1

N (aN−1, ·)+µ∂xen−1
N−1(aN−1, ·),

en
N(aN , ·) = 0,

where θ ,µ ∈ (0,1). Now, we consider the Fourier expansion of en
j as in the previous sections.

Since the Fourier coefficients vn
j(x,k) solve

∂xxvn
j = k2vn

j in (a j,b j),

vn
j(a j) = (1−θ)vn−1

j (a j)+θvn−1
j+1(a j),

∂xvn
j(a j−1) = (1−µ)∂xvn−1

j (a j−1)+µ∂xvn−1
j−1(a j−1),

defining

Dn
j := (1−θ)vn−1

j (a j)+θvn−1
j+1(a j),

N n
j := (1−µ)∂xvn−1

j (a j−1)+µ∂xvn−1
j−1(a j−1),
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we get

vn
j(x,k) =

1
kγ2

[
ke−k[( j−1)L−x]Dn

j + e−k( jL−x)N n
j + kek[( j−1)L−x]Dn

j − ek( jL−x)N n
j

]
,

for j = 2, . . . ,N−1, and

vn
1(x,k) =

Dn
1

γ1
[ekx− e−kx], vn

N(x,k) =
1

kγ2

[
e−k(NL−x)Nn

N − ek(NL−x)Nn
N

]
,

where γ1 := e−kL− ekL and γ2 := ekL + e−kL. Exploiting the definition of N n
j and Dn

j , we331

get332 [
0

Dn
1

]
= T̂1

[
N n−1

1
Dn−1

1

]
+T2

[
N n−1

2
Dn−1

2

]
,[

N n
2

Dn
2

]
= T̃0

[
0

Dn−1
1

]
+T1

[
N n−1

2
Dn−1

2

]
+T2

[
N n−1

3
Dn−1

3

]
,[

N n
j

Dn
j

]
= T0

[
N n−1

j−1
Dn−1

j−1

]
+T1

[
N n−1

j
Dn−1

j

]
+T2

[
N n−1

j+1
Dn−1

j+1

]
, for j = 3, . . . ,N−2,[

N n
N−1

Dn
N−1

]
= T0

[
N n−1

N−2
Dn−1

N−2

]
+T1

[
N n−1

N−1
Dn−1

N−1

]
+ T̃2

[
N n−1

N
0

]
,[

N n
N

0

]
= T̃1

[
N n−1

N
Dn−1

N

]
+ T̃2

[
N n−1

N−1
Dn−1

N−1

]
,

(38)

where

T0 :=

[
2
γ2

kγ1
γ2

0 0

]
, T1 :=

[
1−µ 0

0 1−θ

]
, T2 :=

[
0 0
−θγ1
kγ2

2θ

γ2

]
,

T̃0 :=

[
0 µkγ2

γ1
0 0

]
, T̂1 :=

[
0 0
0 1−θ

]
, T̃1 :=

[
1−µ 0

0 0

]
, T̃2 :=

[
0 0
− θγ1

kγ2
0

]
.

Defining en :=
[
0,Dn

1 ,N
n

2 ,Dn
2 , . . . ,N

n
j ,D

n
j , . . . ,N

n
N−1,D

n
N−1,N

n
N ,0

]>
, the iteration

relations (38) may be rewritten as

en = T DN
2D en−1,

where T DN
2D has the same structure as T DN

1D given in (37).333

Even tough we observe numerically that ρ(T DN
2D )< 1, one can also verify that in general334

‖T DN
2D ‖∞ > 1. Hence, in contrast to the other methods discussed in this paper, the infinity-335

norm is not suitable to bound the spectral radius and conclude convergence and scalability.336

Nevertheless in Theorem 5, under certain assumptions and using similarity arguments as in337

[6], we prove scalability of the PDNM.338

Theorem 5 Denote by kmin the minimum frequency and define α(x) := 1/cosh(x). If θ = µ ,
then

ρ(T DN
2D )≤ ρ̄(µ) :=

√
1−µ +µ2 +µα(kminL),

where ρ̄(µ) is independent of N. Furthermore, if cosh(kminL) > 2, then ρ̄(µ) < 1 for any339

positive µ such that µ < 1−2α(kminL)
1−α(kminL)2 , which implies that the PDNM is convergent and scal-340

able.341
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Fig. 10 Function µ 7→ ρ̄(µ) for L = 1 and L̂ = 1. Notice that for µ < 0.831 (vertical dashed line) it holds
that ρ̄(µ)< 1.

We show in Figure 10 the function ρ̄(µ) for the case L̂ = 1, that is kmin = π . The proof342

of Theorem 5 relies on the following lemma.343

Lemma 3 Let α(x) := 1/cosh(x). Then for any x ∈ (0,∞) such that cosh(x) > 2 it holds344

that 1−2α(x)
1−α(x)2 ∈ (0,1). Moreover, for any x ∈ (0,∞) and µ ∈ (0,1) such that cosh(x)> 2 and345

µ < 1−2α(x)
1−α(x)2 , it holds that

√
1−µ +µ2 +α(x)µ < 1.346

Proof Let x ∈ (0,∞), then α(x) = 1/cosh(x)< 1. Hence we have 0 < 1−α(x)2 < 1. Now,347

take any x ∈ (0,∞) such that cosh(x) > 2. First, we have 1
2 > 1

cosh(x) , which implies that348

1− 2α(x) > 0. Second, we note that 1− 2α(x) < 1−α(x) < 1−α(x)2. Therefore, we349

obtain that 1−2α(x)
1−α(x)2 ∈ (0,1). Now take any µ ∈ (0,1) such that µ < 1−2α(x)

1−α(x)2 . This implies350

that 1−2α(x)+(α(x)2−1)µ > 0. Multiplying this by µ , with a direct calculation, we get351

−µ + µ2 < −2α(x)µ +α(x)2µ2. Adding 1 to both sides and taking the square root then352

leads to the claim.353

We are now ready to prove Theorem 5.354

Proof If µ = θ , the matrix T DN
2D has the structure

T DN
2D :=



0
B̃1,1 B̃1,2

2µ

γ2

B̃2,1 B̃2,2

B̂1,1 B̂1,2
2µ

γ2
2µ

γ2
B̂2,1 B̂2,2

. . .
. . .

. . .
. . .

B̂1,1 B̂1,2
2µ

γ2
2µ

γ2
B̂2,1 B̂2,2

B1,1 B1,2
2µ

γ2
2µ

γ2
B2,1 B2,2

0


,
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where B̃, B̂,B ∈ R2×2. We introduce an invertible block diagonal matrix

G :=



g 0
0 G̃ 0

0 Ĝ 0
0 Ĝ 0

. . .
. . .

. . .
0 Ĝ 0

0 g


, with Ĝ :=

[
d̂1 0
0 d̂2

]
and G̃ :=

[
d̃1 0
0 d̃2

]
,

where the elements g, d̂1, d̂2, d̃1, d̃2 ∈ R \ {0} will be chosen in such a way that the matrix
G−1T DN

2D G can be bounded in some suitable norm. We have

G−1T DN
2D G :=



0
C̃1,1 C̃1,2

2µ

γ2

C̃2,1 C̃2,2

Ĉ1,1 Ĉ1,2
2µ

γ2
2µ

γ2
Ĉ2,1 Ĉ2,2

. . .
. . .

. . .
. . .

Ĉ1,1 Ĉ1,2
2µ

γ2
2µ

γ2
Ĉ2,1 Ĉ2,2

C1,1 C1,2
2µ

γ2
2µ

γ2
C2,1 C2,2

0


,

where
C̃ = G̃−1B̃G̃, Ĉ = Ĝ−1B̂Ĝ, C = Ĝ−1BĜ.

Now, we split G−1T DN
2D G into a sum

G−1T DN
2D G = Tdiag +Toff,

where Tdiag contains the diagonal blocks, that is

Tdiag =



0
C̃

Ĉ
. . .

Ĉ
C

0


,

and Toff =G−1T DN
2D G−Tdiag contains the remaining off-diagonal elements 2µ

γ2
. Then we have355

ρ(T DN
2D ) = ρ(G−1T DN

2D G)≤ ‖G−1T DN
2D G‖2 = ‖Tdiag +Toff‖2

≤ ‖Tdiag‖2 +‖Toff‖2 ≤
√

ρ(T>diagTdiag)+
√

ρ(T>offToff).
(39)

Notice that

T>offToff = diag
(

0,0,
4µ2

γ2
2
, . . . ,

4µ2

γ2
2
,0,0

)
,
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and hence
√

ρ(T>offToff) =
2µ

γ2
. Now, we focus on the term ρ(T>diagTdiag). The block diagonal356

structure of T>diagTdiag allows us to write357

ρ(T>diagTdiag) =

√
max

{
ρ(C̃>C̃),ρ(Ĉ>Ĉ),ρ(C>C)

}
. (40)

The evaluation of the spectral radii ρ(C̃>C̃), ρ(Ĉ>Ĉ), and ρ(C>C) leads to the analysis of
cumbersome formulas, and we thus bound instead the spectral radii by the corresponding
infinity-norms. To do so, setting d̃1 := γ1 and d̃2 := kγ2, we obtain

ρ(C̃>C̃) = ρ(G̃B̃>G̃−1G̃−1B̃G̃)≤ ‖G̃B̃>G̃−1G̃−1B̃G̃‖∞ = 2µ
2−2µ +1.

Next, we set d̂1 := γ2 and d̂2 := kγ1 and get

ρ(Ĉ>Ĉ) = ρ(ĜB̂>Ĝ−1Ĝ−1B̂Ĝ)≤ ‖G̃B̂>G̃−1G̃−1B̂G̃‖∞

= 2µ
2−2µ +1+

4µ(1−µ)

γ2
2

≤ 2µ
2−2µ +1+

4µ(1−µ)

(ekminL + e−kminL)2 ,

where we used that γ2 = ekL + e−kL ≥ ekminL + e−kminL for any k ≥ kmin, and

ρ(C>C) = ρ(ĜB>Ĝ−1Ĝ−1BĜ)≤ ‖G̃B>G̃−1G̃−1BG̃‖∞

= max
{

1−µ,1−µ +
µ2(e−kL− ekL)4

(e−kL + ekL)4

}
≤ 1−µ +µ

2,

where the fact that (e−kL−ekL)4

(e−kL+ekL)4 ≤ 1 for any k is used. Now, a direct calculation shows that

2µ
2−2µ +1≤ 2µ

2−2µ +1+
4µ(1−µ)

(ekminL + e−kminL)2 ≤ 1−µ +µ
2,

for any µ ∈ (0,1). Therefore, we obtain

‖Tdiag‖2 = ρ(T>diagTdiag)≤
√

1−µ +µ2.

Recalling (39) and (40), we conclude that

ρ(T DN
2D )≤ ‖Tdiag‖2 +‖Toff‖2 ≤

√
1−µ +µ2 +

2µ

γ2

≤
√

1−µ +µ2 +
2µ

(ekminL + e−kminL)
=: ρ̄(µ),

which is first statement of the theorem. The second part follows now from Lemma 3 by358

observing that if ρ̄(µ)< 1, then ρ(T DN
2D )≤ ρ̄(µ)< 1 where ρ̄(µ) is independent of N.359
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6 Neumann-Neumann method360

In this section, we study the convergence of the Neumann-Neumann method (NNM) as de-
scribed in [40] for the solution of the two-dimensional problem (4)-(5)1. The error equations
for NNM are given by the following: first solve

−∆en
j = 0 in Ω j,

en
j(·,0) = 0, en

j(·,L) = 0,

en
j(a j−1, ·) = Dn

j−1, en
j(a j, ·) = Dn

j ,

for j = 2, . . . ,N−1 and

−∆en
1 = 0 in Ω1,

en
1(·,0) = 0, en

1(·,L) = 0,

en
1(a0, ·) = 0, en

1(a1, ·) = Dn
1 ,

−∆en
N = 0 in ΩN ,

en
N(·,0) = 0, en

N(·,L) = 0,

en
N(aN−1, ·) = Dn

N−1, en
N(aN , ·) = 0,

then solve
−∆ψ

n
j = 0 in Ω j,

∂xψ
n
j (·,0) = 0, ψ

n
j (·,L) = 0,

∂xψ
n
j (a j−1, ·) = ∂xen

j(a j−1, ·)−∂xen
j−1(a j−1, ·),

∂xψ
n
j (a j, ·) = ∂xen

j(a j, ·)−∂xen
j+1(a j, ·),

for j = 2, . . . ,N−1 and

−∆ψ
n
1 = 0 in Ω1,

ψ
n
1 (·,0) = 0, ψ

n
1 (·,L) = 0, ψ

n
1 (a0, ·) = 0,

∂xψ
n
1 (a1, ·) = ∂xen

1(a1, ·)−∂xen
2(a1, ·),

and
−∆ψ

n
N = 0 in ΩN ,

ψ
n
N(·,0) = 0, ψ

n
N(·,L) = 0, ψ

n
N(aN , ·) = 0,

∂xψ
n
N(aN−1, ·) = ∂xen

N(aN−1, ·)−∂xen
N−1(aN−1, ·),

and finally set361

Dn+1
j := Dn

j −ϑ(ψn
j+1(a j, ·)+ψ

n
j (a j, ·)), (41)

for j = 1, · · · ,N−1, where ϑ > 0. As in the last sections, we use the Fourier expansion

en
j(x,y) =

∞

∑
m=1

vn
j(x,k)sin(ky), ψ

n
j (x,y) =

∞

∑
m=1

wn
j(x,k)sin(ky),

where k = πm
L̂

. The Fourier coefficients vn
j(x,k) and wn

j(x,k) solve the problems

k2vn
j −∂xxvn

j = 0 in (a j−1,a j),

vn
j(a j−1,k) = Dn

j−1,

vn
j(a j,k) = Dn

j ,

k2wn
j −∂xxwn

j = 0 in (a j−1,a j),

∂xwn
j(a j−1,k) = ∂xvn

j(a j−1,k)−∂xvn
j−1(a j−1,k),

∂xwn
j(a j,k) = ∂xvn

j(a j,k)−∂xvn
j+1(a j,k),

1 Notice that in 1D the NNM is not well defined because the solution of pure Neumann problems with a
non-zero kernel are necessary for the interior subdomains.
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for j = 2, . . . ,N−1, and

k2vn
1−∂xxvn

j = 0 in (a0,a1),

vn
1(a0,k) = 0,

vn
1(a1,k) = Dn

1 ,

k2wn
1−∂xxwn

1 = 0 in (a0,a1),

w̃n
1(a0,k) = 0,

∂xwn
1(a1,k) = ∂xvn

1(a1,k)−∂xvn
2(a1,k),

and

k2vn
N −∂xxvn

N = 0 in (aN−1,aN),

vn
N(aN−1,k) = Dn

N−1,

vn
N(aN ,k) = 0,

k2wn
N −∂xxwn

N = 0 in (aN−1,aN),

∂xwn
N(aN−1,k) = ∂xvn

N(aN−1,k)−∂xvn
N−1(aN−1,k),

wn
N(aN ,k) = 0,

for the first and last subdomains. Setting for simplicity of notation Dn
0 =Dn

N = 0 and defining
γ1 := ekL− e−kL, the solution vn

j can be written as

vn
j(x,k) =

1
γ1

[
Dn

j

(
ek(x−( j−1)L)− ek(( j−1)L−x)

)
+Dn

j−1

(
ek( jL−x)− ek(x− jL)

)]
,

which is used to solve the problems in wn
j , and we obtain

wn
j(x,k) =

1
γ2

1

(
2Dn

j−1(e
kL + e−kL)−2Dn

j −2Dn
j−2

)(
ek(x− jL)+ ek( jL−x)

)
+

1
γ2

1

(
2Dn

j (e
kL + e−kL)−2Dn

j−1−2Dn
j+1

)(
ek(x−( j−1)L)+ ek(( j−1)L−x)

)
,

for j = 2, . . . ,N−1, and

wn
1(x,k) =

1
γ1γ2

(
2Dn

1 (e
kL + e−kL)−2Dn

2

)(
ekx− e−kx

)
,

wn
N(x,k) =

1
γ1γ2

(
−2Dn

N−1(e
kL + e−kL)+2Dn

N−2

)(
ek(x−NL)− ek(NL−x)

)
,

where γ2 := ekL + e−kL. Using equation (41) we get362

Dn+1
j = Dn

j −
ϑ

γ2
1

[
4Dn

j

((
ekL + e−kL

)2
−2
)
−4Dn

j−2−4Dn
j+2

]
, (42)

for j = 2, . . . ,N−2, and363

Dn+1
1 = Dn

1 −
ϑ

γ2

(
2(ekL + e−kL)Dn

1 −2Dn
2

)
− ϑ

γ2
1

(
2((ekL + e−kL)2−2)Dn

1 +2(ekL + e−kL)Dn
2 −4Dn

3

)
,

Dn+1
N−1 = Dn

N−1−
ϑ

γ2

(
2(ekL + e−kL)Dn

N−2−2Dn
N−2

)
− ϑ

γ2
1

(
2((ekL + e−kL)2−2)Dn

N−1 +2(ekL + e−kL)Dn
N−2−4Dn

N−3

)
.

(43)



Scalability of classical domain-decomposition methods 29

We define en =
[
Dn

1 , D
n
2 , · · · , Dn

N−1
]>, and write equations (42)-(43) as en+1 = T NN

2D en,
where the iteration matrix T NN

2D is given by

T NN
2D =



α̃ γ̃ β̃

0 α 0 β

β 0 α 0 β

. . .
. . .

. . .
. . .

. . .
. . .

. . . α 0 β

β 0 α 0
β̃ γ̃ α̃


,

with α := 1− 4ϑ

γ2
1

((
ekL + e−kL

)2−2
)

, β := 4ϑ

γ2
1

, α̃ := 1− 2ϑ

γ2
(ekL+e−kL)− 2ϑ

γ2
1
((ekL+e−kL)2−364

2), γ̃ := 2ϑ

γ2
− 2ϑ

γ2
1
(ekL + e−kL), β̃ := 4ϑ

γ2
1

.365

Theorem 6 If L
L̂
> ln(1+

√
2)

π
, then the NNM with ϑ = 1

4 is scalable, in the sense that ρ(T NN
2D )≤366

‖T NN
2D ‖∞ = 4

γ2
1
< 1.367

Proof The infinity-norm of T NN
2D is given by

‖T NN
2D ‖∞ = max

{
|α̃|+ |γ̃|+ |β̃ |, |α|+2|β |

}
.

Using ϑ = 1
4 and exploiting the definition of γ1, the coefficient α in T NN

2D becomes

α = 1− 1
γ2

1

((
ekL + e−kL

)2
−2
)
= 1− cosh(kL)2

sinh(kL)2 +
1
2

1
sinh(kL)2 =− 2

γ2
1
.

Similarly, one obtains that α̃ =− 1
γ2

1
. Moreover, we have β = β̃ = 1

γ2
1

. Therefore, we get

‖T NN
2D ‖∞ = max

{(
2+

2
γ2

)
1
γ2

1
,

4
γ2

1

}
=

4
γ2

1
,

since γ2 > 1. This shows that ‖T NN
2D ‖∞ is strictly smaller than one if the condition 4

γ2
1
< 1368

holds, meaning that γ1 > 2, and since the map k 7→ γ1 = 2sinh(kL) is strictly increasing in k,369

it suffices that γ1 > 2 is satisfied for just k = π

L̂
. Hence the condition becomes sinh(kL)> 1370

or equivalently kL > arcsinh(1) = ln(1+
√

2), which concludes the proof.371

We show in Figure 11 two examples of the spectral radius and the infinity norm of372

the iteration matrix of NNM for different subdomain heights, which illustrates the strong373

dependence of NNM on the subdomain height. Note that in Theorem 6 we assumed that374

L
L̂
> ln(1+

√
2)

π
. If this condition is not satisfied, numerical experiments show that ρ(T NN

2D )> 1,375

and therefore the method is not convergent and can thus not be scalable.376
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Fig. 11 Spectral radius (solid line) and infinity-norm (dashed line) of T NN
2D for L = 1, ϑ = 1

4 , and k = π . Left:
L̂ = 1.Right : L̂ = 3. We see that the subdomain height has a strong influence on the performance.

7 Numerical experiments377

We solve numerically problem (4)-(5) with f j = 0 and g j = 0 by applying the domain-378

decomposition methods studied in the previous sections. We choose subdomains having379

height L̂ = 1 and length L = 1 (without overlap), that is each subdomain without including380

the overlap is a unit square. The Laplace operator defined on this square is discretized by381

the classical 5-point finite-difference stencil defined on a uniform grid with J interior points382

in both x and y directions, with J = 100. The mesh size is h = 1
J+1 and the overlap (for383

PSM and OSM) is set to δ = 10h. The number of (fixed-sized) subdomains is N = 100.384

We generate the error sequence {en
j}n by applying PSM, OSM, PDNM, and NNM starting385

with an initial error e0(x,y) = ∑
J
m=1 γm sin(mπy), where the coefficients γm are randomly386

chosen in the interval (−1,1) in order to insert error components in all the frequencies. For387

the OSM the optimized Robin parameter is p = 3.61, which has been found minimizing388

the maximum with respect to k of the spectral radii of the matrices T O
2D. The relaxation389

parameters of the PDNM are θ = µ = 1
2 , while the relaxation parameter of the NNM is390

θ = 1
4 . The iterative procedures are stopped when the error ‖en‖∞ := max j maxΩ j |e j| is391

smaller than the tolerance tol= 10−16. In Figures 12-13-14-15 (left) we compare the decay392

of the errors of the 4 methods studied in this paper with the theoretical convergence rate393

obtained by a numerical estimate of the spectral radii of the transfer matrices T2D, T O
2D, T DN

2D ,394

and T NN
2D .395

In particular, the spectral radii are computed using their maximizing frequencies, that396

is k = kmin = π for all the methods. In all cases we observe a very good agreement of the397

numerical decay (dashed lines) with the theoretical estimate (solid lines). We see also that398

the NNM requires less iterations (only 7) than all the others to reach the desired tolerance.399

The OSM requires about 16 iterations to converge, but at each iteration only J subproblems400

are solved, while the NNM requires the solution of 2J subproblems, so their performance is401

comparable, and in addition, one could use higher order optimized transmission conditions402

for OSM, see [13], to lower the iteration count further. The PSM and the PDNM converge403

more slowly, needing about 65 and 110 iterations. Finally, in order to study the scalability404

of the 4 methods, we repeat the previous experiment with different numbers of fixed-sized405

subdomains N and different values of tol. The results shown in Figures 12-13-14-15 (right)406

show that the number of iterations (up to small changes for small values of N) is constant407

with respect to N. These numerical experiments are in agreement with the theoretical results408

proved in this paper.409
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Fig. 12 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the PSM. Right: number
of iterations performed as function of the number of subdomains N; each curve corresponds to a different fixed
tolerance. In particular, from the bottom to the top the curves correspond to tol equal to 10−4, 10−6, 10−8,
10−10, 10−12, 10−14.
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Fig. 13 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the OSM. Right:
number of iterations performed as function of the number of subdomains N; each curve corresponds to a
different fixed tolerance. In particular, from the bottom to the top the curves corresponds to tol equal to 10−4,
10−6, 10−8, 10−10, 10−12, 10−14.
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Fig. 14 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the PDNM. Right:
number of iterations performed as function of the number of subdomains N; each curve corresponds to a
different fixed tolerance. In particular, from the bottom to the top the curves corresponds to tol equal to 10−4,
10−6, 10−8, 10−10, 10−12, 10−14.
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Fig. 15 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the NNM. Right:
number of iterations performed as function of the number of subdomains N; each curve corresponds to a
different fixed tolerance. In particular, from the bottom to the top the curves corresponds to tol equal to 10−4,
10−6, 10−8, 10−10, 10−12, 10−14.

8 Why the methods scale in 2D but not in 1D410

We showed a very different convergence behavior for all one level domain-decomposition411

methods for the solution of a chain of N fixed-sized subdomains when N increases: the412

methods for the solution of a one-dimensional chain are not scalable, whereas they are scal-413

able for the solution of a two-dimensional chain. At first glance, the two models seem to be414

very similar, and we want to give now an intuitive explanation for this different behavior.415

As we have already discussed in Section 3.1 for the PSM in the one-dimensional case, the416

propagation of a reduction of the error starts from the first and last subdomains and moves417

towards the subdomains being in the middle of the chain. Therefore, for some given initial418

error e0, one has to wait about N/2 iterations before observing a contraction of the error in419

the middle of the chain. This fact is due to the (only) two homogeneous Dirichlet boundary420

conditions that are imposed at the extrema x = a1 and x = bN of the domain Ω , see (6)-(7).421

Therefore, the “internal subdomains” do not directly benefit from the good effect of these422

zero Dirichlet conditions. On the other hand, in the two-dimensional case, each subdomain423

in the chain benefits from the zero Dirichlet conditions imposed at the top and at the bottom424

of the rectangles Ω j, see (9)-(10). Therefore, a contraction of the error starts immediately in425

each subdomain and one has not to wait for the effect coming from the left/right boundaries426

of Ω to propagate into the entire chain to reach a given tolerance. Hence, the “distributed”427

homogeneous Dirichlet boundary condition in the two-dimensional case is the reason for the428

scalability of the PSM, and this argument is also valid for the other domain decomposition429

methods we discussed.430

Remark 1 If we have Neumann boundary conditions on the top and bottom boundaries of431

the two dimensional problem, then PSM, OSM and PDNM do not scale, as one can see by432

slightly adapting our analysis: the Neumman boundary condition implies the use of a co-433

sine Fourier series, instead of the sine Fourier series. The zero frequency is now included in434

the expansion, i.e. en
j(x,y) = ∑

∞
m=0 vn

j(x,km)cos(kmy). For m = 0, the Fourier coefficient vn
0435

satisfies the same equation as in the one dimensional case, and thus the scalability property436

of the two dimensional case is lost due to the presence of this frequency, since the spectral437

radius of the corresponding matrix deteriorates as the number of subdomains grows. For438

the one level NNM the situation is even worse: NNM is not well posed then, since the sec-439

ond step of the iteration would require the solution of pure Neumann problems for interior440

subdomains, as in 1D.441
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Fig. 16 Spectral radii of the iteration matrices for the different methods corresponding to L = 1/N, L̂ = 1,
and k = π . For PSM and OSM the overlap is rescaled as δ = L/10.

Remark 2 Our analysis can also be used to recover by a numerical evaluation of the con-442

vergence factors the well-known results concerning the non scalability of one level domain443

decomposition methods for fixed-size problems, where the subdomains become smaller and444

smaller as their number grows, see for instance [40]: by setting L = 1/N and increasing the445

number of subdomains, we see that the convergence factors of the classical and optimized446

Schwarz methods and the Dirichlet-Neumann methods tend to 1 when the subdomain num-447

ber increases, as shown in Figure 16. So these methods can not be weakly scalable in this448

setting, in contrast to the case where the subdomain size remains fixed, as in the earlier sec-449

tions. For the Neumann-Neumann method, the situation is even worse, since the assumption450

of Theorem 6 is not satisfied anymore, and the method fails to converge when the number451

of subdomains grows in this case.452

Remark 3 As an anonymous referee suggested, it is interesting to also consider the case of453

a fixed number of multiple vertical layers of chains. In this case, the methods would still be454

scalable when adding more and more subdomains in the horizontal direction, provided the455

subdomain size remains fixed. This can be seen as follows: for a single layer of N subdo-456

mains, we have seen that the contraction reaches the middle subdomain after N
2 iterations.457

To use this argument in the vertical direction, suppose for example that we have 5 vertical458

layers: if we then consider 3 iterations, then the contraction given by the Dirichlet boundary459

condition on the top and bottom reaches the middle layer, and thus all layers start contract-460

ing. So looking in packets of 3 iterations, the errors will contract independently of how many461

subdomains are added in the horizontal direction in each layer, due to our results for a single462

layer.463
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