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Abstract One-level domain decomposition methods are in general not scalable, and coarse
corrections are needed to obtain scalability. It has however recently been observed in ap-
plications in computational chemistry that the classical one-level parallel Schwarz method
is surprizingly scalable for the solution of one- and two-dimensional chains of fixed-sized
subdomains. We first review some of these recent scalability results of the classical one-level
parallel Schwarz method, and then prove similar results for other classical one-level domain-
decomposition methods, namely the optimized Schwarz method, the Dirichlet-Neumann
method, and the Neumann-Neumann method. We show that the scalability of one-level do-
main decomposition methods depends critically on the geometry of the domain decompo-
sition and the boundary conditions imposed on the original problem. We illustrate all our
results also with numerical experiments.

Keywords domain-decomposition methods; scalability; classical and optimized Schwarz
methods; Dirichlet-Neumann method; Neumann-Neumann method; solvation model; chain
of atoms; Laplace’s equation.

AMS Classification 65N55, 65F10, 65N22, 70-08, 35J05, 35J57.

1 Introduction

Recent developments in physical and chemical applications are creating a large demand for
numerical methods for the solution of complicated systems of equations, which are often
used before rigorous numerical analysis results are available. Moreover, the nature of the
applications makes such systems untreatable by sequential algorithms and generates the
need of methods that are parallel in nature or that can be easily parallelized.

In the field of parallel methods an important role is played by the so-called “scalability
property” of an algorithm. An algorithm is “strongly scalable”, if the acceleration generated
by the parallelization scales proportionally with the number of processors that are used.
For example if on 10 processors, a strongly scalable algorithm needs 10 seconds to solve
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the problem, it would need 1 second using 100 processors. Strong scalability is difficult
to achieve, because eventually there is not enough work left to do for each processor and
communication dominates, but it is possible up to some point, see for instance Table 1
in [30] and Table 3 in [23]. One therefore also talks about “weak scalability”, which means
that one can solve a larger and larger problem with more and more processors in a fixed
amount of time. For example, if a weakly scalable algorithm solves a problem with 100’000
unknowns in 10 seconds using 10 processors, it should be able to solve a problem with
1°000°000 unknowns in the same 10 seconds using 100 processors. In particular, a domain-
decomposition method is said to be weakly scalable, if its rate of convergence does not
deteriorate when the number of subdomains grows [40].

To analyze weak scalability, we study in this paper the contraction (or convergence)
factor p of the algorithms, the convergence rate being —log p, see [27, Section 11.2.5]. Thus
if the contraction factor of a method does not deteriorate, also the convergence rate does not
deteriorate and the method is weakly scalable. To explain now what the contraction factor p
of a stationary iterative method is, we assume that it generates for iteration index 0, 1“,2‘,'. ..

0 o1 o2 e

an error sequence e”,e',e~, ... converging geometrically in a given norm || - ||, that is 1] <

p", and p is the associated contraction factor. Now, assume that the iterative procedure stops

at a given tolerance Tol, that is H
lle"

T < p", and estimate the number of iterations necessary to achieve Tol as n < “ﬁﬁ;’;ﬁ.
If the contraction factor p of a domain decomposition method is uniformly bounded by
a constant strictly less than one, independently of the number of subdomains N, then the
method converges to a given tolerance with a number of iterations » that is independent
of the number of subdomains N, and the method is thus weakly scalable: its convergence
rate —logp can not deteriorate when the number of subdomains grows. We study therefore
in Sections 3,4,5 and 6 the contraction factors for different domain decomposition methods,
and we provide a constant bound strictly less than one which is independent of the number of
subdomains N, provided that size of the subdomains is fixed, which is a sufficient condition
for the domain decomposition methods to be weakly scalable.

As a particular example of this weak-scalability behavior, we recall the new methodol-
ogy that was recently presented in [3] and supported by [34,35]. Based on a physical ap-
proximation of solvation phenomena [1,29,41], the authors introduced a new formulation of
the Schwarz domain-decomposition methods for the solution of solvation problems, where
large molecular systems, given by chains of atoms, are involved. Each atom corresponds
in this formulation to a subdomain, and the Schwarz methods are written in a boundary
element form. The authors have observed in their numerical experiments the surprising re-
sult that the convergence of the iterative procedure without coarse correction is in many
cases independent of the number of atoms and thus subdomains, which means that simple
one-level Schwarz (alternating and parallel) methods for the solution of chains of particles
are weakly scalable; no coarse correction seems to be necessary. On the other hand, it is
well known that the convergence of Schwarz methods without coarse correction depends in
general for elliptic problems on the number of subdomains, see for example [40]. The sur-
prising scalability result of the classical one-level Schwarz method in the special case of a
chain of atoms was recently explained using three different types of analysis: in [6], the au-
thors used Fourier analysis for an approximate 2-dimensional model that describes a chain
of atoms whose domains are approximated by rectangles; in [7], the maximum principle
was used for more realistic 2-dimensional chains of atoms; in [8] the unusual scaling behav-
ior was explained using variational methods. These scalability results represent exceptions
to the classical Schwarz theory [40], which shows that one-level domain-decomposition

~ Tol. By combining these two formulas we get Tol ~
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26 L-26 26
———=5

bo by bj bj by-1 by
+— +— +— +— +— +— X
ap a aj aj+1 an an+1
— > >
.Q| -Q] -QN

Fig. 1 One-dimensional chain of N fixed-sized subdomains of length L+ 28. The overlap is 28.

methods are in general not scalable. Two-level domain-decomposition methods, i.e. domain-
decomposition methods with coarse corrections, attempt to reach this goal; see the seminal
contributions [37,10], and [12] for FETI, and more generally the books [39,38,40] and ref-
erences therein. Coarse spaces were also developed for optimized Schwarz methods, see the
first contribution [11], and [17], which is based on the new idea of optimal coarse spaces and
their approximation from [16], see [19] for a general introduction. Optimal coarse spaces
lead to convergence in a finite number of iterations [4], i.e. the method becomes nilpotent,
and for certain decompositions and methods this is even possible without coarse space,
see [5]. Based on the optimal coarse space, optimized variants were developed in [18] for
restricted additive Schwarz, in [24] for additive Schwarz, and in [21,20] for multiscale prob-
lems, including a condition number estimate.

At this point it seems natural to ask: is it possible for other classical domain decompo-
sition methods to be scalable without coarse correction, like Dirichlet-Neumann methods,
Neumann-Neumann methods, and optimized Schwarz methods ? Answering this question
is the main goal of this paper. We focus on the Laplace equation defined on one- and two-
dimensional chains of subdomains introduced in Section 2, because scalability depends on
the dimension and the boundary conditions. We then define the parallel Schwarz method for
the solution to these models in Section 3, and review the scalability results from [6]. In Sec-
tion 4, we prove that also optimized Schwarz methods have the same scalability properties,
and this even without overlap. Section 5 focuses on the scalability analysis of the Dirichlet-
Neumann method, and Section 6 on the Neumann-Neumann method. In all cases, we prove
that these one-level methods can be scalable for certain geometric situations and boundary
conditions. We illustrate our analysis with numerical experiments in Section 7.

2 Formulation of the problem: growing chains of fixed-sized subdomains

In this section, we define our model problems consisting of chains of N subdomains in
one and two spatial dimensions, which we will use to study classical one-level domain-
decomposition methods. In particular, we are interested in the behavior of these methods
when the number N of subdomains grows while their size is fixed.

We begin describing the one-dimensional problem. Consider the domain Q = (ay,by)
shown in Figure 1, where the two extrema are the first and the last elements of two sets of
points a;, for j=1,...,N+1, and bj, for j =0,...,N, defined as a; := (j— 1)L — & and
bj:= jL+ 0. Therefore, a; and b; form a grid in Q and define the subdomains Q; := (a;,b;)
such that 2 = U?]:l.Q ;. The quantities L > 0 and & > 0 parametrize the dimension of each
subdomain £; and the overlap Q; N Q;;; whose length is 25. We are interested in the
solution to the problem

—Au= fin Q, u(ar) = g1, u(by) = gv, (1)
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by by bj 1 b by_1 by
+—+ +—+ +—+ +—+ +—+ +—+ X
aj a aj aji1 an aAN+1
26 L-26 26 26 L—-26 26 26 L-26 2(_)6
>
T o A A B o S At B a——
R | = 1 | o | 1
L | Q ‘ . | Qj | D | Qn |
1 ! ' 1 ‘ ' | 1
| LA A N N LI T N (N S

Fig. 2 Two-dimensional chain of N rectangular fixed-sized subdomains.

where f is a sufficiently regular function and g, gy € R. Problem (1) can be formulated as
follows: we introduce the function u; as the restriction of u to ;. Hence u; satisfies
—Au j= fj in Q2 i
ujzuj,l in [aj,bjfl], (2)
wj=uj1 inlaji1,bjl,
where the last two conditions describe the interaction of the j-th subdomain with subdo-
mains j— 1 and j+ 1, and the function f; is the restriction of f to £2;. Notice that problem
(2) is defined for j = 2,...,N — 1. The functions u; and uy of the first and the last subdo-
mains solve

—Auy = fiin Qy,

u(ar) = g1,
upr =uyp in [az,bl},

—Auy = fn
un(by) = gn,
uy = uy—1 in [ay,by_1].

in .QN,

3

Now we consider the two-dimensional model. To define each subdomain, let us consider
L>0and § >0, and define the grid points a; for j=1,...,N+1 and b; for j=0,...,N
as shown in Figure 2. The j-th subdomain of the chain is a rectangle of dimension Q; :=
(aj,bj) x (0,L). Therefore, the domain of the chain is Q = UJ}’:IQJ-. As before 26 is the

overlap and 0 € (0,L/2). We are interested in the solution to
—Au=finQ, u=gondQ,

where f and g are sufficiently regular functions. We consider f; and g; as the restriction of
f and g to the j-th subdomain. The restriction of u to £2;, denoted by u;, solves the problem

—Au; = fjin Q;,
uj(+,0) =g;(-,0),
uj(-,L) = gj(-, L), )
uj=uj_y in[a;,bj_1] % (0,L),
wj=ujpy in[aji1,b] % (0,L),
w3 for j=2,...,N—1,and
—Auy = f1 in 4, —Auy = fy in Qy,
ui(-,0) =g1(-,0), un(-,0) = gn(-,0),
w (L) =g (L), uy(-,L) = gn(-,L), Q)]

uy(ar,-) = gi(a1,-),
uy = up in [az,bl] X (O,Z),

un(bn,-) = gn(bw,-),

uNy = uUN—1 in [aN,bel} X (O,Z).
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Scalability of classical domain-decomposition methods 5

The two models presented in this section seem to be very similar because of their main
one-dimensional structure (the subdomains are aligned along a straight line). However, we
will see in the following sections that they lead to completely different convergence behavior
of domain-decomposition methods.

3 Classical parallel Schwarz method

In this section, we study the convergence of the classical parallel Schwarz method (PSM), in
the form introduced by Lions in [31], for the problems presented in Section 2. In particular,
we analyze the behavior of the PSM for a growing number of (fixed-sized) subdomains and
investigate the corresponding weak scalability. We show that the PSM for the solution of
the one-dimensional problem (2)-(3) is not scalable, in the sense that the spectral radius p
of the iteration matrix tends to one as N grows. On the other hand, for the two-dimensional
problem (4)-(5), we prove that there exists a function p, independent of N and such that
p < p < 1, which means that the PSM is scalable.

3.1 One-dimensional analysis

Consider problem (2)~(3) and an initial guess u,u,...,u%. The PSM defines the approxi-
mation sequences {u} }, by solving

—8xxu;5 = fj iIl (aj,bj),
Wi(aj) =i~ (a)),
W} (b)) = uj ;1 (b;),

forj=2,...,N—1, and

—duu| = f1 in (a1,by), —Oxclly = fn in (ay,by),
wi(ar) =0, uyy (ay) =y (an),
Wi (br) =us~" (by), uy (by) = 0.

To analyze the convergence of this algorithm, we introduce the errors e;? = uj—u’; and

notice that they satisfy

ei(aj) =€ {(a)), (©6)
ei(bj) =€} 1 (b)),
forj=2,...,N—1, and
— 0w =0 in (ay,by), —dwey =0 in (ay,by),
éi(ar) =0, el(ay) = ey (an), (7
el(br) =& (br), ef(by) =0.

The convergence of (6) and (7) can be established via an analysis based on the maximum
principle; see, e.g. [32,7]. Since this analysis reveals that the PSM is not scalable, we sketch
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as by a4 b3

Q] Q3 QS
Q> Q4

Fig. 3 Example of the PSM for a chain of N = 5 subdomains. The solid lines are the errors at the first iteration
e}, the dashed lines represent ez., and the dotted line is eg. It is possible to observe that the contraction of the
error propagates from the first and the last subdomains (£2; and £s) till the middle subdomain £23. To reach
3, the propagation needs 3 iterations.

it in what follows for the example in Figure 3. Let us consider an initial error ¢® = 1. The
solutions of the internal subdomains is e} =1 for j=2,...,4, whereas the solutions of the
first and the last subdomains are straight lines that have value 1 on the interface points b;
and as and that are zero on a; and bs (solid lines in Figure 3). Therefore, at the interface
points a, and by the error is strictly smaller than 1, a result that holds in general for equations
that satisfy a maximum principle. This means that at the second iteration, the errors e% and
e (dashed lines in Figure 3) are straight lines such that €3(a2) = el (az) < 1 and €3(b,) =
el(by) =1, and €% (bs) = el(bs) < 1 and €3(as) = e}(as) = 1, whereas the errors on the
subdomains 7, 23, and 25 do not change (e% = e{, e% = eé, and eg = eé). Hence, we
observe a contraction of the error in £2, and €24, but the error e% = 1 is still not contracting. At
the third iteration, we observe a contraction on ;| and Q5 and, finally, also on 3, because
at the points a3 and bs it holds that e3(a3) = €3(a3) < 1 and €3(b3) = €3(b3) < 1, which
implies by the maximum principle that e% (x) < 1 (dotted lines in Figure 3). This example
shows that, to observe a contraction in the subdomain in the middle of the chain, that is 23,
we have to wait 3 iterations. By induction, we thus have to wait about N /2 iterations before
observing a contraction of the error in the subdomains in the middle of the chain. Hence,
for a growing number of subdomains N one has to wait more and more iterations before the
error contracts on each subdomain in the chain. This observation indicates that the PSM for
the solution of the one-dimensional problem (2)-(3) is not scalable.
We study now in detail the convergence of the PSM (6)-(7), whose solutions are

B xX—aj _ _
¢)(x) = €7 (a;) + bjfa’j(e';g(b,) - 1(a))),

for j=2,...,N—1, and

U =
ef(x) b —a

X—ai

- X—dan -
(b)) = (1 el ()

Evaluating ¢ at the interface points and defining the vector

" :=[0,¢4(b1), e}(ar), ei(ba), -+, €"_i(aj), ey (b)), -,
Syslay—1), ely(by-1). ey (an),0] ",

we get

e = T]Den717
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Fig. 4 Left: spectral radius of the iteration matrix 7jp corresponding to & = 0.1 and L = 1. It is clear that
p(Tip) — 1 for growing N. Right: spectral radius (solid line) and infinity-norm (dashed line) of the matrix
Trp corresponding to L=1,L =1, 8 =0.1, and k = 7. Notice that p(73p) does not deteriorates as N grows.

where the (block) matrix T1p is given by

163

" -
T b3
T T
T T
Tip:= ; (®)
n 63
T i)
L i J
whose blocks are
26 L 0 0] ~ 0>&-] ~ 0 0
Ty = {25“ 25“} , o= { L 25 }  Th= [ 25“} y = { L } -
0 0 26+L 286+L 0 0 26+L 0

To study the convergence of the sequence {e"}, we compute numerically the spectral
radius of the iteration matrix Tip, denoted by p(Tip). In particular, we fix a value of the
overlap & and compute p(7Tip) for growing N. This is shown in Figure 4 (left), where the
spectral radius is bounded by 1 for any N and p(Tip) — 1 as N grows. Therefore, the PSM
for the solution of the one-dimensional problem is not weakly scalable because p(Tip)
deteriorates as N grows. To explain the bound p(71p) < 1, we assume that N > 5 (to obtain
exactly the structure of Tjp given in (8)), recall that p(Tip) < ||Tip||- and notice that

ITiple = max{[|T + 2], | T} + Blleo, || T + T2 | },
since all the entries of T, 15, 7~”1, and :fz are positive. Observing that
1Ty + Blloo = 1Ty + Blloo = |} + Bl = 1,

we conclude that p(T1p) < [|Tiplle = 1.
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3.2 Two-dimensional analysis

In this section, we study the PSM for the solution to (4)-(5). The analysis we present is
mainly based on the results obtained in [6], but we consider a different construction of the
iteration matrix, which is similar to the one considered for the other methods in the following
sections. The PSM is given by

—Au? :fj in Qj,

u'i(-,0) = g;(-,0),

Wj(-,L) = g;(-, L),

Wi(aj,-) =i~} (az,"),

Wj(bj,) =i 1 (b)),
for j=2,...,N—1, and

—Aui=f1 inQ, —Auy = fy inQy,
ui(+,0) = &1(:,0), uy(-,0) =gn(-,0),

Wi (L) = g1(-,L), why (L) = gn(+, L),
ui(ar,-) = gi(ar,"), uly(an,-) = ul ! (an, ),
wj(br, ) =5~ (bry),  wiy(by,) = gn(by,)-

Introducing again the errors € := u; —u’;, the PSM becomes
—Ae;=0in Qj,
e}(-,0) =0, ¢j(-,L) =0,
" a1 ®)
éj(aj, ):ejfl(ajv ),
¢j(bj,) = €51 (b,
for j=2,...,N—1, and
—Ael =0 inQ, —Aey =0 in Qy,
¢(-,0)=0, el(-,L) =0, ey(-,0) =0, efy(-,L) =0, 10
ei(ar,") =0, en(an,) = ey (an, ),
ei(br,-) =5 (b1, ), ey(by,) =0

To construct the Schwarz iteration matrix corresponding to (9)-(10), we use the Fourier sine
expansion
m

i(x,y) = Z Vi(xk)sin(ky), k= —,
m=1 L

where the Fourier coefficients v/j (x, k) are given by
Vi, k) =k, 8)e™ +d;(k, 8)e

and c;(k,8) and d; j(k,6) are computed using the conditions v(a;,k) = Vv'~1(aj,k) and

j—1
Vi(bj,k) =V {(bj,k), which are obtained by using the transmission conditions. Notice

j+1(
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that k is parametrized by m, hence one should formally write k,,, but we drop the subscript
m for simplicity. For j =2,...,N — 1, we obtain that

Vi0K) = e g (6 ST (b K) — gk, 8)3 ) (a5, "
e M g (k, )V~ (aj. k) — gk, )V (b, )|
with
o3KO+2KL okS+KL
gai(k,8) = ASUL _ 8a2(k,8) := S _ ]
oKS+AL oo
gp1(k,8) == SRS gp2(k,8) == TR
We rewrite (11) in the form
v;?(x,k) = wj(x,k;S)v’]-;}(bj,k)—l—zj(x k; 5)1/ (aj,k), (12)
where
wj(x,k;8) := e’“eijkLgA](k 8) —e MeiMgp (k,5),
2j(x,k;8) == e/kngl(k d)— e JkLgAz(kﬁ).
In a similar fashion, solving problems (10), we get
Vi(x,k) = wl(x,k;S)vgfl(bl,k), vy (x,k) = zN(x,k;5)v;'v:11 (an,k),
with
ekoThL —kx _ 2k8+k
wl(x,k;5) ::m[e —e X:|’
koL kx—kNL _ _KkNL+2k8—k
ZN(X,k;s) ::m[e —e i|
Now, we define
wa(k,8) :=wj(ajz1,k;8) =wj_1(a;j,k;8),
wp(k,8) :=wjr1(bj,k;8) =wj(bj—1,k; ), (13)
za(k,0) :=2zj(aj11,k: 6) = zj-1(aj,k; 5),
2p(k,8) :=zj11(bj,k;6) = z;(bj-1,k; 6),

2US+2KL _ ,2k5
€ —e
ALy > Wb (k,8) =

eZké + ekL

4k5+kL kL

and a direct calculation [6] shows that z,(k,8) = s With

(2o +wp) (k. 8) = (14)

@2kSHKL 4 1
We recall the following results [6, Lemma 1 and Lemma 2].

Lemma 1 Forany (k,0) € (0,00) x [0,L], the quantities defined in (13) satisfy w,(k,8) >0
and wy(k,8) > 0. Moreover wy(k, ) = z,(k, 8) and wy(k,0) = z4(k, 6).

Lemma 2 The following statements hold:
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(a) For any & > 0, the map k € (0,00) — (25 +wp)(k,8) € R is strictly monotonically de-
creasing.

(b) For any k > 0, the map & € (0,L/2) — (zp + wp)(k,8) € R is strictly monotonically
decreasing.

(¢) For any k > 0, we have (z + wp)(k,0) = 1, W(kﬁ) =0 and

a(z
Qi) (1 0) < 0.

Using (12), we evaluate v'}_; (x,k) and v}, |

(x,k) at x = a; and x = b, define the vector
V= [07 Vg(blvk) y V?(a%k) ) Vgl(b27k)7 ) V?—l(ajak) ) V?Jrl(bjak)a"' 5
VnN—Z(aN—lvk)7 V;i/(bN—lak) ) V;l\/—l(aNak) ) O]Ta

and obtain that

V' =Tpv'!,
where the matrix Tpp is given by
- D -
n n
Ti T
T e
T2D = - . ’
T T

nn D

L i J

whose blocks 77, 75, Tl, and Tz are

Wb L _0 0 o Ozb_ T 00
P T ) 1 e

Notice that 7>p depends on the overlap parameter 6 and the Fourier mode &, but we omitted
this dependence for brevity. Now, we bound the spectral radius p(7>p) by estimating the
infinity-norm of 75p. Since Lemma 1 guarantees that w;, and z; are non-negative, we have
that

| T2p | = max{[|T} + T2l | Ty + Balleo, || T3 + T2l },
and observe that
|71+ Talleo = | T2 + Tallew = || T3+ Taloo = wip + 25 =: p (K, §).

Recalling (14), Lemma 2, and defining p (8):=p(%, 0), we conclude that || Top || < p(k,0) <
p(0) < 1. We summarize this result in the following theorem, which is an analog of [6, The-
orem 3].

Theorem 1 For any (k,8) € (0,%0) x (0,%) we have the bound
p(Tap(k, 8)) < [|Tap(k, 8) [l < p(8) <1,

where p(Typ(k,8)) is the spectral radius of Top(k,8) and p(8) := p(F,8), which is inde-
pendent of the number N of subdomains. Moreover, for N > 3 it holds that || Tap(k, 8)]| =
p(k.0).
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Theorem 1 shows that the PSM for the solution of the two-dimensional problem con-
verges and the spectral radius (its contraction factor) does not deteriorate as N grows, be-
cause p(Tap(k,8)) < ||Tap(k,8) |l < p(8) < 1 for any N. This means that the PSM for the
solution of the two-dimensional problem is weakly scalable. In Figure 4 (right) the spectral
radius p(T2p) (blue line) and the norm ||T5p||. (red line) are shown as a function of N: as N
increases, the spectral radius grows, but it is bounded by the infinity-norm which is strictly

smaller than one.

4 Optimized Schwarz method

The classical Schwarz method, despite its flexibility and generality, has major drawbacks
such as the requirement of overlap, lack of convergence for some PDEs and slow conver-
gence speed in general [14]. In the pioneering paper [33], Lions proposed to exploit (gener-
alized) Robin conditions as transmission conditions on the interfaces between subdomains
to obtain a convergent Schwarz method without overlap. To improve the convergence be-
havior, one can optimize the Robin parameter, as it was shown in [28]. The generalization
of this idea led to overlapping and non-overlapping optimized Schwarz methods (OSMs),
which have extensively been studied over the last decades, see [13] for a review, [22] for
Helmholtz problems, [9] for Maxwell equations and [26] for advection diffusion equations.
More recent applications to heterogeneous problems can be found in [15,25].

We investigate now the scalability of the OSM for the one- and two-dimensional model
problems introduced in Section 2. Like for the classical parallel Schwarz method, we show
that the OSM is scalable for the solution of the two-dimensional problem, but not for the
one-dimensional one, and we will also give some insight on the optimal choice for the Robin
parameter.

4.1 Optimized Schwarz method in 1D

The error equations associated to the OSM for (2)-(3) are given by

ame;? =01in (a_,-,bj),
(aj) (15)

1
1
(b))

9€j(aj) — pei(a;) = o~ (aj) — pej~|(a;),
€} (bj) + pe(bj) = o€t 1 (b)) + pe 1 (b)),
for j=2,...,N—1, where p is the Robin parameter, and

axxelf =0in (a17b1)7
e(ar) =0, (16)
e (b1) + pei(br) = 3ies™ (b1) + pey ™" (b1),

and

8xxe§{, =01in (aN,bN),
ke (an) — pep(an) = el (an) — per ! (an), (17)
E?V (bN) =0.
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217 The corresponding solution in £; is given by
e}j(x) =Alx+Bj. (18)
215 Defining
~1 - -1
A" a)) = 0}~ (aj) — pei~i(aj), (19
R (b)) = 01 (b)) + e (b)),

and inserting (18) into the boundary conditions in (15), we get the linear system

A’ — pAla;
A;! erA;!bj

whose solution is

n 1 n— n— 1
Aj= ;P(%l l(aj)+%+ l(bj))7 B; =

219

1

K

(x)
—paj (%" (aj)

[ (# (a)) 42 () v+ 21 (b)) - 27 (@)

_ij :'%Tl(ajL
+pB; =%\ (b)),

(1= pa) L (by) (14 pb )2 (@),

with & :=2p + p?(L+29). Inserting A’} and B} into (18) and using b; = a; +L+24, we get

(20)

+7 (b)) — p(L+28)7" )]

Now, we construct the iteration matrix of the OSM. To do so, we recall the definition (19)

of %" (aj) and Z'L(b;) and insert (20) in

[%’f(aj)} _ Tl l}%f_
()| = |
where
T p {(2—pL+p(L+23)) —pL
1= =
K 0 0

:|7 T :

to (19) to obtain, for j =2,...,N — 1, that

e[

Yaj
"(bj

0 0

P
- [2p5 — p(L+28) (2+2pd)

T x

|

Similarly, for the subdomains 2, £2,, Qy_1, and £y we obtain

{ 0 ':T _.@”l(az)}
AU I i (]
A" (@)] = 0 } {%"—](03)]
n =T n— +T n— ’
{%’+(b2)_ Vo) T | #n (bs)
Z" (an-1)] %fl(azvz)} = {%’zl(m}
=T T
{%’1(51\'—1)_ N oy )] T 0 ’
{%f(azv)_ -7 _%nl(aNl)}
0 | (2" (by—1)]”
where
_lpL _
71 :: {0 (1+p(L+25)):| , D= { 1,0pL 8} .
0 T+ pL+29))
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Fig. 5 Left: spectral radius of the iteration matrix Tl% corresponding to L = 1, 6 = 0.1. Right: comparison
of the spectral radius (solid line) and infinity norm (dashed line) of the matrix TZOD corresponding to L = 1,
L=1,6=0.1p=1,andk=1.

Introducing the vector

"= [0, %2 (b1), " (a2), AL (ba) -+ " (a), (b)),

n n n T (21)
A" (an-1), #Y (by-1), #" (an), 0] ",
we get
v =T
where the iteration matrix Tl% is given by
B -
T T
T o)
o n D
Tip = (22)
T o) B
Ty e
L T

Like in Section 3.1, we compute numerically the spectral radius of Tl%. For given values of
8 and p, p(T|3) is depicted as a function of N in Figure 5 (left). It is clear that p(7}3) — 1
as N increases for any 6 and p. This means that also the OSM for the solution of the one-
dimensional problem is not scalable.

Next, we explain the observed bound p(7\3)) < 1 for any N. Exploiting the structure of
T, and recalling the definitions of 7j, 75, T1, and T», we obtain

O —maxd P Py, _=pL]
||T1D||m—max{,(<|2 PLAP(L+28)+pL).  (2pS—p(L+28)+2+2p8), o 1

Studying the first two terms, with k := 2p + p*(L+28), we observe that

B (2= pL+p(L+28) +pL) = (2+p(L+28)) =1,

2+ p(L+26)

(I2p6 — p(L+268)| +2+2pd) =

% (242p5+pL) = 1.

1
2+ p(L+26)

Moreover, it is evident that the third term is smaller than 1. Hence, we conclude that || TloD||oc =
1, which explains the bound p(7\9)) < 1. The bound || T}, = 1 is shown in Figure 5 (left).
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We now show that it is possible to make the one-dimensional OSM convergent in a
finite number of iterations. To do so, we use a different Robin parameter p in (15) for each
subdomain £}, namely

dwe’; =0 in (a;,b;),
ovej(a;) — p; €}(a;) = de"| (aj) — pj ¢ (a;), (23)
0.} (bj) +plei(b;) = o | (bj)+pj et (b)),

where p; >0 and p; > 0 are given by the following theorem, which is proved using similar
arguments as in [5].

Theorem 2 Leth =by—bj,j=1...,N—1, LJT i=aj—ay,j=2,...,N. Ifwesetp;r =
l/L}',j =1...N-1p; = l/Llej =2,...,N, then the OSM (23) converges exactly in
N iterations.

Proof First we prove that p;r, p; » satisfy the following property:

dyej +p]e =0onx=b; = Qxe;?—i—pjile;?:Oonx:bj,l, (24)

3xej—pjej:00nx:aj,1 = 8Xe?—p;+1e?:00nx:aj. (25)

To do so, suppose that dye’j(b;) +pje’}(bj) =0. Let v be defined on (b;_1,bx) by v(x) :=
H(b )
(4 L+

Hence v satisfies

(by —x), we have that d,v(b;) +p;’v(bj) = 0and by construction v(b;_1) = e€/}(b;-1).

—dx (€} —v)=0in (b1, bj),
e;?—v:Oonx:bj,l, (26)
(Bx—i-p;r)(e;f —v)=0onx=b,.
By uniqueness of the solution of (26) we have that ¢’ = v on (bj—1,b}), and we conclude that
dve’i(bj-1) +pjtle;f(bj,1) = 0 since this holds for v. Similarly, suppose that dxe’}(a;—1) —

;)
—

p;€j(aj-1) =0, and let w be defined on (ag,a;) by w(x) = x —ap). It holds that

dw(aj-1)—p;wlaj-1) =0and w(a;) = €/}(a;). Hence w verifies

dux(€f —w)=0in (a;-1, a;),
(3x—p1)(7 w)=0onx=aj_i,
e

]—w Oonx=aj,

which implies that ¢’} = w. Therefore dxej(a;) — p;, €} (a;) =0.

Now we prove that the OSM (23) converges in N iterations. A direct calculation shows
that the choices p, = - and py,_| = 1mply that dyef (ar) — p5 el (a1) = 0 and kel (by—_1) +

prleN(bN_ )=0 for any n > 0. Hence, the transmission conditions in (23) allow us to
write

ey (ar) = py €5 (ar) = el (ar) — p €} (a1) =0,
okey™ (by—1) + pr_ e (by—1) = okely(bn—1) + py_ en(by-1) =0,
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for any n > 0. Using (24) and (25) and again the transmission conditions in (23), we get
oy (a2) = p3 &4 (a2) = 0ré3(a2) — py €3 (a2) =0,
axe?vtlz(bez) +pN726N72(bN*2) = drey_1 (bn-2) + Py _sey—1(bn—2) =0,

for n > 1. By induction, we obtain that after N iterations that the errors ejjy satisfy

—duel =0in (aj,b)),
(0, +pj) =0onx=bj,
(0 p]) =0onx=aj,
and
—de) =0in (ar,by), —duely = 0in (ay,by),
el =0onx=a;, (d—pyleh=0o0nx=ay,
(de+pi)el =0o0nx=by, eN =0onx=by.

Hence e =0, for j =1...,N, which concludes our proof.

The one-dimensional result above can be generalized to higher dimensions by replacing
the parameter p with a suitably chosen global operator (in general a Dirichlet-to-Neumann
operator), see [36]. This choice is computationally expensive in practice, and hence the
global operator is often approximated by local operators [28].

4.2 Optimized Schwarz method in 2D

Let us consider problem (4)-(5). The OSM (in error form) is given by

—Ae’}:Oin.Qj,
e(-,0)=0, (-, Z) =
n i1 27
axej(a] )= pe; i(aj,) =2 xe l(ajv) pej_ 1(aj,0),
axe’;'(ij')"'pej(bja ) ae’]Jr%(b )+pe;l %(ij )7
for j=2,...,N—1, and
—Ael =0 inQ, —Aey =0in Qy,
ei(-,0) =0, el( L)=o, 4 (-,0)=0, ek (-,.L) =0,
erlz(ah ) (axfp)e;l\](aNa') ( ) nN 11 (aN7 )7
(O +plei(br,-) = (a +p)ey ' (b,-), en(by,-) =0.

As in Section 3.2, we use the Fourier expansion ¢’} (x,y) = Y1V (x, k) sin(ky) with k = %,
The Fourier coefficients v} must satisfy L

OuV) = k*" in (aj, b)),
dvli(az) — pvi(az) = o=y (az) — pvi=
OV (bj) +pv(by) = 071 (b)) + Vi

1(a)), (28)
1(b;).
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Defining 2" ! (a;) := 3,61/7:} (aj) — pv’}:} (a;) and 27 (b)) := 3,61/711 (bj) + pv’};} (b)),
the solution to (28) is given by

v;%(x, k)= 7 i (aj) |:_l(k_p)ek(x—bj) _ l(k+p)ek(bj—x):|
’ ! (29)

1 1
A0 |0 e 2 ppet ),

where y:= (k+ p)?ef+28) — (k — p)2e*(L428) As for the 1D case, we insert (29) into the
definitions of %" (a;) and Z’} (b;) to get

[gzz (aj)} 7 [%’”I(ajli] + T {'@"1(“1‘“)] , (30)

A% (b)) R (bjn R (bji1)
where
T (83 psr gl o0 o
0 0 84— P82 83— P81
with
1 —26k 1 26k 1 kL 1 —kL
g1:=——(k—p)e ——(k+p)e™, g :=—(k+p)e"+—(k—pe ",
Y Y v 4 31)
—k k k k
g3 = 7<k—p)e*2f”<+ ;<k+p>e2‘*k, g 1= (et p)ett = (k= p)e.

Similar arguments allow us to obtain for the subdomains 1, €2, Qy_1, and Qy the relations

0 1 . [2" (&)
{«%’i(bl)_ —h _«%’f’[l(bz)} ’
A ()] = 0 Z"(a3)
{ i(bz)_ =1 _%i_l(bl):| th {%’i“(bz)]’ 32)
A" (ay-1)] _ . [Z" N an-2)] | 5 [2" (an)
{@ﬂm_l)_‘“ @f‘(zazv,z)}”z{ 0 }
{%’ﬁ(m\/) _T .@"l(dzvl)}
o | @ by’

where

_ (k+p)e M+ (k—p)ett _ 0 0
T = (k+p)ekLH28) 4 (k— p)e—k(L+25) , = (kt-p)e M4 (k—p)ekl .
|:0 0 :| |:(k+p)ek(L+25)+(kp)ek(L+25) 0]
Similarly as in Section 4.1 we use (30)-(32) to construct the iteration relation r’* = Tz%r”’l,
where Tz% is a block matrix with the same structure as in (22). We are now ready to prove
scalability of the OSM in the overlapping case:

Theorem 3 Recall (31) and define ¢ (k,8,p) :=|g3 — pg1|+|ga — pg2|- The OSM with over-
lap, § > 0, for the solution of problem (27) is scalable, in the sense that p(T,3,(k,8,p)) <
1759 (k, 8, p) || < maxgmax{@(k,8,p),||Ti(k,8,p)||lw} < 1 (independently of N) for every
p=>0.
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Proof Because of the structure of 7,9, (as in (22)), the norm || 753/ is given by

155 = max ). (T3p)ij] = max{ @(k,8,p), | Tillee, | 72| }-
J

We begin by showing that ¢ (k, 8, p) < 1 for any k, p € [0,00) and § > 0. To do so, we notice
that

! B B
l83 = peil = |- (~k(k—p)e 2k 4 k(k+ p)e*®* + p(k— p)e 2 + p(k+ p)e)|

1 ) . )
:}|(k+p)2625k7(k7p)2e 26k)‘:’)*/((k+p)2€26k*(k*p)2€ 25k)
and

1 - B
|84 — pg2| = ;I(k(k*p)e“ —k(k—p)e ™ — p(k+ p)e*" — p(k— p)e )|

1 _
= ;(kJrP)Ik—p\(ekL —e ),
which implies that

(k+ p)*e*®* — (k— p)*e 2% + (k+ p)|k — p|(ekL —e*)
(k+ p)2eklA2K8 _ (k — p)2e—kL—243 :

¢(k,8,p) =

By computing the derivative of ¢ with respect to p we find

a(P 2k625k+2kL —2k€28k
Ip KA 2keASk 4 2 Ak KL {02 28k 228k 2 KLy (p—k)?2 for p<k,
P 2%k 28k+2kL _2k 26k

L4 ¢ ¢ for p>k.

% T 12 Aok +2ke*k 4 p2 A4Sk L 132 26k D28k j2 oL  (k—p)2
Analyzing the signs of these derivatives, we see that @(k, 8, p) is strictly decreasing for p < k

and it is strictly increasing for p > k, thus it reaches a minimum for p = k. Therefore the
maximum of ¢(k, 8, p) with respect to the variable p is obtained for p = 0 and for p — +-co:

@(k,8,p) < max{ ¢(k,8,0), lim ¢(k,5,p) }.
p—re°

For p =0, 6 > 0 and L > 0 we have

28k _ 28k | kL _ ,—kL
et —e +e—e
Q(k,8,p) = — st p-ii3sk
sinh(20k) + sinh(kL)

= Sinh(kL) cosh(26K) + sinh(25K) cosh(kL) ~

and, under the same conditions,

. B sinh(28k) + sinh(kL) B
I}gr}w(p(k,é,p) ~ sinh(kL) cosh(28k) + sinh(28k) cosh(kL) 9(k,8,0) <1.
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Hence, it holds that ¢(k, 6, p) < ¢(k,5,0) < 1. We now focus on |71/ and || 73 ]|.o. Notice
that ||71 || = ||72||- and

(k+p)e X+ (k— p)ett
(k+ p)ekLr28) | (k— p)ekL+23)
kcosh(kL) — psinh(kL)
kcosh(k(L+26))+ psinh(k(L+20))

|ﬁ||w=’

<1

In order to get a bound independently of k, we observe that ]}im o(k,0,p) = klim 171l =
—3oo —yo0

0 if & > 0. Therefore defining p(6) := max; max{¢@(k,§, p), ||T"1(k,5,p)|\m}, we see that
T35 [l = max{ @, | Ti |, | 2]} < p(8) < 1, for every k,8,p > 0.

Figure 5 (right) shows the behavior of the infinity norm and of the spectral radius of Tzop
for a given value of p.

For the case without overlap, we need a further argument because for 6 = 0 both p (TZOD)
and |||« are less then one for any finite frequency k, but tend to one as k — 0. One
can therefore construct a situation where the method would not be scalable as follows: sup-

pose we have N subdomains, and on the j-th subdomain we choose for the initial guess e?

the j-th frequency e(} = é? sin(j % ¥). Then the convergence of the method is determined by

the frequency which maximizes p(7,3,(k)). When the number of subdomains N becomes
large, this maximum is attained for the largest frequency ky = ZL; since p (T (k)) — 1 as

k — oo. Thus, every time we add a subdomain to the chain with a new initial condition on
the interface N + 1 according to our rule, the convergence rate of the method deteriorates
from p(T,9,(N %)) to p(T((N+ 1)%)) and the scalability property is lost. Theorem 4 gives
however a sufficient condition such that the OSM is weakly scalable also without overlap,
and to see this we introduce the vector e” with e} = |[r"(k)||. where r”(k), defined in (21),
contains the Robin traces at the interfaces of the k-th Fourier mode.

Theorem 4 Given a tolerance Tol, and supposing there exists a k that does not depend on
N such that eg < Tol for every k > k, then the OSM without overlap, § =0, and p > 0 is
weakly scalable.

Proof Suppose that the initial guess satisfies ||| > Tol, since otherwise there is nothing
to prove. Then, due to the hypothesis, we have that maxz ;o eg > Tol. We now show that
the method contracts with a p independent of the number of subdomains up to the tolerance
Tol, and therefore we have scalability. Indeed, for every k such that % <k<k
o -1 0 (T -1 0 (7 -1
e = X" (K)lee < ([ T2p (K)[eo X" (k) oo < 12 (K) [lew [0 (K) [l oo = [ Tapp (k) |0

where [|T3 (k)| = maxg << 1753 (k)| < 1 because || T5% (k)| is strictly less then 1 for
every finite k. Now for k > k,

ei = [ (0 loo < NT5H (K)ol 1"~ (R) oo < [l (R) o = €,

since || 753 (k)||« < 1. Therefore we observe that the method does not increase the error for
the frequencies k > k while it contracts for the other frequencies with a contraction factor
of at least p = ||, (k)|| < 1. Hence, as long as ||€"||. > Tol, we have ||« < p"|€"]w
with p independent of N.
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Fig. 6 Infinity norm of the iteration matrix TZ% as a function of p for L = l,Ij =1,6 =0.1,k=20,N = 50.

Note that the technical assumption in Theorem 4 on the frequency content of the initial
error is not restrictive, since in a numerical implementation we have a maximum frequency
kmax which can be represented by the grid. Choosing k = kmax, the hypothesis of Theorem 4
is verified.

Note also that without overlap, 6 = 0, we have that HTZ%HW =1for p=0or p— co.
Therefore we can not conclude that the method is scalable in these two cases. For p = 0, the
OSM exchanges only partial derivatives information on the interface. For p — oo, we obtain
the classical Schwarz algorithm and it is well known [14] that without overlap (8 = 0), the
method does not converge.

We finally show the behavior of p — || 5% (k, 8, p)|| for a fixed pair (8,k) in Figure 6.
According to the proof of Theorem 3, the minimum of the function p — @(k, 8, p) is located
at p = k. Even though it is a minimum for ¢(k, 8, p) and not necessarily for ||, (k, 8, p) ||
or p(Tz%), we might deduce from Figure 6 that in order to eliminate the k-th frequency, a
good choice would be to set p := k in the OSM. For the Laplace equation, it has been shown
for two subdomains that setting p := k leads to a vanishing convergence factor p (k) for the
frequency k. In the case of many subdomains, a similar result has not been proved yet, but
Figure 6 indicates that it might hold as well.

5 Dirichlet-Neumann method

In this section, we study a parallel Dirichlet-Neumann method (PDNM) which, to the best
of our knowledge, has not been studied in the literature for a chain of N fixed-sized subdo-
mains. A discussion of this method for two subdomains is given in [2], see also [38] and [13,
page 717]. We now show that as for the Schwarz methods, the PDNM in 1D is not scalable,
while in 2D it is.

5.1 Dirichlet-Neumann method in 1D

Let us consider a set of domains €; = (a;_1,4a;), where a; = jL. The subdomains have
length L and do not overlap. Such a non-overlapping decomposition of €2 is shown in Figure
7, and corresponds to Figure 1 with § =0 and Q = Uiyzl £ ;. The error equations for PDNM
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cjo aj % aj%,l Lij a;\;,| aiv *
— > —> — >
Q Q; Qy
Fig. 7 One-dimensional chain of N non-overlapping fixed-sized subdomains.
a0 are given by
8xxe’? =01in (Llj 1,aj)
ej(aj) = (1-0)e} " (a;) + 0 (az),
dej(aj-1) = (1 *A)axef (aj—1)+“axej—1l(aj—l)a
s for j=2,...,N—1,and
dwe! =0 in (ay,ay),
el(ap) =0,
el(ar) = (1-6)e} ! (a1)+6¢; ' (ar),
32 and
duwey =0 in (ay—1,an),
deflan—1) = (1—p)dsel ' (an—1) + ey (an-1),
ey(an) =0.
In (33)-(34), 6 and u are relaxation parameters in (0, 1). Now, we define
7} =éj(aj), N :=ke}(aj1),
and by a direct calculation we find that the solution to (33) is given by
ej(x) = N (x—a;)+ 7],
forj=2,...,N—1, and
@n
x) = T-(x—ao), ey(x) =M (x—ay).
323 Introducing these expressions into the transmission conditions in (33), we get
0] N JV" 1 JV" 1
FisdEnien!
nl T 0 ,/Vn 1 JV” 1
]-al 2[5 )
N _r/’/.n 1 ,/V'hl nfl
Il =T J:I +T 11 +T ,forj=3,...,N—2,
(]| a | o | o
J%\ln ]' 'c/‘/n—l' JVn_l - e/anl
-1 =T N-2 T N—1 T N
[’}671_ R S AR R B
J%\Jn . :/V" 17 . JVn_l
=T N T N—1
[V]-n a0l

(33)

(34)

(35)

(36)
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Fig. 8 Left: spectral radius of the iteration matrix TI%N corresponding to 0 = = % and L = 1. Right: spectral

radius (solid line) and infinity norm (dashed line) of the iteration matrix Tz%N corresponding to 6 =y = %

L:l,Z:l,andk:ﬂ:.

where

0 -1 0 0 0
To:{go}’ Tl::[ 0”179}’ Tz::{few}’

~ o4 ~ 0 0 ~ 1—uo0 ~ 00
To:[oé}’ T‘::{()l—e}’ Tl::{ ouo}’ Tz::{—GLO]'

Now, we define the vector
T
n.__ n i n n i n n n
€ —[0, l’z/‘/217 2,...,%79}7...,;/17\/717@1\]71,:/%\/,0] s

and write equations (36) in the compact form

e = Tl%Nen—l ’

where T2 is the 1D iteration matrix defined by

(71 1
Ty T
To T T
W B
Tip' = o : (37)
T D
v I I

Ty Ti |

A numerical evaluation of the spectral radius of T2 (see, e.g., Figure 8) shows that the
PDNM is not weakly scalable, since p(Tj2) — 1 for growing N, like for the Schwarz
methods. Note however that, in contrast to what we have shown in Theorem 2 for the OSM,
for N > 2 it is not possible in general to make the PDNM converge in a finite number of
iterations, a fact that was proved for an alternating variant in [5, Proposition 5].
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+ + + + X
ag ap o aj- a an-—1 ay
L / L / L
—> —> —
7 Q Q; Oy

Fig. 9 Non overlapping domain decomposition in two dimensions. Notice that a; = jL.

5.2 Dirichlet-Neumann method in 2D

We consider now the two dimensional problem whose non-overlapping domain decomposi-
tion is shown in Figure 9, which corresponds to Figure 2 with 6 = 0. The PDNM is given
by

—Ae}=0 inQj,

¢i(-,0) =0, ef(- L) =

ei(aj,) = (1-0)e;" l(a/v )+ 6¢) 71 (a0,
(@j(aj-1,) = (1= 1)ose ™ (ajo1,7) + 1oeei{(ajo1, ),

for j=2,...,N—1, and

—Ael =0 inQy,
¢i(-0)=0, (L) =0,
ef(ao,") =0,
el(ar,) = (1—0)e"(ar,") +0es ay,),

and
—Aey, =0 inQy,
eﬂ(,O) =0, 6;1\](72) =0
ey (an—1,-) = (1—p)del " (ay—1,-) +udeey ' (an-1,-),

eylan,) =0,
where 6, 1 € (0,1). Now, we consider the Fourier expansion of e;F as in the previous sections.
Since the Fourier coefficients v/}(x, k) solve

OuV) = K3V in (a;, b)),
Vilaj) = (1— )V~ (a)) + 6V} 1 (ay),

dvli(aj1)=(1 —u)&xvﬁ—l (aj-1) +y8xv;f:f (aj-1),

defining

7} = (1-0)v; " (a)) +6v] 1 (a)),
JVH

iti=(1—p) xV'}il(ajfl)"‘.‘13):"1'71(“#1)7
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we get

M k) = —
Vi k) =

forj=2,...,N—1, and

[ke—k[(_/—l)L—x] @]n +e—k(jL—x)c/‘§n +kek[(j—l)L—x] @}1 _ek(jL—x)J‘/i11:| ’

Dt 1
k) = LM e k) = o [ NG -

)

il
where 1 := e % — ekl and p 1= ek + e 7L Exploiting the definition of A" and 77, we
get
0' N /‘/n 1 JV" 1
PR eIy il
n ~ T o (/’/n 1 </1/11 1
o] =0l en G ] em 0]
11 [ -1 n—1 n—l
[';gn =T ’;6;_11 + T g/" |+ ;; 1|, forj=3,...,N=2, (38)
j | 71 j+l
J‘fvnfl_ — _/‘7\1’[:21_ J’fvn:l T, J‘fvn_]
] =mla ] en g %
n . _JVn_]_ - (/1/n71
Nl=1|" N JFTZ{ N:ll}a
[ 0] [N | Iy
where
2 kn 1— 0 0
u 0
Thy=|%2 » ,TI::{ },Tz: {971 29}7
|:0 0:| 0 1-6 T
_ OWA[00]~{1—M0}~ 00
Ty := " , T = , T = , I = [’] .
0 0 01-6 0 0 —o 0

Defining e" := [o,@;f,%"7@g,...,4",9;7...,W,1, M o} the iteration
relations (38) may be rewritten as

TZ%Nen la
where T} DN hag the same structure as TI%N given in (37).

Even tough we observe numerically that p (TZ%N ) < 1, one can also verify that in general
| T2Vl > 1. Hence, in contrast to the other methods discussed in this paper, the infinity-
norm is not suitable to bound the spectral radius and conclude convergence and scalability.
Nevertheless in Theorem 5, under certain assumptions and using similarity arguments as in
[6], we prove scalability of the PDNM.

Theorem 5 Denote by ky;, the minimum frequency and define a(x) := 1/ cosh(x). If 6 = i,

then
p( DN vl—lvl+l12+#0¢ kmmL

where p(L) is independent ofN. Furthermore, if cosh(kyinL) > 2, then p(u) < 1 for any

positive L such that 4 < %, which implies that the PDNM is convergent and scal-

able.
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1.05

A1)

0.95

0.9

0 0.2 0.4 0.6 0.8 1
I

Fig. 10 Function u — p(u) for L =1 and L = 1. Notice that for 1 < 0.831 (vertical dashed line) it holds
that p(u) < 1.

We show in Figure 10 the function p(u) for the case L =1, thatis kmin = 7. The proof
of Theorem 5 relies on the following lemma.

Lemma 3 Ler ot(x) := 1/cosh(x). Then for any x € (0,00) such that cosh(x) > 2 it holds
that i:(zxaf)cz) € (0,1). Moreover, for any x € (0,00) and p € (0, 1) such that cosh(x) > 2 and
1-2 .
u< l_a"(‘gg, it holds that /1 —u+p? +a(x)u < 1.

Proof Let x € (0,), then ¢(x) = 1/cosh(x) < 1. Hence we have 0 < 1 — a(x)? < 1. Now,

take any x € (0,0) such that cosh(x) > 2. First, we have 1 > which implies that

cosh(x)’
1 —2a(x) > 0. Second, we note that 1 —2a(x) < 1 — a(x) < 1 — a(x)?. Therefore, we
obtain that 1=2%%) ¢ (0,1). Now take any p € (0,1) such that u < 1-2a(x)

1—a(x)? 1—a(x)?"
that 1 —20(x) + (a(x)? — 1)u > 0. Multiplying this by u, with a direct calculation, we get
—p+p? < —20(x)p + a(x)?u?. Adding 1 to both sides and taking the square root then
leads to the claim.

This implies

We are now ready to prove Theorem 5.

Proof 1f u = 6, the matrix )2 has the structure

0 -
5~ = 2
B Bip Zu
By Bz,zA o,
By Bip g’l
w s o=
% Bai B2
DN .__
T2D T . . )
& s
Bi1 By ,,';
o~ o~
g“ By By
= 5 2
By By %
wom =
% Bai B22

L 0
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where B, B, B € R2*2. We introduce an invertible block diagonal matrix

g 0
0

0 d>

0 ~
G 0 ,withé:: & 0},

i 9\} and G :=
dp

where the elements g¢ﬂ,d},d}zf2 € R\ {0} will be chosen in such a way that the matrix

G~ 'TPN G can be bounded in some suitable norm. We have

0 _
Ci1 Ci2 %
G G2 )
Ci1 G2 %
%ﬂ G G
—1~DN ~ . .
G TZD G = . .. )
gl.l 9.2 %
£ Gy G
Ci1 Cip 5
g” Cy1 Cop
L 0
where
C=G'BG, C=G'BG, C=G 'BG.

Now, we split G"' AV G into a sum

G ' T G = Ty + o,

where Tyjag contains the diagonal blocks, that is

ro

™

Tdiag =

21 Then we have

35 and Togr = G~ TEN G — Ty, contains the remaining off-diagonal elements
2D g g g %

p(T3p") = p(G™' T3y G) < |G 155" G2 = || Tiag + Tosel2 “
(39
< || Taiagll2 + | Torell2 < \/P(TdiTagTdiag) + \/P(T(}fToff)-

Notice that 5 R
4 4
T Tosr = diag (o,o, iz,...,iz,o,o) ,

Y v
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and hence |/ p (T [ Tos) = 2. £ Now, we focus on the term p (Td—irag Tyiag)- The block diagonal

structure of TdiagTdiag allows us to write

P (e Tiiag) = \/max{p(CTC),p(CTC),p(C O)}. (40)

The evaluation of the spectral radii p(CTC), p(C'C), and p(fo) leads to the analysis of
cumbersome formulas, and we thus bound instead the spectral radii by the corresponding
infinity-norms. To do so, setting d; := ¥; and d; := k}», we obtain

p(C'C)=p(GB'G'G'BG) < ||GB"G 'G 'BG||o =2u* -2 +1.
Next, we set dAl =7, and L;'\z := k7Y and get
p(C"C)=p(GB'G'G'BG) < |GB"G'G'BG|..

4#(1 u)
2

4u(l—p)

=2p*—2u+1+ (ekminL 4 ¢~Kminl)2”

<2u®—2u+1+

where we used that 15 = e*L + e 7L > ¢kminl 4 e—kminl for any k > kpyin, and

p(C'C)=p(GB'G'G"'BG) < |GB' GG 'BG|..

u2 (eka _ ekL)4

_ 2
—maX{l—ﬂ,l—ﬂ+m}§1—u+ﬂ s

kL __ kL
where the fact that W < 1 for any k is used. Now, a direct calculation shows that

4u(l—p)

2 2 2
2u°=2u+1<2u _2H+l+mfl_ﬂ+ﬂ,

for any u € (0, 1). Therefore, we obtain

”TdiagHZ = (leagledé) Vi—pu +I~1

Recalling (39) and (40), we conclude that

P(T3p") < | Taiagll2 + 1 Tosell2 < V1 =+ 2 + —
2 _
SNV =:p(u),

e _
( kminL +e kmmL)

which is first statement of the theorem. The second part follows now from Lemma 3 by
observing that if p(u) < 1, then p(TEN) < p(u) < 1 where p(u) is independent of N.
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6 Neumann-Neumann method

In this section, we study the convergence of the Neumann-Neumann method (NNM) as de-
scribed in [40] for the solution of the two-dimensional problem (4)-(5)". The error equations
for NNM are given by the following: first solve
—Ae}=0in Q;,
€j(-,0)=0, ¢j(-,L) =0,
ehlaj-1) = T} 1, ey ) = 7,

for j=2,....,N—1and

—Ael =0in Qy, —Aéy =0in Qy,
€(-,0)=0, ¢{(-,L) =0, ey(-0) =0, ey(-,L) =0,
i(ao,’) =0, ef(ar,-) =27,  eylan-1,") =Dy, eylan,) =0,
then solve
—Ay; =0 inQ;,

;i (-,0) =0, yj(-,L) =0,
AV (aj1.) = dellaj1.7) — Oy (aj1.),
vi(aj.) = ddi(ay. ) — il (aj, ).
for j=2,...,N—1and
—Ay? =0 inQy,
¥ (-0) =0, yi(-,.L) =0, yi(ao,") =0,
oyt (ar,-) = def(ar,-) — dees(ar, ),

and
—Ayy =0 inQy,
wn(-0) =0, yy(-,L) =0, yy(an,-) =0,
Wy (an—1,-) = okey(an—1,) — ey _i(an—1,°),
and finally set
71 = 77— (a),) + ¥ (a),)), (41)
for j=1,--- N —1, where ¥ > 0. As in the last sections, we use the Fourier expansion

G = L h(wh)sinto), () = L wiek)sinte),

m=1

where k = %. The Fourier coefficients vj(x, k) and w';(x, k) solve the problems

kzv;f—8xxvf,1-:0 in (aj_1,a;), kzw'}—8xxwl’}:0 in (aj_1,a;),
Vilaj-1,k) = 7j 4, dw'i(aj-1,k) = devj(aj-1,k) = v (aj-1,k),
vilaj,k) =27, aw'i(aj, k) = dwj(aj k) — o'y (aj,k),

! Notice that in 1D the NNM is not well defined because the solution of pure Neumann problems with a
non-zero kernel are necessary for the interior subdomains.
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forj=2,...,N—1, and

kzvrll - axx‘)’} =0 in (007511), kZert — 8xxw’]' =0 in (a07a1)7
vrll(aovk) :07 1:erll(a07k) =
Vi(ai, k)= 27, ' (ai,k) = 8 W (a1,k) — IV (ar, k),
and
— vy =0 in (ay_1,an), KWy — duwly =0 in (ay—1,an),
VN(aN 1,k) = 91\/ 1 dwy(an—1,k) = oy (an—1,k) — vy (an—1,k),
vv(an,k) = wy (an,k) =0,

for the first and last subdomains. Setting for simplicity of notation 7§ = 25, = 0 and defining

1 = e — eFL the solution v;f can be written as

V;!(XJC) y |:@n( —(j—1)L) _ k((] 1)L—x ) +9n < (jJL—x) _ ek(xij)>:| ,
which is used to solve the problems in w?, and we obtain

W (x, k) = y] (2@" (e )~ 291 29, () 4 HUL0)

n —kLy _ no_ n k(x—(j—1)L) k((j—1)L—x)
o (2@ ekt ) -2 2 m) (e +e ) ,
forj=2,...,N—1, and

W) = o (227 (¢ e <208 (- )

1
Wik = (“2Zh s+ e ) 4275y ) (HNH - M),

52 where 75 := el + 7KL, Using equation (41) we get
o =2p-5 [49,1 ((ekL +e,kL)2 ~ 2) 49, 43;4 , 42)
3 for j=2,...,N—2,and
A =7~ D (2 + ey 7p —223)

= (2 e -2 12 e 75 - 48
i (43)

%)
T =y~ (UM e R -2 )

_% (2((6“‘4—67“‘)2—2).@;\'[71 +2(€k1‘+€7k1‘).@;\';,2—4@;\l,73) .
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T , :
We define €" = [, 2 -+, Z%_| ], and write equations (42)-(43) as "™ = TVe",

where the iteration matrix T}y, is given by

a7y p

0a 0 B

B O a0p
a0
B O ao

L B v aj

with o ::1—‘;/—‘29 ((ekL—i—e’kL)z —2),ﬁ = %, o ::1—%@“—1—6’“)— %((ekL+e’kL)2—
1 1 1

2),Y:= 27? — %(e“—i—e‘“), B = %.

Theorem 6 If % > M then the NNM with © = % is scalable, in the sense that p (T ) <
1T = % < 1.
1

Proof The infinity-norm of 72" is given by

T35 o = max { & + 71+ Bl ot +21B] }

Using ¢ = % and exploiting the definition of 7, the coefficient & in 74y}’ becomes
1 i)\ 2 cosh(kL)> 1 1 2
a=1-— (“ kL) o) =1- - S
7 ( ete Snh(kL)?  2smh(kL)? 72
Similarly, one obtains that @ = —#. Moreover, we have § = E = # Therefore, we get
1 1

2\ 1 4 4
TN w:max{(Z—i——) —,—}:—,
1757l r) v Rl w

since 1> > 1. This shows that ||T2)" || is strictly smaller than one if the condition ;‘—2 <1
1

holds, meaning that 9, > 2, and since the map k — ¥ = 2sinh(kL) is strictly increasing in ,
it suffices that y; > 2 is satisfied for just k = % Hence the condition becomes sinh(kL) > 1

or equivalently kL > arcsinh(1) = In(1 4+ /2), which concludes the proof.

We show in Figure 11 two examples of the spectral radius and the infinity norm of
the iteration matrix of NNM for different subdomain heights, which illustrates the strong
dependence of NNM on the subdomain height. Note that in Theorem 6 we assumed that

L M If this condition is not satisfied, numerical experiments show that p (72} ) > 1,
and therefore the method is not convergent and can thus not be scalable.
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Fig. 11 Spectral radius (solid line) and infinity-norm (dashed line) of Tzl\l’)N forL=1,0= %, and k = 7. Left:
L= 1.Right : L = 3. We see that the subdomain height has a strong influence on the performance.

7 Numerical experiments

We solve numerically problem (4)-(5) with f; = 0 and g; = 0 by applying the domain-
decomposition methods studied in the previous sections. We choose subdomains having
height L=1and length L = 1 (without overlap), that is each subdomain without including
the overlap is a unit square. The Laplace operator defined on this square is discretized by
the classical 5-point finite-difference stencil defined on a uniform grid with J interior points
in both x and y directions, with J = 100. The mesh size is h = ﬁ and the overlap (for
PSM and OSM) is set to &6 = 10h. The number of (fixed-sized) subdomains is N = 100.

We generate the error sequence {e’}}n by applying PSM, OSM, PDNM, and NNM starting

with an initial error €’(x,y) = Y/ _| %y sin(mmxy), where the coefficients ¥, are randomly

chosen in the interval (—1,1) in order to insert error components in all the frequencies. For
the OSM the optimized Robin parameter is p = 3.61, which has been found minimizing
the maximum with respect to k of the spectral radii of the matrices T200~ The relaxation
parameters of the PDNM are 6 = . = % while the relaxation parameter of the NNM is
6= %. The iterative procedures are stopped when the error [[e"[| := max;maxg; |e;| is

smaller than the tolerance tol = 1071, In Figures 12-13-14-15 (left) we compare the decay
of the errors of the 4 methods studied in this paper with the theoretical convergence rate
obtained by a numerical estimate of the spectral radii of the transfer matrices T>p, Tz%, TZ%N s
and T%N .

In particular, the spectral radii are computed using their maximizing frequencies, that
is k = kmin = 7 for all the methods. In all cases we observe a very good agreement of the
numerical decay (dashed lines) with the theoretical estimate (solid lines). We see also that
the NNM requires less iterations (only 7) than all the others to reach the desired tolerance.
The OSM requires about 16 iterations to converge, but at each iteration only J subproblems
are solved, while the NNM requires the solution of 2J subproblems, so their performance is
comparable, and in addition, one could use higher order optimized transmission conditions
for OSM, see [13], to lower the iteration count further. The PSM and the PDNM converge
more slowly, needing about 65 and 110 iterations. Finally, in order to study the scalability
of the 4 methods, we repeat the previous experiment with different numbers of fixed-sized
subdomains N and different values of tol. The results shown in Figures 12-13-14-15 (right)
show that the number of iterations (up to small changes for small values of N) is constant
with respect to N. These numerical experiments are in agreement with the theoretical results
proved in this paper.
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Fig. 12 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the PSM. Right: number
of iterations performed as function of the number of subdomains N; each curve corresponds to a different fixed
tolerance. In particular, from the bottom to the top the curves correspond to tol equal to 1074, 107°, 1078,
10710, 10712, 10714,
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Fig. 13 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the OSM. Right:
number of iterations performed as function of the number of subdomains N; each curve corresponds to a
different fixed tolerance. In particular, from the bottom to the top the curves corresponds to tol equal to 1074,
1076,1078, 10710, 10712, 1014,
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Fig. 14 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the PDNM. Right:
number of iterations performed as function of the number of subdomains N; each curve corresponds to a
different fixed tolerance. In particular, from the bottom to the top the curves corresponds to tol equal to 10~4,
1076, 1078, 10710, 10712, 1014,
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Fig. 15 Left: numerical (dashed line) and theoretical (solid line) decay of the error of the NNM. Right:
number of iterations performed as function of the number of subdomains N; each curve corresponds to a
different fixed tolerance. In particular, from the bottom to the top the curves corresponds to tol equal to 10~%,
1076, 1078, 10710, 10712, 1014,

8 Why the methods scale in 2D but not in 1D

We showed a very different convergence behavior for all one level domain-decomposition
methods for the solution of a chain of N fixed-sized subdomains when N increases: the
methods for the solution of a one-dimensional chain are not scalable, whereas they are scal-
able for the solution of a two-dimensional chain. At first glance, the two models seem to be
very similar, and we want to give now an intuitive explanation for this different behavior.
As we have already discussed in Section 3.1 for the PSM in the one-dimensional case, the
propagation of a reduction of the error starts from the first and last subdomains and moves
towards the subdomains being in the middle of the chain. Therefore, for some given initial
error €%, one has to wait about N /2 iterations before observing a contraction of the error in
the middle of the chain. This fact is due to the (only) two homogeneous Dirichlet boundary
conditions that are imposed at the extrema x = a; and x = by of the domain €, see (6)-(7).
Therefore, the “internal subdomains” do not directly benefit from the good effect of these
zero Dirichlet conditions. On the other hand, in the two-dimensional case, each subdomain
in the chain benefits from the zero Dirichlet conditions imposed at the top and at the bottom
of the rectangles £2;, see (9)-(10). Therefore, a contraction of the error starts immediately in
each subdomain and one has not to wait for the effect coming from the left/right boundaries
of Q to propagate into the entire chain to reach a given tolerance. Hence, the “distributed”
homogeneous Dirichlet boundary condition in the two-dimensional case is the reason for the
scalability of the PSM, and this argument is also valid for the other domain decomposition
methods we discussed.

Remark 1 If we have Neumann boundary conditions on the top and bottom boundaries of
the two dimensional problem, then PSM, OSM and PDNM do not scale, as one can see by
slightly adapting our analysis: the Neumman boundary condition implies the use of a co-
sine Fourier series, instead of the sine Fourier series. The zero frequency is now included in
the expansion, i.e. €}(x,y) = YV} (x,kn) cos(ky). For m = 0, the Fourier coefficient v
satisfies the same equation as in the one dimensional case, and thus the scalability property
of the two dimensional case is lost due to the presence of this frequency, since the spectral
radius of the corresponding matrix deteriorates as the number of subdomains grows. For
the one level NNM the situation is even worse: NNM is not well posed then, since the sec-
ond step of the iteration would require the solution of pure Neumann problems for interior
subdomains, as in 1D.
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Fig. 16 Spectral radii of the iteration matrices for the different methods corresponding to L = 1/N, L=1,
and k = 7. For PSM and OSM the overlap is rescaled as 6 = L/10.

Remark 2 Our analysis can also be used to recover by a numerical evaluation of the con-
vergence factors the well-known results concerning the non scalability of one level domain
decomposition methods for fixed-size problems, where the subdomains become smaller and
smaller as their number grows, see for instance [40]: by setting L = 1/N and increasing the
number of subdomains, we see that the convergence factors of the classical and optimized
Schwarz methods and the Dirichlet-Neumann methods tend to 1 when the subdomain num-
ber increases, as shown in Figure 16. So these methods can not be weakly scalable in this
setting, in contrast to the case where the subdomain size remains fixed, as in the earlier sec-
tions. For the Neumann-Neumann method, the situation is even worse, since the assumption
of Theorem 6 is not satisfied anymore, and the method fails to converge when the number
of subdomains grows in this case.

Remark 3 As an anonymous referee suggested, it is interesting to also consider the case of
a fixed number of multiple vertical layers of chains. In this case, the methods would still be
scalable when adding more and more subdomains in the horizontal direction, provided the
subdomain size remains fixed. This can be seen as follows: for a single layer of N subdo-
mains, we have seen that the contraction reaches the middle subdomain after % iterations.
To use this argument in the vertical direction, suppose for example that we have 5 vertical
layers: if we then consider 3 iterations, then the contraction given by the Dirichlet boundary
condition on the top and bottom reaches the middle layer, and thus all layers start contract-
ing. So looking in packets of 3 iterations, the errors will contract independently of how many
subdomains are added in the horizontal direction in each layer, due to our results for a single
layer.
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