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Abstract

We analyze overlapping Schwarz waveform relaxation for linear advection
reaction diffusion equations. We prove linear convergence of the algorithm
on unbounded time intervals and superlinear convergence on bounded time
intervals. In both cases the convergence rates are shown to depend on the
size of the overlap. The linear convergence result also depends on the num-
ber of subdomains, because it is limited by the classical steady state result
of overlapping Schwarz for elliptic problems. The superlinear convergence
result however is independent of the number of subdomains. Thus overlap-
ping Schwarz waveform relaxation does not need a coarse space for robust
convergence independent of the number of subdomains, if the algorithm is
in the superlinear convergence regime. Numerical experiments confirm our
analysis.

1 Introduction

Overlapping Schwarz waveform relaxation is a long name for an algorithm which
simply solves evolution problems in parallel. It got its name as follows: the dis-
tribution of the computation is achieved by partitioning the spatial domain into
overlapping subdomains, like in the classical Schwarz method [Sch70]. However
on subdomains, time dependent problems are solved in the iteration and thus the
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algorithm is also of waveform relaxation type [LRSV82]. Hence the name over-
lapping Schwarz waveform relaxation. These algorithms have been introduced in
[GZ97, GS98a, GZ02] and independently in [GKO02] for the solution of evolution
problems in a parallel environment with slow communication links, since they
permit to solve over several time steps before communicating information to the
neighboring subdomains. They are ideal if one wants to use large existing networks
of PC’s as a super-computer. An earlier analysis of the same type of algorithm
for hyperbolic problems can be found in [Bjg95b, Bjg95al. For non-linear reaction
diffusion equations in one dimension, see [Gan98§].

These algorithms stand in contrast to the classical approach in domain de-
composition for evolution problems, where time is first discretized uniformly using
an implicit discretization and then at each time step a problem in space only is
solved using domain decomposition, see for example [Meu91] and [Cai91, Cai94].
The main disadvantage of the classical approach is that one is forced to use the
same time step in all subdomains and thus looses one of the main features of
domain decomposition, namely to treat subdomains numerically differently. A
second disadvantage is that one needs to exchange information at each time step.
Overlapping Schwarz waveform relaxation is a remedy for both problems. An inter-
esting variant using moving meshes can be found in [HR07], and the performance
of the algorithm can be enhanced using more effective transmission conditions, see
[GHN99, Mar05, GH07, BGH09].

In this paper we study classical overlapping Schwarz waveform relaxation for
space decompositions in all generality for the linear advection reaction diffusion
equation in d dimensions. We prove linear convergence of the algorithm on un-
bounded time intervals and superlinear convergence on bounded time intervals.
Both results are obtained at the continuous level, which leads to algorithms that
converge independently of the mesh size if the overlap is held constant.

2 The Schwarz Waveform Relaxation Algorithm

We consider as our guiding example the advection reaction diffusion equation for
a scalar density u(¢,z) on a bounded domain 2 C R¢ with boundary 09,

L(u) = —%—?—H/Au—l—a-Vu—i-cu = f inQx(0,7),
u = g ondx(0,7), (1)
u(0,:) = wy in§,

where v > 0 is the viscosity parameter, a is the advection field and ¢ represents a
source term. Without loss of generality, we assume that ¢ < 0; if not, a change of
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Figure 1: The construction of an overlapping decomposition in two dimensions.

variables v = ue ! leads to an equation with negative reaction term for a suitable
choice of o. For initial data uy € C°(€2), boundary data g € C°(0,7; C°(Q2)) and
f€C%0,T;C°)) this problem has a unique solution v € C*(0,T;C?%(2)). This
solution satisfies a maximum principle: if f = 0, then the solution u(¢, ) attains
its maximum either on the initial line, at £ = 0, or on the boundary, € 02, see
[RR96].

To compute an approximate solution of (1) on a parallel computer, we parti-
tion the domain {2 into overlapping subdomains, and then use an algorithm which
requires only subdomain solutions to construct an approximation of the solution
on the entire domain. A partition into overlapping subdomains can be obtained as
follows: we first partition €2 into /N non-overlapping subdomains €2; with bound-
aries a?zj, j=1,2,..., N, as shown in Figure 1 for an example in two dimensions.
We denote the boundaries of the subdomain S~2j interior to the domain €2 by fj and
the part of the boundary shared with 02 by f;’ Then we construct an overlapping

decomposition 2; with boundary 9€); by enlarging each Qj so that the boundaries
I'; of the new subdomains interior to {2 are at least a distance ¢ + € away from fj.
We denote again the part of the boundary 0€2; shared with 02 by FO

We further introduce for technical reasons a partition of unity X 6 C*° associ-
ated with the non-overlapping subdomains Q such that x; =1 in Q and x; =0
outside, except for small transition layer centered around the interior boundary f]
of width 2e > 0 where x; decays smoothly to zero.

To solve the parabolic problem (1), the overlapping Schwarz waveform relax-



ation algorithm starts with an initial guess v°(t,z) € C'(0,7;C?%(2)) and con-
structs successive approximations u™ (¢, ) € C(0,T; C?*(Q2)) by solving subdomain
problems in the subdomains §2; only, using as boundary conditions the traces of
u™~1. Once all the subdomain solutions uy are obtained, the new global iterate u"

is defined using the partition of unity, u" := Z;VZI X;juy;, and hence the new iterate

satisfies again u™ € C1(0,T;C?(Q). The Schwarz waveform relaxation algorithm
is thus given by

L(uf) = f X in Q; x (0,7), N
uj u"™' onI'; x (0,7), n_ u”
U;L _ on F? y (O,T), U ZX]U] . (2)
J=1

UH(O,) = U in Qj,

Algorithm (2) corresponds to a Jacobi Schwarz iteration which can be done in
parallel: each subdomain solution v} can be computed independantly of the oth-
ers, the only data needed is u" . One can also consider a Gauss Seidel Schwarz
iteration, which would need a special coloring of subdomains to remain a paral-
lel algorithm: if subdomains with the same color do not touch each other, then
subdomains of the same color can be solved in parallel using the boundary values
coming from subdomains with different colors. We focus in the analysis on the Ja-
cobi version only, analogous results for the Gauss-Seidel versions can be obtained
similarly.

3 Linear Convergence on Long Time Intervals

To obtain a result valid on long time intervals, we consider the case where T' = oc.
We define the integer distance quantity m; for each subdomain €2; to be the least
number of subdomains one has to pass through to touch the boundary 02, and
also the maximum m := max;m;. We further define the index sets I; := {j :
m; = [} so that the index set [; contains the indices of all the subdomains which
are within distance [ of the boundary. We further define for bounded functions
g € C*0,T;C*(Q)) the norm

lglla == sup |g(t,z)|.
t>0,L€Q

Theorem 3.1 (Linear Convergence) The iterates u™ defined by the overlap-
ping Schwarz waveform relazation algorithm (2) converge on long time intervals
t€[0,7), T < oo, at least linearly to the solution u of (1),

[+ — uflg < (y(m, 6)" [[u® — ullo, (3)
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where y(m, ) is a number strictly less than one and independent of n.

Proof It suffices by linearity to consider the homogeneous problem, f(x,t) =
g(x,t) = up(x) = 01in (1) and to prove convergence of the iterates u™ to zero. The
idea of the proof is to construct a sequence of elliptic upper bounds on the iterates
u? on each subdomain, and then to apply the maximum principle argument from
[Lio89] for the elliptic upper bounds. For n fixed, we define U™ := ||u"||q and using
the maximum principle for parabolic problems, the steady state solution ﬂ?“ of
the elliptic problem

VAU +a- VT + cﬂ?“ = 0 inQy
() = vr onry, )
() = 0 onTY
is an upper bound on the modulus of u;-l“. Now 11;-”“1 also satisfies a maximum

principle and for j € Ip we have @7+' < U™ in the interior of Q;, since @it satisfies
on the part Fg of its boundary a homogeneous boundary condition. We now define

n+1 .__ ~n+1
Urtt:= sup @ (@),
TeQ el

and by the argument above there exists a constant y; < 1, such that U™ < ~,U"™.
Note that v; depends on the size of the overlap, v; = 71(d), but not on n, because

11;-”1 is a linear function of the boundary condition. Note also that for j ¢ I
we have ﬂ;‘“ not necessarily less than U™, since ﬂ?“ has the value U™ on all its
boundaries and thus we could have @' = U™.

Now for the next iteration by definition part of the boundary of the subdomains
2; with j € I; lie strictly within €; with [ € I, and therefore for j € I; the solution
@7*? of the elliptic problem

VAT +a- Vgt £t = 0 inQ,
@;H-?(.) = U" onl;nN 91, I ¢ I, (5)
a;H-?(.) = U™ onl;NQ, el

is an upper bound on the modulus of u?”. Since U™ < 4,(6)U™ we have by the
maximum principle 11;-”’2 < U™in ﬁj for j € I, and defining U™*? similarly to U™}
before, we find U2 < ,(6)U™ for some constant ;(d) < 72(d) < 1 independent
of n. By induction, we find at step n + m + 1 for the iterates in the subdomains
2; with j € I, the elliptic upper bound

magﬁmﬂ ‘a- v,a;H—m—H n Ca;p+m+1 =0 in €15,
a?—km-}—l(_) -y on TNy, 1 ¢ 1,1, (6)
a';—f—m—f-l(_) = "™ on Fg M Ql: l e Imfla
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and @}t < U™ in Q. Defining U™t™+! as before we find U™+ < 7, 4 (6)U™
for some constant 1 (6) < 72(d) < ... < ymy1(d) < 1, independent of n. Now for
the next iteration step n +m + 2 all the u;-”m” have boundary values less than
or equal to U™t <~ 1 (§)U", since they come from iteration step k +m + 1
in the interior of neighboring subdomains. Defining y(m, ) := Y,11(d) the result
follows. [ |

Note that the above estimate for v(m,d) is conservative, since y(m,d) was
derived assuming worst case behavior. y(m,d) will also depend on the shape of
the subdomains, which does not appear in the above argument because of the
generality of the domain decomposition we used.

The convergence result we derived on unbounded time domains depends on the
number of subdomains, as one can see explicitly from the dependence of v on m.
The more subdomains one uses, the longer it takes for information to propagate
from the outer boundary of €2 to the inner subdomains. This is because the steady
state solution is limiting the convergence rate, and the steady state solution does
not see the zero initial condition. This is different in the superlinear convergence
analysis of the next section.

4 Superlinear Convergence for Bounded Time
Domains

We now consider a bounded time interval, 7" < oo. Like in the unbounded time
domain case we are solving at each step n of the waveform relaxation iteration (2)
subproblems using the boundary information from the neighboring subdomains at
step n — 1. We are interested in estimating the decay of u} in (2) as one moves
away from the boundary of the subdomain 2; for short time ¢. We define the
infinity norm of a function g(z,t) on the boundary I'; of subdomain €2; by

gC)llry == sup  |g(,1)].
Tel;,0<t<T
We first estimate the decay of the iterates on the boundary of the subdomains over

one step of the iteration. To do this, we need an estimate of the solution in a ball
with radius §, B(§) C R¢, of the problem

L) = 0 x e B@O), 0<t<T,
v(z,t) = g(t) £xe€dB(), 0<t<T, (7)
v(z,0) = 0 =z e B(9).



Lemma 4.1 For g(t) > 0, non-decreasing, and ¢ < 0 the solution v of (7) for
B(6) C R? is bounded from above at the center of the ball x = 0 by

v(O,t)g/O K(%,t—f)g(f)m,

where the kernel K(z,t) is given by

a274uc 2

Zcosh za;/(2v))—=7 rT P vl
\/7r1/t3/2

Proof We inscribe a hypercube Q(6) in R? with side \2/—% into the ball B(4) and
consider the decay of ¢ in the hypercube Q(J),

L(®) = 0 reQR), 0<t<T,
o(x,t) = g(t) x€0Q6), 0<t<T, (8)
9(x,0) = 0 z € Q0).

Evaluating ¢ at the center of the hypercube Q(§) we obtain an upper bound on v
by the maximum principle and the monotonicity of ¢g(¢). Now an upper bound on
¥ at the center of the hypercube Q(d) can be obtained by summing the half space
solutions ¥; of the advection reaction diffusion equation for each of the 2d faces of
the hypercube,

L@B;) =0 =zeR, z;>0, 0<t<T,
di(z,t) = gt) zeR, ; =0, 0<t<T, 9)
vj(x,0) = 0 zeRY, z; >0,

where z; denotes the j-th component of & € R?. The solution of (9) does only
depend on z; in space and is independent of z;, ¢ # j, because ¢(t) is independent
of . It is therefore easily obtained via Laplace transform,

i(x,t) /Kac], —7)g(t — 7)dr

with the kernel K given by
2 2 2
N €T x +(aj—4uc)t +2majt
K. T,t) = ———=€" vt
(@ t) 2/Tt3/2

Summing this solution for each side of the hypercube means summing the kernels
and noting that opposite sides of the hypercube differ in the kernel only in the
advection direction, we find the kernel given in the Lemma. [ |




Lemma 4.2 In d dimensions, for ¢ < 0, the iterates u;-’“ of the overlapping

Schwarz waveform relazation algorithm (2) satisfy on the boundary of all subdo-
mains §2; the estimate

max |[uf ||, < 2d cosh(0@/(2vV/d)) erfe(
j

)m]aXHU’;'LHTj’

)
2V dvT

where @ = max; |a;|.

Proof We define U, (T') := max;(||u}||r;). Because of the overlapping property
we are interested in the magnitude of u?(zx,?) at distance ¢ from the boundary T';
for short time. An upper bound is given by Lemma 4.1,

Unia () = max(l ) < [ K(G=T=nUear. (10)

Now taking the supremum of U, (7) (which is attained at T') out of the integral,
and estimating one part of the exponential in the kernel K by

a2474uc

e T <1, 0<t<T, (11)

Y

where we used ¢ < 0, we obtain
o

Ups1(T) < 2d cosh(da/(2vVd)) /T Kh(\/a

,T —7)drU,(T)
where the heat kernel K, is given by

22

4vt |

x _
Knle,t) = 5

Applying the variable transform
4]

v 2/ dv(T — 1)

to the integral leads to

Upi1(T) < 2d cosh(da/(2vVd))erfe( YU (T).

|
Note that a slightly sharper convergence estimate could be obtained by using the
additional exponential decay in (11).



Lemma 4.2 can be used to derive an arbitrary fast linear upper bound on the
convergence rate by shortening the time interval (0,7), since
lim erfc(z) = 0.
T—r00
This can be acheived in the algorithm by introducing time windows: the global time
interval (0, 7) is split into equal time windows and the computation is performed
in each time window separately, where it converges much faster. This technique is
often used for waveform relaxation algorithms, see for example [Nev89).
But this indicates that the fundamental convergence rate of the algorithm is
faster than linear, and we derive now an upper bound on the decay of the error
over n steps of the iteration which leads to a superlinear convergence result.

Lemma 4.3 In d dimensions, the mazimum of the iterates u} of the overlapping
Schwarz waveform relazation algorithm (2) decays on the boundary of all subdo-
mains §2; in the infinity norm at least at the rate

mjax||u?|\pj < (Qdcosh(éa/(QU\/g)))n erfe(

) max )
X . ..
oyl i A
Proof By iteration of inequality (10) in Lemma 4.2 we get a bound in form of a
convolution, namely

Un(T) < 2dcosh(5a/ 21/\/_ / Kh T S1) -
/ Kh — Sn)dS‘n t 'dSlU()( )

To unfold the convolutions, note that the Laplace transform of a convolution is
the product of the Laplace transformed kernels. In our case the Laplace transform
of the kernel, see [AS64], is

* ) _5
e S Ky(—, t)dt =e Nd"/g,
/0 h(\/a )

and thus the n-fold convolution is the product of identical exponentials in the

Laplace transformed domain,
e 2\/_ ‘[

Back-transforming this expression, we find
_ n (T no
U, (T) < (2d cosh(aa/(n\/&))) Kn(Z2, T — 7)drUy (T).
0 Vd
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Using a similar variable transform as in Lemma 4.2 the result follows. [ |
Defining for bounded functions g(x,t) : 2 x [0,7) — R the norm

g, )llr:==sup |g(z, 1),
e, 0<t<T

we have the following convergence result.

Theorem 4.4 (Superlinear Convergence) For c < 0 the overlapping Schwarz
waveform relaxation algorithm (2) in R? converges superlinearly on bounded time
intervals t € [0, T < 00) in the infinity norm,

max [ (-, )|l < (chosh(da/(Ql/\/g)))n erfc(Qj;fﬁ) max [us (-, )lr- (12)

Proof The proof follows from Lemma 4.3 and the maximum principle. [ |
There are two interesting facts to note about Theorem 4.4: first the convergence
rate is independent of the number of subdomains, there is no dependence on a
parameter m related to the number of subdomains as in Theorem 3.1. Second
the superlinear convergence rate is faster than the superlinear convergence rate
found for classical waveform relaxation algorithms. The classical result gives a
contraction governed by a factorial, see [MN87], with asymptotic expansion
(CT)n — ( 1 + O(nl)) efnlnn—}—(l—i—ln(C’T))nfélnn ~ efnlnn’

V21

whereas the new result in Theorem 4.4 gives a contraction with asymptotic expan-

sion
%) = ﬁ + O(n—Z) e—%%n2+ln(01)n—lnn ~ e_nQ’
VT

n!

CTerfc( o

an improvement due to the diffusion.

5 Numerical Experiments

We present now numerical experiments for the advection reaction diffusion equa-
tion (1) on the unit square in two dimensions,

?3_1; =vAu+aVu+cu, inQ=(0,1)x(0,1),t¢€ (0,7]. (13)
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Figure 2: Error in the maximum norm in space and time as a function of the

iteration index n for different overlap sizes, on the left when integrating over a

relatively long time interval, where the algorithm converges linearly, and on the

right over a shorter time interval, where the algorithm converges superlinearly.

We simulate directly the error equations and thus employ homogeneous initial and
boundary conditions and look for the zero solution. The advection is chosen to be
diagonal, @ := (1,1) and the other parameters are ¢ = —1 and v = 5. We decom-
pose the domain into several overlapping subdomains (small squares) with equal
size and overlap in both spatial directions. We discretize in space using centered
finite differences, and the problem is solved using backward Euler in time. To see
linear convergence, the problem is integrated over a relatively long time interval
t € (0, 1], and to see superlinear convergence the problem integrated over a shorter
time interval ¢ € (0,0.1]. We chose for the spatial discretization step h = 51—0, and
for the time step At = ﬁ. Figure 2 shows the algorithm in the linear and su-
perlinear convergence regime when the problem is solved using four subdomains,
for different values of the overlap parameter 6 € {0.02,0.04,0.08}. This illustrates
the two different convergence behaviors of the overlapping Schwarz waveform re-
laxation algorithm shown in Theorem 3.1 and 4.4, and also that increasing the
overlap leads to faster convergence, as expected.

We next investigate the dependence of the convergence on the number of subdo-
mains. Theorem 3.1 for the linear convergence regime shows that the decay of the
error depends on the number of subdomains, the parameter m appears in equation
(3), which is similar to the results found for the heat equation in [GS98b]. Thus for
a long time interval, the overlapping Schwarz waveform relaxation algorithm does

not scale with respect to the number of subdomains. This is illustrated in Figure

11
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domai
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T T

Figure 3: Influence of the number of subdomains on the algorithm: on the left
for a long time interval where the linear convergence rate depends on the number
of subdomains, and on the right for a short time interval where the superlinear
convergence rate is independent of the number of subdomains.

3 on the left, for the case of the decomposition of the unit square into 2 x 2, 3 x 3,
4 x4 and 6 x 6 subdomains, using each time the same overlap parameter § = 0.04,
and we integrate the equation on the time interval ¢ € (0,2]. In the superlinear
convergence regime however the convergence rate is independent of the number
of subdomains, as we showed in Theorem 4.4. This is confirmed in the numerical
experiment shown in Figure 3 on the right, and corresponds to the result found
for the heat equation in [GZ97].

Both results can be understood intuitively, by looking at the sequence of errors
at the end of the time window given in Figure 4 for the case of 6 x 6 subdomains,
when the algorithm is used over the long time window. In this long time window
case, the initial condition, where the error is zero, has very little influence on the
error at the end of the time window, and thus only the zero error on the boundary
of the domain contributes to reduce the error at the end of the time interval. This
leads therefore to a convergence behavior comparable to the classical Schwarz
algorithm for steady, elliptic problems, whose convergence depends on the number
of subdomains.

The situation is very different if the same algorithm is used over a short time
window. The corresponding errors at the end of the short time window are shown
in Figure 5. Here, the error decay is dominated by the initial condition, which is
correct (i.e. the error is zero initially) for all subdomains. Since one integrates only
over a short time, the error is small in all subdomains, independent of their distance

12
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Figure 6: Influence of advection strength on the convergence behavior of the

Schwarz waveform relaxation algorithm, on the left over a long time interval, and

on the right over a short time interval.

to the boundary of the original domain, and thus convergence is independent of
the number of subdomains.

We finally show the influence of the advection on the convergence of the algo-
rithm in Figure 6. We chose the same parameters as in Figure 3, except that we
fixed now the overlap parameter to 6 = 0.02, and varied the advection strength,
a=(1,1),a=(5,5), and @ = (10, 10). One can see that the algorithm converges
faster when the advection increases.

6 Conclusions

We have shown that the overlapping Schwarz waveform relaxation algorithm for
general linear advection reaction diffusion equations in arbitrary dimension with
very general domain decomposition exhibits two different types of convergence
regimes: on unbounded time intervals the algorithm converges linearly at a rate
depending on the overlap, the problem parameters and the number of subdomains.
On bounded time intervals, the convergence is superlinear, also depending on
the overlap and the problem parameters, but it is independent of the number of
subdomains. The main property used in the convergence analysis is a maximum
principle, and hence similar results can be derived for other equations satisfying a
maximum principle. For the superlinear convergence rate, in addition the decay
of the Green’s function needs to be estimated. We believe that the algorithm will
converge superlinearly for many other time dependent partial differential equations
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when applied over short time intervals, because the initial condition is then most
important for the solution. Waveform relaxation algorithms in general for systems
of ordinary differential equations have a zero spectral radius on bounded time
intervals, see [Nev89]. It would be interesting for example to analyze the Stokes
problem.

The algorithm presented in this paper can be improved by using other trans-
mission conditions. In particular the use of Robin transmission conditions leads to
substantially faster algorithms, see [GHO7], which also converge without overlap
between the subdomains, see also [BGH09] for higher order transmission condi-
tions. Such algorithms, called optimized Schwarz waveform relaxation algorithms,
have also been studied for the wave equation, see [GHNO3] for the one dimensional
case, which includes also a detailed analysis of the discretized case, and [GH04]
for the case of higher dimensional wave equations. To prove convergence with
overlap is however much more difficult for optimized Schwarz waveform relaxation
algorithms in the case of general decompositions like the ones used in this paper,
this is the subject of futur research.

Acknowledgment: The second author acknowledges the support of the Swiss
National Science Foundation grants 200020-117577/1 and 200021-107988.
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