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Abstract We study non-overlapping Schwarz methods for solving a steady-
state diffusion problem in heterogeneous media. Various optimized transmis-
sion conditions are determined by solving the corresponding min-max prob-
lems; we consider different choices of Robin conditions and second order con-
ditions. To compare the resulting methods, we analyze the convergence in two
separate asymptotic regimes: when the mesh size is small, and when the jump
in the coefficient is large. It is shown that optimized two-sided Robin transmis-
sion conditions are very effective in both regimes; in particular they give mesh
independent convergence. Numerical experiments are presented to illustrate
and confirm the theoretical results.

Keywords Optimized Schwarz Methods - Optimized Transmission Condi-
tions - Domain Decomposition - Parallel Preconditioning

1 Introduction

The simulation of flow in heterogeneous porous media is an important problem
that arises in many engineering applications: oil recovery, earthquake predic-
tion, underground disposal of nuclear waste, etc. In these applications, the
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computational domain often consists of several regions with significantly dif-
ferent physical properties. In the mathematical model, this translates into a
partial differential equation with discontinuous coefficients.

For large numerical computations with those problems, domain decompo-
sition is a natural idea: a non-overlapping decomposition is directly suggested
by the different physical regions. Classical Schwarz methods require overlap
to converge (see for example the books [33], [35]) and thus cannot be used in
this context. Modern non-overlapping domain decomposition methods such as
FETT and its variants (see [9], [35] and references therein) were developed and
analyzed; they give mesh independent convergence. These methods are based
on either Dirichlet or Neumann coupling conditions between subdomains.

More general transmission conditions were then proposed for the Schwarz
method in order to obtain a converging method without overlap [26], or to ac-
celerate the convergence [20,34,32]. This led in particular to optimized Schwarz
methods, in which transmission conditions are optimized for performance. This
approach was first introduced by Japhet [22] for advection-diffusion problems,
with further developments appearing in [25], [23] and [24]. Later, optimized
Schwarz methods were thoroughly analyzed for symmetric positive definite
problems [11] and for the Helmholtz equation [10], [16]. The idea of opti-
mized transmission conditions is also employed to improve the performance of
Schwarz Waveform Relaxation methods for parabolic problems [31,13,1], and
hyperbolic problems [15,12]. In all these studies, the model problem consid-
ered has constant coefficients over the entire computational domain, and the
results can be applied in general for smoothly varying coeflicients.

For problems in heterogeneous media, some domain decomposition meth-
ods with Robin transmission conditions have appeared in the litterature. In
[19], a Robin-Robin preconditioner is proposed for advection-diffusion prob-
lems having discontinuous viscosity coeflicients, and an estimate for the con-
vergence factor is derived for a model problem. In [7] and [3], optimized Robin
conditions are mentioned but the optimization problem is not fully solved;
instead, an approximate choice is made for the Robin parameters. In [17] and
[18], optimized Schwarz methods are designed at the algebraic level, where
the problem is discretized in the tangential direction to the interface. The
proposed parameters are the same along the entire interface. Some work has
also been developed on optimized Schwarz waveform relaxation for parabolic
problems with discontinuous coefficients, for example in [14] and [2]. More re-
cently, Maday and Magoules have studied optimized Schwarz methods for a
diffusion problem with discontinuous coefficient in [27], [28] and [29]. They de-
rived optimized parameters, but under certain assumptions only, and without
always proving that these parameters are the (unique) solution of the min-max
problem.

In this paper, we consider the same model problem as Maday and Magoules,
i.e. a simple diffusion problem with discontinuous coefficient, and derive opti-
mized Schwarz methods by thoroughly and rigorously solving the associated
min-max problems. These optimization problems share similarities with the
Chebyshev best approximation problem, and indeed the minimizers are of-



Optimized Schwarz Methods for Discontinuous Coefficients 3

ten characterized by an equioscillation property. Some general results in this
direction appear in [1] in the context of waveform relaxation. However, for
second order elliptic problems, the equioscillation property does not always
yield the best transmission conditions: a counterexample can be found in [4]
for the advection-diffusion equation, and another one appears in this paper.
Therefore, for each choice of transmission conditions, we analyze carefully the
min-max problem in order to obtain precise formulas or characterizations for
the parameters that always give the best performance for the Schwarz method.
The analysis is restricted to the case of two subdomains only, because opti-
mized conditions are used to improve the local coupling between neighboring
subdomains. When many subdomains are used, a coarse space correction is
necessary in order for the convergence to be independent of the number of
subdomains [6]; we consider this a separate issue that we do not investigate
here.

This paper is organized as follows. In Section 2, we introduce the model
problem and the Schwarz iteration, perform a Fourier analysis of the conver-
gence, and discuss optimal coupling conditions. In Section 3, we review the
basic ideas behind optimized Schwarz methods, and then proceed to analyze
several choices of optimized transmission conditions for our model problem.
The asymptotic convergence factor is studied for the case of small mesh sizes
and strong heterogeneity. For comparison purposes, Section 4 contains a short
discussion of the Dirichlet-Neumann method. In Section 5, we show that all
our results can be directly extended to problems with anisotropic diffusion ten-
sors. Finally, in Section 6, numerical experiments are presented to illustrate
the convergence analysis.

2 A Diffusion Model Problem

We look at the case of a steady-state diffusion problem

-V (v(x)Vu) = fin 2 C R?,
B(u) = g on 012,

where the scalar diffusion coefficient v(x) is the piecewise constant function

V(x) = vy for x € (X,
T lve for x € £2.

Here, (21 and {25 form a natural decomposition of the domain {2 into nonover-
lapping subdomains, and we denote by I" the interface between the subdo-
mains. Using physical coupling conditions between the subdomains, the prob-
lem can also be written equivalently (in a weak sense) in a multidomain for-
mulation

6u1 811,2 (1)

—V1A’U,1 = f in Ql, —IJQAUQ = f in Qg,
u1 = ug on I VGt =G on I
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The matching conditions impose the continuity of the solution and of its flux
across the interface I'.

As usual for the derivation of optimized Schwarz methods, we consider a
model problem on the infinite plane 2 = R?, with the subdomains

.Ql = (—O0,0) X R, .QQ = (0, OO) X R.

To be consistent with the physical coupling conditions in (1), we use a parallel
Schwarz iteration with general transmission conditions of the form

- Aul = f in (21,
{ (1105 + S1) uP(0,y) = (120, + S1) uy(0,y) for y € R, 5
—vpAuy = f in (29, @
{ (V2aac - 82) u’g(O,y) = (Vlam - 82) u?_l(ovy) for Y€ R,

where S; are linear operators acting in the y direction only. By linearity, it will
be sufficient to consider only the homogeneous case, f = 0, in the convergence
analysis.

2.1 Fourier Analysis

Our simple model problem allows us to use a Fourier transform in the y vari-
able,

oo

Fy(ueg) = i) = [ uleg)e " dy,
to analyze the convergence of the Schwarz method (2). Suppose the opera-
tors S; have Fourier symbols ¢;(k). In Fourier space, the partial differential
equation in {2; becomes a second order ODE in z (for each fixed k),

—11(Opz — K207 =0 forx <0, k€ R,
(110 + 01 (k) 430, k) = (120, + o1 (k) 457 (0,k) for k € R,
5 =0 forz >0, k e R,

(Vgam — Ug(k)) 113(0, k

~—

—VQ((?M — kz)ﬂ
= (110, — a2(k)) 470, k) for k € R,

with characteristic roots Ay (k) := =%|k|. By requiring that the solutions in
each subdomain be bounded at infinity, we find solutions of the form

ap(w, k) = A™(k)e** a2 (x, k) = B (k)e ke,

Applying the transmission conditions coupling the two subdomains, we obtain
the convergence factor

O'l(k) —I/2|k| ) 0’2(]{3) —I/1|I€|
Ul(k)+U1|k| Ug(k)+U2|]€| '

(3)

p(k,o1,02) ==

att(0,k) |
i

a0, k)
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Note that at k& = 0, the convergence factor equals 1, for any choice of o;,
i.e. the frequency k = 0 can never converge. Of course, this makes sense be-
cause the solution to the global model problem on R? is only unique up to
a constant. This will not cause any difficulty: we will only consider strictly
positive frequency components, |k| > k; > 0, because in practice the compu-
tational domain will be bounded with appropriate boundary conditions and
the problem will be well-posed.

2.2 Optimal Operators

The operators S; (or equivalently the symbols o) are still free to be chosen
at this point. It is straightforward, by inspection of (3), to see that we get
optimal convergence, in two iterations, if we choose the symbols

ot (k) = valkl, o5 (k) = wilkl. (4)

These symbols are not polynomials in k, and thus the corresponding operators
in real space,
S (u(0,)) = F, (05 (k)a(0, k),

are nonlocal in y. In fact, the operators S;p * are Dirichlet-to-Neumann maps,
which involve solving a problem in the adjacent subdomain. We can define
these operators in general as follows: consider a bounded domain {2 with a
nonoverlapping decomposition {21, {22}, let I" denote the interface between
the subdomains and let a% denote the normal derivative across I" in the
outward direction with respect to £2;. We can define the operator S{** :

Hééz(f') — H=Y2(I') via S (u) := —12%% where w solves the problem
—vAw = f in (2, w=u onl.

Similarly, we can define the operator S : HY/*(I") — H=/2(I") via
S (u) = 1152 where v solves the problem

—nAv=f in (X, v=u onl.

It is easy to verify that, using these nonlocal operators, the Schwarz iter-
ation converges in two iterations, for any initial guesses ug, 7 = 1,2. These
Dirichlet-to-Neumann operators can be generalized to the case of a domain de-
composition into M strips, and yield an optimal convergence in M iterations,
see [32].

The optimal operators are easy to characterize in one dimension. Consider
a bounded interval {2, with homogeneous Dirichlet boundary conditions on
the boundary, and a general diffusion coefficient v(x). Consider a partition of
{2 into two nonoverlapping subintervals 2; and (25. In this case, the optimal
transmission conditions are simple Robin conditions

SO () — [/ﬂ V(:C)ldx}_lu, SO () = UQ l/(x)ld:v]_lu,

as was pointed out in [26].
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3 Optimized Schwarz Methods

Being nonlocal, the optimal operators are not convenient for implementation;
they are computationally costly. Instead, we would like to find good local
transmission conditions that still give very fast convergence of the Schwarz
iteration (2). The idea is to fix a class C of convenient transmission conditions
to consider, and uniformly optimize the convergence factor over a range of
relevant frequencies for our problem. This leads to a min-max problem of the
form

min max k,o1,02) | .
ojeC (klgkgkg p(k, o1, ))

Although the convergence factor p was computed for a continuous model prob-
lem on the infinite plane, we impose bounds on the frequency range by incorpo-
rating information about the actual problem we intend to solve. For example,
if we wish to compute a solution over a bounded domain with homogeneous
Dirichlet boundary conditions, then the minimal frequency component of the
solution can be estimated by k1 = f; where H is the diameter of the subdo-
main. The lower bound k; could also be taken to be the smallest frequency
not resolved by the coarse grid, if one is used, see for example [6]. Moreover,
if the solution is computed numerically on a grid with grid spacing i on the
interface, then the maximum frequency which can be represented on this grid
is typically estimated by k2 = 7.

Before analyzing several classes C of transmission conditions and solving
the associated min-max problem, let us state sufficient conditions on o7 and
o2 that guarantee convergence of the Schwarz iteration.

Theorem 1 Under the condition
0 <oa(k) <oi(k) if 1 <o, 0<oi(k) <o2(k) ifra<wi, (5)
for all k # 0, the Schwarz iteration (2) converges for all nonzero frequencies,

p(k701702)<17 fO’l"k#O

Proof For convergence, we want

g1 —V2|k| 02—U1|k|
: <1,
01+V1|k| 02+U2|k|

which can be written as two separate inequalities
— (o1 +11lk[) (o2 +v2|k|) < (01 = valk[) (o2 — v1]k]) < (01 +11]k[) (02 + va|K]).

By expanding the products, we find that the rightmost inequality holds if and
only if o1 + o9 > 0. For the leftmost inequality, we want

0< 0109 + |k|(l/1 — 1/2)(0’2 - 0'1) + V1V2k2.
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Simple sufficient conditions for this inequality to hold are o102 > 0 and
(1 —v2)(o2 — 01) > 0 (these are clearly not necessary conditions). Combined
with the previous conclusion that o1 + o2 > 0, these reduce to the conditions

(5)-

In the following subsections, we consider four choices of transmission con-
ditions and their corresponding min-max problems: three different types of
Robin conditions (zeroth order approximations of U;-)p t), and one choice of sec-
ond order conditions. In all cases, the conditions of Theorem 1 will turn out
to be satisfied, thus guaranteeing convergence when using optimized condi-
tions. Moreover, for a straight interface, when o;(k) > 0 the subproblems are
well-posed.

In the following, we will say that two min-max problems are equivalent
if they have the same minimum value and they have the same set of global

minimizers.

3.1 Optimized Robin Conditions: First Version

Let us first derive optimized Robin transmission conditions with only one free
parameter. The most obvious way to reduce o1 and o2 to one degree of freedom
is to choose
o1(k) = o2(k) =p, withpeR.
We can already see that this may not be the best choice, by noticing that
the optimal operators (4) are scaled differently in terms of 14 and ve, and
appropriate conditions should probably imitate this scaling (see Section 3.2).
Nonetheless, we still fully analyze this case for completeness and comparison
purposes. A similar analysis of this choice of conditions can be found in [27,29],
but we offer here a more complete description of the optimized parameter, not
only asymptotically, and show that it is not always obtained by equioscillation.
For this choice, we can write the convergence factor as

(p—v_|k)(p — vilk])
(p+v_|kD(p+vylk])]’

where we introduce the notation

p(k,p) =

v_ :=min{vi, v}, vy :=max{v, e} (6)

We now wish to find the best value for the parameter p in the following
sense: it should minimize the convergence factor uniformly over a relevant
range of frequencies. This is stated as the min-max problem

i k . M
min <klr£,§§k2 o( ,p)> (M)
We look only at a positive range of frequencies, k; > 0, since the convergence
factor is an even function of k. This means we can replace |k| by & for simplicity
in the analysis. As a first step towards solving the optimization problem (M),
we show how to reduce the search range for p.
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Lemma 1 (Restricting the range for p) The min-max problem (M)
is equivalent to the problem where we minimize over p only in the interval
[V,kl, VJrk:Q] .

Proof First, we can restrict ourselves to the case p > 0, by noticing that

p(k,p) < p(k,—p), whenever p >0, Vk > 0.

From Theorem 1, assuming that p > 0 ensures convergence at this point.
Suppose now that p ¢ [v_k1,v4kz]. Then, we have

(p—v_k)(p—vik) > 0 for all k € [k1, k2],

and so we can write the convergence factor without absolute values

(p—v_k)(p—vik)
(p+v-k)(p+vik)

p(k,p) =

Taking a derivative with respect to p, we find

Dp k(v + v )P — v v )
O (p+v-k)2p+vik)?

In the case p < v_k;, we have

3}
p? < vk} <v_vyk?  which implies that 8_p <0, VEke€ [k, ke
p

Thus, increasing p will make the convergence factor decrease uniformly on
[k1, ko]. Similarly, in the case p > v k2, we have

p® >vik3 > v v k®, which implies that ? >0, VEke [k, ko
p

Thus, decreasing p will make the convergence factor decrease uniformly over
k. This shows that any minimizer p solving problem (M) cannot be less than
v_ki, nor can it be greater than v ks.

We now turn to the behavior of p(k,p) as a function of k.

Lemma 2 (Local maxima in k) Let k.(p) := (v_v4 )" 2p. For fized p, we
can write the mazimum value of p(k,p) as

_ Jmax{ p(k1,p), p(kc(p),p), p(ka,p) } if ke(p) € [k1, k2],
w2, Pk p) = { max{ p(k1,p), p(ka,p) } if ke(p) ¢ [ku. ko).
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Proof By differentiating p(k, p) with respect to k, we find that

% =0 ifandonlyif k=k.(p)= T

It is easy to check that this critical point k. is a local maximum of p. In fact,
by looking at the sign of % for a given p > 0, we observe that, with respect
to k,

strictly decreasing for k € [O, %) U ( b L) ,

p(k,p) is

strictly increasing for k € (%, \/I,Ij—u+) U (l%, OO) :

By observing that the local maximum k.(p) does not always lie in the interval
[k1, ko] for some values of p, we can express the maximum magnitude of the
convergence factor as stated in the lemma.

There are not enough degrees of freedom to always be able to match the
value at the three possible local maxima (to obtain equioscillation). In fact, the
value of the convergence factor at the interior local maximum k.(p) simplifies

to
2
p(kc(p)vp) = (\/Z—\/_V_)Q =: Re,
(7 + )
which is, surprisingly, independent of the parameter p. In other words, R, is
a fixed value that cannot be improved by varying the parameter p.

The following theorem provides a complete characterization and formulas
for the minimizers of the min-max problem (M;). Although this is the first
min-max problem we study here, the result and its proof are the most complex
of this paper. Depending on the case, there can be a unique minimizer, two
distinct minimizers, or a full interval of minimizers. The result is stated in
terms of the ratio of coefficients and the ratio of frequencies

vy

ka
= ky = —.
H I/_7 kl

Theorem 2 (Optimized Robin parameter: first version) Let

F) = [(n+ 1)+ (= DV G 1] (4g0) ™

(i) If k. > f(p), then one value of p minimizing the convergence factor is p* =
N V_vyikika. This minimizer p* is unique when p(ki,p*) > R.. Otherwise,
the minimum is also attained for any p chosen in a closed interval around
p*.

(i) If kr < f(u), then two distinct values of p attain the minimum; they can
be obtained by solving

p(klvp*) = p(kQap*)



10 Olivier Dubois, Martin J. Gander

in the intervals [v_k1,\/V_viki1| and [\/V_vike,viks]| respectively. More
precisely, these two values are the two positive roots of the biquadratic poly-
nomial

P+ [ov (k] + K3) — kako (v + 4 )% p° + (vovi ki ko).

Proof We give here the basic outline of the proof, the details can be found in
[56]. Drawing graphs helps visualizing the proof. It was already shown that p
can be restricted to the interval [v_k1,v4 k2] in Lemma 1. The main idea is to
look separately at three different subintervals for p,

I = v_ki,/v—viki], I.=[v_vik1,\Jv—viks]|, I.=|[/v—vike,viks].

We have that k.(p) = (v_vy) zp (the interior local maximum) lies in
the interval [k1, ko] only when p € I.. In this subinterval, we can show using
a straightforward argument that the minimal convergence factor is attained
when we make the value at k1 and k2 the same (equioscillation at the end-
points). This gives the parameter value p. = \/v_v4 k1ka. Note that it might
happen that the value at the interior local maximum R, is greater than the
value at the endpoints when p = p. (at equioscillation). In that case, we see
that moving the parameter p in an interval around p. still yields the same
minimum value given by R..

Now, it remains to look at values of p in the intervals I; and I, when
the local maximum k. lies outside the range for k, and compare the result
with p.. The situation in these two intervals is perfectly symmetric and it is
sufficient to consider only one of those, say p € I,. When p = /v—vU ks, we
have k.(p) = ko. For this value of p the convergence factor at the endpoints is

(VEkr = Dlkr — /p|
p(k1,p) = (Vikr + 1) (ky +\/—) =t Reat,

The argument then splits into two separate cases.

(i) If k, > f(u), we have that Rey+ > R.. Because p(ki,p) increases as we
increase p, we cannot improve the convergence factor for p > \/v—v ks.
We also note that Re,: > maxy p(k,p.), thus we can take p = p. defined
above as a minimizer.

(i) If k. < f(p), we get Rezt < R. and we can find a value p, € I, such that

p(k1,pr) = p(k2,pr) < Re,

which beats the best convergence factor that can be obtained for p € I.. By
the same argument, we can show there is also a value p; € I; that satisfies
the above equation (with p(k1,pi) = p(k1,pr)). So, we get two distinct min-
imizers p, and p;, which can be computed by finding the two positive roots
of the biquadratic polynomial shown in the theorem statement. Explicit
formulas for p,- and p; can easily be written down.

p(k2,p) = p(ke(p),p) = R..

We considered all possible scenarios, so this completes the proof.
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Fig. 1 Optimized convergence factor for different ratios of coefficients.

Figure 1 shows four possible behaviors of the optimized convergence factor,
depending on how the ratio of coefficients p compares to the ratio of frequencies
k.. In the upper-right and bottom-left graphs, any p in an interval attains the
same minimum, because R, is fixed. In the bottom-right graph, we are in the
case where two distinct values of p (p; and p,.) minimize the convergence factor.

Theorem 3 (Asymptotic performance) When vy and v2 are kept con-
stant, ko = 7 and h is small enough, the optimized Robin parameter given by

Theorem 2 is p* = \/v_vikimh~Y2, and the asymptotic convergence factor
of the Schwarz method is

o 1\ (kih)?
klgmkg/hlp(k,pﬂ—l 2(\/ﬁ+\/ﬁ><ﬁ> + O(h).

Proof For ky large enough, we get k. > f(u), and so p* = \/v_v kiwh=/? is
a minimizer. Also, p(k1, p*) approaches 1 as h — 0, and R, is a constant. Thus,
eventually (for h small enough) we have p(k1,p*) > R, and the minimizer p*
is unique. Finally, expanding p(k1,p*) for small h gives the stated result.

(7)

By setting v1 = v2 =: v in the above two theorems, we recover the results
in the case of constant coefficient, in agreement with [11], namely that

p* =y klea

max

E.p*)| =1 — 4\/kiwh? + O(h).
klgkgﬂ/hlp( ) 1mh? + O(h)

(8)
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3.2 Optimized Robin Conditions: Second Version

From Figure 1, it can be noticed that the optimized convergence factor is
not very good when the ratio of coefficients, p, is large. This can be justified
by the fact that it is not appropriate to approximate the optimal symbols
0P = vy|k| and o3P = vy |k| with the same parameter value when vy and vy
are very different.

There is a second choice that we can make, which is directly driven by the
form of the optimal symbols. To be consistent with these symbols, we now use

a different scaling of the Robin parameters,
o1(k) = v2q, o02(k) =11q, forgeR.

In this case, the convergence factor can be written, for £ > 0, as

q—k)?
p(k,q) = Cink) ;
(¢ + pk)(q +k/p)
where p := Z—f as before. The condition ¢ > 0 will again be sufficient to

guarantee convergence, by Theorem 1. The min-max problem we wish to solve
to find the optimized value for ¢ is

min ( ma k, . M.
i ms o(ho)) (M)
It turns out that this optimization problem is a lot easier to solve compared
to (M7), and more importantly it leads to a better convergence factor.

Theorem 4 (Optimized Robin parameter: second version) The unique
optimized Robin parameter ¢* solving the min-maz problem (Ms) is given by

q* = \/kle.

Proof By taking the derivative of the convergence factor with respect to ¢ and
k respectively we find

(O _ . . oI\ _
sign (8_q> =sign(q — k), sign <%) = sign(k — q).

From these facts, we deduce the following properties.

(i) We can restrict the range of ¢ to the interval [kq, ko).
(ii) The convergence factor is decreasing in k on (k1, q), and strictly increasing
on (g, k2).
(iii) p(k1,q) is increasing with respect to ¢, and p(k1, k1) = 0.
(iv) p(ka,q) is decreasing with respect to ¢, and p(ks, k2) = 0.

We can thus conclude that we minimize the convergence factor uniformly when
its value at k1 and ks are equal, p(k1,q*) = p(k2,q*) (equioscillation). Solving
this equation for ¢*, we find ¢* = k1 ko.
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Theorem 5 (Asymptotic performance) When v and vy are kept con-

jus

stant, ke = 7 and h goes to 0, the optimized Robin parameter given by Theo-

rem 4 is ¢* = VEimh™% and the asymptotic convergence factor of the Schwarz
iteration s

2 3
max plk,q) =1 — BEL (@> +O(h). )

ki <k<Z i T

Proof The result is obtained by simply expanding p(k1, ¢*) for small values of
h.

Again, when we set 11 = v =: v in the above two theorems, we also
get the appropriate optimized conditions for the case of continuous diffusion
coefficient, exactly as in (8).

We now proceed to show that, asymptotically, this second choice of scaling
of the Robin parameters is better than the first one studied in Section 3.1.
By comparing (7) and (9), we see that both choices give similar asymptotic
convergence factors, in the form 1—Ch'/2, but with different constants C'. For
comparison, the constants for the first and second choice of Robin conditions
are respectively

o =it [k g, )
VV1V2 m V19 T

Noting that 2z < 22 when = > 2, and that in this case z = % > 2 for
any vy, > 0, we find C; < Cy, with equality only when vy = 5. Thus, this
shows that the second version of optimized Robin conditions yields a better
(larger) constant in the asymptotic convergence factor. In practice, it seems
that the optimized convergence factor for the second version is always smaller
than for the first version, not only asymptotically.

Figure 2 shows a comparison of the optimized convergence factors, when
using each choice of Robin conditions studied so far. When the ratio of coef-
ficients is large, the second version yields a much smaller convergence factor.
We will provide theoretical justification of this observation in Section 3.6, and
confirm it with numerical experiments as well.

v.1
0.6 V.2
0.5
0.4

0.2

0.1

0 20 40 60 80 100 0 20 40 60 80 100

k

Fig. 2 Comparison of the convergence factors for the two versions of optimized Robin
conditions. Here, vo = k1 = 1, k2 = 100, and only v is varied.
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3.3 Optimized Two-Sided Robin Conditions

Let us now consider the most general Robin conditions, with two free param-
eters
Ul(k) = 2p, 02(k) = riq, with p7q€R

Again, we have scaled o; consistently with the optimal symbols, but here it
is only to simplify the calculations; it does not matter since p and g are two
independent free parameters.

Let A := 2L (not to be confused with p, which is always greater than 1).
The convergence factor can be written as

(p—FK)g—Fk)
(p+AE)(q+k/N)

p(k,p,q) =

Before finding optimized values, let us first state sufficient (but not necessary)
conditions on p and ¢ to obtain convergence of the iteration, using Theorem
1.

Corollary 1 Suppose the Robin parameters p, q € R satisfy the orderings
0<qg<p whenvy <ve, or 0<p<q whenvy <.

Then, we have p(k,p,q) < 1 for all k > 0.

The min-max problem to solve for optimized two-sided Robin conditions
is
i a k . M
paeR (klrélki(k p(k.p.q )> (Ms)
We will solve this optimization problem and show that the unique optimized
parameters p* and ¢* satisfy an equioscillation property of the convergence
factor. In the process, we will show that the optimized parameters statisfy the
conditions of Corollary 1, hence guaranteeing convergence. We break down the
proof into a sequence of lemmas, but the main steps are the same as in the
previous sections, namely

(1) restrict the range for the parameters,
(2) locate potential candidates for local maxima in k,
(3) analyze how these local maxima behave when varying the parameters.

Lemma 3 [t is sufficient to consider only positive values for the parameters
p and q, i.e. the min-mazx problem (Ms3) is equivalent to the problem

i k
g (s, otk ).

Proof For p < 0, it is easy to see that p(k,p,q) > p(k, p ) Similarly, for
q <0, p(k,p,q) > p(k,p,—q). Moreover, @< 0,9) < 0 and 3£(k,p,0) < 0 for
all £ > 0, thus excluding also the values p =0 and ¢ = 0.
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Lemma 4 If A > 1, then (M3) is equivalent to the problem

min < max p(k,p,q)).

0<p<g \ k1<k<k2

If A < 1, then (Ms3) is equivalent to the problem

0<q<p \ k1<k<ks

min < max p(k,p,q)).

Without loss of generality, we can look only at the min-max problem for the
case A > 1: the other case (A < 1) reduces to the first one by interchanging p
and q and replacing A by 1/\.

Proof Suppose A > 1 and p > ¢. Then,

T k2 + (/X + Ag)k + pq
By interchanging the values of p and ¢, the numerator of the fraction is un-
changed, but the denominator is increased, since

§+)\q<§+/\p when p > ¢ and A > 1.
Hence, in this case, p(k,p,q) > p(k,q,p), i.e. the convergence factor is uni-
formly improved by interchanging p and ¢. Thus, it is sufficient to consider
pairs of parameters such that p < q. The case when A < 1 is treated the same
way.

Lemma 4 implies that the smaller of the two parameters is associated with
the subdomain having the larger diffusion coefficient (e.g. p < ¢ when vy < v1).
At this point, note that the conditions of Corollary 1 are now satisfied. From
now on, we assume without loss of generality that A > 1, and consequently
that p <gq.

Lemma 5 We can restrict the range of the parameters p and q to the interval
[k1, k2]: when X\ > 1, the min-maz problem (Ms) is equivalent to the problem

i a k .
b <pSa<hs (klglksz plk:p, q>>
Proof Taking partial derivatives with respect to the parameters, and analyzing
the sign, we find

. (8p) strictly positive when k < p,
sign (22 ) = . :
strictly negative when k > p,

. o strictly positive when k < ¢,
sign (—”) = . .
9q strictly negative when k > gq.

Thus, when p < ki, increasing p improves uniformly the convergence factor.
When p > ks, decreasing p improves uniformly the convergence factor. The
same argument holds for q.
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p(k,p,q)

k1 P VPq q ko

Fig. 3 A sketch of how the convergence factor p(k,p,q) behaves as a function of k.

Lemma 6 (Local maxima in k)

Jmax p(k,pq) = max{ p(k1,p,q), p(vPe 0, q), p(k2,p,q) }. (10)
1>~ R2

Proof Analyzing the derivative of p with respect to k, we get that

Si n % _ _SIgn(pq - k2) When k ¢ [pv Q]v
8\ oK)~ sign(pg — k?) when k € [p, q],

which implies that

p(k,p, q) is {strictly decreasing for k € [k1,p) U (\/p—q, q),

strictly increasing for k € (p, \/pq) Uk € (q, ko).
Thus, the convergence factor p(k, p, ¢) has a local maximum at k = ,/pq.

Figure 3 illustrates this result. Our aim is to show that the optimized
parameters p* and ¢* are obtained by an equioscillation of these three local
maxima. We first start by showing the equioscillation at the two endpoints.

Lemma 7 (Equioscillation at the endpoints) The optimized convergence
factor p(k,p*,q*) must satisfy equioscillation at the endpoints, i.e.

p(klup*7 q*) = p(k27p*7 q*)7
which holds if and only if p*q* = k1ks.

Proof We look again at the behavior of p(k,p,q) as we vary the parameters.
The partial derivatives were already computed in the proof of Lemma 5. From
those we can deduce the behavior shown in Figure 3: the arrows below p and ¢
indicate the change in p(k,p,q) (whether it is increasing or decreasing) when
p and g are increased, independently.

Let us compare the values of the convergence factor at the endpoints.
Suppose first that p(k1,p,q) < p(k2,p,q). Then, from the Figure 3 we can
observe that increasing p uniformly improves p. In the other case, when we
have p(k1,p,q) > p(ke, D, q), decreasing ¢ uniformly improves the convergence
factor. One can also easily check that these operations can always be done
while staying inside the allowed range for the parameters.

Thus, at the optimized parameters p* and ¢*, we must have p(k1,p*,¢*) =
p(ke,p*,q*). Some additional algebraic manipulations of this identity lead to
the equation p*q* = kiks.
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As a consequence of this theorem, the optimized parameters must satisfy

ki <p* < Vkike < ¢" < ko

We now have enough tools to complete the proof of the main result.

Theorem 6 (Optimized two-sided Robin parameters) When A > 1, the
unique minimizing pair (p*,q*) of problem (Ms) is the unique solution of the
system of equations

P*q" = kika, (11)
p(k1,p",q%) = p(VP*¢*, 0", ¢"), (12)
such that p* < g*.

Proof Lemma 7 directly implies equation (11), so we set ¢ = kikop~! and
note that in this situation p(k1,p,q) = p(k2,p, q). Thus we have reduced the

optimization problem (M3) to solving a one-parameter min-max problem

klg;fgﬁf}m (max{R1(p), Re(p)}), (V)

where we now use the shorthand notation
kik kik
Rl(p) =p <k15 2 %) ) RC(p) = p< kle; 2 11?2> .

It remains to show that the unique solution of problem (M3) occurs when
R1(p*) = Rc(p*). By direct computation, we find that

dR. .
sign <d—p> =sign(p — Vki1ka) <0, Vp € [k1,Vkike),

so the value of R.(p) is strictly decreasing in p.
Now, expanding the expression for R;(p), we can write

kik
.
TR hk + (g +aki2) gy (PP
1 1h2 B P 1

where the numerator [N] and denominator [D] of the fraction are nonnegative.
Taking a derivative in p (using the quotient rule), we get

dR; ki 9 1,5 9 9

— = — | (kik2 — D]+ — (Akike — N DJ=.

=55 | (ko = 2%) D)+ 5 (uka =) [N]| /(D)
Examining both terms in the top of the fraction, we see they are both non-
negative since, using the assumption that A\ > 1,

Nliky > kiko = pq > p*.

Thus, Ry (p) is strictly increasing in p on the interval [k, vk1k2).
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In addition, at the extremal values of p, we have
0= Rl(kfl) < Rc(kl),
Rl(\/ kle) > RC(\/ kle) =0.

These facts are sufficient to conclude that there exists a unique p* in the
interval (K1, k1, k2) such that Ry (p*) = R.(p*), giving the unique solution to
the optimization problem (Ms3).

Theorem 6 states that the unique pair of optimized parameters (p*, ¢*) can
be found by solving the system of nonlinear equations (11)-(12). However, some
extra algebraic manipulations allow us to show that computing p* reduces to
the task of finding the unique real root, in the interval (k1,+/k1kz), of the
quartic

(p+ Me1)(p + Mk2) (Vkika — p)* — (p — k1) (k2 — p)(p + AW k1k2)* = 0. (13)

There exist explicit formulas for writing down the roots of this quartic, but
they are fairly complex. Instead, a less error-prone method to obtain the op-
timized parameter p* is to simply apply a nonlinear solver to equation (13)
instead.

Theorem 7 (Asymptotic performance) When XA = p > 1 is fived, ko = %
and h goes to 0, the optimized two-sided Robin parameters are

ks Apkd? (u+1)2 —1 1)2
s 2ik Ak (1 + )3}‘%7 q*%ﬂ(# )h‘1+\/k1_7r(”+ )" -3
p=1 VT (p—1) 2u p(p —1)

and the asymptotic convergence factor of the Schwarz iteration is

1 4 1 ki 1
max_p(k,pt.q") = — D By o), (14)

k1 <k<F o oplp—1)

)

Proof We make the ansatz p* = Ah® 4+ Bh®, for some a < 3 € R. Replacing
the ansatz inside the formula R;(p*) = R.(p*), expanding for small h and
matching the two dominant terms, we find « =0, § = %, and the asymptotic
coefficients

A 2k o ki (u +1)?

Py VE (-1

The asymptotic formula for ¢* is obtained using the relation ¢* = kika/p*.
Finally, expanding R;(p*) for small h with the above values, we find the ex-
pansion (14).

Theorems 6 and 7 are stated for the case A > 1 only. When A\ < 1, Lemma
4 shows that, by simply interchanging the roles of p and ¢, and replacing A
by 1/X, we can still apply these results. More precisely, if A\ < 1, we can first
compute the optimized parameters p* and ¢* corresponding to A=1 /A, then
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interchange the parameters, namely use p* = ¢* and ¢* = p*. The asymptotic
expansion of the convergence factor (14) still holds in that case, with g = 1/\.

In the case v1 = 1o, Theorem 6 does not nicely reduce to the results
obtained for the case of continuous diffusion coefficient. The asymptotic con-
vergence factor (14) is no longer valid (it degenerates) as u — 1. In fact, this
asymptotic performance is somewhat surprising. From the known results for
continuous coefficients, we would have expected an asymptotic expansion of
the form 1—O(h1/ 4). Instead, for discontinuous coefficients, we find that, when
using two-sided optimized Robin transmission conditions, we get mesh inde-
pendent convergence: the convergence factor is bounded away from 1, asymp-
totically as h — 0. Hence this optimized Schwarz method converges better for
the case of discontinuous coefficients, than for continuous coefficients, it uses
the jump to its advantage.

3.4 Optimized Second Order Conditions

It is also possible to use transmission conditions which include tangential
derivatives along the interface. For example, we now consider the following
second order transmission conditions

0 62 n+1 0 62 n
V1a—x+V2 P—qa—yQ Uy = Vza—x-i-Vz P—qa—yQ Uy,

0 n 0? il 0 n 0? "

—Vvo— + v = | |uy" = |—n—+v —q= || u?,

25, 1|\ P qayQ 2 19z 1|\ P qayQ 1
at © = 0. These are one-sided transmission conditions, because the same pa-
rameters are used in both directions, and we could easily imagine a two-sided
version with four parameters. Note that we have properly scaled these condi-

tions in view of the optimal operators, as in Section 3.2 and 3.3. In Fourier
space, we get the corresponding symbols

o1(k) = va(p+ qk?), o2(k) = v1(p + qk?).

.
P* with second

pt

This is equivalent to approximating the optimal symbols U;-)

order polynomials in k. We do not include a first order term, since a;-’ are
even functions of k (the underlying differential operator is self-adjoint). The
convergence factor in this situation is

(p+ qk* — k)?
P+ qk* + pk)(p + qk? + k /)’

p(k,p,q) = (

We will assume a priori that the parameters are strictly positive, for simplicity,
and look to solve the associated optimization problem

min (s, o)) ()

p,q>0 \ k1 <k<k>
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Lemma 8 Any minimizing pair (p*,q*) of problem (Ms) must satisfy the
inequality p*q* < %.

Proof Computing partial derivatives with respect to the parameters, we find

that 5 5
sign (a/;) = sign (8_Z> = sign(p + gk — k).

When pq > %, the roots of the quadratic p + gk? — k are imaginary, hence im-
plying that g—z > 0 and g—’; > 0 for all £ > 0. This means that the convergence
factor is uniformly reduced by decreasing p or g or both, until pg < i.

When the coefficients are continuous, it is known that the optimization of
two-sided Robin conditions and one-sided second order conditions are closely
related problems, see [11]. The proof of the following result is inspired by this
relation.

Theorem 8 The min-max problem (My) has a unique minimizing pair p*, q*
given by the equioscillation of the convergence factor at the frequencies ki, ko

and k. = \/p/q. This gives the formulas

kyks)d 1
p*:% g = , (15)

\/2(/€1 -l—kg)7 \/2(/€1 -|—/€2)(k‘1k'2)i

Proof Tt will be easier to show equioscillation for a transformed problem. Let
us change the parameters (p, q) to (p, ), where

. 1—y1—-4pqg . 1++/1—4pq

B 2q o 2q
The new parameters p and ¢ are simply the zeros of the convergence factor
p. This change of variable is well-defined when p > 0, ¢ > 0 and pg < %; the
latter inequality was established in Lemma 8. The inverse transformation of
the parameters is given by
Pq = 1
P+q

bp=—"—
p+q
The convergence factor in terms of p and ¢ is
(P —k)*(q — k)?
[5G+ k* +pu(p+ @) [P+ K+ S+ )]

R(k,p,q) =
and the associated min-max problem is

min ( max R(k,ﬁ,q)). (My)

0<p<q \k1<k<kz

This optimization problem looks similar to (Ms3), for finding optimized two-
sided Robin conditions, but it is in fact significantly different when p # 1.
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Fig. 4 A sketch of how the convergence factor R(k,p,q) behaves as a function of k.

Solving this modified problem with the usual arguments will prove easier than
(My). Looking at the sign of the various derivatives, we find

sign (%—g) =sign(p — k), sign (%—};‘) = sign(q — k),
sign (F¢) = sign((5 — k) (k — @) (Bq — +2)).
The derivatives with respect to the parameters lead us to conclude the bounds
k1 <p<q<ke. (16)

Furthermore, taking into account the derivative with respect to k, we are able
to deduce the behavior shown in Figure 4, which is exactly the same as the
one we obtained for two-sided Robin conditions, in Figure 3.

Thus, using the same argument as in the proof of Lemma 7, the optimized
parameters must satisfy an equioscillation at the endpoints, namely

R(kluﬁ*7 (j*) = R(k27]5*7 q*)

Solving this algebraic equation for ¢ as a function of p, we get three possible
formulas:

(1) §(p) = bk,
(2) 4®) =z(p) + Va(p)® + kika if p < Vkiko,
(3) 4(p) = Vx(p)* + krky —x(p)  if p> VEkiks,
where ~ )
o(p) = P2 =R
|p? — k1kz|

We now proceed to show that the last two formulas lead to parameter values
outside the bounds (16) established earlier.

Suppose first that k1 < p < vki1k2 and ¢(p) is given by formula (2) above.
Then we have the estimate

_ plky —k1)? (k2 — ki)

W) =5 m =, 2

Substituting this lower bound for z into the formula (2) above, we find that
4(p) > ko, hence (p,G(p)) can’t be minimizers.
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Now suppose that v/k1k2 < p < kg and ¢(p) is given by formula (3). Then,
we find

ox (kz—k1)2(1+k;§#)<o 0 T <0
ap 2(p — B42)? C 0z R+ ik '
Using the chain rule, we get that g—g = % . g—g > 0. Therefore, we have

the bound ¢(p) < ¢(k2) = k1, and so again this third equation cannot give
minimizers of the min-max problem.

The only valid equation remaining is the first one, § = . Substituting
for ¢ in the convergence factor, we are left with a function of k and p only,
S(k,p) := R(k,p, k1ka/D), and wish to solve the problem

min_ (ma { S(h1.5). S(VRia.5) }). (17)

kika

It remains to show that this problem is solved by equioscillation of the two
values. Analyzing the partial derivative of each of those function values, we
get

sign (88 (k1,5) ) = sign((5 — k1)(5 — ko) (7% — ik2)) > 0,
sign (g—g(\/klkg,ﬁ) = sign(p® — kikz) < 0.

Moreover, when inserting the extremal values of the parameter p, we get

0= S(kl,kl) < S(kl, \/ klkg),
S(\/ klkz,kl) > S(\/ k1ko, V k1k2) =0.

Hence, the unique minimizer of problem (17) is given by the unique parameter
p* € (k1,Vkiks) such that S(k1,5*) = S(Vkike,p*). Solving this algebraic
equation, we find that the unique minimizing pair (p*, ¢*) for the transformed
problem (M,) is given by the direct formulas

p= B [ (- Vi),

o (kiko)d

q = Q [ k1+k2+(\/l€ —\/kl):|.
V2

Transforming back to the original parameter space (p,q), we obtain the for-

mulas (15). Note that equioscillation of the transformed convergence factor at

k1, v/Pq, and ks is equivalent to the equioscillation of the orginal convergence

factor at kq, \/g and ko.

Theorem 9 When vy and vy are fived, ko = 7 and h goes to 0, the optimized
second order parameters behave as
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Fig. 5 Convergence factors for 4 = 10 on the left and g = 50 on the right, in the case
h = 7/200.

and the asymptotic convergence factor of the Schwarz iteration is

1\ (k1 \7 .
p(k,p*,q*)zl—ﬁ(Q—i—ﬂ—i—;) (%) ht +O(h

=

).

max
ki<k<m/h

Proof These are readily obtained by expanding the formulas (15) for p* and ¢*,

and subsequently the convergence factor p(k1, p*, ¢*) for small b when ky = 7.

It is interesting to note that the formulas for the optimized parameters do
not depend on the diffusion coeflicients at all, only the resulting convergence
factor does. In fact, the optimized parameters are the same as those obtained
when the coefficient is continuous, i.e. when solving the problem —Au = f
(see [11]). This is also true for the one-sided Robin conditions of Section 3.2.
Moreover, when the coefficient is continuous, the asymptotic performance of
optimized second order conditions and optimized two-sided Robin conditions
are comparable. However, here when the coefficient is discontinuous, the opti-
mized two-sided Robin conditions yield a mesh independent asymptotic per-
formance, whereas the optimized second order conditions do not.

3.5 Comparison of Convergence Factors

Figure 5 shows a comparison of the convergence factors for the four different
choices of optimized transmission conditions analyzed previously. For this rel-
atively large value of the mesh size, h = 55, the performance of the two-sided
Robin conditions and second order conditions are comparable: the optimized
convergence factors are less than 0.08 when p = 10 and less than 0.02 when
1 = 50, producing very rapid error reduction.

3.6 Asymptotics for Strong Heterogeneity

All the asymptotic performances derived so far were always with respect
to a small grid spacing h while the coefficients vy, v are held constant. It
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is also interesting and relevant to consider the case when the ratio of co-
efficients is very large (corresponding to strong heterogeneity in the mate-
rial), and how this affects the asymptotics. For this purpose, suppose that
w = max(v1,vs)/ min(v1, v9) > 1, and assume that h is small but fixed.

Theorem 10 (Asymptotics for a large jump in diffusion) For the dif-
ferent optimized conditions, we find different behaviors as p — oo and for
fixed small h. The following expressions are obtained by expanding the opti-
mized convergence factor with respect to large u, and then keeping only the
dominant term for small h.

e Optimized Robin conditions, version 1:

Vkos —VEk 1 kih
max mwﬁn=————i+OC)”1‘2‘L
ki<k<m/h Vs +Vk1 1 T

e Optimized Robin conditions, version 2:

2
Vks —Vk 1 1 1
max mwwnzi————ﬁ~—+0(7>“vll()'
k1<k<m/h VEkiks ) u kih H

e Optimized two-sided Robin conditions: py := lim p* and ¢ := lim ¢*
H—00 —>00

max |p(k,p*,q")| =

& —k 5 —k 1 1
(p5 — k1)(g5 — k1) -—+O< > ~
ki<k<nw/h k1qg %

1
I w

e Optimized second order conditions:

. gk —k)? 1 1 T \1/1
max Ip(lﬁp,q)l:(p o) '_+O(_2>%( ) (_)

k1 <k<m/h ki(p* + ¢*k3) I 4k1h 1

Proof For the second version of optimized Robin conditions and for optimized
second order conditions, the formulas for the parameters are independent of
1, so it is straightforward to expand the convergence factor as yu — oo.

For the first version of optimized Robin conditions, for u large enough
we will have k. < f(u), and thus fall in the case of two distinct minimizers
(see Theorem 2). Solving the associated biquadratic, the two roots have the
expansions

(ke — k1)?
2V k1ko

When expanding p(ky,p*(u)) for large u, we get the same results for both
parameter values.

Finally, for the optimized two-sided Robin conditions, we can deduce that
the optimized parameters p* and ¢* must be constant with respect to u, to

p; = Vhkike+ (ka— k1)’ +0(u™?), pi = Vkikop— +0(u™h).
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leading order, since both parameters lie in the interval [k1, k2]. In fact, by using
the leading order term in the polynomial (13), we find

= i = § (Vi VE) - 1y (VR vR) - 16,
@ = lim ¢ = i (\/k—1+ \/E) n i\/(\/k—l—i— \/E)4 T

The result is then obtained by expanding p(k1, pg, q3)-

The results of this theorem also allow us to classify the performance of the
four methods when p is very large. For the first version of optimized Robin con-
ditions, the convergence factor does not seem to depend on p asymptotically:
it approaches a constant close to 1. For the other three optimized methods
that we analyzed, the convergence improves asymptotically for large u, it be-
haves like p = C (h)% The two-sided Robin conditions have the best constant
in front of the leading order term, C'(h) = 1, whereas the one-sided conditions
(Robin and second order) have an asymptotic constant C(h) that grows (i.e.
gets worse) for small values of h.

Now, we can also look at asymptotics when both the jump in the diffusion
coefficient is large and the mesh size is small simultaneously. This is relevant,
for example, when there could be boundary layers to resolve in the solution, in
which case we might be forced to choose the mesh size h as a function of the
coefficient ratio, for example we may have a restriction of the form h < Cp=°.
We show only a specific example of such a combined asymptotic expansion.
Suppose that v = 1 is kept constant and that 11 = ¢ with ¢ < 1.

Proposition 1 (Asymptotics in h and ¢) For the second version of one-
stded optimized Robin conditions, we get three separate cases.

e If h goes to 0 slower than €2 (i.e. eh™/? = 0),

™
k,q*)| ~ ,/—eh /2
klgmkg/hlp( 4" Vs

o Ifeh 12~ C,

kq*)| = ——— — O(hY/?).
klgmkg/hlp(,q)l o /s (h/7)

o If h goes to 0 faster than &2,

k1
a kq*) =1— /= 'n'/? + O(h).
klgmkgﬁ/hlp( q)| - (h)
Thus, depending on the asymptotic regime, the convergence factor will keep
improving (approaching 0), or will approach a fixed number less than 1, or will
deteriorate (approaching 1). For interior layers for problems with discontinuous
diffusion coefficient and their discretization, see [8].
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4 The Dirichlet-Neumann Method

Let us look briefly at the Dirichlet-Neumann iterative method, and analyze it
in the same framework as the optimized Schwarz methods. In this section, we
will consider a diffusion-reaction equation with discontinous coeffcients as a
model problem,

L(u):= =V - (v(x)Vu) +c(z)u=0 in 2 =R?
where
c(z) =

with the subdomains 2y = (—o00,0) x R and {22 = (0,00) x R.
A first version of the Dirichlet-Neumann method, that we will denote (DN),
can be written as

. 1 .
LiuT =0 in £, Louttt =0 in {2,
U?Jrl n 8u"+1 ountt

=p"at z =0, Vy—F— =vi—g— at x =0,

v(z) =

{Vl fOI‘IGQl,

cp forze Ql,
vy for x € (29,

cy for x € (2,

= Quitt + (1 - 0)p™  at z =0,
where 6 € (0,1] is a relaxation parameter. A second version, to be denoted

(ND), is obtained by imposing the Dirichlet condition in the subdomain (25
instead

at x =0,

{ Liutth =0 in £, } {czug“ =0 in 2, }
P n+1 . 6 n+l n+1 _
pntt = 9u711+1 +(1-0)p™ atx=0.

Note that in both iterations, the Dirichlet problem is solved first. It is also
possible to write Dirichlet-Neumann methods in which we relax on the Neu-
mann data instead of the Dirichlet data, but we obtain the same convergence
factors as for the corresponding algorithms (DN) or (ND).

For this model problem, with the help of the Fourier transform, we find
the convergence factors for the two methods

@ 0,k)| izt (0, k)
@Ok |~ Taz0. k)

pnp(k,0) = ‘1 -0 {1+ Zj;\i E ;]

)

ul)\(l)(k)]

ppon(k,0) == v (k)

oo

where A9) are the characteristic roots of the ordinary differential equation in
Fourier space, for each subdomain §2;, namely A9 (k) := , /k2 + o
J
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It is then natural to ask what is a good value for the relaxation parameter
0 to use. We look for the optimized value by solving the min-max problem

1mn< mm|Mh@0, (Ms)

0€[0,1] \ k1<k<ks

for each version of the Dirichlet-Neumann method. First define the functions

k2 4+ & k2 4+ &2
1 v 1) v
F(k):=— L G(k) .= —= =
W= e W= s

Theorem 11 (Optimized Relaxation Parameter) The unique minimiz-
ers of problem (Ms) for the methods (DN) and (ND) are respectively

2 2

*

0% v = Onvp = .
PN 94 F(ky) + F(ky)’ NP9 4 G(ky) + G(ko)

Proof One can easily show that the best convergence factor is obtained from
the equioscillation at k = k1 and k = ko.

Theorem 12 (Asymptotic performance of Dirichlet-Neumann)
If X := 2L is fized, ko = 7 and h goes to 0, the asymptotic convergence factor

of the Dirichlet-Neumann methods with optimized relazation parameter is

— for method (DN),

* _ A_F(kl) 2
klsm@)i/hmDN(k’eDN)' B ’2+A+F(k1) o),
— for method (ND)
5 — G(k1)
* _ A 2
oo (b 0vo)l = |2 | + 008,

Thus, the optimized Dirichlet-Neumann methods have mesh independent
convergence: the convergence factor approaches a constant strictly less than 1
as h — 0. Furthermore, when the coefficients are continuous, or when ¢; = co =
0, the optimized relaxation parameters are actually optimal: the convergence
factor is uniformly 0 (for both methods). However, when a reaction term is
present, the Dirichlet-Neumann cannot be made optimal. Moreover, as soon
as we use more subdomains, or the subdomains are of different size, the best
relaxation parameter is hard to find; some results can be found in [30].

When using the Dirichlet-Neumann methods without relaxation (§ = 1),
one version of the method converges and the other one does not. In that situ-
ation, to guarantee convergence, we need to impose the Dirichlet transmission
condition for the subproblem that has the smaller diffusion coefficient.
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5 A More General Diffusion-Reaction Model Problem

In this section, we consider the more general problem

{ —V - (A(X)Vu) + e(x)u = f for x € 2 C R?, (18)

B(u) = g for x € 012,

where A(x) is a symmetric positive definite matrix and ¢(x) > 0 for all x € (2.
This problem allows for anisotropic media, where the diffusion might be dif-
ferent in different directions. We will show that optimized transmission con-
ditions for the Schwarz method for this problem are obtained by solving the
same min-max problems that were previously studied for the case of a scalar,
isotropic diffusion coefficient v.

Suppose the coefficients are piecewise constant on a non-overlapping do-
main decomposition (27, {25 with interface I,

AW in 2, M in 4,
Ax) = {A(2> im0, = {c<2> in 2,

where

(g) ()
AW — la%l) %2)]
J
ayy asy
are constant, symmetric, positive definite matrices, for j = 1,2. If we write
u; := u|g,, then it can be shown (basically using integration by parts) that
natural matching conditions across the interface are

UL = U9 on I’

(A(l)n) -Vup (A(Q)n) -Vug on I

where n is the normal vector to I', say pointing outward with respect to §2;.
These are just the conditions of continuity of the solution and of its conormal
derivative (or flux).

We analyze a model problem on the domain {2 = R? decomposed into the
two subdomains §2; = (—00,0) x R and {25 = (0,00) x R, with homogeneous
right-hand side, f = 0. The coupling conditions on the interface I' = {z = 0}
translate into

UL = U9 at x =0,
@00, + aly),)ur = (a0, + a'28,)us at z = 0.

Using these, we write a consistent general Schwarz iteration in the form
—V - (ATt 4 Dyt
(au 9y + al ay+51) ntl

(a0, +aF0, - S:) us*

0, in 25, j=1,2,
( 6+a16+81) 5 atx=0,
= (e

Vo, +alDa, 52) ul otz =0,
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where S; are linear operators acting in the tangential direction to the interface,
with corresponding Fourier symbols o;(k). Written explicitely, the differential
equation we wish to solve is

9? 9? 0%u 4
—af) 5= — o) 8“2] —2a %’(%8 + Wy =0, in 2y, forj=1,2.

When taking the Fourier transform of this equation, the characteristic roots
we get for the ODE are

el o - @)+ e

7

Note that Re()\Sf)) > 0 and Re()\(j)) < 0. To simplify the notation, let

d9) = det(AD), 4D (k) := \/dDk2 + alP) ).

Using Fourier analysis, we find that the convergence factor for the general
Schwarz iteration can be written as

O.)| _[[on() = 1@ ®)]  [o2(k) — 4D (R)

plk1,00) = | S | = (o1 (k) + 7D (k)]  [o2(k) + 7@ (k)]

(19)

n
J
an=
J

5.1 Optimal and Optimized Schwarz Methods

From (19), it is clear that optimal symbols are given by
o (k) =P (k), o5 (k) =D (k).

When there are positive reaction terms, ¢ > 0, one could use Taylor approx-
imations of order 2 of the optimal symbols in order to get local transmission

conditions,
) N d@)
~9) (k) ~ 1/a§]1)c(ﬂ) + 7187
a9 c()
ary

but such approximations would only give fast convergence for low frequencies.
Now, by inspection of the convergence factor (19), we can observe that
with the change of variable

() ()

=V d(])7 ’[’IJ = all ¢

d(@)

, (20)

we obtain the expression

[mw_w [ pﬂmwlw+%}

[01 +V11//€2+m [ ) + o k2+z—ﬂ

p(k701702) -
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which is exactly the convergence factor of the general Schwarz iteration when
applied to the equation

-V - (v(x)Vu) + n(z)u =0, (21)

with piecewise constant coefficients on the subdomains. Hence, any result that
we have for problem (21) can readily be used for the more general problem
(18). For example, the min-max problems we need to solve to compute opti-
mized transmission conditions are the same, under the transformation (20). In
particular, when c¢(z) = 0, the results of Section 3 can be directly applied to
compute optimized parameters for problem (18). The same equivalence also
applies for the case of continuous coeflicients, including the possible use of
an overlap, and thus all results found in [11] can be extended to anisotropic
diffusions A. When the reaction coefficient ¢(x) is discontinuous, there are no
results available yet for optimized transmission conditions.

6 Numerical Experiments

The numerical experiments shown in this section were performed on the model
problem,
{—V -(v(x)Vu) =0 in 2= (0,7) x (0,7), (22)

w=0 on 0f2.

The square domain is decomposed into two nonoverlapping subdomains (21 =
(0, %)% (0,7) and 25 = (5, 7) x (0, 7). We use a finite volume discretization on
a uniform grid with grid size h. In all the experiments, v; = L, 1, = 1 where
1 is taken to be larger than 1. Vectors of random values between —1 and 1 are
used as initial guess for the Schwarz iteration so that the initial error includes
every possible frequency component. When using the Schwarz method as an
iterative solver, exactly as in (2), we use the L™ error

e" = ||U — u"||oo,

where U is the discrete solution of the global problem (22) and u™ is ob-
tained by combining together the subdomain solutions at iteration n, taking
s

the average of uf and uj on the interface x = 3.

6.1 Krylov Acceleration

The convergence can be accelerated by using the Schwarz method as a precon-
ditioner for a Krylov subspace method. There are several ways to formulate
this; we present in this subsection a specific way which is particularly conve-
nient for implementation.

Suppose we have a domain decomposition into J subdomains. Let us write
one iteration of the Schwarz method as

u"tt = @(u",f),
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where u is an augmented vector in which the unknowns on the interfaces
appear more than once,

n

u" = [u’fug...u’}]T.

The function @ is linear in each of its arguments, so we can write
®(u,f) =Tu+ Nf,
where the matrices T and IV are defined by
Tu:= &(u,0), Ng:=&(0,g),

which are simple applications of a Schwarz iteration with zero right-hand side
and zero initial guess respectively. The Schwarz iteration can then be formu-
lated as
u"tt =u" 4 (Nf — (I - T)u"), (23)
which is a stationary iterative method for the preconditioned linear system
(I —T)u= Nf. (24)

To accelerate the convergence, we can use a Krylov subspace method to solve
(24) instead. We used BiCGstab instead of GMRES, so that we don’t have to
choose an appropriate restart parameter and avoid memory problems. Note
that the stopping criterion in this case is based on the euclidean norm of the
relative residual in the system (24), i.e.

_NE— (1~ T
BGE

n

6.2 Comparison of convergence

In Figure 6, the convergence of the different methods is shown for two differ-
ent coefficient ratios. The two Dirichlet-Neumann methods, (DN) and (ND),
with optimized relaxation parameters, are converging very quickly. This is be-
cause they are optimal methods when using two symmetric subdomains (see
Section 4); however their convergence deteriorates very quickly when using
more subdomains or when breaking the symmetry (see Section 6.3). Among
the other methods presented in Figure 6, the transmission conditions that
were optimized over two free parameters perform much better than the one-
sided Robin conditions, as expected. Also, the second version of the one-sided
conditions converges faster than the first version with bad scaling, and the dif-
ference increases as the ratio of coefficients increases, as predicted. Generally,
optimized Schwarz methods converge faster as the jump in the coefficient is
increased.

Next, we fix u = 10 and vary the grid size h. Table 1 shows the number
of iterations that were needed to reach a tolerance of 10~ for the different
optimized methods. The convergence of the optimized transmission conditions
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p=10 =100

— Opt. Robin vi — Opt. Robin vi

- - Opt. Robin v2 - - Opt. Robin v2

-+ Opt. 2-sided Robin -+ Opt. 2-sided Robin
Opt. 2nd order Opt. 2nd order

-9~ Opt. DN -9~ Opt. DN

Opt. ND Opt. ND
=9~ DN no relaxation

p
=9~ DN no relaxation

L” error
L” error

iterations iterations

Fig. 6 Convergence for u = 10 on the left and p = 100 on the right, in the case h = 3'(’;—0.

Opt. Robin v.1 | Opt. Robin v.2 | Opt. 2-sided Robin | Opt. 2nd order
h Optimized Schwarz as an iterative solver
26 26 24 11 10
s
w2 | ; :
= 7 54 13 14
400
300 110 73 13 17
Optimized Schwarz with Krylov acceleration
5"? 19 13 9 7
w5 17 10 10
= 28 21 10 10
ﬁ 37 26 11 11
800

Table 1 Number of iterations to reach a tolerance of 10—, for small values of h.

deteriorates as we decrease the mesh size h, except for the two-sided Robin
conditions, for which the number of iterations appears to stop growing for
small h, as the theoretical asymptotics of Section 3 indicated. It is difficult
to verify more precisely the asymptotic performances, like it was done in [11],
to confirm the exponent of the leading order terms in h: when the coefficient
is discontinuous (g > 1), the expansions we have derived become valid only
for very small values of h, much smaller values than the ones we could use
numerically in Table 1.

Now, let us fix h = 555 and vary the heterogeneity ratio u. Table 2 shows
again the number of iterations that were needed to reach a tolerance of 1076 for
the different methods. These results show that the first version of the optimized
Robin conditions is really not performing well for large discontinuities in the
coefficient. On the other hand, all the other optimized conditions do show
significant improvements in the convergence as we increase the ratio . This
is also in agreement with the theoretical asymptotics presented in Section 3.6.
It can be noted, in Table 2, that the convergence of the first version of the
optimized Robin conditions seems to show some improvement for large p, when
using Krylov acceleration. However, this may only be due to the fact that the
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Opt. Robin v.1 | Opt. Robin v.2 | Opt. 2-sided Robin | Opt. 2nd order

”w Optimized Schwarz as an iterative solver

10t 67 48 13 14
102 79 16 7 8
103 206 9 5 6
104 234 7 5 5
10° 234 5 5 5

Optimized Schwarz with Krylov accceleration

10T 29 17 10 9
102 29 8 6 6
103 59 5 4 4
10* 50 4 4 4
10° 41 4 4 3

Table 2 Number of iterations to reach a tolerance of 10~6, for large heterogeneity ratios.

10 T
p=10
u =100
1072 === 1 =1000
r = 10000
W = 100000

relative residual error
=
o

M 2T Hpsmiau® .
TN i

10 : : :
0 20 40 60 80

iterations

Fig. 7 Convergence of the Schwarz method with optimized Robin conditions (first version

of one-sided) when used as a preconditioner for BiCGstab, for the case h = 33—0

norm used to check convergence depends on the transmission conditions and
its parameters. By looking at the convergence history more closely in Figure
7, we can see that the rate of convergence does not get better as we increase

.

Recall that the optimized parameters for the transmission conditions are
computed by analyzing a convergence factor that was derived for a continuous
model problem on the infinite plane. We now compare these optimized values
with the parameters that yield the fastest convergence numerically for the
discrete problem, in the case 4 =2 and h = % Figure 8 shows the number of
iterations required to reach a tolerance of 10~° for a range of parameter values
around the optimized parameters. We see that the Fourier analysis performed

on the continuous model problem predicts very well the best parameters.
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iterations

3 4 5

so
<
®
©

Fig. 8 Optimized parameters (*) computed from the min-max problem (when p = 2),
compared with the performance of other values of the parameters, on the left for the one-
sided Robin conditions, in the middle for the two-sided Robin conditions, and on the right
for the second order conditions.

6.3 Deterioration of convergence

We should point out that there are extreme situations when this continuous
analysis will fail to produce very good parameter values, for example

— when the subdomains are very thin or very asymmetrical,

— when the coefficients of the problem are varying a lot inside the subdo-
mains,

— when the shape of the interface is very far from straight.

In such cases, one should solve modified min-max problems that are better
adapted to these situations instead, see for example [21]. In this subsection,
we illustrate two scenarios when the convergence deteriorates: with two very
asymmetrical subdomains, and with many subdomains.

Recall that the computational domain for the numerical experiments is
the square (0,7)2. We consider now an asymmetrical decomposition into 2
subdomains

2, =(0,an) x (0,7), 2= (am,m)x (0,7), whereae€ (0,1).

Thus, the subdomains are perfectly symmetric when a = % Table 3 displays
some results when we vary the position of the interface. We also compare
with Dirichlet-Neumann methods with optimal relaxation parameters from
Section 4. These methods converge very quickly when the two subdomains are
symmetric, but the convergence deteriorates as soon as we break the symmetry
in the decomposition, and divergence (D) is even observed in some cases. The
most stable method across the table is the optimized second order transmission
conditions, which does not show a significant change in convergence as the
position of the interface is moved.

Finally, some results with more than 2 subdomains are presented. The com-
putational domain is decomposed into vertical strips of the same width, with a
diffusion coefficient that jumps at each interface: v = 0.001,1,0.001, 1, and so
on. It is expected that the convergence detriorates as we increase the number
of subdomains; the remedy would be using a coarse space correction [6]. In
Table 4, we compare the different methods as iterative solvers, without any
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Interface position a % % % % % % %
Opt. Robin v.1 65 65 | 78 | 87 | 69 | 65 | 65
Opt. Robin v.2 63 | 61 | 74 | 84 | 67 | 63 | 63
Opt. 2-sided Robin 264 | 25 | 24 | 25 | 23 | 24 | 23
Opt. 2nd order 19 18 | 17 | 18 | 17 | 17 | 18
DN D 52 | 18 | 4 14 | 20 | 20
ND 46 | 34 | 22 4 130 | D D

Table 3 Number of iterations needed to reach a tolerance of 106, for different values of
«, when p = 2, N = 200.

Number of subdomains 2 4 6 8 10 12 16
Opt. Robin v.1 72 | 74 | 86 | 114 | 141 | 170 230
Opt. Robin v.2 15 | 23 | 29 35 41 47 58
Opt. 2-sided Robin 7 9 10 15 17 25 71
Opt. 2nd order 8 10 | 11 13 15 20 40
DN best 4 11 | 15 23 35 51 > 1000
DN best no relaxation 8 11 | 13 19 25 40 > 1000

Table 4 Number of iterations to reach a tolerance of 1076, for an increasing number of
subdomains, when p = 100, N = 240.

kind of coarse correction. The method labeled DN best refers to imposing the
Dirichlet condition for each interface on the subdomain with the smaller dif-
fusion coefficient (this guarantees convergence without relaxation when using
two subdomains). On each interface, the optimal relaxation parameter from
the analysis with two subdomains is employed. It can be noted from Table
4 that the convergence of this Dirichlet-Neumann method deteriorates as we
increase the number of subdomains. The most robust method is again with the
optimized second order transmission conditions, which converges significantly
faster than Dirichlet-Neumann for many subdomains.

It was shown in this paper that with a discontinuous diffusion coefficient,
the optimized two-sided Robin conditions produce a better asymptotic conver-
gence factor than the optimized second order conditions, both when the grid
size h is small (Theorem 7 and 9) and when the jump in the coefficient 4 is large
(Theorem 10). On the other hand, the numerical results in this subsection, and
the additional results in [5], demonstrate that the second order conditions are
more robust compared to the two-sided Robin conditions when breaking the
symmetry of the decomposition and when using many subdomains.

7 Conclusion

We derived and analyzed optimized Schwarz methods for a diffusion problem
with discontinuous coefficient, using two non-overlapping subdomains. The
transmission conditions are optimized to obtain fast convergence of the itera-
tion, without changing the computational cost of each iteration. The solutions
of the min-max problems are fully characterized and formulas for the best
parameters are provided. When using an appropriate scaling, the performance
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of optimized Schwarz methods is shown to be very effective for strongly het-
erogeneous media. In particular, the optimization of two-sided transmission
conditions seems to provide the best convergence when the coeflicients are dis-
continuous; we exposed analytical and numerical evidence that the resulting
convergence factor is mesh independent. We conjecture that these conclusions
will hold as well in the more general case of advection-diffusion problems with
discontinuous coefficients.
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