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Abstra
t. Semilinear evolution equations arise in many appli
ations ranging frommathemati
al

biology to 
hemi
al rea
tions (e.g. 
ombustion). The signi�
ant diÆ
ulty in these equations is

the nonlinearity, whi
h 
ombined with the dis
retized di�usion operator leads to large systems of

nonlinear equations. To solve these equations, Newton's method or a variant thereof is often used

and to a
hieve 
onvergen
e 
an require individual �ne tuning for ea
h 
ase. This 
an be espe
ially

diÆ
ult if nothing is known about the solution behavior. In addition one observes in many 
ases

that not all frequen
y 
omponents are equally important for the solution; the frequen
y intera
tion is

determined by the nonlinearity. It is therefore of interest to work in frequen
y spa
e when analyzing

the unknown behavior of su
h problems numeri
ally.

We propose in this paper an algorithm whi
h redu
es the dimensionality of the nonlinear problems

to be solved to a size 
hosen by the user. The algorithm performs a de
omposition in frequen
y

spa
e into subspa
es and an iteration is used to obtain the solution of the original problem from the

solutions on the frequen
y subspa
es. We prove linear 
onvergen
e of the algorithm on unbounded

time intervals, a result whi
h is also valid for the stationary 
ase. On bounded time intervals, we

show that the new algorithm 
onverges superlinearly, a rate faster than any linear rate. We obtain

this result by relating the algorithm to an algorithm of waveform relaxation type. By using time

windows, one 
an thus a
hieve any linear 
ontra
tion rate desired. An additional advantage of this

algorithm is its inherent parallelism.
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1. Introdu
tion. Semilinear evolution equations are an important 
lass of equa-

tions for modeling natural phenomena. In many of these appli
ations, the spatial

operator is rather simple, often just representing a di�usion, whereas the major e�ort

of the modeling goes into the non-linear rea
tion terms. This often leads to in�nite

dimensional problems (due to the di�usion) whose diÆ
ulty lies in the nonlinearity of

the rea
tion terms and not in the spatial operator. In addition the behavior of a new

nonlinear model is in general not known and questions of existen
e and uniqueness of

solutions arise. In su
h situations it is desirable to have numeri
al methods available

whi
h are able to tra
k multiple solutions and are robust in the sense that they do not

fail be
ause the Newton method inherently ne
essary due to the nonlinearity fails to


onverge. Applying a standard numeri
al method, it often requires 
onsiderable �ne

tuning of the various variants of Newton's method to obtain a solution, and then it

is diÆ
ult to dete
t if it is the only one. In addition one often observes in semilinear

evolution equations that not all frequen
y 
omponents are of equal importan
e in the

solution. The important a
tivity of the solution is often 
on�ned to a relatively small

subspa
e.

We propose in this paper a method whi
h is suitable to explore semilinear evo-

lution problems whose solution properties are not yet fully understood. Tam and


oworkers investigated in [22℄ an algorithm whi
h worked on frequen
y 
omponents of

the solution individually, one at a time. This approa
h redu
ed the dimensionality of

the nonlinear systems to be solved to one, and one dimensional nonlinear problems are

mu
h easier to handle than higher dimensional ones, sin
e solutions 
an be 
on�ned to

intervals and multiple solutions 
an be dete
ted relatively easily. This algorithm also
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revealed the importan
e of 
ertain frequen
y subspa
es in the solution in several ap-

pli
ations, in
luding systems of non-linear partial di�erential equations, see [1℄. The

algorithm working on one frequen
y at a time is a spe
ial 
ase of the frequen
y de
om-

position waveform relaxation algorithm we present in this paper. The algorithm was

developed independently, and a preliminary analysis of it 
an be found in [12℄. The

algorithm uses the eigensystem of the di�erential operator in the semilinear evolution

equation to de�ne subspa
es in frequen
y spa
e. It then evolves the solution in one

subspa
e while keeping it frozen in the other subspa
es. A subspa
e iteration similar

to the S
hwarz iteration for steady problems, but now in frequen
y spa
e, is used to

obtain a sequen
e of approximate solutions, whi
h is proved to 
onverge to the solu-

tion of the original problem. The frequen
y de
omposition presented here is related

to a frequen
y de
omposition and multi-grid method analyzed in [13℄ for steady state

problems, but here we are interested in the 
oupling through the nonlinearity and we

use the eigenfun
tions of the linear di�erential operator to de
ouple the 
ontributions

of the linear part of the equation.

De
omposition and subspa
e iteration has been a �eld of high a
tivity during

the last de
ades, see for example the survey papers by Xu [25℄, Xu and Zou [26℄ and

the referen
es therein. Most of the analysis however involves steady problems and

this paper's fo
us is on evolution equations. The 
lassi
al approa
h in that 
ase is

to dis
retize the time 
omponent uniformly over the whole domain by an impli
it

s
heme and then to apply the de
omposition and subspa
e iteration at ea
h time step

to solve the steady problems obtained by the time dis
retization. For an analysis

of this approa
h in the paraboli
 
ase see [16, 4℄ and for hyperboli
 problems see

[2, 24℄. Another, more re
ent approa
h for evolution problems is the following: one still

de
omposes the spatial domain, but solves time dependent subproblems during the

subspa
e iteration. This approa
h has been known for ordinary di�erential equations

under the name waveform relaxation and the �rst link with domain de
omposition

was made by Bj�rhus in [3℄ for �rst order hyperboli
 problems. For the heat equation

and an overlapping S
hwarz type de
omposition this approa
h was analyzed in [11,

10℄, and for more general paraboli
 problems in [8, 6℄. This analysis has led to

the 
lass of overlapping S
hwarz waveform relaxation algorithms. The appli
ation

of su
h algorithms to the se
ond order wave equation has been studied in [7℄. A

di�erent type of splitting is used in the multigrid waveform relaxation algorithm,

whi
h was motivated by the multigrid te
hniques for steady problems, see for example

[23℄, [21℄, [14℄, [15℄ and referen
es therein. All algorithms in the 
lass of waveform

relaxation algorithms have the advantage that one does not need to impose a uniform

time dis
retization for all subspa
es and also that one does not need to 
ommuni
ate

information at ea
h time step. The frequen
y de
omposition waveform relaxation

algorithm presented in this paper is an algorithm in this 
lass, but with a new type

of splitting, namely in frequen
y spa
e.

In Se
tion 2 we introdu
e the semilinear paraboli
 equation for whi
h we study the

frequen
y de
omposition waveform relaxation algorithm and we give basi
 existen
e

results on whi
h our analysis later is based. In Se
tion 3 we introdu
e the frequen
y

subspa
e de
omposition. The formulation is kept general and the frequen
y subspa
es

are 
hara
terized by invariant subspa
es of the spatial operator. In Se
tion 4 we

analyze the frequen
y de
omposition waveform relaxation algorithm for both bounded

and unbounded time intervals. The 
onvergen
e results obtained di�er 
onsiderably.

On unbounded time intervals we prove linear 
onvergen
e of the algorithm under a

strong Lips
hitz 
ondition on the nonlinear term. This 
ase is of importan
e sin
e
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it also proves 
onvergen
e of the algorithm for the steady state 
ase, whi
h is often

signi�
antly harder to handle numeri
ally. On bounded time intervals the 
onvergen
e

behavior is even better: we prove superlinear 
onvergen
e of the algorithm assuming

that the nonlinear fun
tion is Lips
hitz for an arbitrary 
onstant. In all the analysis we

provide 
omplete estimates for the 
ontra
tion rates and 
onstants involved. Se
tion 5

shows the performan
e of the frequen
y de
omposition waveform relaxation algorithm

on two model problems, a double well potential in one dimension and a 
ombustion

problem in two dimensions.

2. Problem Formulation. We present the frequen
y de
omposition waveform

relaxation algorithm for a general evolution problem using the theory of semigroups

of linear operators. This has the advantage that the results are valid both at the


ontinuous level and for various types of dis
retizations. We start by re
alling results

from [18℄ whi
h we need later in the analysis of the algorithm. We 
onsider the initial

value problem

du(t)

dt

+Au(t) = f(t; u(t)); t > t

0

;

u(t

0

) = u

0

:

(2.1)

where �A is the in�nitesimal generator of an analyti
 semigroup on a Bana
h spa
e X

with the norm jj � jj. A is a se
torial operator and by the assumptions on A fra
tional

powers A

�

of A 
an be de�ned for 0 � � � 1 and A

�

is a 
losed linear invertible

operator with domain D(A

�

). The 
losedness of A

�

implies that D(A

�

) endowed

with the graph norm of A

�

, i.e the norm jjjxjjj := jjxjj + jjA

�

xjj is a Bana
h spa
e.

Sin
e A

�

is invertible, its graph norm jjj � jjj is equivalent to the norm jj � jj

�

:= jjA

�

� jj.

Thus D(A

�

) equipped with the norm jj � jj

�

is a Bana
h spa
e whi
h we denote by

X

�

. The main assumption on the nonlinear fun
tion f for existen
e and uniqueness

of a solution is

Assumption 2.1. Let U be an open subset of IR

+

�X

�

. The fun
tion f : U �! X

satis�es Assumption 2.1 if for every (t; u) 2 U there is a neighborhood V � U and


onstants L � 0, 0 < Æ � 1 su
h that

jjf(t

1

; u

1

)� f(t

2

; u

2

)jj � L(jt

1

� t

2

j

Æ

+ jju

1

� u

2

jj

�

)(2.2)

for all (t

i

; u

i

) 2 V .

Theorem 2.2. Let �A be the in�nitesimal generator of an analyti
 semigroup

G(t) satisfying jjG(t)jj �M and assume further that 0 2 �(�A), the resolvent set of

A. If f satis�es Assumption 2.1 then for every initial data (t

0

; x

0

) 2 U the initial

value problem (2.1) has a unique lo
al solution u 2 C([t

0

; t

1

[: X) \ C

1

(℄t

0

; t

1

[: X)

where t

1

= t

1

(t

0

; u

0

) > t

0

.

Proof. The proof 
an be found in [18, page 196℄. Under a stronger Lips
hitz


ondition of similar type, global existen
e and uniqueness 
an also be established, see

[18℄.

Sin
e we have appli
ations in mind with di�usion, di�erential operators are of

interest. Let 
 be a bounded domain in IR

n

with smooth boundary �
. Consider the

di�erential operator

A(x;D) :=

X

j�j�2m

a

�

(x)D

�

where � is a multi index and D denotes the derivative. The following theorem from

[18℄ is of key importan
e:
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Theorem 2.3. If A(x;D) is a strongly ellipti
 operator of order 2m then the

operator �A de�ned by Au = A(x;D)u is the in�nitesimal generator of an analyti


semigroup of operators on L

2

(
).

3. Subspa
e De
omposition. To simplify notation, we 
onsider in the sequel

only nonlinear fun
tions f in (2.1) whi
h do not depend expli
itly on time, f = f(u),

and we 
onsider the �xed bounded time interval [0; T ℄, T < 1. We also restri
t

the formulation of our algorithm to the spe
ial 
ase where the Bana
h spa
e X is

a Hilbert spa
e, equipped with the inner produ
t (x; y) for x; y 2 X and with it

the asso
iated norm jjxjj :=

p

(x; x) for x 2 X . Suppose we have a de
omposition

of the Hilbert spa
e X into n subspa
es X

i

whi
h might be disjoint or overlapping,

X = spanfX

1

; X

2

: : :X

n

g. For the frequen
y de
omposition we have in mind, we use

the normalized eigenfun
tions A�

j

= �

j

�

j

to de�ne the subspa
es, and we assume

that the eigenpairs are ordered, j�

1

j � j�

2

j � : : :. For example two subspa
es 
ould

be de�ned by

X

1

:= spanf�

1

; �

2

; : : : ; �

m

1

g; X

2

:= spanf�

m

2

; �

m

2

+1

; : : : ; �

m

g;

wherem

2

� m

1

+1. Note that the subspa
es are overlapping if this inequality is stri
t.

Also the se
ond subspa
e might be in�nite dimensional, m =1. We 
ould also sele
t

subspa
es whi
h do not separate low and high frequen
ies, and thus both 
ould be

in�nite dimensional. In appli
ations however trun
ations are 
ommon. We de�ne the

orthogonal proje
tor IP

i

: X �! X

i

to be the unique linear self-adjoint operator with

range X

i

su
h that IP

2

i

= IP

i

. For the frequen
y de
omposition introdu
ed above, we

would have for a given u 2 X

IP

1

u =

m

1

X

j=1

u

j

�

j

; IP

2

u =

m

X

j=m

2

u

j

�

j

; u

j

= (u; �

j

):

Our interest here is in subproblems 
oupled through the non-linearity and not through

A, therefore we require the de
omposition to be su
h that A and IP

i


ommute, whi
h

is the 
ase for the frequen
y de
omposition. Applying the proje
tion operators IP

i

to

the evolution equation (2.1) we get a sequen
e of n subproblems,

dv

i

dt

+Av

i

= IP

i

f(u); 0 < t < T;

v

i

(0) = IP

i

u

0

;

(3.1)

i = 1; 2; : : : ; n, where v

i

:= IP

i

u. We also sele
t operators IR

i

: X

i

�! X su
h that

u =

n

X

i=1

IR

i

v

i

(3.2)

and we assume that they 
ommute with A as well. In the 
ase of the frequen
y

de
omposition, we have

IR

1

v

1

= IR

1

m

1

X

j=1

u

j

�

j

=

m

2

�1

X

j=1

u

j

�

j

+

m

1

X

j=m

2

�

j

u

j

�

j

;

IR

2

v

2

= IR

2

m

X

j=m

2

u

j

�

j

=

m

1

X

j=m

2

�

j

u

j

�

j

+

m

X

j=m

1

+1

u

j

�

j

;
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for some weights �

j

+ �

j

= 1, j = m

2

; : : : ;m

1

. Using the operators IR

i

we 
an de�ne

the new fun
tion

^

f(v

1

; v

2

; : : : ; v

n

) := f(

n

X

i=1

IR

i

v

i

)

and write the sequen
e of subproblems of the evolution equation as

dv

i

dt

+Av

i

= IP

i

^

f(v

1

; v

2

; : : : ; v

n

); 0 < t < T;

v

i

(0) = IP

i

u

0

:

(3.3)

Now evolving the solution in some subspa
es X

i

, i 2 S where S denotes a subset

of indi
es in f1; 2; : : : ; ng while �xing the solution in the remaining subspa
es X

j

,

j =2 S is equivalent to relaxing some of the arguments of

^

f . Doing this we obtain

an algorithm of waveform relaxation type [17℄. For example a Pi
ard type iteration,

where all the arguments are relaxed, would read

dv

k+1

i

dt

+Av

k+1

i

= IP

i

^

f(v

k

1

; : : : ; v

k

n

); 0 < t < T;

v

k+1

i

(0) = IP

i

u

0

;

(3.4)

and thus all the subproblems in the 
orresponding subspa
es X

i

would be linear and

de
oupled. A Ja
obi type relaxation would lead to the subproblems

dv

k+1

i

dt

+Av

k+1

i

= IP

i

^

f(v

k

1

; : : : ; v

k

i�1

; v

k+1

i

; v

k

i+1

; : : : ; v

k

n

); 0 < t < T;

v

k+1

i

(0) = IP

i

u

0

;

(3.5)

and thus all the nonlinear subproblems in the 
orresponding subspa
es X

i

are de-


oupled and their dimension is the dimension of the 
orresponding subspa
e. If the

dimension is 
hosen to be one, we obtain the algorithm proposed in [22℄ whi
h analyzes

the solution one eigenmode at a time. Applying IR

i

to equation (3.5) and summing

over i we obtain

du

k+1

dt

+Au

k+1

=

~

f(u

k+1

; u

k

); 0 < t < T;

u

k+1

(0) = u

0

;

(3.6)

where we used the identity u =

P

m

i=1

IR

i

IP

i

u that follows from (3.2) and we have

de�ned the new fun
tion

~

f(u

k+1

; u

k

) :=

m

X

i=1

IR

i

IP

i

^

f(IP

1

u

k

; : : : ; IP

i�1

u

k

; IP

i

u

k+1

; IP

i+1

u

k

; : : : ; IP

n

u

k

):

The resulting algorithm (3.6) is now a waveform relaxation algorithm in 
lassi
al

notation. Note that any other relaxation s
heme in frequen
y spa
e would lead to

a system of the form (3.6) as well. It thus suÆ
es in the analysis of the frequen
y

de
omposition and subspa
e iteration algorithm to investigate iterations of the form

(3.6). This is a

omplished in the next se
tion.

Remark 3.1. The analysis presented in the sequel applies to any splitting leading

to a system of the form (3.6). In parti
ular one 
ould also 
hoose a de
omposition of

the nonlinear fun
tion f(u) dire
tly into a fun
tion

~

f(u; v) su
h that

~

f(u; u) = f(u),

whi
h would be motivated by di�erent means than the frequen
y de
omposition.
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4. Convergen
e Analysis. We derive linear and superlinear bounds on the


onvergen
e rates of the frequen
y de
omposition and subspa
e iteration algorithm

for solving the evolution equation (2.1). We will need

Lemma 4.1. If A is a se
torial operator and Re(�

1

) > Æ > 0 then for any � � 0

there exists a 
onstant K = K(�) su
h that

jje

�At

jj

�

� Kt

��

e

�Æt

; 8t > 0:

Proof. The proof 
an be found in [19℄.

4.1. Gronwall Type Estimates. We also need an estimate for a parti
ular

kernel whi
h is re
ursively applied in the analysis of the waveform relaxation algo-

rithm. This estimate is established in this se
tion. Denoting by �(x) the Gamma

fun
tion

�(x) =

Z

1

0

z

x�1

e

�z

dz

and the in�nity norm of a bounded fun
tion f(x) by

jjf(�)jj

T

:= sup

0<t<T

jf(t)j

where T 
an be in�nite, we have the following results:

Lemma 4.2. Suppose for some 0 � � < 1 and T < 1 we have a sequen
e of

fun
tions p

k

: [0; T ℄ 7! IR with p

k

(0) = 0 for k = 0; 1; : : : satisfying the inequality

p

k+1

(t) �

Z

t

0

1

(t� �)

�

(C

1

p

k+1

(�) + C

2

p

k

(�))d�

for some 
onstants C

1

� 0 and C

2

> 0. Then we have

p

k

(t) �

(C�(1� �))

k

�(k(1� �) + 1)

t

k(1��)

jjp

0

(�)jj

T

where the 
onstant C = C(C

1

; C

2

; T; �) is given by

C = C

2

e

(C

1

�(1��))

n+1

�((n+1)(1��))

T

(n+1)(1��)

0

�

2

n

X

j=1

(C

1

�(1� �))

j

T

j(1��)

+ 1

1

A

(4.1)

and n =

l

�

1��

m

.

Proof. The proof is obtained by indu
tion. The result 
learly holds for k = 0. So

suppose it holds for k. Then we have

p

k+1

(t) � C

1

Z

t

0

1

(t� �)

�

p

k+1

(�)d� + C

2

Z

t

0

(C�(1� �))

k

�(k(1� �) + 1)

�

k(1��)

(t� �)

�

d� jjp

0

(�)jj

T

:

To be able to estimate the term 
ontaining p

k+1

on the right, we follow an idea used

in [5℄. We iterate the inequality n times using ea
h time the identity

Z

t

�

(t� s)

x�1

(s� �)

y�1

ds = (t� �)

x+y�1

B(x; y); x; y > 0
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where B(x; y) denotes the Beta fun
tion, Euler's integral of the �rst kind [9℄,

B(x; y) =

Z

1

0

(1� s)

x�1

s

y�1

ds:

We obtain now a bounded kernel, namely

p

k+1

(t) � E

Z

t

0

1

(t� s)

(n+1)��n

p

k+1

(s)ds+D(k; t)t

(k+1)(1��)

(4.2)

with E and D(k; t) given by

E = C

n+1

1

n

Y

j=1

B(j(1� �); 1� �);

D(k; t) = C

2

jjp

0

(�)jj

T

(C�(1� �))

k

�(k(1� �) + 1)

B(1� �; k(1� �) + 1)

�

0

�

n

X

j=1

C

j

1

B(j(1� �); (k + 1)(1� �) + 1)

j�1

Y

l=1

B(l(1� �); 1� �)t

j(1��)

+ 1

1

A

:

Now we use the fa
t that the Beta fun
tion 
an be written in terms of the Gamma

fun
tion [9℄,

B(x; y) =

�(x)�(y)

�(x + y)

:

Substituting this expression into the produ
ts in E and D(t; k) reveals that the prod-

u
ts are teles
opi
. We obtain

E =

(C

1

�(1� �))

n+1

�((n+ 1)(1� �))

;

D(k; t) = C

2

jjp

0

(�)jj

T

C

k

(�(1� �))

k+1

�((k + 1)(1� �) + 1)

�

0

�

n

X

j=1

�((k + 1)(1� �) + 1) (C

1

�(1� �))

j

�((k + j + 1)(1� �) + 1)

t

j(1��)

+ 1

1

A

:

Now we need to estimate D(k; t) by a 
onstant independent of t to apply the standard

Gronwall Lemma, and we want to have the sum independent of k. We estimate in

D(k; t) the terms

t

j(1��)

� T

j(1��)

and

�((k + 1)(1� �) + 1)

�((k + j + 1)(1� �) + 1)

� 2

and the kernel in the integral of (4.2) by

1

(t� s)

(n+1)��n

� T

n�(n+1)�

where the exponent on the right is positive with the 
ondition on n to obtain

p

k+1

(t) � ET

n�(n+1)�

Z

t

0

p

k+1

(s)ds+

~

D(k)t

(k+1)(1��)
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with

~

D(k) = C

2

jjp

0

(�)jj

T

C

k

(�(1� �))

k+1

�((k + 1)(1� �) + 1)

0

�

2

n

X

j=1

(C

1

�(1� �))

j

T

j(1��)

+ 1

1

A

:

Now we apply the standard Gronwall Lemma and obtain

p

k+1

(t) �

~

D(k)e

ET

(n+1)(1��)

t

(n+1)(1��)

:

Using the de�nition of the 
onstant C leads to the desired result.

Lemma 4.3. Suppose we have for some 0 � � < 1

p

k+1

(t) �

Z

t

0

e

�Æ(t��)

(t� �)

�

(C

1

p

k+1

(�) + C

2

p

k

(�))d�

for some 
onstants C

1

� 0, C

2

> 0, Æ > 0 su
h that

Æ

1��

> C

1

�(1� �):

Then

jjp

k

(�)jj

1

�

�

C

2

�(1� �)

Æ

1��

� C

1

�(1� �)

�

k

jjp

0

(�)jj

1

:

Proof. We have

jp

k+1

(t)j �

Z

t

0

e

�Æ(t��)

(t� �)

�

d�(C

1

jjp

k+1

(�)jj

1

+ C

2

jjp

k

(�)jj

1

):

Applying the variable transform z = Æt(1� �=t) leads to

jp

k+1

(t)j �

1

Æ

1��

Z

Æt

0

e

�z

z

�

dz(C

1

jjp

k+1

(�)jj

1

+ C

2

jjp

k

(�)jj

1

)

=

1

Æ

1��

�

Æt

(1� �)(C

1

jjp

k+1

(�)jj

1

+ C

2

jjp

k

(�)jj

1

)

where �

y

(x) denotes the in
omplete Gamma fun
tion,

�

y

(x) =

Z

y

0

z

x�1

e

�z

dz:

Taking the limit as t goes to in�nity we obtain

jjp

k+1

(�)jj

1

�

�(1� �)

Æ

1��

(C

1

jjp

k+1

(�)jj

1

+ C

2

jjp

k

(�)jj

1

):

Now using Æ

1��

> C

1

�(1� �) the result follows.
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4.2. Convergen
e Results. We 
onsider now solution algorithms of the form

(3.6) for the evolution equation (2.1). The equations for the error e

k+1

are given by

de

k+1

dt

+Ae

k+1

=

~

f(u; u)�

~

f(u

k+1

; u

k

); 0 < t < T;

e

k+1

(0) = 0:

(4.3)

Theorem 4.4 (Linear Convergen
e). If

~

f is Lips
hitz from X

�

to X (0 � � < 1)

in both arguments,

jj

~

f(u

2

; v)�

~

f(u

1

; v)jj � L

1

jju

2

� u

1

jj

�

; 8u

1

; u

2

; v 2 X

�

;

jj

~

f(u; v

2

)�

~

f(u; v

1

)jj � L

2

jjv

2

� v

1

jj

�

; 8u; v

1

; v

2

2 X

�

(4.4)

for some Lips
hitz 
onstants L

1

and L

2

satisfying

L

1

<

Æ

1��

K�(1� �)

; L

2

<

Æ

1��

K�(1� �)

� L

1

with K = K(�) and Æ the 
onstants given in Lemma 4.1, then iteration (3.6) 
onverges

at least linearly on unbounded time intervals,

sup

t>0

jje

k

(t)jj

�

� 


k

sup

t>0

jje

0

(t)jj

�

with


 =

L

2

K�(1� �)

Æ

1��

� L

1

K�(1� �)

< 1:

Remark 4.5. The Lips
hitz 
ondition (4.4) is similar to the Lips
hitz 
ondition

(2.2) required for a unique solution. In the 
ase of Theorem 4.4 there are however ad-

ditional 
onstraints on the size of the Lips
hitz 
onstants to obtain linear 
onvergen
e.

These 
onstraints will be removed in Theorem 4.6 for superlinear 
onvergen
e.

Proof. The solution of the error equations 
an formally be written as

e

k+1

(t) =

Z

t

0

e

�A(t��)

(

~

f(u(�); u(�)) �

~

f(u

k+1

(�); u

k

(�)))d�:

Applying A

�

on both sides and taking norms we obtain

jje

k+1

(t)jj

�

�

Z

t

0

jje

�A(t��)

jj

�

jj

~

f(u(�); u(�)) �

~

f(u

k+1

(�); u

k

(�))jjd�:

Using the Lips
hitz 
ondition on

~

f and Lemma 4.1 we get

jje

k+1

(t)jj

�

� K

Z

t

0

e

�Æ(t��)

(t� �)

�

(L

1

jje

k+1

(�)jj

�

+ L

2

jje

k

(�)jj

�

)d�:

Now denoting with p

k+1

(t) := jje

k

(t)jj

�

and applying Lemma 4.3 the result follows.

Theorem 4.6 (Superlinear Convergen
e). If

~

f is Lips
hitz from X

�

to X (0 �

� < 1) in both arguments (4.4) with arbitrary Lips
hitz 
onstants L

1

and L

2

, then

iteration (3.6) 
onverges superlinearly on bounded time intervals, 0 < t < T with at

least the rate

sup

0<t<T

jje

k

(t)jj

�

�

(C�(1� �))

k

�(k(1� �) + 1)

T

k(1��)

sup

0<t<T

jje

0

(t)jj

�
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where the 
onstant C is given by

C = KL

2

e

(KL

1

�(1��))

n+1

�((n+1)(1��))

T

(n+1)(1��)

0

�

2

n

X

j=1

(KL

1

�(1� �))

j

T

j(1��)

+ 1

1

A

;

n =

l

�

1��

m

and the 
onstant K = K(�) is given in Lemma 4.1.

Proof. Pro
eeding as in Theorem 4.4, we get

jje

k+1

(t)jj

�

� K

Z

t

0

e

�Æ(t��)

(t� �)

�

(L

1

jje

k+1

(�)jj

�

+ L

2

jje

k

(�)jj

�

)d�:

Now denoting with p

k+1

(t) := e

Æt

jje

k

(t)jj

�

and applying Lemma 4.2 the result follows.

Note that the bound on the 
onvergen
e rate is superlinear, sin
e the Gamma

fun
tion grows faster than any 
onstant to the power k. It is also interesting to note

that while the linear 
onvergen
e bound depends in an essential way on the dissipation

represented by the parameter Æ, the superlinear 
onvergen
e bound is independent of

this parameter.

5. Numeri
al Examples. We show two sets of numeri
al experiments, �rst

a double well potential in one dimension and then a 
ombustion problem in two

dimensions. The �rst problem illustrates the two di�erent types of 
onvergen
e rates

the analysis predi
ts and shows the dependen
e of the 
onvergen
e rate on the splitting

of the algorithm. The 
ombustion experiment is motivated by [1℄ where the algorithm

was used to investigate sub-
riti
al and super-
riti
al solutions.

5.1. Double Well Potential Model Problem. The double well potential

model problem we 
onsider is

�u

�t

�

�

2

u

�x

2

= C(u� u

3

); 0 < x < 1; 0 < t < T;

with a given initial 
ondition and homogeneous boundary 
onditions. First we inves-

tigate the spe
ial 
ase of the Pi
ard iteration where all the arguments of the nonlinear

fun
tion are relaxed,

�u

k+1

�t

�

�

2

u

k+1

�x

2

= C(u

k

� (u

k

)

3

); 0 < x < 1; 0 < t < T;

and thus all the subproblems to be solved are linear and de
oupled. This illustrates

the two di�erent 
onvergen
e behaviors of the algorithm.

We solve the equation by dis
retizing in spa
e by 
entered �nite di�eren
es on

a grid with 100 nodes and integrate in time using ba
kward Euler and 300 time

steps. We set C = 1 and use as initial 
ondition u(x; 0) = x(1 � x). In a �rst

experiment we 
hoose a long time interval T = 3 where we expe
t the algorithm to

be in the linear 
onvergen
e regime. We start the iteration with a 
onstant initial

guess u

0

= 0. Figure 5.1 on the left shows how the algorithm 
onverges linearly. The

error is measured throughout this se
tion in the dis
rete L

2

norm in spa
e (in
luding

the mesh parameter and thus 
orresponding to the 
ontinuous L

2

norm), and in the

L

1

norm in time. By error we always denote the di�eren
e between the 
onverged

solution and the iterates. The solid line depi
ts the 
onvergen
e rate a

ording to
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Fig. 5.1. Linear 
onvergen
e on a long time interval on the left and superlinear 
onvergen
e

on a shorter time interval on the right.

Error, L

2

in spa
e and L

1

in time

k m

1

= 1 m

1

= 2 m

1

= 3 m

1

= 5

0 1.7726e-02 1.7726e-02 1.7726e-02 1.7726e-02

1 1.7485e-06 1.7485e-06 4.5537e-08 3.8604e-09

2 1.7471e-09 1.7471e-09 1.2516e-11 4.4270e-13

3 4.0306e-13 4.0306e-13 1.7345e-15 4.0523e-17

Table 5.1

Dependen
e of the 
onvergen
e of the frequen
y de
omposition for the double well potential on

the splitting parameter m

1

.

Theorem 4.4 with K = 1 and Æ = �

2

, the �rst eigenvalue of the operator under


onsideration. The dashed line shows the measured 
onvergen
e rate in the numeri
al

simulation. Note how the 
onvergen
e rate agrees quite well with the predi
ted rate.

To observe superlinear 
onvergen
e, we redu
e the time interval to T = 1=10 and

use again the initial guess u

0

= 0 to start the iteration. Figure 5.1 shows on the

right how the algorithm 
onverges superlinearly. As before the error is measured in

the dis
rete L

2

norm in spa
e and in the L

1

norm in time and the solid line depi
ts

the 
onvergen
e rate a

ording to Theorem 4.6 and the dashed line the measured


onvergen
e rate in the numeri
al simulation. Note how the 
onvergen
e rate be
omes

better as the iteration progresses. The superlinear rate is predi
ted quite well by the

theoreti
al bound.

Next we 
onsider a frequen
y de
omposition for the dis
retized spatial operator.

We 
hoose two subspa
es, the �rst one span by the �rst m

1

eigenfun
tions, and

the se
ond one by the remaining eigenfun
tions, thus obtaining a splitting without

overlap. Note that the fast Fourier transform is the ideal tool for the frequen
y

de
omposition on a dis
retized operator, where geometry permits. We use the same

numeri
al method as for the �rst experiment with T = 1. Table 5.1 shows the

dependen
e of the 
onvergen
e rate on the splitting parameter m

1

. First note that

the �rst and the se
ond 
olumn show the same 
onvergen
e rate, it does not matter if

the se
ond frequen
y is in the �rst or se
ond subspa
e. This is due to the symmetry in

the problem: the se
ond frequen
y is irrelevant for the solution and thus also for the

algorithm. This is also the 
ase for all the other even frequen
ies and they are thus

not 
onsidered in the 
omputation in Table 5.1. Se
ond note the fast 
onvergen
e,
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whi
h indi
ates a weak 
oupling through the nonlinearity u�u

3

. The 
onvergen
e rate

in
reases when more of the low frequen
ies are in
luded in the �rst subspa
e. Finally

we 
omputed how mu
h of the solution is 
ontained in the low frequen
ies in the

above experiment. The �rst subspa
e with one frequen
y only, m

1

= 1 
ontains after

the �rst iteration 97% of the solution. With two frequen
ies, the �rst and the third

one, m

1

= 3, the �rst subspa
e 
ontains after one iteration 99.5% of the solution and

with three frequen
ies 99.9%. This motivates the qualitative study of the behavior

of nonlinear problems using a low dimensional frequen
y subspa
e, as it was done in

[22℄ and [1℄.

5.2. Combustion Model Problem. Combustion problems have the inherent

property that a small 
hange in a parameter or in the initial data 
an 
hange the

solution drasti
ally: either it explodes or it does not [20℄. It 
an be very diÆ
ult

to tra
e su
h a sensitive path in the non-linear solution pro
ess with many variables

arising from the spatial dis
retization. It was therefore proposed in [22℄ to analyze

ea
h frequen
y separately, one at a time. For one frequen
y at a time, the nonlinear

problem is one dimensional and 
an always be solved safely, sometimes even analyt-

i
ally. An iteration of the type presented here then leads to the global solution, if

desired.

We analyze here the 
ombustion problem

�u

�t

��u = Ce

�u

�+u

; 0 < x; y < 1; 0 < t < T;

with homogeneous boundary 
onditions and a given initial 
ondition u(x; y; 0). It is

well known that for large values of � solutions grow to order e

�

; they are 
alled super-


riti
al. For small values of � solutions stay order one and are 
alled sub-
riti
al. In

between at some point, a sudden 
hange takes pla
e. A similar dependen
e 
an also

be shown for the initial data.

An experiment working dire
tly with the 
ontinuous, normalized eigenfun
tions

asso
iated with the linear spatial part,

�

i;j

= 2 sin(i�x) sin(j�y); i; j = 1; 2; : : :

is performed in the thesis [1℄, to tra
e the evolution of ea
h mode separately. A 
lear

separation between sub-
riti
al and super-
riti
al solutions depending on the initial

data was obtained 
onsidering the �rst eigenmode only.

Here we work with the dis
retized spatial operator and the asso
iated eigenfun
-

tions. We use as initial 
ondition u(x; y; 0) = 100xy(1�x)(1�y) and set the 
onstant

C = 1. We dis
retize uniformly in spa
e using �nite di�eren
es on an 11� 11 spatial

grid and integrate in time using Ba
kward Euler with 20 time steps. We use again

a spe
tral de
omposition with the �rst m

1

modes in the �rst subspa
e and with the

remaining ones in the se
ond subspa
e. Table 5.2 shows the 
onvergen
e for various

sizes of the �rst spe
tral subspa
e for � = 34 in the sub-
riti
al 
ase, where again we

denote by error the di�eren
e between the 
onverged solution and the iterates. Note

again that not all frequen
ies 
ontribute to the solution. By symmetry we 
an ex
lude

all the eigenmodes with an even 
omponent in either the x or the y dire
tion or both.

Therefore the table only shows 
onvergen
e rates for m

1

= 1, were the mode 1-1 is

the only mode in the �rst subspa
e, then for m

1

= 5 where the mode 1-3 is added to

the �rst subspa
e, for m

1

= 6 where the mode 3-1 is added and �nally m

1

= 11 when

the mode 3-3 is added. Note that splitting the two modes 1-3 and 3-1 between the
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Error, L

2

in spa
e and L

1

in time

k m

1

= 1 m

1

= 5 m

1

= 6 m

1

= 11

0 1.7279e-01 1.7279e-01 1.7279e-01 1.7279e-01

1 5.0731e-03 1.0854e-03 1.0854e-03 5.3048e-04

2 9.2856e-04 7.4087e-05 7.4082e-05 1.5452e-05

3 8.7745e-05 3.7472e-06 3.7471e-06 8.6243e-07

4 1.6778e-05 2.4962e-07 2.4961e-07 2.8455e-08

5 1.5979e-06 1.3166e-08 1.3165e-08 1.5902e-09

Table 5.2

Dependen
e of the 
onvergen
e of the frequen
y de
omposition for the 
ombustion problem on

the splitting parameter m

1

in the sub-
riti
al 
ase.

Error, L

2

in spa
e and L

1

in time

lower resolution higher resolution

k m

1

= 1 m

1

= 6 m

1

= 11 m

1

= 1 m

1

= 6 m

1

= 11

0 3.2515e-01 3.2515e-01 3.2515e-01 1.5395e-01 1.5395e-01 1.5395e-01

1 3.2095e-02 1.0777e-02 6.6680e-03 1.4512e-02 4.7042e-03 2.8117e-03

2 9.9649e-03 3.7754e-03 2.0804e-03 4.3384e-03 1.5362e-03 7.9829e-04

3 2.3353e-03 6.9933e-04 3.3455e-04 9.2008e-04 2.6130e-04 1.1908e-04

4 4.6069e-04 1.4275e-04 6.1936e-05 1.6445e-04 4.7106e-05 1.9287e-05

5 7.1504e-05 1.9062e-05 7.4141e-06 2.2138e-05 5.5585e-06 2.0696e-06

Table 5.3

Dependen
e of the 
onvergen
e of the frequen
y de
omposition for the 
ombustion problem on

the splitting parameter m

1

in the super-
riti
al 
ase, for two di�erent resolutions in the dis
retiza-

tion.

two subspa
es leaves the 
onvergen
e rate pra
ti
ally like having both modes in the

�rst subspa
e.

Similarly to the 
ase of the double well potential, adding more and more of the low

modes to the �rst subspa
e enhan
es the performan
e of the frequen
y de
omposition

algorithm. Again the solution is dominated by the low modes. After one iteration

with only the lowest mode in the �rst subspa
e, the approximation in that subspa
e


ontains already 98% of the solution, while when keeping the three lowest modes, after

one iteration 99.2% of the solution are 
on�ned to the �rst subspa
e. Note however

that the 
onvergen
e is slower than for the double well potential, whi
h indi
ates a

stronger 
oupling of the frequen
ies by this nonlinearity.

Finally Table 5.3 shows the 
onvergen
e of the algorithm in the super-
riti
al 
ase

� = 35. Here we were required to shorten the time interval to T = 0:01 in a

ordan
e

with Theorem 4.6 to a
hieve 
onvergen
e. Note that higher frequen
ies are be
oming

more important in the super-
riti
al 
ase: if the �rst subspa
e 
ontains one frequen
y

only, m

1

= 1, after the �rst iteration only 92% of the solution is 
ontained in this

subspa
e, 
ompared to 98% in the sub-
riti
al 
ase. In Table 5.3, we also show a

se
ond numeri
al experiment on a re�ned grid, both in spa
e and in time the number

of grid points were doubled. The numeri
al results show that this has only little

in
uen
e on the 
onvergen
e behavior of the method.

6. Con
lusion. We have analyzed a generalized version of the nonlinear eigen-

fun
tion expansion algorithm proposed in [22℄ to explore the behavior of solutions of

nonlinear evolution equations. This algorithm has two main interests: the �rst one is
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that the solution of a large system of nonlinear equations at ea
h time step is redu
ed

to solutions of many independent s
alar nonlinear problems, for whi
h fail-safe algo-

rithms are available. Se
ond the algorithm permits to explore individual frequen
y

subspa
es separately to investigate in a numeri
ally sound way rapid 
hanges o

ur-

ring typi
ally in nonlinear problems of 
ombustion type. A third advantage whi
h

should not be negle
ted is the parallelism of this algorithm, when a full solution of

the problem is desired.

We showed that the generalized version of the frequen
y de
omposition algorithm


onverges under a strong Lips
hitz 
ondition on unbounded time intervals and there-

fore also for the steady state. On bounded time intervals 
onvergen
e was proved

under a Lips
hitz 
ondition 
ontroled by the length of the time interval. Hen
e by

shortening the time interval, the algorithm 
an always be made to 
onverge. In this


ase, the te
hnique of time windowing often used in waveform relaxation 
an be use-

ful: one de
omposes the time interval of interest [0; T ℄ into smaller time windows and

uses the algorithm sequentially on the small time windows where rapid 
onvergen
e

o

urs.

More needs to be understood for the frequen
y de
omposition algorithm, in par-

ti
ular the question of how to 
hoose the subspa
es. The present 
onvergen
e analysis

does not reveal this dependen
e be
ause of the general Lips
hitz 
onditions used. But

the numeri
al experiments suggest that if there is a way of a priory knowing whi
h

frequen
ies are relevant as the solution evolves, those should be put into one subspa
e.
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