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wave equation for decompositions with multiple subdomains. The method is based
on a non-overlapping decomposition of the domain in space, and the iteration in-
volves subdomain solves in space-time with transmission conditions of Dirichlet and
Neumann type to exchange information between neighboring subdomains. Regard-
ing the convergence of the algorithm, two main results are obtained when the time
window is finite: for the heat equation, the method converges superlinearly, whereas
for the wave equation, it converges after a finite number of iterations. The analysis is
based on Fourier-Laplace transforms and detailed kernel estimates, which reveals the
precise dependence of the convergence on the size of the subdomains and the time
window length. Numerical experiments are presented to illustrate the performance of
the algorithm and to compare its convergence behaviour with classical and optimized
Schwarz Waveform Relaxation methods. Experiments involving heterogeneous coef-
ficients and non-matching time grids, which are not covered by the theory, are also
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1 Introduction

Recently, the Dirichlet-Neumann Waveform Relaxation (DNWR) method has been
proposed in [37,20,21] to solve evolution problems in space-time on parallel com-
puters. The method is based on a non-overlapping decomposition of the domain in
space and the time interval into time windows, and the iteration requires subdomain
solves with Dirichlet boundary conditions followed by subdomain solves with Neu-
mann boundary conditions. The DNWR method can be derived by formally extend-
ing the elliptic Dirichlet–Neumann (DN) method of [3] to time dependent problems
(see also [6], [39] and [40] for a few variants of the DN method). Indeed, such an
approach has been used to derive other Waveform Relaxation (WR) methods, such as
the overlapping Schwarz WR method in [22,24], where its convergence is also ana-
lyzed for parabolic problems. A variant with optimized transmission conditions has
also been proposed and analyzed in [15,2,1] for parabolic and [16,14] for hyperbolic
problems.

For elliptic problems, the convergence of the DN algorithm is now well under-
stood, see for example the book [48] and references therein. There are also esti-
mates available when subdomain problems are solved inexactly, see [4]. For the
time-dependent diffusion equation, a first analysis for two-subdomain decomposi-
tions already appeared in [33,34], where the DNWR method was presented not in its
own right, but rather as a comparison to a Robin-Robin type method introduced in
that article. The analysis presented there, which is based on a Fourier decomposition
in time, does not allow one to prove superlinear convergence, which is nonetheless
typical for waveform relaxation methods. The first superlinear convergence result for
the 1D heat equation was proved in [20,37] using the Laplace transform technique;
the same technique also allows one to prove finite step convergence for the 1D wave
equation for two subdomains, see [21].

The DN and DNWR methods have applications beyond the heat and wave equa-
tions. For advection-diffusion problems, the DN method is shown to have superior
performance over the more symmetric NN method if one chooses the transmission
conditions carefully depending on the direction of flow; for more details, see [7],
where a Robin variant has also been proposed, which then becomes very efficient for
advection-dominated cases. The DN algorithm has also been used to solve heteroge-
neous problems, such as contact problems [30], Stokes-Darcy coupling [10] and high
contrast dense composites [25]. The DN method has also been used as a subroutine
for the snapshot generation within a reduced basis method, see [35] for the method
description and [41] for error estimates. The recently invented multitrace formulation
for scattering problems [8,26] also naturally leads to the DN method when a block
iteration is used, see [11]. For time-dependent problems, the DN method has been
applied to nonlinear systems arising from the time discretization of a thermal fluid-
structure interaction problem in [42]. In that paper, the authors also showed for the
special case of a heat equation that the contraction factor of the method decreases to
zero as the time step is refined. For the heat equation with heterogeneous coefficients,
the authors also proved a similar asymptotic result in [44] for the closely related
Neumann–Neumann Waveform Relaxation (NNWR) method, which has been de-
rived independently in [31] and in [27,28] based on the Neumann-Neumann method
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for elliptic problems in [5,9,32]. An analysis of NNWR for the heat and wave equa-
tions can be found in [38,36]. More applications and analysis of NNWR methods,
when applied to heterogeneous coupled heat equations and to thermal fluid-structure
interaction problems, can be found in [43,45].

Since DNWR can use only one processor in the two-subdomain case, it is not a
parallel method in practice; a decomposition into many subdomains is needed in order
for the method to become a useful parallel solver. We present here a general DNWR
for the many-subdomain case and general parabolic and hyperbolic problems, and
give a detailed convergence analysis when the algorithm is applied to one dimensional
heat and wave equations. We then extend our convergence results also to the case of
two dimensional wave equations. To further increase parallelism, a technique recently
introduced in [47] can be used, which allows the concurrent execution of several WR
iterations on different time blocks without changing the convergence behavior of WR.
Such an implementation of DNWR then leads to a fully space-time parallel method
on many processors. Note that there are other ways to obtain parallelism in time in
WR methods: see [29] for the coupling of DNWR and NNWR to parareal methods.
For more on parallel-in-time integration, see [13] and references therein.

We consider two PDEs on a bounded domain Ω ⊂Rn,0 < t < T , n = 1,2,3, with
a smooth boundary as our guiding examples: the linear parabolic diffusion problem

Ld(u) := ∂u
∂ t −∇ · (κ(x, t)∇u) = f (x, t), x ∈Ω , 0 < t < T,

u(x,0) = u0(x), x ∈Ω ,
u(x, t) = g(x, t), x ∈ ∂Ω , 0 < t < T,

(1.1)

where κ(x, t)≥ κ0 > 0, and the hyperbolic wave propagation problem

Lw(u) := ∂ 2u
∂ t2 − c2(x)∆u = f (x, t), x ∈Ω ,0 < t < T,

u(x,0) = u0(x), x ∈Ω ,
ut(x,0) = v0(x), x ∈Ω ,
u(x, t) = g(x, t), x ∈ ∂Ω ,0 < t < T,

(1.2)

with c(x)≥ c0 > 0 being a positive function.
We introduce in Section 2 the DNWR algorithm with multiple subdomains, and

explain why a certain scheduling for the subdomain solves is needed to make the
DNWR algorithm well defined. We then formulate in Subsection 2.1 the DNWR
algorithm for parabolic problems of the form (1.1) and a sequential domain decom-
position into many subdomains, and state our first main convergence result, namely
superlinear convergence in the special case of the one dimensional heat equation in
Subsection 2.2. In Subsection 2.3 we present the DNWR algorithm for the wave
equation (1.2), and give our second main convergence result, namely convergence
in a finite number of steps in Subsection 2.4. The technical tools and convergence
analyses are presented in Section 3. To illustrate our analysis, we show numerical
results in Section 4, where we also explore the behavior of DNWR in configurations
not covered by our analysis.
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Fig. 2.1: Left: example of a non-overlapping decomposition of the domain into N = 5
subdomains. Right: arrangement of the DNWR transmission conditions following A1

2 The Dirichlet Neumann Waveform Relaxation Method

Assume that we have a general decomposition of the spatial domain Ω into non-
overlapping subdomains Ω j, j = 1,2, . . . ,N, and interfaces Γi j between subdomains
Ωi and Ω j. The DNWR algorithm for this domain decomposition and a general op-
erator L , which can either be the diffusion operator Ld defined in (1.1) or the wave
operator Lw defined in (1.2), solves for k = 1,2, . . . 1

L (uk
i ) = f , in Ωi× (0,T ),

uk
i = wk

i j, on Γi j, if Di j = i,

∂niu
k
i = ∂niu

k
j, on Γi j, if Di j = j,

wk
i j = θuk

[D]i j
+(1−θ)wk−1

i j on Γi j,

(2.1)

where Di j = i means that ui takes Dirichlet data along the interface Γi j, and u j takes
Neumann Data, and Di j = j means the opposite, and [D]i j = j if Di j = i and vice
versa. To start the DNWR algorithm, we need an initial guess w0

i j on the interfaces
Γi j.

Note that this algorithm implies a specific data dependence in the computation,
since in the Dirichlet-Neumann method, one has to first do the Dirichlet solves, before
the data required for the Neumann solves become available. In fact, if Di j 6= i, then the
solution uk

i on subdomain Ωi cannot be computed until uk
j has been computed. One

can thus define a dependency graph for the algorithm: consider the directed graph G=
(V,E), with vertices V = {1, . . . ,N} and edges E = {(i, j) : Di j = i}. This dependency
graph allows us to see when the algorithm is well-defined: this is the case if and only if
G is acyclic, because only then the algorithm can actually be run. To illustrate this, we
consider a 1D example: suppose the spatial domain Ω := (0,L) is decomposed into N
non-overlapping subdomains Ω j = (x j−1,x j), j = 1, . . . ,N, as shown in Figure 2.1 on
the left. One can then, for example, impose the Dirichlet and Neumann transmission
conditions along the interfaces in three different arrangements:

(A1) the Dirichlet data is always used by the subdomain on the left, i.e., D j, j+1 = j.

1 For simplicity, we do not explicitly write the initial and boundary conditions coming from the under-
lying equation.
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Fig. 2.2: Two further arrangements of the DNWR transmission conditions: A2 on the
left, and A3 on the right

Fig. 2.3: Dependency graphs corresponding to three arrangements A1, A2 and A3
with five subdomains

(A2) the Dirichlet data is always used by the subdomain with odd index, i.e., Di,i+1 = i
if i is odd, and Di,i+1 = i + 1 otherwise. If N is even, DN−1,N = N − 1 and a
Dirichlet condition is used along the rightmost physical boundary.

(A3) the Dirichlet data is used by the subdomain closest to the middle of the domain,
i.e., Di,i+1 = i if i > bN/2c, and Di,i+1 = i+1 otherwise.

Figures 2.1 and 2.2 illustrate the three arrangements when N = 5. The letter D in blue
denotes the Dirichlet boundary condition along the two physical boundaries, and D
and N in red denote the Dirichlet and Neumann transmission conditions along the
subdomain interfaces. From the corresponding dependency graphs G shown in Fig-
ure 2.3, we see that in each case, G is acyclic, so the corresponding DNWR algorithm
is well defined: in the first case, A1, one would have to solve sequentially from the
first to the last subdomain, and thus has no parallelism without using further pipelin-
ing techniques. In the case A2, one could first solve in parallel on Ω1, Ω3 and Ω5,
followed by solving in parallel on Ω2 and Ω4, and in the case of A3, one would have
to start in the middle solving on Ω3, following by solving in parallel on Ω2 and Ω4,
and then in parallel on Ω1 and Ω5. The arrangement A2 is known as a red-black or-
dering of the subdomains, whereas A3 is an arrangement first proposed in [12] for
generalizing the Dirichlet-Neumann method to multiple subdomains.

To illustrate the convergence behavior of the DNWR algorithm with these dif-
ferent arrangements, we discretize (2.1) for the case of the heat equation in 1D (see
Section 2.1 for more details) using standard centered finite differences in space and



6 Gander, Kwok, Mandal

0 10 20 30 40 50
10

−10

10
−5

10
0

10
5

iteration

 

 

θ=0.1

θ=0.2

θ=0.3

θ=0.4

θ=0.5

θ=0.6

θ=0.7

θ=0.8

θ=0.9

0 10 20 30 40 50

10
0

10
5

iteration

e
rr

o
r

 

 

θ=0.1

θ=0.2

θ=0.3

θ=0.4

θ=0.5

θ=0.6

θ=0.7

θ=0.8

θ=0.9

Fig. 2.4: Arrangement A1: Convergence of multi-subdomain DNWR for the heat
equation for different values of θ , on the left for T = 2 and on the right for T = 20
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Fig. 2.5: Arrangement A2: Convergence of multi-subdomain DNWR for the heat
equation for different values of θ , on the left for T = 2 and on the right for T = 20

backward Euler in time, and run the DNWR algorithm numerically for different time
window sizes and relaxation parameters. We use u0(x) = 0, g(x, t) = (x+1)t, and for
the initial guess w0

i (t) = t2, t ∈ [0,T ]. We show in Figure 2.4 for the arrangement A1
the convergence curves for different values of the relaxation parameter θ . We see that
the algorithm seems to converge superlinearly, that convergence over the short time
interval is much better than over the long time interval2 (note the different scale), and
that there seems to exist an optimal relaxation parameter θ which leads to best per-
formance. We next show in Figure 2.5 the corresponding results for the arrangement
A2, and in Figure 2.6 the results for the arrangement A3. We see that the convergence
behavior of DNWR with the three arrangements A1, A2 and A3 is similar for smaller
time windows, but for longer time windows, the arrangement A3 leads to much faster
convergence in terms of the number of iterations. Although the dependency graph of
A3 suggests that half of the subdomain solves must be done sequentially, it is actu-
ally possible to use up to dN/2e processors in parallel, just like for the arrangement
A2. In fact, it was shown in [47] that the pipelining technique can be applied to the
arrangement A3 to use more processors: an example is shown in Figure 2.7, where
iterates shown in different colours in the same row can be computed in parallel using

2 This indicates that one should cut long time intervals into shorter time windows and then apply the
algorithm time window by time window, like in most WR methods
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Fig. 2.6: Arrangement A3: Convergence of multi-subdomain DNWR for the heat
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Fig. 2.7: Parallel computation of DNWR iterates for the arrangement A3.

different processors. Given its better convergence behaviour and the ability to utilize
many processors in parallel, we will focus on the arrangement A3 when analyzing
DNWR algorithms in the remainder of the article, although we will also show the be-
haviour of DNWR for the wave equation for the other arrangements in our numerical
experiments.

2.1 DNWR for Parabolic Problems

We now define the DNWR method for the parabolic model problem (1.1) on the
space-time domain Ω × (0,T ) with Dirichlet boundary conditions on ∂Ω . Suppose
the spatial domain Ω is partitioned into N non-overlapping subdomains Ωi, i= 1, . . . ,N
without any cross-points, as illustrated in Figure 2.8. We denote by ui the restriction
of the solution u of (1.1) to Ωi. For i = 1, . . . ,N−1, set Γi := ∂Ωi∩∂Ωi+1. We further
define Γ0 = ΓN = /0. We denote by ni,i−1 and ni,i+1 the unit outward normal for Ωi on
the interface Γj, j = i−1, i (for Ω1,ΩN we have only n1,2 and nN,N−1 respectively). In
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Fig. 2.8: Domain decomposition into many non-overlapping strip-like subdomains

Figure 2.8, D and N in red denote the Dirichlet and Neumann transmission conditions
along the interfaces as in arrangement A3.

The DNWR algorithm starts with an initial guess for the Dirichlet traces w0
i (x, t)

along the interfaces Γi× (0,T ), i = 1, . . . ,N− 1, and picking the middle subdomain
Ωp for p = dN/2e to start according to arrangement A3. The DNWR algorithm then
performs for k = 1,2, . . . the following computation: it solves

∂tuk
p−∇ ·

(
κ(x, t)∇uk

p
)
= f , in Ωp,

uk
p = g, on ∂Ω ∩∂Ωp,

uk
p = wk−1

i , on Γi, i = p−1, p,
(2.2)

and then for ` = 1,2, . . . , p− 1, it solves for i = p− ` and j = p+ ` (continue until
j = N for even N)

∂tuk
i =∇ ·

(
κ(x, t)∇uk

i
)
+ f , in Ωi,

uk
i =wk−1

i−1 , on Γi−1,
∂ni,i+1uk

i =−∂ni+1,iu
k
i+1, on Γi,

uk
i =g, on ∂Ω ∩∂Ωi,

∂tuk
j=∇ ·

(
κ(x, t)∇uk

j

)
+ f , in Ω j,

∂n j, j−1 uk
j=−∂n j−1, j u

k
j−1, on Γj−1,

uk
j=wk−1

j , on Γj,

uk
j=g, on ∂Ω ∩∂Ω j,

(2.3)
and the interface data is updated via

wk
i (x, t) = θuk

i

∣∣
Γi×(0,T ) +(1−θ)wk−1

i (x, t), 1≤ i < p,

wk
j(x, t) = θuk

j+1

∣∣∣Γj×(0,T ) +(1−θ)wk−1
j (x, t), p≤ j ≤ N−1,

(2.4)

for some parameter θ ∈ (0,1].
Note that the outer loop in k in the above algorithm need not be completely se-

quential, since the subdomain solves for different k can be computed simultaneously
in a pipeline fashion in order to obtain more parallelism: see Figure 2.7 and [47] for
details. However, since the precise scheduling of the computing tasks will not affect
the mathematical properties of the algorithm, we will simply use this version of the
algorithm for analysis purposes in the remainder of the paper.
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2.2 DNWR Convergence Estimate for the Heat Equation

We next present our convergence estimate of the DNWR algorithm (2.2)–(2.3)–(2.4)
for the specific case of the 1D heat equation with κ(x, t) = ν . The decomposition of
the domain Ω := (0,L) is thus into N non-overlapping subdomains Ωi := (xi−1,xi),
i= 1, . . . ,N, with subdomain length hi := xi−xi−1. The physical boundary conditions
are u(0, t) = g0(t) and u(L, t) = gL(t), and since we will study the error equations, by
linearity we can consider f (x, t) = 0, u0(x) = 0, and g0(t) = gL(t) = 0 = u0(x). We
take {w0

i (t)}
N−1
i=1 as initial guesses along the interfaces {x = xi}× (0,T ), and have

from the physical boundaries wk
0(t) = wk

N(t) = 0 for all k. Denoting by {zk
i (t)}

N−1
i=1

for k = 1,2 . . . the Neumann traces along the interfaces, we compute

∂tuk
p−ν∂xxuk

p = 0, x ∈Ωp,

uk
p(xp−1, t) = wk−1

p−1(t),
uk

p(xp, t) = wk−1
p (t)

(2.5)

for p = dN/2e and then for ` = 1,2, . . . , p− 1 we solve in parallel for i = p− ` and
j = p+ ` (continue until j = N for even N)

∂tuk
i −ν∂xxuk

i = 0, x ∈Ωi,

uk
i (xi−1, t)=wk−1

i−1 (t),
∂xuk

i (xi, t)= zk
i (t),

∂tuk
j−ν∂xxuk

j = 0, x ∈Ω j,

−∂xuk
j(x j−1, t)= zk

j−1(t),
uk

j(x j, t)=wk−1
j (t),

(2.6)

and the interface data is updated with the parameter θ ∈ (0,1] via

wk
i (t) = θuk

i (xi, t)+(1−θ)wk−1
i (t), zk

i (t) = ∂xuk
i+1(xi, t), 1≤ i < p,

wk
j(t) = θuk

j+1(x j, t)+(1−θ)wk−1
j (t), zk

j(t) =−∂xuk
j(x j, t), p≤ j ≤ N−1.

(2.7)

The ultimate goal of our analysis is to understand how the error wk
i (x, t) converges

to zero as k→ ∞. We have the following main convergence result for DNWR for the
heat equation; the proof of this result will be given in Subsection 3.2.

Theorem 2.1 (Convergence of DNWR for the heat equation) For θ = 1/2 and
T > 0 fixed, the DNWR algorithm for the arrangement (A3), defined in (2.5)–(2.7)
for N(> 2) subdomains of unequal sizes hi,1 ≤ i ≤ N converges superlinearly with
the estimate

max
1≤i≤N−1

‖ wk
i ‖L∞(0,T )≤

(
N−2+

2hmax

hp

)k

erfc
(

khmin

2
√

νT

)
max

1≤i≤N−1
‖ w0

i ‖L∞(0,T ),

where p = dN/2e, hmax := max1≤i≤N hi and hmin := min1≤i≤N hi.

A sharper bound can be deduced in case of equal subdomains; see Appendix A at
the end. Note that the choice θ = 1/2 is the reason behind superlinear convergence;
all other choices lead to linear convergence, even in the two-subdomain case, see
[20].
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2.3 DNWR for the Wave Equation

We use the same geometric configuration and sequential domain decomposition as in
the parabolic case in Subsection 2.1, and also the subdomain solve arrangement A3,
even though other arrangements could be considered as well. With p := dN/2e, and
given initial Dirichlet traces w0

i (x, t) along the interfaces Γi× (0,T ), i = 1, . . . ,N−1,
the DNWR algorithm for the wave equation (1.2) computes for k = 1,2, . . .

∂ttuk
p− c2(x)∆uk

p = f , in Ωp,

uk
p = g, on ∂Ω ∩∂Ωp,

uk
p = wk−1

i , on Γi, i = p−1, p,
(2.8)

and then for `= 1,2, . . . , p−1, it solves in parallel for i= p−` and j = p+` (continue
until j = N for even N)

∂ttuk
i = c2(x)∆uk

i + f , in Ωi,

uk
i =wk−1

i−1 , on Γi−1,
∂ni,i+1uk

i =−∂ni+1,iu
k
i+1, on Γi,

uk
i = g on ∂Ω ∩∂Ωi,

∂ttuk
j = c2(x)∆uk

j + f , in Ω j,

∂n j, j−1uk
j =−∂n j−1, j u

k
j−1, on Γj−1,

uk
j =wk−1

j , on Γj,

uk
j = g, on ∂Ω ∩∂Ω j,

(2.9)
and the interface data is updated via

wk
i (x, t) = θuk

i

∣∣
Γi×(0,T ) +(1−θ)wk−1

i (x, t), 1≤ i < p,

wk
j(x, t) = θuk

j+1

∣∣∣Γj×(0,T ) +(1−θ)wk−1
j (x, t), p < j ≤ N−1,

(2.10)

where θ ∈ (0,1]. Again, a pipeline approach can be used to increase the number of
subdomain solves that can be performed in parallel to obtain further speedup.

2.4 DNWR Convergence Estimate for the Wave Equation

We now present our convergence estimate of the DNWR algorithm (2.8)-(2.9)-(2.10)
for the specific case of the 1D wave equation with a constant wave speed, c(x) = c.
As in the heat equation case in 1D, the domain Ω := (0,L) is decomposed into the
subdomains Ωi := (xi−1,xi), i = 1, . . . ,N, with subdomain length hi := xi− xi−1, and
since we study the error equations, all the data are zero. We take {w0

i (t)}
N−1
i=1 as initial

guesses along the interfaces {x = xi}× (0,T ), and set wk
0(t) = wk

N(t) = 0 for all k.
Denoting by {zk

i (t)}
N−1
i=1 for k = 1,2 . . . the Neumann traces along the interfaces, we

compute
∂ttuk

p− c2∂xxuk
p = 0, x ∈Ωp,

uk
p(xp−1, t) = wk−1

p−1(t),
uk

p(xp, t) = wk−1
p (t),

(2.11)

for p = dN/2e and then for ` = 1,2, . . . , p− 1 we solve in parallel for i = p− ` and
j = p+ ` (continue until j = N for even N)

∂ttuk
i − c2∂xxuk

i = 0, x ∈Ωi,

uk
i (xi−1, t)=wk−1

i−1 (t),
∂xuk

i (xi, t)= zk
i (t),

∂ttuk
j− c2∂xxuk

j = 0, x ∈Ω j,

−∂xuk
j(x j−1, t)= zk

j−1(t),
uk

j(x j, t)=wk−1
j (t),

(2.12)
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and finally the interface data is updated with the parameter θ ∈ (0,1] via

wk
i (t) = θuk

i (xi, t)+(1−θ)wk−1
i (t), zk

i (t) = ∂xuk
i+1(xi, t), 1≤ i < p,

wk
j(t) = θuk

j+1(x j, t)+(1−θ)wk−1
j (t), zk

j(t) =−∂xuk
j(x j, t), p < j ≤ N−1.

(2.13)
We now state the main convergence result for DNWR for the wave equation. The
proof of Theorem 2.2 will be given in Subsection 3.3.

Theorem 2.2 (Convergence of DNWR for the wave equation) Let θ = 1/2. Then
the DNWR algorithm for the arrangement (A3), defined in (2.11)–(2.13) converges in
at most k+1 iterations for multiple subdomains, if the time window length T satisfies
T/k ≤ hmin/c, where c is the wave propagation speed.

3 Analysis of DNWR

In order to prove our main convergence estimate in Theorem 2.1 for the heat equation
and in Theorem 2.2 for the wave equation, we need several technical kernel estimates
and related results, which we will present next. The proof of the two theorems will
then follow in Subsection 3.2 and 3.3, including a generalization to higher spatial
dimensions for the wave equation case in Subsection 3.4.

3.1 Kernel Estimates and Auxiliary Results

We need several results related to the Laplace transform to prove our main conver-
gence estimates. For the remainder of the paper, we assume that all functions are
piecewise continuous on (0,∞) and are of exponential order, so that their Laplace
transforms L {u(t)} :=

´
∞

0 e−stu(t)dt exist whenever Re(s) is large enough. The con-
volution of two functions g,w : (0,∞)→ R is expressed by

(g∗w)(t) :=
ˆ t

0
g(t− τ)w(τ)dτ.

We will use the following results from [20] in proving our main theorems.
Result 1 (Lemma 4.1 in [20]) Let g and w be two real-valued functions in (0,∞)
with ŵ(s) = L {w(t)} the Laplace transform of w. Then for t ∈ (0,T ), we have the
following properties:

1. If g(t)≥ 0 and w(t)≥ 0, then (g∗w)(t)≥ 0.
2. ‖g∗w‖L1(0,T ) ≤ ‖g‖L1(0,T )‖w‖L1(0,T ).

3.
∣∣(g∗w)(t)

∣∣≤ ‖g‖L∞(0,T )
´ T

0

∣∣w(τ)∣∣dτ.

4.
´ t

0 w(τ)dτ = (H ∗w)(t) = L −1
(

ŵ(s)
s

)
, H(t) being the Heaviside step function.

Result 2 (Lemma 4.2 in [20]) Let w(t) be a continuous and L1-integrable function
on (0,∞) with w(t)≥ 0 for all t ≥ 0, and ŵ(s) = L {w(t)} be its Laplace transform.
Then, for τ > 0, we have the boundˆ

τ

0
|w(t)|dt =

ˆ
τ

0
w(t)dt ≤ lim

s→0+
ŵ(s).
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Result 3 (Lemma 4.4 in [20]) Let β > α ≥ 0 and s be a complex variable. Then, for
t ∈ (0,∞)

ϕ(t) := L −1
{

sinh(α
√

s)
sinh(β

√
s)

}
≥ 0 and ψ(t) := L −1

{
cosh(α

√
s)

cosh(β
√

s)

}
≥ 0.

Lemma 3.1 Let α,β > 0 be two real numbers and s be a complex variable. Set

χ(s) :=
sinh((α−β )

√
s)

cosh(α
√

s)sinh(β
√

s)
. (3.1)

Then ˆ T

0

∣∣L −1 {χ(·)}(τ)
∣∣dτ≤ lim

s→0+
χ(s) =

∣∣∣∣α−β

β

∣∣∣∣ .
Proof There are two possibilities: α > β or α < β . In either case, we need Result 3
to prove non-negativity of the expression, followed by Result 2 to complete the proof.
For the full argument, see the proof of Theorem 2 in [37].

The next result establishes useful upper bounds for the inverse Laplace transforms
of a few functions that will appear repeatedly in our analysis.

Lemma 3.2 Suppose α1,α2, . . . ,αn are positive real numbers, with α = mini αi. Let
Mi(t) be functions defined by their Laplace transforms M̂i(s) = L (Mi(t)) via

(i) M̂1(s) =
cosh(α

√
s)cosh((α1−α2)

√
s)

cosh(α1
√

s)cosh(α2
√

s)
,

(ii) M̂2(s) =
cosh(α

√
s)sinh(α1

√
s)sinh(αn

√
s)

cosh(α1
√

s)cosh(α2
√

s) · · ·cosh(αn
√

s)
,

(iii) M̂3(s) =
cosh(α

√
s)sinh(α1

√
s)cosh(αn

√
s)

cosh(α1
√

s) · · ·cosh(αn−1
√

s)sinh(αn
√

s)
,

(iv) M̂4(s) =
cosh(α

√
s)sinh(α1

√
s)

cosh(α1
√

s) · · ·cosh(αn−1
√

s)sinh(αn
√

s)
.

Then for any function u∈ L∞(0,T ) with Laplace transform û(s) =L {u(t)}, we have
the following bounds:

(i) ‖L −1
(
M̂1(s) û(s)

)
‖L∞(0,T ) ≤ ‖u‖L∞(0,T ).

(ii) ‖L −1
(
M̂2(s) û(s)

)
‖L∞(0,T ) ≤ 2‖u‖L∞(0,T ).

(iii) ‖L −1
(
M̂3(s) û(s)

)
‖L∞(0,T ) ≤

(∣∣∣α1−αn
αn

∣∣∣+1
)
‖u‖L∞(0,T ).

(iv) ‖L −1
(
M̂4(s) û(s)

)
‖L∞(0,T ) ≤ α1

αn
‖u‖L∞(0,T ).

Proof (i) Using Results 3 and 2, we obtain
ˆ

∞

0
M1(t)dt ≤ lim

s→0+

cosh(α
√

s)cosh((α1−α2)
√

s)
cosh(α2

√
s)cosh(α1

√
s)

= 1,

so that using Result 1, part 3, we get∥∥L −1 (M̂1(s)û(s)
)∥∥

L∞(0,T ) ≤ ‖u‖L∞(0,T ).
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(ii) We rewrite

M̂2(s) =
−cosh(α

√
s)

cosh(α2
√

s) · · ·cosh(αn−1
√

s)

(
1− sinh(α1

√
s)sinh(αn

√
s)

cosh(α1
√

s)cosh(αn
√

s)
−1
)

= −cosh(α
√

s)cosh((α1−αn)
√

s)
cosh(α1

√
s) · · ·cosh(αn

√
s)

+
cosh(α

√
s)

cosh(α2
√

s) · · ·cosh(αn−1
√

s)
.

Now since −αn ≤ α1−αn ≤ α1, we see that |α1−αn| ≤ max{α1,αn}. Thus,
to obtain a pairing consistent with Result 3, we choose for the case α1 ≥ αn the
pairing

1
cosh(α2

√
s) · · ·cosh(αn−1

√
s)
· cosh((α1−αn)

√
s)

cosh(α1
√

s)
· cosh(α

√
s)

cosh(αn
√

s)
.

In the case of α1 <αn, we swap cosh(α1
√

s) and cosh(αn
√

s) in the denominator.
In so doing, we see that the above function corresponds to the convolution of three
positive functions, so by Results 3 and 2, we get

´
∞

0 |M2(t)|dt ≤ lim
s→0+

(
cosh((α1−αn)

√
s)cosh(α

√
s)

cosh(α1
√

s)···cosh(αn
√

s) + cosh(α
√

s)
cosh(α2

√
s)···cosh(αn−1

√
s)

)
≤ 2,

so that Result 1, part 3 gives∥∥L −1 (M̂2(s)û(s)
)∥∥

L∞(0,T ) ≤ 2‖u‖L∞(0,T ).

(iii) We rewrite

M̂3(s) =
cosh(α

√
s)

cosh(α2
√

s) · · ·cosh(αn−1
√

s)

(
sinh(α1

√
s)cosh(αn

√
s)

cosh(α1
√

s)sinh(αn
√

s)
−1+1

)
=

cosh(α
√

s)
cosh(α2

√
s) · · ·cosh(αn−1

√
s)
· (D1(s)+1),

where D1(s) =
sinh((α1−αn)

√
s)

cosh(α1
√

s)sinh(αn
√

s) . Now D1(s) is of the form (3.1). So by Lemma
3.1, we obtain the bound
ˆ

∞

0
|M3(t)|dt ≤ lim

s→0+

cosh(α
√

s)
cosh(α2

√
s) · · ·cosh(αn−1

√
s)

(D1(s)+1)≤
∣∣α1−αn

αn

∣∣+1.

Finally part 3 of Result 1 proves the inequality.
(iv) We rewrite

M̂4(s) =
sinh(α

√
s)

sinh(αn
√

s)
· 1

cosh(α2
√

s) · · ·cosh(αn−1
√

s)

(
sinh(α1

√
s)cosh(α

√
s)

cosh(α1
√

s)sinh(α
√

s)
−1+1

)
=

sinh(α
√

s)
sinh(αn

√
s)
· 1

cosh(α2
√

s) · · ·cosh(αn−1
√

s)
(D2(s)+1),
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where D2(s) =
sinh((α1−α)

√
s)

sinh(α
√

s)cosh(α1
√

s) . D2(s) is also of the form (3.1). So by Lemma
3.1, we obtain the boundˆ

∞

0
|M4(t)|dt ≤ lim

s→0+

sinh(α
√

s)
sinh(αn

√
s)
· 1

cosh(α2
√

s) · · ·cosh(αn−1
√

s)
(D2(s)+1)

≤ α

αn

(
α1−α

α
+1
)
=

α1

αn
.

This completes the result.

The following lemma is based on an argument in the proof of Part (ii) of Theorem
2.2 in [20], which we extract and state here separately for completeness.

Lemma 3.3 Suppose fk(t) := L −1
{

1
coshk(α

√
s)

}
for k = 1,2, . . .. Then

(i) fk(t)≥ 0 for all t.
(ii) we have the estimate ˆ T

0
fk(τ)dτ ≤ 2k erfc

(
kα

2
√

T

)
. (3.2)

Proof (i) By Result 3, fk(t)≥ 0 for all t.
(ii) We introduce a non-negative function rk(t) such that (a) rk(t) ≥ fk(t) for all t,

and (b) its antiderivative is known. This allows us to bound
´ T

0 fk(τ)dτ by the
antiderivative of rk evaluated at T .
Let rk(t) := L −1(2ke−kα

√
s), which is by [46]

L −1
(

2ke−kα
√

s
)
=

2kαk√
4πt3

e−k2α2/4t . (3.3)

Clearly rk(t)≥ 0 for all t. Now we consider

L {rk(t)− fk(t)}= 2ke−kα
√

s− 2k

(eα
√

s + e−α
√

s)k

=
2k((1+ e−2α

√
s)k−1)

(eα
√

s + e−α
√

s)k
=

k

∑
j=1

(
k
j

)
e−2 jα

√
s f̂k(s).

Each term in the sum above corresponds to the convolution of two non-negative
functions, which is non-negative. Thus, rk(t)− fk(t)≥ 0, so we deduce that

ˆ T

0
fk(τ)dτ ≤

ˆ T

0
rk(τ)dτ = L −1

(
2ke−kα

√
s

s

)
= 2k erfc

(
kα

2
√

T

)
,

where we expressed the second integral as an inverse Laplace transform using
Result 1, part 4, which we then evaluated using the following identity from [46]:

L −1
(

1
s

e−λ
√

s
)
= erfc

(
λ

2
√

t

)
, λ > 0.

We have now all the results needed to prove our main convergence estimates an-
nounced for the heat equation in Theorem 2.1 and for the wave equation in Theorem
2.2.
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3.2 Proof of Theorem 2.1

For clarity of presentation, we show the proof for an odd number of subdomains,
N = 2m+1 and p = m+1. The general case is just an extension of the odd case. The
outline of the proof is as follows:

– Part 1: Derive a recurrence relation for the interface errors in Laplace space: we
rewrite the error along the interfaces at iteration k in terms of errors at iteration
k−1. We will express these errors in terms of their Laplace transforms, since this
leads to simpler expressions.

– Part 2: Bound each error term in the recurrence relation found in Part 1 using
the auxiliary results and lemmas of Section 3.1. Note that one cannot directly
estimate the size of a time domain function by bounding its Laplace transform,
which is why we rely on the auxiliary results stated in the previous sections.

Part 1: Derivation of recurrence relations. We apply the Laplace transform to the ho-
mogeneous Dirichlet subproblem in (2.5), and obtain, using that the initial condition
for the error equations is zero,

sûk
m+1−ν∂xxûk

m+1 = 0, ûk
m+1(xm,s) = ŵk−1

m (s), ûk
m+1(xm+1,s) = ŵk−1

m+1(s).

Defining σi := sinh
(

hi
√

s/ν

)
and γi := cosh

(
hi
√

s/ν

)
, the solution of the sub-

problem (2.5) becomes

ûk
m+1(x,s)=

1
σm+1

(
ŵk−1

m+1(s)sinh
(
(x−xm)

√
s/ν

)
+ŵk−1

m (s)sinh
(
(xm+1−x)

√
s/ν

))
.

Similarly, the solutions of the subproblems (2.6) in Laplace space are

ûk
i (x,s) =

1
γi

ẑk
i√
s/ν

sinh((x− xi−1)
√

s/ν)+
1
γi

ŵk−1
i−1 cosh((xi− x)

√
s/ν), 1≤ i≤ m,

ûk
j(x,s) =

1
γ j

ŵk−1
j cosh((x− x j−1)

√
s/ν)+

1
γ j

ẑk
j−1√
s/ν

sinh((x j− x)
√

s/ν), m+2≤ j ≤ 2m+1.

Therefore, for θ = 1/2, we substitute x = xi or x = x j into the update conditions
(2.7) to obtain the following recurrences for ŵi and ŵ j: for i = 1, . . . ,m and for j =
m+1, . . . ,2m, we have

ŵk
i = 1

2γi
ŵk−1

i−1 + 1
2 ŵk−1

i + σi
2γi

ẑk
i√
s/ν

, ŵk
j =

σ j+1
2γ j+1

ẑk
j√

s/ν
+ 1

2 ŵk−1
j + 1

2γ j+1
ŵk−1

j+1,

(3.4)
and for i = 1, . . . ,m−1, j = m+2, . . . ,2m, we have

ẑk
i =−

√ s
ν

σi+1
γi+1

ŵk−1
i + 1

γi+1
ẑk

i+1, ẑk
j =

1
γ j

ẑk
j−1−

√ s
ν

σ j
γ j

ŵk−1
j . (3.5)

The expressions for ẑm and ẑm+1 are special and are given by

ẑk
m=−

√ s
ν

γm+1
σm+1

ŵk−1
m +

√
s/ν

σm+1
ŵk−1

m+1, ẑk
m+1 =

√
s/ν

σm+1
ŵk−1

m −
√ s

ν

γm+1
σm+1

ŵk−1
m+1.
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Now for 1≤ i≤ m and m+1≤ j ≤ 2m, we do a change of variables,

w̄k
i := γiŵk

i , z̄k
i :=

ẑk
i√
s/ν

σi, w̄k
j := γ j+1ŵk

j, z̄k
j :=

ẑk
j√

s/ν
σ j+1 (3.6)

with γ0 = γ2m+2 = 1 in (3.4)–(3.5) to obtain

w̄k
i =

1
2γi−1

w̄k−1
i−1 +

1
2 w̄k−1

i + 1
2 z̄k

i , w̄k
j=

1
2 z̄k

j+
1
2 w̄k−1

j + 1
2γ j+2

w̄k−1
j+1,

and for 1≤ i≤ m−1 and m+2≤ j ≤ 2m,

z̄k
i =−

σiσi+1
γiγi+1

w̄k−1
i + σi

σi+1γi+1
z̄k

i+1; z̄k
j =

σ j+1
γ jσ j

z̄k
j−1−

σ jσ j+1
γ jγ j+1

w̄k−1
j .

The expressions for z̄m and z̄m+1 are again special and are given by

z̄k
m =−σmγm+1

γmσm+1
w̄k−1

m + σm
σm+1γm+2

w̄k−1
m+1, z̄k

m+1 =
σm+2

γmσm+1
w̄k−1

m − γm+1σm+2
σm+1γm+2

w̄k−1
m+1.

The above recurrences can be summarized as follows. We define the m-vectors
w̄k

L, w̄k
R, z̄k

L and z̄k
R such that their components are given by the interface Dirichlet and

Neumann traces in Laplace space to the left and to the right of the middle domain:

(w̄k
L)i = w̄k

i , (w̄k
R)i = w̄k

m+i, (z̄k
L)i = z̄k

i , (z̄k
R)i = z̄k

i+m.

Then we see that the recurrences can be rewritten as

w̄k
L =

1
2
(TLw̄k−1

L + z̄k
L), w̄k

R =
1
2
(TRw̄k−1

R + z̄k
R), (3.7)

ULz̄k
L = DLw̄k−1

L +ELw̄k−1
R , URz̄k

R = DRw̄k−1
R +ERw̄k−1

L , (3.8)

where

TL =


1

γ
−1
1 1

. . . . . .
γ
−1
m−1 1

 , TR =


1 γ
−1
m+3
. . . . . .

. . . γ
−1
2m+1
1

 ,

UL =


1 − σ1

σ2γ2
. . . . . .

. . . −σm−1
σmγm

1

 , UR =


1

− σm+3
σm+2γm+2

1
. . . . . .
− σ2m+1

σ2mγ2m
1

 ,

DL = diag
(
−σ1σ2

γ1γ2
, . . . ,−σm−1σm

γm−1γm
,−σmγm+1

γmσm+1

)
,

DR = diag
(
−γm+1σm+2

σm+1γm+2
,−σm+2σm+3

γm+2γm+3
, . . . ,−σ2mσ2m+1

γ2mγ2m+1

)
,
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and EL, ER are matrices that are all zeros except for a single non-zero entry, namely

(EL)m,1 =
σm

σm+1γm+2
, (ER)1,m =

σm+2

σm+1γm
.

Using (3.8), we can isolate z̄k
L and z̄k

R and substitute into (3.7) to obtain

w̄k
L =

1
2
(TL +U−1

L DL)w̄k−1
L +

1
2

U−1
L ELw̄k−1

R ,

w̄k
R =

1
2
(TR +U−1

R DR)w̄k−1
R +

1
2

U−1
R ERw̄k−1

L .

The matrices UL and UR are easily inverted, and the entries can be explicitly computed
as

(U−1
L )i, j =


1, i = j,

σi
σ jγi+1···γ j

, i < j,

0, otherwise;

(U−1
R )i, j =


1, i = j,

σm+ j
σm+iγm+ j+1···γm+i

, i > j,

0, otherwise.

We can now undo the change of variables in (3.6) to obtain recurrences in terms of
ŵk

i . In preparation for the bounds in step 2, we consider rescaling ŵk
i by defining

v̂k
i = 2k

γ
kŵk

i , 1≤ i≤ 2m,

where γ = cosh(h
√

s/ν), with h = mini hi. Then after some algebra, we obtain

v̂k
i =

2m

∑
j=1

d̂i, j v̂k−1
j , (3.9)

where for 1≤ i≤ m, the d̂i, j are given by

d̂i, j =



γ

(
1− σiσi+1

γiγi+1

)
, j = i, i < m,

γ

(
1− σmγm+1

γmσm+1

)
, j = i = m,

γ/γi, j = i−1, j > 1,
−γσiσ j+1

γiγi+1···γ j+1
, i+1≤ j ≤ m−1,

−γγm+1σi
σm+1γiγi+1···γm

, j = m, i < m,
γσi

σm+1γiγi+1···γm
, j = m+1,

0, otherwise.

(3.10)

Noting the similarity between TL and TR, DL and DR, etc., analogous expressions can
be derived for m+1≤ i≤ 2m by replacing all indices ` in (3.10) by 2m+2− `. We
omit the details in the interest of brevity.

Part 2: Error estimation in the time domain. We now estimate the L∞ norm of
vk

i (t) := L −1{v̂k
i } by applying the bounds in Results 1–3 as well as Lemma 3.2. For

the diagonal entries in the first two lines of (3.10), we take common denominators
and use the identities

cosh(y− z) = coshycoshz− sinhysinhz, sinh(y− z) = sinhycoshz− coshysinhz,
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to see that we can apply either Lemma 3.2 (i) or Result 3 to obtain

‖L −1{d̂i,iv̂k−1
i }‖L∞(0,T ) ≤

‖v
k−1
i ‖L∞(0,T ), i < m,

|hm−hm+1|
hm+1

‖vk−1
m ‖L∞(0,T ), i = m.

Similarly, the next four lines contain kernels that can be estimated using Result 3 and
Lemma 3.2 (ii), (iii) and (iv) respectively. Using the triangle inequality on (3.10) and
applying these bounds to each term individually, we obtain

‖vk
i (·)‖L∞(0,T ) ≤

(
2m−1+

2hmax

hm+1

)
max

1≤ j≤2m
‖ vk−1

j (·) ‖L∞(0,T )

≤ ·· · ≤
(

2m−1+
2hmax

hm+1

)k

max
1≤ j≤2m

‖ w0
j(·) ‖L∞(0,T ) . (3.11)

To obtain estimates for the Dirichlet interface values wk
i (t) themselves, we use the

fact that L −1{γ−k}= fk(t) (defined as in Lemma 3.3 with α = h/
√

ν) to obtain

wk
i (t) = L −1{(2γ)−k · v̂k

i (s)}=
1
2k

(
fk ∗ vk

i

)
(t) =

1
2k

ˆ t

0
fk(t− τ)vk

i (τ)dτ,

from which it follows, using part 3 of Result 1 that

‖wk
i (·)‖L∞(0,T ) ≤

1
2k ‖v

k
i (·)‖L∞(0,T )

ˆ T

0
| fk(τ)|dτ. (3.12)

Since
´ T

0 | fk(τ)|dτ| ≤ 2k erfc(kh/2
√

νT ) by Lemma 3.3, we combine (3.11) and
(3.12) with this bound to conclude the proof of Theorem 2.1.

3.3 Proof of Theorem 2.2

Again we prove this result for odd N = 2m+1 only, the proof for even N is analogous.
We use a two-part argument similar to Section 3.2:

– Part 1: Derive recurrence relations for the error in Laplace space.
– Part 2: Use the properties of inverse Laplace transforms to characterize the error

and prove convergence of the method in the time domain.

Part 1: Derivation of recurrence relations. We apply the Laplace transform to the
homogeneous Dirichlet subproblem in (2.11) to get

s2ûk
m+1− c2

∂xxûk
m+1 = 0, ûk

m+1(xm,s) = ŵk−1
m (s), ûk

m+1(xm+1,s) = ŵk−1
m+1(s).

Define ρi := sinh(his/c) and λi := cosh(his/c). Then the solution of subproblem
(2.11) becomes

ûk
m+1(x,s) =

1
ρm+1

(
ŵk−1

m+1(s)sinh((x− xm)s/c)+ ŵk−1
m (s)sinh((xm+1− x)s/c)

)
.
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The solutions of the subproblems (2.12) in Laplace space are

ûk
i (x,s)=

1
λi

ẑk
i

s/c sinh((x− xi−1)s/c)+ 1
λi

ŵk−1
i−1 cosh((xi− x)s/c), 1≤ i≤ m,

ûk
j(x,s)=

1
λ j

ŵk−1
j cosh((x− x j−1)s/c)+ 1

λ j

ẑk
j−1
s/c sinh((x j− x)s/c), m+2≤ j ≤ 2m+1.

Therefore for θ = 1/2 the update conditions (2.13) become

ŵk
i =

1
2λi

ŵk−1
i−1 + 1

2 ŵk−1
i + ρi

2λi

ẑk
i

s/c , 1≤ i≤ m,

ŵk
j =

ρ j+1
2λ j+1

ẑk
j

s/c +
1
2 ŵk−1

j + 1
2λ j+1

ŵk−1
j+1, m+1≤ j ≤ 2m.

(3.13)

and, for 1≤ i≤ m−1 and m+2≤ j ≤ 2m,

ẑk
i =− s

c
ρi+1
λi+1

ŵk−1
i + 1

λi+1
ẑk

i+1; ẑk
m =− s

c
λm+1
ρm+1

ŵk−1
m + s/c

ρm+1
ŵk−1

m+1,

ẑk
m+1 =

s/c
ρm+1

ŵk−1
m − s

c
λm+1
ρm+1

ŵk−1
m+1; ẑk

j =
1
λ j

ẑk
j−1−

s
c

ρ j
λ j

ŵk−1
j .

(3.14)

For 1≤ i≤ m and m+1≤ j ≤ 2m we do a change of variables

w̄k
i := λiŵk

i , z̄k
i :=

ẑk
i

s/c
ρi, w̄k

j := λ j+1ŵk
j, z̄k

j :=
ẑk

j

s/c
ρ j+1,

with λ0 = λ2m+2 = 1 in the corresponding equations of (3.13)-(3.14) to get

wk
i =

1
2λi−1

w̄k−1
i−1 + 1

2 w̄k−1
i + 1

2 z̄k
i , 1≤ i≤ m;

w̄k
j =

1
2 z̄k

j +
1
2 w̄k−1

j + 1
2λ j+2

w̄k−1
j+1, m+1≤ j ≤ 2m,

and, for 1≤ i≤ m−1 and m+2≤ j ≤ 2m,

z̄k
i =−

ρiρi+1
λiλi+1

w̄k−1
i + ρi

ρi+1λi+1
z̄k

i+1; z̄k
m =−ρmλm+1

λmρm+1
w̄k−1

m + ρm
ρm+1λm+2

w̄k−1
m+1,

z̄k
m+1 =

ρm+2
λmρm+1

w̄k−1
m − λm+1ρm+2

ρm+1λm+2
w̄k−1

m+1; z̄k
j =

ρ j+1
λ jρ j

z̄k
j−1−

ρ jρ j+1
λ jλ j+1

w̄k−1
j .

We can now mimic the manipulation in the proof of Theorem 2.1, but with the γi and
σi replaced by λi and ρi instead. Then the update conditions become

ŵk
i (s) =

m+1

∑
l=i−1

β̂i,lŵk−1
l (s), 1≤ i≤ m; ŵk

j(s) =
j+1

∑
l=m

β̂ j,lŵk−1
l (s), m+1≤ j ≤ 2m,

(3.15)
where the coefficients β̂i, j are given by β̂1,0 = β̂2m,2m+1 = 0, and for i+ 1 ≤ l < m,
1≤ i < m,

β̂i,i−1 =
1

2λi
, β̂i,i =

λi,i+1

2λiλi+1
, β̂i,l =−

ρiρl+1

2λiλi+1 . . .λl+1
,

β̂i,m = − ρiλm+1

2λi . . .λmρm+1
, β̂i,m+1 =

ρi

2λi . . .λmρm+1
,
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and for m+1 < l ≤ j−1, m+1 < j ≤ 2m

β̂ j, j =
λ j, j+1

2λ jλ j+1
, β̂ j,l =−

ρ j+1ρl

2λlλl+1 . . .λ j+1
, β̂ j, j+1 =

1
2λ j+1

,

β̂ j,m+1 = −
ρ j+1λm+1

2ρm+1λm+2 . . .λ j+1
, β̂ j,m =

ρ j+1

2ρm+1λm+2 . . .λ j+1
.

Also,

β̂m,m−1 =
1

2λm
, β̂m,m =

ρm+1,m

2ρm+1λm
, β̂m,m+1 =

ρm

2ρm+1λm
,

β̂m+1,m =
ρm+2

2ρm+1λm+2
, β̂m+1,m+1 =

ρm+1,m+2

2ρm+1λm+2
, β̂m+1,m+2 =

1
2λm+2

.

Part 2: Characterization of the error in the time domain. By induction on (3.15) we
can write for 1≤ i≤ 2m,

ŵk
i (s) =

2m

∑
j=1

ϑ
n
i, j

(
β̂1,1, β̂1,2, . . . , β̂2m,2m−1, β̂2m,2m

)
ŵk−n

j (s), (3.16)

where the coefficients ϑ n
i, j are either zero or homogeneous polynomials of degree n.

Next we expand the hyperbolic functions into infinite series of exponential functions
using the geometric series expansion, based on the identity

cosh(z) =
1
2
(ez + e−z) =

ez

2
(1+ e−2z).

This allows us to rewrite the coefficients β̂i, j as follows: for i+1≤ l < m and 1≤ i <
m, we have for the (i, i)th entry

β̂i,i =
cosh((hi−hi+1)s/c)

2cosh(his/c)cosh(hi+1s/c)

=
e(hi−hi+1)s/c)+ e(hi+1−hi)s/c

ehis/c(1+ e−2his/c) · ehi+1s/c(1+ e−2hi+1s/c)

= (e−2hi+1s/c + e−2his/c)(1+ e−2his/c)−1(1+ e−2hi+1s/c)−1

=
(

e−2his/c + e−2hi+1s/c
)[

1+
∞

∑
l=1

(−1)le−2hils/c +
∞

∑
n=1

(−1)ne−2hi+1ns/c +
∞

∑
l=1

∞

∑
n=1

(−1)l+ne−2(lhi+nhi+1)s/c

]
.

Similarly, the other coefficients can be expanded as follows:

β̂i,l =−
sinh(his/c)sinh(hl+1s/c)

2cosh(his/c)cosh(hi+1s/c) . . .cosh(hl+1s/c)

=−2l−i−1e−(hi+1+···+hl )s/c
(

1− e−2his/c− e−2hl+1s/c + e−2(hi+hl+1)s/c
) l+1

∏
n=i

(
1+ e−2hns/c

)−1
,

β̂i,i−1 =
1

2cosh(his/c)
= e−his/c

[
1+

∞

∑
l=1

(−1)le−2hils/c

]
,
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β̂i,m =− sinh(his/c)cosh(hm+1s/c)
2cosh(his/c) . . .cosh(hms/c)sinh(hm+1s/c)

=−2m−i−1e−(hi+1+···+hm)s/c
(

1− e−2his/c + e−2hm+1s/c −e−2(hi+hm+1)s/c
)(

1− e−2hm+1s/c
)−1 m

∏
l=i

(
1+ e−2hl s/c

)−1
,

β̂i,m+1 =
sinh(his/c)

2cosh(his/c) . . .cosh(hms/c)sinh(hm+1s/c)

= 2m−ie−(hi+1+···+hm+1)s/c
(

1− e−2his/c
)(

1− e−2hm+1s/c
)−1 m

∏
l=i

(
1+ e−2hl s/c

)−1
,

β̂m,m =
sinh((hm+1−hm)s/c)

2cosh(hms/c)sinh(hm+1s/c)

=
(

e−2hms/c− e−2hm+1s/c
)[

1+
∞

∑
l=1

(−1)le−2hmls/c +
∞

∑
n=1

e−2hm+1ns/c +
∞

∑
l=1

∞

∑
n=1

(−1)le−2(lhm+nhm+1)s/c

]
,

β̂m,m+1 =
sinh(hms/c)

2cosh(hms/c)sinh(hm+1s/c)

=
(

e−hm+1s/c− e−(2hm+hm+1)s/c
)[

1+
∞

∑
l=1

(−1)le−2hmls/c +
∞

∑
n=1

e−2hm+1ns/c +
∞

∑
l=1

∞

∑
n=1

(−1)le−2(lhm+nhm+1)s/c

]
.

The other terms are expanded similarly using the geometric series. The resulting
expressions allow us to rewrite Equation (3.16) as

ŵk
i (s) =

2m

∑
j=1

r̂k
i, j(s) ŵ0

j(s), (3.17)

with each r̂k
i, j(s) being a linear combination of terms of the form e−sζ , with ζ ≥ khl/c

for some l ∈ {1,2, . . .2m+1}. Using the shifting property of the inverse Laplace
transform, i.e.,

L −1
{

e−ζ s f̂ (s)
}
= H(t−ζ ) f (t−ζ ) =

{
f (t−ζ ), t > ζ ,

0, t ≤ ζ ,
(3.18)

we conclude that

wk
i (t) = w0

j

(
t− khl

c

)
H
(

t− khl

c

)
+ other terms (3.19)

for some j ∈ {1,2, . . .2m} and l ∈ {1,2, . . .2m+1}, where all the unlisted terms
vanish for t ≤ khl/c. Therefore, for T ≤ khmin/c, we get wk

i (t) = 0 for all i, and this
completes the proof of Theorem 2.2.

Remark 3.1 It has already been shown in [38] that the shifting property (3.18) plays
an important role in proving the finite termination property of NNWR. Here, we ob-
serve the same property for DNWR for θ = 1/2: the right hand side of (3.19) becomes
identically zero for t ≤ khl/c, so for any finite window length T , the interface error
eventually becomes zero everywhere in [0,T ] when k is large enough, so the method
converges to the exact solution at the next iteration.
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3.4 Analysis of the DNWR Algorithm for the Wave Equation in 2D

We now generalize our results to higher spatial dimensions using Fourier transform
techniques. As a model problem, we consider the two-dimensional wave equation

∂ttu− c2
∆u = f (x,y, t), (x,y) ∈Ω = (l,L)× (0,π), t ∈ (0,T ]

with initial conditions u(x,y,0) = u0(x,y), ∂tu(x,y,0) = v0(x,y) and Dirichlet bound-
ary conditions u(x,y, t) = g(x,y, t), (x,y) ∈ ∂Ω . First, our domain of interest Ω is de-
composed into strips of the form Ωi = (xi−1,xi)× (0,π), l = x0 < x1 < · · ·< xN = L.
Suppose the subdomain widths are hi := xi− xi−1, and denote by hmin the minimum
among these widths, i.e., hmin := min1≤i≤N hi.

For analysis purposes, we will consider the error equations, which is equivalent
to setting all initial and boundary conditions to zero, in addition to considering a zero
forcing term. This allows us to write the DNWR algorithm for the error equations as
follows: for the initial errors {w0

i (y, t)}
N−1
i=1 along the interfaces {x = xi}, the interior

error uk
p on subdomain p is obtained from the the interface errors at iteration k−1 for

p = dN/2e and k = 1,2, . . .

∂ttuk
p− c2∆uk

p = 0, in Ωp,

uk
p(xp−1,y, t) = wk−1

p−1(y, t),
uk

p(xp,y, t) = wk−1
p (y, t),

uk
p(x,0, t) = uk

p(x,π, t) = 0,

(3.20)

Next, denoting by {zk
i (y, t)}

N−1
i=1 the Neumann traces along the interfaces, for ` =

1,2, . . . , p− 1 we compute in parallel with i = p− ` and j = p+ ` (continue until
j = N for even N)

∂ttuk
i − c2∆uk

i = 0, in Ωi,

uk
i (xi−1,y, t)=wk−1

i−1 (y, t),
∂xuk

i (xi,y, t)= zk
i (y, t),

uk
i (x,0, t)= uk

i (x,π, t) = 0,

∂ttuk
j− c2∆uk

j = 0, in Ω j,

−∂xuk
j(x j−1,y, t)= zk

j−1(y, t),
uk

j(x j,y, t)=wk−1
j (y, t),

uk
j(x,0, t)= uk

j(x,π, t) = 0.
(3.21)

The update conditions for 1≤ i < p and p≤ j ≤ N−1 are then given by

wk
i (y, t) = θuk

i (xi,y, t)+(1−θ)wk−1
i (y, t), zk

i (y, t) = ∂xuk
i+1(xi,y, t),

wk
j(y, t) = θuk

j+1(x j,y, t)+(1−θ)wk−1
j (y, t), zk

j(y, t) =−∂xuk
j(x j,y, t),

(3.22)

where θ ∈ (0,1].
We analyze this 2D case by transforming it into a collection of 1D problems using

the Fourier sine transform along the y direction. Expanding the solution in a Fourier
sine series along the y-direction yields

uk
i (x,y, t) = ∑

n≥1
Uk

i (x,n, t)sin(ny),

where

Uk
i (x,n, t) =

2
π

ˆ
π

0
uk

i (x,η , t)sin(nη)dη .
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We obtain a sequence of 1D problems corresponding to n ∈ N from (3.20),

∂ 2Uk
p

∂ t2 (x,n, t)− c2 ∂ 2Uk
p

∂x2 (x,n, t)+ c2n2Uk
p(x,n, t) = 0, (3.23)

with corresponding boundary conditions for Uk
p(x,n, t). To present the main conver-

gence result we define the function

χ(α,β , t) := L −1
{

exp
(
−β

√
s2 +α2

)}
, Re(s)> 0, (3.24)

with s being the Laplace variable, and we recall a result from [38]:

Result 4 (Lemma 3.1 in [38]) We have the identity

χ(α,β , t) =

δ (t−β )− αβ√
t2−β 2

J1

(
α
√

t2−β 2
)
, t ≥ β ,

0, 0 < t < β ,

where δ is the Dirac delta function and J1 is the Bessel function of first order given
by

J1(z) =
1
π

ˆ
π

0
cos(zsinϕ−ϕ)dϕ.

We now prove the convergence result of the DNWR method for the 2D wave equa-
tion. Even though the algorithm works very differently from the Neumann–Neumann
Waveform Relaxation (NNWR) method, the proofs of convergence are very similar,
see the proof for NNWR in [38, Theorem 3.2].

Theorem 3.1 (Convergence of DNWR for the wave equation in 2D) Let θ = 1/2.
For T > 0 fixed, the DNWR algorithm applied to the arrangement (A3) of the strip
decomposition (3.20)–(3.22) converges in at most k+1 iterations, if the time window
length T satisfies T/k < hmin/c, c being the wave speed.

Proof We prove the theorem only for N = 2m+1, since the case for even N is similar.
Applying Laplace transforms in the t variable on the equation (3.23), we obtain

(s2 + c2n2)Ûk
m+1− c2 d2Ûk

m+1

dx2 = 0.

For each n = 1,2, . . ., this equation is similar to the one-dimensional analysis in the
proof of Theorem 2.2, except s2 is replaced by s2 + c2n2. Therefore, the interface
solutions Ŵ k

i (n,s) satisfy (3.17), but with s replaced by
√

s2 + c2n2, i.e., we have

Ŵ k
i (n,s) = ∑

j
r̂k

i, j

(√
s2 + c2n2

)
Ŵ 0

j (n,s). (3.25)

The coefficients r̂k
i, j(s) in (3.25) are linear combinations of terms of the form e−ζ s

for ζ ≥ khl/c for some l ∈ {1,2, . . .2m+1}. Thus, the coefficients r̂k
i, j

(√
s2 + c2n2

)
are sums of exponential functions of the form e−ζ

√
s2+c2n2 for ζ ≥ khl/c. Using the
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Fig. 4.1: Convergence of DNWR for the 1D heat equation. We show the measured
error and our theoretical estimates for θ = 1/2, on the left for various time window
length T for five subdomains, and on the right for various number of subdomains for
T = 2

properties of χ in (3.24), we deduce that the inverse Laplace transform of (3.25)
satisfies

W k
i (n, t) = ∑

j
∑

l
χ(cn,ζl, j, t)∗W 0

j (n, t),

with ζl, j ≥ khmin/c. Result 4 then implies that for t < khmin/c and n = 1,2, . . .,
W k

i (n, t) = 0. Now the interface errors wk
i (y, t) are given by

wk
i (y, t) = ∑

n≥1
W k

i (n, t)sin(ny),

and they become zero for all i ∈ {1, . . . ,2m}. Since the errors are zero, the next itera-
tion yields the exact solution in the whole domain.

4 Numerical Experiments

We now show numerical experiments, first for the heat equation, and then also for
the wave equation, and situations which are not covered by our analysis, namely
problems with non-constant coefficients and non-matching time grids.

4.1 Heat Equation in 1D

We consider the heat equation ∂tu = ∆u in Ω = (0,5), with initial condition u0(x) =
x(5− x) and boundary conditions u(0, t) = t2, u(5, t) = te−t , discretized using stan-
dard centered finite differences in space and backward Euler in time on a grid with
∆x = 2× 10−2 and ∆ t = 4× 10−3. In the first experiment we apply DNWR for
a decomposition into five subdomains and for three different time window sizes,
T = 0.2,2,8, see Figure 4.1 on the left. In a second experiment we fix the time win-
dow size to T = 2 and use three to six equal subdomains, see Figure 4.1 on the right.
We observe superlinear convergence as predicted by Theorem 2.1, and for small T
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Fig. 4.2: Convergence of DNWR for the 1D wave equation, with various values of θ

for T = 5 on the left, and for various lengths T of the time window and θ = 1/2 on
the right, using the arrangement A3
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Fig. 4.3: Same experiments as in Figure 4.2, but for arrangement A1

the estimate is quite sharp. We also see that the convergence slows down as the num-
ber of subdomains increases, which is consistent with the classical SWR and NNWR
methods [23,20].

4.2 Wave Equation in 1D

We now consider the wave equation ∂ttu = ∂xxu in Ω = (0,5), with zero initial condi-
tions and boundary conditions u(0, t) = t2, u(5, t) = t2e−t , discretized using centered
finite differences in both space and time on a grid with ∆x = ∆ t = 2×10−2. We
consider a decomposition of Ω into five unequal subdomains, whose widths hi are
1,0.5,1.5,1,1, so that hmin = 0.5, and take as initial guess w0

j(t) = t2, t ∈ (0,T ] for
1≤ j ≤ 4. On the left in Figure 4.2, we show the convergence for different values of
the parameter θ for T = 5, and on the right the error curves for the best parameter
θ = 1/2 for different time window length T . These convergence curves illustrate well
our convergence result in Theorem 2.2 obtained for the arrangement A3: we observe
convergence in a finite number of steps depending on T for θ = 1/2.

In Figure 4.3 and Figure 4.4, we show the corresponding results for the other ar-
rangements A1 and A2 described in Section 2, and we see that changing the arrange-
ment has an influence on the error in the initial iterations, but not on the finite-step



26 Gander, Kwok, Mandal

5 10 15 20
10

−10

10
−5

10
0

10
5

iteration

e
rr

o
r

 

 

θ=0.1

θ=0.2

θ=0.3

θ=0.4

θ=0.5

θ=0.6

θ=0.7

θ=0.8

θ=0.9

5 10 15 20
10

−10

10
−5

10
0

10
5

iteration

 

 

error T=0.5

error T=2

error T=6.5

error T=8.5

Fig. 4.4: Same experiments as in Figure 4.2, but for arrangement A2.
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Fig. 4.5: Convergence of DNWR for the wave equation in 2D: curves for different
values of θ for T = 2 on the left, and for various time window lengths T and θ = 1/2
on the right

convergence property: indeed, just as predicted in Theorem 2.2 for the arrangement
A3, the error in all three arrangements falls within round-off error after 2, 5, 14 and 18
iterations, which corresponds to 2T +1 iterations for T = 0.5,2,6.5,8.5 respectively.

4.3 Wave Equation in 2D

We next show a numerical experiment for the DNWR algorithm applied to the two
dimensional wave equation ∂ttu−(∂xxu+∂yyu) = 0 with initial conditions u(x,y,0) =
xy(x−1)(y−π)(5x−2)(4x−3), ut(x,y,0)= 0, and homogeneous Dirichlet boundary
conditions. We discretize the wave equation using centered finite differences in both
space and time on a grid with ∆x = 5×10−2, ∆y = 16×10−2, and ∆ t = 4×10−2. We
decompose our domain Ω := (0,1)× (0,π) into three non-overlapping subdomains
Ω1 = (0,2/5)× (0,π), Ω2 = (2/5,3/4)× (0,π), Ω3 = (3/4,1)× (0,π). As initial
guess, we take w0

i (y, t) = t sin(y). In Figure 4.5 we plot the convergence curves for
different values of the parameter θ for T = 2 on the left, and on the right the results
for the best parameter θ = 1/2 for different time window length T , and we observe
again convergence in a finite number of steps for the optimal choice θ = 1/2.
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Fig. 4.6: Comparison of DNWR, NNWR, and SWR for T = 2 for the 2D wave equa-
tion for two subdomains on the left, and three subdomains on the right

Table 4.1: Comparison of iteration steps k needed for convergence of DNWR and
NNWR for the wave equation.

Methods 2 subdomains, 1D Many subdomains, 1D Many subdomains, 2D
DNWR T ≤ 2khmin/c T ≤ khmin/c T < khmin/c
NNWR T ≤ 4khmin/c T ≤ 2khmin/c T < 2khmin/c

4.4 Comparison of DNWR with NNWR and SWR

We now compare the performance of the DNWR method to the Neumann-Neumann
Waveform Relaxation (NNWR) method from [38,21], and the Schwarz Waveform
Relaxation (SWR) methods with and without overlap from [16,14]. We consider
the 2D wave equation ∂ttu− (∂xxu+∂yyu) = 0 on the domain Ω := (0,1)× (0,π)
with homogeneous initial conditions, and Dirichlet boundary conditions u(0,y, t) =
t2 sin(y), u(1,y, t) = y(y− π)t3 and u(x,0, t) = 0 = u(x,π, t). For the two subdo-
main experiment, we decompose our domain into Ω1 = (0,3/5)× (0,π) and Ω2 =
(3/5,1)×(0,π), and for the three subdomain experiment into Ω1 = (0,2/5)×(0,π),
Ω2 = (2/5,3/4)× (0,π), Ω3 = (3/4,1)× (0,π). We take a random initial guess to
start the iteration, and for the overlapping SWR we use an overlap of 2∆x in all the
experiments. We used first order transmission conditions with one parameter in the
optimized SWR iterations; for more details see [14]. On the left in Figure 4.6, we
show the convergence curves for the various methods for two subdomains, and on
the right for three subdomains. We see that NNWR is about twice as fast as DNWR,
but also needs two subdomain solves per iteration, whereas DNWR only needs one,
so these methods are comparable, as indicated by the results from our analysis and
the analyses in [38,21], summarized in Table 4.1. From Figure 4.6 we also see that
classical SWR is much slower than DNWR ad NNWR, but the optimized variants
can be competitive, especially for low iteration numbers where they are the fastest.

4.5 Discontinuous Wave Speed and Non-Matching Time Steps

To test the method on problems not covered by the theory, we now consider the wave
equation with variable wave speed ∂ttu− (c(x))2∂xxu = 0, with homogeneous initial
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Table 4.2: Wave speed and time steps for different subdomains.

Ω1 Ω2 Ω3
wave speed c 1/4 2 1/2
time grids ∆ ti 13×10−2 39×10−3 1×10−1
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Fig. 4.7: Convergence of the DNWR method applied to the wave equation for non-
uniform time steps for θ = 1/2 for T = 2

conditions and the Dirichlet boundary conditions u(0, t) = t2, u(6, t) = t3. We de-
compose the spatial domain Ω := (0,6) into three equal subdomains Ωi, i = 1,2,3,
and use a random initial guess to start the DNWR iteration. For the spatial discretiza-
tion, we take a uniform mesh in space with mesh size ∆x = 1×10−1, and for the
time discretization, we use the non-uniform time grids ∆ ti, i = 1,2,3, as indicated
in Table 4.2, together with the piece-wise constant wave speed. To transmit interface
data between the non-matching time grids at interfaces, we use an optimal complex-
ity projection algorithm that advances linearly along the interfaces like in merge sort,
summing the integrals needed from the smaller mesh cells that contribute to the big-
ger ones in a finite volume sense; see [19, Section 4] for the complete algorithm
in Matlab. For a generalization to higher dimensions and triangular and tetrahedral
grids, see [17,18]. In Figure 4.7 (a) we show the non-uniform time steps for different
subdomains. Figure 4.7 (b), (c) and (d) give the three-step convergence of the DNWR
algorithm for T = 2 (Note that panel (c) seems to have already converged after two
iterations, but measuring the error shows that there is still error at the order of 1e-5
left, which is eliminated in panel (d) after the third iteration).
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5 Conclusions

We presented and studied a Dirichlet-Neumann Waveform Relaxation method for
parabolic and hyperbolic problems and decompositions into many subdomains. We
proved rigorous convergence estimates for the case of the heat and wave equation in
1D, which show that for parabolic problems, the algorithm converges superlinearly,
and for hyperbolic problems in a finite number of steps. In both cases, convergence
is faster when subdomains are larger, or time windows smaller. We also extended
our analysis to the 2D wave equation case using Fourier techniques, and obtained
again convergence in a finite number of steps. We compared the new algorithm to
Neumann-Neumann and Schwarz Waveform Relaxation methods, which showed that
it is competitive, and also tested the algorithm for non-constant wave speeds and non-
matching time grids, a case not covered by our analysis. To introduce further time
parallelism in this new algorithm, one should use a pipelining technique as described
in [47].
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A Appendix

For equal subdomains, with subdomain size h, we can deduce a better estimate:

max
1≤i≤2m

‖ wk
i ‖L∞(0,T )≤ (min{2m−1,Q(h,ν ,T )})k erfc

(
kh

2
√

νT

)
max

1≤i≤2m
‖ w0

i ‖L∞(0,T ),

where Q(h,ν ,T ) := 2erfc
(

h
2
√

νT

)
+∑

∞
j=0 2 j+1erfc

(
jh

2
√

νT

)
.

Here is an outline of the proof: For equal-length subdomains we have hi = h for i = 1, . . . ,2m+1, so that
γi = γ,σi = σ and γi, j = 1,σi, j = 0 for all i, j in (3.10). Therefore, we derive for i = 1 the recurrence

v̂k
1 =

1
γ

v̂k−1
1 −

(
1− 1

γ2

)
v̂k−1

2 −·· ·− 1
γm−3

(
1− 1

γ2

)
v̂k−1

m−1−
1

γm−2 v̂k−1
m +

1
γm−1 v̂k−1

m+1

=:
m+1

∑
j=1

q̂ j v̂k−1
j . (A.1)

The recurrence for other values of i can be deduced similarly. Note that the estimate from Theorem 2.1
also holds in this case with hmax = hm+1 = h:

max
1≤i≤2m

‖ wk
i ‖L∞(0,T )≤ (2m−1)k erfc

(
kh

2
√

νT

)
max

1≤i≤2m
‖ w0

i ‖L∞(0,T ) . (A.2)

We now present a different estimate starting from (A.1). By back transforming into the time domain we
obtain vk

1(t) = ∑
m+1
j=1

(
q j ∗ vk−1

j

)
(t). Part 3 of Result 1 yields

‖vk
1‖L∞(0,T ) ≤

m+1

∑
j=1
‖vk−1

j ‖L∞(0,T )

ˆ T

0
|q j(τ)|dτ

≤ max
1≤ j≤m+1

‖ vk−1
j ‖L∞(0,T )

m+1

∑
j=1

ˆ T

0
|q j(τ)|dτ. (A.3)
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Fig. A.1: Comparison of the two estimates (A.2) and (A.4) for ν = 1

Set fk(t) := L −1
(

1
γk

)
. Since lims→0+

∣∣∣1− 1
γ2

∣∣∣≤ 2, we have from (A.3)

m+1

∑
j=1

ˆ T

0
|q j(τ)|dτ ≤

ˆ T

0
( f1(t)+2+2 f1(t)+ · · ·+2 fm−3(t)+ fm−2(t)+ fm−1(t))dt.

Therefore using Lemma 3.3, we obtain

m+1

∑
j=1

ˆ T

0
|q j(τ)|dτ ≤ 2erfc

(
h

2
√

νT

)
+

m−1

∑
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2 j+1erfc
(

jh
2
√

νT

)
≤ Q(h,ν ,T ),

where Q(h,ν ,T ) := 2erfc
(

h
2
√

νT

)
+∑

∞
j=0 2 j+1erfc

(
jh

2
√

νT

)
. So we get the second estimate as

max
1≤i≤2m

‖ wk
i ‖L∞(0,T )≤ Qk erfc

(
kh

2
√

νT

)
max

1≤i≤2m
‖ w0

i ‖L∞(0,T ) . (A.4)

The result follows combining the two estimates (A.2) and (A.4).
We compare the two estimates (A.2) and (A.4) in Figure A.1 for ν = 1. The region below the red

curve is where the estimate (A.2) is more accurate than (A.4).
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