A DIAGONALIZATION-BASED PARAREAL ALGORITHM FOR
DISSIPATIVE AND WAVE PROPAGATION PROBLEMS

MARTIN J. GANDER* AND SHU-LIN WUt

Abstract. We present a new parareal algorithm based on a diagonalization technique proposed
recently. The algorithm uses a single implicit Runge-Kutta (IRK) method with the same small step-size
for both the F and G propagators in parareal, and would thus converge in one iteration when used directly
like this, however without any speedup due to the sequential way parareal uses G. We then approximate
G with a head-tail coupled condition such that G can be parallelized using diagonalization in time. We
show that with a suitable choice of the parameter in the head-tail condition, our new parareal algorithm
converges very rapidly, both for parabolic and hyperbolic problems, even in the non-linear case. We
illustrate our new algorithm with numerical experiments.
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1. Introduction. We are interested in using the parareal algorithm [26] for solving
initial value problems of the form
a+ f(t,u) =0, u(0) = ug, (1.1)

where f: (0,7) x R™ — R™, and ug € R™. The parareal algorithm uses two propagators
F and G, where classically F uses a small (fine) time step 6t and G a large (coarse) time
step At. An even larger time interval AT is used to partition the time interval (0,7T) of
interest with T}, = nAT), see Figure 1.1. For any initial guess u® at t = T,,, the parareal

algorithm computes for iteration index k = 0,1,2,... and with uf = ug
uflfl = Gae (T, ul ) 4 Fsi(Ty, ub) — Gay(T),ub), n=0,1,..., N, — 1, (1.2)
where N; = %. The initial guess {u®},>; can be random or generated by the G-

propagator. Here and hereafter, Fs;(T},,u*) and Ga¢(T},,u*) denote numerical solutions
of (1.1) at t = T, 41, with initial value u* at ¢ = T},. Upon convergence, we have from
(1.2) that upS | = Fse(Th,usY) , ie., the approximation at T}, has the accuracy of the fine
propagator F.

Convergence of the parareal algorithm is well studied [16,19,39,40,43], and parareal
is widely used [4,22,25,28,31,33,34,37]. The parareal algorithm also provides insight for
understanding and/or designing new parallel-in-time (PinT) algorithms, e.g., the MGRIT
algorithm [2,9], the PFFAST algorithm [7] and the ParaExp algorithm [15]. For a survey
of PinT algorithms, see [20], and for further PinT activities http://parallel-in-time.
org. The classical parareal algorithm (1.2) works well for dissipative ODEs, while for
wave propagation problems the algorithm has convergence problems [19]. To illustrate
this, we consider

O — VOypgu +uy =0, (z,t) € (—1,1) x (0,4), (1.3a)

—20z2

where v > 0, together with initial value u(x,0) = e and periodic boundary conditions
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Fic. 1.1. Grid setting for the classical parareal algorithm: AT > At > ét.
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Fi1G. 1.2. Top: the error at each parareal iteration with three different values of v. Bottom: the
contraction factor K of the parareal algorithm for v =103 at each eigenvalue of the matriz A.

u(—1,t) = u(1,t). Applying the centered finite difference formula with Az = 6—14 leads to
2 -1 -1 0 1 -1
—1 2 —1 -1 0 1
. v 1
—1 2 -1 -1 0 1
—1 -1 2 1 —1 0
The diffusion coefficient v controls the wave characteristic of the solution w(t). Let
AT = 0.1, At = AT and 6t = 0.01. Then for three choices of the propagators G and F,
we show in Figure 1.2 (top) the error max,—1 2 n, ||tun —u¥||o of the parareal algorithm
at each iteration, where {u,} is the converged solution and {u¥} is the k-th iterate. We
see that as v becomes small, i.e., the PDE (1.3a) becomes advection dominated, the
convergence rate of the parareal algorithm deteriorates.
The disappointing convergence behavior of the parareal algorithm can be understood
from its convergence factor [19],
RI(3) - R} (%)
~ IAYS
p= max K(J,J,z), K:= ] , (1.4)

2€0(ATA) 1— IR;,T(%)I

where Ry and R, are the stability functions of the propagators F and G, J: = AT/ét

and J: = AT/At, and o(-) denotes the spectrum of the matrix involved. We call K the
‘contraction factor’, which is the convergence factor corresponding to a single eigenvalue.
For v = 1073, we show in Fig. 1.2 on the bottom row the contraction factor IC at each
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eigenvalue of the matrix A in (1.3b). We see that for all three combinations of G and F,
the convergence factor p is larger than 1.

Over the past years, there were many efforts to adapt the parareal algorithm to wave
propagation problems; see, e.g., [3,5,6,8,17,18,35]. However, as pointed out by Ruprecht
in [36], these existing approaches are “typically with significant overhead, leading to further
degradation of efficiency, or limited applicability’. The main problem in classical parareal
is the different phase speeds due to the different grids used by F and G, and that in the
hyperbolic limit, small scale features propagate unchanged over long distance, which a
coarse propagator G cannot do. For such problems, the numerical solutions generated by
the propagators F and G should thus be as close as possible. A simple idea is to use the
same IRK method and discretization step dt = At for both F and G; then we see from
(1.2) that the parareal algorithm converges after 1 iteration, since in this case it holds
exactly Fsi(Thn,uk) = Ga¢(Ty,uk). Unfortunately, there is no speedup then because the
implementation of the propagator G is as expensive as F.

To make this simple idea practical, we need to find a different way to approximate G
that uses the same method and grid as F to reduce its computational cost. One could
parallelize G in time using diagonalization [12], originally proposed in [29], but this leads
to bad convergence of the parareal algorithm, as our numerical results in Section 2.1 show.
The new idea we propose here is to solve with G instead of the original problem (1.1)
on each large subinterval [T,,T,+1] a problem which lends itself to good time parallel
solution by diagonalization, namely the head-tail coupled problem

u+ f(t,u) =0, u(ly)=ou(Th1)+(1— Oz)uf” t € (Tn, Tny1), (1.5)

where a € (0,1) is a parameter. We note that for a € (0,1) the existence and uniqueness
of the solution are different from both the initial-value case (v = 0) and the time-periodic
case (a = 1) and these issues merit further study, which is however beyond the scope of
the present paper. The reason for using such a head-tail condition is twofold. First, with
a small « this condition is close to u(T},) = u¥ and thus as we explained above the new
parareal algorithm will converge rapidly. Second, as we will see in Section 2 the head-
tail coupled condition results in an a-circulant matrix of the time discretization and this
allows us to solve (1.5) efficiently via the diagonalization technique. The new parareal
algorithm studied here is

uﬁii = Fi (o, T, ub ™YY o+ Foo(Troyuk) — Fila, Ty, ub), n=0,1,...,N, =1, (1.6a)
where the quantity 73, (o, T, uk) denotes the solution of (1.5) at t = T},+1. For a concrete
example we consider the linear §-method, by which this quantity is specified as:

20 =azg+ (1 —a)uk,

EE 4 O f (b1, 2j41) + (1= 0) f(tnj.25) =0,
=01, 01,
Fila, T ulk) = 25,

(1.6b)

where t,, ; = T,,+j6t. The key point here is that we use the same time-integrator (denoted
by F) with a small step-size 6t to define both Fs(-) and Fj,(-), but for the former the
time-integrator is applied to (1.1) and for the latter the time-integrator is applied to a
new model (1.5); see Figure 1.3 for an illustration of the idea.

We will show that when applying the diagonalization technique to (1.5), the roundoff
error can be bounded by O(2eJ/a), where € is the machine precision, which is often
negligible compared to the discretization error. (A precise definition of the roundoff
error for the diagonalization technique can be found in [12,21].) We will also prove in the



4 Gander and Wu

| | |
| Fose with w(Tp) = ug “ Fse with u(T1) = ll]I ‘ For with u(Ty) = U}} | Fs with u(T3) = ufg ‘ For with u(Ty) = u}j
| ) - |

|
| i with ‘ F3, with ‘ Fi with | F3, with
[u(Ty) = au(T1) + (1 — a)uo | w(T}) = au(Ty) + (1 — a)u [w(Ty) = au(Ts) + (1 — a)ul | w(Ty) = au(Ty) + (1 — ayu
| | “

Fj, with
u(Ty) = au(T5) + (1 — a)uf ‘

FIG. 1.3. For the new parareal algorithm (1.6a), both Fs; and Fj, are defined by applying F with the
small step-size 6t to the governing ODEs, while for the latter the ODEs are equipped with a ‘head-tail’
coupled condition u(Ty) = au(Tnt1) + (1 — a)uk in each large time-interval [Ty, Tpn+1]-

dissipative case that the convergence factor of our new parareal algorithm can be bounded
as p < «. If the system of ODEs has wave propagation characteristic, the convergence
factor can be bounded as p < 2111’5‘ We will also give a convergence analysis of the
new parareal algorithm for nonlinear problems, under the assumption that the nonlinear
function f(¢,u) in (1.1) satisfies suitable Lipschitz conditions with respect to the second
variable w.

At the end of this section, we mention that using a parameterized head-tail coupled
condition together with the diagonalization technique to design PinT algorithms already
appears in [21,40,42]. However, the mechanism and application scope of these algorithms
are essentially different from our new parareal algorithm studied here. In particular,
these algorithms are not suitable for solving nonlinear problems on long time intervals.
Besides this, the algorithms in [10,42] are not suitable for wave propagation problems.
As we will show in this paper, the new parareal algorithm however does not have these
disadvantages. Recently, similar diagonalization technique also appears in [30,32], which
in essence corresponds to a special case of our parameterized head-tail coupled condition,
i.e., @ = 1. The algorithms in [30,32] are also not suitable for wave propagation problems.

2. The diagonalization-based coarse propagator. We now explain how the par-
allelization of the coarse propagator by diagonalization works for both the original problem
and our new one with the head-tail condition.

For the original problem with initial value condition, the diagonalization in time relies
on the strategy studied in [12,29], for which the main point is to divide each subinterval
by a geometric time stepping mesh {dt; := 5t17j_1}j:1, where 7 > 1 is a constant and
01 satisfies dtq = % (such that Z'jlzl dt; = AT). For the linear system of ODEs

w+ Au = f(t), uw(0) =wug, t €(0,T), A R™™, (2.1)

if we use the Backward-Euler method as the time-integrator this approach leads to the
following computation of F},(c, Ty, uk):

1 uk
3ty . Z1 fn+§ + 5
T8t 3tz 22 Jotz
. QL +LA| | .| = B : (2.2)
1 1 :
5, oty 2 Jnt1
=B

where z; = Ff,(a, Ty, uk) is the desired quantity, foys = f(tn,) and I, € R7*J I, €
R™*™ are identity matrices. Problems exist for this approach in that the roundoff error
arising from diagonalizing the time discretization matrix B is large and increases rapidly

as J increases. In particular, from [12] we know that the roundoff error satisfies

roundoff error = O(2eJConds(V)), & the machine precision. (2.3)
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Unfortunately, using the geometric time stepping mesh the condition number of V' in-
creases rapidly as J increases and this seriously deteriorates the convergence rate of the
parareal algorithm (see numerical illustrations in [10, Section 5]).

We next explain the details for computing F3, (o, T, u®) using the head-tail coupled
condition. We consider the linear and nonlinear cases separately. Here, for simplicity we
continue to consider the linear #-method as in (1.6b) and the case of the general IRK
methods can be found in the Appendix.

2.1. The linear case. For the linear ODEs (2.1), the computation of F},(«, T}, uk)
specified by (1.6b) using the §-method can be represented as

1 —a 0 a(l—0) z1
L= 1-0 0 22
= el + @Al ] .| =0,
5t : -
-1 1 1-6 (7] 2J ( ’ )
——
=Cq ::éaye =7

I, ’
b= (a7 + =) (54 (1= 04) @) Tarn 0l )

ie, (Co @I, + 5t6a’9 ® A)Z = 6tbk and fg‘t(an,qu) := z5. Both C, and C~'a}9 are
a-circulant matrices and they can be simultaneously diagonalized as follows.
LEMMA 2.1. The matrices Co and Cq 9 € R7*J can be diagonalized as

Co =V(a)D(@)V~Ha), Cap = V(a)D(a,0)V ™), (2.5a)
where V(a) = Ala)F and
Aa) = diag (1,04_%, . ,a_%) ,

) 2(j—1)x G -1)(J-D=x] T
F:[wl,w27...7wj]7wzthwj:[Lel T, ..., e T } , (2.5b)

_iz(J;nw

D(a) = diag(A1,...,Ay),with A\j =1 — ave T,
D(a, ) = diag(Ay, ..., Ay), with N=0+(1— 9)04%76

2(j—D)m
I

Proof. The spectral decomposition of an a-circulant matrix is well known, the details
can be found for example in [, Theorem 2.10]. O

Substituting (2.5a) into (2.4) gives the following diagonalization procedure for com-
puting F3,(a, Ty, uk):

Step-(a) : (A(a)F) ' ® I,)P = 6t
Step-(b) : Ao+ Xj(atA)) G =05, i=1,2...,J, (2.6)
Step-(c) : (AMo)F)®1,)Z = Q,

where P = (p],....p1)T, Q= (a,...,q})T € C™.

REMARK 2.1 (FFT for Step-(a) and Step-(c) in (2.6)). In (2.6), since F is a discrete
Fourier matriz, Step-(a) and Step-(c) can be done by the Fast Fourier Transform (FFT)
at the cost O(mJ logy J)'. The FET can also be implemented in parallel, see for example

IThere is a factor m here, because the vectors b,’i and W consist of J subvectors and thus during the
(inverse) FFT every element of F~! acts on vectors (of length m) instead of scalar complex numbers.
20ne can download the software of the parallel FFT from http://www.fftw.org/.
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[2/]. The cost for computing the (inverse) FFT can then be reduced to O(mlogy J). This
cost is significantly smaller than that of solving the linear problems in Step-(b) of (2.6),
when A is a large scale matriz.

REMARK 2.2. [t is natural to ask how to solve each of the J algebraic equations in
(2.6). We rewrite the equation as

(njls + 6tA)q; = Py, Bj = pj/Ajs nj = Aj/A) (2.7)
For =1 and 6 = %, it holds that R(n;) > 0 for all j = 1,2,...,J. Hence, if the real parts
of the eigenvalues of the matriz A are non-negative®, the complex shift \; does not lead to
too much difficulty. In particular, as shown in [/1], a multigrid method using Richardson
iterations with optimized damping parameter as the smoother works very well in this case.
For the case that A is an indefinite matriz, we refer the interested reader to [10] for a
thorough study of preconditioned GMRES. Note that for 6 = 0 (i.e., the Forward Euler
method), the algorithm proposed here could still be useful, since then instead of solving a
system at each time step, a matrix multiplication is needed at each time step, and with
the present algorithm, all these matriz multiplications could be executed in parallel.

Since a € (0,1) and F' is a discrete Fourier matrix, from (2.5b) we see that

Condy(V(a)) < Condy(A(a))Condy(F) < ™. (2.8)

Now, by substituting (2.8) into (2.3) we know that the roundoff error arising from the
first and last steps of (2.6) satisfies

roundoff error = O(2eJ/a). (2.9)

2.2. The nonlinear case. To clearly describe the details of the diagonalization
technique for nonlinear ]-'g‘t(cv,Tn,u’fL), we assume again that F is the linear #-method;
for s-stage IRK methods see the Appendix. From (1.6b), we have

ef(tn,la Zl) + (1 - e)f(tn,O7 azy+ (1 - a)uﬁ)

eftn,vz +1—0ftn,,2
<51t0a®1x>z+ (tn,2, 22) (. )t 21) b
0f (tn,ss20) + ftn,s-1,20-1) (2.10)
=f(2)
1 T T
bfl:((aé)t(un)a())ao> 7Z:(ZI’.."Z})T7

where the matrix C, is given by (2.4). Applying Newton’s method to (2.10) gives

-1
ztD = 7O _ (;tca ® I + J(Z”))) ((;tca ® Iz> AQEE (FAC) bjg) :
ie.,

(;tca QI + J(Z(l))> zUY = —£(z0) 1 vk 4 3(20) 20, (2.11)

W O\NT (,O\T O\TY , ' 0 ~
where Z\") = ((z1 ) (z7) (=) ) and the Jacobian matrix J(Z\") of f is
Vi (tnjs124) oV f(tn0, a2y + (1 - a)ul)

_ @)
370 = Vf(tnj+1,22")

VH(tnge,25)

3This holds when A is an approximation of en elliptic, self adjoint operator, ie., A =

d 9 2
J.1=1 da; (ajl(x)aTj>~
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— s 3, A T

Fi1G. 2.1. There are Ny large subintervals for the new parareal algorithm (1.6a) and we use N
different Jacobian matrices for these subintervals. The n-th subinterval [T, Tp11] contains J fine time

points and the Jacobian matriz J, is used for all these fine time points.

To solve the linear system (2.11) by the diagonalization technique, following the idea
in [13] we replace the Jacobian matrix J(ZW) by I; @ J(Z®), where

J-1
~ 1
J(z0) = 5 (Z Vf(tng2") + VS (tn,o, azy+(1— a)uii)> . (2.12)
Jj=1
Substituting (2.12) into (2.11) leads to the simplified Newton iteration
(%ca QL +1;® 3(2”)) ZU = (2D 18k + (1, 0 T(2D)) 2. (2.13)

With the spectral decomposition of C, (see Lemma 2.1), we can solve Z(*+1) via the
diagonalization technique (cf. (2.6)).

REMARK 2.3. For nonlinear ODEs, the main idea of applying the new parareal
algorithm (1.6a) lies in approzimating the J Jacobian matrices (on the fine time points
{tn; }3’:1) by a single matrix J. Since we have N, large subintervals, there are Ny different
approzimate Jacobian matrices in total; see Fig. 2.1 for illustration.

3. Convergence analysis in the linear case. We now analyze the convergence
properties of the new parareal algorithm (1.6a). In this section we consider the linear
case (2.1); for the nonlinear case see the next section.

3.1. General result. We first consider the linear ODEs (2.1). The following lemma
is useful to analyze the convergence factor of the new parareal algorithm (1.6a).
LEMMA 3.1. Let o € [0,1]. Then, for the matriz

1
—o 1
M(o) = o € CNexe, (3.1)
-0 1
the inverse M~1(c) is a non-negative matriz* and |[M~1 (o)l = 1;:’:1' .
Note. When ¢ = 1, the quantity 1If:t should be understood in the ‘limiting’ sense, i.e.,

lim, 1 52 = N,
Proof. The proof is as the proof of [19, Lemma 4.4], so we omit the details. O
THEOREM 3.2. For the linear ODFEs (2.1), assume that A is a diagonalizable matriz
with A = Sdiag(u1, pla, - - ., )S™1 and o(A) C C*T. Let F be an A-stable IRK method
with stability function R(z) and {un}ﬁil be the solutions generated by F at the coarse

time points {Tn}ﬁil, i.e.,

Un41 :th(Tn;un)a nzo,la"-,Ntfl (32)

4 A non-negative matrix is a matrix where every element is non-negative.
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Let {uf YN | be the k-th iterate genemted by the parareal algorithm (1.6a) with parameter
€ (0,1). Then, the error ef := u, —uk satisfies
< >
Noax [Sek oo < pF (e, J, Ny) NRaxX ||S’en||oo, Vk > 1, (3.3a)

where p(a, J, Ni) = max. e, ara)y K(a, J, Nt, 2) and

1—|Ry(a, J, 2)| N z
N, — g\= < ‘ J(Z) _
K(e, J, Ny, 2) 1= [Ry(a, J,2)] R (J) Rq(a, J, 2)|,
o (3.3b)
Ryla, J, z) := 7(1 ~)R(3)
ST 1—aRI(5)
Proof. Subtracting (1.6a) from (3.2) gives
Unpr —ulTh = [}"&(a Ty un) — Fis(a, Tn,u’““)] T [.th(Tn,un) - fgt(Tn,qu)] -
(3.4)

[fgt(a,Tn,un) — fgt(a,Tn,uﬁ)] .

In the following, without loss of generality we assume g(¢) = 0 for the linear ODEs (2.1).
Then performing one-step of the IRK method can be expressed as

Un, j+1 = R((StA)un’j + gn,j =R (ATA/J) Uy, j-

Hence,
Fst(Tnyun) — Fse(Tnyuk) =R (AT A/ T) ek (3.5a)
Moreover, the quantity F#,(a, Ty, u¥) can be computed as

2y = Ff (o, Ty, uk).

From this, we have
zg =R’ (ATA/J) 29 = aR7 (ATA/J) 25+ (1 — a)R7 (AT A/ J) ul,
Therefore, 75, (a, T, uk) = (1—a) [I, — aR7 (ATA/J)] RJ (ATA/J)uk. This implies
Fi(o, Thyug) — Fip(o, Tyul) = Rq(a, J, AT A)ek, (3.5b)
where Ry(a, J,ATA) = (1 —a) [I, — aR’ (A—f“‘)]_l R (A14),
Now, substituting (3.5a) and (3.5b) into (3.4) gives

ertl = Ry(a, J,ATA)el™ + R7 (ATA/J) el — Ry(a, J,AT A)ek. (3.6)
Since A = SuS—! with p = diag(p1, g, - - - , fm), from (3.6) we have
Sertl =SRy(, J,ATp)S " (Sebt) + SR (ATw/J) 87" (Sel) — SRy(a, J, AT)S™ ' (Sek).

Let 2 = ATy with u € p being an arbitrary eigenvalue of A and ¢¥(u) be the correspond-
ing component of Sef. Then, it holds that

() = Ryla, J,2)C () + R (2/0) (1) = Ry(a, J, 2)CE ()

{ZOZOKZJ—F(I—Q)U,IZ, zjit1 =R(ATA/J)z;, j=0,1,...,J —1,

3.7
= (a1 ()] < Ryl LG ()] + R (2/0) = Ry(a, 1, 2)] IG5 (1) 7
where n = 0,1,...,N; — 1 and ¢}(u) = 0. From (3.7) we have
) o ct(u)
Mo | '(u) _° .0 | Czﬁu) |
: T : (3.8a)
CkH( ) g 0] [¢¥,(n)
—_———

—_
) =N (5) =CF ()
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where M(o) is the Toeplitz matrix given by (3.1) and
o =Ry, J,2)], & = ‘R‘] (%) — Ry(a, J,2)|. (3.8b)

Since 0(A) C C*(= z € CT) and F is an A-stable RK method, it holds that [R”(z/J)| <
1, Vz € 0(ATA). Hence, for a € (0,1) from (3.3b) we have
1— J(z —_ J —
LRI QR e
[1—aR/(5) = 1-|aR7(z/])] ~1-laf

Hence, by using Lemma 3.1 we know that M~!(o) is a non-negative matrix and thus
from (3.8a) it holds that

¢MHH () < MTHON(G)CF (1) = IEFF () lloo < IMTHO) oo IN (@) 1o 1€* (1) oo
Since |[N(6)|leo =7 and [[M7L(0)]|o = 1_o (see Lemma 3.1), we get

1—0o

—oVt)G
¢4 e < E2 Tk (39

Because ¢* (1) = (¢F(p), 5 (w), - .-, Cx, (1)) " and Cf(p) is a component of the error Sef
corresponding the eigenvalue p of A, we have

e 16l = max o [EG0| = g (165001 ) = o 16k
By substituting this into (3.9) and by using (3.8b), we get (3.3a)-(3.3b). O

By using Theorem 3.2, for a given time-integrator F, the ratio J = AT/dt and the
spectrum o(A), it is easy to calculate the convergence factor p. It is however important
to analyze p qualitatively to see how it depends on these quantities. For an arbitrary
coefficient matrix A, we do not know how to make such a qualitative analysis. In the
following, we consider two representative cases: the heat equation and the wave equation.
For the former, the matrix A is an SPD matrix and therefore the variable z € o(ATA)
satisfies z € [0,00). For the latter, it holds that o(A4) C /R and thus z € iR. It is well
known that the heat equation represents a class of ‘easy’ problems for parareal and the
wave equation represents a class of ‘hard’ problems; see [36].

3.2. Qualitative analysis: the heat equation. When semi-discretizing the heat
equation, the matrix A in (2.1) is an SPD matrix. Since the eigenvalues of A can be arbi-
trarily large, we consider in the following z € [0, 00) for the contraction factor K(a, J, z)
(cf.(3.3b)). In the proof of Theorem 3.2, we already showed that |R4(a, J, z)| < 1 when
F is an A-stable time-integrator and z € CT. Hence, we have

_ IR (5) ~Ry(a, 1. 2)]

K(a, J, Ny, z) < K(a, J, ) := T RoaJ o) (3.10)
g ]

In the following, we try to find a sharp upper bound for Iz(a, J, z).

THEOREM 3.3. Let F be an A-stable IRK method with stability function R(z) and
J > 2 be an even integer. For the coefficient matriz A of the linear ODE system (2.1),
suppose A is diagonalizable and o(A) C [0,00). Then, for o € (0,1) the convergence
factor p of the parareal algorithm (1.6a) satisfies

pla, J,Ny) < a, VJ > 2, VN, > 2.

Note. Using an even J(= AT/dt) is not really a restriction for practical computation.
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Backward Euler 4th—order Gauss method

0.05F

il ol
o0t 100 100 107 107

S F

Fic. 3.1. For two values of a and four values of J, the quantity Iz(a, J,z) as a function of z. Left:

F=Backward Euler; Right: F=4th-order Gauss method. For each subfigure, * P for J =05, - - -
--"for J =10, — - —- —- Tfor J=25and ‘.- ? for J = 50.
Proof. From Theorem 3.2 and (3.10), it is sufficient to prove that
m>a())<lC(a Jz) <a, VJ>2. (3.11)
. 1—-a)R 2 a,J,z
Since Ry(a, J, z) = % (cf.(3.3b)), we have R7 (%) = % Moreover,

since F is an A-stable IRK method and z € [0,00) and J > 2 is an even integer, it holds
that R7(%) € [0,1]. Hence, Ry(a,J,2) € (0,1). Let

¢ =TRy(e, J,z) € (0,1).

Then, it holds that R” (5) = 1= and that
¢ _ ¢
Iz(a J,2) = ‘Pa(lﬂb) ¢ _ I-a(l=9) — ¢ _ ap
B 1—|¢| 1—¢ l—a+ap
For o € (0,1), it holds by direct calculation that max —22 _ — _22 =a. 0O

#e(0, 1)1 atagp l—atag¢ =1
In Fig. 3.1, we show the quantity IE(oz, J,z) as a function of z, where o = 0.3 and

« = 0.1. We consider two choices of F: Backward Euler and the 4th-order Gauss method.
Their stability functions are

132 + =, Backward Euler,

R(z) = 1-3+%
+5+5

4th-order Gauss method.

For these two time-integrators, it is clear that R(z) > 0 for all z € [0, 00) and from Fig.
3.1 we see that the ratio J does not affect the upper bound of K.

However when F is the Trapezoidal Rule, the ratio J indeed has a significant influence
on K: if J is even, K approaches « as z — 0 or z — oo, while if J is odd, K approaches

1 as z — oo, see Fig. 3.2. We now explain this: because R(z) = 1+i , we have

17 RJ Z 1 .f .
lim Ry(a, J,2) = lim w :{ ) if J is even,

Z—00 z—o0 1 — OzRJ(g) %’ if J is odd.
This gives
- |RJ (2) = Ry(a, J. z)’ a, if J is even,
lim K(a,J,z) = I J L =
Jim K, J,2) = lim Ry(a, J, 2)| % =1, if Jis odd.

a+1
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Trapezoidal rule (0=0.1)

11

Trapezoidal rule (a=0.3)

= 1 S—
0o —J = 0o —J =
ogl-—-J =10 ogl---J =10
07—~ J =25 o7f - —J =25
/‘-\!: 0.6 J =50 3: 0.6 J =50
~ ~
505 5 05f
1D 04F 1S 04
03t 03
02} 02+
0.1 0.1+
ok O bt

F1G. 3.2. When F is the Trapezoidal Rule, the ratio J = AT /6t has an important effect on E(oa, J, z).
Left: o« = 0.1; Right: a = 0.3.

3.3. Quantitative analysis: wave equations. We next consider the case z € iR
in (3.3b). As shown in Fig. 1.2, the classical parareal algorithm does not converge
in this case. For linear wave propagation equations or dispersive wave equations, it is
reasonable to consider an energy preserving propagator F, i.e., the stability function
satisfies |R(z)| = 1 for z € iR.

THEOREM 3.4. Assume that the stability function R(z) of F satisfies |R(z)| =1 for
z € iR and that the coefficient matriz A of the linear ODE system (2.1) is diagonalizable
and o(A) CiR. Then, the convergence factor p of the parareal algorithm (1.6a) satisfies

2«
J N) < —Ng, VJ > 2. 3.12
p(a7 ) t) =~ 1+CV, ty = ( )

Note. The Gauss RK methods, the Lobatto IITA methods and the Lobatto IIIB methods
R(2)] =1 (Vz € iR); see [23].
Proof. Since |R(z)| =1 for z € iR, a routine calculation yields

1- N 1- 1- Ne | 1-R7(2
lC(a,J,th): |Rg(a7<]7'z)| _ @ = a |Rg(a7JvZ)| (J) .
1_|Rg(Oé,J,Z)| l_aRJ(ﬁ) 1—|Rg(a,J,z)| 1_O[RJ(§)
Let 0 = |Rg4(a, J, 2)|. Then, it holds that
1—oMt | 1-R/(2)
K(a, J, Ny, z) = L. 3.13
(o, S, Ni, 2) = a5— 1—aR7(%) (3.13)
In the proof of Theorem 3.2 we already showed that o € (0, 1), and hence
1— oM
— =N, 3.14
) T T (314
1-R7(%) | . : J(z 2\ =
We next analyze the second term ’WJ("A) in (3.13). Since ’R (7)‘ = ’R(j)‘ =1,
J
we can represent 7'\’,"(%) as R (5]) = ¢%* with some suitable Z € R, and thus
1— RJ(§) —c
— < 1
e |1 aR7(%)| ~ ST ae (8.15)
iz \/2—2cos(2) _ %

2 . .
= Tig- Substituting

ez 1—aei?

We have |{=
—

and therefore maxscg ‘

- \/1+a2—2acos(2)
this into (3.15a) gives

1-R7(%)
1 —aR’(%)

max
z€iR

(3.15b)
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Trapezoidal rule (0=0.001) 4th—order Gauss RK method (a=0.001)
B 0.3 = = s Sissisiosssiss oo oo
E Ny = 150 ”é“ Ny = 150
3 3
[=a] m
= E
< <
= =
~ ~
<) 2
=2 2

Fic. 3.3. For the Trapezoidal rule and the 4th-order Gauss RK method, the contraction factor K
as a function of z, when o = 1072 is fized. Here, J = 20; for other J the plots look similar.

Now, substituting (3.15b) and (3.14) into (3.13) gives the desired result (3.12). O

REMARK 3.1. For wave equations, the estimate given by (3.12) implies that the
number of coarse time points, i.e., Ny = T /AT, has an effect on the convergence rate of
the new parareal algorithm (1.6a). This is very different from the case of the heat equation,
because for the latter Theorem 3.3 implies that the convergence rate does not depend on
N;. For wave propagation problems we can still obtain a good convergence rate by choosing
a suitable parameter . For example, for N; = 1000 we can use o = 0.1/(2N;) = 5x 107>
to get a convergence factor p =~ 0.1.

For the Trapezoidal rule and the 4th-order Gauss RK method, we show in Fig. 3.3 the
contraction factor K(a, J, Ny,iz) as a function of z, when o = 1073 is fixed. We consider
two values of V; and for each N; the bound %Nt is also shown by a dash-dotted line.
We see that, in contrast to the heat equation, for wave equations the quantity N; indeed
has an effect on the convergence factor of the new parareal algorithm. Moreover, we see
that the bound given by Theorem 3.4 is sharp.

The bound (3.12) holds for any IRK method satisfying |R(iz)| = 1 for z € R and it
is interesting to check whether this also holds for other IRK methods or not. To this end,
we consider the 3-stage 4th-order SDIRK method (see [23]),

r|r 0 0
1-2F |- 7 0 1 T 1 1
2 - . _ o
r|2r -4 r ’Tf\/?icos(18>+2’r*6(2r—1)2‘ (3.16)
‘7“ % 1—r

In Fig. 3.4 on the left, we plot |R(iz)| and we see that |R(iz)| # 1 for z > 0. On the
right, we show K(«, J, Nt, iz) for two values of N;. Clearly, the estimate (3.12) still holds.
For completeness, we show in Fig. 3.5 the contraction factor K(«,J, N, iz) as a
function of z for three other IRK methods when N; = 200 is fixed. We consider two values
of a and it is clear that a smaller o reduces the convergence factor p. This confirms the
estimate (3.12) very well, since the bound %Nt diminishes when a becomes smaller.

3.4. Optimal choice of « in practice. Both Theorem 3.3 and Theorem 3.4 suggest
that one should choose the parameter a as small as possible, since the convergence factor
p diminishes with . This is however not true in practice, due to the roundoff error arising
from the implementation of F%,(a, Ty, u¥) via the diagonalization technique (cf.(2.6)). To
illustrate this, we apply the new parareal algorithm (1.6a) to the advection-dominated
diffusion equation (1.3a) with Az = 2(1)—0, AT = 0.04, T = 4 and v = 1076, Then, for
two values of the ratio J we show in Fig. 3.6 the measured error of the new parareal
algorithm at each iteration when « varies. For each «, the quantity 2c.J/« is also shown
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3—stage 4th—order SDIRK 3—stage 4th—order SDIRK (a=0.001)

03— -

N, =150

[R(iz)|
K(e, J, Ny, iz) and Bound

4 -3 -2 = 0 1 2 3 4

FiG. 3.4. For the 3-stage 4th-order SDIRK method (3.16), the stability function does not satisfy
[R(2)] =1 for z € iR; see the left subfigure. But for the contraction factor K(a, J, Nt,iz), the estimate
(3.12) still holds. Here, J = 20; for other J the plots look similar.

Trapezoidal rule (Nt=200) 3—stage 4th—order SDIRK (Nt=200) 4th—order Gauss RK method (Nt=200)
g g g
Y T e B K1 e e ittt L -k T IE L P I L T PRI PP T
z — 103 z —T0-3 E| —10-3
2 a=10 R a=10 g a=10
2 = To3
: E 202
Z Z z
~ ~ ~
30 3 Sl
L L L

Fi1G. 3.5. For the three IRK methods, the contraction factor K(«, J, N¢,iz) as a function of z when
N¢ = 200 is fized. Here, J = 20; for other J the plots look similar.

(the horizontal dash-dotted lines), where ¢ is the machine precision. This quantity is an
estimate of the roundoff error for the diagonalization technique (cf. (2.9)). The horizontal
solid lines denote the time discretization error which indicates at which iteration number
the parareal algorithm should stop.

From Fig. 3.6 we see that a smaller « leads to faster convergence for the first few
iterations, but then the error stagnates at a certain level. The quantity 252 predicts the

[e3%

‘stagnation level’ very well® and thus gives a principle to select a good parameter aopt,

2eJ 2eJ
— 5P ==
=0t = opt = S (3.17)

Qopt,

The idea here is to balance the roundoff error and the time discretization error O(dt?),
where p denotes the order of the IRK method.

4. Convergence analysis for the nonlinear case. The convergence analysis for
the non-linear case is based on the following assumptions.

5We tested many other problems, including some nonlinear parabolic and hyperbolic problems, and
it turns out that the quantity 2eJ/« is also a good predictor of the ‘stagnation level’.
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J =10 J =100
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Fi1G. 3.6. Measured error of the new parareal algorithm for two choices of the ratio J = AT/ét,
using different head-tail coupling parameters a. A smaller o results in faster convergence for the first
few iterations, but then the error stagnates at a certain level.

ASSUMPTION 1. For the function f(t,u) appearing in (1.1), suppose there exist con-
stants L1 > 0, Ly > 0 and L3 > 0 such that

(f(t,v1) — f(t,v9),v1 — v2) < —Li|lv1 — val|3,Vt € [0,T), Yoy, ve € R™, (4.1a)
(f(t,v1) = f(t,v2) — (f(t,01) — f(t,02)) s v1 —v2 — (D1 — D2)) (4.1b)
< —La|lvy — vo — @y + Do|3,Vt € [0,T],Yv1, 01,02, 0 € R™,

1f(tv1) = f(t,v2)]l2 < Lallvr — v2fl2, Yoi,v2 € R™, (4.1c)

where () denotes the Fuclidean inner product. Moreover, we assume that o € (0,1) and
that the F-propagator is an exact solver.
LEMMA 4.1. Under Assumption 1, it holds that

(1 _ a)e—LlAT

WHW — 2. (4.2)

H]:gt(avaw) - fgt(a7Tn7w)H2 <

Proof. Suppose vy (t) and va(t) are the solutions of the two ODEs
'Ull(t) = f(tvvl(t))vt € [Tann+1]v 'UIQ(t) = f(t702(t))»t € [Tann+1]v
v1(Ty) = av1(Th41) + (1 — @)w, va(Ty) = ava(Tht1) + (1 — @) .

Then, it is clear that Fj, (o, Ty, w) = v1(Th41) and F3y (o, Ty, W) = v2(Ty41). Taking the
difference between these two ODEs and by using Assumption 1, we have
(Vi(t) = v3(t), v1(t) —va(t)) = (f(t,v1(t) — f(t,v2(t)), v1(t) — v2(t))
< ~Lillor(#) - va(0) .

Because (v} (t) — vh(t), v1(t) — va(t)) = [[or(t) — va(t)]]o Wrltlzv2®ll2 "o have

{W < —Lyfjor () — va®)l2, t € [Ty Toga),

y (4.3)
[v1(Tn) — v2(T)ll2 < allvi(Ths1) — v2(Tas1)ll2 + (1 — @)lw — @2

Applying the Gronwall lemma to the governing equation in (4.3) in the interval [T}, T}, 11]
leads to ||y (Thi1) — v2(Thit)llz < e T18T |y (T}) — va(Ty)||2. Inserting the second
inequality in (4.3) into this inequality gives

[01(Tat1) = v2(Tps1)ll2 < ae” F 2T oy (Tg1) = v2(Ths)l|2 + (1 — @) M2 [w — @2,
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ey 101(Tor1) = va(Tgr)ll2 < S22y — 435 O

LEMMA 4.2. Under Assumption 1, we have

[ Fot(Tns w) = Fgp (@, Ty w) = (Foi(Tns @) = F (@, Ty @) <

Proof. Let v1(t),v2(t), 1(t) and 3(t) be the solutions of the ODEs
{m@=f@m0ﬂ€ﬁbﬁk {%®=f@w®%€HhT]
(T) vo(Th) = ava(T*) 4+ (1 — @)w,
(4.5)
{ﬁﬂw.ﬂtﬂdﬂ%te[ﬂnTﬂ, {6M0.ﬂhﬁx)%t€[ﬂuTﬂ
01(T,) = w, 02(Ty) = ata(T*) + (1 — a)w.

If T* = T,,41, it is clear that Fsy (T, w) = v1(T), Fii(a, T, w) = vo(T*), For(Th, w) =
01(T*) and Fjy(a, T, W) = U2(T™). Integrating the first two ODEs gives

oi(T*) =w+ [7, f(tvi(t))dt, *
va(T*) = va(T) + [y f(2, 0a(£))dt = avy(T%) + (1 = @) + i F(tva(t))dt,
( = (T =w+ L5 [ f(t,vg(t))dt) :

The difference T(T*> =01 (T*) — va(T™*) satisfies

Tp.< / ftv1 dt / ftUQ
1-a

- léiwﬁmdnﬂtwwﬂﬁ1_a£¥fwmﬁmh

Cl-a
Similarly, by letting #(T*) = 01 (T™) — 02(T™), we have

T T
1ia/T [f(t,01(2)) = f(t, 02(1))] dt — 1fa/T (01 (t))dt

Let R(T*) = r(T*) — 7(T*). Then, it holds that

F(T) =

1
l—«a

R(T™) = / [f(t,v1(8)) = F(t,02(8) — (f (£ 02(2) — f(£,02(2)))] di—

n

(07

/ (f(t,v1(t)) — f(t,91(2))) dt.

n

l-«
Now, we regard T as a variable in the interval [T}, Ty, 41] (i-e., T* € [T, Tp+1]). Then,
differentiating R(T™*) with respect to T™* gives
R(T*) = 12 ([F (&, v1(T*)) = f(t,v2(T*))] = [f (£, 01(T*)) = f (£, 52(T%))]) -
25 (T 00(T7)) = f(T*,00(T)], T € [T, Tosal,
R(T,) = 0.

Similar to the proof of Lemma 4.1, by using (4.1b) we have

AREDN2 < La || R(T*) |2 + 125 | f(T*,01(T*)) — f(T*,51(T*))||2, T* € [T, T,
IR(T,) |2 = 0.
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Then, by using (4.10) we have

d||R(T™)||2 . * * *

IRz < L2 e () = 5. T € T Tu). - (40

We next estimate Hvl(T*) - Ul(T*)Hg. From the first and third ODE in (4.5), similar to
(4.3) we have

o=@z < Ly |0y (t) — 51(8) |2, t € [T, T,
[01(T) = B1.(Tn)ll2 = [lw — @2,

and this gives [Jvy (T*) — 0 (T*)]|2 < e~ 217" =Tn) |lw — 10||5. Inserting this into (4.6) gives

d||R(T* L . aLze T (T =Tn) 5 .
IR < L2 yperey)y + B2 i, T € (£, T
From this differential inequality, by the Gronwall lemma we get
Ls —LIAT -2 AT -
R < ( AT _ i ) — ). A7
IRl < 0" (e e lo—als (A7)

Because r(T*) = v1 (T*) — va(T*), 7(T*) = 01 (T*) — 02(T*) and R(T*) = r(T*) — 7(T™),
the desired result (4.4) follows from (4.7). O
THEOREM 4.3. Under Assumption 1, for the new parareal algorithm (1.6a) we have

_ kL < ok
max ()~ e <o max () - ule

e~ LIAT _ —7%AT (1— a)e AT (4.8)

= @ Lando——
TU-wi-0)  Z_1, 0T gemar

Proof. Let & = u(T,) — uk. Then, for n > 0 we have
fﬁﬂ Fot(Tn, u(Ty,)) — [}-&(0‘ Tn,uffl) + ]:5t(Tnvqu) — Fiila, Tmun)]
= [ftSt(Tnvun) - fét(aaTmun)] - [J:ét(Tmufz) - }-gt(aanvun)} +
[Fie(a, Tpyun) — Fip(a, Ty unt)]
By applying Lemma 4.2 to the first two terms and Lemma 4.1 to the last term we get

L (1 )
k+1 3 ( —L1AT AT) k k+1
H£n+1”2 L (1—0&)[/1 —e Hf || —L AT ||£ H
Let 0 = % and kK = (O ey Gy y oy (1 a)Ll (e‘L 1AT e_ AT . Then, by noticing that

fo =0 for all £ > 0 we have

1-
1 ey 12 ] ||§1H2

—o 1 ||€§+1||2 ||€2H2
—0 1 ||£5“VT1||2 |\£MH2
=M
Since Lq > 0 and « € (0,1), it holds that o € (0,1]. By using Lemma 3.1, M~} =
% < 1. Considering that |Vl = &, we get the desired result (4.8). O

REMARK 4.1. An important property of the convergence factor p given by (4.8) is
that p — 0 as a« — 0. This can be seen by noticing that

L
e~ L1AT _ e—ﬁAT e~ L1AT

l—a)(l—-0 —>e_L1AT, — —¢ ,
( )( ) 1[;20‘ o L1 LQ _ Ll

and therefore p = O(«). This implies that for nonlinear ODEs, at least in the asymptotic
sense, the new parareal algorithm (1.6a) converges faster when a smaller « is used.

—LoAT
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5. Numerical results. In this section, we provide numerical results to illustrate our
theoretical analysis. For all numerical experiments, the parareal algorithm starts from a
random initial guess® and stops when the error satisfies

k _  ref < —12 )
(max lup, — oo <1077, (5.1)

ref
n

where {u }nN;1 are the reference solutions obtained by directly applying the F-propagator.

5.1. PDEs with fractional Laplacian. For the first set of numerical results, we
consider the two-sided fractional diffusion equation

Bru — (dl(x)opé + d2($)$D1%> wt gz tu) =0, (z,8)€(0,1)x (0,4],
u(z,0) = sin(4nz), z € (0,1), (5.2)
u(0,t) = u(l,t) =0, t e (0,4),

where di(z) > 0, do(z) > 0. For any ~ € (1,2] the symbols ¢DJu and ,D]u are the left
and right Riemann-Liouville fractional operators

1 0% " wu(a,t)
2 - - - 7 Ay
oDwz u(z,t) T2 =) 027 /0 @iy dz,

1 9% (b )
Dlu(z,t) = =———— — (7.
@ = 5 a2 / @—ap 17"
For space discretization, we use the 2nd-order weighted and shifted Griinwald difference
(WSGD) formula established in [38]. For a well-defined function v(x) on the bounded
interval [0, 1], the WSGD formula leads to the following matrix approximation of the left

and right Riemann-Liouville fractional derivatives on the uniformly spaced grid points
{z; =jAz,Ax=1/m,j=1,2,...,m— 1}

(DY) (v(21), ..., v(Tm_1)) = W,v, (D)) (v(z1),. .. 0(Tmo1))| = W,;FV,

where v = (v1,...,0m-1) ", v; = v(x;) + O(Az?) and
wM w(()v)
(v) (v (v)
w w w
% oo wp” =3
W, = : wy? Wi T , with ( 2 ’
Y v, () 2=y, (V)
o . . o w =g+ St for 1> 1.
Wip—o " K T Wg
N Y

The quantities {771(7)}120 are the coeflicients of the power series of (1 — 2)7,
1+~
n =1, g\ = (1 - l) L 1=1,2,....

Let u;(t) =~ u(z;,t). Then, by applying the WSGD formula to each of the four fractional
derivatives in (5.2) we get the ODE system

u'(t) + Au(t) + G(t,u) =0, (5.3a)
where U(t) = (Ul(t), ce 7um(t)))Tv G(ta u) = (9(1'1; t, ’Uq(t)), s ,g(a:m, t, Um(t)))T and
A= —@ (D1Wy + D W) (5.3b)

In (5.3b), Dy = diag(dy(z1),...,d1(2m)) and Dy = diag(da(z1), . .., da(Tm)).

SIn practice, one usually starts with the coarse propagator, but we use a random initial guess here
for the convergence study.
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J =50 (Trapezoidal-Rule) J =50 (4th-order Gauss RK Method)
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F1G. 5.1. Convergence of the new parareal algorithm (1.6a) using the Trapezoidal Rule (left) and the
4th-order Gauss RK method (right), together with the linear bound from Theorem 3.3. The theoretical
and numerical curves belonging together are indicated by the colored ellipses. Here, according to (3.17)
the optimal parameter is copt =5.5e-9 (left) and aopy =1e-8 (right).
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F1G. 5.2. Dependence of the convergence rate of the new parareal algorithm (1.6a) on AT (left) and
J (right) in the linear case using the Trapezoidal Rule. Here the parameter aopt is specified by (3.17)
with p = 2.

5.1.1. The linear case: g(z,t,u) = 0. For the linear case, we consider the coeffi-
cient functions dy(z) = da(z) = 22(1 — z)5, which results in an SPD matrix A in (5.3b).
Let Az = ﬁ7 AT = 0.1 and J = 50. For the Trapezoidal Rule and the 4th-order
Gauss RK method, we show in Figure 5.1 the convergence of the new parareal algorithm
(1.6a) together with the linear bound given by Theorem 3.3 (dotted line), for three val-
ues o = 0.1,0.01, aopy (the optimal parameter from (3.17)). The horizontal line denotes
the quantity 6tP, which represents the time discretization error and indicates where the
iterations should stop in practice. We see that as « decreases the new parareal algorithm
converges faster and that for a = a,pt the convergence curve stagnates at the level of the
time discretization error.

In Fig. 5.2, we show the dependence of the new parareal algorithm (1.6a) on the
ratio J and the large step-size AT when one of these two quantities is fixed and the other
varies. We see that the convergence rate is robust with respect to these two parameters.

5.1.2. The nonlinear case: g(z,t,u) = sin(fu). The coefficient functions d;(z)
and dy(z) are given by

di(z) = 2°V1 =z, do(x) = Vo (1l — )% /8. (5.4)

Since dy (z) # da(x), the matrix A in (5.3a) is non-symmetric. In Fig. 5.3, we show the
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Fic. 5.3. Left: eigenvalues of the coefficient matrizc A with di(z) and da2(x) from (5.4). Right:
solution u(z,t) of the fractional PDE for the nonlinear source term g(z,t,u) = sin(Fu).
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Fic. 5.4. Convergence of the new parareal algorithm (1.6a) for the monlinear case g(z,t,u) =
sin(%u). The horizontal line denotes the time discretization error 0tP with p = 1 and p = 2. Here,
according to (3.17) the optimal parameter is copy =4.5e-12 (left) and aopt=1.5¢-9 (right).

eigenvalues of the coefficient matrix A with Az = ﬁ on the left, and the solution of the
nonlinear fractional PDE on the right.

Let AT = 0.1 and J = 32. We show in Fig. 5.4 the measured convergence rate of the
new parareal algorithm (1.6a) for two choices of the time integrator: Backward Euler and
the Trapezoidal Rule, with three values of the parameter . Similar to the linear case,
we see that the new parareal algorithm from Fig. 5.4 converges faster when « is smaller.
In particular, when o = aps the error decays rapidly for the first few iterations and then
stagnates at the level of the time discretization error.

Similar to Fig. 5.2, we show in Fig. 5.5 the iteration number against the ratio J
and the large step-size AT and we see that the convergence rate is robust with respect
to these two discretization parameters.

For nonlinear ODEs, as explained in Section 2.2, we need to do simplified Newton
iterations in each large subinterval [T,,, T;,+1]. It is important to check how many Newton
iterations are needed for the new parareal algorithm (1.6a). To this end, at the k-th iter-
ation of the new parareal algorithm we define the maximal number of Newton iterations
by

Newton-Iteration(k) := max{ max [, max lﬁl}, k>1, (5.5)
1<n<N; 1<n<N;



20 Gander and Wu

J =32 AT =0.1
9 9
—* a=10"2
8 8 ’————— H————— e 1
—o— = Quopy _-" S~
7F M — — — e —— — % K 7F w7 T

-

o
*
|
|
|
|
*
o

v
T
L

Tteration Number
Tteration Number

H

5
T
L
5
T
L

—% a =107
——a = Qopt.

o
&l
&
ol

i . 16 32 64 128 256

Fi1G. 5.5. Dependence of the convergence rate of the new parareal algorithm (1.6a) on AT (left)

and J (right) for the nonlinear case g(z,t,u) = sin(Fu) using Backward Euler.
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Fic. 5.6. For the nonlinear fractional PDE, in each parareal iteration (outer loop) we need to do
simplified Newton iterations (inner loop) for the Ny large subintervals. For two values of o, the mazimal
Newton iteration number defined in (5.6) for each parareal iteration.

where ¥ (resp. [¥~1) denotes the number of simplified Newton iterations’ for computing
Fi(a, T, uk) (vesp. Fi(a, T, uk~1)) in the n-th subinterval [T,,,T},+1]. In Fig. 5.6 we
show Newton-Iteration(k) for two values of a: a = 1072 (left) and o = apy (right). We
see that the maximal number of simplified Newton iterations is 8—9 during the parareal
iteration if AT = 0.5. If we use a smaller step-size AT = 0.2, the maximal Newton
iteration number is reduced to 6—7. We now explain this reduction: as we mentioned in
Remark 2.3, for nonlinear ODEs an important idea of applying the new parareal algorithm
(1.6a) lies in approximating the .J Jacobian matrices (on the fine time points {t, ;}7_;)

by a single matrix J,, i.e.,
Vi(u(tn) =In, 5=1,2,...,J, (5.6)

where n =1,2,..., N; and f(u(t, ;) = Au(ty,;) +sin(Gu(t,,;)). If we keep J fixed and
reduce AT, the variation of the solution w(¢) in the interval [T}, T}, 11] becomes small
and thus jn becomes a good approximation of the J Jacobian matrices. This explains
why the simplified Newton iteration number diminishes when AT becomes small. For the
nonlinear fractional PDE (5.2), the variation of the solution w(¢) along the whole time
interval is not large and thus a smaller AT only slightly reduces the iteration number. If

"The tolerance in the simplified Newton iteration is the same as in the parareal algorithm, i.e., for
a > Qopt it is 10~12 and for a = aopt the tolerance is 6tP, where p is the order of the time-integrator.



Diagonalization-based parareal for wave problems 21
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FiG. 5.7. For the nonlinear wave equation (5.7) with 8 = 10, the solution u(xz,t) computed by the
Trapezoidal Rule (left) and a comparison of the solution at x = 0 computed by two time-integrators, the
Trapezoidal Rule and Backward Euler. The solution computed by the latter is damped as t grows.

the solution w(t) has a large variation, AT has a dramatic effect on the Newton iteration
number. We will show this for a nonlinear wave equation in the next subsection.

5.2. The nonlinear wave equation. We next consider the nonlinear wave equation
from [14],

8ttu:am:v+ﬂu27 (xat) € (_%,%) X (0’6),
U(—%,t) = u(%at)a te (07 6)u (57)
u(z,0) = 6_10%2,%:(3?,0) =0, r€(-3,3)

The parameter 5 > 0 represents the strength of the nonlinearity. The problem is dis-
cretized in space by using centered finite differences with a mesh-size Az = 1—§8. This
results in the system of ODEs

A s T

where the operation u? should be understood component-wise.

For f = 10, the numerical solution w(z,t) computed by the Trapezoidal Rule is
shown in Fig. 5.7 on the left, from which we see clearly the wave propagation character
of the solution. If we compute the solution with Backward Euler, which is a numerically
dissipative IRK method, the wave is damped as the time ¢ increases. This is illustrated in
Fig. 5.7 on the right, where we show the solution at the space point x = 0. (The solution
is computed by the two time-integrators with At = ﬁ) We will thus only consider the
Trapezoidal Rule in the following.

With J =40, Az = ﬁ, AT = 0.2 and two values of the problem parameter 3, we
show in Fig. 5.8 the error at each iteration of the new parareal algorithm (1.6a) for three
values of a. We see that a smaller « also leads to faster convergence of the new parareal
algorithm and that the optimal parameter .y, makes the error stagnate at the level of
the time discretization error.

We next show in Fig. 5.9 the measured iteration number of the new parareal algorithm
when one of the two discretization parameters AT and J varies and the other one is
fixed. Similar to the fractional PDE, for the nonlinear wave equation we see that the

convergence rate is still insensitive to the change in J. But quite differently, the iteration
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F1G. 5.8. For the nonlinear wave equation (5.7) with 8 =6 (left) and 8 = 10 (right), the measured
convergence rate of the new parareal algorithm (1.6a). The quantity aopt is the optimal parameter given
by (3.17) and the horizontal line denotes the time discretization error 6t2. Here, aopt =1.38e-9.
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Fic. 5.9. For the nonlinear wave equation (5.7) with B = 10, the dependence of the convergence
rate of the new parareal algorithm (1.6a) on AT (left) and J (right).

number increases when AT becomes small. This confirms our analysis in the linear case
very well, since p < QIO‘TI\;‘ and Ny (cf. Theorem 3.4) increases as AT decreases.

In Fig. 5.10, we show the Newton iteration number (inner loop) for each parareal
iteration (outer loop). On the left, we consider J = 40 and two values of AT. We see that
a smaller AT obviously reduces the Newton iteration number, especially when o = 1073,
The reason for this reduction is the same as we explained for Fig. 5.6. The Newton
iteration number is however insensitive to the change of J, as we can see in Figure 5.10
on the right. For the two subfigures, compared to o = 10™% we see that the Newton
iteration number is smaller when o = oagpt. This is because of the tolerance for the
Newton iteration: for the latter the tolerance is §t2, while for the former it is 107!2. If we
set §t2 as the tolerance for both & = 1073 and o = Oopt, the Newton iteration numbers
are similar.

6. Conclusions. We proposed a new variant of the parareal algorithm which allows
the use of a coarse propagator that discretizes the underlying problem on the same mesh
as the fine propagator. To make the coarse propagator cheaper, we make it quasi time
periodic using a head-tail coupling condition, which permits its solution in parallel using
the diagonalization technique. This approach removes completely phase and dispersion
differences between the coarse and fine propagator, which is important for hyperbolic
problems. We also determined the optimal choice of the parameter in the head-tail
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F1G. 5.10. For the nonlinear wave equation (5.7) with 8 = 10, the mazimal Newton iteration number
defined in (5.6) for each parareal iteration.

coupling condition.

An interesting observation is that with the optimal choice, the new algorithm some-
times converges in only one iteration to the truncation error of the numerical scheme:
this is the case for the linear fractional Laplacian example with the Trapezoidal Rule
in Fig. 5.1 on the left, and for the nonlinear fractional Laplacian example in Fig. 5.4,
and it also almost holds for the non-linear wave equation example in Fig. 5.8. It does
not quite hold for the advection-dominated diffusion equation in Fig. 3.6, where about
two iterations are needed, and not at all for the fractional Laplacian example with the
4th-order Gauss RK method in Fig. 5.1 on the right, where the new algorithm takes three
iterations. Convergence in one iteration indicates with our random initial guess that one
could use the new coarse propagator as a stand alone time parallel solver. We will analyze
conditions under which this approach is successful in more detail.
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7. Appendix. In this appendix, we address how to generalize the diagonalization
described in Section 2.2 to an s-stage IRK method. Suppose the s-stage IRK method is
specified by the Butcher tableau

Al 91,1 91,2 ce 91,5
o Yo | 021 bOao ... O,
¥ I .
e F ()
Vs 05,1 05,2 cee 05,5
‘ w1 (095 o Ws
Then, for F},(a, Tp,, uk) we only need to replace the middle step in (1.6b) by
T f(tn,j + 16t 25 +11)
+0t(O ® 1) : =0,
Ts f(tn,j + ’Ysétv zj + Ts) (72)
W = wR(z;), with R(z;) = (r{ ,rg ,...,r ) T€R™,

where zg = azy + (1 — a@)ube R™, w = £ (wO ') @ [,€ R™*™* j =0,...,J — 1. The
details for this representation of the s-stage IRK method can be found in [23, pp.118-119].
Here, we regard R as a vector function of z;. We have

wR(azy + (1 — a)uk)
| ) WE(z1) )
5(Ca® 1)Z =R(Z) + V], R(Z) := . eRrR’™,

wR(z7-1),
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ing Newton’s iteration to this nonlinear system gives

5t

bE+

where VR;I)

Co®1I; —

R(Z(l)) —

0
wVR{

0
WVRgl)

0

wVRY

0

wV R

= VR(\Me R ™ for j = 1,2,...,

WVR(I)

WVR

awVRf]l)_

0

awVRy)_

0

J—1 and VR(I)

z})Te R/™ and C, and b% are given by (2.4) and (2.10). Apply-
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a)uk)e Rms*m  Next, similar to the Backward Euler method studied in Section 2.2, we

replace all the Jacobian matrices VR;D by the averaged one VR

Similar to (2.13), this leads to the simplified Newton iteration
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where Ca = 1;—C,. Since both C, and éa are a-circulant matrices, we can solve Z(+1)
from (7.4) via the diagonalization technique as in Section 2.2.In particular, the major
computation for getting Z(+1) is to solve the following J independent linear problems
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where {\;} and {),} are the eigenvalues of the a-circulant matrices C,, and C.. Note that

wVR®Y

€ R™*™ and therefore the dimensions of the linear systems in (7.5) are m x m

only, s times smaller than the dimension of the IRK system (7.2), which is sm x sm.

To implement (7.4), with Z() =

previous iteration we need to compute the two sets of quantities
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obtained from the
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The first set of quantities are components of R(Z (l)) and the second set of quantities are

components for getting the averaged Jacobian matrix VR
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using classical techniques for solving the IRK system (7.2)

For example, an application of Newton’s method gives
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where Rgl’v) = ((rgl’”))T, e (rgl’v))T)T and the Jacobian matrix M;l’v) is given by
(l,v)
vfj,l
MM =L oL + 60 1,) ,
L
v
VfJ(le’Jv) = vf(tn,j + 7p6t Z + r(l U)) € R™X™, p=12...,s
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The converged solution will give our desired R(zj(-l)), i.e., after vyay iterations we get
Rvma) o R , where vyax is specified by some given tolerance.
j J
After obtaining Ry’”m"") = ((ril’v““”‘))—r7 ey (rgl’“m“))T)T from Newton’s iterations

(7.7), we can fix the matrix VR(ZJ(-Z’D“]““‘)) R~ VR(z](-l)) as follows: from the IRK system in
(7.2), by using the implicit function theorem it holds that

dry Vf(tn,; + 76t zj +r1)(dz; +dr)

S +Hot(O®I,) : =0,
drs Vf(tn; + 756t 25 + 1) (dz; + drs)

where ‘d’ denotes the differential operator. Hence, with z; = z( ) the last iterate of (7.7)
satisfies
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where V f;};ma") and M ;l’v“"‘"‘) are the matrices given by (7.8) with v = vy, For the last

(I, vmax)

iteration of (7.7), the computation of the increment AR;

the matrix M; (bvmax) and this same technique (e.g., the LU decomposition of M;
can be reused to perform step (7.9).

From the above description, we see that the computational cost of the diagonalization
technique at each time point is slightly larger than that of a single IRK system: the former

uses a technique to invert
(l vmax))

reflects that the computatlon of VR( ) is only carried out at the last iteration of Newton S
method applied to the IRK system, and the quantity - is due to the fact that the
dimension of the linear system in (7.5) is s times smaller than that of (7.9).

Moreover, if a diagonal IRK method is used, i.e., the matrix © is a lower triangular

matrix, M ;l’”) is a block lower triangular matrix and we can solve each sub-vector of

AR;l’v) from (7.7) one-by-one through a forward substitution and there is no need to do
matrix inversion with the full matrix © at once. This holds for (7.9) as well.



