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Abstract. We present a new parareal algorithm based on a diagonalization technique proposed
recently. The algorithm uses a single implicit Runge-Kutta (IRK) method with the same small step-size
for both the F and G propagators in parareal, and would thus converge in one iteration when used directly
like this, however without any speedup due to the sequential way parareal uses G. We then approximate
G with a head-tail coupled condition such that G can be parallelized using diagonalization in time. We
show that with a suitable choice of the parameter in the head-tail condition, our new parareal algorithm
converges very rapidly, both for parabolic and hyperbolic problems, even in the non-linear case. We
illustrate our new algorithm with numerical experiments.
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1. Introduction. We are interested in using the parareal algorithm [26] for solving
initial value problems of the form

u̇+ f(t, u) = 0, u(0) = u0, (1.1)

where f : (0, T )×Rm → Rm, and u0 ∈ Rm. The parareal algorithm uses two propagators
F and G, where classically F uses a small (fine) time step δt and G a large (coarse) time
step ∆t. An even larger time interval ∆T is used to partition the time interval (0, T ) of
interest with Tn = n∆T , see Figure 1.1. For any initial guess u0

n at t = Tn, the parareal
algorithm computes for iteration index k = 0, 1, 2, . . . and with uk0 = u0

uk+1
n+1 = G∆t(Tn, u

k+1
n ) + Fδt(Tn, ukn)− G∆t(Tn, u

k
n), n = 0, 1, . . . , Nt − 1, (1.2)

where Nt = T
∆T . The initial guess {u0

n}n≥1 can be random or generated by the G-
propagator. Here and hereafter, Fδt(Tn, ukn) and G∆t(Tn, u

k
n) denote numerical solutions

of (1.1) at t = Tn+1, with initial value ukn at t = Tn. Upon convergence, we have from
(1.2) that u∞n+1 = Fδt(Tn, u∞n ) , i.e., the approximation at Tn has the accuracy of the fine
propagator F .

Convergence of the parareal algorithm is well studied [16,19,39,40,43], and parareal
is widely used [4,22,25,28,31,33,34,37]. The parareal algorithm also provides insight for
understanding and/or designing new parallel-in-time (PinT) algorithms, e.g., the MGRIT
algorithm [2,9], the PFFAST algorithm [7] and the ParaExp algorithm [15]. For a survey
of PinT algorithms, see [20], and for further PinT activities http://parallel-in-time.
org. The classical parareal algorithm (1.2) works well for dissipative ODEs, while for
wave propagation problems the algorithm has convergence problems [19]. To illustrate
this, we consider

∂tu− ν∂xxu+ ux = 0, (x, t) ∈ (−1, 1)× (0, 4), (1.3a)

where ν > 0, together with initial value u(x, 0) = e−20x2

and periodic boundary conditions
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Fig. 1.1. Grid setting for the classical parareal algorithm: ∆T > ∆t > δt.
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Fig. 1.2. Top: the error at each parareal iteration with three different values of ν. Bottom: the
contraction factor K of the parareal algorithm for ν = 10−3 at each eigenvalue of the matrix A.

u(−1, t) = u(1, t). Applying the centered finite difference formula with ∆x = 1
64 leads to

u̇+Au = 0, A =
ν

∆x2


2 −1 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 −1 2

+
1

2∆x


0 1 −1
−1 0 1

. . .
. . .

. . .

−1 0 1
1 −1 0

. (1.3b)

The diffusion coefficient ν controls the wave characteristic of the solution u(t). Let
∆T = 0.1, ∆t = ∆T and δt = 0.01. Then for three choices of the propagators G and F ,
we show in Figure 1.2 (top) the error maxn=1,2,...,Nt ‖un−ukn‖∞ of the parareal algorithm
at each iteration, where {un} is the converged solution and {ukn} is the k-th iterate. We
see that as ν becomes small, i.e., the PDE (1.3a) becomes advection dominated, the
convergence rate of the parareal algorithm deteriorates.

The disappointing convergence behavior of the parareal algorithm can be understood
from its convergence factor [19],

ρ = max
z∈σ(∆TA)

K(J, J̃ , z), K :=

∣∣∣RJf ( zJ )−RJ̃g ( z
J̃

)
∣∣∣

1− |RJ̃g ( z
J̃

)|
, (1.4)

where Rf and Rg are the stability functions of the propagators F and G, J : = ∆T/δt

and J̃ : = ∆T/∆t, and σ(·) denotes the spectrum of the matrix involved. We call K the
‘contraction factor’, which is the convergence factor corresponding to a single eigenvalue.
For ν = 10−3, we show in Fig. 1.2 on the bottom row the contraction factor K at each
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eigenvalue of the matrix A in (1.3b). We see that for all three combinations of G and F ,
the convergence factor ρ is larger than 1.

Over the past years, there were many efforts to adapt the parareal algorithm to wave
propagation problems; see, e.g., [3,5,6,8,17,18,35]. However, as pointed out by Ruprecht
in [36], these existing approaches are “typically with significant overhead, leading to further
degradation of efficiency, or limited applicability”. The main problem in classical parareal
is the different phase speeds due to the different grids used by F and G, and that in the
hyperbolic limit, small scale features propagate unchanged over long distance, which a
coarse propagator G cannot do. For such problems, the numerical solutions generated by
the propagators F and G should thus be as close as possible. A simple idea is to use the
same IRK method and discretization step δt = ∆t for both F and G; then we see from
(1.2) that the parareal algorithm converges after 1 iteration, since in this case it holds
exactly Fδt(Tn, ukn) = G∆t(Tn, u

k
n). Unfortunately, there is no speedup then because the

implementation of the propagator G is as expensive as F .
To make this simple idea practical, we need to find a different way to approximate G

that uses the same method and grid as F to reduce its computational cost. One could
parallelize G in time using diagonalization [12], originally proposed in [29], but this leads
to bad convergence of the parareal algorithm, as our numerical results in Section 2.1 show.
The new idea we propose here is to solve with G instead of the original problem (1.1)
on each large subinterval [Tn, Tn+1] a problem which lends itself to good time parallel
solution by diagonalization, namely the head-tail coupled problem

u̇+ f(t, u) = 0, u(Tn) = αu(Tn+1) + (1− α)ukn, t ∈ (Tn, Tn+1), (1.5)

where α ∈ (0, 1) is a parameter. We note that for α ∈ (0, 1) the existence and uniqueness
of the solution are different from both the initial-value case (α = 0) and the time-periodic
case (α = 1) and these issues merit further study, which is however beyond the scope of
the present paper. The reason for using such a head-tail condition is twofold. First, with
a small α this condition is close to u(Tn) = ukn and thus as we explained above the new
parareal algorithm will converge rapidly. Second, as we will see in Section 2 the head-
tail coupled condition results in an α-circulant matrix of the time discretization and this
allows us to solve (1.5) efficiently via the diagonalization technique. The new parareal
algorithm studied here is

uk+1
n+1 = F∗δt(α, Tn, uk+1

n ) + Fδt(Tn, ukn)−F∗δt(α, Tn, ukn), n = 0, 1, . . . , Nt − 1, (1.6a)

where the quantity F∗δt(α, Tn, ukn) denotes the solution of (1.5) at t = Tn+1. For a concrete
example we consider the linear θ-method, by which this quantity is specified as:





z0 = αzJ + (1− α)ukn,
zj+1−zj

δt + θf(tn,j+1, zj+1) + (1− θ)f(tn,j , zj) = 0,

j = 0, 1, . . . , J − 1,

F∗δt(α, Tn, ukn) := zJ ,

(1.6b)

where tn,j = Tn+jδt. The key point here is that we use the same time-integrator (denoted
by F) with a small step-size δt to define both Fδt(·) and F∗δt(·), but for the former the
time-integrator is applied to (1.1) and for the latter the time-integrator is applied to a
new model (1.5); see Figure 1.3 for an illustration of the idea.

We will show that when applying the diagonalization technique to (1.5), the roundoff
error can be bounded by O(2εJ/α), where ε is the machine precision, which is often
negligible compared to the discretization error. (A precise definition of the roundoff
error for the diagonalization technique can be found in [12,21].) We will also prove in the
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Fig. 1.3. For the new parareal algorithm (1.6a), both Fδt and F∗δt are defined by applying F with the
small step-size δt to the governing ODEs, while for the latter the ODEs are equipped with a ‘head-tail’
coupled condition u(Tn) = αu(Tn+1) + (1− α)ukn in each large time-interval [Tn, Tn+1].

dissipative case that the convergence factor of our new parareal algorithm can be bounded
as ρ ≤ α. If the system of ODEs has wave propagation characteristic, the convergence
factor can be bounded as ρ ≤ 2Ntα

1+α . We will also give a convergence analysis of the
new parareal algorithm for nonlinear problems, under the assumption that the nonlinear
function f(t, u) in (1.1) satisfies suitable Lipschitz conditions with respect to the second
variable u.

At the end of this section, we mention that using a parameterized head-tail coupled
condition together with the diagonalization technique to design PinT algorithms already
appears in [21,40,42]. However, the mechanism and application scope of these algorithms
are essentially different from our new parareal algorithm studied here. In particular,
these algorithms are not suitable for solving nonlinear problems on long time intervals.
Besides this, the algorithms in [40, 42] are not suitable for wave propagation problems.
As we will show in this paper, the new parareal algorithm however does not have these
disadvantages. Recently, similar diagonalization technique also appears in [30,32], which
in essence corresponds to a special case of our parameterized head-tail coupled condition,
i.e., α = 1. The algorithms in [30,32] are also not suitable for wave propagation problems.

2. The diagonalization-based coarse propagator. We now explain how the par-
allelization of the coarse propagator by diagonalization works for both the original problem
and our new one with the head-tail condition.

For the original problem with initial value condition, the diagonalization in time relies
on the strategy studied in [12,29], for which the main point is to divide each subinterval
by a geometric time stepping mesh {δtj := δt1τ

j−1}Jj=1, where τ > 1 is a constant and

δ1 satisfies δt1 = ∆T (τ−1)
τJ−1

(such that
∑J
j=1 δtj = ∆T ). For the linear system of ODEs

u̇+Au = f(t), u(0) = u0, t ∈ (0, T ), A ∈ Rm×m, (2.1)

if we use the Backward-Euler method as the time-integrator this approach leads to the
following computation of F∗δt(α, Tn, ukn):







1
δt1
− 1
δt2

1
δt2
. . .

. . .

− 1
δtJ

1
δtJ




︸ ︷︷ ︸
:=B

⊗Ix + It ⊗A







z1

z2

...
zJ


 =




fn+ 1
J

+
ukn
δt1

fn+ 2
J

...
fn+1



, (2.2)

where zJ = F∗δt(α, Tn, ukn) is the desired quantity, fn+ j
J

= f(tn,j) and It ∈ RJ×J , Ix ∈
Rm×m are identity matrices. Problems exist for this approach in that the roundoff error
arising from diagonalizing the time discretization matrix B is large and increases rapidly
as J increases. In particular, from [12] we know that the roundoff error satisfies

roundoff error = O(2εJCond2(V )), ε the machine precision. (2.3)
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Unfortunately, using the geometric time stepping mesh the condition number of V in-
creases rapidly as J increases and this seriously deteriorates the convergence rate of the
parareal algorithm (see numerical illustrations in [40, Section 5]).

We next explain the details for computing F∗δt(α, Tn, ukn) using the head-tail coupled
condition. We consider the linear and nonlinear cases separately. Here, for simplicity we
continue to consider the linear θ-method as in (1.6b) and the case of the general IRK
methods can be found in the Appendix.

2.1. The linear case. For the linear ODEs (2.1), the computation of F∗δt(α, Tn, ukn)
specified by (1.6b) using the θ-method can be represented as

1

δt


1 −α
−1 1

. . .
. . .

−1 1


︸ ︷︷ ︸

:=Cα

⊗Ix +


θ α(1− θ)

1− θ θ

. . .
. . .

1− θ θ


︸ ︷︷ ︸

:=C̃α,θ

⊗A




z1
z2
...
zJ


︸ ︷︷ ︸
:=Z

= bkn,

bkn =

(
g>n,1 + (1− α)

(
Ix
δt

+ (1− θ)A
)

(ukn)>, g>n,2, . . . , g
>
n,J

)>
,

(2.4)

i.e., (Cα ⊗ Ix + δtC̃α,θ ⊗ A)Z = δtbkn and F∗δt(α, Tn, ukn) := zJ . Both Cα and C̃α,θ are
α-circulant matrices and they can be simultaneously diagonalized as follows.

Lemma 2.1. The matrices Cα and C̃α,θ ∈ RJ×J can be diagonalized as

Cα = V (α)D(α)V −1(α), C̃α,θ = V (α)D̃(α, θ)V −1(α), (2.5a)

where V (α) = Λ(α)F and

Λ(α) = diag
(

1, α−
1
J , . . . , α−

J−1
J

)
,

F = [ω1, ω2, . . . , ωJ ],with ωj =
[
1, ei

2(j−1)π
J , . . . , ei

2(j−1)(J−1)π
J

]>
,

D(α) = diag(λ1, . . . , λJ),with λj = 1− α 1
J e−i

2(j−1)π
J ,

D̃(α, θ) = diag(λ̃1, . . . , λ̃J),with λ̃j = θ + (1− θ)α 1
J e−i

2(j−1)π
J .

(2.5b)

Proof. The spectral decomposition of an α-circulant matrix is well known, the details
can be found for example in [1, Theorem 2.10].

Substituting (2.5a) into (2.4) gives the following diagonalization procedure for com-
puting F∗δt(α, Tn, ukn):

Step-(a) : ((Λ(α)F )−1 ⊗ Ix)P = δtbkn,

Step-(b) :
(
λjIx + λ̃j(δtA)

)
qj = pj , j = 1, 2, . . . , J,

Step-(c) : ((Λ(α)F )⊗ Ix)Z = Q,

(2.6)

where P = (p>1 , . . . , p
>
J )>, Q = (q>1 , . . . , q

>
J )> ∈ CmJ .

Remark 2.1 (FFT for Step-(a) and Step-(c) in (2.6)). In (2.6), since F is a discrete
Fourier matrix, Step-(a) and Step-(c) can be done by the Fast Fourier Transform (FFT)
at the cost O(mJ log2 J)1. The FFT can also be implemented in parallel2, see for example

1There is a factor m here, because the vectors bkn and W consist of J subvectors and thus during the
(inverse) FFT every element of F−1 acts on vectors (of length m) instead of scalar complex numbers.

2One can download the software of the parallel FFT from http://www.fftw.org/.

http://www.fftw.org/


6 Gander and Wu

[24]. The cost for computing the (inverse) FFT can then be reduced to O(m log2 J). This
cost is significantly smaller than that of solving the linear problems in Step-(b) of (2.6),
when A is a large scale matrix.

Remark 2.2. It is natural to ask how to solve each of the J algebraic equations in
(2.6). We rewrite the equation as

(ηjIx + δtA)qj = p̃j , p̃j := pj/λ̃j , ηj := λj/λ̃j . (2.7)

For θ = 1 and θ = 1
2 , it holds that <(ηj) ≥ 0 for all j = 1, 2, . . . , J . Hence, if the real parts

of the eigenvalues of the matrix A are non-negative3, the complex shift λj does not lead to
too much difficulty. In particular, as shown in [41], a multigrid method using Richardson
iterations with optimized damping parameter as the smoother works very well in this case.
For the case that A is an indefinite matrix, we refer the interested reader to [10] for a
thorough study of preconditioned GMRES. Note that for θ = 0 (i.e., the Forward Euler
method), the algorithm proposed here could still be useful, since then instead of solving a
system at each time step, a matrix multiplication is needed at each time step, and with
the present algorithm, all these matrix multiplications could be executed in parallel.

Since α ∈ (0, 1) and F is a discrete Fourier matrix, from (2.5b) we see that

Cond2(V (α)) ≤ Cond2(Λ(α))Cond2(F ) ≤ α−1. (2.8)

Now, by substituting (2.8) into (2.3) we know that the roundoff error arising from the
first and last steps of (2.6) satisfies

roundoff error = O(2εJ/α). (2.9)

2.2. The nonlinear case. To clearly describe the details of the diagonalization
technique for nonlinear F∗δt(α, Tn, ukn), we assume again that F is the linear θ-method;
for s-stage IRK methods see the Appendix. From (1.6b), we have

(
1

δt
Cα ⊗ Ix

)
Z +




θf(tn,1, z1) + (1− θ)f(tn,0, αzJ + (1− α)ukn)
θf(tn,2, z2) + (1− θ)f(tn,1, z1)

...
θf(tn,J , zJ) + f(tn,J−1, zJ−1)




︸ ︷︷ ︸
:=f(Z)

= bkn,

bkn =

(
(1− α)(ukn)>

δt
, 0, . . . , 0

)>
, Z = (z>1 , . . . , z

>
J )>,

(2.10)

where the matrix Cα is given by (2.4). Applying Newton’s method to (2.10) gives

Z(l+1) = Z(l) −
(

1

δt
Cα ⊗ Ix + J(Z(l))

)−1((
1

δt
Cα ⊗ Ix

)
Z(l) + f(Z(l))− bkn

)
,

i.e., (
1

δt
Cα ⊗ Ix + J(Z(l))

)
Z(l+1) = −f(Z(l)) + bkn + J(Z(l))Z(l), (2.11)

where Z(l) =
(

(z
(l)
1 )>, (z(l)

2 )>, . . . , (z(l)
J )>

)>
and the Jacobian matrix J(Z(l)) of f is

J(Z(l)) =




∇f(tn,j+1, z
(l)
1 ) α∇f(tn,0, αz

(l)
J + (1− α)ukn)

∇f(tn,j+1, z
(l)
2 )

. . .

∇f(tn,j+1, z
(l)
J )



.

3This holds when A is an approximation of en elliptic, self adjoint operator, i.e., A ≈∑d
j,l=1

∂
∂xl

(
ajl(x) ∂

∂xj

)
.
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Fig. 2.1. There are Nt large subintervals for the new parareal algorithm (1.6a) and we use Nt
different Jacobian matrices for these subintervals. The n-th subinterval [Tn, Tn+1] contains J fine time

points and the Jacobian matrix J̃n is used for all these fine time points.

To solve the linear system (2.11) by the diagonalization technique, following the idea

in [13] we replace the Jacobian matrix J(Z(l)) by IJ ⊗ J̃(Z(l)), where

J̃(Z(l)) :=
1

J

(
J−1∑
j=1

∇f(tn,j , z
(l)
j ) +∇f

(
tn,0, αzJ + (1− α)ukn

))
. (2.12)

Substituting (2.12) into (2.11) leads to the simplified Newton iteration(
1

δt
Cα ⊗ Ix + IJ ⊗ J̃(Z(l))

)
Z(l+1) = −f(Z(l)) + bkn + (IJ ⊗ J̃(Z(l)))Z(l). (2.13)

With the spectral decomposition of Cα (see Lemma 2.1), we can solve Z(l+1) via the
diagonalization technique (cf. (2.6)).

Remark 2.3. For nonlinear ODEs, the main idea of applying the new parareal
algorithm (1.6a) lies in approximating the J Jacobian matrices (on the fine time points

{tn,j}Jj=1) by a single matrix J̃. Since we have Nt large subintervals, there are Nt different
approximate Jacobian matrices in total; see Fig. 2.1 for illustration.

3. Convergence analysis in the linear case. We now analyze the convergence
properties of the new parareal algorithm (1.6a). In this section we consider the linear
case (2.1); for the nonlinear case see the next section.

3.1. General result. We first consider the linear ODEs (2.1). The following lemma
is useful to analyze the convergence factor of the new parareal algorithm (1.6a).

Lemma 3.1. Let σ ∈ [0, 1]. Then, for the matrix

M(σ) =




1
−σ 1

. . .
. . .

−σ 1


 ∈ CNt×Nt , (3.1)

the inverse M−1(σ) is a non-negative matrix4 and ‖M−1(σ)‖∞ = 1−σNt
1−σ .

Note. When σ = 1, the quantity 1−σNt
1−σ should be understood in the ‘limiting’ sense, i.e.,

limσ→1
1−σNt

1−σ = Nt.

Proof. The proof is as the proof of [19, Lemma 4.4], so we omit the details.

Theorem 3.2. For the linear ODEs (2.1), assume that A is a diagonalizable matrix
with A = Sdiag(µ1, µ2, . . . , µm)S−1 and σ(A) ⊆ C+. Let F be an A-stable IRK method
with stability function R(z) and {un}Ntn=1 be the solutions generated by F at the coarse
time points {Tn}Ntn=1, i.e.,

un+1 = Fδt(Tn, un), n = 0, 1, . . . , Nt − 1. (3.2)

4A non-negative matrix is a matrix where every element is non-negative.
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Let {ukn}Ntn=1 be the k-th iterate generated by the parareal algorithm (1.6a) with parameter
α ∈ (0, 1). Then, the error ekn := un − ukn satisfies

max
Nt≥n≥1

‖Sekn‖∞ ≤ ρk(α, J,Nt) max
Nt≥n≥1

‖Se0
n‖∞, ∀k ≥ 1, (3.3a)

where ρ(α, J,Nt) = maxz∈σ(∆TA)K(α, J,Nt, z) and

K(α, J,Nt, z) =
1− |Rg(α, J, z)|Nt
1− |Rg(α, J, z)|

∣∣∣RJ
( z
J

)
−Rg(α, J, z)

∣∣∣ ,

Rg(α, J, z) :=
(1− α)RJ( zJ )

1− αRJ( zJ )
.

(3.3b)

Proof. Subtracting (1.6a) from (3.2) gives

un+1 − uk+1
n+1 =

[
F∗δt(α, Tn, un)−F∗δt(α, Tn, uk+1

n )
]

+
[
Fδt(Tn, un)−Fδt(Tn, ukn)

]
−[

F∗δt(α, Tn, un)−F∗δt(α, Tn, ukn)
]
.

(3.4)

In the following, without loss of generality we assume g(t) = 0 for the linear ODEs (2.1).
Then performing one-step of the IRK method can be expressed as

un,j+1 = R(δtA)un,j + g̃n,j = R (∆TA/J)un,j .

Hence,
Fδt(Tn, un)−Fδt(Tn, ukn) = RJ (∆TA/J) ekn. (3.5a)

Moreover, the quantity F∗δt(α, Tn, ukn) can be computed as{
z0 = αzJ + (1− α)ukn, zj+1 = R (∆TA/J) zj , j = 0, 1, . . . , J − 1,

zJ = F∗δt(α, Tn, ukn).

From this, we have

zJ = RJ (∆TA/J) z0 = αRJ (∆TA/J) zJ + (1− α)RJ (∆TA/J)ukn.

Therefore, F∗δt(α, Tn, ukn) = (1−α)
[
Ix − αRJ (∆TA/J)

]−1RJ (∆TA/J)ukn. This implies

F∗δt(α, Tn, un)−F∗δt(α, Tn, ukn) = Rg(α, J,∆TA)ekn, (3.5b)

where Rg(α, J,∆TA) = (1− α)
[
Ix − αRJ

(
∆TA
J

)]−1RJ
(

∆TA
J

)
.

Now, substituting (3.5a) and (3.5b) into (3.4) gives

ek+1
n+1 = Rg(α, J,∆TA)ek+1

n +RJ (∆TA/J) ekn −Rg(α, J,∆TA)ekn. (3.6)

Since A = SµS−1 with µ = diag(µ1, µ2, . . . , µm), from (3.6) we have

Sek+1
n+1 =SRg(α, J,∆Tµ)S−1(Sek+1

n ) + SRJ (∆Tµ/J)S−1(Sekn)− SRg(α, J,∆Tµ)S−1(Sekn).

Let z = ∆Tµ with µ ∈ µ being an arbitrary eigenvalue of A and ζkn(µ) be the correspond-
ing component of Sekn. Then, it holds that

ζk+1
n+1(µ) = Rg(α, J, z)ζk+1

n (µ) +RJ (z/J) ζkn(µ)−Rg(α, J, z)ζkn(µ)

=⇒ |ζk+1
n+1(µ)| ≤ |Rg(α, J, z)||ζk+1

n (µ)|+
∣∣RJ (z/J)−Rg(α, J, z)

∣∣ |ζkn(µ)|,
(3.7)

where n = 0, 1, . . . , Nt − 1 and ζk0 (µ) = 0. From (3.7) we have

M(σ)




ζk+1
1 (µ)

ζk+1
2 (µ)

...

ζk+1
Nt

(µ)




︸ ︷︷ ︸
:=ζk+1(µ)

≤




0
σ̃ 0

. . .
. . .

σ̃ 0




︸ ︷︷ ︸
:=N (σ̃)




ζk1 (µ)
ζk2 (µ)

...
ζkNt(µ)




︸ ︷︷ ︸
:=ζk(µ)

,
(3.8a)
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where M(σ) is the Toeplitz matrix given by (3.1) and

σ = |Rg(α, J, z)|, σ̃ =
∣∣∣RJ

( z
J

)
−Rg(α, J, z)

∣∣∣ . (3.8b)

Since σ(A) ⊆ C+(⇒ z ∈ C+) and F is an A-stable RK method, it holds that |RJ(z/J)| <
1, ∀z ∈ σ(∆TA). Hence, for α ∈ (0, 1) from (3.3b) we have

σ =
(1− α)|RJ( zJ )|
|1− αRJ( zJ )| ≤

(1− α)|RJ(z/J)|
1− |αRJ(z/J)| <

1− α
1− |α| = 1.

Hence, by using Lemma 3.1 we know that M−1(σ) is a non-negative matrix and thus
from (3.8a) it holds that

ζk+1(µ) ≤M−1(σ)N (σ̃)ζk(µ) =⇒ ‖ζk+1(µ)‖∞ ≤ ‖M−1(σ)‖∞‖N (σ̃)‖∞‖ζk(µ)‖∞.

Since ‖N (σ̃)‖∞ = σ̃ and ‖M−1(σ)‖∞ = 1−σNt
1−σ (see Lemma 3.1), we get

‖ζk+1(µ)‖∞ ≤
(1− σNt)σ̃

1− σ ‖ζk(µ)‖∞. (3.9)

Because ζk(µ) = (ζk1 (µ), ζk2 (µ), . . . , ζkNt(µ))> and ζkn(µ) is a component of the error Sekn
corresponding the eigenvalue µ of A, we have

max
µ∈σ(A)

‖ζk(µ)‖∞ = max
µ∈σ(A)

max
Nt≥n≥1

|ζkn(µ)| = max
Nt≥n≥1

(
max
µ∈σ(A)

|ζkn(µ)|
)

= max
Nt≥n≥1

‖Sekn‖∞.

By substituting this into (3.9) and by using (3.8b), we get (3.3a)-(3.3b).
By using Theorem 3.2, for a given time-integrator F , the ratio J = ∆T/δt and the

spectrum σ(A), it is easy to calculate the convergence factor ρ. It is however important
to analyze ρ qualitatively to see how it depends on these quantities. For an arbitrary
coefficient matrix A, we do not know how to make such a qualitative analysis. In the
following, we consider two representative cases: the heat equation and the wave equation.
For the former, the matrix A is an SPD matrix and therefore the variable z ∈ σ(∆TA)
satisfies z ∈ [0,∞). For the latter, it holds that σ(A) ⊆ iR and thus z ∈ iR. It is well
known that the heat equation represents a class of ‘easy’ problems for parareal and the
wave equation represents a class of ‘hard’ problems; see [36].

3.2. Qualitative analysis: the heat equation. When semi-discretizing the heat
equation, the matrix A in (2.1) is an SPD matrix. Since the eigenvalues of A can be arbi-
trarily large, we consider in the following z ∈ [0,∞) for the contraction factor K(α, J, z)
(cf.(3.3b)). In the proof of Theorem 3.2, we already showed that |Rg(α, J, z)| ≤ 1 when
F is an A-stable time-integrator and z ∈ C+. Hence, we have

K(α, J,Nt, z) ≤ K̃(α, J, z) :=

∣∣RJ
(
z
J

)
−Rg(α, J, z)

∣∣
1− |Rg(α, J, z)|

. (3.10)

In the following, we try to find a sharp upper bound for K̃(α, J, z).
Theorem 3.3. Let F be an A-stable IRK method with stability function R(z) and

J ≥ 2 be an even integer. For the coefficient matrix A of the linear ODE system (2.1),
suppose A is diagonalizable and σ(A) ⊆ [0,∞). Then, for α ∈ (0, 1) the convergence
factor ρ of the parareal algorithm (1.6a) satisfies

ρ(α, J,Nt) ≤ α, ∀J ≥ 2, ∀Nt ≥ 2.

Note. Using an even J(= ∆T/δt) is not really a restriction for practical computation.



10 Gander and Wu

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

0

0.05

0.1

0.15

0.2

0.25

0.3
Backward Euler

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

0

0.05

0.1

0.15

0.2

0.25

0.3
4th−order Gauss method

z

K̃(
α
,J

,z
)

α = 0.3

α = 0.1

Fig. 3.1. For two values of α and four values of J, the quantity K̃(α, J, z) as a function of z. Left:
F=Backward Euler; Right: F=4th-order Gauss method. For each subfigure, ‘ ’ for J = 5, ‘- - -
- -’ for J = 10, ‘− · − · −·’ for J = 25 and ‘· · · · · · · · · ’ for J = 50.

Proof. From Theorem 3.2 and (3.10), it is sufficient to prove that

max
z≥0
K̃(α, J, z) ≤ α, ∀J ≥ 2. (3.11)

SinceRg(α, J, z) =
(1−α)RJ ( zJ )

1−αRJ ( zJ )
(cf.(3.3b)), we haveRJ

(
z
J

)
=

Rg(α,J,z)
1−α(1−Rg(α,J,z)) . Moreover,

since F is an A-stable IRK method and z ∈ [0,∞) and J ≥ 2 is an even integer, it holds
that RJ( zJ ) ∈ [0, 1]. Hence, Rg(α, J, z) ∈ (0, 1). Let

φ = Rg(α, J, z) ∈ (0, 1).

Then, it holds that RJ
(
z
J

)
= φ

1−α(1−φ) and that

K̃(α, J, z) =

∣∣∣ φ
1−α(1−φ) − φ

∣∣∣
1− |φ| =

φ
1−α(1−φ) − φ

1− φ =
αφ

1− α+ αφ
.

For α ∈ (0, 1), it holds by direct calculation that max
φ∈(0,1)

αφ
1−α+αφ = αφ

1−α+αφ

∣∣∣
φ=1

= α.

In Fig. 3.1, we show the quantity K̃(α, J, z) as a function of z, where α = 0.3 and
α = 0.1. We consider two choices of F : Backward Euler and the 4th-order Gauss method.
Their stability functions are

R(z) =





1
1+z , Backward Euler,
1− z2 + z2

12

1+ z
2 + z2

12

, 4th-order Gauss method.

For these two time-integrators, it is clear that R(z) > 0 for all z ∈ [0,∞) and from Fig.

3.1 we see that the ratio J does not affect the upper bound of K̃.
However when F is the Trapezoidal Rule, the ratio J indeed has a significant influence

on K̃: if J is even, K̃ approaches α as z → 0 or z → ∞, while if J is odd, K̃ approaches

1 as z →∞, see Fig. 3.2. We now explain this: because R(z) =
1− z2
1+ z

2
, we have

lim
z→∞

Rg(α, J, z) = lim
z→∞

(1− α)RJ( zJ )

1− αRJ( zJ )
=

{
1, if J is even,
α−1
α+1 , if J is odd.

This gives

lim
z→∞

K̃(α, J, z) = lim
z→∞

∣∣RJ
(
z
J

)
−Rg(α, J, z)

∣∣
1− |Rg(α, J, z)|

=




α, if J is even,
|−1−α−1

α+1 |
1− 1−α

α+1

= 1, if J is odd.
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Fig. 3.2. When F is the Trapezoidal Rule, the ratio J = ∆T/δt has an important effect on K̃(α, J, z).
Left: α = 0.1; Right: α = 0.3.

3.3. Quantitative analysis: wave equations. We next consider the case z ∈ iR
in (3.3b). As shown in Fig. 1.2, the classical parareal algorithm does not converge
in this case. For linear wave propagation equations or dispersive wave equations, it is
reasonable to consider an energy preserving propagator F , i.e., the stability function
satisfies |R(z)| ≡ 1 for z ∈ iR.

Theorem 3.4. Assume that the stability function R(z) of F satisfies |R(z)| ≡ 1 for
z ∈ iR and that the coefficient matrix A of the linear ODE system (2.1) is diagonalizable
and σ(A) ⊆ iR. Then, the convergence factor ρ of the parareal algorithm (1.6a) satisfies

ρ(α, J,Nt) ≤
2α

1 + α
Nt, ∀J ≥ 2. (3.12)

Note. The Gauss RK methods, the Lobatto IIIA methods and the Lobatto IIIB methods
|R(z)| ≡ 1 (∀z ∈ iR); see [23].

Proof. Since |R(z)| = 1 for z ∈ iR, a routine calculation yields

K(α, J,Nt, z) =
1− |Rg(α, J, z)|Nt
1− |Rg(α, J, z)|

∣∣∣∣1−
1− α

1− αRJ( zJ )

∣∣∣∣ = α
1− |Rg(α, J, z)|Nt
1− |Rg(α, J, z)|

∣∣∣∣
1−RJ( zJ )

1− αRJ( zJ )

∣∣∣∣ .

Let σ = |Rg(α, J, z)|. Then, it holds that

K(α, J,Nt, z) = α
1− σNt
1− σ

∣∣∣∣
1−RJ( zJ )

1− αRJ( zJ )

∣∣∣∣ . (3.13)

In the proof of Theorem 3.2 we already showed that σ ∈ (0, 1), and hence

max
σ∈(0,1)

1− σNt
1− σ = Nt. (3.14)

We next analyze the second term
∣∣∣ 1−RJ ( zJ )

1−αRJ ( zJ )

∣∣∣ in (3.13). Since
∣∣RJ( zJ )

∣∣ =
∣∣R( zJ )

∣∣J ≡ 1,

we can represent RJ( zJ ) as RJ
(
z
J

)
= eiz̃ with some suitable z̃ ∈ R, and thus

max
z∈iR

∣∣∣∣
1−RJ( zJ )

1− αRJ( zJ )

∣∣∣∣ ≤ max
z̃∈R

∣∣∣∣
1− eiz̃

1− αeiz̃
∣∣∣∣ . (3.15a)

We have
∣∣∣ 1−eiz̃

1−αeiz̃
∣∣∣ =

√
2−2 cos(z̃)√

1+α2−2α cos(z̃)
and therefore maxz̃∈R

∣∣∣ 1−eiz̃
1−αeiz̃

∣∣∣ = 2
1+α . Substituting

this into (3.15a) gives

max
z∈iR

∣∣∣∣
1−RJ( zJ )

1− αRJ( zJ )

∣∣∣∣ ≤
2

1 + α
. (3.15b)
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Fig. 3.3. For the Trapezoidal rule and the 4th-order Gauss RK method, the contraction factor K
as a function of z, when α = 10−3 is fixed. Here, J = 20; for other J the plots look similar.

Now, substituting (3.15b) and (3.14) into (3.13) gives the desired result (3.12).
Remark 3.1. For wave equations, the estimate given by (3.12) implies that the

number of coarse time points, i.e., Nt = T/∆T , has an effect on the convergence rate of
the new parareal algorithm (1.6a). This is very different from the case of the heat equation,
because for the latter Theorem 3.3 implies that the convergence rate does not depend on
Nt. For wave propagation problems we can still obtain a good convergence rate by choosing
a suitable parameter α. For example, for Nt = 1000 we can use α = 0.1/(2Nt) = 5×10−5

to get a convergence factor ρ ≈ 0.1.
For the Trapezoidal rule and the 4th-order Gauss RK method, we show in Fig. 3.3 the

contraction factor K(α, J,Nt, iz) as a function of z, when α = 10−3 is fixed. We consider
two values of Nt and for each Nt the bound 2α

1+αNt is also shown by a dash-dotted line.
We see that, in contrast to the heat equation, for wave equations the quantity Nt indeed
has an effect on the convergence factor of the new parareal algorithm. Moreover, we see
that the bound given by Theorem 3.4 is sharp.

The bound (3.12) holds for any IRK method satisfying |R(iz)| ≡ 1 for z ∈ R and it
is interesting to check whether this also holds for other IRK methods or not. To this end,
we consider the 3-stage 4th-order SDIRK method (see [23]),

r̃ r 0 0
1− 2r̃ 1

2 − r r 0
r̃ 2r 1− 4r r

r 1
2 1− r

, r =
1√
3

cos
( π

18

)
+

1

2
, r̃ =

1

6(2r − 1)2
. (3.16)

In Fig. 3.4 on the left, we plot |R(iz)| and we see that |R(iz)| 6= 1 for z > 0. On the
right, we show K(α, J,Nt, iz) for two values of Nt. Clearly, the estimate (3.12) still holds.

For completeness, we show in Fig. 3.5 the contraction factor K(α, J,Nt, iz) as a
function of z for three other IRK methods when Nt = 200 is fixed. We consider two values
of α and it is clear that a smaller α reduces the convergence factor ρ. This confirms the
estimate (3.12) very well, since the bound 2α

1+αNt diminishes when α becomes smaller.

3.4. Optimal choice of α in practice. Both Theorem 3.3 and Theorem 3.4 suggest
that one should choose the parameter α as small as possible, since the convergence factor
ρ diminishes with α. This is however not true in practice, due to the roundoff error arising
from the implementation of F∗δt(α, Tn, ukn) via the diagonalization technique (cf.(2.6)). To
illustrate this, we apply the new parareal algorithm (1.6a) to the advection-dominated
diffusion equation (1.3a) with ∆x = 1

200 , ∆T = 0.04, T = 4 and ν = 10−6. Then, for
two values of the ratio J we show in Fig. 3.6 the measured error of the new parareal
algorithm at each iteration when α varies. For each α, the quantity 2εJ/α is also shown
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Fig. 3.5. For the three IRK methods, the contraction factor K(α, J,Nt, iz) as a function of z when
Nt = 200 is fixed. Here, J = 20; for other J the plots look similar.

(the horizontal dash-dotted lines), where ε is the machine precision. This quantity is an
estimate of the roundoff error for the diagonalization technique (cf. (2.9)). The horizontal
solid lines denote the time discretization error which indicates at which iteration number
the parareal algorithm should stop.

From Fig. 3.6 we see that a smaller α leads to faster convergence for the first few
iterations, but then the error stagnates at a certain level. The quantity 2εJ

α predicts the
‘stagnation level’ very well5 and thus gives a principle to select a good parameter αopt,

2εJ

αopt
= δtp =⇒ αopt =

2εJ

δtp
. (3.17)

The idea here is to balance the roundoff error and the time discretization error O(δtp),
where p denotes the order of the IRK method.

4. Convergence analysis for the nonlinear case. The convergence analysis for
the non-linear case is based on the following assumptions.

5We tested many other problems, including some nonlinear parabolic and hyperbolic problems, and
it turns out that the quantity 2εJ/α is also a good predictor of the ‘stagnation level’.
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Fig. 3.6. Measured error of the new parareal algorithm for two choices of the ratio J = ∆T/δt,
using different head-tail coupling parameters α. A smaller α results in faster convergence for the first
few iterations, but then the error stagnates at a certain level.

Assumption 1. For the function f(t, u) appearing in (1.1), suppose there exist con-
stants L1 ≥ 0, L2 ≥ 0 and L3 ≥ 0 such that

〈f(t, v1)− f(t, v2), v1 − v2〉 ≤ −L1‖v1 − v2‖22,∀t ∈ [0, T ],∀v1, v2 ∈ Rm, (4.1a)

〈f(t, v1)− f(t, v2)− (f(t, ṽ1)− f(t, ṽ2)) , v1 − v2 − (ṽ1 − ṽ2)〉 (4.1b)

≤ −L2‖v1 − v2 − ṽ1 + ṽ2‖22,∀t ∈ [0, T ],∀v1, ṽ1, v2, ṽ2 ∈ Rm,
‖f(t, v1)− f(t, v2)‖2 ≤ L3‖v1 − v2‖2, ∀v1, v2 ∈ Rm, (4.1c)

where 〈·〉 denotes the Euclidean inner product. Moreover, we assume that α ∈ (0, 1) and
that the F-propagator is an exact solver.

Lemma 4.1. Under Assumption 1, it holds that

‖F∗δt(α, Tn, w)−F∗δt(α, Tn, w̃)‖2 ≤
(1− α)e−L1∆T

1− αe−L1∆T
‖w − w̃‖2. (4.2)

Proof. Suppose v1(t) and v2(t) are the solutions of the two ODEs
{
v′1(t) = f(t, v1(t)), t ∈ [Tn, Tn+1],

v1(Tn) = αv1(Tn+1) + (1− α)w,

{
v′2(t) = f(t, v2(t)), t ∈ [Tn, Tn+1],

v2(Tn) = αv2(Tn+1) + (1− α)w̃.

Then, it is clear that F∗δt(α, Tn, w) = v1(Tn+1) and F∗δt(α, Tn, w̃) = v2(Tn+1). Taking the
difference between these two ODEs and by using Assumption 1, we have

〈v′1(t)− v′2(t), v1(t)− v2(t)〉 = 〈f(t, v1(t))− f(t, v2(t)), v1(t)− v2(t)〉
≤ −L1‖v1(t)− v2(t)‖22.

Because 〈v′1(t)− v′2(t), v1(t)− v2(t)〉 = ‖v1(t)− v2(t)‖2 d‖v1(t)−v2(t)‖2
dt , we have

{
d‖v1(t)−v2(t)‖2

dt ≤ −L1‖v1(t)− v2(t)‖2, t ∈ [Tn, Tn+1],

‖v1(Tn)− v2(Tn)‖2 ≤ α‖v1(Tn+1)− v2(Tn+1)‖2 + (1− α)‖w − w̃‖2.
(4.3)

Applying the Gronwall lemma to the governing equation in (4.3) in the interval [Tn, Tn+1]
leads to ‖v1(Tn+1) − v2(Tn+1)‖2 ≤ e−L1∆T ‖v1(Tn) − v2(Tn)‖2. Inserting the second
inequality in (4.3) into this inequality gives

‖v1(Tn+1)− v2(Tn+1)‖2 ≤ αe−L1∆T ‖v1(Tn+1)− v2(Tn+1)‖2 + (1− α)e−L1∆T ‖w − w̃‖2,



Diagonalization-based parareal for wave problems 15

i.e., ‖v1(Tn+1)− v2(Tn+1)‖2 ≤ (1−α)e−L1∆T

1−αe−L1∆T ‖w − w̃‖2.
Lemma 4.2. Under Assumption 1, we have

‖Fδt(Tn, w)−F∗δt(α, Tn, w)− (Fδt(Tn, w̃)−F∗δt(α, Tn, w̃))‖2 ≤

α
L3

L2 − (1− α)L1

(
e−L1∆T − e−

L2
1−α∆T

)
‖w − w̃‖2.

(4.4)

Proof. Let v1(t), v2(t), ṽ1(t) and ṽ2(t) be the solutions of the ODEs
{
v′1(t) = f(t, v1(t)), t ∈ [Tn, T

∗],

v1(Tn) = w,

{
v′2(t) = f(t, v2(t)), t ∈ [Tn, T

∗],

v2(Tn) = αv2(T ∗) + (1− α)w,
{
ṽ′1(t) = f(t, ṽ1(t)), t ∈ [Tn, T

∗],

ṽ1(Tn) = w̃,

{
ṽ′2(t) = f(t, ṽ2(t)), t ∈ [Tn, T

∗],

ṽ2(Tn) = αṽ2(T ∗) + (1− α)w̃.

(4.5)

If T ∗ = Tn+1, it is clear that Fδt(Tn, w) = v1(T ∗), F∗δt(α, Tn, w) = v2(T ∗), Fδt(Tn, w̃) =
ṽ1(T ∗) and F∗δt(α, Tn, w̃) = ṽ2(T ∗). Integrating the first two ODEs gives




v1(T ∗) = w +
∫ T∗

Tn
f(t, v1(t))dt,

v2(T ∗) = v2(Tn) +
∫ T∗

Tn
f(t, v2(t))dt = αv2(T ∗) + (1− α)w +

∫ T∗

Tn
f(t, v2(t))dt,(

=⇒ v2(T ∗) = w + 1
1−α

∫ T∗

Tn
f(t, v2(t))dt

)
.

The difference r(T ∗) := v1(T ∗)− v2(T ∗) satisfies

r(T ∗) =

∫ T∗

Tn

f(t, v1(t))dt− 1

1− α

∫ T∗

Tn

f(t, v2(t))dt

=
1

1− α

∫ T∗

Tn

[f(t, v1(t))− f(t, v2(t))] dt− α

1− α

∫ T∗

Tn

f(t, v1(t))dt.

Similarly, by letting r̃(T ∗) = ṽ1(T ∗)− ṽ2(T ∗), we have

r̃(T ∗) =
1

1− α

∫ T∗

Tn

[f(t, ṽ1(t))− f(t, ṽ2(t))] dt− α

1− α

∫ T∗

Tn

f(t, ṽ1(t))dt.

Let R(T ∗) = r(T ∗)− r̃(T ∗). Then, it holds that

R(T ∗) =
1

1− α

∫ T∗

Tn

[f(t, v1(t))− f(t, v2(t))− (f(t, ṽ1(t))− f(t, ṽ2(t)))] dt−

α

1− α

∫ T∗

Tn

(f(t, v1(t))− f(t, ṽ1(t))) dt.

Now, we regard T ∗ as a variable in the interval [Tn, Tn+1] (i.e., T ∗ ∈ [Tn, Tn+1]). Then,
differentiating R(T ∗) with respect to T ∗ gives





R′(T ∗) = 1
1−α ([f(t, v1(T ∗))− f(t, v2(T ∗))]− [f(t, ṽ1(T ∗))− f(t, ṽ2(T ∗))])−
α

1−α [f(T ∗, v1(T ∗))− f(T ∗, ṽ1(T ∗))] , T ∗ ∈ [Tn, Tn+1],

R(Tn) = 0.

Similar to the proof of Lemma 4.1, by using (4.1b) we have
{
d‖R(T∗)‖2

dT∗ ≤ − L2

1−α‖R(T ∗)‖2 + α
1−α‖f(T ∗, v1(T ∗))− f(T ∗, ṽ1(T ∗))‖2, T ∗ ∈ [Tn, Tn+1],

‖R(Tn)‖2 = 0.
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Then, by using (4.1c) we have

d‖R(T ∗)‖2
dT ∗

≤ − L2

1− α‖R(T ∗)‖2 +
αL3

1− α‖v1(T ∗)− ṽ1(T ∗)‖2, T ∗ ∈ [Tn, Tn+1]. (4.6)

We next estimate ‖v1(T ∗)− ṽ1(T ∗)‖2. From the first and third ODE in (4.5), similar to
(4.3) we have {

d‖v1(t)−ṽ1(t)‖2
dt ≤ −L1‖v1(t)− ṽ1(t)‖2, t ∈ [Tn, T

∗],

‖v1(Tn)− ṽ1(Tn)‖2 = ‖w − w̃‖2,
and this gives ‖v1(T ∗)− ṽ1(T ∗)‖2 ≤ e−L1(T∗−Tn)‖w− w̃‖2. Inserting this into (4.6) gives

d‖R(T ∗)‖2
dT ∗

≤ − L2

1− α‖R(T ∗)‖2 +
αL3e

−L1(T∗−Tn)

1− α ‖w − w̃‖2, T ∗ ∈ [Tn, Tn+1].

From this differential inequality, by the Gronwall lemma we get

‖R(Tn+1)‖2 ≤ α
L3

L2 − (1− α)L1

(
e−L1∆T − e−

L2
1−α∆T

)
‖w − w̃‖2. (4.7)

Because r(T ∗) = v1(T ∗)− v2(T ∗), r̃(T ∗) = ṽ1(T ∗)− ṽ2(T ∗) and R(T ∗) = r(T ∗)− r̃(T ∗),
the desired result (4.4) follows from (4.7).

Theorem 4.3. Under Assumption 1, for the new parareal algorithm (1.6a) we have

max
n=1,2,...,Nt

‖u(Tn)− uk+1
n ‖2 ≤ ρ max

n=1,2,...,Nt
‖u(Tn)− ukn‖2,

with ρ =
α

(1− α)(1− σ)

e−L1∆T − e−
L2

1−α∆T

L2

1−α − L1

L3 and σ =
(1− α)e−L1∆T

1− αe−L1∆T
.

(4.8)

Proof. Let ξkn = u(Tn)− ukn. Then, for n ≥ 0 we have

ξk+1
n+1 = Fδt(Tn, u(Tn))−

[
F∗δt(α, Tn, uk+1

n ) + Fδt(Tn, ukn)−F∗δt(α, Tn, ukn)
]

= [Fδt(Tn, un)−F∗δt(α, Tn, un)]−
[
Fδt(Tn, ukn)−F∗δt(α, Tn, ukn)

]
+

[
F∗δt(α, Tn, un)−F∗δt(α, Tn, uk+1

n )
]
.

By applying Lemma 4.2 to the first two terms and Lemma 4.1 to the last term, we get

‖ξk+1
n+1‖2 ≤ α

L3

L2 − (1− α)L1

(
e−L1∆T − e−

L2
1−α∆T

)
‖ξkn‖2 +

(1− α)e−L1∆T

1− αe−L1∆T
‖ξk+1
n ‖2.

Let σ = (1−α)e−L∆T

1−αe−L∆T and κ = α L3

L2−(1−α)L1

(
e−L1∆T − e−

L2
1−α∆T

)
. Then, by noticing that

ξk0 = 0 for all k ≥ 0 we have



1
−σ 1

. . .
. . .

−σ 1




︸ ︷︷ ︸
=M




‖ξk+1
1 ‖2
‖ξk+1

2 ‖2
...

‖ξk+1
Nt
‖2


 ≤




0
κ 0

. . .
. . .

κ 0




︸ ︷︷ ︸
=N




‖ξk1‖2
‖ξk2‖2

...
‖ξkNt‖2


 .

Since L1 ≥ 0 and α ∈ (0, 1), it holds that σ ∈ (0, 1]. By using Lemma 3.1, ‖M−1‖∞ =
1−σNt

1−σ ≤ 1
1−σ . Considering that ‖N‖∞ = κ, we get the desired result (4.8).

Remark 4.1. An important property of the convergence factor ρ given by (4.8) is
that ρ→ 0 as α→ 0. This can be seen by noticing that

(1− α)(1− σ)→ e−L1∆T ,
e−L1∆T − e−

L2
1−α∆T

L2

1−α − L1

→ e−L1∆T − e−L2∆T

L2 − L1
,

and therefore ρ = O(α). This implies that for nonlinear ODEs, at least in the asymptotic
sense, the new parareal algorithm (1.6a) converges faster when a smaller α is used.
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5. Numerical results. In this section, we provide numerical results to illustrate our
theoretical analysis. For all numerical experiments, the parareal algorithm starts from a
random initial guess6 and stops when the error satisfies

max
1≤n≤Nt

‖ukn − uref
n ‖∞ ≤ 10−12, (5.1)

where {uref
n }Ntn=1 are the reference solutions obtained by directly applying the F-propagator.

5.1. PDEs with fractional Laplacian. For the first set of numerical results, we
consider the two-sided fractional diffusion equation




∂tu−
(
d1(x)0D

3
2
x + d2(x)xD

3
2
1

)
u+ g(x, t, u) = 0, (x, t) ∈ (0, 1)× (0, 4],

u(x, 0) = sin(4πx), x ∈ (0, 1),

u(0, t) = u(1, t) = 0, t ∈ (0, 4),

(5.2)

where d1(x) ≥ 0, d2(x) ≥ 0. For any γ ∈ (1, 2] the symbols 0Dγxu and xDγ1u are the left
and right Riemann-Liouville fractional operators

0DWxγu(x, t) =
1

Γ(2− γ)

∂2

∂x2

∫ x

0

u(x̃, t)

(x− x̃)γ−1
dx̃,

xDγ1u(x, t) =
1

Γ(2− γ)

∂2

∂x2

∫ 1

x

u(x̃, t)

(x− x̃)γ−1
dx̃.

For space discretization, we use the 2nd-order weighted and shifted Grünwald difference
(WSGD) formula established in [38]. For a well-defined function v(x) on the bounded
interval [0, 1], the WSGD formula leads to the following matrix approximation of the left
and right Riemann-Liouville fractional derivatives on the uniformly spaced grid points
{xj = j∆x,∆x = 1/m, j = 1, 2, . . . ,m− 1}:

(0Dγx) (v(x1), . . . , v(xm−1))
>

= Wγv, (xDγ1 ) (v(x1), . . . , v(xm−1))
>

= W>γ v,

where v = (v1, . . . , vm−1)>, vj = v(xj) +O(∆x2) and

Wγ =



ω
(γ)
1 ω

(γ)
0

ω
(γ)
2 ω

(γ)
1 ω

(γ)
0

... ω
(γ)
2 ω

(γ)
1

. . .

ω
(γ)
m−2 · · ·

. . .
. . . ω

(γ)
0

ω
(γ)
m−1 ω

(γ)
m−2 · · · ω

(γ)
2 ω

(γ)
1


, with

{
ω

(γ)
0 = γ

2 η
(γ)
0 ,

ω
(γ)
l = γ

2 η
(γ)
l + 2−γ

2 η
(γ)
l−1 for l ≥ 1.

The quantities {η(γ)
l }l≥0 are the coefficients of the power series of (1− z)γ ,

η
(γ)
0 = 1, η

(γ)
l =

(
1− 1 + γ

l

)
η

(γ)
l−1, l = 1, 2, . . . .

Let uj(t) ≈ u(xj , t). Then, by applying the WSGD formula to each of the four fractional
derivatives in (5.2) we get the ODE system

u′(t) +Au(t) +G(t,u) = 0, (5.3a)

where u(t) = (u1(t), . . . , um(t)))>, G(t,u) = (g(x1, t, u1(t)), . . . , g(xm, t, um(t)))
>

and

A = − 1

(∆x)γ
(
D1Wγ +D2W

>
γ

)
. (5.3b)

In (5.3b), D1 = diag(d1(x1), . . . , d1(xm)) and D2 = diag(d2(x1), . . . , d2(xm)).

6In practice, one usually starts with the coarse propagator, but we use a random initial guess here
for the convergence study.
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Fig. 5.1. Convergence of the new parareal algorithm (1.6a) using the Trapezoidal Rule (left) and the
4th-order Gauss RK method (right), together with the linear bound from Theorem 3.3. The theoretical
and numerical curves belonging together are indicated by the colored ellipses. Here, according to (3.17)
the optimal parameter is αopt=5.5e-9 (left) and αopt=1e-3 (right).
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Fig. 5.2. Dependence of the convergence rate of the new parareal algorithm (1.6a) on ∆T (left) and
J (right) in the linear case using the Trapezoidal Rule. Here the parameter αopt is specified by (3.17)
with p = 2.

5.1.1. The linear case: g(x, t, u) = 0. For the linear case, we consider the coeffi-
cient functions d1(x) = d2(x) = 2x(1− x)5, which results in an SPD matrix A in (5.3b).
Let ∆x = 1

200 , ∆T = 0.1 and J = 50. For the Trapezoidal Rule and the 4th-order
Gauss RK method, we show in Figure 5.1 the convergence of the new parareal algorithm
(1.6a) together with the linear bound given by Theorem 3.3 (dotted line), for three val-
ues α = 0.1, 0.01, αopt (the optimal parameter from (3.17)). The horizontal line denotes
the quantity δtp, which represents the time discretization error and indicates where the
iterations should stop in practice. We see that as α decreases the new parareal algorithm
converges faster and that for α = αopt the convergence curve stagnates at the level of the
time discretization error.

In Fig. 5.2, we show the dependence of the new parareal algorithm (1.6a) on the
ratio J and the large step-size ∆T when one of these two quantities is fixed and the other
varies. We see that the convergence rate is robust with respect to these two parameters.

5.1.2. The nonlinear case: g(x, t, u) = sin(π2u). The coefficient functions d1(x)
and d2(x) are given by

d1(x) = x5
√

1− x, d2(x) =
√
x(1− x)5/8. (5.4)

Since d1(x) 6= d2(x), the matrix A in (5.3a) is non-symmetric. In Fig. 5.3, we show the
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Fig. 5.3. Left: eigenvalues of the coefficient matrix A with d1(x) and d2(x) from (5.4). Right:
solution u(x, t) of the fractional PDE for the nonlinear source term g(x, t, u) = sin(π

2
u).
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Fig. 5.4. Convergence of the new parareal algorithm (1.6a) for the nonlinear case g(x, t, u) =
sin(π

2
u). The horizontal line denotes the time discretization error δtp with p = 1 and p = 2. Here,

according to (3.17) the optimal parameter is αopt=4.5e-12 (left) and αopt=1.5e-9 (right).

eigenvalues of the coefficient matrix A with ∆x = 1
200 on the left, and the solution of the

nonlinear fractional PDE on the right.

Let ∆T = 0.1 and J = 32. We show in Fig. 5.4 the measured convergence rate of the
new parareal algorithm (1.6a) for two choices of the time integrator: Backward Euler and
the Trapezoidal Rule, with three values of the parameter α. Similar to the linear case,
we see that the new parareal algorithm from Fig. 5.4 converges faster when α is smaller.
In particular, when α = αopt the error decays rapidly for the first few iterations and then
stagnates at the level of the time discretization error.

Similar to Fig. 5.2, we show in Fig. 5.5 the iteration number against the ratio J
and the large step-size ∆T and we see that the convergence rate is robust with respect
to these two discretization parameters.

For nonlinear ODEs, as explained in Section 2.2, we need to do simplified Newton
iterations in each large subinterval [Tn, Tn+1]. It is important to check how many Newton
iterations are needed for the new parareal algorithm (1.6a). To this end, at the k-th iter-
ation of the new parareal algorithm we define the maximal number of Newton iterations
by

Newton-Iteration(k) := max

{
max

1≤n≤Nt
lkn, max

1≤n≤Nt
lk−1
n

}
, k ≥ 1, (5.5)
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Fig. 5.5. Dependence of the convergence rate of the new parareal algorithm (1.6a) on ∆T (left)
and J (right) for the nonlinear case g(x, t, u) = sin(π
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u) using Backward Euler.
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Fig. 5.6. For the nonlinear fractional PDE, in each parareal iteration (outer loop) we need to do
simplified Newton iterations (inner loop) for the Nt large subintervals. For two values of α, the maximal
Newton iteration number defined in (5.6) for each parareal iteration.

where lkn (resp. lk−1
n ) denotes the number of simplified Newton iterations7 for computing

F∗δt(α, Tn, ukn) (resp. F∗δt(α, Tn, uk−1
n )) in the n-th subinterval [Tn, Tn+1]. In Fig. 5.6 we

show Newton-Iteration(k) for two values of α: α = 10−2 (left) and α = αopt (right). We
see that the maximal number of simplified Newton iterations is 8−9 during the parareal
iteration if ∆T = 0.5. If we use a smaller step-size ∆T = 0.2, the maximal Newton
iteration number is reduced to 6−7. We now explain this reduction: as we mentioned in
Remark 2.3, for nonlinear ODEs an important idea of applying the new parareal algorithm
(1.6a) lies in approximating the J Jacobian matrices (on the fine time points {tn,j}Jj=1)

by a single matrix J̃n, i.e.,

∇f(u(tn,j)) ≈ J̃n, j = 1, 2, . . . , J, (5.6)

where n = 1, 2, . . . , Nt and f(u(tn,j)) = Au(tn,j) + sin(π2u(tn,j)). If we keep J fixed and
reduce ∆T , the variation of the solution u(t) in the interval [Tn, Tn+1] becomes small

and thus J̃n becomes a good approximation of the J Jacobian matrices. This explains
why the simplified Newton iteration number diminishes when ∆T becomes small. For the
nonlinear fractional PDE (5.2), the variation of the solution u(t) along the whole time
interval is not large and thus a smaller ∆T only slightly reduces the iteration number. If

7The tolerance in the simplified Newton iteration is the same as in the parareal algorithm, i.e., for
α > αopt it is 10−12 and for α = αopt the tolerance is δtp, where p is the order of the time-integrator.
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Fig. 5.7. For the nonlinear wave equation (5.7) with β = 10, the solution u(x, t) computed by the
Trapezoidal Rule (left) and a comparison of the solution at x = 0 computed by two time-integrators, the
Trapezoidal Rule and Backward Euler. The solution computed by the latter is damped as t grows.

the solution u(t) has a large variation, ∆T has a dramatic effect on the Newton iteration
number. We will show this for a nonlinear wave equation in the next subsection.

5.2. The nonlinear wave equation. We next consider the nonlinear wave equation
from [14], 




∂ttu = ∂xx + βu2, (x, t) ∈ (− 1
2 ,

1
2 )× (0, 6),

u(− 1
2 , t) = u( 1

2 , t), t ∈ (0, 6),

u(x, 0) = e−100x2

, ut(x, 0) = 0, x ∈ (− 1
2 ,

1
2 ).

(5.7)

The parameter β > 0 represents the strength of the nonlinearity. The problem is dis-
cretized in space by using centered finite differences with a mesh-size ∆x = 1

128 . This
results in the system of ODEs

[
u
v

]′
=

[
O I
A O

] [
u
v

]
+

[
0
βu2

]
, A :=

1

∆x2




−2 1 1
1 −2 1

. . .
. . .

. . .

1 −2 1
1 1 −2



,

where the operation u2 should be understood component-wise.
For β = 10, the numerical solution u(x, t) computed by the Trapezoidal Rule is

shown in Fig. 5.7 on the left, from which we see clearly the wave propagation character
of the solution. If we compute the solution with Backward Euler, which is a numerically
dissipative IRK method, the wave is damped as the time t increases. This is illustrated in
Fig. 5.7 on the right, where we show the solution at the space point x = 0. (The solution
is computed by the two time-integrators with ∆t = 1

256 .) We will thus only consider the
Trapezoidal Rule in the following.

With J = 40, ∆x = 1
128 , ∆T = 0.2 and two values of the problem parameter β, we

show in Fig. 5.8 the error at each iteration of the new parareal algorithm (1.6a) for three
values of α. We see that a smaller α also leads to faster convergence of the new parareal
algorithm and that the optimal parameter αopt makes the error stagnate at the level of
the time discretization error.

We next show in Fig. 5.9 the measured iteration number of the new parareal algorithm
when one of the two discretization parameters ∆T and J varies and the other one is
fixed. Similar to the fractional PDE, for the nonlinear wave equation we see that the
convergence rate is still insensitive to the change in J . But quite differently, the iteration
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Fig. 5.8. For the nonlinear wave equation (5.7) with β = 6 (left) and β = 10 (right), the measured
convergence rate of the new parareal algorithm (1.6a). The quantity αopt is the optimal parameter given
by (3.17) and the horizontal line denotes the time discretization error δt2. Here, αopt=1.38e-9.
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Fig. 5.9. For the nonlinear wave equation (5.7) with β = 10, the dependence of the convergence
rate of the new parareal algorithm (1.6a) on ∆T (left) and J (right).

number increases when ∆T becomes small. This confirms our analysis in the linear case
very well, since ρ ≤ 2αNt

1+α and Nt (cf. Theorem 3.4) increases as ∆T decreases.

In Fig. 5.10, we show the Newton iteration number (inner loop) for each parareal
iteration (outer loop). On the left, we consider J = 40 and two values of ∆T . We see that
a smaller ∆T obviously reduces the Newton iteration number, especially when α = 10−3.
The reason for this reduction is the same as we explained for Fig. 5.6. The Newton
iteration number is however insensitive to the change of J , as we can see in Figure 5.10
on the right. For the two subfigures, compared to α = 10−3 we see that the Newton
iteration number is smaller when α = αopt. This is because of the tolerance for the
Newton iteration: for the latter the tolerance is δt2, while for the former it is 10−12. If we
set δt2 as the tolerance for both α = 10−3 and α = αopt, the Newton iteration numbers
are similar.

6. Conclusions. We proposed a new variant of the parareal algorithm which allows
the use of a coarse propagator that discretizes the underlying problem on the same mesh
as the fine propagator. To make the coarse propagator cheaper, we make it quasi time
periodic using a head-tail coupling condition, which permits its solution in parallel using
the diagonalization technique. This approach removes completely phase and dispersion
differences between the coarse and fine propagator, which is important for hyperbolic
problems. We also determined the optimal choice of the parameter in the head-tail



Diagonalization-based parareal for wave problems 23

0 1 2 3 4 5 6 7 8 9 10 11 12

5

7

9

11

13

15

17

19

21

23

25

27

29

0 1 2 3 4 5 6 7 8 9

8

9

10

11

12

13

14

15

16

17

Fig. 5.10. For the nonlinear wave equation (5.7) with β = 10, the maximal Newton iteration number
defined in (5.6) for each parareal iteration.

coupling condition.

An interesting observation is that with the optimal choice, the new algorithm some-
times converges in only one iteration to the truncation error of the numerical scheme:
this is the case for the linear fractional Laplacian example with the Trapezoidal Rule
in Fig. 5.1 on the left, and for the nonlinear fractional Laplacian example in Fig. 5.4,
and it also almost holds for the non-linear wave equation example in Fig. 5.8. It does
not quite hold for the advection-dominated diffusion equation in Fig. 3.6, where about
two iterations are needed, and not at all for the fractional Laplacian example with the
4th-order Gauss RK method in Fig. 5.1 on the right, where the new algorithm takes three
iterations. Convergence in one iteration indicates with our random initial guess that one
could use the new coarse propagator as a stand alone time parallel solver. We will analyze
conditions under which this approach is successful in more detail.
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7. Appendix. In this appendix, we address how to generalize the diagonalization
described in Section 2.2 to an s-stage IRK method. Suppose the s-stage IRK method is
specified by the Butcher tableau

γ Θ
ω

=

γ1 θ1,1 θ1,2 . . . θ1,s

γ2 θ2,1 θ2,2 . . . θ2,s

...
...

... . . .
...

γs θs,1 θs,2 . . . θs,s
ω1 ω2 . . . ωs

. (7.1)

Then, for F∗δt(α, Tn, ukn) we only need to replace the middle step in (1.6b) by



r1

...
rs


+ δt(Θ⊗ Ix)



f(tn,j + γ1δt, zj + r1)

...
f(tn,j + γsδt, zj + rs)


 = 0,

zj+1 − zj
δt

= wR(zj), with R(zj) = (r>1 , r
>
2 , . . . , r

>
s )>∈ Rms,

(7.2)

where z0 = αzJ + (1 − α)ukn∈ Rm, w = 1
δt (ωΘ−1) ⊗ Ix∈ Rm×ms, j = 0, . . . , J − 1. The

details for this representation of the s-stage IRK method can be found in [23, pp.118-119].
Here, we regard R as a vector function of zj . We have

1

δt
(Cα ⊗ Ix)Z = R(Z) + bkn, R(Z) :=




wR(αzJ + (1− α)ukn)
wR(z1)

...
wR(zJ−1),


∈ RJm,
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where Z = (z>1 , z
>
2 , . . . , z

>
J )>∈ RJm and Cα and bkn are given by (2.4) and (2.10). Apply-

ing Newton’s iteration to this nonlinear system gives



1

δt
Cα ⊗ Ix −




0 αw∇R(l)
J

w∇R(l)
1 0

w∇R(l)
2 0

. . .
. . .

w∇R(l)
J−1 0






Z(l+1) =

bkn + R(Z(l))−




0 αw∇R(l)
J

w∇R(l)
1 0

w∇R(l)
2 0

. . .
. . .

w∇R(l)
J−1 0



Z(l),

(7.3)

where ∇R(l)
j = ∇R(z

(l)
j )∈ Rms×m for j = 1, 2, . . . , J − 1 and ∇R(l)

J = ∇R(αz
(l)
J + (1 −

α)ukn)∈ Rms×m. Next, similar to the Backward Euler method studied in Section 2.2, we

replace all the Jacobian matrices∇R(l)
j by the averaged one∇R(l)

:=
∑J
j=1∇R

(l)
j

J ∈ Rms×m.
Similar to (2.13), this leads to the simplified Newton iteration
(

1

δt
Cα ⊗ Ix − C̃α ⊗

(
w∇R(l)

))
Z(l+1) = bkn + R(Z(l))− C̃α ⊗

(
w∇R(l)

)
Z(l), (7.4)

where C̃α = IJ −Cα. Since both Cα and C̃α are α-circulant matrices, we can solve Z(l+1)

from (7.4) via the diagonalization technique as in Section 2.2.In particular, the major
computation for getting Z(l+1) is to solve the following J independent linear problems(

1

δt
λjIx − λ̃j

(
w∇R(l)

))
qj = pj , j = 1, 2, . . . , J, (7.5)

where {λj} and {λ̃j} are the eigenvalues of the α-circulant matrices Cα and C̃α. Note that

w∇R(l) ∈ Rm×m, and therefore the dimensions of the linear systems in (7.5) are m×m
only, s times smaller than the dimension of the IRK system (7.2), which is sm× sm.

To implement (7.4), with Z(l) =
(

(z
(l)
1 )>, (z(l)

2 )>, . . . , (z(l)
J )>

)>
obtained from the

previous iteration we need to compute the two sets of quantities{
R(z

(l)
1 ), . . . , R(z

(l)
J−1), R(αz

(l)
J + (1− α)ukn)

}
,

{
∇R(z

(l)
1 ), . . . ,∇R(z

(l)
J−1),∇R(αz

(l)
J + (1− α)ukn)

}
.

(7.6)

The first set of quantities are components of R(Z(l)) and the second set of quantities are

components for getting the averaged Jacobian matrix ∇R(l)
. We can compute R(z

(l)
j ) ∈

Rms and ∇R(z
(l)
j ) ∈ Rms×m using classical techniques for solving the IRK system (7.2)

with zj = z
(l)
j . For example, an application of Newton’s method gives

M
(l,v)
j ∆R

(l,v)
j = −R(l,v)

j − δt(Θ⊗ Ix)




f(tn,j + γ1δt, z
(l)
j + r

(l,v)
1 )

...

f(tn,j + γsδt, z
(l)
j + r

(l,v)
s )


 ,

R
(l,v+1)
j := R

(l,v)
j + ∆R

(l,v)
j ,

(7.7)
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where R
(l,v)
j = ((r

(l,v)
1 )>, . . . , (r(l,v)

s )>)> and the Jacobian matrix M
(l,v)
j is given by

M
(l,v)
j = Is ⊗ Ix + δt(Θ⊗ Ix)




∇f (l,v)
j,1

. . .

∇f (l,v)
j,s


 ,

∇f (l,v)
j,p := ∇f(tn,j + γpδt, z

(l)
j + r(l,v)

p ) ∈ Rm×m, p = 1, 2, . . . , s.

(7.8)

The converged solution will give our desired R(z
(l)
j ), i.e., after vmax iterations we get

R
(l,vmax)
j ≈ R(z

(l)
j ), where vmax is specified by some given tolerance.

After obtaining R
(l,vmax)
j = ((r

(l,vmax)
1 )>, . . . , (r(l,vmax)

s )>)> from Newton’s iterations

(7.7), we can fix the matrix ∇R(z
(l,vmax)
j ) ≈ ∇R(z

(l)
j ) as follows: from the IRK system in

(7.2), by using the implicit function theorem it holds that



dr1

...
drs


+ δt(Θ⊗ Ix)



∇f(tn,j + γ1δt, zj + r1)(dzj + dr1)

...
∇f(tn,j + γsδt, zj + rs)(dzj + drs)


 = 0,

where ‘d’ denotes the differential operator. Hence, with zj = z
(l)
j the last iterate of (7.7)

satisfies

M
(l,vmax)
j




dr
(l,vmax)
1

dzj
...

dr(l,vmax)
s

dzj


 = −δt(Θ⊗ Ix)




∇f (l,vmax)
j,1

...

∇f (l,vmax)
j,s


 , (7.9)

where ∇f (l,vmax)
j,p and M

(l,vmax)
j are the matrices given by (7.8) with v = vmax. For the last

iteration of (7.7), the computation of the increment ∆R
(l,vmax)
j uses a technique to invert

the matrix M
(l,vmax)
j and this same technique (e.g., the LU decomposition of M

(l,vmax)
j )

can be reused to perform step (7.9).
From the above description, we see that the computational cost of the diagonalization

technique at each time point is slightly larger than that of a single IRK system: the former
is approximately 1 + 1

vmax
+ 1

svmax
times larger than the latter, where the quantity 1

vmax

reflects that the computation of∇R(zlj) is only carried out at the last iteration of Newton’s

method applied to the IRK system, and the quantity 1
svmax

is due to the fact that the
dimension of the linear system in (7.5) is s times smaller than that of (7.9).

Moreover, if a diagonal IRK method is used, i.e., the matrix Θ is a lower triangular

matrix, M
(l,v)
j is a block lower triangular matrix and we can solve each sub-vector of

∆R
(l,v)
j from (7.7) one-by-one through a forward substitution and there is no need to do

matrix inversion with the full matrix Θ at once. This holds for (7.9) as well.


