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Abstra
t.

We study the asymptoti
 rate of 
onvergen
e of the alternating Hermitian/skew-

Hermitian iteration for solving saddle-point problems arising in the dis
retization of

ellipti
 partial di�erential equations. By a 
areful analysis of the iterative s
heme at the


ontinuous level we determine optimal 
onvergen
e parameters for the model problem of

the Poisson equation written in div-grad form. We show that the optimized 
onvergen
e

rate for small mesh parameter h is asymptoti
ally 1�O(h

1=2

). Furthermore we show

that when the splitting is used as a pre
onditioner for a Krylov method, a di�erent

optimization leading to two 
lusters in the spe
trum gives an optimal, h-independent,


onvergen
e rate. The theoreti
al analysis is supported by numeri
al experiments.

AMS subje
t 
lassi�
ation: 65F10, 65N22.
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1 Introdu
tion.

We 
onsider the solution of large sparse linear systems of the form

�

A B

�

B O

� �

u

p

�

=

�

f

g

�

(1.1)

where A 2 C

n�n

is Hermitian and positive semide�nite, B 2 C

m�n

has full rank

m � n, f 2 C

n

, and g 2 C

m

. Here B

�

denotes the 
onjugate transpose of B. We

further assume that A and B have no nontrivial null ve
tors in 
ommon, whi
h

guarantees the existen
e and uniqueness of the solution of (1.1). Linear systems

�
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of this type arise in a number of appli
ations, in
luding the numeri
al solution

of ellipti
 PDEs and Stokes problems by mixed �nite element methods; see, e.g.,

[5, 8, 9℄. In pra
ti
e, the matri
es and ve
tors in (1.1) are usually real. Here

we allow 
omplex entries be
ause we analyze the problem later in the frequen
y

(Fourier) domain.

In this paper we study the rate of 
onvergen
e of the Hermitian/skew-Hermitian

splitting (HSS) iteration [1℄ applied to (1.1). The use of HSS as a stationary

iteration for solving (1.1) has been �rst proposed in [3℄, where it was shown that

the iteration 
onverges for a large 
lass of problems (of whi
h (1.1) is a spe
ial


ase). In the same paper, it was also shown that the HSS iteration 
an provide

an e�e
tive pre
onditioner for Krylov subspa
e methods applied to (1.1).

Here we fo
us on the simple model problem of the Poisson equation in order

to gain insight on how to 
hoose an optimal value of the 
onvergen
e parameter

when the method is used either as a �xed-point iteration, or as a pre
onditioner

for a Krylov method (GMRES). We base our approa
h on an analysis of the algo-

rithm at the 
ontinuous level, in the spirit of [11℄, [12℄ and [10℄; see also the basi


referen
e [6℄. The 
ontinuous (Fourier-based) analysis of the iteration operator

provides insight into the 
hoi
e of 
onvergen
e parameters, and yields estimates

for the asymptoti
 rate of 
onvergen
e in terms of the dis
retization parameter

(mesh size) h, as h ! 0. Furthermore, the spe
tral analysis 
an be used to

show that taking a small value for the optimization parameter yields an optimal

pre
onditioner for GMRES, with 
onvergen
e in 2-3 iterations independent of h.

Other approa
hes for 
hoosing the HSS iteration parameter 
an be found in

the re
ent referen
es [2℄ and [4℄.

2 The Hermitian/skew-Hermitian (HSS) iteration.

We begin by writing the saddle-point problem (1.1) in non-Hermitian form

Ax = b, where

A =

�

A B

�

�B O

�

; x =

�

u

p

�

; b =

�

f

�g

�

:

Now observe that A = H+S, where H =

1

2

(A+A

�

) and S =

1

2

(A�A

�

) are the

Hermitian and skew-Hermitian parts of A, respe
tively. In our 
ase, we have

H =

�

A O

O O

�

and S =

�

O B

�

�B O

�

:

Let � > 0 be a parameter and 
onsider the following two splittings of A,

A = (H + �I)� (�I � S); A = (S + �I)� (�I �H);

where I denotes the (n+m)-by-(n+m) identity matrix. Note that

H+ �I =

�

A+ �I

n

O

O �I

m

�

and S + �I =

�

�I

n

B

�

�B �I

m

�
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are both nonsingular matri
es. The HSS algorithm is obtained by alternat-

ing between these two splittings. Given an initial guess x

0

= (u

0

; p

0

), the

Hermitian/skew-Hermitian iteration 
omputes a sequen
e fx

`

g as follows:

�

(H + �I)x

`+

1

2

= (�I � S)x

`

+ b;

(S + �I)x

`+1

= (�I �H)x

`+

1

2

+ b:

(2.1)

The �rst half-step of algorithm (2.1) requires the solution of linear systems of

the form

(A+ �I

n

)u

`+

1

2

= �u

`

+ f �B

�

p

`

:(2.2)

On
e the solution u

`+

1

2

of (2.2) has been obtained, we 
ompute

p

`+

1

2

= p

`

+

1

�

(Bu

`

� g):

Note that the 
oeÆ
ient matrix in (2.2) is Hermitian positive de�nite (HPD);

furthermore, for PDE problems, the matrix A+�I is typi
ally well-
onditioned

independent of the mesh size h. Indeed, if we normalize A so that its largest

eigenvalue is �

max

(A) = 1, then for the spe
tral 
ondition number of A+�I we

have the upper bound

�(A+ �I) =

1 + �

�

min

(A) + �

� 1 +

1

�

;

independent of the size of the problem. System (2.2) 
an be solved by any

method for HPD systems, like a sparse Cholesky fa
torization or the 
onjugate

gradient (CG) algorithm.

The se
ond half-step of algorithm (2.1) requires the solution of a linear system

of the form

�

�u

`+1

+B

�

p

`+1

= (�I

n

�A)u

`+

1

2

+ f � f

`

;

�Bu

`+1

+ �p

`+1

= �p

`+

1

2

� g � g

`

:

(2.3)

This linear system 
an be solved in various ways, in
luding the CG-like method

for shifted skew-Hermitian systems des
ribed in [7℄, or using a S
hur 
omplement

redu
tion to eliminate u

`+1

from (2.3), leading to a Hermitian positive de�nite

linear system in m unknowns of the form

(BB

�

+ �

2

I

m

)p

`+1

= Bf

`

+ �g

`

;(2.4)

after whi
h we 
ompute u

`+1

=

1

�

(f

`

� B

�

p

`+1

). Note that if � is suÆ
iently

large, the 
oeÆ
ient matrix in (2.4) be
omes diagonally dominant, with 
ondi-

tion number bounded independent of h, and an iterative method like CG applied

to (2.4) 
an be expe
ted to 
onverge rapidly. As an alternative to CG, system

(2.4) 
an be eÆ
iently and a

urately solved by the LSQR algorithm [13℄.

Also note that when the HSS iteration is used as a pre
onditioner, there is

no need to solve the systems (2.2) and (2.3) exa
tly. Generally speaking, using

inexa
t solves instead of exa
t ones makes this approa
h more 
ompetitive [1℄.

In this paper, however, we limit ourselves to the 
ase where the linear systems

(2.2) and (2.3) are solved to high a

ura
y, as this greatly simpli�es the analysis.
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To analyze the 
onvergen
e of (2.1), we eliminate the intermediate ve
tor x

`+

1

2

and write the iteration in �xed point form as

x

`+1

= T

�

x

`

+ 
(2.5)

where

T

�

:= (S + �I)

�1

(�I �H)(H+ �I)

�1

(�I � S)(2.6)

is the iteration matrix of the method, and


 := (S + �I)

�1

[I + (�I �H)(H+ �I)

�1

℄b:

It is easy to verify that if we set

M

�

:=

1

2�

(H + �I)(S + �I);

then we 
an rewrite the iteration (2.1) in 
orre
tion form,

x

`+1

= x

`

+M

�1

�

r

`

; r

`

= b�Ax

`

:

Note that T

�

= I�M

�1

�

A: Furthermore, the use of a Krylov subspa
e method to

a

elerate the 
onvergen
e of the HSS iteration is equivalent to the appli
ation of

the Krylov method to the pre
onditioned system M

�1

�

Ax =M

�1

�

b in the 
ase

of left pre
onditioning, or to AM

�1

�

y = b, y =M

�

x for right pre
onditioning;

see [3℄.

The �xed point iteration (2.5) 
onverges for arbitrary initial guesses x

0

and

right-hand sides b to the solution x = A

�1

b if and only if �(T

�

) < 1. It is shown

in [3℄ that if the sub-matrix A in (1.1) is HPD, then �(T

�

) < 1 for all � > 0: the

iteration is un
onditionally 
onvergent.

The parameter � should be 
hosen so as to maximize the rate of 
onvergen
e

of the iterates. Sin
e the asymptoti
 rate of 
onvergen
e is governed by the

spe
tral radius of T

�

, it makes sense to try to 
hoose � so as to make �(T

�

) as

small as possible. In general, this is a diÆ
ult problem. In the next se
tion we

analyze the iteration at the 
ontinuous level for a model problem, in an attempt

to gain insight into the 
hoi
e of �. We also estimate what kind of asymptoti


rate of 
onvergen
e we 
an expe
t.

3 Analysis at the 
ontinuous level

We fo
us our attention on the Poisson equation

�p � div grad p = g:(3.1)

The solution p and the right-hand side g in (3.1) are real-valued fun
tions de-

�ned on an open subset 
 � R

d

(here d = 1; 2). The di�erential equation is


omplemented by appropriate boundary 
onditions.

In order to 
ast the Poisson equation (3.1) in saddle-point form we rewrite it

as a �rst-order system, as is 
ustomary in mixed �nite elements. Introdu
ing the

ve
tor-valued fun
tion u = grad p, equation (3.1) 
an be written as the system

u� grad p = 0; div u = g
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whi
h in matrix form be
omes a saddle point problem of type (1.1), namely

�

1 �grad

div 0

� �

u

p

�

=

�

0

g

�

:(3.2)

We 
an now formally 
onsider the appli
ation of the HSS iteration to the saddle

point problem (3.2), when it is written in non-self-adjoint form

�

1 �grad

�div 0

��

u

p

�

=

�

0

�g

�

:(3.3)

We start with the Poisson equation written in the form (3.3) in one spatial

dimension,

�

1 ��

x

��

x

0

� �

u

p

�

=

�

0

�g

�

(3.4)

on the in�nite domain x 2 R. Note that although this system looks de
ep-

tively symmetri
, it is not self-adjoint, sin
e the adjoint of �

x

is ��

x

. Taking

a Fourier transform in the x-dire
tion with the Fourier parameter k, we obtain

the transformed system

�

1 �ik

�ik 0

� �

û

p̂

�

=

�

0

�ĝ

�

(3.5)

for whi
h the (
ontinuous) HSS iteration matrix a

ording to (2.6) is

^

T

�

=

1

(k

2

+ �

2

)(1 + �)

�

�(1 + �)k

2

� �

2

+ �

3

2k�

2

i

2k�

2

i (1� �)k

2

+ �

2

+ �

3

�

:

This iteration matrix has for ea
h frequen
y parameter value k the eigenvalues

�

1;2

(�; k) =

�

3

� �k

2

�

p

k

4

+ 2�

2

(1� 2�

2

)k

2

+ �

4

(k

2

+ �

2

)(1 + �)

(3.6)

(where �

1


orresponds to taking the `+' sign in (3.6)) and thus the spe
tral

radius �(�; k) := max(j�

1

(�; k)j; j�

2

(�; k)j).

To optimize the asymptoti
 performan
e of the stationary HSS iteration, we

need to determine the parameter � whi
h minimizes the spe
tral radius over all

relevant frequen
y parameters k of the numeri
al 
omputation. We �rst note

that � depends on k

2

only and thus it is suÆ
ient to analyze the frequen
ies

k � 0. In addition on a numeri
al grid, k 
annot vary arbitrarily, sin
e it is

bounded from above by a maximum frequen
y k

max

whi
h 
an be estimated by

k

max

= �=h where h is the mesh parameter. It 
an also be bounded from below

by k

min

> 0 (k

min

= 0 would make the problem singular); for example if the

domain is bounded and has homogeneous Diri
hlet 
onditions, a sine expansion

would have the lowest mode sin(�x=L) where L is the length of the domain,

and thus k

min

= �=L. Other boundary 
onditions lead to similar estimates, for

example for homogeneous Diri
hlet on one side and homogeneous Neumann on
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the other, one 
ould use k

min

= �=(2L). Hen
e to optimize the performan
e of

the HSS algorithm, we have to solve the min-max problem

min

�>0

�

max

k

min

�k�k

max

�(�; k)

�

:(3.7)

To solve this min-max problem, we need several Lemmas. The �rst two are

about monotoni
ity properties of the fun
tions �

j

(�; k), j = 1; 2.

Lemma 3.1. For a given k 2 (0;

1

2

℄ and � �

p

k, �

1

(�; k) is a real and stri
tly

in
reasing fun
tion of �.

Proof. Fa
toring the dis
riminant d in (3.6), we obtain

d = (k

2

+ �

2

(1 + 2k))(k

2

+ �

2

(1� 2k)) > 0; for 0 < k �

1

2

(3.8)

and hen
e �

1

is a real fun
tion for all � > 0. Taking a partial derivative with

respe
t to �, we obtain

��

1

��

=

(4�

3

k

2

+�

4

�k

4

+4�

2

k

2

)

p

d�(3�

4

k

2

+�

6

+8�

3

k

4

+4�

4

k

4

�4�

6

k

2

+3k

4

�

2

+k

6

)

(1+�)

2

(�

2

+k

2

)

2

p

d

:

To show that this derivative is positive, it suÆ
es to show that the numerator

is positive. Sin
e � �

p

k and k �

1

2

, the fa
tor in front of

p

d in the numerator

is positive, be
ause �

4

� k

4

� k

2

(1 � k

2

) > 0. Taking the square of the �rst

term and subtra
ting the square of the se
ond term in the numerator leads after

simplifying to the expression

4�

2

k

2

(1 + �)

2

(�

2

+ k

2

)

2

((1� 4k

2

)�

4

+ (2�

2

� 3k

2

)k

2

) > 0;

whi
h is positive, be
ause 1 � 4k

2

� 0 for k �

1

2

and with � �

p

k we have

2�

2

� 3k

2

� k(2� 3k) > 0 for k �

1

2

. Hen
e the numerator in the derivative is

positive and thus �

1

is a stri
tly in
reasing fun
tion of �.

Lemma 3.2. For a given k � 1 and 0 < � <

k

p

2k�1

, �

2

(�; k) is a real and

stri
tly in
reasing fun
tion of �.

Proof. From the se
ond fa
tor of the dis
riminant d given in (3.8) we see

that d > 0 with the assumption on � in the lemma, and hen
e �

2

is real. Taking

a derivative with respe
t to � of �

2

in this range of � leads to

��

2

��

=

(4�

3

k

2

+�

4

�k

4

+4�

2

k

2

)

p

d+(3�

4

k

2

+3k

4

�

2

+8�

3

k

4

+�

6

�4�

6

k

2

+k

6

+4�

4

k

4

)

(�

2

+�

3

+k

2

�+k

2

)

2

p

d

:

Sin
e the denominator is positive, it suÆ
es to show that the numerator is

positive. Now the se
ond term in the numerator is positive, sin
e

�

4

k

4

� �

6

k

2

= �

4

k

2

(k � �)(k + �) > 0

is positive with k � 1 and � <

k

p

2k�1

� k. Subtra
ting the �rst term squared

in the numerator from the se
ond term squared leads to

4�

2

k

2

(1 + �)

2

(�

2

+ k

2

)

2

(��

4

+ 4�

4

k

2

� 2�

2

k

2

+ 3k

4

) > 0;
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whi
h is positive, sin
e � < k, whi
h shows that the numerator is positive and

therefore �

2

is a stri
tly in
reasing fun
tion of �.

The next Lemma gives the pre
ise expression of the spe
tral radius �(�; k) for

all possible parameters � and k.

Lemma 3.3. If 0 < � � 1, then the spe
tral radius is given by

�(�; k) =

�

�

1

(�; k) if k � �,

��

2

(�; k) if k � �.

If � > 1, then the spe
tral radius is given by

�(�; k) =

8

>

<

>

:

�

1

(�; k) if k � �(��

p

�

2

� 1),

q

��1

�+1

if �(� �

p

�

2

� 1) � k � �(� +

p

�

2

� 1),

��

2

(�; k) if k � �(�+

p

�

2

� 1).

Proof. For 0 < � � 1, the dis
riminant d in (3.6) satis�es

d = k

4

+ 2�

2

(1� 2�

2

)k

2

+ �

4

� 0

and hen
e both eigenvalues are real for all k. If k � �, then the 
ommon term

in the eigenvalues is non-negative, and hen
e �

1

> 0 is the larger eigenvalue in

modulus, whi
h determines the spe
tral radius, whereas for k � � the 
ommon

term in the eigenvalues is non-positive, and hen
e �

2

< 0 is the larger eigenvalue

in modulus, and ��

2

gives the spe
tral radius.

If � > 1, then the dis
riminant d is non-positive for �(� �

p

�

2

� 1) � k �

�(�+

p

�

2

� 1). In that 
ase the spe
tral radius is given by the modulus j�

1

j =

j�

2

j =

q

��1

�+1

< 1 independent of k. For k � �(� �

p

�

2

� 1) the dis
riminant

is non-negative and sin
e

1

2

< �(� �

p

�

2

� 1) < 1 for � > 1(3.9)

we have by a similar argument as above that the spe
tral radius is given by

�

1

, whereas for k � � +

p

�

2

� 1 the dis
riminant is also non-negative and the

spe
tral radius is given by ��

2

.

The following Lemma is essential for the solution of the min-max problem,

be
ause it shows that the maximum 
annot be attained in the interior of the

frequen
y domain [k

min

; k

max

℄.

Lemma 3.4. For any given � > 0, the spe
tral radius �(�; k) attains its

maximum in k on the boundary either at k

min

or k

max

.

Proof. When �

1

is real, a partial derivative of �

1

(�; k) with respe
t to k

gives

��

1

�k

= �

4�

3

k(�

3

� k

2

�+

p

d)

(�

2

+ k

2

)

2

(1 + �)

p

d

:

This expression is negative in both 
ases of Lemma 3.3 where the spe
tral radius

� = �

1

, and thus � is de
reasing when k is in
reasing in these 
ases. Similarly a
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partial derivative of �

2

(�; k) with respe
t to k gives

��

2

�k

=

4�

3

k(�

3

� k

2

��

p

d)

(�

2

+ k

2

)

2

(1 + �)

p

d

:

This expression is negative in both 
ases of Lemma 3.3 where the spe
tral radius

� = ��

2

, and thus � is in
reasing when k is in
reasing in these 
ases. Hen
e

if 0 < � � 1, �(�; k) is �rst a de
reasing fun
tion of k until k = �, and then

an in
reasing fun
tion of k. It 
an therefore only attain its maximum on the

boundary, at k

min

or k

max

. If � > 1, then �(�; k) is �rst a de
reasing fun
tion of

k, until the dis
riminant be
omes negative, then � stays 
onstant, independent

of k, until the dis
riminant be
omes positive again and then � is an in
reasing

fun
tion of k. Therefore also for � > 1 the spe
tral radius � 
an only attain its

maximum on the boundary, at k

min

or k

max

.

To solve the min-max problem (3.7), it therefore suÆ
es to analyze the spe
tral

radius �(�; k) on the boundaries at k

min

and k

max

. We denote these quantities

in the sequel by r

1

(�) := �(�; k

min

) and r

2

(�) := �(�; k

max

).

Lemma 3.5. For k

max

� 1 and 0 < � �

k

max

p

2k

max

�1

the fun
tion r

2

(�) is a

stri
tly de
reasing fun
tion of �.

Proof. First we show that under the 
onditions of the lemma, r

2

(�) =

��

2

(�; k

max

). For 0 < � � 1, we have by Lemma 3.3 that r

2

(�) = ��

2

(�; k

max

),

sin
e k

max

� 1 � �. For 1 < � �

k

max

p

2k

max

�1

, the 
ondition � �

k

max

p

2k

max

�1

together with k

max

� 1 implies that k

max

� �(� +

p

�

2

� 1) and thus again by

Lemma 3.3 we have r

2

(�) = ��

2

(�; k

max

). Now by Lemma 3.2 we have that �

2

is a real, stri
tly in
reasing fun
tion of �, and thus r

2

(�) = ��

2

(�; k

max

) is a

real and stri
tly de
reasing fun
tion of �.

Lemma 3.6. For k

max

� 1 and � >

k

max

p

2k

max

�1

the fun
tion r

2

(�) is a stri
tly

in
reasing fun
tion of �.

Proof. Using � >

k

max

p

2k

max

�1

� 1 and Lemma 3.3, we have r

2

(�) =

q

��1

�+1

and sin
e

d

d�

r

�� 1

�+ 1

=

1

(1 + �)

p

�

2

� 1

> 0;

r

2

is a stri
tly in
reasing fun
tion of �.

Lemma 3.7. If k

max

� 1 and

k

max

2k

max

�1

� k

min

< k

max

then for �

�

=

k

max

p

2k

max

�1

we have r

1

(�

�

) = r

2

(�

�

).

Proof. By Lemma 3.3 we have that r

2

(�

�

) =

q

�

�

�1

�

�

+1

. It suÆ
es therefore

to show that under the 
onditions of the lemma r

1

(�

�

) also equals this value.

Sin
e �

�

� 1 with k

max

� 1, the se
ond 
ase of Lemma 3.3 applies to r

1

. Now

k

min

< k

max

= �

�

(�

�

+

p

(�

�

)

2

� 1) and also

k

min

�

k

max

2k

max

� 1

= �

�

(�

�

�

p

(�

�

)

2

� 1);

where the last equality follows by a short 
al
ulation, whi
h implies by Lemma

3.3 that also r

1

(�

�

) =

q

�

�

�1

�

�

+1

, 
on
luding the proof.
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Theorem 3.8. If k

max

� 1 and

k

max

2k

max

�1

� k

min

< k

max

, then the optimal

parameter of the HSS iterative method for the one-dimensional Poisson equation

(3.4) and the optimized 
onvergen
e rate are given by

�

�

=

k

max

p

2k

max

� 1

; �

�

=

k

max

� 1

k

max

+

p

2k

max

� 1

:(3.10)

Proof. The optimal parameter is de�ned as the solution of the min-max

problem (3.7). By Lemma 3.4 the maximum is attained on the boundary. Under

the 
onditions given in the theorem, Lemma 3.5 and Lemma 3.6 imply that the

minimum of r

2

(�) is attained at �

�

. Hen
e at the solution of the min-max

problem, the optimal spe
tral radius 
an only be bigger than or equal to r

2

(�

�

).

But at �

�

we have under the 
onditions of the theorem that r

1

(�

�

) = r

2

(�

�

),

and hen
e �

�

is the unique solution of the min-max problem.

This �rst theorem gives the optimal solution for values of k

min

whi
h are bigger

than

k

max

2k

max

�1

, whi
h for large k

max

goes to

1

2

. To �nd the solution of the min-max

problem for smaller k

min

, we need three more te
hni
al lemmas.

Lemma 3.9. For 0 < k

min

�

1

2

we have

r

1

(�) =

�

�

1

(�; k

min

); � � k

min

;

��

2

(�; k

min

); 0 < � � k

min

Proof. For 0 < � � 1 the result holds by Lemma 3.3. For � > 1 we have

k

min

�

1

2

< �(� �

p

�

2

� 1) using (3.9) and therefore by Lemma 3.3 again

r

1

(�) = �

1

(�; k

min

), whi
h 
on
ludes the proof.

Lemma 3.10. For 0 < k

min

�

1

2

, k

max

� 1 and 0 < � �

p

k

min

k

max

the

fun
tion r

2

(�) is stri
tly de
reasing when � is in
reasing.

Proof. With k

min

�

1

2

we have

p

k

min

k

max

�

r

k

max

2

=

k

max

p

2k

max

�

k

max

p

2k

max

� 1

and therefore by Lemma 3.5 the result follows.

Lemma 3.11. For 0 < k

min

�

1

2

, k

max

� 1 and � >

p

k

min

k

max

the fun
tion

r

1

(�) is stri
tly in
reasing when � is in
reasing.

Proof. With k

max

� 1 we have � >

p

k

min

k

max

�

p

k

min

. For � > 1, we have

with (3.9) that k

min

�

1

2

� �(� �

p

�

2

� 1). Hen
e by Lemma 3.3 we obtain

r

1

(�) = �

1

(�; k

min

) for any � >

p

k

min

k

max

. Applying Lemma 3.1 the result

follows.

Theorem 3.12. If k

max

� 1 and 0 < k

min

�

1

2

, then the optimal parameter

of the HSS pre
onditioner for the one-dimensional Poisson equation (3.4) is

�

�

=

p

k

min

k

max

and the optimized 
onvergen
e rate is

�

�

=

(k

max

� k

min

)

p

k

max

k

min

+

p

(k

max

+ k

min

)

2

� 4k

2

max

k

2

min

(k

max

+ k

min

)(1 +

p

k

max

k

min

)

:(3.11)
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Proof. The optimal parameter is de�ned as the solution of the min-max

problem (3.7). We �rst note that at �

�

we have r

1

(�

�

) = r

2

(�

�

). Sin
e for

� > �

�

Lemma 3.11 shows that r

1

(�) > r

1

(�

�

) and for � < �

�

Lemma 3.10

shows that r

2

(�) > r

2

(�

�

) the proof is 
omplete.

Corollary 3.13. The optimal parameter �

�

and the optimized 
onvergen
e

rate of the HSS stationary iteration for the one-dimensional Poisson problem

behave in the 
ase of Theorem 3.8 asymptoti
ally for small mesh parameter h

like

�

�

=

r

�

2

1

p

h

+O(

p

h); �

�

= 1�

r

2

�

p

h+O(h):(3.12)

In the 
ase of Theorem 3.12, we have

�

�

=

p

�k

min

1

p

h

; �

�

= 1�

1�

p

1� 4k

2

min

p

�k

min

p

h+ O(h):(3.13)

Proof. The results are obtained by using the estimate k

max

= �=h and

expanding for small h.

If HSS is used as a pre
onditioner for a Krylov method, one 
ould use the same

optimized parameter derived for the stationary method, sin
e minimizing the

spe
tral radius 
orresponds to 
lustering the eigenvalues of the pre
onditioned

operator around 1. But for HSS there is a better option: one 
an form two very

tight separate 
lusters with an appropriate 
hoi
e of the optimization parameter

�.

Lemma 3.14. For 0 < � < 1 the eigenvalues �

j

(�; k), j = 1; 2 and k 2

[k

min

; k

max

℄, are real and 
ontained in the two disjoint intervals [a

1

; b

1

℄ and

[a

2

; b

2

℄, where, independently of k

max

, we have

a

1

=

1� �

1 + �

; b

1

= �

1

(�; k

min

); a

2

= �1; b

2

= �

2

(�; k

min

):

Proof. The eigenvalues are real be
ause the dis
riminant d � 0 for 0 < � <

1 and the intervals are, due to the monotoni
ity result shown in Lemma 3.4,

[�

j

(�; k

max

); �

j

(�; k

min

)℄, j = 1; 2. In the lower bound, we 
an take the limit as

k

max

goes to in�nity to get intervals independent of k

max

, be
ause these limits

are �nite, whi
h leads to the a

j

given in the lemma. Finally the intervals are

disjoint, be
ause for 0 < � < 1 the �

j

have opposite signs, sin
e their produ
t

equals the 
onstant term in the quadrati
 determining the eigenvalues, whi
h is

(�� 1)(�+ 1)(�

2

+ k

2

)

2

< 0.

Lemma 3.15. For 0 < � < 1 there exists a polynomial p(x) of degree 2 whi
h

satis�es p(0) = 1 and on the shifted intervals given in Lemma 3.14

max

x2(1�[a

1

;b

1

℄)[(1�[a

2

;b

2

℄)

jp(x)j � q(�; k

min

);

where q(�; k

min

) is expli
itly known and satis�es q(�; k

min

) =

1

2k

2

min

�

2

+O(�

3

).
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Proof. Let p(x) be the quadrati
 interpolation polynomial at the three points

(0; 1), (1�

a

1

+b

1

2

; 0) and (1�

a

2

+b

2

2

; 0). Sin
e this polynomial is 
onvex, it will

attain its maximum on the two shifted intervals either at 1� b

1

or 1�a

2

, where

it has the values

p

1

:= p(1� b

1

) =

(2b

1

� a

2

� b

2

)(b

1

� a

1

)

(a

1

+ b

1

� 2)(a

2

+ b

2

� 2)

� 0;

p

2

:= p(1� a

2

) =

(2a

2

� a

1

� b

1

)(a

2

� b

2

)

(a

1

+ b

1

� 2)(a

2

+ b

2

� 2)

� 0:

Using now the de�nitions of a

j

and b

j

, j = 1; 2, from Lemma 3.14, we �nd that

p

1

and p

2

depend on � and k

min

, and thus the maximum of the polynomial is

bounded by q(�; k

min

) := max(p

1

; p

2

). Expanding in �, we �nd

p

1

=

1

2k

2

min

�

2

�

1

k

2

min

�

3

+O(�

4

); p

2

=

1

2k

2

min

�

2

�

1

4k

4

min

�

4

+O(�

5

);

whi
h 
on
ludes the proof.

Theorem 3.16. GMRES applied to the one-dimensional Poisson equation

written in div-grad form pre
onditioned with HSS 
onverges in at most two steps

to a given small toleran
e � if the optimization parameter satis�es 0 < � <

min(��; 1), where �� satis�es q(��; k

min

) = � , �� �

p

2�k

min

.

Proof. Sin
e GMRES �nds at ea
h step the smallest polynomial in modulus

on the spe
trum of the operator, it will �nd in its se
ond step a polynomial

whi
h is at least as small in modulus as p(x) from Lemma 3.15. Hen
e the

GMRES polynomial is for a given � smaller than q(�; k

min

) from Lemma 3.15.

Now if � � ��, where �� is de�ned by q(��; k

min

) = � , then by Lemma 3.15 the

polynomial p(x) is smaller than � in modulus, whi
h 
ompletes the proof.

This result implies that � 
an be 
hosen so as to have h-independent 
onver-

gen
e. An illustration of the dependen
e of the spe
trum of the pre
onditioned

operator on the optimization parameter 
an be found in Figure 3.1, where both

the 
ontinuous Fourier spe
trum and the dis
rete spe
trum from the dis
retiza-

tion in the numeri
al se
tion are shown. First, one 
an see that the Fourier

analysis predi
ts extremely well the spe
trum of the dis
retized pre
onditioned

operator, and thus we 
an expe
t the results of the analysis to be de
isive for

the dis
retized problem. Se
ond, the sequen
e of images shows 
learly that the

optimal value of � for HSS as an iterative method is very di�erent from the op-

timal value of � for HSS used as a pre
onditioner for GMRES. For the iterative

appli
ation, one needs to minimize the spe
tral radius, and the optimal � puts

the eigenvalues of the pre
onditioner symmetri
ally onto a 
ir
le, whereas for

GMRES, it is best to produ
e two tight 
lusters for performan
e.

For the Poisson equation in two dimensions, we start again with the equation

written in non-self-adjoint, div-grad form,

2

4

1 0 ��

x

0 1 ��

y

��

x

��

y

0

3

5

2

4

u

v

p

3

5

=

2

4

0

0

�g

3

5

(3.14)
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Figure 3.1: The spe
trum of the HSS pre
onditioned 1d-Poisson problem. The

solid line is 1��

1

(�; k), the dashed line 1��

2

(�; k) and the stars are the eigenval-

ues of the dis
retized pre
onditioned operator with mesh parameter h = 1=200

des
ribed in the numeri
al se
tion. From top left to bottom right, we have

� = 17:73; 8; 3; 1:5; 0:9; 0:1, where the �rst value is optimal for the iterative HSS,

and the last one is good for HSS as a pre
onditioner for GMRES, sin
e there are

two tight 
lusters.

on the in�nite domain (x; y) 2 R

2

. Taking a Fourier transform in the x and

y-dire
tion with the Fourier parameters k and l, we obtain the transformed

system

2

4

1 0 �ik

0 1 �il

�ik �il 0

3

5

2

4

û

v̂

p̂

3

5

=

2

4

0

0

�ĝ

3

5

(3.15)

for whi
h the HSS iteration matrix a

ording to (2.6) is

^

T

�

=

2

4

(��1)(�

2

+l

2

)�(�+1)k

2

�2kl� 2ik�

2

�2kl� (��1)(�

2

+k

2

)�(�+1)l

2

2il�

2

2ik�

2

2il�

2

(1��)(k

2

+l

2

)+�

2

+�

3

3

5

(1 + �)(�

2

+ k

2

+ l

2

)

:

The iteration matrix

^

T

�

has for ea
h frequen
y parameter value k the eigenvalues

�

1;2

=

�

3

� �(k

2

+ l

2

)�

p

(k

2

+ l

2

)

2

+ 2�

2

(1� 2�

2

)(k

2

+ l

2

) + �

4

(1 + �)(�

2

+ k

2

+ l

2

)

; �

3

=

�� 1

�+ 1

and the spe
tral radius �(�; k; l) := max(j�

1

(�; k; l)j; j�

2

(�; k; l)j; j�

3

(�; k; l)j).

Theorem 3.17. Let K

max

:=

p

k

2

max

+ l

2

max

� 1. If

K

max

p

2K

max

�1

� K

min

:=

p

k

2

min

+ l

2

min

< K

max

, then the optimal parameter of the HSS pre
onditioner for
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the two-dimensional Poisson equation (3.14) and the optimized 
onvergen
e rate

are

�

�

=

K

max

p

2K

max

� 1

; �

�

=

K

max

� 1

K

max

+

p

2K

max

� 1

:(3.16)

If 0 < K

min

�

1

2

, then we have �

�

=

p

K

min

K

max

and

�

�

=

(K

max

�K

min

)

p

K

max

K

min

+

p

(K

max

+K

min

)

2

�4K

2

max

K

2

min

(K

max

+K

min

)(1 +

p

K

max

K

min

)

:(3.17)

Proof. If we 
an show that the modulus of the additional eigenvalue �

3

is

always bounded by the modulus of the other two, then the proof in one dimension

is still valid, sin
e the eigenvalues �

1

and �

2


oin
ide with the one-dimensional

ones after the 
hange of variable K =

p

k

2

+ l

2

. To see that the modulus of �

3

is bounded by the modulus of �

1

for all K and �, we have to distinguish three


ases. First for 0 < � � 1 both �

1

and �

3

are negative and the di�eren
e in

modulus is

��

1

+ �

3

=

��

2

+ 2�K

2

�K

2

+

p

�4�

4

K

2

+K

4

+ �

4

+ 2�

2

K

2

(1 + �)(�

2

+K

2

)

whi
h is positive, sin
e

�4�

4

K

2

+K

4

+�

4

+2�

2

K

2

�(��

2

+2�K

2

�K

2

)

2

= �4�K

2

(�1+�)(�

2

+K

2

) � 0

for 0 < � � 1. The next 
ase is 1 < � �

K

p

2K�1

, sin
e for these values of � the

eigenvalue �

1

is still real. Now �

3

> 0 and �

1

< 0, and their di�eren
e

��

1

� �

3

=

�2�

3

+ �

2

+K

2

+

p

�4�

4

K

2

+K

4

+ �

4

+ 2�

2

K

2

(1 + �)(�

2

+K

2

)

is also positive, sin
e the term in front of the square root, e(�) := �2�

3

+�

2

+K

2

is positive for 1 < � �

K

p

2K�1

, as one 
an see by �rst 
he
king the two endpoints,

e(1) = K

2

� 1 > 0 sin
e we must have K > 1 for the se
ond 
ase to exist, and

e(

K

p

2K�1

) = 2

(�1+

p

2K�1)K

3

(2K�1)

(

3=2)

> 0, and then showing that the fun
tion in between

is monotone, sin
e e

0

(�) = ��(2��1) does not 
hange sign in the interval for �

under 
onsideration. Finally for the third 
ase, � >

K

p

2K�1

, taking the di�eren
e

of the moduli squared, we �nd

j�

1

j

2

� j�

3

j

2

= 2

�� 1

(1 + �)

2

> 0 for � > 1:

Hen
e the new third eigenvalue does never enter the argument in the 
onvergen
e

rate and the proof in one dimension is valid after the variable substitution K =

p

k

2

+ l

2

.

Corollary 3.18. The optimal parameter �

�

and the optimized 
onvergen
e

rate of the HSS stationary iteration for the two-dimensional Poisson problem
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Iterative GMRES

h HSS No Pre
. HSS HSS Krylov

1/25 46 48 13 2

1/50 63 98 17 2

1/100 91 198 22 2

1/200 127 398 28 2

1/400 179 798 37 2

1/800 252 1598 49 2

Table 4.1: One-dimensional 
ase. Comparison of optimized stationary HSS itera-

tion, GMRES without pre
onditioner, GMRES with the optimized HSS iteration

as a pre
onditioner and HSS optimized for GMRES.

behave in the �rst 
ase of Theorem 3.17 asymptoti
ally for small mesh parameter

h like

�

�

=

p

�

2

1=4

1

p

h

+O(

p

h); �

�

= 1�

2

1=4

p

�

p

h+O(h):(3.18)

In the se
ond 
ase of Theorem 3.17, we have

�

�

= 2

1=4

r

�

q

k

2

min

+l

2

min

1

p

h

+O(

p

h); �

�

=1�

1�

p

1�4(k

2

min

+l

2

min

)

2

1=4

q

�

p

k

2

min

+l

2

min

p

h+O(h):

(3.19)

There is also a 
lustering result in 2 dimensions when HSS is used as a pre
on-

ditioner for a Krylov method.

Theorem 3.19. GMRES applied to the two-dimensional Poisson equation

written in div-grad form and pre
onditioned with HSS 
onverges in at most two

steps to a given small toleran
e � , if the optimization parameter satis�es 0 <

� < min(��; 1), where �� �

p

2�(k

2

min

+ l

2

min

).

Proof. Sin
e the additional eigenvalue �

3

is 
ontained in the �rst 
luster of

Lemma 3.14, Lemma 3.15 holds also in the two-dimensional 
ase and the result

follows like in one dimension.

4 Numeri
al experiments.

The �rst numeri
al experiment 
orresponds to the one-dimensional Poisson

equation. We 
hoose as the domain the interval [0; 1℄ with a homogeneous Neu-

mann 
ondition on the left and a Diri
hlet 
ondition on the right and a for
ing

fun
tion g(x) = sin�x. We dis
retize the problem using �nite di�eren
es with

a forward di�eren
e for the grad part and a ba
kward di�eren
e for the div

part. We take a random ve
tor as the initial guess and we stop the iteration

when the initial residual has been redu
ed by at least three orders of magnitude.

Table 4.1 shows the number of iterations the HSS method takes depending on

the mesh parameter h. As one 
an see, the stationary HSS method 
onverges

signi�
antly faster than (full) GMRES without pre
onditioner, already for very

moderate values of the mesh parameter h. (Note that GMRES takes exa
tly as
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Figure 4.1: Asymptoti
 performan
e of HSS as a stationary iteration and as a

pre
onditioner when either the optimization for the iterative version or for the

Krylov method is used, 
ompared to unpre
onditioned GMRES.

many iterations as the number of unknowns in the saddle-point problem.) This

improves further when HSS is used as a pre
onditioner for GMRES. Conver-

gen
e is fastest however when HSS is optimized for GMRES. Here we have used

� = 10

�2

to form two tight, separate 
lusters. In that 
ase two iterations are

enough uniformly in the mesh parameter h to 
onverge to the toleran
e 10

�3

,

as predi
ted in Theorem 3.16. In Figure 4.1 we show the iteration numbers

in a loglog plot whi
h shows that the 
ontinuous analysis predi
ts the dis
rete

asymptoti
 
onvergen
e rates very well. Only for the GMRES-HSS a

elerated

method the additional square root is not quite obtained from the Krylov method.

We next show that the 
ontinuous optimization leads to good estimates for

the optimal parameter � for the dis
retized problem: in Figure 4.2 on the left

we have run the stationary HSS iteration for many parameters � and show the

required number of iterations to 
onverge to the toleran
e 10

�3

. One 
an see

that the analysis predi
ts the optimal parameter �

�

rather well. To illustrate

Theorem 3.16 further, we 
omputed for a �xed mesh size h = 1=100 and a

variable toleran
e � the numeri
al value of ��, su
h that for � < �� GMRES

pre
onditioned with HSS 
onverges in two iterations. Figure 4.2 shows on the

right that Theorem 3.16 predi
ts this bound well for toleran
es � � 10

�10

. For

smaller values of the toleran
e roundo� is probably a�e
ting the numeri
al result.

For all pra
ti
al purposes, the 
ombination of GMRES with the optimized HSS

pre
onditioner behaves like a dire
t solver.

The next set of numeri
al experiments is for the two-dimensional Poisson equa-

tion on the unit square with for
ing term g(x; y) = sin�x sin �y. We impose

Neumann boundary 
onditions for x = 0, x = 1 and homogeneous Diri
hlet

boundary 
onditions for y = 0, y = 1. Here we used a zero initial guess and



16 M. BENZI, M. J. GANDER, AND G. H. GOLUB

0 5 10 15 20 25 30
10

1

10
2

10
3

10
4

PSfrag repla
ements

�

i

t

e

r

a

t

i

o

n

s

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

numerical
theoretical

PSfrag repla
ements

�

iterations

toleran
e �

�

�

Figure 4.2: Comparison of the analyti
ally determined optimal � with the nu-

meri
al performan
e in an a
tual 
ode on the left. On the right a 
omparison

of the theoreti
al and numeri
al limiting value ��, su
h that for � < �� GMRES

pre
onditioned with HSS 
onverges in two steps.

Iterative GMRES

h HSS No Pre
. HSS HSS Krylov

1/10 66 54 14 2

1/25 103 140 19 2

1/50 146 286 25 2

1/100 207 574 34 2

Table 4.2: Two-dimensional 
ase. Comparison of optimized stationary HSS

iteration, GMRES without pre
onditioner, GMRES with the optimized HSS

iteration as a pre
onditioner, and HSS optimized for GMRES.

stopping toleran
e 10

�6

. The results, shown in Table 4.2, are in agreement

with our theoreti
al analysis. In parti
ular, note that 
onvergen
e is attained in

two iterations (independent of h) when HSS is optimized for GMRES (here we

used � = 10

�3

as suggested by Theorem 3.19; using � = 10

�2

results in three

GMRES iterations). Clearly, there is a trade-o� between rapid 
onvergen
e of

the pre
onditioned GMRES iteration and the amount of work that is ne
essary

to solve the linear systems (2.1). A larger value of � < 1, while still resulting

in h-independent 
onvergen
e, makes the linear systems (2.1) more diagonally

dominant and thus easier to solve. When � is in
reased from 10

�3

to 0:9 the

number of iterations slowly grows from two to six, independently of h. The a pri-

ori determination of an optimal value of � that minimizes the total work (rather

than the number of iterations) appears to be diÆ
ult, espe
ially in view of the

fa
t that the a
tual 
ost depends on the method used to solve the linear systems

in (2.1). For the model problems studied here, the �rst system is diagonal, but

the se
ond one is not as trivial to solve. Here we 
onsider the 
ase where a S
hur


omplement redu
tion is used, leading to (2.4). We have performed numeri
al

experiments where we used the 
onjugate gradient method pre
onditioned with
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Inner PCG Iterations

h � = �

�

� = 10

�1

� = 10

�3

1/10 56 12 8

1/25 95 18 12

1/50 150 27 18

1/100 238 51 34

Table 4.3: Two-dimensional 
ase. Total number of inner PCG iterations for

di�erent 
hoi
es of �.

an in
omplete Cholesky fa
torization with drop toleran
e � = 10

�4

for the so-

lution of (2.4). We iterate on (2.4) until the relative residual has been redu
ed

under 10

�12

, although in pra
ti
e inexa
t solves with variable residual toleran
e


an be used for the inner iterations; see the examples and analysis in [1℄.

As expe
ted, when using � = �

�

as given in Theorem 3.17 we found that the

pre
onditioned CG method applied to (2.4) 
onverges in a number of iterations

whi
h is bounded independent of h. By taking h suÆ
iently small (up to h =

1=700, 
orresponding to m = 490; 000 unknowns in (2.4)), we determined this

bound to be 13. On the other hand, when using � = 10

�3

, whi
h results in a

total of two (outer) pre
onditioned GMRES iterations, we found experimentally

that the number of (inner) PCG iterations ne
essary to solve (2.4) grew as h! 0,

at least for the range of values of h that we tried. We also tried several values

of � up to � = 1, but we found that the total number of PCG iterations was

always higher than with � = 10

�3

.

In Table 4.3 we report the total number of inner PCG iterations for three


hoi
es of �. It 
an be seen that using � = 10

�3

is the most eÆ
ient of the

three options. This is true even if one takes into a

ount the fa
t that ea
h

inner PCG iteration is 
heaper for � = �

�

, due to the fa
t that the 
oeÆ
ient

matrix BB

�

+ �

2

I

m

in (2.4) is more diagonally dominant and therefore the

in
omplete Cholesky fa
tors are sparser than for � = 10

�3

. However, sin
e the

number of inner PCG iterations is not h-independent, the overall method does

not display optimal (linear) arithmeti
 
omplexity. This 
an be remedied by

using an optimal solver for the solution of the systems (2.4), su
h as multigrid.

In addition to the simple test problems shown here, we experimented with

anisotropi
 problems with 
onstant 
oeÆ
ients. After applying a simple diago-

nal s
aling (see [3℄), we obtained results similar to those reported in Table 4.2.

Again, we found that 
hoosing � 2 (0; 1) results in an h-independent pre
on-

ditioner for GMRES. In parti
ular, � = 10

�3

led to 
onvergen
e in just two

iterations. The results of numeri
al experiments on more 
ompli
ated problems,

in
luding di�usion-type problems with dis
ontinuous 
oeÆ
ients and problems

arising from Stokes and Navier{Stokes equations, 
an be found in [3℄; see also

[2℄.
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5 Con
lusions.

The purpose of this paper was to shed some light on the problem of 
hoos-

ing the 
onvergen
e parameter � in the HSS iteration applied to saddle-point

problems arising from ellipti
 PDEs written in �rst order form. To this end, we

fo
used on the simple model problem of the Poisson equation, for whi
h we 
an

use Fourier transforms in order to 
ompletely analyze the iteration operator at

the 
ontinuous level.

The same te
hnique 
an be used to study more 
ompli
ated problems with


onstant 
oeÆ
ients, su
h as anisotropi
 problems and the Stokes problem.

A very important issue, not addressed in this paper, is the impa
t of inexa
t

(iterative) inner solves. For some problems, it has been shown in [1℄ that the

asymptoti
 rate of 
onvergen
e of the (stationary) HSS iteration 
an be main-

tained by 
arefully tuning the inner stopping toleran
e. It would be interesting

to see to what extent this remains true when the HSS iteration is used as a

pre
onditioner for a Krylov method, parti
ularly in the 
ontext of saddle-point

problems.
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