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Abstra
t.

We analyze overlapping S
hwarz waveform relaxation for the heat equation in n

spatial dimensions. We prove linear 
onvergen
e of the algorithm on unbounded time

intervals and superlinear 
onvergen
e on bounded time intervals. In both 
ases the


onvergen
e rates are shown to depend on the size of the overlap. The linear 
on-

vergen
e result depends also on the number of subdomains be
ause it is limited by

the 
lassi
al steady state result of overlapping S
hwarz for ellipti
 problems. How-

ever the superlinear 
onvergen
e result is independent of the number of subdomains.

Thus overlapping S
hwarz waveform relaxation does not need a 
oarse spa
e for ro-

bust 
onvergen
e independent of the number of subdomains, if the algorithm is in the

superlinear 
onvergen
e regime. Numeri
al experiments 
on�rm our analysis. We also

brie
y des
ribe how our results 
an be extended to more general paraboli
 problems.

AMS subje
t 
lassi�
ation: 65M12, 65M55.

Key words: Domain De
omposition, Waveform Relaxation, S
hwarz Method for

Paraboli
 Problems, Superlinear Convergen
e.

1 Introdu
tion

Overlapping S
hwarz waveform relaxation is a 
lass of parallel algorithms for

evolution problems. The distribution of the 
omputation is a
hieved by par-

titioning the spatial domain into overlapping subdomains, like in the 
lassi
al

S
hwarz method. However on subdomains, time dependent problems are solved

in the iteration and thus the algorithm is of waveform relaxation type. Over-

lapping S
hwarz waveform relaxation algorithms have been introdu
ed in [15℄

for the solution of evolution problems in a parallel environment with slow 
om-

muni
ation links, sin
e they permit to solve over several time steps before 
om-

muni
ating information to the neighboring subdomains. These algorithms have

been further studied in [11, 12℄, [14℄, [13℄ and independently in [16℄.

Overlapping S
hwarz waveform relaxation inherits 
onvergen
e properties from

both the 
lassi
al overlapping S
hwarz method and from waveform relaxation

methods. There are two 
lassi
al 
onvergen
e results for waveform relaxation

�
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algorithms for ordinary di�erential equations (ODEs): (i) for linear systems of

ODEs on unbounded time intervals one 
an show linear 
onvergen
e of the algo-

rithm under some dissipation assumptions on the splitting ([24, 25℄, [23℄, [4℄ and

[19℄); (ii) for nonlinear systems of ODEs (in
luding linear ones) on bounded time

intervals one 
an show superlinear 
onvergen
e assuming a Lips
hitz 
ondition

on the splitting fun
tion ([24, 25℄, [2℄ and [3℄). If waveform relaxation is applied

to partial di�erential equations (PDEs) dis
retized in spa
e, the 
onvergen
e

results (i) and (ii) may depend on the dis
retization parameter for 
lassi
al ma-

trix splittings. The 
onvergen
e rates then deteriorate as one re�nes the mesh.

One possible remedy is to use a multi-grid splitting, proposed by Lubi
h and

Ostermann in [22℄ and further studied by Vandewalle and Horton in [26℄ and

by Janssen and Vandewalle in [17, 18℄. In a di�erent approa
h Jelts
h and Pohl

propose in [19℄ a multi-splitting algorithm with overlap. They prove results (i)

and (ii) for their algorithm, but the 
onvergen
e rates are again mesh dependent.

They show however numeri
ally for a dis
retized one dimensional heat equation

that in
reasing the overlap a

elerates the 
onvergen
e of the waveform relax-

ation algorithm. Similar observations were made by Burrage et al [5℄ in higher

dimensions. Gander and Stuart [14℄ relate the overlap in the multi-splitting al-

gorithm to physi
al overlap of subdomains for the one dimensional heat equation

thus linking waveform relaxation with overlapping splittings (or multi-splittings)

to domain de
omposition. They quantify how the overlap a�e
ts the 
onvergen
e

rate and prove result (i) independent of the mesh parameter, provided the phys-

i
al overlap is held 
onstant. Independently Giladi and Keller [16℄ proved result

(ii) for an overlapping domain de
omposition approa
h and a one dimensional


onve
tion di�usion equation. Interestingly the superlinear 
onvergen
e rate in

that 
ase di�ers from the 
lassi
al one, the di�usion leads to a faster superlinear

rate.

From the domain de
omposition side a di�erent approa
h has been analyzed

for evolution problems. One dis
retizes time and solves at ea
h time level el-

lipti
 problems using domain de
omposition. This algorithm 
an only 
onverge

linearly, but the underlying evolution permits interesting additional properties.

In spe
ial 
ases Cai shows for example that a 
oarse grid is not needed in [6, 7℄.

In this paper we study overlapping S
hwarz waveform relaxation for spa
e

de
ompositions in all generality for the heat equation in n dimensions. We

prove both results (i) and (ii) at the 
ontinuous level, whi
h leads to algorithms

that 
onverge independently of the mesh size if the overlap is hold 
onstant. The

superlinear rate in (ii) is found to be faster than for 
lassi
al waveform relaxation,

generalizing the result in [16℄ to n dimensions and arbitrary de
ompositions. In

addition we show why no method of global information propagation is needed in

the evolution 
ase, thus generalizing results in [6, 7℄. It is due to the fa
t that for

evolution problems, the initial 
onditions are known exa
tly for ea
h subdomain

and thus as long as one does not evolve too far in time, the initial 
onditions

determine mainly the solution away from the arti�
ial boundaries and thus the

boundary 
onditions be
ome less important.
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Figure 2.1: De
omposition into overlapping subdomains su
h that an overlap of

Æ is guaranteed.

2 Problem Des
ription

We are interested to solve a paraboli
 partial di�erential equation in n dimen-

sions using waveform relaxation. We 
onsider the heat equation on a bounded

domain 
 � R

n

with a smooth boundary �
 as our guiding example,

�u

�t

= �u+ f(x; t) x 2 
; 0 < t < T

u(x; t) = g(x; t) x 2 �
; 0 < t < T

u(x; 0) = u

0

(x) x 2 
:

(2.1)

We assume that the initial 
ondition u

0

(x) and the boundary 
ondition g(x; t)

are bounded pie
ewise 
ontinuous and f(x; t) is 
ontinuous. This gives existen
e

and uniqueness of a solution [10, pp 40℄. Central in our analysis is the maximum

prin
iple satis�ed by the solution u(x; t) of (2.1):

Theorem 2.1 (Maximum Prin
iple). For f(x; t) � 0, if the weak solution

u(x; t) of (2.1) attains its maximum or minimum value in the interior of 
 �

[0; T ℄ then u(x; t) is a 
onstant.

Proof. The proof for pie
ewise 
ontinuous data 
an be found in Liberman

[20, pp 128℄.

To 
onstru
t an overlapping de
omposition of the domain 
, we �rst de-


ompose 
 into N non-overlapping subdomains

e




j

with boundaries �

e




j

, j =

1; 2; : : : ; N , as shown in Figure 2.1 for a two dimensional example. We denote

the boundaries of the subdomain

e




j

interior to the domain 
 by

e

�

j

. Then

we 
onstru
t an overlapping de
omposition 


j

with boundary �


j

by enlarg-

ing ea
h

e




j

so that the boundaries �

j

of the new subdomains interior to 
 are

at least a distan
e Æ away from

e

�

j

as shown in Figure 2.1 for the two dimen-

sional example. To solve the paraboli
 problem (2.1) the overlapping S
hwarz

waveform relaxation iteration 
onstru
ts iteratively u

k+1

j

on ea
h subdomain 


j

using as the boundary 
ondition the values from the neighboring subdomains u

k

l
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Figure 2.2: Information for 


j

from the neighboring subdomain 


l

is only used

from within

f




l

.

at the previous iteration. To pass the boundary information, the boundary of




j

is de
omposed into disjoint subsets �

jl

, l = 1; : : : ; N su
h that the Eu
lidean

distan
e of x 2 �

jl

from the boundary of 


l

is at least Æ. This is possible be
ause

of the way the overlapping de
omposition was 
onstru
ted: we simply use the

solutions obtained in 


l

only within the smaller region

e




l

. An example for this

information ex
hange is shown in Figure 2.2. Doing this for ea
h subdomain, we

de�ne an approximate solution at step k on the whole of 
 whi
h 
an be used

at step k + 1 as boundary 
ondition for the subdomain solves. We denote also

by �

j0

the part of the boundary that 


j

shares with 
.

3 Linear Convergen
e for Unbounded Time Domains

We �rst 
onsider the 
ase where T = 1. On ea
h subdomain 


j

we solve at

ea
h step k + 1 of the waveform relaxation iteration the subproblem

�u

k+1

j

�t

= �u

k+1

j

+ f(x; t) x 2 


j

; 0 < t < T

u

k+1

j

(x; t) = u

k

l

(x; t) x 2 �

jl

; 0 < t < T

u

k+1

j

(x; t) = g(x; t) x 2 �

j0

; 0 < t < T

u

k+1

j

(x; 0) = u

0

(x) x 2 


j

;

(3.1)

for j = 1; 2; : : : ; N , using the boundary information from the neighboring sub-

domains at step k. This 
orresponds to an additive S
hwarz or Ja
obi iteration

whi
h 
an be done in parallel. One 
an also 
onsider a multipli
ative S
hwarz

or Gauss Seidel iteration whi
h would need a spe
ial 
oloring of subdomains to

remain a parallel algorithm. If subdomains with the same 
olor do not tou
h

ea
h other, then subdomains of the same 
olor 
an be solved in parallel using

the boundary values 
oming from subdomains with di�erent 
olors. We fo
us in

the analysis on the additive version, the results for the multipli
ative versions


an be obtained similarly.
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The error e

k+1

j

(x; t), whi
h is the di�eren
e between the real solution u(x; t)

of (2.1) and the iterates u

k+1

j

(x; t) of (3.1), satis�es the homogeneous equation

�e

k+1

j

�t

= �e

k+1

j

x 2 


j

; 0 < t < T

e

k+1

j

(x; t) = e

k

l

(x; t) x 2 �

jl

; 0 < t < T

e

k+1

j

(x; t) = 0 x 2 �

j0

; 0 < t < T

e

k+1

j

(x; 0) = 0 x 2 


j

:

(3.2)

We de�ne the integer distan
e quantitym

j

for ea
h subdomain 


j

to be the least

number of subdomains one has to pass through to tou
h the boundary �
, and

we let m := max

j

m

j

. Furthermore we de�ne the index sets I

l

:= fj : m

j

= lg so

that the index set I

l


ontains the indi
es of all the subdomains whi
h are within

distan
e l of the boundary. De�ning for bounded fun
tions g(x; t) : 
� [0;1)!

R the norm

jjg(�; �)jj

1

:= sup

x2
;t>0

jg(x; t)j

we have the following

Lemma 3.1. The error of the waveform relaxation algorithm de
ays at least

at the rate

max

j

jje

k+m+2

j

(�; �)jj

1

� 
(m; Æ)max

j

jje

k

j

(�; �)jj

1

(3.3)

where 
(m; Æ) is a number stri
tly less than one, independently of k.

Proof. The idea of the proof is to 
onstru
t a sequen
e of ellipti
 upper

bounds on the iterates and then to apply the 
onvergen
e analysis based on the

maximum prin
iple for the ellipti
 upper bounds in Lions [21℄. We �x k and

de�ne E

k

:= max

j

jje

k

j

(�; �)jj

1

and note that on ea
h subdomain the solution

~e

k+1

j

of the ellipti
 problem

0 = �~e

k+1

j

x 2 


j

~e

k+1

j

(x) = E

k

x 2 �

jl

~e

k+1

j

(x) = 0 x 2 �

j0

(3.4)

is an upper bound on the modulus of e

k+1

j

. Now ~e

k+1

j

satis�es a maximum

prin
iple and for j 2 I

0

~e

k+1

j

< E

k

in the interior of

e




j

, sin
e ~e

k+1

j

satis�es

on part of the boundary of 


j

a homogeneous boundary 
ondition. Note that

for j =2 I

0

we have ~e

k+1

j

not ne
essarily stri
tly less than E

k

sin
e ~e

k+1

j

might

have the value E

k

on all its boundaries and thus by the maximum prin
iple

~e

k+1

j

� E

k

. We de�ne

E

k+1

:= sup

x2

e




l

;l2I

0

~e

k+1

l

� 


1

(Æ)E

k

for some 
onstant 


1

(Æ) < 1. Note that 


1

depends on the size of the overlap,

but not on k sin
e the error ~e

k+1

j

is a linear fun
tion of the boundary 
ondition.

Now for the next iteration by de�nition part of the boundary of subdomains 


j
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with j 2 I

1

lie stri
tly within

e




l

with l 2 I

0

and therefore for j 2 I

1

the solution

~e

k+2

j

of the ellipti
 problem

0 = �~e

k+2

j

x 2 


j

~e

k+2

j

(x) = E

k

x 2 �

jl

; l =2 I

0

~e

k+2

j

(x) = E

k+1

x 2 �

jl

; l 2 I

0

(3.5)

is an upper bound on the modulus of e

k+2

j

. Sin
e E

k+1

� 


1

(Æ)E

k

we have

by the maximum prin
iple ~e

k+2

j

< E

k

in

e




j

and de�ning E

k+2

similarly to

E

k+1

before, we �nd E

k+2

� 


2

(Æ)E

k

for some 
onstant 


1

(Æ) � 


2

(Æ) < 1

independent of k. By indu
tion we �nd at step k +m + 1 for the error in the

subdomains 


j

with j 2 I

m

the ellipti
 upper bound

0 = �~e

k+m+1

j

x 2 


j

~e

k+m+1

j

(x) = E

k

x 2 �

jl

; l =2 I

m�1

~e

k+m+1

j

(x) = E

k+m

x 2 �

jl

; l 2 I

m�1

(3.6)

and ~e

k+m+1

j

< E

k

in

e




j

. De�ning E

k+m+1

as before we �nd E

k+m+1

�




m+1

(Æ)E

k

for some 
onstant 


1

(Æ) � 


2

(Æ) � : : : � 


m+1

(Æ) < 1 indepen-

dent of k. Now for the next iteration step k +m+2 all the errors e

k+m+2

j

have

boundary values less than or equal to E

k+m+1

� 


m+1

(Æ)E

k

, sin
e they 
ome

from iteration step k+m+1 in the interior of neighboring subdomains. De�ning


(m; Æ) := 


m+1

(Æ) the result follows.

Note that the above estimate for 
(m; Æ) is quite 
onservative. In a pra
ti
al

implementation the measured 
onvergen
e rate is expe
ted to be better, sin
e


(m; Æ) was derived assuming worst 
ase behavior of the error. 
(m; Æ) will also

depend on the shape of the subdomains, whi
h is hidden in the above argument

be
ause of the generality of the domain de
omposition employed.

Theorem 3.2 (Linear Convergen
e). The waveform relaxation algorithm


onverges linearly on unbounded time intervals in the in�nity norm. The error

de
ays at least like

max

j

jje

k(m+2)

j

(�; �)jj

1

� (
(m; Æ))

k

max

j

jje

0

j

(�; �)jj

1

(3.7)

where 
(m; Æ) < 1 as in Lemma 3.1.

Proof. The proof follows by indu
tion from Lemma 3.1.

Note that the 
onvergen
e result on unbounded time domains depends on the

number of subdomains. The more subdomains one uses, the longer it takes for

information to propagate from the outer boundary of 
 to the inner subdomains.

This is be
ause the steady state solution is limiting the 
onvergen
e rate, and

the steady state solution does not see the zero initial 
ondition. This is di�erent

in the superlinear 
onvergen
e analysis of the next se
tion.

4 Superlinear Convergen
e for Bounded Time Domains

We now 
onsider a bounded time interval, T < 1. Like in the unbounded

time domain 
ase we are solving at ea
h step k + 1 of the waveform relaxation
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iteration the subproblem (3.1) using the boundary information from the neigh-

boring subdomains at step k. We are interested in estimating the de
ay of the

error e

k+1

j

in (3.2) for short time t. We de�ne the in�nity norm of a fun
tion

g(x; t) on the boundary �

j

of subdomain 


j

by

jjg(�; �)jj

�

j

;t

:= sup

x2�

j

;0<�<t

jg(x; �)j:

We �rst estimate the de
ay of the error on the boundary of the subdomains over

one step of the iteration.

Lemma 4.1. In n dimensions, the maximum error e

k+1

j

on the boundary of

all subdomains 


j

de
ays in the in�nity norm at least at the rate

max

j

jje

k+1

j

jj

�

j

;T

� 2nerf
(

Æ

2

p

nT

)max

j

jje

k

j

jj

�

j

;T

:

Proof. Let E

k

(t) := max

j

(jje

k

j

(�; �)jj

�

j

;t

). Be
ause of the overlapping prop-

erty we are interested in the magnitude of e

k

j

(x; t) at distan
e Æ from the bound-

ary �

j

for short time. An upper bound for all e

k

j


an be obtained from the de
ay

of e whi
h satis�es

�e

�t

= �e x 2 B(Æ); 0 < t < T

e(x; t) = E

k

(t) x 2 �B(Æ); 0 < t < T

e(x; 0) = 0 x 2 B(Æ)

(4.1)

where B(Æ) denotes a ball with radius Æ in R

n

. To get an expli
it bound, we

ins
ribe a hyper
ube Q(Æ) in R

n

with side

2Æ

p

n

into the ball B(Æ) and 
onsider

the de
ay of ~e in the hyper
ube Q(Æ),

�~e

�t

= �~e x 2 Q(Æ); 0 < t < T

~e(x; t) = E

k

(t) x 2 �Q(Æ); 0 < t < T

~e(x; 0) = 0 x 2 Q(Æ):

(4.2)

Evaluating ~e at the 
enter of the hyper
ube Q(Æ) we obtain an upper bound

on the error e

k

j

at distan
e Æ from the boundary �

j

. An upper bound on ~e at

the 
enter of the hyper
ube Q(Æ) 
an be obtained by summing the half spa
e

solution v of the heat equation for ea
h of the 2n fa
es of the hyper
ube,

�v

�t

= �v x 2 R

n

; x

1

> 0; 0 < t < T

v(x; t) = E

k

(t) x 2 R

n

; x

1

= 0; 0 < t < T

v(x; 0) = 0 x 2 R

n

; x

1

� 0;

(4.3)

where x

1

denotes the �rst 
omponent of x 2 R

n

. The solution of (4.3) is [8℄

v(x; t) =

Z

t

0

K

x

(x

1

; t� �)E

k

(�)d�;(4.4)
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with the kernel

K

x

(x; t) =

x

2

p

�t

3=2

e

�

x

2

4t

:(4.5)

Hen
e an upper bound on e

k

j

at distan
e Æ from the boundary �

j

is given by 2n

times (4.4). This value is by the formulation of the iteration an upper bound on

the boundary values for e

k+1

j

and thus

E

k+1

(t) := max

j

(jje

k+1

j

(�; �)jj

�

j

;t

) � 2n

Z

t

0

K

x

(

Æ

p

n

; t� �)E

k

(�)d�:(4.6)

Now we 
an take the supremum of E

k

(t), 0 < t < T out of the integral and

apply the variable transform

y :=

Æ

2

p

n(t� �)

to the integral. This leads to

E

k+1

(t) � 2nerf
(

Æ

2

p

nt

)max

j

jje

k

j

jj

�

j

;T

:

Sin
e erf
(Æ=(2

p

nt)) is monotoni
ally in
reasing with t we 
an repla
e t with

the upper bound T on the right. Now the bound is independent of t so we 
an

take the supremum over t on the left and the result follows.

Note that Lemma 4.1 
an be used to derive an arbitrary fast linear upper

bound on the 
onvergen
e rate by shortening the time interval [0; T ) appropri-

ately, sin
e lim

x!1

erf
(x) = 0. We derive however an upper bound on the de
ay

of the error over k steps of the iteration whi
h leads to a superlinear 
onvergen
e

result.

Lemma 4.2. In n dimensions, the maximum error e

k

j

on the boundary of all

subdomains 


j

de
ays in the in�nity norm at least at the rate

max

j

jje

k

j

jj

�

j

;T

� (2n)

k

erf
(

kÆ

2

p

nT

)max

j

jje

0

j

jj

�

j

;T

:

Proof. By iteration of inequality (4.6) in Lemma 4.1 we get a bound in form

of a 
onvolution, namely

E

k

(t) � (2n)

k

Z

t

0

K

x

(

Æ

p

n

; t� s

1

) � � �

Z

s

k�1

0

K

x

(

Æ

p

n

; s

k�1

� s

k

)ds

k

� � � ds

1

max

j

jje

0

j

jj

�

j

;T

:

To unfold the 
onvolutions, note that the Lapla
e transform of a 
onvolution

is the produ
t of the Lapla
e transformed kernels. In our 
ase the Lapla
e

transform of the kernel is [1℄

Z

1

0

e

�st

K

x

(

Æ

p

n

; t)dt = e

�

Æ

2

p

n

p

s
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and thus the k-fold 
onvolution is the produ
t of identi
al exponentials in the

Lapla
e transformed domain,

e

�

kÆ

2

p

n

p

s

:

Ba
k-transforming this expression, we �nd

E

k

(t) � (2n)

k

Z

t

0

K

x

(

kÆ

p

n

; t� �)d� max

j

jje

0

j

jj

�

j

;T

:

Using a similar variable transform as in Lemma 4.1 the result follows.

De�ning for bounded fun
tions g(x; t) : 
� [0; T )! R the norm

jjg(�; �)jj

T

:= sup

x2
;0<t<T

jg(x; t)j

we have the following

Theorem 4.3 (Superlinear Convergen
e). The waveform relaxation

algorithm 
onverges superlinearly on bounded time intervals in the in�nity norm.

The error de
ays at least like

max

j

jje

k

j

(�; �)jj

T

� (2n)

k

erf
(

kÆ

2

p

nT

)max

j

jje

0

j

(�; �)jj

T

:(4.7)

Proof. The proof follows from Lemma 4.2 and the maximum prin
iple.

Note that this superlinear 
onvergen
e rate is faster than the superlinear 
on-

vergen
e rate found for 
lassi
al waveform relaxation algorithms. The 
lassi
al

result gives a 
ontra
tion governed by a fa
torial [23℄ with asymptoti
 expansion

(CT )

k

k!

=

�

1

p

2�

+O(k

�1

)

�

e

�k ln k+(1+ln(CT ))k�

1

2

ln k

� e

�k ln k

whereas the new result (4.7) gives a 
ontra
tion with asymptoti
 expansion

C

k

1

erf
(

C

2

k

p

T

) =

 

p

T

C

2

p

�

+O(k

�2

)

!

e

�

C

2

2

T

k

2

+ln(C

1

)k�ln k

� e

�k

2

:

The numeri
al experiments in the next se
tion show that it is indeed the se
ond

result whi
h is observed numeri
ally.

5 Numeri
al Experiments

We show three sets of numeri
al experiments. First a one dimensional exper-

iment to show that the bounds we derived are sharp in one dimension. Then a

two dimensional experiment on a square with 2� 2 subdomains to illustrate the

linear and superlinear 
onvergen
e behavior of the algorithm depending on the

length of the time interval. Finally we show a s
aling experiment in the number

of subdomains whi
h 
on�rms that the superlinear 
onvergen
e rate is indeed in-

dependent of the number of subdomains. We also illustrate this fa
t graphi
ally

with a sequen
e of iterates whi
h shows the intuitive reason for the indepen-

den
e of the number of subdomains when the algorithm is in the superlinear


onvergen
e regime.
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5.1 One Dimensional Example

We solve the one dimensional heat equation

�u

�t

=

�

2

u

�x

2

+ 5e

�(t�2)

2

�(x�

1

4

)

2

0 < x < 1; 0 < t < T

u(0; t) = 0 0 < t < T

u(1; t) = e

�t

0 < t < T

u(x; 0) = x

2

0 � x � 1

(5.1)

splitting the domain 
 = [0; 1℄�[0; T ℄ into the two subdomains 


1

= [0; �℄�[0; T ℄

and 


2

= [�; 1℄� [0; T ℄ and applying the overlapping S
hwarz waveform Relax-

ation algorithm for for three pairs of values (�; �) 2 f(0:4; 0:6); (0:45; 0:55); (0:48; 0:52)g.

We obtain from Theorem 3.2 for this spe
ial 
ase the following 
orollary.

Corollary 5.1. The Overlapping S
hwarz waveform relaxation iteration for

the one dimensional heat equation with two subdomains 


1

= [0; �℄� [0; T ℄ and




2

= [�; 1℄� [0; T ℄ 
onverges at least at the linear rate

max

j=1;2

jje

2k

j

(�; �)jj

1

�

�

�(1� �)

�(1� �)

�

k

max

j=1;2

jje

0

j

(�; �)jj

1

:

Proof. The proof follows from Theorem 3.2 using the spe
ial overlap stru
-

ture in one dimension. A dire
t proof 
an be found in [14℄.

As a numeri
al s
heme on the subdomains we use 
entered �nite di�eren
e

in spa
e with �x = 0:01 and ba
kward Euler in time with �t = 0:01. Figure

5.1 shows the 
onvergen
e of the algorithm in the maximum norm for a long

time interval T = 3. The solid line is the predi
ted 
onvergen
e rate a

ording

to Corollary 5.1 and the dashed line is the measured one. The measured error

displayed is the di�eren
e between the numeri
al solution on the whole domain

and the solution obtained from the domain de
omposition algorithm. Clearly

it is the steady state whi
h limits the 
onvergen
e of the overlapping S
hwarz

waveform relaxation algorithm, the steady state 
onvergen
e bounds are sharp.

To see the algorithm in the superlinear 
onvergen
e regime, we shorten the

time interval to [0; 0:05℄ and apply the same overlapping S
hwarz waveform re-

laxation algorithm to the above problem. We get for this spe
ial one dimensional

example from Theorem 4.3 the

Corollary 5.2. The overlapping S
hwarz waveform relaxation iteration for

the one dimensional heat equation with two subdomains 


1

= [0; �℄� [0; T ℄ and




2

= [�; 1℄ � [0; T ℄ 
onverges superlinearly on bounded time intervals t 2 [0; T ℄

with at least the rate

max

j=1;2

jje

k

j

(�; �)jj

T

� erf
(

k(� � �)

2

p

T

) max

j=1;2

jje

0

j

(�; �)jj

T

:

Proof. The proof follows from Theorem 4.3 without the geometri
 fa
tor

from the sphere and ins
ribed hyper
ube.

Note that the algebrai
 term 2

k

is absent in the one dimensional result be
ause

we 
an dire
tly estimate the de
ay in one dimension whi
h leads to a sharp upper
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Figure 5.1: Theoreti
al and measured de
ay rate of the error for two subdomains

and three di�erent sizes of the overlap.

bound on the 
onvergen
e rate. We use the �rst and se
ond of the splittings

of the previous experiment, namely (�; �) 2 f(0:4; 0:6); (0:45; 0:55)g. Figure

5.2 shows the 
onvergen
e of the algorithm, where again the solid line is the

predi
ted 
onvergen
e rate and the dashed line is the measured one. Clearly

now the algorithm 
onverges superlinearly, as predi
ted by our analysis.

As a last example we perform the 
omputation on a medium time interval

[0; 0:5℄ to see what happens between the linear and the superlinear 
onvergen
e

regime. We 
hose for the overlap (�; �) = (0:4; 0:6) as in the previous experi-

ments. Sin
e both the linear and the superlinear 
onvergen
e result are upper

bounds on the 
onvergen
e of the algorithm, the a
tual 
onvergen
e behavior

needs to stay below both bounds. Figure 5.3 shows both the linear and the

superlinear bounds as solid lines and the a
tual 
omputation as a dashed line.

The algorithm is �rst in the linear 
onvergen
e regime, but on
e the superlin-

ear bound be
omes dominant, it goes through a transition into the superlinear


onvergen
e regime. To bene�t from the superlinear 
onvergen
e, it is therefore

important to 
hoose time windows su
h that the algorithm 
onverges superlin-

early.

5.2 Two Dimensional Example

We solve the heat equation in two dimensions

�u

�t

= �u; (x

1

; x

2

) 2 [0; 1℄� [0; 1℄; t 2 [0; T ℄(5.2)

with homogeneous initial and boundary 
onditions whi
h means we are looking

for the zero solution and thus are simulating dire
tly the error equations in

the analysis. We de
ompose the unit square into four smaller squares whi
h
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Figure 5.2: Superlinear de
ay of the error for a small time interval and two

di�erent sizes of overlap.
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Figure 5.3: Transition from the linear to the superlinear 
onvergen
e regime. The


onvergen
e rate of the algorithm is �rst dominated by the linear 
onvergen
e

regime and after some iterations by the superlinear 
onvergen
e regime.
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Figure 5.4: Two dimensional model problem with four subdomains, algorithm

in the linear 
onvergen
e regime for T = 3.

Table 5.1: Number of iterations needed to rea
h a 
ertain toleran
e for di�erent

numbers of subdomains and two di�erent time intervals. While the algorithm

does not s
ale in the linear 
onvergen
e regime with respe
t to the number of

subdomains, it does s
ale in the superlinear 
onvergen
e regime.

2� 2 3� 3 4� 4 6� 6

T = 5 12 15 19 28

T = 0:01 5 5 5 6

form overlapping subdomains of equal size. We run the overlapping S
hwarz

waveform relaxation algorithm in its additive version. For the overlap parameter

Æ we 
hose two values, Æ 2 f0:1; 0:06g. We solve the subdomain problems using

a 
entered �nite di�eren
e s
heme with �x = 0:02 and integrate in time using

ba
kward Euler. Figure 5.4 shows the algorithm in the linear 
onvergen
e regime,

integrating up to T = 3.

Figure 5.5 shows the algorithm in the superlinear 
onvergen
e regime, inte-

grating over a shorter time interval, T = 0:05. Note the di�erent s
ale whi
h

shows how mu
h faster the superlinear 
onvergen
e is 
ompared to the linear


onvergen
e in the previous experiment.

5.3 S
aling in the Number of Subdomains

We �nally analyze the s
aling behavior of overlapping S
hwarz waveform re-

laxation numeri
ally. We solve again the heat equation in two dimensions (5.2)

but now vary the number of subdomains. We use a dis
retization in spa
e with

�x = 1=30. Table 5.1 shows the number of iterations needed to de
rease the

error below a given toleran
e for di�erent numbers of subdomains and the two

time intervals [0; 5℄ and [0; 0:01℄ with �xed overlap parameter Æ = 1=30. The
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Figure 5.5: Two dimensional model problem with four subdomains, algorithm

in the superlinear 
onvergen
e regime for T = 0:05.

table shows that over long time intervals, the overlapping S
hwarz waveform

relaxation algorithm does not s
ale with respe
t to the number of subdomains.

This is due to the fa
t that the 
onvergen
e rate is limited by the steady state

solution and 
orresponds to the m fa
tor in Theorem 3.2. For ellipti
 problems

it is well known that overlapping S
hwarz needs a 
oarse mesh to exhibit 
onver-

gen
e independent of the number of subdomains [9℄. Su
h a 
oarse mesh 
ould

also be added to the overlapping S
hwarz waveform relaxation algorithm. This

is however not ne
essary when the algorithm is in the superlinear 
onvergen
e

regime. Here the algorithm 
onverges independently of the number of subdo-

mains, as predi
ted by Theorem 4.3 and shown in Table 5.1 experimentally. This


an be understood intuitively by noting that it is the initial 
ondition whi
h de-

termines over short time intervals mainly the solution of a paraboli
 evolution

problem and thus we have error de
ay away from the interior boundaries even if

they are far away from the real boundary, sin
e the initial 
onditions are known

for all subdomains. This is illustrated in Figure 5.6 whi
h shows the error of

three 
onse
utive iterates for 4�4 subdomains at the end of the time interval on

the left for T = 5 where the algorithm is in the linear 
onvergen
e regime and

on the right for T = 0:01 where the algorithm is in the superlinear 
onvergen
e

regime. One 
an 
learly see how the error is diminished in all subdomains on

the right due to the initial 
ondition, whereas it has to be eliminated from the

original boundaries on the left.

6 Con
lusions

Although we used the linear heat equation as our guiding example, the te
h-

niques introdu
ed here 
an be generalized. The linear 
onvergen
e rate is de-

rived using a maximum prin
iple. Hen
e similar results 
an be obtained for more

general equations satisfying a maximum prin
iple, like equations with variable
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Figure 5.6: Three 
onse
utive iterates at the end of the time interval on the left

at T = 5 where the algorithm is in the linear 
onvergen
e regime and on the

right at T = 0:01 where the algorithm is in the superlinear 
onvergen
e regime.

Note how the error de
ays uniformly over all subdomains on the right.
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oeÆ
ients and 
onve
tion terms. However for evolution problems the important

property of the algorithm is the superlinear 
onvergen
e rate. In our analysis

we rely only on a one dimensional result, so that 
onvergen
e results obtained

in [13℄ for the one dimensional rea
tion di�usion equation lead to similar results

in higher dimensions using the te
hniques presented here. Similarly an estimate

for a 
onve
tion di�usion equation is possible as well using the result of [16℄.
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