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There is a certain confusion about which equation is really called the Helmholtz
equation, since in the literature on meteorology and climate simulation, also the
similar looking equation with the opposite sign on the zeroth order term is called
Helmholtz equation, due to early publications using this terminology [2, 3]. Even
standard textbooks have adopted this terminology, see for example [4] (sometimes
also the eigenvalue problem is called the Helmholtz equation [5]). This summer
during a conference, I was asked if maybe Helmholtz himself had already considered both equations, and so looked in the collected works of Helmholtz [6]. The
contributions of Helmholtz to advancing science are vast, he worked on hydrodynamics, acoustics (physical and physiological), electrodynamics, galvanism (the
contraction of muscles stimulated by electric current), optics (physical and physiological), and even psychology. In a beautiful paper about the understanding of
organ pipes [7], see Figure 1, I then found the Helmholtz equation. Helmholtz describes in his paper the problem of the open end of the pipe, and using a domain
decomposition approach, he connects the outer spherical solution to the inner one
in the tube, in order to determine an appropriate boundary condition, a problem
that had not been satisfactorily addressed before, as described at the beginning of
the paper, see Figure 1.

Figure 1. Copy of the beginning of the seminal publication of
Helmholtz from [6], and an unusual shorthand notation for the
Laplacian (the gradient symbol ∇), according to Helmholtz due
to Green; only in one place later, Helmholtz uses the now common
symbol ∆ for the Laplacian (shown on the right).
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The numerical approximation of solutions of the Helmholtz equation poses two
main difficulties: the first one is related to the approximation problem. Usually, in
order to represent a signal accurately, about 10 points per wavelength are sufficient.
This is also true for solutions of the Helmholtz equation, but unfortunately, when
one discretizes the equation itself on a grid with about 10 points per wavelength,
the solution one obtains can be very inaccurate, not because there are not enough
points to accurately represent it, but because the discretized operator gives a
solution with a substantial phase error. This is the so called pollution effect, see
for example [8] and references therein.
The second fundamental difficulty is that iterative methods for the solution of
linear systems have historically been derived for discretizations of diffusive problems, especially Laplace’s equation, and all the intuition and analysis that went
into the development of these methods used fundamental properties of the discretized Laplace equation. Unfortunately, all these intuitions are incorrect for the
Helmholtz equation: there is no maximum principle, classical iterative methods
are not smoothers for the Helmholtz equation, there is no minimization principle.
In [1] one can find detailed explanations why Krylov methods, ILU preconditioners, multigrid and classical domain decomposition methods fail when used for
the Helmholtz equation. Only specialized methods for the Helmholtz equation
should be used, and in particular a new class of domain decomposition methods,
called optimized Schwarz methods, is quite effective [9, 10]. The time harmonic
Maxwell’s equations present the same two difficulties as the Helmholtz equation,
and optimized Schwarz methods have been developed for them, see e.g. [11].
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