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We present an in
omplete LU pre
onditioner for solving dis
retized Helmholtz problems. The

pre
onditioner is based on an analyti
 fa
torization of the Helmholtz operator. This allows us to take

the physi
al properties of the a
ousti
s problem modeled by the Helmholtz equation into a

ount

in the pre
onditioner. We show how the parameters in the pre
onditioner 
an be 
hosen in order

to make it e�e
tive. Numeri
al experiments show that the new pre
onditioner leads to 
onvergent

iterative methods even for large wave numbers, and it outperforms 
lassi
al ILU pre
onditioners

by a large margin.

Keywords: Helmholtz Equation; Pre
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omplete Fa
torization.

1. Introdu
tion

Dis
retizing an ellipti
 problem L(u) = f with a �nite element, �nite di�eren
e or �nite

volume method, one obtains a matrix equation Au = f where A is large and sparse. Hen
e

Krylov methods are the methods of 
hoi
e to solve these problems. Unfortunately Krylov

methods 
an have serious 
onvergen
e problems, espe
ially for problems in a
ousti
s, mod-

eled by the Helmholtz equation

5;6

. These problems remain when matrix based, bla
k box

pre
onditioners like ILU are used. Even a pre
onditioner whi
h 
omes 
lose to a fa
toriza-

tion, like ILU(1e-2), 
an not alleviate the situation

5;6

.

Motivated by the e�e
tiveness of ILU pre
onditioners based on the underlying ana-

lyti
 fa
torization of symmetri
 positive de�nite operators

4

, we analyze in this paper two

approximate fa
torizations based on the analyti
 fa
torization of the Helmholtz operator.

Extensive numeri
al tests for the se
ond fa
torization were very promising for solving the

dis
retized Helmholtz equation with a pre
onditioned Krylov method

5;6

, and a �rst analysis

indi
ated how the parameters in the approximate fa
torization should be 
hosen for good

performan
e

7

.

The analyti
 fa
torization of ellipti
 operators has been of theoreti
al interest for some

time

3;11

, and more re
ently the use of these fa
torizations to 
onstru
t pre
onditioners

for 
onve
tion di�usion problems was advo
ated

9;10;8

. However, the performan
e of these

1
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fa
torizations was not satisfa
tory, be
ause they were missing a link between the analyti


fa
torization of the 
ontinuous operator and the exa
t blo
k LU de
omposition of the dis-


retization of the same operator. Establishing this link

4

led to approximate fa
torizations

of high quality for symmetri
, positive de�nite problems. These fa
torizations are related to

frequen
y �ltering fa
torizations at the fully dis
rete level

14;15;12;13;2

. A re
ursive extension

of AILU fa
torizations to 3d problems is also possible

1

.

This paper is organized as follows: in Se
tion 2, we introdu
e a 
ontinuous fa
torization

of the Helmholtz operator. We show that this fa
torization leads to non-lo
al operators,

where the non-lo
al nature 
orresponds to the �ll-in one would obtain in a dire
t matrix

fa
torization of the 
orresponding dis
retized problem. We propose two di�erent sparse ap-

proximations of the fa
tors, based on the insight from the 
ontinuous fa
torization, and

analyze their performan
e when the fa
torization is used as a splitting in a stationary itera-

tive method. While the 
ontinuous analysis shows that our approa
h is general, it does not

reveal dire
tly how the fa
torization 
an be used as a pre
onditioner in a dis
rete setting.

We introdu
e therefore in Se
tion 3 a fa
torization of the semi-dis
rete Helmholtz opera-

tor. This allows us to build a dire
t link with the fully dis
rete matrix fa
torization and

leads to the AILU pre
onditioner. We analyze again the performan
e of the pre
onditioner

in the semi-dis
rete setting and show how the parameters in AILU 
an be 
hosen to get

good performan
e. In Se
tion 4, we show extensive numeri
al experiments to illustrate the

performan
e of AILU for a
ousti
 problems, and to test how well the analysis predi
ts a

good 
hoi
e of the parameters in AILU. We present our 
on
lusions in Se
tion 5.

2. The Continuous Analyti
 Fa
torization

Given an ellipti
 operator L(u), we write the operator as a produ
t of two evolution opera-

tors,

L(u) = �(�

x

+�

1

)(�

x

� �

2

)(u) (1)

where �

1

and �

2

are positive operators up to a 
ompa
t operator. The �rst fa
tor represents

an evolution operator a
ting in the positive x dire
tion and the se
ond one an evolution

operator a
ting in the negative x dire
tion. We fo
us in the sequel on the Helmholtz operator

L = (�!

2

��) as a model for a
ousti
 problems.

Taking a Fourier transform of L in y, we obtain

F

y

(�!

2

��) = ��

xx

+ k

2

� !

2

= �(�

x

+

p

k

2

� !

2

)(�

x

�

p

k

2

� !

2

); (2)

and thus we have the 
ontinuous analyti
 fa
torization

(�!

2

��) = �(�

x

+�

1

)(�

x

� �

2

); (3)

where �

1

= �

2

= F

�1

y

(

p

k

2

� !

2

). Note that the �

j

, j = 1; 2, are non lo
al operators in

y, be
ause of the square root in their symbol

p

k

2

� !

2

. This non-lo
ality 
orresponds to

the �ll-in in an LU fa
torization of the dis
retized Helmholtz operator: the LU fa
torization

also produ
es an operator looking forward, namely the L, and another operator looking
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ba
kward, namely the U, if the variables are in the 
orresponding lexi
ographi
 ordering

4

.

Hen
e a lo
al approximation of the nonlo
al symbol in the fa
torization leads to a new type

of ILU pre
onditioner, whi
h we 
all AILU, for \Analyti
 In
omplete LU".

Suppose we approximate the nonlo
al operators �

j

by a lo
al approximation �

app

j

=

F

�1

y

(p+ qk

2

), p; q 2 C , <(q) > 0. Then the approximate new operator is

L

app

= F

�1

y

(��

xx

+ p

2

+ 2pqk

2

+ q

2

k

4

) (4)

and an iterative method to solve the original problem would then only solve two lo
al

evolution problems at ea
h step,

L

app

(u

n+1

) = (L

app

�L)(u

n

) + f: (5)

The parameters p; q 2 C should be 
hosen so that the 
onvergen
e fa
tor � := F(1 �

(L

app

)

�1

L) is as small as possible, ex
ept for possibly a few frequen
ies whi
h will be taken

into a

ount on
e the stationary iterative pro
edure (5) is repla
ed by a Krylov method. In

Fourier, the 
onvergen
e fa
tor be
omes after some 
al
ulations

�(k; k

x

; !; p; q) =

(p+ qk

2

)

2

+ w

2

� k

2

(p+ qk

2

)

2

+ k

2

x

; (6)

where we have also transformed the x dire
tion with Fourier parameter k

x

.

To 
hoose p; q 2 C , we �rst note that we 
an restri
t our analysis to k � 0, be
ause �

depends on k

2

only. Sin
e the free parameters are 
omplex, we have four real parameters

to use in the optimization pro
ess. To simplify the optimization, we make two di�erent

parti
ular 
hoi
es in the next two subse
tions. These 
hoi
es allow us to �nd good parameters

and to analyze the performan
e of the method.

2.1. Low Frequen
y Approximation

In this �rst approa
h, we 
hoose the parameter p, su
h that the 
onvergen
e fa
tor vanishes

at k = 0, p := i!, and the parameter q su
h that the 
onvergen
e fa
tor vanishes again

at an intermediate frequen
y k

2

> !, q :=

(k

2

2

�!

2

)

1=2

�i!

k

2

2

. This leads to an approximate

fa
torization whi
h is exa
t for the zero frequen
y and also for the frequen
y k

2

. Estimating

the lowest frequen
y in the x-dire
tion by zero, k

x

= 0, the modulus of the 
onvergen
e

fa
tor be
omes

R(k; !; k

2

) := j�(k; 0; !; i!;

(k

2

2

�!

2

)

1=2

�i!

k

2

2

)j

2

=

k

4

(k � k

2

)

2

(k + k

2

)

2

(k

4

� 2!

2

k

2

+ k

2

2

!

2

)

2

: (7)

Note that this simpli�ed 
onvergen
e fa
tor is not a uniform bound on the modulus of the


onvergen
e fa
tor of the method for all frequen
ies k

x

, sin
e p and q are 
omplex numbers

in (6), but it allows us to further study the method for k

x

= 0 and determine various 
hoi
es

for the free parameters.

Theorem 2.1. The 
onvergen
e fa
tor R(k; !; k

2

) given in (7) satis�es R(k; !; k

2

) � 1 for

all k, if and only if k

2

=

�

k

2

:=

p

2!.
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Fig. 1. Convergen
e fa
tor R(k; !; k

2

) for three values of k

2

: one where k

2

<

�

k

2

=

p

2!, one where k

2

=

�

k

2

,

and one where k

2

>

�

k

2

.

Proof. First we note that for k = !, the 
onvergen
e fa
tor R(!; !; k

2

) � 1, independently

of what we 
hoose for the parameter k

2

. Now the partial derivative of R with respe
t to k is

�R

�k

= 4

k

3

(k

2

� k)(k

2

+ k)(k

4

2

!

2

� k

2

2

k

4

� 2k

2

2

!

2

k

2

+ 2!

2

k

4

)

(k

4

+ !

2

k

2

2

� 2!

2

k

2

)

3

; (8)

whi
h evaluated at k = ! gives 4

k

2

2

�2!

2

!(k

2

2

�!

2

)

. Hen
e, if k

2

6=

�

k

2

=

p

2!, then the slope at k = !

is non-zero, and sin
e at k = ! we have R(!; !; k

2

) = 1, this implies by 
ontinuity that

R(k; !; k

2

) > 1 for some values of k in the neighborhood of !, whi
h shows the only if part.

For the if part, we �nd from (8) with k

2

=

�

k

2

=

p

2! that the extrema in k are at 0, !

and

�

k

2

. Sin
e R(k; !;

�

k

2

) = 0 at k = 0 and k =

�

k

2

, these are minima, and in between at

k = ! we �nd by 
ontinuity the only maximum, where R(!; !;

�

k

2

) = 1. Hen
e R(k; !;

�

k

2

)

has no lo
al maximum bigger than one, and it 
ould thus only ex
eed one for large k. But

lim

k!1

R(k; !;

�

k

2

) = 1, whi
h shows that R(k; !;

�

k

2

) � 1 for all k.

In Figure 1, we show the 
onvergen
e fa
tor given in (7) for three di�erent 
hoi
es of the

parameter k

2

: one where k

2

<

�

k

2

=

p

2!, one where k

2

=

�

k

2

, and one where k

2

>

�

k

2

. One


an 
learly see the impli
ations of Theorem 2.1: the 
onvergen
e fa
tor is only bounded by

one for the 
hoi
e k =

�

k

2

.

At �rst sight, the optimal 
hoi
e of k

2

seems to be determined by Theorem 2.1, be
ause

with the 
hoi
e k

2

=

�

k

2

=

p

2!, the method 
onverges for all frequen
ies ex
ept for k = !

and k = 1. Using Krylov a

eleration, these two modes would be taken 
are of by the

Krylov method and the pre
onditioned method would 
onverge overall. But in a numeri
al


omputation, two additional issues 
ome into play: �rst, a numeri
al grid 
an not 
arry
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arbitrary large frequen
ies, there is a maximum frequen
y k

max

whi
h 
an be estimated

for a grid-size h by k

max

= �=h. Se
ond the domain is bounded, whi
h leads to a dis
rete

spe
trum, k = dn, where n is an integer and d is some spa
ing. Hen
e we do not need

R(k; !; k

2

) � 1 for all k, we only need to 
onsider k 2 K, where

K := (0; ! � Æ!) [ (! + Æ!; k

max

); (9)

and Æ! is a parameter we 
an 
hoose to determine how many of the modes around k = !

should be taken 
are of by the Krylov method. For example 
hoosing Æ! = d=2, there is

at most one mode left for the Krylov method, if we manage to obtain R(k; !; k

2

) < 1 for

k 2 K. We �rst obtain an important 
orollary of Theorem 2.1 in this 
ase.

Corollary 2.1. Let R(k; !;

�

k

2

) be the 
onvergen
e fa
tor given in (7) with k

2

=

�

k

2

from

Theorem 2.1, and let k

max

= �=h. Then, for k 2 K de�ned in (9), the 
onvergen
e fa
tor

R(k; !;

�

k

2

) is for h small bounded by

R(k; !;

�

k

2

) � R(k

max

; !;

�

k

2

) = 1� 4

!

4

�

4

h

4

+O(h

6

): (10)

Proof. For k

2

=

�

k

2

=

p

2!, the 
onvergen
e fa
tor R(k; !;

�

k

2

) given in (7) attains its

maximum on K at k

max

for k

max

large, and sin
e k

max

= �=h, we have for h small

that R(k; !;

�

k

2

) � R(k

max

; !;

�

k

2

) for all k 2 K. The result then follows by expanding

R(�=h; !;

�

k

2

) for h small.

Now the question arises if there is a better 
hoi
e of the parameter k

2

in the dis
retized

setting, if we need to 
onsider k 2 K from (9) only in the 
onvergen
e fa
tor given in (7).

To obtain a fast method, we want to make the 
onvergen
e fa
tor as small as possible for

all k 2 K, whi
h leads to the min-max problem

min

!+Æ!<k

2

<k

max

�

max

k2K

R(k; !; k

2

)

�

= min

!+Æ!<k

2

<k

max

�

max

k2K

k

4

(k � k

2

)

2

(k + k

2

)

2

(k

4

� 2!

2

k

2

+ k

2

2

!

2

)

2

�

: (11)

Theorem 2.2. With K given in (9), the solution of the min-max problem (11) is for

k

max

�

s

Æ!

4

+ 4!

3

Æ! + !

4

� 2!

2

Æ!

2

+

p

!

8

� 2!

4

Æ!

4

+ Æ!

8

+ 16!

6

Æ!

2

2(Æ!(2! � Æ!))

=

!

3=2

p

2Æ!

+

5

p

2!

8

p

Æ! +O((Æ!)

3=2

);

(12)

given by

�

k

�

2

=

p

2(! + Æ!)k

max

p

k

2

max

+ (! + Æ!)

2

: (13)

Otherwise, the solution of the min-max problem is

�

k

�

2

=

p

3!

4

+ Æ!

4

+

p

!

8

� 2!

4

Æ!

4

+ Æ!

8

+ 16!

6

Æ!

2

p

2!

: (14)
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Proof. From the partial derivative (8) of the 
onvergen
e fa
tor R(k; !; k

2

) with respe
t to

k, we �nd that for k

2

>

p

2!, R(k; !; k

2

) has only one maximum in k, namely at

k =

^

k

1

:=

k

2

q

!(k

2

2

� 2!

2

)(

p

k

2

2

� !

2

� !)

k

2

2

� 2!

2

: (15)

For ! + Æ! < k

2

<

p

2!, there is one maximum at

^

k

1

given in (15), and one at

k =

^

k

2

:=

k

2

q

!(2!

2

� k

2

2

)(

p

k

2

2

� !

2

+ !)

2!

2

� k

2

2

; (16)

whi
h is also a maximum, as one 
an see from the asymptoti
 expansion

R(k; !; k

2

) = 1 + 2

2!

2

� k

2

2

k

2

+O(

1

k

4

); for k large; (17)

whi
h shows that R(k; !; k

2

) approa
hes one from above for k large, see also Figure 1 as an

illustration. The expansion (17) also shows that at the se
ond maximum, k =

^

k

2

, we have

R(

^

k

2

; !; k

2

) � 1. From Theorem 2.1, we know furthermore that at the �rst maximum we

have R(

^

k

1

; !; k

2

) � 1 and hen
e the two maxima must be outside of the numeri
al frequen
y

range K to obtain a 
onvergen
e fa
tor less than one for k 2 K, whi
h is possible, as we

know already from the 
hoi
e given in Theorem 2.1. Sin
e there are no other maxima, the

maxima in the solution of the min-max problem (11) 
an only be attained on the boundaries

of the set K, at k = k

�

:= ! � Æ!, k = k

+

= ! + Æ! or k = k

max

(not at k = 0, be
ause

there the 
onvergen
e fa
tor vanishes). We therefore analyze the dependen
e of R(k; !; k

2

)

on k

2

at these boundaries of K. Taking a partial derivative with respe
t to k

2

, we �nd

�R

�k

2

=

4k

6

k

2

(k

2

2

� k

2

)(k

2

� !

2

)

(k

4

+ !

2

k

2

2

� 2!

2

k

2

)

3

: (18)

For k

2

> ! the denominator is positive, as one 
an see by 
ompleting the square, and for

! < k < k

2

the numerator is also positive, otherwise the numerator is negative. Hen
e

at k = k

�

and k = k

max

the 
onvergen
e fa
tor R(k; !; k

2

) de
reases with in
reasing k

2

,

whereas at k = k

+

the 
onvergen
e fa
tor R(k; !; k

2

) in
reases with in
reasing k

2

. A dire
t


omputation shows that for

! + Æ! � k

2

<

p

3!

4

+ Æ!

4

+

p

!

8

� 2!

4

Æ!

4

+ Æ!

8

+ 16!

6

Æ!

2

p

2!

; (19)

we have R(k

�

; k

2

; !) > R(k

+

; k

2

; !). Thus the maximum is at k

�

or at k

max

and 
an

be redu
ed by in
reasing k

2

. When the 
onvergen
e fa
tor at k

�

and k

+

are balan
ed,

R(k

�

; !; k

2

) = R(k

+

; !; k

2

), whi
h implies by (19) that k

2

=

�

k

�

2

given in (14), we 
ould

be at the optimum, provided the 
onvergen
e fa
tor at k

max

is smaller than the balan
ed


onvergen
e fa
tor at k

�

and k

+

, whi
h by a dire
t 
omputation implies that (12) is not

satis�ed. If however (12) holds, then the maximum is still at k

max

and 
an be further
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de
reased by in
reasing k

2

, while R(k

+

; !; k

2

) in
reases, and R(k

�

; !; k

2

) de
reases fur-

ther and be
omes irrelevant. By 
ontinuity, the optimum is in that 
ase attained when

R(k

+

; !; k

2

) = R(k

max

; !; k

2

), whi
h leads to k

2

=

�

k

�

2

given in (13).

Corollary 2.2. If k

2

=

�

k

�

2

a

ording to Theorem 2.2, and k

max

= �=h, then the 
onvergen
e

fa
tor R(k; !;

�

k

�

2

) given in (7) is for h small and k 2 K de�ned in (9) bounded by

R(k; !;

�

k

�

2

) � R(k

max

; !;

�

k

�

2

) = 1� 4

� + 2!

�

h

2

+O(h

4

): (20)

Proof. For k

max

large, we are in the �rst 
ase of Theorem 2.2, and therefore the maximum

of the solution of the min-max problem is attained at k

max

. An expansion of R(�=h; !;

�

k

�

2

)

for h small then leads to the result of the 
orollary.

We see that the optimized parameter

�

k

�

2

given by (13) leads to a superior asymptoti
 per-

forman
e of the method when h be
omes small than the �xed parameter k

2

=

�

k

2

from

Theorem 2.1, whi
h leads to the asymptoti
 performan
e shown in Corollary 2.1. However,

the asymptoti
 
onvergen
e rate with the optimized parameter

�

k

�

2

is not better than the one

of an unpre
onditioned di�usion problem. We will show in Se
tion 3, how a re�ned analysis

in a semi-dis
rete setting leads to a substantially improved asymptoti
 
onvergen
e rate.

But �rst, we introdu
e a more balan
ed approximate 
ontinuous fa
torization.

2.2. A More Balan
ed Approximation

We now 
hoose the parameters p and q su
h that the 
onvergen
e fa
tor vanishes at two

intermediate frequen
ies, at k

1

< ! and at k

2

> !. This leads after a short 
al
ulation to

the parameters

p = �

k

2

1

p

k

2

2

� !

2

+ ik

2

2

p

!

2

� k

2

1

k

2

2

� k

2

1

; q =

p

k

2

2

� !

2

+ i

p

!

2

� k

2

1

k

2

2

� k

2

1

: (21)

With this 
hoi
e, the new approximate fa
torization is exa
t for both the frequen
ies k

1

and

k

2

. If we estimate again the lowest frequen
y in the x-dire
tion by zero, k

x

= 0, the modulus

of the 
onvergen
e fa
tor (6) be
omes after simpli�
ation

R(k; !; k

1

; k

2

) :=

(k

2

� k

2

1

)

2

(k

2

� k

2

2

)

2

(k

4

� k

2

1

k

2

2

+ (k

2

1

+ k

2

2

� 2k

2

)!

2

)

2

: (22)

Theorem 2.3. The 
onvergen
e fa
tor R(k; !; k

1

; k

2

) given in (22) is bounded by one for

all k 2 R, if and only if

k

2

=

�

�

k

2

(k

1

) :=

q

2!

2

� k

2

1

: (23)

Proof. First, we note again that at k = !, the 
onvergen
e fa
tor satis�es R(!; !; k

1

; k

2

) �

1, independently of what we 
hoose for the parameters k

1

< ! and k

2

> !. Taking a partial
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Fig. 2. Uniformly bounded 
onvergen
e fa
tor R(k; !; k

1

;

�

�

k

2

(k

1

)) for various 
hoi
es k

1

= 0; 15; 20; 25.

derivative of R(k; !; k

1

; k

2

) with respe
t to k, and evaluating at k = !, we �nd

�R

�k

�

�

�

�

k=!

=

4!(2!

2

� k

2

1

� k

2

2

)

(!

2

� k

2

1

)(!

2

� k

2

2

)

: (24)

Hen
e, if k

2

1

+ k

2

2

6= 2!

2

, then the partial derivative at k = ! is non-zero, and sin
e we have

R(!; !; k

1

; k

2

) = 1, by 
ontinuity we must have R(k; !; k

1

; k

2

) > 1 in the neighborhood of

k = !, whi
h shows the only if part. For the if part, we �nd from the partial derivative of

R(k; !; k

1

; k

2

) with respe
t to k and assuming that k

2

=

�

�

k

2

(k

1

) given in (23) that the only

extrema are at k = k

1

, k = ! and k =

�

�

k

2

. Sin
e R(k

1

; !; k

1

;

�

�

k

2

) = 0 and R(

�

�

k

2

; !; k

1

;

�

�

k

2

) = 0

by 
onstru
tion, k

1

and

�

�

k

2

are minima, and in between, at k = !, we �nd the only maximum,

where R(!; !; k

1

;

�

�

k

2

) = 1. Now at k = 0, we have

R(0; !; k

1

;

�

�

k

2

(k

1

)) =

(k

2

1

(2!

2

� k

2

1

))

2

(2!

4

� k

2

1

(2!

2

� k

2

1

))

2

< 1;

as one 
an see by subtra
ting the numerator from the denominator. Finally, be
ause we have

from (22) that lim

k!1

R(k; !; k

1

;

�

�

k

2

) = 1, it follows that R(k; !; k

1

;

�

�

k

2

) � 1 for all k.

Theorem 2.3 gives us a new free parameter: the method is 
onvergent for all frequen
ies,

ex
ept for k = ! and k = 1, provided that k

2

=

�

�

k

2

(k

1

) =

p

2!

2

� k

2

1

, where 0 � k

1

< !


an be 
hosen arbitrarily. In Figure 2, we show the 
onvergen
e fa
tor R(k; !; k

1

;

�

�

k

2

) as a

fun
tion of k for various 
hoi
es of k

1

2 [0; !). One 
an see that all 
urves stay bounded by

one as predi
ted in Theorem 2.3. Note also that the 
hoi
e k

1

= 0 leads again to the spe
ial


ase treated already in Subse
tion 2.1.
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Unfortunately, the remaining free parameter k

1


an not really be used for an optimization

for high frequen
ies, k >> 1, sin
e the 
ondition k

2

1

+

�

�

k

2

2

= 2!

2

implies

�

�

k

2

�

p

2!, and thus

�

�

k

2


an not be e�e
tive to diminish the 
onvergen
e fa
tor for large k. This is also evident in

Figure 2, where one 
an see that the 
onvergen
e fa
tor in
reases for large k, when k

1

moves

away from zero. Nevertheless, the free parameter gives an entire family of pre
onditioners,

whi
h 
an be exa
t for two frequen
ies and still non-divergent for all the others.

If we allow however the 
onvergen
e fa
tor to be
ome slightly larger than one, like in

Subse
tion 2.1, to regain ba
k two parameters in the optimization, one 
ould also treat high

frequen
ies. One would then try to determine two frequen
ies k

1

, k

2

, where the fa
torization

is exa
t, su
h that the 
onvergen
e fa
tor is minimized over all k 2 K, where K is the set

of numeri
ally relevant frequen
ies de�ned in (9). This leads to the new min-max problem

min

0�k

1

<!<k

2

�

max

k2K

R(k; !; k

1

; k

2

)

�

= min

0�k

1

<!<k

2

�

max

k2K

(k

2

� k

2

1

)

2

(k

2

� k

2

2

)

2

(k

4

� k

2

1

k

2

2

+ (k

2

1

+ k

2

1

� 2k

2

)!

2

)

2

�

:(25)

We do however not pursue this approa
h further for the moment, and turn our attention

now to the semi-dis
rete 
ase.

3. The Semi-Dis
rete Analyti
 Fa
torization

To relate the analyti
 fa
torization to the exa
t blo
k LU de
omposition of the dis
rete

matrix operator, we dis
retize the operator (�!

2

��) in the x dire
tion

5

and 
onstru
t the

analyti
 fa
torization (2) for the semi-dis
rete operator (�!

2

��

h

), where �

h

= D

�

x

D

+

x

+�

yy

with D

+

x

(u

j

) := (u

j+1

� u

j

)=h and D

�

x

(u

j

) := (u

j

� u

j�1

)=h representing the dis
rete

derivatives of a grid fun
tion u

j

on a given mesh. Using a Fourier transform in y of �!

2

��

h

as in the 
ontinuous 
ase, the semi-dis
rete analyti
 fa
torization is found to be

5

F

y

(�!

2

��

h

) = �

�

D

�

x

+ (�h�

1

h

)

�

1

h

2

�

�

D

+

x

� (�h�

1

h

)

�

; (26)

where the quantity � is given by

� =

1

h

2

+

�!

2

+ k

2

2

+

1

2h

p

(�!

2

+ k

2

)

2

h

2

+ 4(�!

2

+ k

2

): (27)

Note that, as we take the limit for h �! 0 in (26), we re
over again the 
ontinuous analyti


fa
torization (2), the term in the middle of (26) disappears in the limit. It turns out however

that this term is important to obtain a good quality approximate fa
torization

4;5

.

As in the 
ontinuous analyti
 fa
torization, we repla
e the nonlo
al operator represented

by its symbol � in (26) by a lo
al approximation of the form

�

app

=

1

h

2

+

�!

2

+ k

2

2

+

1

2h

(p+ qk

2

); p; q 2 C ; <(q) > 0; (28)

whi
h leads to two lo
al evolution problems in the fa
torization. We insert the approximation

�

app

into the fa
torization (26) and obtain the operator resulting from the approximate
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fa
torization of �!

2

+ k

2

�D

+

x

D

�

x

in the form

L

app

= F

�1

y

(�D

�

D

+

+ �

app

+

1

�

app

h

4

�

2

h

2

): (29)

The 
omplex numbers p and q are to be 
hosen so that L

�1

app

L is as 
lose as possible to the

identity ex
ept for a few frequen
ies whi
h will be taken into a

ount by the Krylov method.

We �nd after some 
al
ulation the 
onvergen
e fa
tor in Fourier to be

�(k; !; h; p; q) = 1�

2(�!

2

+ k

2

)(2 � !

2

h

2

+ ph+ h(h+ q)k

2

)

(p� !

2

h+ (q + h)k

2

)

2

; (30)

where we have estimated again the dis
rete Fourier parameter in the x dire
tion by 0. In

the following subse
tions, we follow the same 
hoi
es made for the 
ontinuous fa
torization

to �nd suitable parameters p and q to obtain a good pre
onditioner.

3.1. Low Frequen
y Approximation

We 
hoose, as in the 
ontinuous analyti
 fa
torization, p su
h that � vanishes at k = 0,

and q su
h that � vanishes for some k

2

> !. We �nd after some 
omputations that the


orresponding parameter values for p and q are

p = i!

p

4� !

2

h

2

; q =

p

�4!

2

+ !

4

h

2

+ 4k

2

2

+ k

4

2

h

2

� 2k

2

2

h

2

!

2

� i!

p

4� !

2

h

2

k

2

2

: (31)

With these values, the square of modulus of the 
onvergen
e fa
tor given in (30) for h < 2=!

be
omes

R(k; !; h; k

2

) =

4k

4

(k�k

2

)

2

(k+k

2

)

2

�

k

2

(!

2

�k

2

)

�

(!

2

�k

2

2

)h

2

�

p

(!

2

�k

2

2

)(!

2

h

2

�4�h

2

k

2

2

)h

�

+2k

4

+2!

2

k

2

2

�4!

2

k

2

�

2

; (32)

whi
h agrees as h goes to zero with the 
onvergen
e fa
tor found for the 
ontinuous analyti


fa
torization given in (7).

Theorem 3.1. For h < 1=!, the 
onvergen
e fa
tor R(k; !; h; k

2

) given in (32) satis�es

R(k; !; h; k

2

) � 1 for all k, if and only if

k

2

=

~

k

2

:= !

r

2� !h

1� !h

: (33)

Proof. As in the 
ontinuous 
ase, at k = ! we have R(!; !; h; k

2

) � 1, independently of

what we 
hoose for the parameter k

2

. A lengthy, but not diÆ
ult 
al
ulation shows that the

partial derivative of R(k; !; h; k

2

) with respe
t to k evaluated at k = ! is non zero, ex
ept

if k

2

=

~

k

2

given in (33). Hen
e, if k

2

6=

~

k

2

, then the derivative at k = ! is non-zero, and

sin
e at k = ! we have R(!; !; h; k

2

) = 1, we must have R(k; !; h; k

2

) > 1 for some values

of k in the neighborhood of ! by 
ontinuity, whi
h shows the only if part. For the if part,

we assume that k

2

=

~

k

2

given in (33). Again using the partial derivative of R(k; !; h;

~

k

2

)

with respe
t to k, we �nd two minima at k = 0 and k =

~

k

2

, and one maximum at k = !
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where R(!; !; h;

~

k

2

) = 1. To show that R(k; !; h;

~

k

2

) � 1 for all k, it thus remains to analyze

R(k; !; h;

~

k

2

) as k �! 1. Taking the limit, we �nd

lim

k!1

R(k; !; h;

~

k

2

) = (1� !h)

2

< 1; if h < 1=!;

whi
h 
on
ludes the proof.

Corollary 3.1. If k

2

=

~

k

2

as given in Theorem 3.1, and k

max

= �=h, then the 
onvergen
e

fa
tor R(k; !; h;

~

k

2

) given in (32) is for h small and k 2 K de�ned in (9) bounded by

R(k; !; h;

~

k

2

) � R(k

max

; !; h;

~

k

2

) = 1� 2!h+O(h

2

): (34)

Proof. For k

2

=

~

k

2

from Theorem 3.1, the 
onvergen
e fa
tor R(k; !; h;

~

k

2

) given in (32)

attains its maximum on K at k

max

for k

max

large, and sin
e k

max

= �=h, we have for h small

that R(k; !; h;

~

k

2

) � R(k

max

; !; h;

~

k

2

) for all k 2 K. The result then follows by expanding

R(�=h; !; h;

~

k

2

) for h small.

Note that this result is a big improvement over the result for the 
ontinuous fa
torization

shown in Corollary 2.1, where the 
onvergen
e fa
tor behaved like 1�O(h

4

) for h small. As

in the 
ontinuous 
ase however, we 
an try to optimize the 
onvergen
e rate by solving the

min-max problem

min

!+Æ!<k

2

<k

max

�

max

k2K

R(k; !; h; k

2

)

�

: (35)

If we 
hoose the same strategy as in the 
ontinuous 
ase for h small, we get the following

theorem.

Theorem 3.2. Let k

max

= �=h, K be the set de�ned in (9), and let k

2

=

~

k

�

2

de�ned by the

equation

R(! + Æ!; !; h;

~

k

�

2

)�R(k

max

; !; h;

~

k

�

2

) = 0; (36)

where R(k; !; h; k

2

) is given in (32). Then for h small, we have

~

k

�

2

�

p

2(! + Æ!)�

p

!

2

+ 4!Æ! + 2Æ!

2

!

2

(! + Æ!)

2

p

2Æ!(2! + Æ!)

h; (37)

and the 
onvergen
e fa
tor R(k; !; h;

~

k

�

2

) is bounded for all k 2 K by

R(k; !; h;

~

k

�

2

) � R(k

max

; !; h;

~

k

�

2

) = 1� 2

p

!

2

+ 4!Æ! + 2Æ!

2

h+O(h

2

): (38)

Proof. There is no 
losed form solution for

~

k

�

2

satisfying (36), but we know from (13) in

Theorem 2.2 that as h �! 0, the optimal parameter is

�

k

�

2

=

p

2(!+Æ!). We therefore insert

the ansatz

~

k

�

2

=

p

2(! + Æ!) + Ch

�

, � > 0 into (36) and expand for small h. We �nd after

a lengthy 
al
ulation that asymptoti
ally (36) be
omes

2!

2

p

!

2

+ 4!Æ! + 2Æ!

2

(! + Æ!)

2

h+ 4

p

2(2! + Æ!)Æ!C

(! + Æ!)

3

h

�

+O(h

2

) +O(h

1+�

) +O(h

2�

) = 0:
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Fig. 3. On the left 
omparison of the 
onvergen
e rates as a fun
tion of k, and on the right a 
omparison of

1�R as a fun
tion of h where R attains its maximum.

Balan
ing the �rst terms leads to � = 1 and

C = �

p

!

2

+ 4!Æ! + 2Æ!

2

!

2

(! + Æ!)

2

p

2Æ!(2! + Æ!)

:

Inserting this asymptoti
 result for

~

k

�

2

into R(k; !; h;

~

k

�

2

) and evaluating at k = k

max

gives

the bound (38).

Figure 3 shows a 
omparison of the theoreti
al 
onvergen
e fa
tors, for ! = 10� and Æ! =

�. On the left, R is shown as a fun
tion of k for h = 1=50 for the 
ontinuous analyti


fa
torization with �xed k

2

=

�

k

2

(solid line) and with optimized k

2

=

�

k

�

2

(dashed line), and

for the semi-dis
rete analyti
 fa
torization (the lower 
urves) with �xed k

2

=

~

k

2

(dash-dotted

line) and optimized k

2

=

~

k

�

2

(dotted line). One 
an 
learly see the superior performan
e of

the semi-dis
rete fa
torization given by the lower 
urves and also a small di�eren
e between

the performan
e of the two 
ontinuous fa
torizations (solid and dashed). On the right with

the same pattern 
oding we show for the same 
onvergen
e rates 1 � R at k = k

max

as a

fun
tion of h. The asymptoti
 behavior is as predi
ted by the analysis: the semi-dis
rete

fa
torization has the weakest dependen
e on h, R = 1 � O(h), and using the �xed k

2

=

~

k

2

or the optimized k

2

=

~

k

�

2

does not make a signi�
ant di�eren
e (dash-dotted and dotted),

whereas for the 
ontinuous fa
torization the di�eren
e is signi�
ant, 1�O(h

4

) in solid and

1�O(h

2

) dashed.

3.2. A More Balan
ed Approximation

Following the ideas from the 
ontinuous fa
torization, we now 
hoose the parameters p and

q su
h that the 
onvergen
e fa
tor vanishes at two intermediate frequen
ies, at k

1

< ! and
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at k

2

> !. This leads after some 
al
ulation to the parameters

p = �

k

2

1

p

(k

2

2

�!

2

)(4+h

2

(k

2

2

�!

2

))+ik

2

2

p

(!

2

�k

2

1

)(4+h

2

(k

2

1

�!

2

))

k

2

2

�k

2

1

;

q =

p

(k

2

2

�!

2

)(4+h

2

(k

2

2

�!

2

))+i

p

(!

2

�k

2

1

)(4+h

2

(k

2

1

�!

2

))

k

2

2

�k

2

1

;

(39)

and one 
an see that as h goes to zero, these parameters 
onverge to the parameters in the


ontinuous 
ase given in (21). With this 
hoi
e, the new approximate fa
torization is exa
t

for the two frequen
ies k

1

and k

2

.

Theorem 3.3. Let R(k; !; h; k

1

; k

2

) denote the square of the modulus of the 
onvergen
e

fa
tor given in (30) for the 
hoi
e p and q given in (39). Then R(k; !; h; k

1

; k

2

) is bounded

by one for all k 2 R if and only if

k

2

=

~

~

k

2

(k

1

) :=

s

2!

2

� k

2

1

� h!

2

p

!

2

� k

2

1

1� h

p

!

2

� k

2

1

: (40)

Proof. The proof is following the same steps as the proof of Theorem 2.3.

As in the 
ase of the 
ontinuous fa
torization, the 
hoi
e of Theorem 3.3 gives an entire

family of semi-dis
rete pre
onditioners whose 
onvergen
e fa
tor is bounded by one for all

k. One 
ould also allow the 
onvergen
e fa
tors to be
ome slightly larger than one outside of

the numeri
al set of frequen
ies K de�ned in (9), and then try to �nd the best parameters

k

1

and k

2

, whi
h solve the min-max problem

min

0�k

1

<!<k

2

�

max

k2K

R(k; !; h; k

1

; k

2

)

�

; (41)

but we are not 
onsidering this issue further in this paper. The numeri
al experiments in the

next se
tion will show that there would be only little one 
ould gain studying (41) further.

4. Numeri
al Experiments

We 
onsider for our numeri
al experiments a two dimensional open 
avity problem modeled

by

�!

2

u��u = f; in 
 = [0; 1℄ � [0; 1℄, (42)

with homogeneous Diri
hlet boundary 
onditions on the top, bottom and right boundaries.

On the left boundary, whi
h represents the opening of the 
avity, we impose the Robin


ondition (�

x

+ i!)(u) = 0. We 
hoose for the right hand side the fun
tion f(x; y) =

Æ(x �

1

2

)Æ(y �

1

2

), whi
h 
orresponds to a point sour
e in the 
enter of the 
avity. We

dis
retize the problem using a standard �ve point �nite di�eren
e dis
retization with the

same mesh parameter h both in the x and y dire
tions. This leads to a dis
rete matrix

problem of the form

Au = f (43)
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Fig. 4. Solution of the open 
avity problem for ! = 9:36� on the left, and 
onvergen
e and divergen
e

behavior of AILU used as an iterative solver on the right, depending on the parameter k

2

.

where A is a large, sparse, inde�nite matrix. We follow in the implementation of the AILU

pre
onditioners presented here the approa
h using the relation between AILU and the blo
k-

LU de
omposition

4

.

4.1. AILU as an Iterative Solver

As we have seen in the analysis, AILU as an iterative solver for dis
retized Helmholtz prob-

lems is not 
onvergent in general, and we only re
ommend it to be used as a pre
onditioner

for a Krylov method. Nevertheless, for 
ertain problem 
on�gurations, the method 
an be

made 
onvergent, whi
h illustrates our analysis in an interesting way. For example for our

domain 
 with homogeneous Diri
hlet 
onditions on top and bottom, the solution 
an be

expanded in a Fourier series with the harmoni
s sin(j�y), j 2 N . Hen
e the relevant fre-

quen
ies are k = j�, j = 1; 2; : : :. They are equally distributed with the spa
ing �, the

lowest frequen
y is k

min

= �, and 
hoosing Æ! = �=2 would leave pre
isely one frequen
y in

(! � Æ!; ! + Æ!) for the Krylov method and treat all the others by the optimization. If !

falls in between the relevant frequen
ies, say j� < ! < (j + 1)�, then we 
an get even the

iterative method to 
onverge by 
hoosing Æ! = min(!� j�; (j +1)� �!). To illustrate this

in this subse
tion, we need to be more pre
ise and 
onsider the spe
trum of the dis
retized

operator. Choosing h = 1=50, the spe
trum of the dis
rete Lapla
ian is shifted from 9� to

8:88� and from 10� to 9:84�. If we therefore 
hoose ! to be exa
tly between those two

frequen
ies of the dis
rete problem, ! = 9:36� and optimize using Æ! = 0:48�, the iterative

AILU should be 
onvergent for an appropriate 
hoi
e of the parameter k

2

(k

1

= 0). We show

in Figure 4 on the left the �nal result of the simulation, and on the right the behavior of

AILU used as an iterative solver for various values of the parameter k

2

. Note how a 
ertain

range of 
hoi
es for k

2

does indeed lead to a 
onvergent stationary iterative method. The

star in Figure 4 on the right indi
ates the 
hoi
e re
ommended by the semi-dis
rete analysis

in Theorem 3.1, whi
h leads to

~

k

2

= 54:44 and indeed is 
lose to the best performing pa-
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rameter in the fully dis
rete simulation. With the theoreti
al parameter

~

k

2

, AILU used as

an iterative method on this problem redu
ed the initial residual by a fa
tor of 10

�6

in 596

iterations, starting from a random initial guess, and in 892 iterations starting from a zero

initial guess. The results of the fully 
ontinuous analysis lead to a parameter

�

k

2

= 41:58

(Theorem 2.1) and

�

k

�

2

= 43:89 (Theorem 2.2), both of whi
h do not lead to a 
onvergent

stationary iterative AILU, as one 
an see from Figure 4 on the right. At any rate, to really

use AILU, one needs a Krylov method, whi
h is pre
onditioned with AILU, whi
h we will

do in the next subse
tion.

4.2. AILU as a Pre
onditioner for a Krylov Method

We use the same 
on�guration as in the previous subse
tion, but now use the AILU as a

pre
onditioner for several Krylov methods, and 
ompare its performan
e to other in
omplete

LU pre
onditioners. In Table 1, we show the iteration 
ounts obtained to redu
e the initial

residual by a fa
tor 10

�6

, both using a zero initial guess, and a random initial guess. One

Table 1. Comparison of iteration 
ounts when AILU is used as a pre
onditioner for various Krylov methods,

together with results for standard in
omplete LU pre
onditioners.

Iteration 
ounts using a random initial guess and various pre
onditioners

Method none ILU('0') ILU(1e-2) AILU(

�

k

2

) AILU(

�

k

�

2

) AILU(

~

k

2

)

GMRES 647 204 48 69 70 80

QMR > 2000 > 2000 > 2000 91 91 83

BiCGStab > 2000 545 77 43 45 53

Iteration 
ounts using a zero initial guess and various pre
onditioners

Method none ILU('0') ILU(1e-2) AILU(

�

k

2

) AILU(

�

k

�

2

) AILU(

~

k

2

)

GMRES 443 210 51 47 47 53

QMR 1718 > 2000 > 2000 59 59 54

BiCGStab 1913 636 70 38 38 44


an see that this small s
ale model problem is already 
hallenging for an unpre
onditioned

Krylov method. Only GMRES 
onverged to the solution without pre
onditioner for the

random initial guess in less than 2000 iterations, and with a zero initial guess, the situation

is similar, with QMR and BiCGStab barely 
onverging in less than 2000 iterations. Sin
e we

use GMRES without restarts, the 
omputational 
ost for it is high, as one 
an see in Table 2.

The situation is not mu
h better for the methods pre
onditioned with ILU('0'), with no �ll-

in. QMR is still not 
onverging in less than 2000 iterations, BiCGStab now 
onverges, with

a relatively high iteration 
ount of about 600 iterations, and GMRES 
onverges in about

200 iterations. Comparing the 
op 
ount however, BiCGStab is doing mu
h better than

GMRES already in this 
ase. The ILU(1e-2) pre
onditioner �nally brings down the iteration


ount signi�
antly for both GMRES and BiCGStab, and also the 
op 
ount is signi�
antly

redu
ed for this small problem, ex
ept for QMR whi
h is still not 
onvergent. Note that
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Table 2. Comparison of 
op 
ounts in mega 
ops when AILU is used as a pre
onditioner for various Krylov

methods, together with results for standard in
omplete LU pre
onditioners.

Flop 
ounts in mega 
ops using a random initial guess

Method none ILU('0') ILU(1e-2) AILU(

�

k

2

) AILU(

�

k

�

2

) AILU(

~

k

2

)

GMRES 13014.00 1324.60 107.17 180.98 185.64 235.46

QMR - - - 108.06 108.06 97.52

BiCGStab - 538.86 117.71 52.41 54.25 63.99

Flop 
ounts in mega 
ops using a zero initial guess

Method none ILU('0') ILU(1e-2) AILU(

�

k

2

) AILU(

�

k

�

2

) AILU(

~

k

2

)

GMRES 6027.80 1401.20 118.14 93.24 93.24 114.34

QMR - - - 69.21 69.21 63.36

BiCGStab 1307.70 628.79 114.26 45.62 45.62 52.92

there is already a signi�
ant 
ost di�eren
e for 
omputing the ILU(1e-2) pre
onditioner,


ompared to the other ones, as one 
an see in Table 3, and this dis
repan
y in 
ost in
reases

dramati
ally with problem size to a point, where ILU(1e-2) 
an not be 
omputed any more,

while AILU is still very 
heap

6

. And with AILU, all pre
onditioned methods for all proposed

Table 3. Comparison of 
op 
ounts in mega 
ops for 
omputing the various pre
onditioners.

ILU('0') ILU(1e-2) AILU(

�

k

2

) AILU(

�

k

�

2

) AILU(

~

k

2

)

mega 
ops 0.21 8.78 0.22 0.22 0.22


hoi
es of parameters are 
onvergent with a low iteration 
ount, and the 
op 
ounts are

signi�
antly lower than for the other pre
onditioners, ex
ept for GMRES when starting

with a random initial guess. This situation however 
hanges as soon as the problem size

in
reases

6

. BiCGStab shows the lowest iteration 
ount, with AILU, but ea
h iteration


osts two matrix ve
tor multiplies, and if this is taken into a

ount, it is 
omparable to

the performan
e of QMR. It is also interesting to note that for QMR, the semi-dis
rete

parameter of AILU(3) leads to the best performan
e, whereas for GMRES and BiCGStab,

the simple parameter derived from the 
ontinuous analysis is slightly better.

To investigate this issue further, we tested on the same small model problem the AILU

pre
onditioner whi
h is exa
t for two frequen
ies k

1

and k

2

. We varied these two frequen
ies,

and ea
h time ran the iterative version of AILU and also AILU as a pre
onditioner for

GMRES, QMR and BiCGStab, in ea
h 
ase with a random initial guess, for 26, 52 and

78 iterations, to see for whi
h 
hoi
e of the parameters k

1

and k

2

the methods performed

best in the 
ourse of the iterations. The results are shown in Figure 5 for AILU as an

iterative solver on the left and for AILU as a pre
onditioner for GMRES on the right, and

in Figure 6 for AILU used as a pre
onditioner for QMR and BiCGStab. In ea
h 
ase, we

started with a random initial guess and show a level set plot of the log base 10 of the
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Fig. 5. Residual obtained after 26, 52 and 78 iterations of AILU as an iterative solver on the left, and as

a pre
onditioner for GMRES on the right, for various values of the parameters k

1

and k

2

. The dashed line

indi
ates the 
hoi
e k

2

=

~

~

k

2

(k

1

) from Theorem 3.3 whi
h guarantees a semi-dis
rete 
onvergen
e fa
tor

bounded by one, and the solid line indi
ates the 
hoi
e k

2

=

�

�

k

2

(k

1

) from Theorem 2.3 whi
h guarantees a


ontinuous 
onvergen
e fa
tor bounded by one.
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Fig. 6. Residual obtained after 26, 52, 78 iterations of AILU as a pre
onditioner for QMR on the left, and

for BiCGStab on the right (
ounting half iterations as iterations, to have the same number of matrix-ve
tor

multiplies), for various values of the parameters k

1

and k

2

. The dashed line indi
ates the 
hoi
e k

2

=

~

~

k

2

(k

1

)

from Theorem 3.3 whi
h guarantees a semi-dis
rete 
onvergen
e fa
tor bounded by one, and the solid line

indi
ates the 
hoi
e k

2

=

�

�

k

2

(k

1

) from Theorem 2.3 whi
h guarantees a 
ontinuous 
onvergen
e fa
tor bounded

by one.
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Fig. 7. Residual obtained after 104 iterations of AILU as a pre
onditioner for QMR on the left, and for

BiCGStab on the right (
ounting half iterations as iterations, to have the same number of matrix-ve
tor

multiplies), for various values of the parameters k

1

and k

2

. The dashed and solid lines are as before.

residual obtained, s
aled with h

2

, so that the residual 
orresponds to the physi
ally relevant

one. The bla
k solid line shows the link between the parameters k

2

=

�

�

k

2

(k

1

) given by

Theorem 2.3 from the 
ontinuous analysis, while the dashed line shows the link between the

parameters k

2

=

~

~

k

2

(k

1

) given by Theorem 3.3 from the semi-dis
rete analysis. There are

several interesting observations: �rst, AILU as an iterative method 
onverges in a re
tangular

region 
learly visible in Figure 5 on the left, and the pi
ture does not 
hange mu
h as the

iteration progresses from top to bottom. As soon as one leaves this region, divergent modes

seem to appear and the method fails. The relation k

2

=

~

~

k

2

(k

1

) from Theorem 3.3 predi
ts

the valley of 
onvergen
e quite well, but not the sharp interfa
e in k

1

, where the method

starts to diverge, whi
h does not seem to be 
aptured by the semi-dis
rete analysis. When

AILU is used as a pre
onditioner for a Krylov method, it 
onverges for a mu
h wider range of

parameters. It is very interesting to note, that early in the iteration, the relation k

2

=

~

~

k

2

(k

1

)

from Theorem 3.3 predi
ts the valley of best 
onvergen
e extremely well, while later, a

di�erent 
onvergen
e me
hanism related to GMRES seems to set in, and a better 
hoi
e of

parameters would be more 
orresponding to the relation k

2

=

�

�

k

2

(k

1

) given by Theorem 2.3

from the 
ontinuous analysis. Understanding the 
omplex interplay between GMRES and

the AILU pre
onditioner would be invaluable to further improve the performan
e of the

pre
onditioned method.

Looking at Figure 6, we see that QMR has for a wide range of parameters about the same

performan
e early in the iteration, but later the 
hoi
e indi
ated by the semi-dis
rete analysis

seems to better and better indi
ate the best 
hoi
e. This be
omes even more apparent at

iteration 104 shown in Figure 7, where one 
an 
learly see that in 
ontrast to GMRES,

QMR has the best asymptoti
 performan
e for the parameters derived in the semi-dis
rete

analysis leading to k

2

=

~

~

k

2

(k

1

) in Theorem 3.3. This is di�erent for BiCGStab, whose

region of best performan
e early in the iteration is a valley orthogonal to the one predi
ted
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by the analysis, and whi
h later moves more toward the region indi
ated by the 
ontinuous

analysis, k

2

=

�

�

k

2

(k

1

) given by Theorem 2.3, very similar to GMRES pre
onditioned with

AILU. It is tempting to 
onje
ture that QMR is asymptoti
ally 
loser to the stationary

iterative method and its semi-dis
rete analysis, as far as the 
hoi
e of optimal parameters is


on
erned, whereas GMRES and BiCGStab somehow seem to sense the underlying problem

in this 
ase and the optimal parameters derived from the 
ontinuous analysis. We repeated

the same set of experiments also on a re�ned mesh for h = 1=100, and also for a problem

where ! was doubled, and the situation remained similar.

We now turn our attention to how the AILU pre
onditioner s
ales with the mesh size

and !. We �rst do a s
aling experiment where we keep ! = 10� �xed, but re�ne the mesh.

In Table 4, we show the iteration 
ounts needed to redu
e the initial residual by a fa
tor

10

�6

when starting with a zero initial guess. We 
an see that for ! 
onstant, the iteration

Table 4. In
rease of the iteration 
ounts when the mesh is re�ned for a �xed !.

GMRES QMR BiCGStab

h

�

k

2

�

k

�

2

~

k

2

�

k

2

�

k

�

2

~

k

2

�

k

2

�

k

�

2

~

k

2

1/50 47 49 54 60 55 57 36 39 42

1/100 52 54 55 58 54 55 37 39 40

1/200 60 62 61 58 63 60 39 43 42

1/400 71 73 72 78 78 79 44 47 44

1/800 - - - 121 112 113 57 57 56


ounts remain low as the mesh is re�ned. Only GMRES be
omes too memory intensive on

the �nest mesh with 640'000 
omplex unknowns, where 1G of memory did not suÆ
e any

more to 
ompute a solution. QMR and BiCGStab still solve the highly resolved a
ousti
s

problem using about 120 AILU pre
onditioned matrix ve
tor produ
ts. None of the standard

ILU pre
onditioners 
an be used to solve the re�ned problems

6

.

We next show a s
aling experiment, where ! in
reases as the mesh is re�ned, and hen
e a

more and more diÆ
ult Helmholtz problem is solved. We start with a 
oarse mesh h = 1=50

and ! = 5� and then in
rease ! by keeping the ratio !h 
onstant. In Table 5, we show

the iteration 
ounts needed to obtain a redu
tion of the residual by a fa
tor 10

�6

when

starting with a zero initial guess. We 
an see that the iteration 
ounts now re
e
t the

Table 5. Iteration 
ount dependen
e on ! for a �xed ratio !h, where h is the mesh size.

GMRES QMR BiCGStab

! h

�

k

2

�

k

�

2

~

k

2

�

k

2

�

k

�

2

~

k

2

�

k

2

�

k

�

2

~

k

2

5� 1=50 27 26 26 28 27 26 18 19 19

10� 1=100 52 54 55 58 54 55 37 39 40

20� 1=200 146 150 155 216 172 161 101 108 112

40� 1=400 - - - stag stag 531 313 322 353
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in
reasing diÆ
ulty of the problem. For GMRES, the iteration 
ounts of the largest problem

are too high to allow the method to pro
eed with 1G of memory. QMR 
onverges for the

parameter 
hoi
e in AILU stemming from the semi-dis
rete analysis, but stagnates for the

other parameter values on the largest problem. BiCGStab still 
onverges with all three

parameter 
hoi
es in AILU, even for ! = 40�, and turns out to be the most robust method

in this experiment.

5. Con
lusions

We presented and analyzed two variants of the AILU pre
onditioner for the Helmholtz

equation: a 
ontinuous one and a semi-dis
rete one. Both are in
omplete LU pre
onditioners

based on the analyti
 fa
torization of the 
ontinuous or semi-dis
rete Helmholtz operator

and lo
al approximations of the non-lo
al analyti
 fa
tors. We derived parameters in both


ases of AILU whi
h led to stationary iterative methods that have 
onvergen
e fa
tors

bounded by one, and we have also derived optimized parameters when the method is used

in a numeri
al setting. In this 
ase, the 
onvergen
e fa
tors are stri
tly less than one, and

we analyzed the asymptoti
 performan
e of the AILU variants when the mesh is re�ned. We

then presented extensive numeri
al experiments to investigate the performan
e of the AILU

variants as pre
onditioners for Krylov methods. We found that AILU as a pre
onditioner for

QMR leads to a method with a parameter dependen
e similar to the stationary AILU and


orresponding to the semi-dis
rete analysis, whereas GMRES and BiCGStab pre
onditioned

with AILU show a di�erent parameter dependen
e, more related to the 
ontinuous AILU

analysis. It would be invaluable to obtain more insight into the interplay between AILU

and the Krylov methods used, in order to be able to better predi
t the best parameters for

the performan
e of Krylov method pre
onditioned with AILU in the 
ontext of a
ousti
s

problems: this paper is only a �rst step into that dire
tion.
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