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Abstract

We consider a waveform relaxation method applied to the inhomogeneous heat
equation with piecewise continuous initial and boundary conditions and a bounded
Hoélder continuous forcing function. Traditionally, to obtain a waveform relaxation
algorithm, the equation is first discretized in space and the discrete matrix is split.
Superlinear convergence on bounded time intervals can be shown but the error bounds
are dependent on Lipschitz constants of the splitting which, in the case of the heat
equation, typically blow up as Az goes to zero.

We split the partial differential equation (PDE) directly by using overlapping do-
main decomposition. We prove linear convergence of the algorithm in the continuous
case on an infinite time interval, at a rate depending on the size of the overlap. This
result remains valid after discretizing in space, leading to a waveform relaxation al-
gorithm for the spatially discretized heat equation which exhibits linear convergence
at a rate independent of the mesh parameter Ax. The algorithm is in the class of
waveform relaxation algorithms based on over-lapping splittings.

Numerical results are presented which support the convergence theory.

1 Introduction

The basic ideas underlying waveform relaxation were first suggested in the late 19th
century by Picard and Lindeldf ([13], [20]). There has been much recent interest in
waveform relaxation as a practical parallel method for the solution of stiff ordinary
differential equations (ODE’s) after the publication of a paper by Lelarasmee and
coworkers [12], and the paper by O’Leary and White [19] which introduced multi-
splittings of matrices for the solution of linear systems of equations. Recent work in
this field includes papers by Miekkala and Nevanlinna [15], [16], Nevanlinna [17] and
Bellen and Zennaro [1].

The standard convergence result for a system of nonlinear ODE’s needs the as-
sumption that the splitting function is Lipschitz continuous in both arguments. It
states superlinear convergence on any finite time interval [0, T]. Specifically the con-
stant relating the error at the n'® iteration to the initial error is

(&1 T) eCeT (1.1)
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where C and Cy are the global Lipschitz constants of the splitting function in the
first and second argument. This result can be found for example in Bjgrhus [4].

For a linear system of ODE’s which is asymptotically stable Miekkala and Nevan-
linna show in [15] the existence of splittings such that the waveform relaxation al-
gorithm converges linearly on the infinite time interval [0,00). Jeltsch and Pohl
extended the results for the linear case on bounded time intervals to overlapping
splittings and show superlinear convergence in [11]. They also extend the results on
unbounded time intervals to overlapping splittings for a certain class of problems.
Overlapping splittings lead to natural parallelism in the solution process.

However in all the results mentioned the constants in general depend badly on
Az if the linear ODE arises from a PDE which is discretized in space.

The domain decomposition algorithm was developed by Schwarz in 1869 [21] to
show existence of harmonic functions on irregular domains which were compositions
of regular domains. The paper by Lions [14] develops a framework for studying
domain decomposition methods. Recent interest in domain decomposition as a com-
putational tool has been motivated by the work of Bramble, Pasciak and Shatz [5],
Dryja [10], Bjgrstad and Widlund [2] and a thorough review may be found in Chan
and Mathew [9]. There are two different approaches for domain decomposition. The
first one is to divide the domain into overlapping subdomains and then solve the
equations iteratively on each subdomain using the data from the adjacent domains
as boundary data. This method is known as the Schwarz algorithm. The second
approach is to divide the domain into nonoverlapping subdomains and then to solve
the equations on the boundaries between subdomains first, before calculating the
solution in their interior. This technique is known as the Schur or Poincaré-Steklov
approach.

Motivated by the work of Bjerhus [3], we show in this paper how one can use
overlapping domain decomposition to obtain a waveform relaxation algorithm for
the semi-discrete heat equation which converges at a rate independent of the mesh
parameter Az. In section 2 we consider a decomposition of the domain into two
subdomains. We prove linear convergence of the algorithm dependent on the size of
the overlap in the continuous case, and we show that the same method of proof can
be applied in the semi-discrete case. This section is mainly for illustrative purposes
since the analysis can be performed in great detail. In section 3 we generalize this
result to an arbitrary number of subdomains. Section 4 shows how our algorithm can
be formulated in the framework of waveform relaxation, using overlapping splittings.
In section 5 we show numerical experiments which confirm the convergence results,
and section 6 contains concluding remarks.

Some ideas similar to those used here were apparently introduced by Nevanlinna
at the 4" International Symposium on Domain Decomposition Methods for Partial
Differential Equations in Moscow in 1990 [18], but never published.



2 Two Subdomains

2.1 Continuous Case

Consider the one dimensional inhomogeneous heat equation on the interval [0, L],

g - %Jrf(x,t) O<z<L,t>0
u(0,) = gi(t) t>0 (2.1)
u(z,0) = wup(x) 0<z<L,

where we assume f(x,t) to be bounded on the domain [0, L] x [0, 00) and uniformly
Holder continuous on each compact subset of the domain. We assume further-
more that the initial data ug(z) and the boundary data g¢;(t), g2(t) are piecewise
continuous. Then (2.1) has a unique bounded solution [8]. Given any function

f(t): IRt — R we define
15 Olle = supl ()

Theorem 2.1 (Maximum Principle) The solution u(x,t) of the heat equation
(2.1) with f(xz,t) = 0 attains its mazimum and minimum either on the initial line
t =0 or on the boundary at x =0 or x = L. If u(x,t) attains its maximum in the
interior, then u(x,t) must be constant.

Proof The proof can be found in [24]. [ |

Corollary 2.2 The solution u(x,t) of the heat equation (2.1) with f(z,t) =0 and
ug = 0 satisfies the inequality

L—=x z
lu(z, oo < =7 lg10)lloc + Fllg2()llo0; 0 <z < L. (2.2)
Proof Consider @ solving
ou _ O
a(0,1) = |lg1(:)llo t>0 (2.3)
u(L,t) = Ijl_ng(-)lloo t>0
i(2,0) = L9 ()lloe + Ellge()lloe 0<a <L

The solution @ of (2.3) does not depend on ¢ and is given by the steady state solution

i(x) = Z 21 Olloe + o)l

By construction we have 4(x) — u(z,t) > 0 at ¢ = 0 and on the boundary z = 0 and
x = L. Since @ — u is in the kernel of the heat operator, we have by the maximum
principle for the heat equation @(z) — u(x,t) > 0 on the whole domain [0, L]. Hence

L—=x

<

191Gl oo + T g2 e
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Likewise u(x) +u(z,t) > 0at t =0, x = 0 and x = L and is in the kernel of the heat
operator. Hence

u(w,t) 2 = (Sl Oloo + g2l )

Therefore we have

u(e, 0] < ZZ 21910l + gl

Now the right hand side does not depend on ¢, so we can take the supremum over £,
which leads to the desired result. |

We decompose the domain 2 = [0, L] x [0,00) into two overlapping subdomains
0y = [0,B8L] x [0,00) and Q9 = [aL, L] x [0,00) where 0 < a@ < 8 < 1 as given in
figure 1. The solution u(z,t) of (2.1) can now be obtained by composing the solutions

Ql Ql n Qz QQ

0 al 8L L

Figure 1: Decomposition into two overlapping subdomains.

v(x,t) on Q; and w(z,t) on y, which satisfy the equations

v _ v
5 = WJrf(x,t) 0<xz<pL, t>0
v(0,t) = g1(t) t>0 (2.4)
v(BL,t) = w(BL,t) t>0
v(z,0) = wup(x) 0<xz<pBL
and 9
ow _ Jw
Qv — TUifat) al<z<L t>0
w(al,t) = wv(aL,t) t>0 (2.5)
w(L,t) = ga(t) t>0
w(z,0) = wup(w) oL <z < L.

To see why u can be obtained by composing v and w, note first that v = u on €1 and
w = u on {2y are solutions to (2.4) and (2.5). To show that these solutions are unique,



assume there is a second pair of solutions ¥ # v and @ # w. Then the differences
¢:=wv—0 and ¥ := w — W satisfy the equations

%% = % O<z<pBL, t>0
¢(0,t) = 0 t>0
P(BL,t) = $(BL,t) t>0
¢(x,0) = 0 0<z<fL
and ,
%—% = 3715 aL<x <L, t>0
W(aL,t) = ¢laL,t) t>0
P(x,0) = 0 al <x < L.

By the maximum principle ¢ attains its maximum ¢4, and minimum ¢, on the
boundary or on the initial line. Since we assumed ¢ # 0 at least one of ¢maz, Gmin
is not equal to zero. Assume without loss of generality that ¢,n.. > 0. Then by the
maximum principle ¢pmae = sup,so ¥ (5L, t) and by Corollary 2.2 ¢p(aL,t) < FPmaz <
Gmaz since 0 < a < B < 1. Similar ¥pne, = supysg@(al,t) and Y(BL, 1) < Ymaz-
This implies

Qbmam = sup ¢(5Lat) < ¢mam = sup ¢(O‘Lat) < ¢ma:v
t>0 t>0

which is a contradiction. Hence ¢ = 0. A similar argument shows ¢ = 0. Hence u is
given by v on [0, L] and w on [aL, L]. Note that v = w in the overlap [aL, SL].

The system (2.4) and (2.5) of equations, which is coupled through the boundary,
can be solved using the Schwarz iteration

k41 2, k+1
G%t _ 8802 + f(x,t) O<z<pL, t>0
x
vPH0,t) = g1(t) t>0
v (BL,t) = wF(BL,t) t>0
VP (2,0) = wuo(w) 0<z<fL
and Bk 21
Hy— = W+f(x,t) alL <x <L, t>0
whtl(aL,t) = vF(aL,t) t>0
wht(L,t) = go(t) t>0
wht(2,0) = wup(x) alL <z < L.

Let d¥(z,t) := v¥(x,t) — v(z,t) and e¥(x,t) := wF(x,t) — w(z,t) and consider the
error equations

k+1 2 gk+1
adat = aade 0<z<pBL, t>0
d**10,t) = 0 t>0 (2.6)
A" (BL,t) = F(BL,t) t>0
d"(z,0) = 0 0<x<pBL



and ) N
86 +1 826 +1

57 = 97 alL<z <L, t>0
el al,t) = d*(al,t) t>0 (2.7)
(L) = 0 t>0
e l(x,0) = 0 al <z < L.

Lemma 2.3 The error of the Schwarz iteration for the heat equation with two sub-
domains decays on x = aL. and x = BL at a rate depending on the size of the overlap.
Specifically, we have

"2 (oL, e < (1-5) d*(aL,)||oo, 2.8
147k oo < ga—ylld™ (@l )l (2.8)
k2 al—B) &
e 5L7 Moo < € 5L7 *)lloo 2.9
"2 (8L, -] B —ayle (BL)ll (2.9)
Proof By Corollary 2.2 we have
x
1452 (@, )| < a0l " BL, oo Vo € [0,5L). (2.10)
and I
1 @ oo < Ty (L Moo Vo € [, L) (2.11)
From (2.11) at x = BL we get
1—
1" HBL, oo < 1= IIdk( s Moo (2.12)
Likewise from (2.10) at x = oL we obtain
a2 (L, )l < ﬁH " BL, ) loe- (2.13)
Combining (2.12) and (2.13) gives the desired result. The second inequality (2.9) is
obtained in the same way. |

Given any function g(z,t) : [a,b] x RT — IR we define

g(s Mloc,00 = sup gz, )]
a<z<b,t>0
Theorem 2.4 The Schwarz iteration for the heat equation with two subdomains con-
verges at a rate depending on the size of the overlap. The error on the two subdomains
decays at the rate

2ht1, o(l —B) &0 _
o < (922 (o 214
Q2hH1( a(l - B) (L. -
14 lose < (S0 D) ke 215



Proof Since the errors d¥ and e* are both in the kernel of the heat operator they
obtain, by the maximum principle, their maximum value on the boundary or on the
initial line. On the initial line and the exterior boundary both d* and e* vanish.
Hence

14 Moo < 1€ (BL,)loo
12 M ooroe < (1A% (L, ) loo-
Using Lemma 2.3 the result follows. |

2.2 Semi-Discrete Case

Consider the heat equation continuous in time, but discretized in space using a
centered second order finite difference scheme on a grid with n grid points and Az =

nL-l—l' This gives
Ju _
u(0) = wy,
where the n x n matrix A, is given by
-2 1 0
1 1 -2 -
Ay = — (2.17)
(n) 2
(Az) R
0 1 -2

and £(t) = (F(Ax, )+ sz (0, F2A, 1), .., F((n=1)Ax, ), f(nAw,t)+ s ga(D)T,
ug = (up(Ax),...,up(nAz))T.
We note the following property of A, for later use: let p := (p1,... ,Pn)! where
pj = j. Then
—(n+1)

Agyp=(0,...,0, W)T' (2.18)

Likewise let q := (q1,...,qn)T where ¢; :==n +1— j. Then

Apyg = (%,0,...,0? (2.19)
We use the following notation: let v(t) be a time dependent vector valued function.
We define v(i,t) to be the i-th component of v(t). We are choosing this notation to
emphasize that the index 7 in the semi-discrete case plays the role of x in the con-
tinuous case. Furthermore if u(¢) is another time dependent vector valued function,
the notation v(t) > u(t) means that the inequality holds in each component.

Theorem 2.5 (Semi-Discrete Maximum Principle) Assume wu(t) solves the
semi-discrete heat equation (2.16) with f(t) = (f1(t),0,...,0, fo(t)T and u(0) =
(u1(0),...,un (0)T. If f1(t) and fa(t) are non negative for t > 0 and u;(0) > 0 for
i=1,...,n then

u(t) >0, Vt > 0.
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Proof We follow Varga’s proof in [22]. By Duhamel’s principle the solution w(t) is
given by

u(t) = eAmtu(0) + / " A =) f(s)ds (2.20)
0

Now the matrix e? has only non negative entries. To see this write Amy =
—2[() + J(n) where Ji,,) contains only non negative entries and I, is the identity
matrix of size n x n. We get

BA(n)t — 672[(n)teg](n)t

672256](”)15
00 Jl tl
-2 (n)
= ¢ Z il
=0

where the last expression has clearly only non negative entries. Since the matrix
exponential in (2.20) is applied only to vectors with non-negative entries, it follows
that w(¢) can not become negative. |

Corollary 2.6 The solution u(t) of the semi-discrete heat equation (2.16) with f(t) =
(@gl (t),0,...,0, @gg(t))T and uy = 0 satisfies the inequality

. n+1 ] 4
G Moo < Ol + L lloaOlloes 15550 (221)
Proof Consider u(t) solving
%—1; = A(n)’& + }, t>0 (2.22)
o +1— . -
u(j,0) = %ﬁl||gl(')||oo+n+1||92()||oo, I<j=<mn,

with f = (ﬁHgl(t)Ho@,O, o0, ﬁHgg(t)Hw)T. Using the properties (2.18) and
(2.19) of A(,) and the linearity of (2.22) we find that the solution @ of (2.22) does
not depend on ¢ and is given by the steady state solution

n+1-—

wy)=— 73
The difference ¢(j,t) := a(j) — u(j, t) satisfies the equation

a9l — 92(0)

Lg10)lloe + =L llg2 (Ol 155 < 1.

0
%_? = Amo+ : . t>0
0
w2 (1920)lloe = g2(8))
) 1— 3 )
$(.0) = "1 00()lle + A7l 1<j<n

and hence the discrete maximum principle applies to ¢p. We get ¢(j,t) > 0 for all
t>0and 1<j<n and thus

‘ n+1l—j J :
u(j,t) < Hgl(')HooJrn—HHw(')Hoo, 1<j<n.

n+1



Likewise ¥ (j,t) := w(j) + u(j, t) satisfies the equation

ae (g Olle + 91.(8)

0
%% = Awmv+ : ,  t>0
0
(A;)Q ([lg2( oo + g2(2))
P(5,0) = %Hgl(')”m‘f‘%ﬂ“m(')“m, 1<j<n.

and therefore by discrete maximum principle 1(j,¢) > 0 for all¢ > 0and 1 < j <n.
Hence

n+1—j j > )
1Ol + Ll )« 15 <

uGit) = -

We obtain thus a bound on the modulus of u, namely

n+1-—j J .
— |1 (- —||ga(- 1<j<n.
T Hgl()HooJrnHHm()Hoo, <j<n

lu(j,t)] <

Now the right hand side does not depend on ¢, so we can take the supremum over £,
which leads to the desired result. |
We decompose the domain into two overlapping subdomains ; and 25 as in
figure 2. We assume for simplicity that oL falls on the grid point ¢ = a and SL

be for Q5 be for Qs
Qa

"
1 1 T
01 2 a b n

\_/\/\/
0
be for be for 4

Figure 2: Decomposition in the semi-discrete case.

on the grid point ¢ = b. We therefore have aAx = oL and bAx = SL. Note that
the number of grid points in the overlap goes to infinity as Az goes to zero. As in
the continuous case, the solution w(t) of (2.16) can be obtained by composing the
solutions v(t) on £y and w(t) on Q9, which satisfy the equations

%_,lt) = A(bfl)v + f(w) (t) t > 0

v(,0) = uo(j), 1<j<b, (2:23)



where £ .= (f(1,1),..., f(b—2,8), F(b—1,t) + ampw(b—a,1)" and

%—g’ = Apgw+fO@1) >0

wii—a0) = ul) b<j<n (2:24)

where f) .= (fla+1,t) + & )Qv(a t), fla+2,t),...,f(n,t))T. To see why one
can compose v and w to obtain u, note first that v(t) = (u(1,t),...,u(b — 1,t))T
and w(t) = (u(a + 1,t),...,u(n,t))T is a solution of (2.23) and (2.24). To show
that these solutions are unique, assume there is a second pair of solutions © # v and
w # w to reach a contradiction. The differences ¢ := v — ¥ and @ := w — w satisfy
the equations

$(0) = 0

where f¥) :=(0,...,0, @1?(5 —a,t))” and

W — A+ FO%) 150
$(0) = 0

where f(%) .= ((A;)Q ¢(a,t),0,...,0)T. By Corollary 2.6 we have

: J
160, Moo < 31190 — a, )]s (2.25)
and +1
n fe—
oo < . 2.26
G lle < T (e, (2.20
Evaluating equation (2.25) at j = a gives
a
lé(a,)lloe < 2 [|¥(b — a,)|oo- (2.27)
Similarly evaluating equation (2.26) at j = b — a yields
n+1-—
(b = a,)llee < -y H(ﬁ( Moo (2.28)
Combining (2.27) and (2.28) leads to to
a(n+1-0>)
b—a, )| < AT 270 a, oo 2.29
90— 0. < it =0~ 0. (2.20)

Now since 1 < a < b < n we have

a<b <= a(n+1)<bn+1)
<~ a(n+1)—ab<b(n+1)—ba
a(n+1-0>)

— <1
— b(n+1—a) <
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and therefore (2.29) is a contradiction. Hence ¥ = 0 and by a similar argument
¢ = 0. Thus the solution of (2.16) is given by wu(j,t) = v(j,t) for 1 < j < b and by
u(j,t) = w(j—a,t) for b < j < n. Note that in the overlap, we have v(j,t) = w(j, 1)
for a < j < b.

The system (2.23) and (2.24), which is coupled trough the forcing term coming
from the boundary, can be solved using the Schwarz iteration

k+1 -
3vt — A(bfl)/karl + f( ) t>0
oFTL(,0) = w()) 1<j<b,

with f(w (f(l t)+(A )291( ) f(2 t) . af(b_2’t)a f(b_l’t)_{'ﬁwk(b_a’t))jw
and

k+1
Tawt = A(n,a)’wkdrl + f(vk) t>0
whtl(j —a,0) = wue(j) b<j<nm,

with ) = (F(a+1, )+ oz v¥ (. 1), F(a+2,1), ..., F(n=1,), F(n, )+ zL5292(1) 7.
Let d¥(t) := v¥(t) — v(t) and e*(t) := w*(t) — w(t) and consider the error equations

dfkat(JrOl) D et 00 (2:30)
with £ = (0,...,0, ﬁek(b —a,t))T and
8681?1 = Ap-we™+  t>0 (2.31)
et = 0
with f(@") = ((as )gdk(a t),0,...,0)T.

Lemma 2.7 The error d* and €* of the Schwarz iteration (2.30), (2.31) for the
semi-discrete heat equation with two overlapping subdomains decays on the grid points
a and b at a rate depending on the size of the overlap. Specifically, we have

1-7)
d"2(a, )|l < ol —6) d*(a, )]s 2.32
1d™(a, )| < 5(1_Q)H (a,-)]] (2.32)
k2 ol =5) &
e b, Nlew < ———=||€"(b, )||oo- 2.33
[le®=(b, )] 5(1_Q)H (0, )]l (2.33)
Proof By Corollary 2.6 we have

123, ) oo < bH e (b —a,)loos 1<j <D (2.34)

and +1

n — .

1571 (G, oo < n+1 || "(a,)[oos 1<j<b—a. (2.35)

11



Evaluating (2.35) at j = b — a we get

n+1—
1" (0 —a, )l < TH d*(a, )| oo- (2.36)
Likewise from (2.34) at j = a we get
a
12 (a, oo < S11€H (0 = @) loo- (2.37)
Combining (2.36) and (2.37) we obtain
+1-0)
dk+2 o (717 k: a,)||oo-
1472 (a, e < G (e

Now using aAzx = aL, bAx = L and (n+ 1)Ax = L we get the desired result. The
second inequality (2.33) is obtained in the same way. [ |
Given any vector valued function h(t) : Rt — IR" we define

h = h
1 (s lloo 0o = max sup[h(j,1)]

Theorem 2.8 The Schwarz iteration for the semi-discrete heat equation with two
subdomains converges at a rate depending on the size of the overlap. The error on
the two subdomains decays at the rate

2k-+1, a( ) (b — a.-
e = (S 0 0
Uil o(l —pB) 0(q. .
L

Proof Using Corollary 2.6 we have

145G Mloe < 1€ (b= a,)loos 1< 5 <D
141G oo < Nd* (@, )]looy 1< < b
Using Lemma 2.7 the result follows. |

3 Arbitrary number of subdomains

3.1 Continuous Case

We generalize the two subdomain case described in section 2 to an arbitrary number of
subdomains N. This leads to an algorithm which can be run in parallel. Subdomains
with even indices depend only on subdomains with odd indices. Hence one can solve
on all the even subdomains in parallel in one sweep, and then on all the odd ones in
the next one. Boundary information is propagated in between sweeps.

Consider N subdomains ; of Q, i =1,..., N where Q; = [a; L, §;L] x [0, 00) and
a1 =0,8y =1land ;41 < B; fori =1,..., N—1so that all the subdomains overlap,

12



Ql QQ QN

X
CY1L =0 CYQL ﬁlL CY3L /BQL aNL BN—IL BNL =L

Figure 3: Decomposition into N overlapping subdomains.

as in figure 3. We assume also that 3; < a9 for i = 1,..., N — 2 so that domains
which are not adjacent do not overlap. The solution u(x,t) of (2.1) can be obtained
as in the case of two subdomains by composing the solutions v;(x,t), i = 1,..., N,
which satisfy the equations

% = (?;;22 + f(z,t)  oL<xz<pBiL,t>0
vi(osLt) = wvim1(agL, 1) t>0 (3.1)
(5@L t) = ’L)Z'+1(5Z'L,t) t>0
v(z,0) = wuo(z) oL <z < Bl

where we introduced for convenience of notation the two functions vy and vy 41 which
are constant in x and satisfy the given boundary conditions, namely vg(z,t) = g1 (t)
and vn41(z,t) = g2(t). The system (3.1) of equations, which is coupled through the
boundary, can be solved using the Schwarz iteration

Pas! R
b = 6 + f(z,t)  oL<z<BiL, t>0
ot oy L t) = (aZL t) t>0 (3.2)
FGLY (AL t>0
Vi (@,0) = uo(x) oL <x < BiL
where again v§(t) = g1(t) and vi,,(t) = ga(t). Let ef := oF(z,t) — vi(z,t), i =
1,..., N and consider the error equations (compare figure 4)
k+1 2 k+1
ae = 80‘22 oL <x<B;L, t>0
k“(azL t) = el (aL,t) t>0 (3.3)
TN BLt) = ef (BiL,t) t>0
ef“(m,O) =0 oL < x < B;L

with ef(t) = 0 and ek, (t) =0

13
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ﬂifl Q41

ﬂiJrl

ﬂi+2

Bi Qit

€i—1 €it1
Figure 4: Overlapping subdomains and corresponding error functions e;

For the following Lemma, we need some additional definitions to facilitate the
notation. We define ag = By = 0, ay+1 = By+1 = 1 and the constant functions
e_1=0and eys2 =0.

Lemma 3.1 The error ef“ of the i-th subdomain of the Schwarz iteration (3.3) for
the heat equation decays on x = [;_1L and x = a;41L at a rate depending on the
size of the overlap. Specifically we have

Nef 2 (Bic1L, Moo < ririgallelio(Bis1 L, oo + ripisallel (ip1 L, )| 34
+szz—1Hei (/81—1 s )Hoo +pzsz—1Hei_2(az—1 5 )Hom

fori=2,...,N and

lef (i1l Moo < @iripallef o (Bira Ly )loo + @ipirallef (@ipa Ly )l loo
k k (3.5)
+siqi-1lle; (Bi—1L,)||oo + sisi—1lles_o(ci—1L,-)|[o0o,
fori=1,...,N — 1, where the ratios of the overlaps are given by
oo Pmima o BB i fi— i (3.6)
A A A '
Proof By Corollary 2.2 we have
k k BiL—z |
lleg ™2 (@, oo < 7l e (Bils oo + 7= 7lle (L, oo (37)

(/82 z) (/82 - Z)

Since this result holds on all the subdomains €2;, we can recursively apply it to the
errors on the right in (3.7), namely

Bi — iyt Bit1 — Bi
leFE (BiL, oo < T s o lleF o (Bis1L, )| loo + 7&; — a;l lleF (1L, )]l
and
a; — Oy ;_
el (i, )] |oo < =l ||e (Bim1L,)|loo + 7@ : ||e@ 2(@i1L, ) ||oo-
B@ 1 — B@ 1 —

Substituting these equations back into the right hand side of (3.7) and evaluating (3.7)
at © = f;—1L leads to inequality (3.4). Evaluation at = «;11 leads to inequality
(3.5). n
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This result is different from the result in the two subdomain case (Lemma 2.3),
because we cannot get the error directly as a function of the error at the same location
two steps before. The error at a given location depends on the errors at different
locations also. This leads to the two independent linear systems of inequalities,

¢h+2 < pg* (3.8)

and
n"** < En", (3.9)

where the inequality sign here means less than or equal for each component of the
vectors £€¥12 and 1n**2. These vectors and the matrices D and E are slightly different
if the number of subdomains N is even or odd. We assume in the sequel that IV is
even. The case where N is odd can be treated in a similar way. For N even, £* is a
vector containing the time infinity norm of the point wise errors in the subdomains
Q; with odd index according to

llef (L, )l o
15 (B2L, ) oo
[lef(a L, +)lloo
15 (BaL, ) oo
lef (a6 L, )lloo

llef 1 (Bn-2L, )l
lef—1(anL,)llo

and D is a banded (N — 1) x (N — 1) matrix
[ @ip2 qire i
P3S2 P3q2 T3p4 T3T4
S$3S2  S3¢2 g3P4  Qq3T4
P584  P544 5D6 576
5554  S5Q4 q5P6 q5T6

PN-35N—4 PN-3¢N-2 TN-3PN-2 TN-3TN-2
SN-35N—4 SN-3¢N—-4 (GN-3PN-2 (GN-3TN-2
PN-1SN—2 PN-1YN-2 TN-1PN
L SN-1SN-2 SN-14N—-2 {GN-1PN |
(3.10)

Similar ¥ is a vector containing the point wise errors of the subdomains ; with
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even index according to

lle5(B1L, )0
lle5 (L, )l loa
lle§(B3L, -)lloo
llef (5L, )lloa

Hezv_g(ﬂzv—sL, oo
lleX a(an—1L, )l

lleXr (Bn-1L,)]oo

and E is a banded (N — 1) x (N — 1) matrix

[ p2q1

T2P3
S241  q2p3
P4S3
5453

roT3
qa73
P4qs3
5443

T4D5
44P5

T4T5
q4rs

PN-25N-3 DPN-2dN-3 TN-2PN-1
SN—29N—3 SN—2qN-3 QN—2DN-1
PNSN-1

TN—2TN—-1
gN—-2TN—-1
PNAN—-1 |
(3.11)

Note that the infinity norm of D and F equals one. This can be seen for example
for D by looking at the row sum of interior rows,

PiSi—1 + Piqi—1 + TiPit1 + TiTi+1 =

and

8iSi—1 + 8i¢i—1 + ¢iPi+1 + ¢iri+1 =

whereas the boundary rows sum up to a value less than one, namely

SN—1SN—-2 + SN-14N—-2 + qN—-1PN =

qQp2 +qre =
PN—-1SN—-2 + PN—1gN—-2 + "TN-1PN =

pitri
=1

sitqi
=1

Qqpe+m)=q <1
= pn-1+7TN_1pN <1

= SN-1+gn—1pNn < 1.

pi(si—1 + qi—1) + 1i(Pit1 + Tit1)

(3.12)

si(si—1 + qi—1) + ¢i(piv1 + 7iv1)

(3.13)

PN—1(SN—2 + qn—2) + rN_1DN

(3.14)

sN—1(sny—2 + QN—Q) + gN-1DPN

A similar result holds for the matrix E. Since the infinity norm of both D and E
equals one, convergence is not obvious at first glance. In the special case with two
subdomains treated in section 2 the matrices £ and D degenerated to the scalar
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q1p2, which is strictly less than one and convergence followed. In the case of N
subdomains the information from the boundary needs to propagate inward to the
interior subdomains, before the algorithm exhibits convergence. Hence we expect
that the infinity norm of F and D raised to a certain power becomes strictly less
than one. We introduce the following Lemmas to prove convergence in the infinity
norm.

Lemma 3.2 Let r(A) € IRP denote the vector containing the row sums of the p X p
square matriz A. Then

r(AM) = A"r(A).
Proof Let T = (1,1,...,1)”. Then we have r(A) = AT and hence
(A" = A" = A"AT = A™r(A).
|

Lemma 3.3 Let A be a real p x ¢ matriz with a;; > 0 and B be a real ¢ X r matriz
with bj; > 0. Define I;(A) :== {k : a; > 0} and J;j(A) := {k : by; > 0} . Then for
C := AB we have

L(C) = {k s T,(A) N Jy(B) £ 0}

Proof We have, since a;, by; > 0

q
Cij > 0 = Zaikbkj >0
k=1
<—— dk s.t. a; > 0 and bkj >0

<~ IZ(A) N J](B) # 0.
Hence for fixed i, ¢;; > 0 if and only if I;(A4) N J;(B) # 0. [ |
Lemma 3.4 DF and E¥ have strictly positive entries for all integer k > %

Proof We show the proof for the matrix D, the proof for E is similar. The row
index sets I;(D) are given by

{1,...,1+2} ieven
{1,...,i+1} dodd
{i—1,...,i+2} ieven .
L(D) {(i—2,...i+1} iodd 1SisN=3
{i—1,...,N—1} ieven

. — _ < N —
1i(D) {i-2,.. N-1} iodd Y 73<i=N-l

The column index sets are given by

J;(D) = {1,...,3} 1<i<3
{(j—1,....,7+2} jodd .

. — < 7 < —

Ji(D) {(j—2,....,j+1} jeven 3SjsN-2

Jv_1(D) = {N-2,N-1}

17



We are interested in the growth of the index sets I;(D*) as a function of k. Once
every index set contains all the numbers 1 < j < N — 1, the matrix D* has strictly
positive entries. We show that every multiplication with D enlarges the index sets
I;(D*) on both sides by two elements, as long as the elements 1 and N — 1 are not
yet reached. The proof is done by induction: For D? we have using Lemma 3.3
2y {1,...,i+4} ieven <
LD =\ (1. i+3) iodd Lsi<6
 —3,...,i+4} ieven .
L(D?) = 4 W3 <i<N-—
(D7) {(i—4,....i+3} iodd O0SISN=5
{i—3,...,N—1} ieven

(D2 = — ;< N —
L(D%) {i—4,... N—1} iodd ¥ 9<isN-lI

Now suppose that for & we obtained the sets

ok {1,...,i+2k} i even <
LD = 4 (1 itok—1) iodd lsi<2+2k

ok {i—2k+1,...,1+ 2k} ieven i< N _op_
LDY = fi—ok..itok—1} iodd ZTHSISN-2k-I

{i—2k+1,...,N—1} ieven

Dk — _ _ ;< _
L7 {i—2... N-1}  iodd N 2-l<isN-—l

Then for k + 1 we have applying Lemma 3.3 again

(Dk+1y {1,...;i+2(k+1)} 1 even oy

LID™) = i s 2(k+1) =1} iodd l<i<2+2(k+1)

(DE+1Y {i-2(k+1)—-1,...,i4+2(k+1)} ieven P B
LD™) = S liZ2(k 1), it20+1) =1} ioad 2T2kFDsisN=2k+1)—1
okl {i—2(k+1)—1,...,N—1} ieven B B —

LID™5) =\ ok +1),..., N~ 1} i odd N-2k+1)-1<isN-—1

Hence every row index set I;(D*) grows on both sides by 2 when D* is multiplied by
D, as long as the boundary numbers 1 and N — 1 are not yet reached. Now the index
set I;(D*) = {1,...,2k} has to grow most to reach the boundary number N — 1, so
we need for the number of iterations

for the matrix D* to have strictly positive entries. |
The infinity norm of a vector v in IR” and a matrix A in IR™*" is defined by

n
Iolloo i= g ol 1Al = max 3214

Lemma 3.5 For all k > & there exists v = (k) < 1 such that

||Dk||oo < v
||Ek||oo < v

18



Proof We prove the result for D; the proof for E is similar. We have from (3.12),
(3.13) and (3.14) that

q1
1

1
PN-1+TN_1PN
SN—-1+ gN-1PN

By Lemma 3.4 D* has strictly positive entries for any k > % Note also that

||[D¥||o0 < 1 since ||D]|so < 1. Now by Lemma 3.2 we have

HDk-HHOO _ mlaxm(Dk+1)
= m?xZijrj(D)
J
< 1

since ij > 0 for all 4,5, >; ij < 1 for all 4, rj(D) € [0,1] and ri(D) < 1,
ryv—1(D) < 1 and ry(D) < 1. ]
Remark: It suffices for each row index set to reach one of the boundaries, either
1 or N — 1, for the infinity norm to start decaying. Hence is is enough that there are
no more index sets I;(D¥) (compare the proof of Lemma 3.4) such that 2+ 2k <1i <
N — 1 — 2k so that the requirement k > % can be relaxed to k > %.
We now fix some k > % and set

7 1= max(|| D] oo, || E¥||oc) < 1. (3.15)
Lemma 3.6 The vectors & and n satisfy

1675 o
17"

7™ 11€% o (3.16)
7M1 loo- (3.17)

Proof We show the result for &; the proof for 1 is similar. Recall equation (3.8),
"2 < DEF. We want to show

<
<

¢?* < D*e. (3.18)

To this end consider
22 = D2F (3.19)

together with 20 = £°. By iterating (3.19) we obtain
2k+2 = pFR0 (3.20)
Now we take the difference of (3.19) and (3.8), namely
22 ght2 5 Dok ghy, (3.21)
We want to show that £€2¥ < 22% which implies (3.18), since then
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Initially we have £€° = 29. To prove the result by induction assume that &° < zF.

This implies 2¥ — ¢* > 0 in every component. Together with (3.21) using that all
the entries of D are non negative we get

Zk+2 _ £k+2 2 D(Zk _ sk) 2 0.

Hence
5/4:—{-2 < Zk+2

and we have proven that &% < 22k,

n?* < EFn® . Taking norms on both sides and applying Lemma 3.5 the result
follows. |

After a similar argument for 1 we arrive at

Theorem 3.7 The Schwarz iteration for the heat equation with N subdomains con-
verges in the infinity norm in time and space. We have

2km~+1/ mi 0

Jax flea™ (5 Mlloece < ™€ oo (3.22)
2km+1( < m||..0

cmax et (5 )lloece < A1 oo (3.23)

k
i
attains its maximum on the initial

Proof We use again the maximum principle. Since the error e is in the kernel of

the heat operator, by the maximum principle ef

line or on the boundary. On the initial line e} vanishes, therefore
2km+1¢ | < 2km
a8 oo < 1€
2km+1, < 2km
TN [ OB | NS P
Using Lemma 3.6 the result follows. |

Note that the bound for the rate of convergence in Theorem 3.7 is not explicit.
This is unavoidable for the level of generality employed. But, if we assume for
simplicity that the overlaps are all of the same size then we can get more explicit
rates of convergence. We set 1, = s; = r € (0,1) and p; = ¢; = p € (0,1) where
p+ 7 = 1. The matrix D then simplifies to

- p2 pr -
prop* pror?
T'z pr p2 pr
pr p* pror?
T2 pr p2 pr
D=
prop* pror?
7"2 pr p2 pr
pr p® pr
i r? pro p?

20



and FE to

[P opror? ]
pr p® pr

prop® pror?

7"2 pr p2 pr

sfl
Il

pro p* pror?
T2 pr p2 pr

pr p* |

In this case we can bound the spectral norm of D and E by an explicit expression
less than one. The spectral norm of a vector v in IR” and a matrix A in IR™*" is

defined by

n

oll2 := ([ D _w(i)?, [|All2:= sup [[Av][s.
i=1 [|[V][2=1

Lemma 3.8 The spectral norms of D and E are bounded by

- T
D < 1—dprsin? ———

1Dl < 1= dprsind 5T
. T

FE < 1—-4 in2 — .
[|E|l2 < prsin SN T 1)

Proof We prove the bound for D. The bound for E can be obtained similarly. We
can estimate the spectral norm of D by letting D = J + r2F where J is tridiagonal
and F has only O(N) nonzero entries and these are equal to 1. In fact [|F||2 = 1.
Using that the eigenvalues of J are given by

Aj(J) = p? + 2pr cos Nj— T
the spectral norm of D can be estimated by

1D]]2

IN

17112 + 2| F]2
2

= p2—|—2p7“cos +r

T
N+1
= p?+2pr + 12 — 4prsin? 72(]\;:_ 1
T

= 1 —dprsin? ———
PT SIn SN+ 1)’

since p+1r = 1. |
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Lemma 3.9 Assume that all the N subdomains overlap at the same ratio r € (0,0.5].
Then the vectors € and m satisfy

k
€4 < (1= ar(1 - rsin? €%

1)

k
. T
e < (1=dr(=r)sin® s ) 'l

Proof The proof follows as in Lemma 3.6. |
Note that r = 0.5, which minimizes the upper bound in Lemma 3.9, corresponds
to the maximum possible overlap in this setting.

Theorem 3.10 The Schwarz iteration for the heat equation with N subdomains that
overlap at the same ratio r € (0,0.5] converges in the infinity norm in time and space.
Specifically we have

k
. s
s 8 < (1= (1 = r)sin® ) 1% (320

k
2k (-, < _ _ b2 T 0
e Nl < (1= 4= s ) e (329

Proof From the proof of Theorem 3.7 we have

23 8 oo < 11€% e
B v O[S [ [
Since ||z||0o < ||Z||2 We get
Jmax (13 oo < [1€%]]2
e e oo < Il
Using Lemma 3.9 the result follows. -

3.2 Semi-Discrete Case

We decompose the domain into N overlapping subdomains as given in figure 5. We
assume for simplicity that a;L falls on the grid points a; and §; L on the grid points
b;. The solution u(t) of (2.16) can now be obtained as in the case of two subdomains
by composing the solutions v;(t), i = 1,..., N which satisfy

%% = A(bi—ai+1—1)’Uz‘ + .f(vFl’le) (3.26)
vi(j —a;,0) = uo(j) a; <j<b

where fU=tv) = (f(a; + 1,1) + mhpvi-1(ai — aim1, 1), fai + 2,0), ..., f(bi —
2,t), f(b; —1,t) + @viﬂ(bi —aiy1,1))T. These equations can be solved using the
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Figure 5: Decomposition into N overlapping subdomains in the semi-discrete case.

Schwarz iteration

ovtt ko ok
= Apag v+ fUEE) (3.27)
vitH0) = u;(0) a; < j<b,

where f(vf,l,vfﬂ) = (f(a; + 1,¢t) + ﬁfvf_l(ai —a;—1,t), fla; + 2,t),..., f(b; —
2,t), f(b; —1,t) + @véﬁrl(bi —ait1,t))T. As in the two subdomain case, we form

the difference ef = vf — v and consider the error equations
8€]~§+1 k+1 ~(ef_l,ef+1)
oL = Api—a-ve T F (3.28)
e ) = o
~(ei'c—lvei'c-ﬂ) k k T
where f = (ej_i(ai —a;—1,1),0,...,0,€f 1 (b; — a;y1,t))". For the next

Lemma, we define for notational convenience ag = bg =0, ay+1 = by+1 =n+ 1 and
the constant vectors e_; = eny2 =0.

Lemma 3.11 The error ef+2 of the i-th subdomain of the Schwarz iteration for the
semi-discrete heat equation on the grid points bj_1 — a; and a;+1 — a; satisfies the
estimates

lef 2 (bi1 = ai )l < ririgill€fin(bivt — aiye,-)lloo + ripital|€f(air1 — ai, )|l
+pigi-1llef (bim1 — ai, )|l + pisi-1llef_o(ai-1 — ai—a,-)|loo,
(3.29)
fori=2,...,N and
||6f+2(ai+1 — ay, )||oo < %Tz+1||6§+2(bi+1 — 42, )||oo + C]ipi+1||€f(az‘+1 — Qy, )||oo
+sigi-1]l€f (bim1 — ai,)|loo + sisi—1lle}_a(ai, — ai—2,)|co,
(3.30)
fori =1,...,N — 1, where the ratios of the overlaps are given as in Lemma 3.1
equation (3.6).
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Proof By Corollary 2.6 we have

b; —
|| k+2( k+1(b' || k+1(

i Mloe < b 0 = g, e + 22l s — aior, )l
(3

(3.31)

Since this result holds on all the subdomains €2;, we can recursively apply it to the

errors on the right in (3.7), namely

b; Qi1 b'+1 — b

Hez—i-l (bi—ais1,)||oo < ﬁ” Z+2(bi+1—az‘+2,')Hoo‘f‘ﬁ”e?(ai-i-l_aia')Hoo
i i t v

and
a; — ai—1 b1

Hek“(a —0i1,")]|oc < ﬁ“e (bi— 1_ai=')Hoo+b Zl_a 1Hez 2(ai—1—ai=2,")||oc-
i t -

Putting those back into the right hand side of (3.31) and evaluating (3.31) at j = b;—1
and using Aza; = oy L and Axb; = B;L for 0 < i < N + 1 leads to inequality (3.29).
Evaluation at j = a;41 leads to inequality (3.30). [ |
As in the continuous case we are lead to the two independent linear systems of

inequalities
g2 < pek (3.32)

and
n**? < Ent. (3.33)

We assume again that the number of subdomains N is even. The case where N is
odd can be treated in a similar way. For N even, £* is a vector containing the errors
on the grid points in the subdomains §2; with odd index which are the boundaries of
the adjacent subdomains according to

e (o1, )l o
(b2 =z, )|
ek (a4 — ag, )l o
b (bs = a5, |
es\ae — as, o
g | ekl —as a0

He?v 3(bN 4 — AN-3," )Hoo
ek _s(an—2 — an—3,)||oo
1

HeN bn—2 —an—1,")||oo
||6N—1(aN_aN71, Moo

and D is the same banded (N — 1) x (N — 1) matrix given in (3.10). Similar n* is a
vector containing the errors on the grid points in the subdomains §2; with even index
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according to

15 (01 — a2, o
ek a5 — a2, )|
(b3 — az. )l
€405 — agq, -
| o —an -

we get the Theorem

Theorem 3.12 The Schwarz iteration for the semi-discrete heat equation with N
subdomains converges in the infinity norm in time and space. We have
2k
max |lez;"" (", ")|[oc,00

m||¢0
1<2i<N Y™ 1€ oo (3.36)

2k 0
B I [ (O [ A (L I (3.37)

IN

where v is defined as in (3.15).

Proof Using Corollary 2.6 we have

1625 oo

2kaOO

2km+1, |
lg?ngHeQi ( ) )HO0,00

IN

21 -
(ipax e llooee < lIm

Using Lemma 3.6 the result follows. |

Theorem 3.13 The Schwarz iteration for the heat equation with N subdomains that

overlap at the same ratio r € (0,0.5] converges in the infinity norm in time and space.
We have

k
. T
e lloe < (1=ar(=rysin? ) €0 (339
k
2k ;2 il 0
[l (o < (1= a1 =) sin? T} e (339)

Proof The proof follows as in Theorem 3.12. |

4 The Algorithm in the Framework of Wave-
form Relaxation

For a linear initial value problem

ou(t)

g = Au®) + £(1), u(0) =uo
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the standard waveform relaxation algorithm is based on a splitting of the matrix A
into A = M + N which yields
Ou(t
% = Mu(t) + Nu(t) + f(t), u(0)= uo.
This system of ODE’s is solved using an iteration of the form

3,vk+1
ot

=Mo" 4 NoP + f, 0"(0) = wo. (4.1)

where the starting function v%(¢) is chosen as a constant function v°(t) = ug. In the
case of Block-Jacobi the matrix M is chosen to be block diagonal,

Dy 0

b : (4.2)

0 Dy
and N contains all the remaining blocks. This allows for solving all the subsys-
tems D; in equation (4.1) in parallel. In the case where A equals A,y from the
semi-discrete heat equation (2.16), the waveform relaxation algorithm with Block-
Jacobi splitting computes the same iterates as the Schwarz domain decomposition
algorithm presented in subsection 3.2 but with overlap Az (i.e. one grid point only).
More precisely it computes simultaneously the two independent sequences of iterates

generated by the Schwarz algorithm starting with the even or odd subdomains. To
see this, consider the subsystem D;, i = 1,..., N which we define to consist of the

equations with number a; +1,...,b; — 1. The equation vf(t) satisfies is
@Uf—ﬂai —aj-1,t) fla; +1,t)
0 flai+2,t)
vkl k+1 ) "
g = Divit + : + : ;
w1 (b — iy, ) f(bi —1,t)
/v?—’—l(j - ai70) = U’O(j)a a; <j < bi7

(4.3)
where we define for convenience of notation vy = vy4+1 = 0 and ag = bg = 0,an+1 =
by+1 =mn+ 1. Note that the matrix D; = A, _q,) and hence the equation obtained
through the waveform relaxation algorithm (4.3) is identical with the equation ob-
tained from domain decomposition with overlap Az (3.27). The only difference is the
solution strategy employed. Using waveform relaxation traditionally all the subsys-
tems are solved at each step in parallel, whereas in overlapping domain decomposition
one may solve even subdomains and odd subdomains alternately. Hence the domain
decomposition algorithm computes only one of the independent sequences in figure 6
- the white one if we start with odd subdomains and the grey one if we start with even
ones - whereas the waveform relaxation algorithm computes both sequences simulta-
neously. Thus changing the solution strategy of the waveform relaxation algorithm
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Figure 6: Relation between waveform relaxation and domain decomposition for the semi-
discrete heat equation

for the semi-discrete heat equation to solve on even and odd subsystems alternately
one can cut the computational cost in half.

To extend this analogy to arbitrary overlaps, the concept of multi-splittings is
needed, which was first introduced by O’Leary and White in [19] for solving large
systems of linear equations on a parallel computer. The idea was generalized to
nonlinear problems by White in [23]. Jeltsch and Pohl generalized multi-splittings to
linear systems of ODE’s and waveform relaxation in [11]. We will need:

Definition 4.1 Let N > 0 be a fized integer. Let A,M; N; and E; be real n x n
matrices. The set of ordered triples (M;, N;, E;) for i = 1,..., N is called a multi-
splitting of A if

1. AZMz—Nz forizl,...,N

2. The matrices E; are nonnegative diagonal matrices and satisfy

N
Y E =1 (4.4)
i=1
Using the waveform relaxation algorithm, we get N new approximations vf“ at each
step according to
gt k+1 k k+1
# = My (t) + Nooi + fi, 077(0) = uo, (4.5)

which are combined using the matrices F; to a new approximation v**1 by

N
,Uk—i-l — ZEi'Ui'H—l«
=1
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Note that all the equations in (4.5) can be solved in parallel and in addition, com-
ponents of vf“ where E; has a zero on the diagonal do not have to be computed
at all provided they do not couple to other components of 'v?"'l where E; has a non
zero diagonal entry. Jeltsch and Pohl prove in [11] that the multi-splitting algorithm
converges superlinearly on a finite time interval [0, 7] for all splittings and matrices
A, and on an infinite time interval linearly if A is an M-matrix and the splitting
is an M-splitting. However in the case of the semi-discrete heat equation, the rate
of convergence in their analysis may depend badly on Az since their level of gener-
ality includes the Schwarz method with one grid point overlap and spectral radius
1 — O(Ax?) - the block Jacobi algorithm (4.3). Jeltsch and Pohl also mention that
some overlap appears to be beneficial, a statement that we have substantiated and
quantified.

To see this, consider the case where the E; are chosen in such a way that the do-
main decomposition algorithm described in the previous sections is recovered. This
can be obtained by choosing the N splittings of A according to the N subdomains
of the domain decomposition and letting E; have the value one on the diagonal in
the interior of the corresponding subdomain, including the first point of the over-
lap and some arbitrary distribution in the overlap otherwise, satisfying (4.4). Then
f“ computed by the multi-splitting algorithm for the
heat equation are identical to the solutions computed by the domain decomposition
algorithm described in the previous sections, with the only distinction that the multi-
splitting algorithm computes again two independent sequences of iterates which are
averaged in the overlap after each iteration according to the matrices F;, whereas
the domain decomposition algorithm computes only one of those sequences. This is
because the multi-splitting algorithm solves on all the subdomains at every iteration
and we have chosen to solve in the domain decomposition algorithm only on even (re-
spectively odd) subdomains, saving half of the computation time. In the terminology
of Domain Decomposition our algorithm corresponds to the multiplicative Schwarz
algorithm with red black ordering whereas the multi-splitting algorithm corresponds
to the additive Schwarz algorithm.

The important point here is that our algorithm converges linearly independent of
the mesh size on unbounded time intervals. Hence the multi-splitting algorithm for
the semi-discrete heat equation, which computes identical iterates, must converge at
the same rate. Thus for certain PDE’s the analysis of Jeltsch and Pohl can be refined
to give Az independent rates of convergence if sufficient overlap is used.

the intermediate solutions v

5 Numerical Experiments

We perform numerical experiments to measure the actual convergence rate of the
algorithm. We consider the example problem

2
du % F5e 27~ gcp<l 0<t<3
u(0,t) = 0 0<t<3 (5.1)
u(l,t) = et 0<t<3
u(z,0) = 22 0<z<l.
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To solve the semi-discrete heat equation, we use the backward euler method in time.
The first experiment is done splitting the domain © = [0,1] x [0,3] into the two
subdomains 1 = [0, a] x [0, 3] and Q2 = [B, 1] X [0, 3] for three pairs of values («, 8) €
{(0.4,0.6), (0.45,0.55), (0.48,0.52) }. Figure 7 shows the convergence of the algorithm
on the grid point a for Az = 0.01 and At = 0.01. The solid line is the predicted
convergence rate according to Theorem 2.8 and the dashed line is the measured one.
The measured error displayed is the difference between the numerical solution on the

Error at grid point b

Il
0 2 4 6 8 10 12 14 16 18 20
lteration k

Figure 7: Theoretical and measured decay rate of the error for two subdomains and three
different sizes of the overlap

whole domain and the solution obtained from the domain decomposition algorithm,
and we used the error after the first iteration as the initial error for the theoretical
error decay. We also checked the robustness of the method by refining the time step
and obtained similar results.

According to equation (1.1) we should get superlinear convergence after enough
iterations are performed. The reason why we do not see superlinear convergence in
the previous experiment is that the time interval is too long. Therefore for the second
experiment, we shorten the time interval to [0,0.4]. We use the second of the splittings
of the previous experiment, namely o = 0.45 and 8 = 0.55. Figure 8 shows the
convergence of the algorithm, where again the solid line is the predicted convergence
rate and the dashed line is the measured one. We see superlinear convergence of the
algorithm.

We solve the same problem (5.1) using eight subdomains which overlap by 35%.
The mesh parameter Az is chosen to be 0.01 and time integration is performed again
using Backward Euler and a time step At = 0.01. Figure 9 shows the decay of the
infinity norm of £* which is defined in (3.34). The dashed line shows the measured
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Error at the grid point a in the time infinity norm
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Figure 8: Superlinear decay of the error for a small time interval compared with the linear
bound

decay rate and the solid line the predicted one. Note that the measured error decays
at the beginning faster than the predicted one. This is due to the fact that in our
analysis we assume the worst case by using the infinity norm in time. In reality the
smoothing property of the heat equation flattens high peaks in the error immediately
if they are surrounded by moderate values.

Hence we construct an example which corresponds to the worst case by starting
the iteration with a constant error of 0.5 over the whole domain, which corresponds
to setting the first iterate v? equal to the solution on the whole domain plus 0.5.
We solve again using eight subdomains with overlap 35%. The decay of the infinity
norm of the error vector £ is shown in figure 10. We see that now the measured
error decays at the predicted rate from the beginning.

6 Conclusion

We have shown in this paper how to construct a waveform relaxation algorithm
for the heat equation using domain decomposition. We proved convergence of the
algorithm depending on the size of the overlap, in spite of the unboundedness of the
differential operator. This led to a numerical method which converges independent
of the mesh parameter Ax.

The one dimensional results given in this paper can be generalized to several di-
mensions, if a particular splitting is used. For example a rectangular domain (z,y) €
[0, L] x [0, W] in two dimensions has to be partitioned into strips [, L, 8; L] x [0, W],
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infinity norm of xi*k
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Figure 9: Theoretical and measured decay rate of the error in the case of eight subdomains

so that the subdomains overlap in one direction and extend over the whole domain
in the other direction. In [6] the one and two-dimensional heat equation are studied
numerically in the framework of multi-splittings; however the overlappings they use
are space-discretization dependent and shrink to zero in physical space if the mesh is
refined to zero. They show that an overlap by two rows of the submatrices gives a big
improvement of the convergence rate in one dimension, whereas in two dimensions
there is little improvement. Using the domain decomposition framework we have
introduced, this observation can be explained: in one dimension an overlap by two
rows corresponds to an increase of the original overlap by O(Az) in physical space.
In two dimensions, however, the original overlap is increased only by O(Az?) in the
method used in [6].
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