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OPTIMIZED SCHWARZ METHODS FOR MODEL PROBLEMS
WITH CONTINUOUSLY VARIABLE COEFFICIENTS*

MARTIN J. GANDER! AND YINGXIANG XU*

Abstract. Optimized Schwarz methods perform better than classical Schwarz methods because
they use more effective transmission conditions between subdomains. These transmission conditions
are determined by optimizing the convergence factor, which is obtained by Fourier analysis for simple
two subdomain model problems. Such optimizations have been performed for many different types of
partial differential equations, but almost exclusively based on the assumption of constant coefficients,
because only then Fourier analysis can be applied. We use in this paper the technique of separation
of variables to study optimized Schwarz methods for a model problem with a continuously variable
reaction term, and a similar analysis could be performed as well for many other problems with
variable coefficients. We obtain several new interesting results: first, we show that the technique of
separation of variables can successfully decouple the spatial variables and give the convergence factor
of subdomain iterations as a function of the eigenvalues of a certain Sturm-Liouville problem that
contains the variable coefficient. Second, we introduce a new natural transmission condition involving
second order derivatives along the interface, which turns the corresponding optimization problem into
a well-studied problem, from which the optimized transmission parameters follow. Finally, we find
that for variable coefficient problems, the most important information that enters into the optimized
transmission conditions is described by the smallest eigenvalue of the corresponding Sturm-Liouville
problem. We illustrate our results with extensive numerical experiments.

Key words. optimized Schwarz methods, optimized transmission conditions, continuously vari-
able coefficients, domain decomposition, parallel computing
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1. Introduction. Optimized Schwarz methods (OSMs) are among the most at-
tractive domain decomposition methods, since they greatly enhance the convergence
of subdomain iterations by using optimization based transmission conditions [11].
Such optimization has been performed for many different kinds of partial differential
equations; for example, see [18, 16, 21] for Helmholtz problems, [4, 42, 39, 38, 8] for
Maxwell’s equations, [37, 14, 2] for advection diffusion problems, [17] for wave equa-
tions, [40] for shallow water equations, and [1] for the primitive equations of the ocean.
However, these optimizations are exclusively based on the assumptions of straight in-
terfaces and constant coefficients, because all these results use Fourier analysis (or
Laplace analysis for time dependent problems) to decouple the spatial /time variables
of the underlying models. The use of Fourier /Laplace transforms limits the applicabil-
ity of the optimized transmission conditions obtained when in the concrete application
the coefficients are variable or the interfaces are curved, even though successful use
has been demonstrated by a frozen coefficient approach; see, for example, [11, 18, 35].
Lions noted already in the conclusions of his seminal contribution [28, p. 217] that
the convergence properties of the Schwarz methods are influenced by the variable
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A2 MARTIN J. GANDER AND YINGXIANG XU

coefficients globally, not just locally, which means that some global information in-
volving the variable coefficients should be included in a local transmission strategy.
More recently, Gander and Xu considered for a model problem OSMs for overlapping
circular domain decompositions, where a much harder optimization problem was ob-
tained and successfully solved to give many optimized transmission conditions [19].
Similar results were also obtained for nonoverlapping circular domain decomposition
in [20], where the authors also showed that properly scaled transmission parameters
from straight interface analysis [11] are also efficient for circular domain decomposi-
tions. However, these analyses are still based on Fourier transforms, and thus cannot
be directly used to investigate more general interfaces. More general interfaces were
studied asymptotically using spectral analysis for the nonoverlapping case [29, 30],
but then the important information on the constants is lost; see, also, [41] for energy
estimates.

Actually, many curved interface problems can be transformed into problems with
continuously variable coefficients. For example, in log-polar coordinates

x=ePcosh, y=-elsinh, peR, 0 €|0,2r),
the model problem
(L.1) (A=nu=f

becomes a problem with continuously variable reaction term,
u 2 2
(1.2) a5+ 55 — ¢ nu=e"f(p,0);

or in elliptic coordinates

x = acosh¢ cosf, 0<E¢,
y = asinh £sin 6, 0<6<2m,

the model problem (1.1) also becomes a problem with continuously variable reaction
term,
Pu  Pu  a? a?

— —(cosh 2¢ — cos 20)nu = ?(cosh 26 —cos20)f(&,0).

(1.3) %@ T 2

From these two simple examples, we see that it is of great importance to investi-
gate OSMs for model problems with variable coefficients, which also correspond to
problems on heterogeneous media. OSMs have been studied for model problems
with discontinuous coefficients, again, however, exclusively based on Fourier/Laplace
transforms, where the discontinuities must be aligned with the subdomain interfaces.
For analysis at the continuous level, see [9, 7, 32, 33, 34, 13] for elliptic problems
and [26, 3, 15] for time dependent problems. For a parabolic problem in one spatial
dimension with continuously variable coefficients, the technique of separation of vari-
ables was first introduced in [27] to establish the convergence factor for an optimized
Schwarz waveform relaxation method, where the corresponding optimization problem
was solved numerically to get an approximation of the Robin transmission parameter.
More results could so far only be obtained by analysis at the discrete or semidiscrete
level; see, for example, [22, 23|, where optimized Robin transmission conditions for
model problems with continuous coefficients varying parallel to the interface were



82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

OSMs FOR MODEL PROBLEMS WITH VARIABLE COEFFICIENTS A3

studied, and optimized transmission parameters were obtained that depend on the
eigenvalues of certain matrices; see, also, [10].

From our analysis in section 2, one can see that our approach is also valid
for the case where in the model problem (1.1) the reaction term is of the form
n(x,y) = ni(x) + n2(y), since then the model problem is variable separable. After
separation of variables, 71 (z) enters the reduced ordinary differential equation and
N2(y) acts on the associated Sturm-Liouville problem that is related to the interfaces.
When 1 = n(z), i.e., n varies only in the x direction, the Fourier transform is still
applicable and leads to a complicated ordinary differential equation to be analyzed.
Such an analysis was performed as mentioned earlier for the model problem (1.2) for
a circular domain decomposition in [19, 20], where it was shown that the optimized
transmission parameters could be well approximated through a proper scaling by the
results from the case where 7 is a constant and the interfaces are straight. To sim-
plify the analysis and well explain how the information changing along the interfaces
affects the performance of the OSMs, we consider in this paper the model problem
(1.1) with n varying only in the y direction, i.e., n = n(y). The case where n(x,y)
cannot be decoupled into a sum of two functions of just one variable will be discussed
numerically as well. The model problem we thus study in detail is

Au—n(y)u=f inQ,
(1.4) u=0 on 09,

where Q = {(z,y)| — 0 < z < 400,0 < y < 1} and n(y) > 0 is a nonnegative
continuous function. We make the assumption that the domain € can be decom-
posed into the two subdomains Oy = {(x,y)| —oc0 < z < L,0 < y < 1} and s =
{(z,y)|0 < < +00,0 < y < 1}, where L > 0 is the overlap. Thus Q = Q; U Qs and
x = L is an artificial interface, which we denote by I'y and x = 0 is another artifi-
cial interface, which we denote by I's. We note here that our analysis could also be
adapted to the case of different boundary conditions than the homogeneous Dirichlet
ones.
A parallel Schwarz algorithm for model problem (1.4) is then given by

Aui —n(y)uy = f in Oy, Aul —n(y)ul = f in Qy,

(1.5) ul =0 on 0Q1\T'y, ul =0 on 902\I'y

with the transmission conditions
(1.6) Biuf = Biuy~t, (z,y) €Iy, Bouy = Boul ™', (z,y) € Ta,

where B;,i = 1,2, are transmission operators that should be determined such that
the Schwarz algorithm is well defined and converges as quickly as possible.

The rest of the paper is organized as follows: in section 2, we apply the technique
of separation of variables to the model problem (1.4) to obtain a Sturm-Liouville
eigenvalue problem that contains the variable coefficients, and we discuss the proper-
ties of the eigenvalues for this Sturm-Liouville problem. We then show a convergence
analysis for the classical Schwarz method when applied to our model problem (1.4) in
section 3. Optimal transmission conditions are given in section 4, and in section 5 we
determine many kinds of optimized transmission conditions that are more practical
in real applications, and we show their corresponding convergence rate estimate. In
section 6, we present extensive numerical examples to illustrate our theoretical results,
and in the last section we draw conclusions.



125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162
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2. A Sturm-—Liouville eigenvalue problem. The parallel Schwarz method
(1.5)—(1.6) can be analyzed using Fourier transforms when the coefficient 7 is a con-
stant, and by linearity it suffices to consider only the homogeneous case, f = 0, which
corresponds to the error equations, and to analyze convergence to the zero solution.
However, in our case, 7 is not constant, and we thus use for the analysis the technique
of separation of variables. To this end, we assume that the solution u(z,y) is variable
separable, i.e., u(z,y) = ¢(x)(y) with ¥(0) = (1) = 0. Inserting this ansatz into
the homogeneous version of (1.4) we obtain

"

(21) 6" (@) () + o@)e" (1) — n(y)o(a)i(y) = 0.
Dividing (2.1) by ¢(x)¥(y) we get

Since the left-hand side of (2.2) depends only on x and the right-hand side depends
only on y, a constant o must exist such that

" "

S e,

23) o ey TS

Hence (2.1) is equivalent to the two equations

(24) ¢ (x) ~ ag(x) = 0

and

(25) =" (y) +0)by) = av(y), ¥(0) =w(1) =0,

where the constant « is known as an eigenvalue of the Sturm-Liouville eigenvalue
problem (2.5). We can thus determine the eigenvalue a by (2.5) and investigate the
Schwarz methods in each eigenmode separately. It is well known that the eigenvalues
of problem (2.5) are real and positive, and they form an infinite sequence that can be
ordered so that

g <op < <Ly < e,

where «ay, denotes the kth eigenvalue of (2.5) and satisfies a, — 0o as k — oo [5];
for a historic review, see [31]. The eigenvalues ay are all simple, with corresponding
linearly independent eigenfunctions, which we denote by ¥(y; ax). For each k, the
eigenfunction 9 (y; ay) is uniquely determined up to a multiplicative constant, which
can be appropriately chosen such that

1
[l anyitus andy = b,
0
where dy; is the Kronecker delta. The following eigenvalue estimate was proved in
[25]; see also [6].

LEMMA 2.1. Letn := ming<y<1 1(y) and 7 := maxo<y<11(y). The kth eigenvalue
ay, of the Sturm—Liouville problem (2.5) satisfies

(2.6) i+ n <o <K’ +q fork=1,2,....

Remark 2.2. If n(y) degenerates to a constant, we find that ap = k*7% + 7 in
our domain decomposition setting, or oy = k? + 7 for Q = R?, which reduces the
corresponding analysis to a Fourier analysis [11].
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3. Classical Schwarz methods. We now analyze the convergence of the par-
allel Schwarz method (1.5)—(1.6). To begin with, we set B; = I, the identity op-
erator, and consider the so-called classical Schwarz method. Without loss of gen-
erality, we consider only the homogeneous case f = 0 and analyze directly the
error equations. We assume that the subdomain solutions are variable separable,
ui(z,y) = ¢i(x)(y),i = 1,2, with ¢(0) = ¥(1) = 0. Inserting this assumption into
(1.5) and using the separation procedure described in section 2 we obtain

(3.1) E% (x) — ap}(z) =0 for x < L, E% () — agy(x) =0 for z > 0,

where « belongs to the set

E:={a,q,...,0p, ...}

the eigenvalues of the Sturm—Liouville problem (2.5). Denoting for each a by ¢ (x; «),
i = 1,2, the solutions of (3.1) at step n, the subdomain solutions of (1.5) have the
general form v} (z,y) = > g @7 (25 @) (y; o), where ¥(y; a) is the eigenfunction of
(2.5) associated with the eigenvalue « defined in the previous section. Hence, the
corresponding transmission condition (1.6) is given by

> ek OT (L )y ) =3, cp 85 (Ls o) (ys ),
Y acr @505 a)b(y; a) =X 0ex 10, a)¢(y; ),

which yields, because of the orthogonality of ¥ (y; @),

(3.2)

(3.3) ot (Lia) = o5 (Lia), ¢5(0;0) = ¢7 ' (0;0) for ov € E.

We solve next (3.1) with the requirement that the solutions decay at infinity and
arrive at

(3.4) (s a) = A™(a)eVoT, ¢ (z;0) = B (a)e” Vo,

Inserting these solutions into (3.3) and iterating between subdomains €7 and s, we
obtain

(3.5) ¢ (15 0) = Pl ¢l (w;a), 93" (w50) = plda(w; @) for a € B,
where the convergence factor p., is given by
(3.6) Pela = Pela(a, L) := e Vol

THEOREM 3.1. The classical Schwarz method converges if and only if the overlap
L > 0. The corresponding convergence factor peq(a, L) satisfies for L — 0 the
estimate

(3.7) meaﬁc peta(a, L) =1 = 2\/amin L + O(L?),
where oy, = minlE = aq is the smallest eigenvalue of the Sturm—Liouville problem

(2.5).

Proof. Since o > 0, we have 0 < pgq(a, L) < 1 if and only if L > 0. In addition,
the convergence factor pgq(c, L) clearly attains its maximum in « at qu,i,. Taylor
expanding peiq (Qmin, L) = e~2Veminl ip [ for I small gives then the result. 0
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4. Optimal Schwarz methods. We now choose the transmission operators B;
as B; = 0, + S;, i = 1,2, which, together with (1.5), leads to the algorithm

Aut —n(y)uy = f in O,

(0 + S1)ul(L,y) = (0, + Sl)u;kl(L,y), uf =0 on 0 \I'y,
Auy —n(y)uy = [ in o,

(0 + S2)uB (0,y) = (0. + Sg)u?*l(o,y)7 ul =0 on 002\,

(4.1)

where S;,7 = 1,2, are linear operators along the interface in the y direction which
should be determined to obtain fast convergence of the Schwarz algorithm.

Using the assumption that the solutions are variable separable, wu;(z,y) =
di(x)Y(y), i = 1,2, with (0) = (1) = 0, we get as in section 3 after separation
of variables

d2
@Qﬁl@) —a¢f(z)=0, = <L,

(4.2) J

<da; + al(a)> o (z)= (L +o1(a)) g5 (z) at 2 =L,
and

% 5(x) —agh(x)=0, x>0,
(4.3) p

(dx + ag(a)) o5 (x) = (% + ag(oz)) (b’ll_l(x) at r =0,

where o € E and o;(a) are symbols of the operators S;,7 = 1,2, associated with the
eigenfunctions ¢ (y; «) defined for any smooth function g(y) in (0,1) by

/ (S19()) (5 )y = 04(a) / o(y)(y; a)dy.
0 0

The subdomain solutions are again of the form (3.4), and using the condition
on the iterates at infinity and the transmission conditions, we obtain the subdomain
solutions for each a € E,

n(.. _ 01 (a) — \/a Va(z—L) jn—
¢1 (.13,04) - 01(0&) + \/ae L (ZS 1(L,O¢),
B 0) = 22O TV ar i)

Inserting these solutions into algorithm (4.1), we obtain by induction
i"(050) = pop @1 (00), $3"(Lia) = plpd5(Ls ),
where the new convergence factor pop: is given by

gi(a) —vao () +Va s zar
o1(a) + Vaoz(a) - Va ’

From the convergence factor pop, it is easy to see that if we choose o1 (@) := /v

(44) pOPt(avLaalaUZ) =

and oy(a) := —y/a, then the convergence factor pop; vanishes and the corresponding
Schwarz algorithm, which is known as the optimal Schwarz method, converges in two
iterations. However, the choice of o1(a) = /o, 02(a) = —y/a leads to nonlocal

transmission conditions that are very expensive to use. In addition, they require as
to calculate all eigenvalues of (2.5), which one would also like to avoid.
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5. Optimized Schwarz methods. In this section, we would like to find local
transmission conditions instead of the optimal nonlocal transmission conditions found
in the previous section. To this end, we approximate the optimal symbols o;(«),i =
1,2, by polynomials in « of the form

(5.1) o (a) =p1 + qra, 03" (a) = —p2 — g,
which correspond to the local transmission operators
S1=p1 — @10y + @n(y), Sz = —p2+ @0y — ¢n(y).

The convergence factor of the Schwarz algorithm (4.1) with approximate symbols
(5.1) is then given by

Vo —p1— qoa—pr — o o—2valL
Va+p+qavatp+aa’

(52) P(Oé7Lap17p27Q1,Q2)

THEOREM 5.1. The optimized Schwarz method (4.1) with transmission conditions
defined by (5.1) converges for all p; > 0,q; > 0, i = 1,2, and convergence is faster
than for the classical Schwarz method, |p| < |peia| for all a € E.

Proof. This result is evident, noting that |p| is defined by a factor that is strictly
less than 1 multiplying |peial- d

Remark 5.2. The computational domain under consideration is infinite in the x
direction, which would not be the case in a real application. When the computational
domain is also bounded in the x direction, a similar analysis could however also be
performed, and for the influence of geometry on the optimized Schwarz methods, we
refer the reader to [12, 43].

It is very important to choose approximate symbols of the form defined in (5.1),
since they lead to a convergence factor (5.2) that is very similar to the one used in
[11], which helps us to solve the hard optimization problems to determine the optimal
transmission parameters. Before we discuss this in detail, we first show parameter
choices based on the small eigenvalue approximation, which correspond to the low
frequency approximations discussed in [11]. The difference is that we now Taylor
expand the optimal symbols around the smallest eigenvalue, instead of /7, as was
done in [11].

5.1. Small eigenvalue approximation. We clearly see that the classical
Schwarz method is efficient for large eigenmodes but not for small ones. This can

be improved in the optimized Schwarz method using, in the transmission condition,
a Taylor expansion of the optimal symbols around the smallest eigenvalue aupin,

01 (a) = v/ Qmin + O(O[ - amin)u 0—2(a) = —4/Omin + O(a - amin)a

which suggests the choice p1 = ps = /amin and ¢ = ¢z = 0, and leads to the so-
called Taylor transmission conditions of order 0 (7°0 for short). Correspondingly, the
convergence factor of the Schwarz method is given by

v ®min —2./a
(5.3) pro(a, L) := <\F > 2val,
f + vV Omin
The nonoverlapping Schwarz method corresponds to the case L = 0 in the convergence
factor (5.3), and only the factor in front of the exponential term remains unchanged.
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The method can however still converge, since pro(a,0) < 1 for all finite a. Fortu-
nately, the largest eigenvalue, which we denote by amax, is finite, since in practice
when a discretization resulting in N degrees of freedom along the interface is used, we
will obtain N eigenvalues corresponding to the discretization of the Sturm—Liouville
problem (2.5). Thus, the largest eigenvalue aumax depends on the discretization tech-
nique used. An estimate of this largest eigenvalue ay,,x can be obtained from Lemma
2.1, where we find that the value ,/amax, which we will frequently use in the rest
of the paper, is well approximated by N7 for N large or, equivalently by 7 /h for a
uniform mesh with grid spacing h for h small. We remark here that the discretization
does not necessarily have to be a uniform mesh and we need the largest eigenvalue
Omax only for the analysis of nonoverlapping Schwarz methods. Denoting the finite
truncation of the eigenvalue set E of the Sturm-Liouville problem (2.5) by

IEN = {amin = Q1,02,...,Amax = aN}a

we can then determine the optimized transmission parameters in (5.1) for the non-
overlapping Schwarz methods by an optimization problem over Ey; see subsection
5.2 for details. For the overlapping case, we can use infinity for amax, since large
frequencies are effectively damped by the overlap L > 0 appearing in the exponential
in (5.3), and we do not need to consider any discretization for the analysis.

Remark 5.3. When a certain discretization is used for the Schwarz method (1.5)
and (1.6), it implies a corresponding discretization of the Sturm-Liouville eigenvalue
problem (2.5). One could thus replace the smallest and the largest eigenvalues amin
and apax in the rest of our analysis by those from the discrete Sturm—Liouville eigen-
value problem to get accurate predictions for the optimized transmission parameters.
We use here however an estimate for the largest eigenvalue amax based on the contin-
uous formulation, and our results can then be used for a variety of discretizations.

THEOREM 5.4. With the Taylor transmission conditions of order 0, the Schwarz
method (4.1) converges faster than the classical Schwarz method. When the over-
lap L > 0 and ampmax = 00, the convergence factor satisfies, for L tending to 0, the
asymptotic estimate

1
(5.4) max pro = 1—4v2a2, VL +O(L).
ac
Without overlap, i.e., L = 0, and with amax finite, the convergence factor satisfies,
for amax going to infinity, the asymptotic estimate

(5.5) max pro = 1 = 4/Qmin@mdx + O(Qna)-
acky

Proof. We investigate first the overlapping case. Solving the derivative of ppo wrt
a equal to zero gives the only interior extremal point & = \/@min(\/¥minL + 2)/L.
Further investigation on the derivative together with the positivity of the convergence
factor ppg shows that prg attains its maximum at @. Then Taylor expanding pro (&, L)
in L for L small gives the first result (5.4).

We investigate next the nonoverlapping case L = 0. It is easy to verify that
the derivative of prg wrt a is positive in (umin, @max), which means that the con-
vergence factor prg is increasing monotonically in «. Together with the fact that
p70(Qmin, 0) = 0, we conclude that pro obtains its maximum at qpax. A series ex-
pansion of pro(max, 0) Wrt max gives the second result (5.5). a
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Similarly to the case where n(y) is a constant, it is possible to damp the con-
vergence factor for small eigenvalues further by involving the derivatives along the
interface in the transmission conditions. To this end, we Taylor expand the optimal
symbols o;(a),i = 1,2, at aum;, further and find

vV Qmin + o

O'l(a) = 5 5 o + O(CY - Oémin),
v/ ®min «
o2(a) = — - + o(a — aumin)s

2 2\/ Qmin

which suggests the choice p1 = ps = \/amin/2 and ¢1 = g2 = 1/(2\/amin) and leads to
the so-called Taylor transmission conditions of order 2 (T2 for short). The convergence
factor of the corresponding Schwarz method is then given by

2

vV ®min @
f - 2 T 2/ Cmin 672\/511.
\/a+ \/042min +

pra2(a, L) := N
2/amm

THEOREM 5.5. With the Taylor transmission conditions of order 2, the Schwarz
method (4.1) behaves asymptotically similarly to the Taylor transmission conditions
of order 0. When the overlap L > 0 and ap.x = 00, the convergence factor satisfies,
for L tending to 0, the asymptotic estimate

1
(5.6) max pry = 1—8al, VL + O(L).
Without overlap, i.e., L = 0, and with anax finite, the convergence factor satisfies,
for amax going to infinity, the asymptotic estimate

_1
(5.7) IIEI%X pra = 1 — 8\/Qminamax + O(ozr;}lx).
a€En
Proof. We omit the proof since it is similar to the proof of Theorem 5.4. O

5.2. Optimized transmission conditions. We now impose the following con-
straints on the free parameters p;,q; involved in the approximate optimal symbols
o (), i=1,2:

000: p; =p>0,¢;=0,i=1,2;

002: p;=p>0,¢, =qg>0,i=1,2;

02s: p; >0,¢;, =0,i=1,2.
To determine the best possible transmission parameters for each case above, we need
to minimize the convergence factor p in (5.2) over all the eigenvalues contained in E,
where E = E for the overlapping case and E = Ey for the nonoverlapping case. That
is to say, we need to solve the optimization problem

(58) min ma¥|p(aaLaplap27Q17q2)|a

Pi,3i€0¢ o€l
where O, is one of the constraints OO0, 002, or O2s. The solution of the optimization
problem (5.8) gives for the case OO0 the optimized transmission conditions of order
0 (also known as optimized Robin transmission conditions), for the case OO2 the
optimized transmission conditions of order 2, and for the case O2s the optimized
two-sided Robin transmission conditions.
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We now consider solving the min-max problem (5.8), and give the various op-
timized transmission conditions. As mentioned earlier, this work benefits from the
analysis in [11], by noting that for each case if we set in the corresponding min-max
problems in [11] k? = « (correspondingly, k2. = amin) and 7 = 0, we then arrive at

min
the optimization problem (5.8). Noting that the analysis in [11] is valid as well for
1n = 0, the optimized transmission parameters follow, see the following theorems.

THEOREM 5.6 (O00). Assume that the constraint OO0 is imposed. When there
is an overlap, L > 0, and amax = 00, the min-max problem (5.8) is solved by the
unique root p* of the equation

(5.9) p(0min, L,p*,p*,0,0) = p(a(p®), L, p*, p",0,0), a(p) =p(Lp+2)/L.
In addition, for L small, the optimized Robin parameter p* satisfies asymptotically

1
p* = 2*%a%inL*%, which leads to the asymptotic convergence factor estimate

1
(5.10) max |p(a, L, p", p", 0,0)| =1 — 25af, L5 40 (L%) .

min

When there is no overlap, L = 0, and with aumax finite, the optimized Robin parameter
p* is given by
1

(5.11) P* = (WminOmax)?,

which leads for amax large to the convergence factor estimate
1 1 1
(5.12) max |p(a, 0,p%,p",0,0)| =1 —4al; amix + O (améx) .
a€cEn

THEOREM 5.7 (002).  Assume that the constraint OO2 is imposed. For the
overlap L > 0, and amax = 00, the min-max problem (5.8) is solved by the unique
solution p*, q* of the equioscillation problem

(513) p(amin7L7p*7p*uq*7q*) = p(alaLap*7p*7q*7q*) = p(d27Lap*7p*7q*vq*)u

where the locations of the maxima &y and &g are given by

1\/L +2q — 2Lpq F /L% + 4Lq — 4L%pq + 4¢> — 16Lpg>

_ I _
CYLQ( 7p7q) q 2L

In addition, the optimized parameters have, as L — 0, the asymptotic expressions

1 3
515
inL ’

I m

min

which leads to the convergence factor estimate

5 L
(5.15) ma}%{\p(a,Lp*,p*,q*,q*ﬂ =1-2%al L3 +0 (L%) )
aE

min

For the nonoverlapping case, L = 0, and with amax finite, the solution p*, q¢* of the
min-mazx problem (5.8) is for amax large given by

* \/§ (aminamax)%

5 i 27é0[§1in
2 (\/ O'min + vV Oémax)5
2 1

1 _3
max O max )
(5.16) et <a 8 )

o[

. 1 _3 7
=2 204mi8nam§x +0 (Oémgx) ,

(aminamax)% (\/ Qmin + vV amax)%
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which leads to the convergence factor estimate
5 1 -1 _1
(517) Hel%x |P(04707P*ap*7q*a q*)| =1- 2§a§11nam§x +0 (am§x> .
a€BEn

THEOREM 5.8 (02s). Assume that the constraint O2s is imposed. The optimiza-
tion problem (5.8) is then solved by the parameters

. 1=y1—dptqgr 141 —dp'q”
(5.18) = D=

2q 2q
When there is overlap, L > 0, and amax = 00, p* and ¢* are solutions of (5.13) with
L replaced by 2L. The optimized parameters pi and p5 satisfy, for L small,

2

2 1
pt=2"5a5 L*%+O<L%), pi=2"%a’ L*%+O<L*%>,

min min
which leads to the asymptotic convergence factor estimate

1
(5.19) max |p(a, L,pf,p3,0,0) = 1 -2~ %o i, 1} +0 (LF).
ac
When there is no overlap, L = 0, and with amax finite, p* and ¢* are given by (5.16),
and asymptotically we have, for amax large,

% _1 2 1 _1 " 1L 3 1
P = 27z ar?ninar%ax + (0] (amgx) y P2 = 22ar§1ina§1ax + o (Oéglax) ’
which leads to the convergence factor estimate
. 3 1 _1 _1
(5.20) max lo(a, L, p7,p05,0,0)| =1 — 2203, amix + O (améx) .

6. Numerical experiments. We perform numerical experiments for our model
problem (1.4) on the rectangular domain Q = (—1,1) x (0,1). We decompose the
domain Q into two subdomains Q; = (—1,L) x (0,1) and Q2 = (0,1) x (0,1), with
overlap L = h for the overlapping case and L = 0 for the nonoverlapping case. We
discretize the Laplacian by the classical five-point difference scheme using a uniform
mesh with mesh parameter h. Following Lemma 2.1, we estimate /Qmax by 7/h.
The value /omin however is not necessarily well approximated by m, since it depends
on properties of the function 7(y). We thus need to estimate the value /Gy, for
good performance of our optimized Schwarz method. There are many ways to do this
numerically; see, for example, [36] for a finite difference approach.

We however estimate the smallest eigenvalue i, of the problem (2.5) using a
Fourier spectral approximation as follows: we make the ansatz ¢ (y) = Zj\;l ¢j sin jmy,
which certainly satisfies 1(0) = (1) = 0. Inserting this ansatz into (2.5) and testing
by sin kmy gives

N 1
(6.1) k*re, + 22/ n(y)c; sin jry sinkrydy = acy, k=1,2,..., N,
j=1"0

which shows that the smallest eigenvalue of the matrix M + w2diag(12,22,..., N?)
is a good approximation to auin, where M is a symmetric N by N matrix with
entries Mj;, = 2]01 n(y) sin jry sin krydy, and N does not necessarily need to be
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TABLE 1
Number of iterations required by the various Schwarz algorithms with overlap L = h for n(y) =
1+ sin(27wy).

h 1/32 1/64 1/128 1/256 1/512

w 1 5 10/1 5 10/ 1 5 10| 1 5 10| 1 5 10
Classical | 44 45 44|87 88 87]174 174 173|348 345 346]692 694 693
TO 8 8 9|12 12 11|16 16 17|23 22 23|32 32 32
TOL 8 8 9|12 12 12|16 17 16|23 24 24|33 32 32
ToOU 9 8 8|11 12 12|16 16 16|23 23 22|32 31 31
TOA 9 8 8|11 12 12|16 16 16|23 23 23|33 33 32
T2 6 6 6|8 8 8|11 11 11|15 15 15|21 20 21
T2L 6 6 6|8 8 8|11 11 11[15 16 15|21 21 21
T2U 6 6 68 8 8|11 10 11|15 15 15|20 20 20
T2A 6 6 6|8 8 8|11 11 11|15 15 15|21 21 20
000 7 7 7|8 8 8|11 11 10|13 13 13|16 17 17
OOOL |7 7 7|8 8 8|11 10 11|13 13 13|17 17 16
OO00U |7 7 7|8 8 8|10 10 11|13 13 13|16 16 16
OO0A |7 7 7|8 9 8|10 10 11]13 13 13|16 16 16
002 4 5 4|5 5 5|6 6 6|6 7 6|8 7 7
OO2L |5 4 5|5 5 5|6 6 6|6 6 6|7 7 7T
002U |5 5 4|5 5 5|6 5 6|6 6 7|8 8 7
OO2A |4 5 4|5 5 5|5 6 6|6 6 6|7 7 8
02s 7 7 7|7 8 8|9 9 9|10 11 10|12 12 12
02sL, 6 7 7|8 8 8|9 9 910 10 10|12 12 12
02U |7 7 7|8 7 8|9 9 9[10 10 10|12 12 12
O2A |6 6 6[8 7 8|9 9 9[10 10 10|12 12 12

large because of the fast convergence of the Fourier spectral method [24]. In our
application, we use N = 10 to get an estimate for ai,. In view of inequality (2.6),

the smallest eigenvalue o, can also be approximated by its lower bound ok, =

min
w2+ 7, by its upper bound alV. = a2 + 7, as well as the arithmetic mean of both,

att. = w2+ (n+7)/2. We indicate the corresponding transmission conditions by

ending with capital letters “L” for lower bound approximation, “U” for upper bound
approximation, and “A” for arithmetic mean approximation. For example, “O00L”
means the optimized transmission condition of order zero with au,;n approximated
by its lower bound o, . We simulate directly the error equation, f = 0, and use a
random initial guess on the interface; we refer the readers to [11] for the importance of
this. The iteration terminates when the error reduction reaches a tolerance of le — 6

and the corresponding number of iterations are reported.

6.1. Coefficients with small amplitude. We consider first the case when the
coefficient function 7)(y) varies only with small amplitude. To this end, we choose
7n(y) = 1 + sin(27wy) and investigate how the frequency of oscillation influences the
Schwarz methods with various optimized transmission conditions, as well as those
obtained by approximations. In this case the smallest eigenvalue au,i, is 10.8538 for
w =1, 10.8691 for w = 5, and 10.8696 for w = 10. Note here 72 ~ 9.8696, n = 0, and
71 = 2. Hence both 7241 ~ 9.8696 and 72 +7 ~ 11.8696 approximate well the smallest
eigenvalue ap,i, for all values of w = 1,5, 10, especially 72 + (n +1)/2 ~ 10.8696. In
Table 1, we show the number of iterations required by the Schwarz methods with
various optimized transmission conditions compared to those with approximate omin,
with the oscillating frequency w varying from 1,5 to 10. Similar results for the non-
overlapping case are shown in Table 2. We also show the above results for w = 5 in
Figure 1. We observe in both the overlapping and non-overlapping cases that all the
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TABLE 2
Number of iterations required by the various nonoverlapping Schwarz algorithms for n(y) =
1+ sin(27wy).

Al13

h 1/32 1/64 1/128 1/256 1/512
w 1 5 10| 1 5 10| 1 5 10| 1 5 10 1 5 10
TO 82 88 83|172 175 167|342 346 347|701 687 700 |1428 1384 1390
TOL 90 88 86|177 177 180|365 362 363|720 T18 7451474 1445 1475
TOU 82 81 77|159 161 169|328 332 324|666 659 666 (1330 1330 1346
TOA |83 84 85[167 171 169|347 351 349|700 694 691 |1390 1397 1384
T2 22 23 22|44 44 44 |88 89 87 (178 177 176| 350 352 353
T2L 24 23 23|46 46 46 | 92 92 92 (186 184 186| 368 372 373
T2U |21 22 21|42 42 42 |8 85 83 [169 168 166 | 338 339 336
T2A |22 22 22| 44 44 43 |89 88 88 177 175 176| 350 351 358
OO0 |20 20 18|26 27 27|39 37 38|53 53 53| 77 77 73
OOOL |19 19 19|27 27 27|36 37 36|51 52 53| 73 73 75
OO0U |20 20 20| 28 27 28 |36 39 37|54 54 54| 78 7 76
OO0A |19 19 20| 28 27 26 |38 38 38|55 54 53| 76 7 75
002 6 6 6| 8 7 7 9 9 9 |11 11 11| 13 13 13
OO2L |6 6 6| 8 8 7 9 9 9 [ 11 11 11 13 13 12
O0o2U|7 6 61 8 8 8 9 9 9 |11 11 11 13 14 14
OO02A |6 7 7| 7 8 7 9 9 9 (11 11 10| 13 12 13
0O2s 12 11 12|14 14 13|17 17 16 |20 20 19| 25 25 25
O2sL |12 12 11|14 14 14|16 17 17|20 20 21| 25 24 25
O2sU |11 12 12|14 14 13|18 17 1720 20 20| 24 24 25
O2sA |11 12 11|14 14 14 |17 17 17|20 21 20| 26 24 24
10°
—np! 10°F S
- B-Classical - % -Taylor 0
-2 -© -Taylor 2
- % -Taylor 0 --n?
10° -©-Taylor 2 -B8-000
2 T 2 10°k P14
2 -8-000 2 -6 -002
3 K115 b -v-02s
-©-002
10' ~v-02s o'k
10° 107° 1(;" 10° 107 w“
h h

Fic. 1. Number of iterations required by the various Schwarz methods for model problem (1.4)
with n(y) = 1+ sin(107y), on the left for the overlapping case and on the right the nonoverlapping
case.

Schwarz methods with the optimized transmission conditions perform as predicted
in the asymptotic convergence rates. To see this, one only needs to notice that, for
example, for the optimized Robin transmission conditions in the overlapping case,

1
where maxqeja, i ama] 12l = 1 — 25a8. L3 + O(L3), the number of iterations for
1
reducing the errors to a given tolerance € behaves like % = O(h_%) for L =
258, L3

min

h, and it is similar for the nonoverlapping case by noting that amax oc 1/h%. We
observe as well that the transmission conditions using the approximate o, also
perform very well, and are comparable to those using the well estimated cuni. This
confirms that ap,;, can be well approximated by the lower bound, the upper bound,
and the arithmetic mean of the coefficient function n(y). In addition, we find that
the oscillating frequency w does not affect the performance of the optimized Schwarz
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TABLE 3
Number of iterations required by the various Schwarz algorithms with overlap L = h for n(y) =
1000 + 1000 sin(27wy).

h 1/32 1/64 1/128 1/256 1/512

w 1 5 101 5 101 5 10| 1 5 10| 1 5 10
Classical | 13 7 6 | 26 13 11 |50 25 20| 99 47 40| 196 94 78
TO 5 4 4|7 5 5|9 7 6|13 9 8|17 12 11
TOL 8 7 6|12 11 10|15 16 15|22 22 22| 31 32 32
TOU 9 5 5|11 6 5|12 6 6|14 7 7|13 9 10
TOA 8 4 4|8 5 5|9 6 6|9 8 8|11 11 11
T2 5 4 4|6 4 4|7 5 4]9 6 611 9 8
T2L 77 7|19 9 9|12 12 12|16 16 16| 21 22 22
T2U 6 4 4|7 4 4|7 4 4|7 5 5|8 T 7
T2A 5 4 4|5 4 4|6 4 4|6 6 6|8 8 8
000 5 4 4|6 5 5|7 6 6|9 7 7|11l 9 8
0O00L 6 6 6|8 8 8|10 10 10|13 13 12| 16 16 16
000U 7 4 4|10 5 5|13 7 6|17 9 8|23 11 9
O00A 7 4 4|9 5 5|11 6 6|14 7 7|19 9 8
002 5 5 5|5 5 5|5 5 5|5 5 5|6 5 5
002L 5 5 5|6 6 6|6 6 6|6 6 6|7 T 7
002U 7 5 5|9 6 5|11 6 6|11 7 6|15 7 6
002A 6 5 5|8 5 5|8 5 5|10 6 5|11 6 5
02s 5 4 4|6 5 5|7 6 6|8 7 7|9 8 7
02sL 6 6 6|8 7 7,9 8 8|10 10 10| 12 12 12
02sU 6 4 4|9 5 5|12 6 5|14 7 6|19 9 7
02sA 6 4 4|7 5 5|9 6 6|12 6 6|13 7 8

method. We note here for the overlapping case that the classical Schwarz method,
though converging at the predicted asymptotic rate, requires many more iterations
than the optimized variants. Similar observations hold also for the Taylor transmission
conditions in the nonoverlapping case.

6.2. Coefficients with large amplitude. We next investigate how the am-
plitude of the coefficient function 7(y) influences the performance of the optimized
Schwarz methods. To this end, we choose the coefficient function as n(y) = 1000 +
1000 sin(27wy) and consider simultaneously the influence of the oscillating frequency
w. In this case the smallest eigenvalue ayy;, is 138.2050 for w = 1, 647.3858 for w = 5,
and 1009.7520 for w = 10. Noting that we have in this case n = 0, 7 = 2000, the
smallest eigenvalue o, for each w cannot be well approximated by the lower bound
approximation 7241 =~ 9.8696, or the upper bound approximation 72+ ~ 2009.8696,
but the arithmetic mean approximation 72 + (1 + 7)/2 ~ 1009.8696 is a fairly good
approximation, especially for w = 10. For the overlapping domain decomposition, we
show in Table 3 the number of iterations required by the various Schwarz methods
compared to those with transmission conditions using the approximate au,i,. Simi-
lar results for the nonoverlapping domain decomposition are shown in Table 4. We
find, compared to the results for small amplitude, that the number of iterations re-
quired by each Schwarz method is dramatically reduced. In other words, the large
amplitude accelerates the convergence of subdomain iterations. In addition, we find
as well that the oscillating frequency w of n(y) does affect the performance of each
optimized Schwarz method in a surprising way: the faster the function 7(y) oscillates,
the faster the Schwarz method converges. In addition, it is easy to see that the “slow”
methods, for example, the classical Schwarz method, are more sensitive to this oscilla-
tion. We plot the number of iterations required by each optimized Schwarz method in
Figure 2 for w = 5, which shows that the optimized transmission conditions perform



460
461
462

463
464
465

488

489

490

491

502

503

504

505

506

507

508

509

OSMs FOR MODEL PROBLEMS WITH VARIABLE COEFFICIENTS Al5

TABLE 4
Number of iterations required by various nonoverlapping Schwarz algorithms for n(y) = 1000 +
1000 sin(27rwy).

h 1/32 1/64 1/128 1/256 1/512
w |1 5 101 5 101 5 10| 1 5 10| 1 5 10

TO 25 11 8 |47 22 18 |96 44 36 [189 86 75 | 385 178 146
TOL |85 66 62|181 161 143|339 321 330|693 719 6911471 1405 1432

TOU |15 8 7|14 13 13|26 26 26|53 53 50 | 102 104 102
TOA |11 9 8|18 17 17|36 36 35|71 72 71 | 142 142 143
T2 10 6 5|14 7 6 |26 12 10|50 24 19 | 101 46 37
T2L 30 30 31149 49 48 |94 93 94 |185 184 184 | 373 372 365
T2U 8 6 6| 8 5 5 8 7 7 |14 14 14 | 27 27 27
T2A 6 6 5| 5 6 6 |10 10 10|19 19 19 | 37 38 37
OO0 (11 9 9|15 11 11|21 15 15|28 21 20| 40 29 27
OOOL |17 15 14|22 23 22|33 33 33|46 46 46 | 66 65 65
OOo0U (21 11 1029 15 13 |40 20 17 |55 27 23| 78 38 32
OO0A |18 10 9|25 13 11 |34 17 15|47 23 20 | 67 32 27
002 5 6 6| 6 6 6 7 6 6 8 7 7 9 8 8
OO2L |6 5 5| 7 7 6 9 8 8 |10 10 10| 12 13 12

8 7

7 6

T

10 9

10 9

T

002U |13 14 8 7116 9 8 120 10 9 22 12 10
OO02A | 10 12 7 6 |13 7 6 |16 8 7 18 10 8
0O2s 8 10 8 8 |12 10 10|14 12 11 18 14 14
O2sL |11 14 13 12116 16 16 |20 20 19| 25 24 24
0O2sU |18 23 11 10|29 14 12|35 17 14| 37 21 17
O2sA |14 18 9 8 |22 11 9 |27 13 11| 32 16 14
— —
, - B-Classical * R - % -Taylor 0
10 -2 102k N - © -Taylor 2|
- % -Taylor 0 * . E—
@ ,?,Iiyxlaorz @ Qo - :333
2 -B8-000 2 BTl -4 -002
E 10' h1e § \“\‘B T~ \\\ -v-02s
) oo e
oo TH:3
10° — - = 2 =
10 10 10 10 10 10
h h

Fic. 2. Number of iterations required by the various Schwarz methods for model problem (1.4)
with n(y) = 1000 4+ 1000sin(107y), on the left the overlapping case and on the right the non-
overlapping case.

as predicted by the asymptotic convergence rates, except for the Taylor transmission
condition of order 2 and the optimized second order transmission condition for the
overlapping case, where a much more refined mesh would be required to attain the
asymptotic regime.

We next investigate how well the continuous analysis predicts the optimal param-
eters to be used in the numerical setting. To this end, we vary for w = 5 the Robin
parameter p with 51 uniform samples for a fixed problem of mesh size h = 1/256 and
count for each value p the number of iterations to reach an error reduction le — 6, and
similarly for other transmission conditions. The results are shown in Figure 3 for the
overlapping case and in Figure 4 for the nonoverlapping case. These results show that
the analysis predicts very well the optimal parameters. Among all the approximate

Qmin, we find in this case that ay is better than aj, but aém is the best.



492
493
494
495
496

497
498
499
500
501

510

511

512

513

514

515

516

517

518

519

526

527

528

529

530

531

532

533

534

538

539

Al6 MARTIN J. GANDER AND YINGXIANG XU

iterations

10 20 30 40 50 6 70 8 9 100

F1c. 3. Number of iterations required by various overlapping Schwarz methods for model problem
(1.4) when n(y) = 1000 4 1000sin(107y), compared to other parameter values. From left to right,
000, 002, and O2s are shown, where “«” indicates the optimized parameter, “o” means the lower
bound approximation, “A” means the upper bound approximation, and “[1” means the arithmetic

mean approrimation.

iterations

P

Fi1Gc. 4. Number of iterations required by various nonoverlapping Schwarz methods for model
problem (1.4) with n(y) = 1000 + 1000sin(107y), compared to other parameter values. From left

to right, 000, 002, and O2s are shown, where “” indicates the optimized parameter, “o” means

the lower bound approximation, “A” means the upper bound approxrimation, and “0J” means the
arithmetic mean approximation.

6.3. Coefficients with high contrast. In this experiment we investigate how
the optimized Schwarz methods react to the contrast of the coefficient function n(y).
To this end, we choose n(y) = d — 1+61+(9*C)’ which describes a coefficient function
7(y) with contrast d and a transient layer near y = ¢. We then consider first the case
that ¢ = 0 and the contrast d changes from 500 to 1500. The smallest eigenvalue amin
is then 509.8516 for d = 500, 1009.8331 for d = 1000, and 1509.8140 for d = 1500.
Its approximation using the lower bound of 7(y) is 72 + 1 &~ 9.8696, for all the cases
d = 500, 1000, and 1500; using the upper bound we get 72 4 7 ~ 509.8696, 1009.8696,
and 1509.8696 for d = 500,1000, and 1500, and using the arithmetic mean gives
72+ (n+1)/2 ~ 259.8696, 509.8696, and 759.8696 for d = 500, 1000, and 1500.

In Table 5 we show for the overlapping case the number of iterations required
by various Schwarz methods compared to those with transmission conditions using
approximate api,. Similar results for the nonoverlapping case are shown in Table 6.
We observe first that the higher the contrast is, the faster the Schwarz methods
converge, and this phenomenon is more pronounced for Taylor transmission conditions
and the classical Schwarz method. In other words, the high contrast will accelerate the
convergence of Schwarz methods, especially the “slow” methods. We observe as well
that the approximation aglin performs as well as the real q,;,. This is not surprising
because o, is quite close t0 iy

We also show the above results for the case d = 1000 in loglog plots in Figure 5.
We see that all the optimized transmission conditions follow the predicted asymptotic
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520 TABLE 5

521 Number of iterations required by various Schwarz algorithms with overlap L = h for n(y)

52 d— 1+e+009
h 1/32 1/64 1/128 1/256 1/512
d 500 1000 1500(500 1000 1500|500 1000 1500|500 1000 1500|500 1500 1500
Classical| 7 6 5 |14 10 9 [26 19 16 |51 37 30 (101 72 60
TO 4 4 4 5 5 4 7 6 6 |10 8 7 13 11 10
TOL 6 5 5 9 8 7 14 13 12 |22 21 19 |31 31 29
TOU 4 4 4 5 5 4 7 6 5 9 8 7 13 11 10
TOA 4 4 4 6 5 5 8 7 6 11 9 9 15 13 12
T2 4 4 4 4 4 4 5 4 4 7 6 5 9 7 7
T2L 7 7 6 9 9 9 12 12 12 |16 16 16 |21 21 21
T2U 4 4 4 4 4 4 5 4 4 7 6 5 9 7 7
T2A 4 4 4 4 4 4 6 5 5 7 6 6 [10 9 8
000 4 4 4 5 5 4 6 6 5 7 7 6 9 8 8
OOO0L 6 5 4 8 7 7 10 9 9 13 12 13 |16 16 16
OO0U 4 4 4 5 5 4 6 6 5 7 7 6 9 8 8
OO0A 4 4 4 5 5 5 7 6 6 8 7 7 10 9 9
002 5 5 4 5 5 5 5 5 5 5 5 5 5 5 5
OO2L 5 5 5 5 5 6 6 6 6 6 6 6 7 7 7
002U 5 5 4 5 5 5 4 5 5 5 5 4 5 5 5
002A 5 5 4 4 5 5 4 4 4 5 5 4 5 5 5
02s 4 4 4 5 5 5 6 6 5 7 6 6 8 7 7
O2sL 5 5 4 7 7 6 9 8 8 [10 10 10 (12 12 12
02sU 4 4 4 5 5 5 6 6 5 7 6 6 8 7 7
02sA 5 4 4 5 5 5 6 6 6 7 7 7 8 8 8

523 TABLE 6

524 Number of iterations required by various Schwarz algorithms without overlap for n(y) = d —

525 H—e%'
h 1/32 1/64 1/128 1/256 1/512
d 500 1000 1500|500 1000 1500|500 1000 1500|500 1000 1500| 500 1500 1500
TO0 1 8 7T 125 17 14 |49 35 29 [100 70 59 | 200 142 117
TOL 41 28 23 111 82 64 |282 227 191 [635 556 529 [1343 1257 1178
TOU 12 8 7 24 17 14 |48 34 28 |101 70 56 | 201 144 118
TOA |15 11 9 [33 22 19 |67 48 38 [140 99 80 | 280 202 163
T2 5 5 5 7 5 5 |14 10 8 |27 19 16 | 52 38 31
T2L 25 27 29 |47 49 49 |93 92 93 |188 182 186|370 371 370
T2U 5 5 5 7 5 5 |14 10 8 [26 19 16 | 52 38 31
T2A 5 5 6 10 7 6 19 14 11 |37 26 22 73 53 43
000 9 8 8 12 10 10 |16 14 12 |21 18 17 30 25 23
OOOL |14 12 12 |22 21 20 (32 32 31 |46 45 45 | 66 65 66
Oo0o0uU| 9 8 8 12 10 10 |16 14 13 |22 18 17 30 25 23
OO0A | 8 7 7 |11 9 8 |15 13 12 |21 18 16 | 30 25 23
002 6 6 6 6 6 6 6 6 6 7 6 6 8 8 7
OO2L | 4 4 4 6 5 5 8 8 7 (10 10 10 | 12 12 12
0O02U| 6 6 7 6 6 6 6 6 6 7 6 6 8 8 7
O02A| 5 5 6 5 5 5 6 5 5 7 6 6 8 8 7
02s 7 7 7 8 8 7 110 9 9 (12 11 11 | 15 13 13
O2sL 9 8 8 13 12 11 |16 16 15 {20 20 19 24 24 24
028U | 7 7 7 9 8 7 10 9 9 (12 11 11 | 15 14 13
O2sA | 7 6 6 9 8 8 11 10 10 | 13 12 11 16 14 14

540

541

542

convergence rates well, except again the Taylor transmission conditions of order 2 and
the optimized second order transmission conditions, where a much more refined mesh
would be needed to reach the asymptotic regime.
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Fic. 5. Number of iterations required by the various Schwarz methods for model problem (1.4)
on the left the overlapping case and on the right the non-

when n(y) 1000 —

overlapping case.

1000

1+¢100(y—0.3) 7

10°

TABLE 7
Number of iterations required by the various Schwarz algorithms with overlap L = h for n(y) =
1000 — 1+ 118(?(01—@
h 1/32 1/64 1/128 1/256 1/512
c 0.3 06 09|03 06 09|03 06 09|03 06 0903 06 09
Classical | 16 29 43 [ 30 58 85| 61 114 168|119 228 336 | 236 453 671
TO 6 7 9 7 10 11|10 14 16 | 14 18 23 |19 26 32
TOL 8 9 g8 |12 12 12|16 17 16 | 23 23 22| 32 33 33
TOU 9 16 22|10 18 27|11 19 29 |12 22 29| 12 23 30
TOA 7 12 18| 6 13 20| 8 15 22 9 15 18 | 13 14 20
T2 5 6 6 6 8 9 7 10 11 |10 13 15| 13 17 20
T2L 7 7 6 9 9 8 12 12 12 |16 16 15 | 21 22 22
T2U 6 10 14| 6 11 14| 7 11 16 6 1 17 | 8 9 16
T2A 5 7 11| 5 8§ 12| 5 7 12 6 9 13 9 9 13
000 5 6 7|6 8 9 7 9 10 9 11 13 | 12 14 16
OOO0L 7 7 7| 8 9 9 |10 11 11 |13 13 13 |16 16 16
OO00U 7 13 1910 18 25|13 24 34|16 32 44 | 23 40 60
OO0A 6 11 17| 8 15 22|10 19 28 | 14 26 39| 19 33 49
002 5 5 5 5 5 5 5 5 6 5 6 6 6 7 7
OO2L 5 5 5 5 5 5 6 5 6 6 6 6 7 7 7
002U 7T 12 17| 8 15 22|10 17 25| 12 20 31 |11 24 35
0O02A 6 10 14| 7 12 16| 7 15 21 9 17 25 | 10 20 25
O2s 5 6 7|6 7 8 7 8 9 8 9 10 | 9 11 12
O2sL 7 6 7 7 8 8 9 9 9 10 10 10| 12 12 12
02sU 6 11 16| 8 15 22|11 21 28|15 24 38 | 18 29 44
O2sA 5 9 136 14 19|9 17 25|12 22 30| 14 26 38

Next, we investigate how the location of the transient layer influences the perfor-
mance of the various Schwarz methods. We thus fix the high contrast d = 1000 and
vary the location of the transient layer ¢ from 0.3 to 0.9. The corresponding smallest
eigenvalue ampi, is given by 94.8798,25.5064, and 11.5973 for ¢ = 0.3,0.6, and 0.9,
respectively. While af. ~ 9.8696 for all the cases ¢ = 0.3,0.6, and 0.9, oY

1009.8696 for ¢ = 0.3 and 0.6, and a¥, =~ 1009.8242 for ¢ = 0.9, o, =~ 509.8696 for

min
c = 0.3 and 0.6, and ozr‘?]in ~ 509.8469 for ¢ = 0.9. In Table 7 we show for the over-
lapping case the number of iterations required by various Schwarz methods as well as
those using approximate ai,. Similar results for the nonoverlapping case are shown

in Table 8. From Tables 7 and 8, we observe that the location of the transient layer

~
~
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TABLE 8
Number of iterations required by the various Schwarz algorithms without overlap for n(y) =
1000
1000 — THei00=o) -
h 1/32 1/64 1/128 1/256 1/512
c 0.3 06 0903 06 09(03 06 09|03 06 09|03 06 09

TO 28 57 83| 60 113 167|110 225 333|233 441 666 | 463 916 1360
TOL 84 90 88 |178 174 184|356 364 366|719 731 725|1445 1452 1461
TOU 12 22 32|18 23 32|37 37 37|72 73 71| 144 144 146
TOA 12 16 23|24 26 26|50 51 52 (103 100 103| 201 203 207
T2 9 17 23|16 30 43 |30 57 85 |60 115 172| 120 231 337
T2L 26 27 26|48 47 47|94 93 92 |186 184 183| 370 364 368
T2U T 12 16| 7 11 17 |10 12 16 |19 19 19| 38 37 37
T2A 6 9 13| 7 9 13|14 14 14 |27 27 27| 52 52 52
OO0 |12 16 19|16 21 27|23 30 37|32 43 53| 44 59 74
OOOL |15 17 19|23 24 25|33 34 35|46 46 51| 65 66 74
OO0U |20 38 55|29 54 78|40 76 112| 57 107 158| 79 152 222
OO0A |18 32 47|24 45 67|34 65 94|48 91 133| 67 130 188
002 5 6 6|6 7 8 7 8 9 8§ 10 10| 10 11 12
OO2L| 6 6 6 |7 8 8 8 9 9 |10 10 11| 12 12 13
OO2U |12 21 31|13 25 36|15 30 42|19 35 49| 21 38 59
OO2A| 9 17 24|10 20 28|12 23 32|14 27 40| 17 27 49
O2s 9 11 11|10 12 14|12 15 17 |15 18 20| 18 22 24
O2sL |10 11 11|14 13 15|17 17 17 |20 20 20| 24 24 24
O2sU |17 32 46|21 39 58|25 51 75|32 63 92| 40 75 113
O2sA |13 24 38|17 31 45|20 38 57|27 50 72| 32 60 89

iterations

5 10 15 20 25 30 3 40 45 50 55

Fic. 6. Number of iterations required by the various overlapping Schwarz methods for model

problem (1.4) when n(y) = 1000 — 1%138%’ compared to other parameter values. From left
[

to right, 000, O02, and O2s are shown, where “” indicates the optimized parameter, “o” means
the lower bound approximation, “A” means the upper bound approximation, and “[1” means the
arithmetic mean approximation.

influences remarkably the performance of the Schwarz methods: the farther right the
transient layer is located, the slower the Schwarz methods converge. In addition, this
phenomenon is more pronounced for the nonoverlapping Schwarz methods and the
“slow” methods.

We finally investigate, for the case of high contrast 7(y), how well the continuous
analysis predicts the optimal parameters to be used in the numerical setting. To this
end, we vary for the case ¢ = 0.3 the Robin parameter p with 51 uniform samples
for a fixed problem of mesh size h = 1/256 and count for each value p the number of
iterations reaching an error reduction le — 6, and similarly for the other transmission
conditions. The results are shown in Figure 6 for the overlapping case and in Figure 7
for the nonoverlapping case. These results show that the analysis predicts very well
the optimal parameters. Among all the approximate iy, we find, however, that

L . . .
ous, is the best in this case.
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iterations

a0 60 80 100 120 140 160

p

F1c. 7. Number of iterations required by the various nonoverlapping Schwarz methods for model

problem (1.4) when n(y) = 1000 — M}%’ compared to other parameter values. From left to
[

right, OO0, 002, and O2s are shown, where “«” indicates the optimized parameter, “o” means
the lower bound approximation, “A” means the upper bound approxrimation, and “[1” means the
arithmetic mean approximation.

TABLE 9
Number of iterations required by the wvarious Schwarz algorithms with overlap L = h for
n(z,y) = 1000 + 1000 sin(27wy) cos(rwx).

h 1/32 1/64 1/128 1/256 1/512

1 100(1 5 10| 1 5 10| 1 5 10| 1 5 10
TO 5 4 4|7 5 5 9 7 6 |12 9 8 |17 12 11
TOg¢ 6 5 4|9 7 6|14 10 9 |18 15 13|27 22 20
T2 5 4 416 4 4|7 5 419 6 6|11 8 8
T2¢ 5 4 46 5 5 9 8 7 |12 11 10|16 16 14
o000 |5 4 4|6 5 5|7 6 6|9 7 7|1 9 8
OOOf 6 5 4|7 6 5 9 8 7 112 10 9 13 13 12
002 5 5 5|5 5 5 5 4 5 5 5 4 6 5 5
002 |4 4 3|5 4 4|5 5 5|6 6 6|7 6
0O2s 5 4 416 5 5|7 6 6|8 7 6109 7
O2¢ |6 5 4|6 6 5|8 7 79 9 8|11 11 9

6.4. Comparison with the frozen coefficient approach. In this subsection,
we consider numerically problems where our analysis is not valid, i.e., the case where
the reaction coefficients are varying in both the x and y directions, and compare our
results to those obtained by the widely used strategy of frozen coefficients. From the
previous experiments we know that a small amplitude of the reaction coefficients does
not affect the subdomain iterations a lot, and we thus consider in this subsection only
the case of large amplitude, and choose n(z,y) = 1000 + 1000 sin(27wy) cos(rwx).
On the interface x = L, n(L,y) is used to determine the smallest eigenvalue aupin,
and similarly for the interface x = 0. We show the number of iterations required
by each optimized Schwarz method to reach an error reduction of le — 6 for the
overlapping case in Table 9, and for the nonoverlapping case in Table 10. On the
interface * = 0, the function 7(0,y) = 1000 + 1000sin(27wy) coincides with the
case with large amplitude in subsection 6.2, and a comparison with the results in
Tables 3 and 4 shows that our optimized transmission parameters require basically
the same number of iterations as when the reaction coefficient varies only in the
y-direction, which illustrates the efficiency of our predicted transmission parameters.

We then perform a similar experiment, but with the frozen coefficient approach
[11, 18, 35]. The results are shown in Tables 9 and 10 for the overlapping and non-
overlapping methods, indicated by a subscript “f” for “frozen.” We see that the frozen
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TABLE 10
Number of iterations required by the wvarious Schwarz algorithms for n(xz,y) = 1000 +
1000 sin(2nwy) cos(mwz), the nonoverlapping case.

h 1/32 1/64 1/128 1/256 1/512

1 5101 5 101 5 101 5 101 5 10
TO [23 11 8|47 23 18|95 45 36 189 83 72390 180 145
TOp |69 45 538|144 120 119292 250 222|627 591 520 |1340 1292 1219
T2 [10 6 5|14 7 5 |26 12 10|50 24 19| 99 46 38
T2 |16 19 18| 41 35 36 |85 70 76 [180 159 150| 344 352 339
000 [11 9 9|15 11 11]21 15 14|29 25 19| 39 28 27
000;(14 12 12|17 16 17 |30 27 24 [43 41 37| 61 59 57

002 |5 6 6| 6 5 6 7 6 6 7 7 7 9 8 8
0025 5 5| 6 6 6 8 7 [§ 9 8 7 11 10 9
O2s 8 7 7|10 8 g |12 10 10|14 12 11 | 17 14 14
O2¢ |9 8 7|11 10 9 |15 13 11|19 16 14| 22 20 19

coefficient approach also works quite well, but our new methods lead to lower iteration
counts, especially in the nonoverlapping case and when the mesh is refined.

7. Conclusion. In this paper we analyzed optimized Schwarz methods for model
problems with coefficients varying continuously parallel to the interface. We decou-
pled the spatial variables of the model problem using the technique of separation of
variables and obtained a convergence factor for the methods as a function of eigenval-
ues of certain Sturm-Liouville problems containing the variable coefficient. Various
optimized transmission condition were then obtained by optimizing the convergence
factor over all relevant eigenvalues. This method for analyzing the OSM is promising
and can be applied to many other equations with variable coefficients. With this anal-
ysis, we obtained the following important new insight: the performance of Schwarz
methods and the optimized parameters depend on the smallest eigenvalue of an in-
terface Sturm—Liouville problem, and not locally on the variation of the coefficient
along the interface, like one assumed in a frozen coefficient approach. We also saw
in the numerical experiments that fast oscillations and high contrast of the reaction
term are good for the performance of the Schwarz methods, especially the slow ones.
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