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ANALYSIS OF THE PARALLEL SCHWARZ METHOD FOR
GROWING CHAINS OF FIXED-SIZED SUBDOMAINS: PART I*

G. CIARAMELLAY AND M. J. GANDERf

Abstract. In implicit solvation models, the electrostatic contribution to the solvation energy
can be estimated by solving a system of elliptic partial differential equations modeling the reaction
potential. The domain of definition of such elliptic equations is the union of the van der Waals cavities
corresponding to the atoms of the solute molecule. Therefore, the computations can naturally be
performed using Schwarz methods, where each atom of the molecule corresponds to a subdomain.
In contrast to classical Schwarz theory, it was observed numerically that the convergence of the
Schwarz method in this case does not depend on the number of subdomains, even without coarse
correction. We prove this observation by analyzing the Schwarz iteration matrices in Fourier space
and evaluating corresponding norms in a simplified setting. In order to obtain our contraction results,
we had to choose a specific iteration formulation, and we show that other formulations of the same
algorithm can generate Schwarz iteration matrices with much larger norms leading to the failure
of norm arguments, even though the spectral radii are identical. By introducing a new optimality
concept for Schwarz iteration operators with respect to error estimation, we finally show how to find
Schwarz iteration matrix formulations which permit such small norm estimates.
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1. Introduction. Recent developments in physical and chemical applications
are creating a large demand for numerical methods for the solution of complicated
systems of equations, which are often used before rigorous numerical analysis results
are available. As a particular example we study here the new methodology that was
recently presented in [2] and supported by [20, 21]. Based on a physical model approx-
imation of solvation phenomena, called COSMO [1, 16, 26], the authors introduced the
so-called ddCOSMO, which is a new formulation of the Schwarz methods for the so-
lution of solvation problems where large molecular systems, given by chains of atoms,
are involved, and each atom corresponds to a subdomain. The Schwarz methods are
written in a boundary element form (see, e.g., [22] for a review of the application of
boundary element methods), and no theoretical analyses of the algorithm are per-
formed in [2, 20, 21]. The authors observe, however, in their numerical experiments
an unusual convergence behavior of the Schwarz methods used: the convergence of
the iterative procedure without coarse correction is in many cases independent of the
number of atoms and thus subdomains; see, e.g., [2, Figure 10]. Schwarz methods are
a mature field (see, e.g., [25, 8] and references therein), and it is well known that, in
general, for elliptic problems, the convergence of Schwarz methods without a coarse
space component depends on the number of subdomains. We prove in what follows
that in the specific case of [2, 20, 21] for an approximate geometrical setting, the
convergence indeed does not depend on the number of atoms in the molecule, and is
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Fic. 1. Grid of points used to define the geometry of the problem and our rectangular model
for the chain of atoms.

thus independent of the number of subdomains. This is our first main result, which
we prove for an approximate 2-dimensional model that describes a chain of atoms
whose domains are approximated by rectangles.

Our analysis leads us to estimate the spectral radius of iteration operators. This
is in general a difficult task, and it is often easier to estimate norms. For a given
method, different iteration operator formulations are possible that have the same
spectral radius, but the iteration operator norms are in general different. This fact
can strongly influence the convergence analysis, which in the worst case can even
be inconclusive. To the best of our knowledge, there has been no attempt so far to
characterize, describe, and compare such different iteration operator formulations in
terms of error estimation. Our second main contribution is a precise characterization
of the best Schwarz iteration operator formulation with respect to error estimation.
Based on a new optimality concept for error estimation, this formulation allowed us
to obtain our convergence result independent of the number of subdomains.

Our paper is organized as follows: in section 2, we introduce the approximate
model that describes a chain of atoms whose 2-dimensional circular domains are ap-
proximated by rectangular domains, and we define the parallel Schwarz method for
the solution to this approximate model. Section 3 is devoted to constructing Schwarz
iteration matrices in Fourier space. In section 4, we prove convergence of the parallel
Schwarz method independently of the number of subdomains by estimating norms of
Schwarz iteration matrices. In section 5, we show that different iteration formula-
tions are possible, which can lead to Schwarz iteration matrices having very different
norms, even though the spectral radii are the same. We then introduce a new concept
of optimality of transfer operators with respect to error estimation, and we prove
optimality of the Schwarz iteration operator that we used in section 3. We illustrate
our analysis with numerical experiments in section 6, and present our conclusions in
section 7.

2. Parallel Schwarz method for a solvation model. We now define our
simplified solvation model consisting of a chain of N rectangular atoms, and study a
parallel one-level Schwarz method for computing its state. To define the domain of
each atom, let L € R™ and 6 € R, and define the grid points a; = (j — 1)L — § for
j=1,...,N+1l,and b = jL+0 for j =0,..., N, as shown in Figure 1. The domain
of the jth atom of the chain is a rectangle of dimension Q; := (aj,b;) x (0,L). In
addition, some forces f; and g; act in the interior and on the boundary of the jth
atom. The chain of atoms is also shown in Figure 1. The state u;(z,y) of the jth
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atom is governed by the boundary value problem

(1)

7Auj :fj in Qj? uj('>0):gj('a0)> uj('vL) :gj('7L)7

U; = Uj—1 in [aj,bj,l] X (O,f/), Uj = Uj+1 in [(lj+1,bj] X (O,L),
where the last two conditions describe the interaction of the jth atom with atom
j — 1 and atom j + 1, and the function f; is equal to f;j+1 or f;—1 in the overlap.
We note that in the original model considered in [20], f; = 0, but here we consider

the more general case of possibly nonzero f;. Notice that problem (1) is defined for
j=2,...,N — 1. The states of the first and the last atom are governed by

—Auy = f1 in Qq,
(2) u(+,0) = g1(-,0), u1('7£) = 91(',ﬁ), u(a1,-) = g1(a, ),
up =ug in [ag,b1] x (0, L)
and
—Auny = fy inQy,
(3) un(-,0) = gn(-,0), un(L)=gn(L), un(by,)=gn(bn,"),
uy =un—_1 in[ay,by_1] x (0,L).

For a large number of atoms IV, it is natural to apply a domain decomposition method
to solve (1)-(3). In particular, we focus on the parallel Schwarz method,

—Auf = f; in€Qy, uf(,0) =g;(:
u;‘l(ajv') :u;b:ll(ajf)v u?(ij) = Uy

forj=2,...,N —1 and

—Aut = f1 in ), —Auly = fy  in Qp,
ur(+,0) = g1(-,0), u (- 0) = gn (-, 0),
ui (L) = g1 (-, L), and uf (L) = gn (- L),
uy(ar,-) = gi(as, ), uy(an,-) = u Y (an, ),
ug (by,-) = uy ™" (by, ), un (bn, ) = gn (b, -)

Notice that 26 represents the overlap between two consecutive subdomains, and § can
assume values in the interval (0, L/2). We remark that the Schwarz method above
corresponds to the “Jacobi” version of the Schwarz method used in [2], but applied
to a chain of atoms defined on rectangular domains.

In order to analyze the convergence of the parallel Schwarz method, we denote by
e} the error between the exact solution u; and the approximate solution computed
at the iteration n, that is, €] := u; —u7. By linearity, the parallel Schwarz method
for the errors is

(4)

—Ae? =0 in Qj> e'j”(70) =0, e".L(.7L) =0,
ef(ag,) = el a,),  ef(by, ) = €t (by,0)

forj=2,...,N—1and
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—Aef =0 inQy, —Aely =0 inQy,
6?(-,0) =0, e?(7f/) =0, erjil(WO) =0, 6%(,[2) =0,
(5) " and .
€1 (ah ) =0, e%(al\/’ ) - 6N (aNa )a
e?(bh ) = egil(bh ')7 e?V(va ) =0.

In what follows, we study the convergence of the parallel Schwarz method, that
is, e} — 0 as n — oo. Our convergence analysis is performed using a Fourier sine
series to solve the elliptic problems (4)-(5). This technique allows us to study the
convergence of the parallel Schwarz method for each coefficient of the Fourier series.
In particular, for each mode we can construct a Schwarz iteration matrix 7" that is
used to generate a sequence of errors in the Fourier coefficients v™ as v = Twv" 2.
Notice that the step from n — 2 to n is considered in order to analyze the decay of the
error corresponding to the jth atom. This fact will become clear in the next section

and is common for the analysis of Schwarz-type methods; see, e.g., [7].

3. Constructing the Schwarz iteration matrix. To construct the Schwarz
iteration matrix corresponding to the parallel Schwarz method (4)—(5), we use a sine
series expansion,

e}
m
6 v (xz, k) sin(k k=—,
(6) n; y), 7
where the Fourier coefficients v} (x, k) are given by
(7) vl (@, k) = ¢&(k, 6)e™ + d;(k,8)e ™,

and &;(k,d) and d;(k,d) are computed using the conditions vi(aj, k) = vi~ “Haj, k)
and v} (b;, k) = vﬁ_ll(b k), which are obtained by transforming the transmission
condltlons Notice that k is parametrized by m; hence one should formally write k,,,

but we drop the subscript m for simplicity. We obtain that
0 (0, k) = "0 e g a0 (k)0 (0, B) — gk, )7 (ay, k)|

(8) k jkL
+e el [gBl(]C 5) (ajvk) — 9p2(k,0)v} j+1 (bﬁk)}

with
e3ko+2kL ekd+kL
gAl(k‘,(S) = W; gA2(k76) = W’
(9) (3kO+kL eho

gBl(k76) = W; gBQ(kad) = W

In a similar fashion we solve the problems (5) on the left and right and obtain
’U{L(SU, k) =w (CC, k, 5),0;71“)17 k)a

with

kS+kL
(2, k;8) := e o—kr _ ,2ko+ka
) T 1 _ ARoT2RL )

and

U]T\L/(zv k) = ZN(xa k; 5)UJT\L/_—11 (an k)7
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with
k§+kL

an(@, k: 6) = [eka:—kNL _ okNL+2ké—kz |

1 _ Akd+2kL

Our convergence analysis focuses on the Fourier coefficients v} (z,k), and we thus
rewrite (8) in the form

(10) vji(z, k) = wj(z, k; 6)v7 L(bj, k) + 2z (@, K; ;0)vi— Laj, k),

]+1
where
(11) wj(z, k;0) == ekxe_jkLgAl(k, 0) — e_kxejkLgBQ(k:, J)
and
(12) zj(z,k;0) i= e ek g (k, 8) — e M g an (K, 6).

By applying (10) recursively, we obtain

(x k) = w;j(x, k; 6)w;t1(bj, k; 6)v Vjyo (bj+17k)
+wj (2, k; 6)2511 (b, ks 6)v) 2 (a4, k)
+ z(x, k; d)w;—1(a;, k; 5)1);?_2(bj_1, k)
+Zj(x,]f;5)Zj_1(aj,k;6)11;l:22(aj_1,k').

(13)

Evaluating (13) at = a; and x = b; yields

vi_i(az, k) = wa(k, d)wy(k,d) ;L+12(b k) + wq(k, 5)zb(k,5)v (aj,k)
(14) + 2a(k, 6)wa(k, 6)v7 "2 (bj—2, k) + za(k, ) za(k L 0)viZ 5 (aj2, k),
031 (b, k) = wp(k, 6)wy (K, 6)v J+3( bj+2, k) +wy(k,8)2(k, 6)v} 12(a]+2, k)

+ zp(k, 0)we (K, §)vl L) (b], k) + zp(k, 8)zq (k, (5) (a],k),
where we used the fact that
(15)
wa(l@ (5) = U}j (aj+1, k; 5) = 1,Uj,1(aj7 k; (S)7 wb(k, 5) = w]'Jrl(bj, k; (5) = wj(bj,l, k; 5)7
Za(k, 5) =z (aj+1, k, 5) = zj_l(aj, k, 6), Zb(k, 5) = Zj+1(bj, k, 5) =Zj (bj—h k, 5)

for j = 2,...,N — 1. Similarly, since wy(ag,k;d) = wy(k,0) and zy(bn-1,k;d) =
zp(k, §), for the first and the last atom we get

v (az, k) = wa(k, §)wy(k, )vy~2(be, k) + wa(k, 8)2zp(k, 8)v) 2 (as, k),

(16) v (bn_1, k) = zp(k, 0)we(k, 0)viy “2(bn_1. k) + 2k, 0)za (K, 0 2(aN 1, k).

For the atoms j =2 and j = N — 1 we have

v (as, k) = wa(k,8) 24 (k, 6)v5 2 (b1, k)

+ wa (K, )2 (k, 0)vy 2 (ag, k) + wa(k, §)wy(k, §)vy = 2(bs, k),
V3 (b, k) = wa(k, )2k, 8)vy~2(by, k)

+ wy(k, 8)zp (K, 6)vh 2 (az, k) + wp(k, 6)wy (k, 6)v) (b3, k)
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and
vn_1(an, k) = wq(k, 6)zp(k, 0)vi_ 1(aN,k)
+ 24 (K, 0)wa (k, ) 2 (bn—2, k) + za(k, 8)2a (K, 0)vN % (an—2, k),
v (by—2, k) = wy(k, §) 2 (K, §)v2 (an, k)
+ 2p(k, 8)wa (k, 0)vN 2 (bn—a, k) + 25(k, 0)za(k, SV % (an—2, k).

Before we present the Schwarz iteration matrix, we prove the following lemma, which
is useful for obtaining a simpler representation of the matrix.

LEMMA 1. For any (k,d) € (0,00) x [0, L], the quantities defined in (15) satisfy
wq(k,8) > 0 and wy(k,d) > 0. Moreover, wq(k,d) = zp(k,0) and wy(k,d) = z,(k, ).

Proof. A direct calculation using (11) and (9) shows that

2k5+2kL _ ,2k8 oAkS+kL _ kL

e
and  wy(k,d) = TeAkS+2kL _ 1 -

(17) wa(k,d) = oARGT2RL _ |

The first statement follows now from (17). Then, a direct calculation involving (12)
and (9) allows us to compute that z;,(k,d) = % and z,(k,0) = ﬁ,:;f%

Comparing these with (17), the second statement follows.

We are now ready to complete the construction of the Schwarz iteration matrix.
By defining v"(k) € R*V as
as) v (k) = (0,’05‘(1)1, k), v1 (az, k), vs (b, k), . .. ,v?_l(aj, k),v ]_H(b k),.
n n n T
’UN72(aN717k)va(belvk)/UNfl(aNa k)70) 9
(14) and (16) can be written in the form

v (k) = T(k,6)v" 2 (k),

where (using Lemma 1) the Schwarz iteration matrix T'(k, ) € R2V*2N is given by
0 0 0 0
0 zpzp WpZp WpWp
ZpZp  ZpWp 0 0
WpZh  Zb2h WpZp WpHWy
0 wpzp Zp2p  Wp2p
0 O WhZb  Zb2b
WpWp WpZ 0 0
T(l@é) — bWy WpZh
0 0 WyZp WHWp
ZpZp  WpZp 0 0
WHZy 22D wpzp 0
WpWp  WHZp ZpZp  WpZp
0 0 ZpWh  2p2h
WpWp WpHZh zpzp 0
0 0 0 0

and we omitted the dependence on k and § for simplicity. Notice that we added a first
and a last zero entry in the vector v™(k) leading to the first and last zero rows and
columns to have the Schwarz iteration matrix T'(k,d), because this reveals a block
structure corresponding to the atoms in the chain that will be useful later.



1336 G. CTARAMELLA AND M. J. GANDER

4. Convergence analysis of the parallel Schwarz method. We now prove
that the parallel Schwarz method (4)—(5) converges independently of the number of
atoms N. We start by proving essential properties of the Schwarz iteration matrix
T(k,0), using that k > 0, which always holds because of (6), i.e., the Dirichlet bound-
ary conditions on the boundary of the atoms.

LEMMA 2. The following statements hold:

(a) For any § > 0, the map k € (0,00) — (zp + wp)(k,0) € R is strictly mono-

tonically decreasing.

(b) For any k > 0, the map 6 € (0,L/2) — (zp + wp)(k,0) € R is strictly

monotonically decreasing.

(¢) For any k > 0, we have (zp + wp)(k,0) = 1, W(k‘,@) = 0, and

Ozrtwn) (10) < 0.

Proof. From Lemma 1 and using (17), we obtain

2k6+2kL _ (2k5 | o4kS+kL _ gkL

e
(25 + wp) (K, 0) = oAk F2KL _ |
(19) (e2MTKL _ 1)e2k0 | (2K0+RL _ 1okl o2k6 4 kL
- (e2ROFRL —1)(e2ZR0+kL 4 1) T g2ko+kL
Differentiating (19) with respect to k, we get
8(2b+wb) (k 5) B LekL +2562k6 B (ekL +62k6)(L+25)ekL+2k6
ok 19T T 2keHRL | (e2RSTKL 1 1)2

(20) [Le4k6+kL 4 2562k5+2kL _ 25€2k5 _ LekL]

(e2k0+kL 1 1)2

Notice that e**9tkl _ kL > (0 and e2F0+2kL _ ¢2k0 > () for any £ > 0 and 6 > 0.
Hence, we have that M(k, d) < 0, and statement (a) follows.

ok
Claim (b) can be proved in a similar way: we have that
(21)
Az + wp) 9 e2k0 (el 4 e2k0) kL +2ks 2k [e2k+2HL _ (2ke]
95 (k,6) = e2kS+kL {1 (e2kO+RL 4 1)2 - (e2kd+kL 1 1)2

Notice that e?#9+2kL _ ¢2k6 > ( for any k > 0 and & € (0,L/2), which implies that
W(l@é) < 0, and statement (b) follows. Claim (c) follows by continuity of
(19)—(21) with respect to § and passing to the limit for 6 — 0. 0

We can now prove that the parallel Schwarz method for the solution of (4)—(5)
converges independently of the number of atoms IV by proving that the spectral radius
of the Schwarz iteration matrix T'(k, d) is bounded by a function of k and § that does
not depend on N.

THEOREM 3. For any (k,d) € (0,00) x (0, L) we have the bound
p(T(k,0)) < |IT(k,0)lloc < A(K,0) <1,
where p(T(k,9)) is the spectral radius of T'(k,0) and

o2k | kL 2
Ak0) = (S )
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which is independent of the number N of atoms. Moreover, for N > 5 it holds that
1T(k,6)l[oc = Ak, 6).

Proof. By Lemma 1, all the entries of T'(k,d) are positive. The sum of the entries
of the jth row for 5 < j < 2N —5is

2
2pWp + 2p2p + 2pWh + WpWp = (Zb + wb) )

where we omitted the dependence on k and § for simplicity. Moreover, it follows from
Lemma 1 that

(22) S (T(k.0),, < (20(k,8) + wy (k, 5))2

Y4

for j = 1,...,2N. Hence we obtain for the infinity norm of the Schwarz iteration
matrix

2
(23) 1T (K, 6)lloe < (26(k, 8) + wy(k, )",

and equality holds if N > 5. Now using (19) and Lemma 2, we get

2k8 | gL
(24) Zb(k,(s) + Wb<k,§) = m < 1,
and combining (23) with (24) concludes the proof. 0

We now use Theorem 3 to obtain convergence in the L? norm using Parseval’s
identity.

COROLLARY 4. Under the assumptions of Theorem 3 we have that
(25) 1T (k, 0)ll2 < [|T'(K, 0)|oo-

In addition, with c := maxy, | T(k,0)||3, the following inequality holds:

>l a3 + e b 3z ) < e (lley (g )l3e + e 205,13 )-
J

J

Proof. Since the Schwarz iteration matrix satisfies | T(k, d)|lco = ||T(k,d)]1, (25)

follows by applying the standard estimate ||T'(k,d)|2 < /T (k, )|l |T(k,6)[1. The
second statement can be shown using Parseval’s identity. |

Next, our aim is to obtain a sharper estimate of the spectral radius. According
to the estimate (22), the effect of the inner atoms dominates the effect of the first and
the last atom of the chain.

We first notice that T'(k,d) can be written as a sum,

T(k,8) = T1(k, ) + Ta(k, 6),

where T (k,0) is a symmetric matrix given by
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0 0 0 0
0 zf zpwp 0
zg Wp2h 0 0
WpZp  Z zpwy 0
0 zpwp 22 wezp
0 O Wy 2h zf
T = 0  zpwy 0 0
0 0 zpwp 0
zf WpZp
Wp2p z?
0 zpwp zg 0
0 0 0 0
and T»(k,d) is given by
00 0 0
00 0 w?
00 0 0
00 0 w?
00 0 0
00 0 0
Ty = wg 0 0 0
0 0 0 w?
0 0 00
0 0 00
wg 0 0 0
0 0 0 0
00
00

Under the action of an appropriate permutation matrix P, the matrix T} (k, d) can be
transformed into T} (k,§) = PTy(k,8)PT with block-diagonal structure,

0
Ty (k,0) )

where T7,(k,d) and T3, (k, §) are tridiagonal matrices of the form

T1,(k,0)

(ko) = (1)

0
WyZb
%

%
WyZb

%
WyZb

Wp 2y

2
2y WpZp Wpzp

and

Wpzp Z? Wpzp

2
Zb 5
Zp

ZbWh

Whzy Wpeh

2
Zp

ZpWh
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The block structure of 77 corresponds to the specific ordering of the vector v™ defined
in (18). In particular, v™ = (v, v%,...,v%)", where v} = (Vi (aj, k), v} (b, k),
with v = (0,05 (b1, k)) and v}, = (v} _;(an, k),0). In order to obtain this particular
block-tridiagonal structure, the permutation matrix P is

+
n __ n n n n n n
Pv —(vl,vg,US,...,vz,v4,'u6,...) .

This transformation allows us to identify the two Schwarz subsequences
{vP,vg,v7,...} and {v}, v}, vg,...} as pointed out in [19]. These subsequences
correspond to a well-known red-black ordering of the subdomains; see, for example,
[25, page 18].

Since Ty (k, &) To(k,§) is a diagonal matrix having entries equal to wi and zero,
and denoting by g the maximum between the dimension of the nonzero block of 77,
and the dimension of T4, we have

26) T (ko) = e {

£+m%m{;gﬂ}mm@@m:ﬁ.

THEOREM 5. Let N > 4. Then, for any k > 0 and § > 0, the estimate
p(T'(k,8)) < v(k,0,p) < [T (k, )]s <1
holds with

27) (k0 p) = [max {

22(k,8) + 2wy (k, 8) 2 (k, 8) cos<uj+7r1> ‘} + wi(k, ),

where p is the maximum between the dimension of the nonzero block of T{, and the
dimension of Thy.

Proof. Using the triangle inequality and (26), we get
1T (k,0)ll2 < Ty (K, 0)ll2 + 1 T2(k, 6)ll2 = (K, b, ).
The claim follows by noticing that
Yk, 6, 1) < 22 4 2wpzp + wE = (zb + wb)2 =Tk, 0)|loo

and using Theorem 3. ]

Using Theorems 3 and 5 and Corollary 4, we thus obtain the estimate

(28) p(T) < ||ITll2 <~ (k,0,1) < [[Tlloo < A0, k) < 1.

Ezample 1. Consider a chain of N = 5 atoms. The corresponding matrix T'(k, §) €
R19X19 Denoting by P;; € R%*5 the matrix performing the permutation of the jth
row with the kth row, and letting P := (P 4Ps5P53) ® Iz, where ® denotes the
Kronecker product and I is the 2 x 2 identity, we get

T T
n n n n n _ n n n n n
P(vl,UQ,v3,v4,v5) —(vl,v3,v5,'v2,v4) ,

and the matrix 7"(k,6) is obtained by T’(k,8) = PT(k,6)P". An intuitive and
pictorial representation of the decomposition of 77 can be obtained with the help of
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graph theory [13, 5]. In particular, we can associate to T} an adjacency matrix Ay
defined by

0 otherwise.

(Aa)jr = {1 if (T)jx #0 and j#Fk,

A well-known result says that the graph corresponding to an adjacency matrix Ay €
R™*™ is disconnected if and only if the matrix Y := A;+ A%+ - '+Azi”_1 has at least
one zero entry; see, e.g., [5, Corollary B, page 161]. A simple calculation shows that
in our example the matrix Y has zero entries, which means that the corresponding
graph is not connected. Moreover, as shown in Figure 2, a simple plot shows that the
graph corresponding to Ay has only two connected components. These components
correspond to T}, and T},, respectively.

8 10

Fi1G. 2. Graphs corresponding to the adjacency matrices obtained from Ti (left) and from
T = PTh PT (right). A comparison between the two pictures shows that the action of the matriz P
corresponds only to a relabeling of the nodes revealing the red-black ordering (color available online).

5. Optimality of the Schwarz iteration matrix for error estimation.
The Schwarz iteration matrix T presented in section 3 and also used, for example, in
[10, 9] is not the only possible one. It is often easier to construct the Schwarz iteration
matrix that acts on the constants of the formal solution of the differential equation
considered; see, for example, [24, 6]. Doing this in our case, we obtain from (7)—(8)
that a formal solution to (4) can be written as

(29) vj(z, k) = ek(xij)c}’(k, 5) + efk(zij)d;’(k, d).

By using the boundary conditions v7 (a;, k) = U;L:f (aj, k) and v7 (b, k) = v;-:ll (bj, k),

we obtain the system of equations

oo () = () < ()
where

CR(L4S)  R(L45) k6 kS 0 0
e e e e
D= < ohd ko ) , L= < 0 0 > , R:= <ek(6—L) e—k(é—L)) .

Equation (30) for all the subdomains reads

n—1

S=y

n . n n n o Jn .n m T : :
where w™ := (..., ey, dj_q, ¢, dy ety d g, .)'. By defining the matrices

(32) Tl = DilL, TQ = DilR, Tg = Tl 2 +T2T1,
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we obtain the new Schwarz iteration matrix

and (31) can be written in compact form as
(34) w" = Tw" 2,

As in section 4, we can obtain from (33) the infinity norm

(265%F 4 40k _ 9e20k) g4hL | (¢80k _ gpddk _ 1) o2kL 4ok
(e2FL+46k _1)2 '

For § = 0 the previous norm becomes ||T'(k,0)||oc = 1. Moreover, by fixing L = 1, L =
1, m =1 (hence k = 7), and § = 0.05, we obtain that ||T||s ~ 1.2, which shows that
the infinity norm of T is not always bounded by 1. This shows that different Schwarz
iteration matrices can have different norms, and only our first Schwarz iteration matrix
allowed us to get the convergence estimate. Notice also that, as in the case of the
matrix T (see Theorem 3), the norm ||T'|| is not affected by the components of the
first and last subdomains for NV > 5. For this reason, in what follows we exclude in
our analysis the atoms j = 1 and j = N, and we remove from the Schwarz iteration
matrices the corresponding rows and columns. Hence, we work with the Schwarz
iteration matrices Ty and T in R2ZV-2)%x2(N=2) given by

zg Wp2p 0 0
Wy2y 2 ZpWh wf
zg Wp2p
Wy 2p zf
2 . .
Wi Zpw . . 0 0
(35) Ty = | w =w
0 0 T . 2pWp wf
zf Wy 2p
WpZp Zg
2 2
Wy Zpwy Zp WpZp
0 0 Wy 2h zg
and
2
Ty 0 T3
T 72
0 Ty 0 T2
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We now construct a matrix G that allows us to transform T into the Schwarz iteration
matrix T. To do so we evaluate (29) at # = a; and « = b; and obtain

(e ) = (ko)

Similarly, we evaluate (8) at © = a; and « = b; and get

(v;’l(a’jv k)) -D <_gA2(k7 6) gAl(kv 6) ) <U;L_11 (aja k)) )
’U;'L(bﬁk) gBl(kv(S) _gBQ(ka(S) v_;t.rll(bjak)

By combining the two previous inequalities and using the fact that D is invertible for
k > 0, we obtain that

(G0 = () omtn) (G t)-

Defining

A ~ga2(k,8)  ga(k,0)
G := G Gy = 942
? ro (931(7@5) —9B2(k,6) )’

it follows from (34) that Gv™(k) = Ty Gv"™~2(k), which implies
(36) v"(k) = G TN G 2(k),

and from (34) and (36) we obtain

(37) Ty = G 'ING.

Since (37) implies that p(Tw) = p(T), the convergence of the parallel Schwarz
method does not depend on the choice of T or TN, but because Ty and TN have very
different norms, the convergence analysis of the Schwarz method is strongly affected
by the choice of the Schwarz iteration matrix.

This implies that a transform map of the type Ty — G~ TG is useful in gener-
alizing the results presented in section 4, where we proved convergence of the sequence
(31) defined on the interfaces, that is, for v7(a;, k) and v7 (bj, k). Using (10), we can
construct an invertible matrix G such that the matrix TN = G_lfNG describes the
convergence of the parallel Schwarz method in two arbitrary distinct points belonging
to (aj,bj_1). In particular, by noticing that p(Tx) = p(Tn) = p(Tx), we observe
that the convergence behavior is the same for any point « in (a;, b;—1).

Now since the convergence of Schwarz methods is often done by norm estimates,
and we have seen that different formulations give different norm estimates, then which
is the best Schwarz iteration matrix to get the sharpest possible error estimate?

5.1. Determining Schwarz iteration matrices for optimal error estima-
tion. We introduce the following new concept of optimality of Schwarz iteration
matrices with respect to error estimation.

DEFINITION 6. Let T € R™*™ be a Schwarz iteration matriz. The Schwarz it-
eration matrix T € R™*™ is said to be optimal in the norm || - || if it solves the
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optimization problem

(38) min_||T],
TeT(T)

where T(T) denotes the set of all admissible Schwarz iteration matrices,
T(T) := {V e R™*™|3G € R™*™ invertible, such that V = G_1T~G}.

DEFINITION 7. A stationary point of (38) is called a candidate to be an optimal
Schwarz iteration matriz in the norm || - ||.

Problem (38) can admit more than one solution. In fact, in general the set 7(T) is
not convex, and the norm ||-|| is not strictly convex. Moreover, the standard techniques
used to prove the existence of a solution for such a problem require closedness of the
constraint set 7(T), and, as shown in the following example, this does not hold in
general.

Ezample 2. Consider the matrix T = (33). Now define Q,, := (2 9) having the

inverse Q! = (1(/)”(1)). Define the sequence {T,,}, as T, := Q,, 1TQn = (0 1/n).
This sequence converges to the zero matrix, T,, — 0. Since the zero matrix is only

similar to itself, 0 ¢ 7(T). This shows that 7(T) is not closed in R?*2.

Fortunately, the set T(T) has already been studied in the field of control prob-
lems on manifolds, where it is usually called the similarity orbit. A short discussion
on the closedness of 7(T) is provided in [14, Example 2.2, page 167], where it is
stated that a similarity orbit is closed if and only if the matrix T is diagonalizable.
However, no proof is provided, and it seems difficult to find a reference. Recalling that
closedness implies the existence of a minimizer of (38), we now prove the sufficiency
of diagonalizability.

PROPOSITION 8. If T € R9%9 is diagonalizable, then the similarity orbit T(T) is
closed in R1*49.

Proof. For a given sequence {T},}, in 7T(T) such that T,, — 7' € R7%%, we have
to show that 7' € T(T). Every element T}, in the sequence is diagonalizable, since T
is, and similarity between T, and T implies that they have the same eigenvalues A
with the same geometric multiplicity g¢, and diagonalizability implies that Y, ¢, = ¢.

Now continuity of the determinant implies that det(7;, — A¢J) — det(T — AI)
with det(T A¢el) = 0, which shows that T has the same eigenvalues as T),, and hence
as T. If the eigenvalues of T are distinct, then also those of 7' are distinct, and thus
T is diagonalizable and the claim easily follows. If the eigenvalues are not distinct,
then since T, is diagonalizable, we have that

(T, — MI) = (S, DS, — \oI) = S,,(D — \I)S; Y,

which implies that ker(7,, — A¢I) and ker(D — A¢J) have the same dimension. This
means that the geometric multiplicity of each eigenvalue )y is constant in the sequence
{T}n, and hence nullity(T,, — A\¢I) = ¢ for any n, where nullity : R?*? — N maps
from the space of matrices to the dimension of the corresponding kernel. Now, we can
use the fact that the nullity map is upper-semicontinuous (see [17, Example 2.6.1]) to
write

q¢ = lim sup nullity (T}, — \I) < nullity (7' — A1),

n— oo
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and this holds for any eigenvalue A\;,. Hence the condition ), ¢, = ¢ holds also for
the limit T, which means that 7" is diagonalizable, and the proof is complete. 0

In order to characterize minimizers of (38), it is suitable to consider the first-order
optimality system, which is derived in the following theorem.

THEOREM 9. Let T € R™ ™ be a given Schwarz iteration matriz. If a Schwarz
iteration matriz T is a local minimizer for (38), then there exists a pair of matrices
(G, A) € R™>m 5 R™*™ with G invertible, such that (T, T, G, A) satisfy the first-order
optimality system

(39a) T=G'TaG,

(39Db) [A,TT] =0,

(39¢) trace(—ATT) = ||T,

(39d) [A[l. <1,

where || - ||« is the dual norm of || || and [-,] is the commutator operator, [P, Q] :=
PQ — QP.

Proof. To derive the optimality system, we use the Frobenius scalar product (-, -) :
R™>Xm x RM*™ 5 R defined as (A, B) := trace(A" B), and we rewrite (38) in the
equivalent form

(40) min |M| st. M —XTY =0, XY —1=0,
where M, X, Y € R™*™. The Lagrange function corresponding to (40) is
(41) LM, X,Y,A,Y) = |M| + (A,M - XTY) + (Y, XY —I).
Using [15] and, e.g., [3], a necessary optimality condition is

(42) 0€dL(M,X,Y,\,T),

where OL(M, X, Y, A, T) denotes the subdifferential of £ at (M, X,Y,A,T). Notice
that the Lagrange function defined in (41) is Lipschitz continuous with respect to
M and differentiable with respect to X, Y, A, and Y, since the trace of matrices is
differentiable; see, e.g., [23] and references therein.

Denoting U := (R™*™)” and defining & := (M, X,Y, A, T) € U, we notice that
the elements in 0L(Z) are elements of the dual space U*, i.e., linear functionals acting
on U; see [4]. Hence, the condition (42) is equivalent to the existence of an S(i) €
OL(Z), defined as S(&) : U — R, such that S(#)(6%) = 0 for all 6& € U.

Define hy(Z) := ||M|| and ho(z) := (A, M — XTY) + (Y, XY — I). Then the
Lagrange function can be written as £(Z) = hy(Z) + hao(&). Since hy is convex and
Lipschitz continuous and hs is smooth, we obtain (see [4])

OL(T) = M () + {hy(2)},

where h4 (%) is the directional (Gateaux) derivative of hy at Z. Moreover, Oh1(Z) is
the subdifferential of h; at Z and coincides with the subdifferential in the sense of
convex analysis [4], and therefore every element S(Z) in OL(Z) is of the form

S(x) = S(&) + hy(2),
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where S(i) € Ohy (&) and the condition 0 € dL(Z) means S(#)(6z) = 0 for all 6F € U,
and equivalently,

(43) S(7)(6%) + hy(7)(63) =0 Vo7 € U,

where the elements d% are of the form (0M,5X,0Y,5A,07).

Now h; depends only on M, and hence 0h;(Z) = 9||M|| and the action of S(Z) on
0% is given by S(2)(0z) = (S, M), where S € 0||M||. Notice that the convexity of the
norm || - || guarantees that the subdifferential 0||M|| is nonempty; see, e.g., [4]. Next,
we compute h5(Z)(0Z). Since we are in finite dimensions and hs is differentiable, we
have

hy(2)(0F) = ((ha)ar, SM) + ((h2)x, 0X) + ((h2)y, 0Y) + ((h2)a, 0A) + ((ha)r,07),

where (ha)ar, (h2)x, (h2)y, (h2)a, and (h2)y are the partial derivatives of hy at Z
with respect to M, X, Y, A, and Y. It is straightforward to obtain that

<(h2)Ma 5M> = <A7 6M>a <(h2)Aa 5A> = <M_XTY7 5A>a <(h2)'r, 5T> = <XY—I7 5T>
Next, we compute the directional derivatives with respect to X along §X, and Y

along 0Y and obtain

1
lim ~ [ho(M, X + adX,Y,A,T) — hao(M, X, Y, A, T)]

a—0q

= lim 1 [(A,M — (X +adX)TY) + (Y, (X + adX)Y —I)
a—0
—(A,M - XTY) — (Y, XY — I)]
= (A, —6XTY) 4 (Y,6XY) = trace(—A "6 XTY) + trace(Y 6 XY)
= trace(—TYAT0X) + trace(YY T6X) = (—AY TT T, 6X) + (YY T, 6X)
= (YY" —AYTTT 6X).

Similarly, for Y we have

1
lim = [ho(M, X, Y + adY, A, T) — ho(M, X, Y, A, T)]

a—0q

= lim ~[(A, M~ XT(Y +ad)) + (L. X(Y +adY) ~ 1)
a—0 ¢
—(A,M - XTY) — (Y, XY — I)]
= (A, —XT6Y) + (T, X0Y) = (XTT—TTXTA,dY).

In summary, we thus obtain )
S(£)(0%) + hy(2)(0Z) = (S + A, 6M) + (XYY T —AY TTT §X)

(XY =TTXTA,6Y) + (M — XTY,5A) + (XY —I,67).
Since (43) implies that (44) has to vanish for all (0 M, 5X,0Y,5A,6Y), we must have
(45a) — A€ o||M],

(45b) TYT —AY'TT =0,

(45c¢) XY —TTXTA=0,
(
(

(44)

45d) M — XTY =0,
45¢) XY -I=0.
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The condition (45e) implies that there exists an invertible matrix G such that Y = G
with X = G~!, and thus (45d) becomes

(46) M =G 'Ta.
Furthermore, conditions (45b) and (45¢) become
(47) YGT =AGTTT,
(48) G TY=TTG"TA.

By multiplying (47) on the right with G~ and (48) on the left with G and sub-
tracting the two equalities obtained, we get

0=AG'TG)" — (G7'TG)"A,
and using (46) leads to
(49) 0=[AMT].

To conclude the proof, we recall from [27] that (45a) is equivalent to

(50) trace(—AT M) = |[M| with [All. <1,
where || - ||« is the dual norm of || - ||. Hence (46), (49), and (50) are equal to (39) by
denoting M =T. ]

In the particular case of the Frobenius norm, the optimality system corresponding
to (38) is simpler than (39). In fact, one can consider in (38) the square of the
Frobenius norm, which is differentiable; see, e.g., [23]. Then the optimality system
can be derived similarly as in Theorem 9, and we obtain the following corollary.

COROLLARY 10. Let T € R™™ be a given Schwarz iteration matriz, and con-
sider the Frobenius norm || - ||r. If a Schwarz iteration matriz T is a global minimizer
for (38) with ||-|| = ||-||%, then there exists a pair of matrices (G, A) € R™MX™ x Rm™*m,
with G invertible, such that (T, T,G,A) satisfy the system

(51a) T=G"'TG,
(51b) [A,TT] =0,
(51c) T+A=0.

Conditions (51b) and (51c) are equivalent to requiring that the matrix 7' be a normal
matrix, a result which is obtained in [14, Example 2.2] with different theoretical ar-
guments. For a complete discussion regarding normal matrices, we refer the reader to
[12], which provides a very large number of results for characterizing normal matrices.

A necessary condition for the solvability of the optimality systems (39) and (51) is
related to the kernel of the operator adpr (-) := [-,T"]. Notice that if ker adyr = {0}
and T # 0, then (39) is not solvable because condition (39c¢) is not satisfied for A = 0.
Similarly, if A = 0, then (51c¢) is not satisfied and also (51) is not solvable. For this
reason, we prove the following result.

PROPOSITION 11. Let T # 0. Then ker adpr # {0}.
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Proof. By defining A := —T" and B := T, the equation ad;r(X) = 0 becomes
(52) AX + XB =0,

which is known as a Sylvester equation; see, e.g., [11, 18] and references therein. It is
clear that a solution to (52) is X = 0. Now (52) has a unique solution X if and only

if A and —B have no eigenvalues in common; see [18]. Since A = —T'T = —B, this
condition is not satisfied, X = 0 is not the only element in ker adr, and the claim
follows. d

5.2. Optimality of the Schwarz iteration matrix of the atom chain. We
now want to show that the Schwarz iteration matrix Ty given by (35) is optimal with
respect to error estimation. To do so we need to study the optimization problem (38):

(53) min_ ||Tx ] co-
TNET(TN)

Recalling that Ty = (In—2 ® Gz)’ITN(IN_Q ® G3), the optimization problem (53)
can be written as

(54) min [(In—2 ® G2) ' Tn(IN—2 ® G2)||o-

Now, the structure of Ty and T (see also Theorem 3) allows us to write that

ITN oo = || Taslloe for N, M > 5,

and

| Tnlloo = | Tarlloe for N, M > 7.

Hence, minimizing ||(Iy—2 ®Gg)_1TN (IN-2®G2)||0 in G2 is equivalent to minimizing
|(Is @ G2)~1T%(I5 ® G2)| s, and problem (54) becomes

(55) min [|(5 @ G2) ™' T7(I5 @ Ga)l|oo-

Therefore, to show that Ty is optimal it is sufficient to study the case N = 7. We
start with a lemma which shows that Ty for N = 7 has distinct eigenvalues. This
fact guarantees, according to Proposition 8, that problem (38) is well-posed.

LEMMA 12. The matriz T for N =7 has distinct eigenvalues.

Proof. Define ¢ := j}—*; By Lemma 1, we have that w, > 0if £ > 0 and 6 €
(0,L/2), and we also obtain that

wy(k, 6) eAkO+RL _ kL

zb(k,é) T e2k6F2kL _ p2k5°

Direct calculations show that % = 1 for any k and % 7;’:((,]:?)) > 0 for any (k, ).

Therefore, we have that ¢ > 1, and in particular, we see that ¢ > 1 for any positive
6 and k. Next, for N = 7 the matrix T can be written as Ty = wﬁT’, where T” is
given by

/_TBl 0
T =P (0 B, P,
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where P = (P374P4,5P2,3) ® Iy is a permutation matrix and

2 ¢ 0 0 O

2 ¢ 0 c 2 ¢ 1 0 0

c 2 ¢ 1 1 ¢ & ¢ 0 0

By = 1 ¢ & ¢ and By = 0 0 ¢ & ¢ 1
0 0 ¢ ¢ 0 0 1 ¢ & ¢

0 0 0 0 ¢ ¢

Therefore, it suffices to study the eigenvalues of By and Bs. Direct calculations show
that the four eigenvalues of B; are

V52 —4e—2c2 + ¢ B V52 —4dc+ 262 — ¢

)\1(0) = — 9 )‘2(0) 2
V52 —4e—2c2 —¢ V52 —4dc+2¢2 + ¢
As(c) = — . (o) = .

2 2

Recalling that ¢ > 1 for any § € (0,L/2), it is straightforward to see that As4(c) >
A2(c) > Az(e) > Ai(e) for any ¢ > 1. Next, we compute the characteristic polynomial
of BQZ

det (Bs — Mg) = p1(A;c) p2(Xse),

where

pr(Ne) = (A2 = 3c2A2 — eA? 43¢ A + 263N — 22N —ed — P — & 4 2¢t +2¢° — % — o),
p2(Xic) = (A2 = 3PA% 4+ eA? + 3¢\ — 263N — 2PN +ed — 5+ & +2¢t — 263 — 2+ o).

Cumbersome calculations would allow us to compute explicitly the roots of pj(};c)
and pa(A;¢). These roots have very complicated expressions, and we need only show
that they are distinct. For this reason we proceed as follows. If we calculate the
intersections of the two polynomials and can show that at all intersections their value
is nonzero, then this shows that they do not have any common roots. This is easy to
obtain, because in the difference pa(X;c) — p1(X;c) the cubic term A\? cancels, and we
get

p3(A;e) == pa(h;e) — pr(X;e) = 2eA? — (4% — 20)\ + 2¢° — 4¢3 — 2,

the roots of which are AL = % V4c*=3 Notice that A+ and A_ are the only two
points where the p1(\; ¢) and pa(A; ¢) intersect. Since a direct calculation shows that
p1(Ax;e) # 0 and pa(Ay;c) # 0 for any ¢ > 1, it follows that pi(A;¢) and p2(A;c)
have distinct roots. To conclude the proof it suffices to see by a direct evaluation that
p1(Aj5¢) # 0 and pa(Aj;¢) # 0 for any ¢ > 1 and j =1,2,3,4. d

We now present the optimality characterization of the Schwarz iteration matrix
TN for error estimation.

THEOREM 13. Consider the Schwarz iteration matrices T and TN given by (35)
and (5). Assume that N > 7, and that the overlap satisfies § < L/2. Then Tn €
T(TN) is a candidate to be an optimal matrix for error estimation with respect to
| - lloo- Furthermore, it holds that | Tx|lse < ||Tn]|oo-



PARALLEL SCHWARZ METHOD FOR CHAIN OF ATOMS 1349

Proof. By (37), Ty = G~'TG, and since G is a block-diagonal matrix, and using
(33), the Schwarz iteration matrix Ty € R2HN=2x2(N=2) can be written as

Gy ' T5G 0 Gy 'T3G

G5 ' T3Go 0

G3'T2Gs 0

(56) o
Gy 'T2Gs 0

Ty =

Denoting by I the N —2 x N — 2 identity, the set
S(Ty) = {V € R*W=2x2(N=2) 134 ¢ R**2 invertible, G = I®A s.t. V =G "InG}

is a subset of T(Ty), and it thus suffices to prove that T given by (56) is a stationary
point for (38) over S(Ty). Furthermore, as we discussed at the beginning of this
section, for NV > 7 the specific structure of the elements of S (T v ) shows that the map
Vi € S(Tn) = ||Vi|loo is constant with respect to the dimension N. It is therefore
sufficient to work with N = 7 (over S(T%)) and to show that Ty is a stationary point
for (55). Lemma 12 ensures for N = 7 that Ty has distinct eigenvalues and hence
is diagonalizable. Since Ty is similar to T N T v is diagonalizable as well. Hence,
Proposition 8 guarantees that the set 7(Ty) is closed, and thus the existence of a
solution to (38) follows by standard optimization arguments. Next, we recall that for
N =7 the matrix T is given by

zg Wp2p 0 0
Wy 2p zg ZpWh wg
2
2y WpZp 0 0
WpZp Zg ZpWp wg
T wg ZpWp zg Wy 2p 0 0
N 0 0 Wy 2p zf ZpWp wg
2 2
wj ZpWp 2 ’LUbQZb
0 0 Wp2Zp 2y
2 2
wi ZpWh 2y wazb
0 Wp2p e

where || Ty|[co = (2 + wy)?.

Next, our aim is to construct a matrix A such that
(Tn,Tn,G2 ® I, A) solves the optimality system (39). To do this, one can compute

the kernel of adT; and construct the element A € ker adT; given by

1 W
5 5zp
1 1
5 5
1 W 1
8 4z 4
3 1
8 4
1 1 W
5 5 52p
A = Wy 1 1 )
52y 5 5
1 3
1 8
1 wp 1
4 4z 8
1 1
5 5
W 1
5Zb 5
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which satisfies trace(—A T Tx) = ||Tw ]| and

2 Wp 5
Al = = 28,
Al = max{5 3 4Zb+8}
wy(k,L/2)

Let k be a real number; similarly as in Lemma 12 we have that A ELD) = 1 for any

k, and %fs((:’g)) > 0 for any (k,d). Hence wh((k‘s <1 for any k and 6 < L/2. This
means that for § < L/2 we have

Al <1,

and therefore (T, Ty, G2 ® I, A) solves the optimality system (39), i.e., Ty is a
candidate to be an optimal Schwarz iteration matrix with respect to || - [|oc-
Next, we show that [|[Tn|lec > [|Tn]|ec- A straightforward calculation leads to

66k 45k 26k\ ,4kL 86k 45k 2k L 46k
(57) ||TN|| _ (26 +e — 2e ) e + (e — 2e — 1) e +e
00 (e2RL+45k _1)2 :

According to Theorem 3, we have that

e2kd | okL 2
(58) ||TNHoo = <e2k6+kL+1> .
Subtracting (58) from (57), we obtain

( 26k) 4kL ( 60k — % 25k) eBkL

||TNHoo - ||TN||oo = (erL+46k _ 1)
e

(2645k _ 2) 2kL 4 (2666k _ 2626k> kL
(e2FL+46k _1)2
(2665k _ 2625k) oAk _ (Qefsék _ 2626k:) e3kL

_|_

(59)

= (e2RL+40k — )2

(2865k _ 2626k) ekL

+ (erL+46k _ 1)2

(2e69% _9020k)

Letting y(k)" := e"*L | c(k, ) := (Coan=ciy and noticing that ¢(k,d) > 0 for any
d >0 and k > 0, we deduce from (59) that

ITxlloe = 1T lloe > ek, 0) (y (k) — y(k)? + 1)y (k),
which is positive since y(k) = e*£ > 1 for any k > 0. 0

The same arguments used to prove Theorem 13 can be applied to study the
optimality of Ty with respect to the norm ||-||1, which leads to the following corollary.

COROLLARY 14. Consider the Schwarz iteration matrices Ty and Ty given by
(37) and (33), and assume that N > 7 and the overlap satisfies 6 < L/2. Then T is
a candidate to be an optimal Schwarz iteration matriz with respect to || - |1 in T(Tn),
and [Ty |ly < [Tl

We now show that T is not optimal with respect to || - ||%, but T provides a
better estimate of the spectral radius also in the Frobenius norm, that is, ||Tn|[r <
ITn |-
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THEOREM 15. For the Schwarz iteration matrices T and Ty given by (37) and
(33), Tn is not a candidate to be an optimal Schwarz iteration matriz with respect to
|- 12 in T(Tx). However, for N > 7 we have that |Tn||r < |Tn||F, with

(60) [ Tw|% = 4(2p + zpwy + wy) + 4(z + 225w5) + 2(N — 6) (25 + 2zpwp + w}),
where wy and zp are given in Lemma 1, and

| Tn|% = 2trace(T;—T3 + (Tf)TTf) + 2trace(T;—T3 + (TS)TTS)

61 L - . - -
(61) + (N = 6) trace(T5 Ts + (T5) " 15 + (T7) T 1%),

where Ty, Ty, and Ty are defined in (32).

Proof. The first claim follows by noticing that T does not commute with its
transpose TJ—V'— . To see this, we decompose the matrix Ty = H + S, where H =
(T + Ty ) is symmetric and S = (T — Ty ) is skew-symmetric, i.e.,

Z zwp wi/2 0
2pWh zf ZpWh w§/2
z zwy wi /2 0
_ ZpWp 22 2wy wi /2
wi/2  zw 22 ZpWh wi /2 0
0 w§/2 ZpWh 22 ZpWh w§/2
and
0O 0 0 0 -1 0 0O 0 0 O
0O 0 0 0 O 1 0O 0 0 O
) 0O 0 0 0 O 0O -1 0 0 O
S = Wylo 0 0 0 O 0 0O 1 0 O
211t o o0 O 0 0 0 -1 0
0O -1 0 0 O 0 0O 0 0 1

We then obtain
[Tn,Tx] = [H+S,H—-S|=[HH|+[S H|] - [HS] - [S,S] =2[8 H],

and since the first entry of [TN,TR,—] is given by (2 [S, H])1 L= —wjy, we obtain by
Lemma 1 that Ty does not commute with its transpose. 7

Next, we show that | Tv||% < || Tw||%. The results in (60) and (61) can be proved
by induction working on their structure presented in section 4 and (33). Then using
(60) and (61), a direct calculation shows

(62) TN N7 = ITn 17 = ¢(k, 6)(N — 6) + @(k, 5),
where

ok, ) = 9(12K0 _ DeBKD 4 o4kO)((SKL _ 306k 4 goAkL _ 302kL | 1)
’ B (erL-‘rélsz _ 1)4
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and

2(612k5 _ 2€8k5 + e4k5)(3€8k,L _ 1066kL + 22€4kL _ lerk,L + 3)
p(k,0) = (e2RL+4R3 _ 14 :

Since for any positive § and k we have the inequalities

(612k5 _ 268]65 4 e4k‘5) > 0’ (e8kL _ 366kL 4 8€4kL _ 362kL 4 1) > O,

(337 — 10e%%E 4 22¢*FE — 10e2FL 4-3) > 0,

we obtain that ¢(k,d) > 0 and ¢(k,d) > 0, and then (62) yields ||Tx||r < [|Tn||r. O

5.3. Further remarks. In this section, we study Schwarz iteration matrices Ty
and Ty for N = 4. In particular, in Example 3 we show that T does not satisfy the
optimality system (39). In Example 4, we provide an example that shows the validity
of Theorem 13 also for a case with N < 7; that is, Ty for N = 4 satisfies (39).

Ezample 3. To show that Ty with N = 4 and G the identity does not satisfy the
optimality system (39), we use (32) and (33) to obtain

f .: e46k(ekL_1)2(ekL+1)2
. (ekL+2a’k,1)2(ekL+2a‘k+1)27
(e6ék_ezék)e4kL+(626k_€66k)e2kL

.,

S~y

’ = (eFLT28F _1)2 (eFL+23k 1 1)2 )
(5%% — o2k )2kL | (20K _(08k)

(ekL+25k,1)2(ekL+25k+1)2

TR,
)
S

I

Since f, @ and l} are positive, | Ty |leo = max{f + @, f + b}. Next, we define H :=
TNRIy—I1,T ]—\,r’ where I, is the 4 x 4 identity, and after a lengthy calculation we
obtain

01 0 0

£ 0 0 0

0 0 0 1

0 0 2 0

ker H =1 b

FEEREL 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1
The columns of ker H are the vectorizations of matrices H; € R4 withj =1,...,8,
belonging to the kernel of ad#. Now, we look for a linear combination of A = y c;jH;
that satisfies the optimality system (39), that is, trace(—ATTN) = ||Tn]|loe and

[[Al]1 <1, and compute
- ~ - AT
(trace(—HlTTN), . ,trace(—HSTTN)) - (—2&, —2£,0,0,0,0, —2a, —Qf) :

This says that the only linear combination that can satisfy trace(—A—':TN) = 1Tl =
max{f + @, f + b} is A = L(Hy + H;) with the restriction @ > b, and this linear
combination has to satisfy ||A|l1 < 1, which means %(% + 1) < 1, which is satisfied
for @ < b. Hence T with G = I satisfies the optimality system only for a = b; this
condition is in general not satisfied, as one sees in (63).
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Fic. 3. Behavior of p(T), A, and v as a function of the number N of atoms.

Ezample 4. In this example, we discuss the result obtained in Theorem 13 for the
case N = 4. The matrix T for N =4 is given by

Zl? Wpzp
2
Wpzp z
Ty = b 5
2y WpZp
WpZzp Zg
where || Ty|loo = 22 + zpwp. Defining
-1 _1
2 2
1 1
A= 2 T2 ,
0 0
0 0
we see that A € kerad and that trace(—ATTy) = ||Ti||o. Furthermore, we have

that | T/||1 = 1, and hence (T, Ty, G2 ® I, A) solves the optimality system (39).

6. Numerical experiments. We first compute numerically the spectral radius
of T and compare the results with the functions A and ~ from the spectral bounds
proved in Theorems 3 and 5. Figure 3 shows the behavior of p(T"), A\, and ~ for an
increasing number of atoms N with L =1, § = 0.1, and k£ = 1. We clearly see that
A does not depend on the number of atoms and is a global bound of p(T) and ~.
Notice that this figure shows exactly the estimate (28). The parallel Schwarz method
therefore converges independently of the number of subdomains. In Figure 4 we study
the decay of p(T), A, and ~ as functions of the overlap ¢ and the Fourier modes k, for
L =1, N =10, and k = 1 for the left panel and for 6 = 0.05 for the right panel. It
is clear that the spectral radius p(T) is bounded as p(T) < v < A < 1 in agreement
with (28).

In the next experiment, we solve numerically problem (1)-(3) with f; = 0 and
g; = 0 by applying the parallel Schwarz method. We generate the error sequence
{e}}n by solving (4)~(5) starting with an initial error €9 = 1 in Q;. We choose
atoms which are unit squares (including the overlap), and the Laplace operator is
discretized by the classical 5-point finite difference stencil defined on a uniform grid
with J interior points, with J = 50. The mesh size is h = 745, L — 20 = 1, and the
overlap is set to 26 = 10h. The iterative procedure is stopped when

€7 s = mae max mace(|e” (e )] e” (b )} < tol,
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Fi1G. 4. Decay of p(T), A, and v with respect to the overlap ratio 6/L (left) and the Fourier
modes k (right).
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Fic. 5. Left: Number of iterations performed as a function of the number of atoms N; each
curve corresponds to a different fized tolerance. Right: Rate of convergence of the Schwarz method
for the solution with N = 50 atoms with tol = 10716,

where tol is a given tolerance. We repeat this experiment with different numbers of
atoms N and different values of tol. The results are shown in Figure 5. The left
figure shows the number of iterations performed as a function of the number of atoms
N. Each of the 16 curves corresponds to a fixed value of the tolerance tol = 10™%,
where @ = 1,...,16. The first curve from the bottom corresponds to a = 1, the
second to a = 2, and so on until the top curve, which corresponds to o = 16. Clearly,
the number of iterations required increases when the tolerance is reduced, but all
the curves have the same shape: the number of required iterations slightly increases
for small NV and then remains constant. This illustrates numerically what we proved
in section 4: the convergence of the parallel Schwarz method is independent of the
number N of atoms and hence subdomains. This behavior was also observed in
Figure 10 of [2]; however, the authors considered only a tolerance tol = 1072, In
Figure 5 (right), we show the decay of the maximum norm ||€”||max With respect to
the iterations n. The result corresponds to N = 50 and tol = 10716, To study the
rate of convergence, the curve corresponding to ||€™||max (solid line) is compared with
the two functions f(n) = 0.68" (dashed line) and g(n) = 0.52" (dash-dotted line).
Notice that for L = 1, the lowest mode corresponds to k = w. Therefore, we can
easily compute ||T(m,5h)|| ~ 0.354. Recalling that v"(k) = T(k,§)v" 2(k), we
find (0" |lmax < (|70, 50) |52 ™[00 |[max, with [|[T(r, 5h)||5%2 ~ 0.592, which is the

contraction factor shown in Figure 5 (right). Moreover, for a tolerance tol = 10716

| log(tol)| ~ T1, which can be

we estimate the number of iterations as n ~ QWW\OC)I

identified in the upper curve in Figure 5 (left).
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7. Conclusions. We introduced an approximation of the physical model pre-
sented in [2, 20, 21] for a chain of atoms to prove that the convergence of the par-
allel one-level Schwarz method using one atom per subdomain is independent of the
number of atoms and thus subdomains. Our convergence results presented for the
2-dimensional model can be trivially extended to a 3-dimensional model. We then
showed that the choice of the Schwarz iteration matrix can strongly affect the conver-
gence analysis of a Schwarz method. Motivated by this observation, we have defined
a new concept of optimality for Schwarz iteration matrices for error estimation, and
we have proved optimality of the Schwarz iteration matrix we used to obtain our con-
vergence results. We illustrated our theoretical results with numerical experiments.
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