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Properties
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Most real life applications lead to equations which cannot be solved analytically. Numerical methods are used to nd solutions and it is not evident
how to choose a method from the wide variety of methods available. Classical criteria include order of accuracy, stability and ease of implementation.
We emphasize the important criterion of how much of the physics of the
underlying problem the numerical method can preserve.
We rst analyze classical numerical schemes to integrate ordinary differential equations and show that they are capable of reproducing the exact
solution for corresponding classes of problems. Thus for those problems, all
the underlying physical properties are preserved by the numerical scheme.
We show that such schemes are of interest in applications if the main part
of the problem is in the class integrated exactly.
Then we analyze how much of the underlying dynamics a scheme can
preserve if it is not exact. This leads us to schemes which preserve xed
points and their stability, closed orbits by preserving the energy and symplectic schemes which preserve the area under the evolution map given by
the physical problem.
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An Introduction to Numerical Integrators Preserving Physical Properties

1.1 Introduction
There is a wide variety of methods available to integrate systems of ordinary
di erential equations and the choice of a suitable method is not evident.
Methods are usually chosen for their
(a) order of accuracy,
(b) stability properties,
(c) code availability or ease of implementation.
Stability is the crucial issue, since systems of ordinary di erential equations
are often sti , in particular when they come from discretizations of partial
di erential equations. Thus when choosing an explicit scheme, the step
size of the time integration has to be much smaller than required by the
structure of the approximated solution, because otherwise the numerical
scheme becomes unstable. In addition it is common practice to solve initial
boundary value problems for t ! 1 in search of steady states. This saves
computer storage and thus allows ner spatial discretizations, but uses up
much computing time for the time stepping. It is thus desirable to compute
with a large time step k to advance quickly to the steady state, the transient solution not being of interest. Implicit methods have the advantage
that they allow larger time steps without going unstable. But they require
much more computational e ort per time step than explicit methods and
there is the problem of superstability, where the numerical method delivers
a decaying solution even though the underlying physical problem has an
exponentially growing one. If the computational cost of a fully implicit
method becomes too high, a mixture of explicit and implicit methods is
common practice: implicit where necessary, explicit where possible.
Part of the problem is that the traditional theory of di erence schemes
does neither treat di erential equations nor di erence equations as dynamical systems. If the dynamical properties of the continuous equations are
very di erent from the dynamical properties of their discretizations, we
can still obtain convergence for bounded, closed time intervals and stepsize k ! 0. But on open time intervals and for long time integration it
is often dicult to guarantee small global errors. Over the last few years,
numerical methods for evolution problems have been investigated using dynamical systems theory [3; 28; 32; 35, and the references therein]. Cases
are known, for which a common method (forward Euler) produces discrete
chaotic trajectories even though the underlying di erential equation does
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not have chaotic solutions (see Section 1.3.3). Other cases are known in
which the di erential equation does have chaotic trajectories which cannot
be detected by a common method (backward Euler) [4].
In our investigations presented here we focus on the question of how
much of the physics of the underlying problem the numerical method can
preserve. We show that every choice of a numerical integration scheme
involves a decision if the scheme to be used

(d) is exact for a subclass of problems,
(e) preserves the dynamics of the underlying problem,
(f) is conserving energy or ow like the underlying problem.
At present, this decision is made unconsciously in most cases, because the
knowledge necessary for this type of decision is not available yet. It was
our aim to increase this knowledge so that in the future it will be possible
to include criteria (d), (e) and (f) when choosing the numerical method,
in addition to the classical criteria (a), (b) and (c) mentioned above. We
treat these three additional criteria separately in the di erent sections of
this chapter. We chose typical model problems to do so and we use schemes
of constant order with constant step sizes to simplify the exposition. The
problems and phenomena we encounter and discuss are currently avoided
in practice by very small step sizes, step size control and order control.
We start by analyzing in Section 1.2 classical numerical schemes to
integrate ordinary di erential equations and show that they are capable of
reproducing the exact solution for corresponding classes of problems. Thus
for those problems, all the underlying physical properties are preserved
by the numerical scheme. We show that such schemes are of interest in
applications if the main part of the problem is in the class of problems
which are integrated exactly. Then we analyze in Sections 1.3 and 1.4
how much of the underlying dynamics a scheme which is not exact can
preserve. This leads us to schemes which preserve xed points and their
stability, closed orbits by conserving the energy and symplectic schemes
which preserve the area under the map given by the physical problem.
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1.2 Exact Di erence Schemes
In this section we consider standard schemes for scalar initial value problems
u_ = f(u);

u(0) = u0 2 IR:

(1.1)

We investigate if standard schemes can reproduce the exact solution for
certain classes of problems, i.e. for given right hand sides f(u). Following
[26] we discuss two di erent ways of nding exact schemes. They are related
to the two questions:
(1) Given a standard numerical scheme, on which di erential equations
is it exact?
(2) Given a di erential equation, which schemes are exact for it?
We start by answering the rst question for several classical schemes. Traditionally, error expansions are used to obtain convergence results for all
di erential equations. We use these error expansions to nd the most general di erential equation for which a given numerical scheme is exact.
The second question is the traditional one asked when dealing with exact
schemes. Answering this question is essentially the same as nding explicit
solutions to the di erential equation. Unfortunately this is not possible in
general. If, however, a low-dimensional function space is known to contain
the solution to be approximated, then a variable-coecient Runge-Kutta
scheme can be constructed which is exact on this function space. We present
this approach following Ozawa [31].
We conclude this section by showing how exact schemes can be used
to approximate blow-up solutions. We report on work by Le Roux [19]
who used exact schemes for ordinary di erential equations with blow-up
solutions to obtain nonstandard schemes for parabolic di erential equations
with blow-up solutions.

1.2.1 Standard Numerical Schemes as Exact Schemes

We start with the rst question raised above: given a numerical scheme,
for which di erential equations is it exact ? To this end, we de ne the
truncation error of a numerical scheme. We restrict ourselves to discussing
one step schemes, although the approach we take is more general. Suppose
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we are given a numerical scheme to solve the di erential equation (1.1),
un+1 = A(f)(un ; k);
(1.2)
where k is the time step, un is an approximation to the exact solution u(tn )
at time tn = nk; n = 0; 1; 2; : ::; and A(f) denotes the evolution map given
by the numerical scheme. For the forward Euler scheme, for example,
the evolution map A(f) is given by
un+1 = A(f)(un ; k) = un + kf(un ):
(1.3)
Note that for implicit methods, the evolution map A(f) requires a nonlinear solve. In this exposition we assume that the explicit form (1.2)
can always be obtained in exact arithmetic and we neglect the presence of
rounding errors. We will also consider numerical methods for which the
evolution map A(f) involves derivatives of f.
To estimate the numerical error of a scheme, we de ne the truncation
error T(u; k) of scheme (1.2) using the rst step of the numerical method,
(1.4)
T (u; k) := k1 (u(k) u1 ) = k1 (u(k) A(f)(u0 ; k)):
For the analysis we expand T(u; k) in a Taylor series in k
T(u; k) =

1
X
j =0

Bj (f(u))(0)kj :

(1.5)

For forward Euler, for example, we nd
j
B0 = 0; Bj = (j +1 1)! d f(u(t))
(1.6)
dtj t=0 for j  1:
Forward Euler is a rst order method, because B0 = 0, B1 6= 0.
De nition 1.1 A numerical scheme is an exact scheme for a given
di erential equation (1.1), if Bj (f(u))(0) = 0 for all j  0.
In the following we investigate several standard numerical schemes and
derive the di erential equations on which they are exact.
1.2.1.1 First Order Schemes
The two rst order schemes mostly used are the forward Euler scheme and
the backward Euler scheme. For the forward Euler scheme to be exact, we
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have to obtain T(u; k) = 0. Using (1.6), we see that this is achieved if all
total derivatives of f(u(t)) with respect to t vanish at t = 0. It thus suces
that the rst total derivative vanishes since then all the higher derivatives
will vanish as well. The rst total derivative is given by
df(u(t)) = f 0 (u(t))u(t)
_ jt=0 = f 0 (u0 )f(u0 )
dt t=0
where we used the di erential equation (1.1) in the last step. We thus nd
that the r.h.s. function f has to satisfy a nonlinear di erential equation for
the numerical scheme to be exact for any initial condition u0,
f 0 f = 0:

(1.7)

This di erential equation has the solutions f(u) = 0 and f(u) = C where
C is an arbitrary constant. Thus the forward Euler method is exact for
any r.h.s. function which is a constant, which is not surprising, since such
an equation has a linear solution and Euler is exact for linear solutions.
Nevertheless this approach generalizes to arbitrary schemes and we will
derive di erential equations, nonlinear in general, to be satis ed by the
r.h.s. function f such that the numerical method becomes exact.
For backward Euler,
un+1 = un + kf(un+1 )

(1.8)

we obtain for the truncation error (1.5) after a short calculation

80
j=0
<
Bj = :  j  dj f(u(t))
(j + 1)!
dtj t=0 j > 0

(1.9)

and thus backward Euler is also a rst order method, B0 = 0, B1 6= 0. It is
exact, if all the total derivatives with respect to t of f(u(t)) at t = 0 vanish,
i.e. if we obtain T(u; k) = 0. We thus obtain the same di erential equation
to be satis ed by f as for forward Euler,
f 0f = 0
Backward Euler is an exact scheme for f(u) = C, C an arbitrary constant
and thus for all linear solutions u(t).
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1.2.1.2 Second Order Schemes
We start with the trapezoidal rule
un+1 un = f(un+1 ) + f(un ) ;
u0 = u(0)
(1.10)
k
2
which is a method used very often in practice. As follows from the formulas
given in [26, Lemma 3.3], its truncation error is given by (1.5) and
80
j  1;
<

j
1
1 d f(u(t))
Bj = :
(1.11)
j>1
(j + 1)! 2j!
dtj
t=0

and the method is second order in general, B0 = B1 = 0, B2 6= 0.

Lemma 1.1 The trapezoidal rule is exact on equation (1.1) for any time
step k if the right hand side function f(u) satis es the di erential equation

f 00 f + (f 0 )2 = 0:
(1.12)
Proof. We have to show that (1.12) implies that Bj = 0 for all j  0.
As for the Euler methods, it suces for the rst non-zero term B2 in the
expansion to vanish for all the others to vanish as well, since the higher
order terms consist of higher total derivatives of the rst non-zero term. So
to make the rst non-zero term B2 vanish, we need
d2f(u(t))
d 0
(1.13)
dt2 t=0 = dt (f (u(t))f(u(t)))jt=0
= f 00 (u0 )f 2 (u0 ) + (f 0 (u0 ))2 f(u0 )
to vanish and thus f has either to vanish itself, f(u) = 0, or to satisfy the
di erential equation (1.12) which concludes the proof.

Corollary 1.1 The trapezoidal rule is exact for all r.h.s. functions f of

the form

p

f(u) = Cu + D; C > 0; D 2 IR
and equivalently for solutions u(t) satisfying
u(t) 2 spanf1; t; t2g:
Proof. It suces to solve (1.12) for f. Using
0
00
(log f)0 = ff ; (log f 0 )0 = ff 0

(1.14)
(1.15)
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we divide (1.12) by ff 0 , integrate and nd
logf = C1 log f 0 ; C1 2 IR:
Taking the exponential on both sides, we are lead to the rst order di erential equation
f 0 = Cf2 ; C2 = exp(C1 ) > 0;
which gives using separation of variables
1f2 = C u + C
2
3
2
and solving for f result (1.14) follows. To get result (1.15) we have from
the di erential equation (1.1)
d2 f(u(t)) = d3 u(t)
dt2
dt3
and thus the vanishing of the second total derivative of f corresponds to
the vanishing of the third total derivative of u with respect to t which holds
for polynomials of degree at most two.

The next second order method we investigate is the linearly implicit

lintrap scheme

un+1 un = f(u ) + 1 f 0 (u )(u
u0 = u(0):
(1.16)
n
k
2 n n+1 un);
Its truncation error is found after a short calculation in expanded form (1.5)
with the coecients
80
j  1;
<
1 f 0 (u ) dj 1f(u(t))
Bj = : 1 dj f(u(t))
(j + 1)! dtj t=0 2j! 0
dtj 1 t=0 j > 1
(1.17)
and hence the method is second order in general, B0 = B1 = 0, B2 6= 0.
Lemma 1.2 The lintrap scheme is exact for (1.1) if f satis es the differential equation

2f 00 f (f 0 )2 = 0:

(1.18)
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Proof. We investigate rst the di erential equation imposed on f to have
the rst non-zero term B2 vanish and then show by induction, that this

implies that all terms vanish in the error expansion. The rst term is given
by
df(u(t))
1 00
1 0
1 d2f(u(t))
2 1 0
2
6 dt2 t=0 4 f (u0) dt t=0 = 6 f (u0)f 12 (f (u0)) f(u0 )
and thus it vanishes if either f vanishes or f satis es the di erential equation (1.18). By induction we show now that under this condition all the
error terms vanish. Using the di erential equation, the terms Bj can be
written as functions of u instead of f,
j +1u(t)
1 u(t) dj u(t)
Bj = (j +1 1)! d dtj +1
_
dtj t=0
t=0 2j! u(t)
and we have just shown that under condition (1.18) B2 = 0, which means
in terms of u(t)
u(t))2 :
(1.19)
u_ (t) = 3(
2u(t)
_
Hence for induction we assume for a given j > 2 that Bj = 0, which is in
terms of u(t)
(t) u(j )(t);
u(t)(j +1) = j +2 1 uu(t)
(1.20)
_
and we have to show that Bj +1 = 0, which means in terms of u(t) the
equality
u(t) u(j +1)(t):
(1.21)
u(t)(j +2) = j +2 2 u(t)
_
But using (1.20) we have

_ u_ (u)2 (j )
d
u

j
+
1
u

(
j
+2)
(
j
+1)
(
j
+1)
u(t)
= dt (u ) = 2 u u_ + (u)
_2 u
and using (1.19) to simplify the fraction we nd
 u

2
1
1
u

(
j
+2)
(
j
+1)
(
j
)
u(t)
= 2 (j + 1) u_ u
+ 2 u_ 2 u :
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Now using the induction assumption (1.20) to replace u(j ) we obtain
 j + 2 u
 u
2 2 u_
1
u

1
(
j
+2)
(
j
+1)
(
j
+1)
u(t)
= 2 (j + 1) u_ u
= 2 u_ u(j +1)
+ 2 u_ 2 j + 1 u u
which concludes the induction argument.

Thus in the case of the lintrap scheme as well, it suces to require that the
r.h.s. function f is such that the rst non-zero term in the error expansion
vanishes to have all terms vanish. We get immediately

Corollary 1.2 The lintrap scheme is exact for all right hand side functions f of the form

f(u) = (Cu + D)2 ; C > 0; D 2 IR
(1.22)
or equivalently for solutions u(t) of the form
1
C > 0; C1; D 2 IR;
(1.23)
u(t) = D
C C 2 (t + C1) ;
Proof. To show (1.22) we simply integrate (1.18),
(log f)0 = 2(log f 0 )0 =) f = C1(f 0 )2; C1 > 0
which gives the rst order di erential equation
rf
0
f = C
1
Integrating this di erential equation using separation of variables leads to
result (1.22). To show (1.23) we integrate the di erential equation
u_ = f(u) = (Cu + D)2 :

The implicit midpoint rule is the third example of second order we
investigate. It is given by
un+1 un = f( un+1 + un ); u = u(0);
(1.24)
0
k
2
and has the error expansion (1.5) with
80
j  1;
<
1 dj f((u(t) u0 )=2)
Bj = : 1 dj f(u(t))
j > 1:
(j + 1)! dtj t=0 j!
dtj
t=0
(1.25)
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The method is thus second order accurate in general, B0 = B1 = 0.
Lemma 1.3 The implicit midpoint rule is exact for (1.1) if f satis es

the di erential equation

f 00 f 2(f 0 )2 = 0:

(1.26)

Proof. For the rst non-zero term to vanish, we have to impose B2 = 0,
which means
2
1 d2f((u(t) u0)=2)
B2 = 16 d f(u(t))
2
dt 0 t=0 2
dt0 2
t=0
1 df ((u(t) u0)=2)u(t)=2
(u(t))
_
= 61 df(u(t))f
dt
2
dt
=0 2
00 (u0)(f(u0 ))2 + (ft=0
0 (u0 ))2 f f 00 (u0 )(f(u0 ))2 (f 0t(u
f
0)) f(u0 )
=
3
4
2
1
00
2
0
2
= 12 (f (u0)(f(u0 )) 2(f (u0)) f(u0 ))
= 0:
Again f either has to vanish, f(u) = 0, or it has to satisfy the di erential
equation (1.26). Integrating this di erential equation,
2(log f)0 = (log f 0 )0 =) f 2 = C1 f 0 ; C1 > 0
we nd the rst order di erential equation
2
f 0 = Cf
1
which integrated using separation of variables leads to the r.h.s function
(1.27)
f(u) = D 1 Cu ; C > 0; D 2 IR
for which the rst non-zero term vanishes. Integrating the di erential equation with this right hand side,
u_ = f(u) = D 1 Cu ; u(0) = u0
(1.28)
we nd the solutions u(t)

 q
1
2
2
2
u(t) = C D  D + C u0 2C(Cu0 + t) ; C > 0; D 2 IR: (1.29)
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To show that the midpoint rule is exact, we apply the midpoint rule (1.24)
to (1.28) and simplify,
u2(k) 2CD u(k) + C2 k + 2CD u0 u20 (1.30)
1
u(k) u0
=
u0
k
k(u(k) + u(0) 2D=C)
D C u(k)+
2
and show that the discrete scheme has the same solutions in this case as
the underlying di erential equation (1.28). Solving (1.30) for u(k) we nd
indeed
 q

1
2
2
2
u(k) = C D  D + C u0 2C(Du0 + k)
which means that u(k) lies in the solution space (1.29). Hence the implicit
midpoint rule is exact for all r.h.s. functions of the form (1.27) which is
equivalent to (1.26).


Corollary 1.3 The implicit midpoint rule is exact for all right hand sides
f of the form

f(u) = D 1 Cu ; C > 0; D 2 IR:
and equivalently for all solutions u(t) of the form
 p

u(t) = C1 D  D2 2C(C1 + t) ; C > 0; C1 ; D 2 IR:
Proof. The proof is already contained in equations (1.27) and (1.29) of
Lemma 1.3.


1.2.1.3 Higher Order Schemes
We consider the family of Taylor methods, see for instance [1, p. 215 ].
The higher-order Taylor methods are obtained by adding more and more
terms of the Taylor expansion to the numerical method, so the Taylor
method of order m is given by
u1 =

m 1 dj f(u(t))
X
j =0 j!

dtj

t=0

kj

where the total derivatives with respect to time are evaluated to lead to a
numerical scheme. For example the rst order Taylor method is identical to
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the forward Euler method, while the second order Taylor method is given
by
2
un+1 = un + kf(un ) + k2 f 0 (un )f(un ):
The error expansion (1.5) for the Taylor method of order m contains the
coecients
80
j < m;
<
Bj = : 1 dj f(u(t))
(1.31)
jm
(j + 1)! dtj
t=0

and hence the method is in general m-th order accurate, B0 = B1 = : : : =
Bm 1 = 0, Bm 6= 0.
Lemma 1.4 The Taylor method of order 2 is exact for all f satisfying
the di erential equation

f 00 f + (f 0 )2 = 0:
(1.32)
Proof. It suces for the Taylor methods that the rst non-zero term of
the error expansion vanishes for the method to become exact, because all
the higher order terms are derivatives of the previous ones. For the second
order Taylor method, the rst non-zero error term is given by
1 d2f(u(t)) = 1 (f 00 (u )(f(u ))2 + (f 0 (u ))2 f(u ))
0
0
0
0
6 dt2 t=0 6
and thus the Taylor method of second order is exact if either f vanishes or
if f satis es the di erential equation (1.32).

Note that this is the same di erential equation that we found for the trapezoidal rule and thus the second order Taylor method is exact on the same
problems the trapezoidal rule is.

Corollary 1.4 The second order Taylor method is exact for right hand
side functions

p

f(u) = Cu + D; C > 0; D 2 IR:
and equivalently for solutions u(t) satisfying
u(t) 2 spanf1; t; t2g:
Proof. The proof is identical to the proof of Corollary 1.1.
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Next we consider the third order Taylor method.

Lemma 1.5 The third order Taylor method is exact for f which satisfy
the di erential equation
f 000 f 2 + 4f 00 f 0 f + f 3 = 0:
(1.33)
Proof. The rst non-zero term in the error expansion is B3 which is given
by
3
B3 = 241 d f(u(t))
dt3 t=0
1 (f 000 (u )(f(u ))3 + 4f 00 (u )f 0 (u )(f(u ))2 + (f 0 (u ))3f(u ):
= 24
0
0
0
0
0
0
0

Since all higher order terms vanish if B3 = 0 the result (1.33) follows. 
Thus for each Taylor method a higher and higher order non-linear di erential equation can be de ned and if f satis es this di erential equation,
the Taylor method will be exact for this type of problems. However it becomes dicult to solve the nonlinear di erential equations for f for higher
order Taylor methods. Looking at the solution space however, we nd the
following, intuitive
Lemma 1.6 The Taylor methods of order m are exact for solutions sat-

isfying

u(t) 2 spanf1; t; t2; : : :; tm g:
Proof. It is convenient to transform the error terms into derivatives of
the solution u using the di erential equation,
dj +1 u(t) = dj f(u(t)):
dtj +1
dtj
We thus nd for the error terms of the m-th order Taylor method
80
j < m;
<
Bj = : 1 dj +1u(t)
j  m:
(j + 1)! dtj +1
t=0

Therefore the m-th order Taylor method is exact whenever the solutions
are polynomials of degree m, as one expects from the construction of the
Taylor methods.
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1.2.1.4 Runge-Kutta Schemes
We have observed so far that whenever the rst non-zero term in the error
expansion of a numerical scheme vanished because of a particular choice
of the r.h.s. function f then the scheme became exact and all the error
terms vanished. So one might wonder if this is the case for all numerical
schemes. We show in this section that the answer is `no'. To do so, we
use the framework of Runge-Kutta methods. The trapezoidal rule can be
written as a Runge-Kutta method,
U1 = un ;
U2 = un + k(f(U1 ) + f(U2 ))=2;
(1.34)
un+1 = un + k(f(U1 ) + f(U2 ))=2;
and the implicit midpoint rule as well,
U1 = un + kf(U1 )=2;
(1.35)
un+1 = un + kf(U1 ):
The lintrap scheme belongs to the closely related family of Rosenbrock
schemes [13; 33]. We review brie y the results we need in the sequel about
Runge-Kutta or RK schemes in one dimension. For the general case and
for more details see for example [35, p. 214 ]. The general s-stage constantcoecient RK scheme is given by
Ui = un + k
un+1 = un + k

s
X

j =1
s
X
i=1

aij f(Ui );
bi f(Ui );

i = 1; : : :s;

(1.36)

for some given initial value u0. A RK scheme is called explicit if
aij = 0 for i  j; i; j = 1; : : :s:
(1.37)
For explicit schemes, every stage-value Ui is de ned by one explicit equation
for it. A scheme that is not explicit is called implicit. We continue to assume
that implicit equations are solved exactly.
An s-stage scheme has s2 + s independent coecients, aij and bi , i.e. 6
independent coecients if s = 2. It often happens that schemes with
formally di erent coecients produce the same numerical approximation.
To reduce this redundancy, conditions have been formulated when a scheme
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is `S-reducible' or `DJ-reducible'. A sucient condition for a scheme to be
S-irreducible is to be noncon uent. An RK-scheme is called noncon uent
if ci 6= cj for i 6= j, with
ci :=

s
X
j =1

aij ;

i = 1; : : :s:

(1.38)

An RK scheme is said to be of order r if r is the largest integer such
that for all functions f 2 C 1(IR) and all u 2 IR
k)jj
lim jjT (u;
(1.39)
k!0
kr < 1
where the truncation error was de ned in (1.4) to be
T (u; k) := k1 (u(k) u1 );
with u(k) denoting the exact solution of the di erential equation (1.1) at
time k and u1 being the solution of the RK scheme with time step k and
initial value u0 = u(0). For a scheme of order r, there is some f and some
initial value u0 such that inequality (1.39) does not hold any more if r is
replaced by r +1. A scheme of order one is called consistent . An explicit
s-stage scheme has order r  s, an implicit s-stage scheme has order r  2s.
Computing the error expansion (1.5) for the general RK method (1.36) we
nd

B0 =

s
X

i=1
s
X

!

bi 1 f

(1.40)

!

(1.41)
bi ci 21 f 0 f
B1 =
i
0 s
1
!
s
X
X
1
1
1
0
2
2
B2 = @ biaij cj 6 A ff + 2 bici 6 f 2 f 00
(1.42)
i;j =1
i=1
0 s
1
!
s
X
X
1
1
1
0
3
3
bi aij ajk ck 24 A ff + 6 bici 24 f 000f 3
B3 = @
i=1
i;j;k=1

0 s
1
s
X
X
+@1
bici aij cj 1 A f 2 f 0 f 00
biaij c2j +
2 i;j =1

i;j =1

6

(1.43)
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..
.

..
.

Hence the necessary and sucient condition for 1st order accuracy (or consistency) is
s
X
i=1

bi = 1:

(1.44)

Necessary and sucient for 2nd order accuracy is in addition
s
X
i=1

and for 3rd order in addition
s
X
i=1

bic2i = 31 ;

and for 4th order:

s
X

s X
s
X
i=1 j =1

i=1

bic3i = 14 ;

1;
biaij c2j = 12

bi ci = 21 ;
s
s X
X
i=1 j =1

(1.45)
bi aij cj = 61 ;

s X
s
X

bi ci aij cj = 81 ;

i=1 j =1
s X
s X
s
X
i=1 j =1 k=1

(1.46)

(1.47)

1:
biaij ajk ck = 24

Conditions (1.47) are given here in the version which is correct for systems
of order N. In our case N = 1 of one scalar equation it suces to require
the three conditions following from (1.43).
We return now to the initial question: does the vanishing of the rst nonzero term in the error expansion of any RK scheme imply that it becomes
exact in this case ? The answer is no, as the following example shows:
consider the family of implicit 2-stage second order schemes depending on
a parameter ,
U1 = un
U2 = un + k(f(U1 ) + (1 )f(U2 ))
un+1 = un + k(f(U1 ) + f(U2 ))=2

(1.48)
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For  = 1=2 this is the trapezoidal rule. We now choose  = 2=3 for which
we obtain B0 = B1 = 0 and

B2 = ( 21  0  1 + 21  31  1 16 )ff 02 + ( 12  12  1 61 )f 2 f 00 = 121 f 2 f 00 : (1.49)
Hence the scheme is in general second order. The rst non-zero term in
the error expansion B2 vanishes if either f = 0 or f 00 = 0 which means
f = Cu + D for arbitrary constants C and D. Thus for the di erential
equation
u_ = Cu + D

(1.50)

the scheme is at least third order. However the next higher order term B3
in the error expansion does not vanish for this di erential equation. We
nd

B3 = 721 ff 03 + 241 f 000f 3 + 121 f 2 f 0 f 00 = 721 ff 03
where we used for the last step that f 00 = 0 because we forced B2 to
vanish. Hence B3 does not vanish when B2 does and thus the 2nd order
scheme (1.48) with  = 2=3 is only third order for eq. (1.50) and not an
exact scheme. In the next subsection we will see that there is no constantcoecient RK scheme which is exact on equation (1.50). There are however
variable coecient schemes for equation (1.50). An example is given in
(1.57).
Thus some RK schemes are exact for larger classes of di erential equations, others only for the trivial case where f is constant. The vanishing
of the rst non-zero term in the error expansion by particular choice of the
r.h.s. function f does not guarantee exactness as one might have hoped for
from the analysis of the classical schemes at the beginning of this section.
The approach discussed in the next subsection shows that the question
Given s linearly independent functions, which s-stage RK scheme allows
these functions as solutions to be represented exactly? has the potential
to shed new light on the understanding of RK schemes. This approach
originates in the technique of functional tting which is of practical importance in numerical analysis and scienti c computing.
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1.2.2 Functional Fitting RK-Methods

Functional tting RK-methods approach exactness from the solution side.
They do not look at the r.h.s. function f to nd conditions under which a
given scheme becomes exact, but they construct schemes which allow given
functions u(t) to be represented exactly. To present this approach, we must
consider non-autonomous di erential equations and variable-coecient RK
schemes, i.e. schemes whose coecients aij ; bi depend on the independent
variable t and the step size k. Very recently, Ozawa [31] proved the following
results:
Theorem 1.1 Let fcigsi=1 2 IR be given, ci 6= cj for i 6= j . Let fum(t)gsm=1
2 C s[t0; T ] be linearly independent functions, suciently smooth such that
each of them satis es

s (c k)j
X
i

1

um(j ) (t) + O(ks )
(1.51)
(j
1)!
j =1
and suppose that they solve in [t0; T ] a homogeneous linear di erential equau_ m (t + ci k) =

tion

s
X
m=0

pm (t)u(m) (t) = 0

with ps (t)  1; p0(t) 6= 0;

(1.52)

with continuous coecients pm 2 C[to ; T ]. Then the linear system

P

um (t + ci k) = um (t) + k Psj=1 aij (t; k)u_ m (t + cj k)
(1.53)
um (t + k) = um (t) + k si=1 bi (t; k)u_ m(t + ci k)
is uniquely solvable for aij (t; k) and bi(t; k), with t 2 [t0; T ] and 0 < k < k0
for k0 small enough.
Proof. The idea of the proof given by Ozawa is the following: For xed
t and k, system (1.53) is a collection of s + 1 linear systems of order s with
matrix
 k);
(u_ m (t + cj k))m;j =1;:::s =: U(t;
inhomogeneities
 u (t + c k) u (t) 
um (t + k) um (t) ) ;
i
m )
( m
m and (
m
k
k
i
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and s2 +s unknowns aij (t; k); bi (t; k). These systems are uniquely solvable
 k) is nonsingular. To prove that U(t;
 k) is nonsingular
if the matrix U(t;
for all t 2 [to ; T ] and small enough k, conditions (1.51) and (1.52) are
used. Condition (1.52) ensures that the Wronskian matrix of the linearly
independent functions fu1; : : :; usg is nonsingular [12, p. 64 ].

Now assume that a function u 2 U := spanfu1; ::::usg satis es the nonautonomous di erential equation
u_ = f(t; u);
u(t0) = u0; t 2 [t0; T ]:
(1.54)
Then we expect that the RK scheme with coecients attained according
to Theorem 1.1 will be exact on u(t). The surprising result is: from this
exactness on the s-dimensional linear space U it follows that the scheme
has order s:

Theorem 1.2 Let the coecients of the variable-coecient s-stage RK

scheme

P

Yi = yn + k Psj=1 aij (tn ; k)f(tn + cj k; Yj )
yn+1 = yn + k si=1 bi (tn ; k)f(tn + cik; Yi )
i = 1; : : :; s tn = t0 + nk;
y0 = u0;

(1.55)

be obtained according to Theorem 1.1. Then the order of the scheme is at
least s. If the abscissae ci ; i = 1; : : :s are taken to satisfy

Z1
0

Y
tq 1 (t ci)dt = 0;
s

i=1

q = 1; : : :; ;

1    s;

(1.56)

then the order of accuracy is s +  . The maximum attainable order is 2s.

Proof. The proof of these statements uses results on RK collocation

methods with constant coecients [12, p. 212] and can be found in Ozawa
[31]. If the abscissae ci satisfy the additional condition (1.56), both the RK
collocation scheme and the scheme obtained according to (1.53) have order
s + .

We emphasize that the s-stage RK scheme obtained with those linearly
independent functions fu1; ::::usg is exact whenever the solution u(t) 2
U = spanfu1; ::::usg. If all solutions of (1.54) happen to belong to U, the
scheme is exact on (1.54), no matter how nonlinear f is, because we can
rst construct the linear combination of the basis functions and afterwards
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we replace u_ by f(t; u). It is thus of interest to use functional tting RKschemes whenever there is some knowledge about the solution in advance.
If one knows that certain low frequencies will be part of the solution, it pays
to use a functional tting RK-scheme which is exact on those frequencies.
The remaining part of the solution is still captured by the order of the
RK-scheme.
Given an s-stage RK scheme which is exact on U = spanfu1; : : :us g,
there is a whole family of noncon uent schemes which depend on s parameters c1; : : :cs . All these schemes are exact on the same function space
U. Though all these schemes are equivalent when the scheme is used as an
exact scheme, they di er in their numerical performance when the scheme
is used on a problem where it is not exact. This follows from the second
statement of Theorem 1.2.
For constant-coecient schemes for non-autonomous di erential equations, it is a convention to satisfy eq. (1.38) when designing new schemes.
Because condition (1.38) implies that tn + ci k = yn + ci k for u(t) = t [6, p.
56]. In the case of Theorem 1.1, condition (1.38) is ensured if u(t) = t is
one of the chosen basis functions.
We expect schemes associated to non-autonomous di erential equations
to have variable coecients. If we apply the theorem to autonomous differential equations with known solutions, the resulting scheme might have
constant or variable coecients, depending on f. This is illustrated by the
following examples.

Example 1.1 We chose s = 2, u1(t) = t, u2 (t) = t2 and use the ci

as parameters. Solving the system (1.53) we nd the coecients in the
RK-scheme to be
2 2ci c2
i
;
ai1 = c2(c
1 c2 )
1 2c2 ;
b1 = 2(c
c)
1

2

ai2 = ci ai1 ;

i = 1; 2

b2 = 1 b1 :

For c1 = 0; c2 = 1 we obtain the coecients of the trapezoidal rule, as
expected. We obtain the trapezoidal rule also for c1 = 1; c2 = 0. For
varying c1 ; c2 with c1 6= c2 we get a 2{parameter family of noncon uent
RK schemes which are exact on the same family of di erential equations
on which the trapezoidal rule is exact.
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Example 1.2 We now show that there is no constant-coecient 2-stage

RK scheme which is exact on equation (1.50), but there are variablecoecient schemes for it. The general solution of u_ = Cu + D; u(0) = u0
is given by
~ exp Ct D;
~
u(t) = (u0 + D)
D~ := D=C:
A basis function for the 1-dimensional solution space is u(t) = exp Ct. Note
that the constant D~ does not in uence the coecients: it cannot be a basis
function for computing RK coecients since it satis es the homogeneous
di erential equation u_ = 0 with p0(t) = 0. If we put u(t) = D~ + exp Ct we
get
X
D~ + exp(Ct + ci k) = D~ + exp Ct + k : : :;
~
and the sum contains derivatives of u and thus no D.
To get a 2-stage scheme satisfying eq. (1.38), we chose u(t) = t as second
function. With s = 2, c1 = 0; c2 = 1 and u1 (t) = t, u2 (t) = exp Ct with
1=C 62 [0; T ] we obtain the coecients
a11 = 0
a12 = 0
1 Ck + exp Ck
1
(1
Ck)
exp
Ck
a21(k) = kC(exp Ck 1) ; a22(k) = kC(exp
Ck 1)
1
(1
Ck)
exp
Ck
1
Ck
+ exp Ck
b1(k) = kC(exp Ck 1) ; b2(k) = kC(exp Ck
1)
(1.57)
These coecients have an apparent singularity in the limit k ! 0. This
will be discussed elsewhere.
Example 1.3 With s = 2, u1 (t) = t, u2(t) = 1=t, 0 62 [t0; T ] and the ci
as parameters, we obtain the coecients
1 + kci
1
2
t
+
c
k
ai1(t; k) =  1i t (t +1 c2 k) ; ai2 = ci ai1 ; i = 1; 2
(t + c2k)2 (t + c1 k)2 k
1+
k
1
2
b1(t; k) =  t + 1k t (t +1c2 k)  ; b2 = 1 b1 :
(t + c2k)2 (t + c1 k)2 k
(1.58)

book
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Again, we see that the coecients are unde ned in the case c1 = c2 . This
example also shows that quite simple functions um can lead to complicated
coecients which depend on t and k. Remembering that the lintrap scheme
is exact on u(t) = 1=t, we think that these complicated formulae might
indicate that it is more appropriate to use a Rosenbrock scheme in this
case.
Note that we arrived for initial value problems at the point which is
standard for the numerical treatment of boundary value problems: We
chose some complete system of functions, take the rst s of these functions
and approximate the Banach space containing the solutions of the given
di erential equation with this s-dimensional nite space.

1.2.3 Schemes for Given Di erential Equations

Now we address the second question raised initially: given a di erential
equation, which schemes are exact for it ? There are many di erent methods
that may lead to exact schemes. They are essentially the same methods
as those for nding closed form solutions to di erential equations. For a
comprehensive classic collection see [15]. Here we discuss only one method
which is often applicable and which leads us to exact schemes for polynomial
ordinary di erential equations. Then we report on how Le Roux used such
schemes to obtain nonstandard schemes for parabolic equations with blowup solutions.
1.2.3.1 Exact Schemes for Given Di erential Equations
This method starts with a known exact scheme and generates others by
transformations. It was applied in [26] to prove the following result for
C = 1 and D = 0.
Lemma 1.7 Let m be an integer, m 6= 0; 1 . Assume that the equation
1 (Cu + D)m+1 ;
u(0) = u0; Cu0 + D 6= 0;
(1.59)
u_ = mC
has a solution u(t) such that Cu(t)+D 6= 0 in [0; T ). Then un+1 = u(tn+1),
tn+1 = (n + 1)k < T is given by
(Cun + D)m (Cun+1 + D)m
un+1 un =
; m > 0; (1.60)
P
m 1 (Cu
k
n+1 + D)j (Cun + D)m 1 j
j =0
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un+1 un =
k

Pjmj 1(Cu + D)1j (Cu + D)jmj
n+1
n
j =0

1 j

; m < 1:
(1.61)

Proof. We consider two cases. Case 1: Let m > 0; Cu0 + D 6= 0. Then

Cu(t) + D is non-zero as long as it exists. With v := (Cu + D)m equation
(1.59) is equivalent to
dv = v2 ;
v(0) = (Cu0 + D)m :
(1.62)
dt
As discovered independently by many authors, this equation has the exact
scheme
vn+1 vn = v v ;
v0 = v(0) given:
(1.63)
n n+1
k
This is equivalent to
(Cun+1 + D)m (Cun + D)m = (Cu +D)m (Cu +D)m ;
u0 given;
n
n+1
k
(1.64)
where that m-th root has to be taken which produces the correct initial
condition. Now we notice that
aq b q =

q 1
X
j =0

(aj +1bq (j +1)

0q 1
X
aj bq j ) = @ aj bq
j =0

1

1
j A (a b) (1.65)

and that the sum on the r.h.s. is non-zero whenever aq bq 6= 0. We get
the desired result (1.60) with q = m, a = Cun+1 +D and b = Cun +D and
by division of both sides of eq. (1.64) by the r.h.s. sum of (1.65).
Case 2: Let m < 1; p := m > 0; Cu0 + D 6= 0. By assumption
Cu(t) + D is non-zero in [0; T ). With v := (Cu + D) p eq. (1.59) is
equivalent to
dv = v2 ; v(0) = (Cu + D) p :
(1.66)
0
dt
As in the previous case, this equation has the exact scheme
vn+1 vn = v v ;
v0 = v(0) given:
(1.67)
n n+1
k
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This is equivalent to
(Cun+1 + D) p (Cun + D) p = (Cu +D) p (Cu +D) p ; u given;
n
n+1
0
k
(1.68)
where that p-th root has to be taken which produces the correct initial
condition. Now we multiply both sides by (Cun + D)p (Cun+1 + D)p and
get
(Cun+1 + D)p (Cun + D)p = 1;
u0 given:
(1.69)
k
We apply (1.65) with q = p = jmj, and we get the desired result (1.61) after
division of both sides of eq. (1.69) by the sum.

Remark 1.1 The procedure used in the proof can also be used on other
equations than (1.59): let m 2 Q,
l for example, as in eq. (1.14); use the
same or other substitutions on any di erential equation for which an exact
scheme is known; etc.
Remark 1.2 For all integers m > 0 scheme (1.60) with C = and D = 0
is equivalent to the scheme
1 w m wm+1 w  = kwm+1
(1.70)
n+1
n+1
m n n+1
given by Le Roux [20] for the di erential equation
w_ = wm+1 ;

w(0) = w0 > 0;

(1.71)

1 k 1 leads
with arbitrary 2 IR: multiplication of eq. (1.70) by mwnm wn+1
to eq. (1.64) for the fwng. The procedure used by Le Roux for obtaining
scheme (1.70) is essentially the same as ours: she put W := w m and thus
transformed eq. (1.71) into

W_ =

m;

W(0) = W0 = w0 m ;

(1.72)

applied the exact scheme trivially known for this equation and then did
the inverse transformation to obtain the fwng. Le Roux used the exact
scheme (1.70) to derive the approximate semi-discrete scheme (1.75). This
approach is discussed next.
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1.2.3.2 Nonstandard Schemes for Parabolic Equations with BlowUp Solutions: Le-Roux Schemes

Consider the parabolic problem
vt vm = vm
for x 2  IRd ; t > 0;
v(x; t) = 0
for x 2 @ ; t > 0;
v(x; 0) = v0 (x) > 0
for x 2 ;

(1.73)

where is a smooth bounded domain,  0 real and m > 1 an integer.
Let (1 ; u1) be the principal eigenpair of
u = u;
uj@ = 0;
(1.74)
satisfying u1 (x) > 0 in and jju1jjL1( ) = 1: Let v1 be a real smooth
function satisfying v1m (x) = u1 (x) in . Then v1 ;  > 0, is a steady state
solution of (1.73) for = 1 . A steady state solution for all is v(x; t)  0.
The time-dependent solutions of (1.73) for given initial function v0 (x) > 0
were investigated by Sacks and others, and the results are [20]:

 If 0  < 1 and v0 2 Lq ( ); q > 1, problem (1.73) has a solution
existing for all times and decaying to zero for t ! 1.
 If = 1 and v0 2 Lq ( ); q > 1, problem
(1.73) has a solution
existing for all times and tending to u11=m for t ! 1. The factor
 depends on the initial function v0 .

 If > 1 there exists T > 0 such that problem (1.73) has for given
v0 a unique weak solution v on [0; T ] with limt!T jjv(; t)jjL1( ) =
+1. Such solutions are called blow-up solutions. The only
nonnegative solution of problem (1.73) which exists for all times is
v(x; t)  0.

To construct a numerical scheme whose solution has similar properties as
the solution of the continuous problem, Le Roux [20] used the exact scheme
(1.70) for w_ = wm to derive the approximate semi-discrete scheme
1 V 1 m V m V  kV m = kV m
(1.75)
n+1
n+1
m 1 n n+1 n+1
for eq. (1.73). Here k is the time step and Vn = V (x; nk) approximates
v(x; t) at t = nk. Note that solving eq. (1.75) for Vn+1 with given Vn means
solving a nonlinear elliptic boundary value problem with Vn+1 j@ = 0, and
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this has to be done at each time step. With
p := m1 ; q := 1 p; Un := Vnm
(1.76)
and Un 2 IB := H01 ( ) \ C 2(  ) where all elements satisfy the given boundary condition, (1.75) becomes
(1.77)
kUn+1 = qp (Un+1 Un q Unp+1 ) kUn+1
=: f(Un+1 ; Un );
which is a standard quasilinear elliptic problem for Un+1 . Le Roux [20]
proved existence and uniqueness of the solution of scheme (1.77) for
tn = nk < T1 := pq jjU0jj1q
(1.78)
= (m1 1) jjv0m jj(11 m)=m;
and formulated conditions on Y0 under which the iterative scheme
Yj +1 = k1 f(Yj ; Un);
Y0 given ;
(1.79)
converges for j ! 1 (monotonic) to Un+1 . Le Roux proved stability and
convergence of the time discretization for a wide class of initial conditions,
gave for xed k = t the estimates



1=q
jjUnjj1  ctc(tn 1=q + jjU jj ) ifif <= 1 ;
n
0 p+1
1

(1.80)

where c is a constant, c = c( ; p; ; U0), and showed:

 If  1, then there exists a constant t0 > 0 depending only on
; p; ; U0 such that the numerical solution Un exists for all n ! 1

for every time step t < t0. From the estimate (1.80) it then
follows that jjUnjj ! 0 if < 1, as desired. We also see that the
norm of the initial function U0 speci es the numerical value of  in
the case = 1 .
 If > 1 then there exists T  depending on the time step t and
on U0 such that the numerical solution Un exists for nt < T  and
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becomes in nite at T  . The following estimate is valid:
  1=q
jjU0jjp+1 ;
(1.81)
jjUnjjp+1  T T t
n
and this estimate has also been obtained for the exact solution.
Thus we see that, for suciently small t < t0 , scheme (1.77) produces
qualitatively correct numerical solutions which satisfy the estimates known
for the exact solutions. In further work this scheme and its mathematical
analysis were extended to the more general case
vt v1+ = vp
for x 2  IRd ; t > 0;
v(x; t) = 0
for x 2 @ ; t > 0;
(1.82)
v(x; 0) = v0 (x) > 0
for x 2 ;
where  IRd is a smooth bounded domain,  is a parameter describing
di usion,  2 ( 1; 0) for fast di usion and  > 0 for slow di usion,  0
real and p  1 + . This mathematical work is reviewed in [19].
The usefulness of scheme (1.77) for Computational Plasma Physics is
demonstrated in investigations of fusion plasmas, where di usion equations
with slow di usion (e.g.  = 2) are used for the density of particles and
with fast di usion (e.g.  = 1=2) for their temperature. In reference [21]
a coupled system for density and temperature of ions is solved for various parameter values, while in reference [22] the two equations are solved
separately for various cases (decay of the solution, evolution to a constant
pro le, explosive case { blow-up).

1.3 Dynamics of Di erence Schemes
In this section we rst recall basic de nitions and facts from the theory of
dynamical systems. Then we investigate the performance of various di erence methods on the logistic di erential equation, which has one stable and
one unstable steady state. Some readers might wonder why we also discuss
what happens for `huge' step sizes: knowing the solution of a problem, it is
easy to decide which step size is adequate and which one is too large. When
solving real-life problems, it is not always clear which step size is adequate.
Depending on the structure of the di erential system, it is possible that
k = 10 5 is too large or that k = 1 is unnecessarily small. We have to
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know what happens when step sizes are too large in order to detect them
when dealing with real-life problems. This kind of investigations might
help to nd additional criteria for deciding which step size is adequate for
a given scheme and to single out schemes which allow larger step sizes than
others because the discrete dynamics is similar to the continuous dynamics.
At the end of the section we discuss the dynamical properties of the lintrap
scheme in general. In the next section it will be applied to Hamiltonian
systems.

1.3.1 Continuous Dynamical Systems
Consider

u_ = f(u); u(0) = u0 2 IRN ;

(1.83)

f continuously di erentiable. For such fs eq. (1.83) has a unique solution
u(t; u0) which exists in some maximum interval [0; T (u0)). Recall the following de nitions and facts:
u is a stationary state of (1.83) i f(u) = 0 for all t > 0.
u is a stable stationary state of (1.83) i for any given  > 0 there exists
a  > 0 such that u(t; u0) 2 U (u) for all u0 2 U (u) and all t  0, where
U (u) := fu 2 IRN : ju uj < g.
u is an asymptotically stable stationary state of (1.83) i u is stable and
lim ju(t; u0) uj = 0 for all u0 2 U (u)

t!1

for some

 > 0:

u is a marginally stable stationary state of (1.83) i it is stable but not
asymptotically stable.
u is a hyperbolic stationary state of (1.83) i Re  6= 0 for all eigenvalues
 of the Jacobian f 0 (u). For hyperbolic stationary states a Principle of
Linearized Stability is valid, called Theorem of Hartman-Grobman by
Guckenheimer/Holmes [11, p. 13]:

Theorem 1.3 Let u be a hyperbolic stationary state of (1.83) u_ = f(u):
Then there are neighborhoods U(u) and V (0) such that the dynamics of
u_ = f(u) in U(u) and of v_ = f 0 (u)v in V (0) are equivalent, i.e. there
is a homeomorphism between U(u) and V (0) which preserves the sense of
orbits and can also be chosen to preserve parameterization by time.
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Remark 1.3 If u is a hyperbolic stationary state, it is thus asymptotically
stable if Re i < 0 for all eigenvalues i of f 0 (u); i = 1; : : :; N, and
it is unstable if one i0 satis es Re i0 > 0: If u is a non-hyperbolic
stationary state, it might be a bifurcation point (stationary-stationary or
stationary-periodic (Hopf bifurcation)). In this case a nonlinear analysis
is necessary to decide on the stability of u and on the dynamics of (1.83)
in a neighborhood of u.
Example 1.4 The logistic di erential equation
u_ = u(1 u);
u(0) = u0
(1.84)
has the solution
t
u(t) = 1 + uu0(eet 1) = (1 u )eu0 t + u :
(1.85)
0
0
0
It has two stationary states for all : u = 0 and u^ = 1. The principle of
linearized stability reveals that
u = 0 is asymptotically stable for  < 0 and unstable for  > 0,
u^ = 1 is unstable for  < 0 and asymptotically stable for  > 0.
For  = 0, every constant is a stationary state. They all are non-hyperbolic.
For  < 0, all solutions of (1.84) with u0 < 1 are attracted by u = 0, and
convergence is monotonic; and all u0 > 1 lead to trajectories that grow
unbounded in nite time, i.e. to blow-up solutions. The blow-up time is

1=
> 0:
(1.86)
T(u0 ; ) = 1 ln u u0 1 = ln u0u 1
0
0
For  > 0, all solutions with u0 > 0 are attracted by u^ = 1, and convergence
is monotonic; and all u0 < 0 lead to trajectories that tend to 1 in nite
time T. The blow-up time is

1=
> 0:
(1.87)
T(u0 ; ) = 1 ln u0u 1 = ln u0u 1
0
0
The logistic di erential equation (and its name) were introduced by
Verhulst in 1838 to model the growth of populations in environments with
limited resources. Under certain conditions (no major wars, epidemics (like
the plague) or other catastrophes inside the country), it is indeed a very
good model. See for instance [14, p. 103], where the values computed for
the US population by Pearl and Read in 1920 are compared with census
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data for the years 1790 to 1950. No chance to model the development of
European populations the same way.

1.3.2 Discrete Dynamical Systems

In this section we consider discrete dynamical systems and recall basic
de nitions and facts used later on. Consider
yn+1 = g(yn );

y0 2 IRN ;

(1.88)

with continuously di erentiable g. Such di erence equations are explicit
and thus uniquely solvable.
y is a xed point of (1.88) i g(y ) = y.
y is a periodic point with period m of (1.88) i y = gm (y ).
y is a stable xed point of (1.88) i for any given  > 0 there exists a  > 0
such that gn(y0 ) 2 U (y ) for all y0 2 U (y ) and all n  0.
y is an asymptotically stable xed point of (1.88) i y is a stable xed
point of (1.88), and
nlim
!1 jg

n (y0 )

yj = 0 for all y0 2 U (y )

for some

 > 0:

y is an (asymptotically) stable periodic point of (1.88) with period m
i y; g(y ) : : :; gm 1 (y ) are (asymptotically) stable xed points of (1.88).
y is a marginally stable (periodic) point i it is stable but not asymptotically stable.
y is a hyperbolic xed point of (1.88) i jj 6= 1 for all eigenvalues  of
the Jacobian g0 (y ).
By the implicit function theorem, hyperbolic xed points y have a neighborhood U(y ) in which g id is invertible. If the local inverse is di erentiable, it is a di eomorphism. For hyperbolic xed points and suciently
smooth g a Principle of Linearized Stability is valid, called Theorem
of Hartman-Grobman by Guckenheimer/Holmes [11, p. 18]:
Theorem 1.4 Let y be a hyperbolic xed point of (1.88) yn+1 = g(yn )
and let g be a di eomorphism. Then there are neighborhoods U(y ) and V (0)
such that the dynamics of yn+1 = g(yn ) in U(y ) and of vn+1 = g0 (y )vn
in V (0) are equivalent.
Remark 1.4 If y is hyperbolic, it is thus asymptotically stable if the spectral radius  of the Jacobian g0 (y ) satis es (g0 (u)) < 1; it is unstable if
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(g0 (y )) > 1. If y is non-hyperbolic, it might be a bifurcation point ( xed
point { xed point or xed point { periodic point ( ip bifurcation)). In
this case, a nonlinear analysis is necessary to decide on the dynamics in a
neighborhood of y.
Example 1.5 The logistic di erence equation
yn+1 = yn (1 yn );

y0 2 [0; 1];

0 <  < 4:

(1.89)

For  2 [0; 4], all iterates lie in the interval [0; 1] if y0 does.
v1 = 0 is a xed point for all  > 0. For 0 <  < 1 it is the only xed point
in [0; 1] and asymptotically stable. For  > 1 =: a1 it is unstable.
For  = 1 there is a bifurcation with exchange of stability. A second branch
of xed points, v2 (), appears in the interval [0; 1]:
v2 () =  1= 2 [0; 1] for   1. v2 () is unstable for  < 1 and asymptotically stable for 1 <  < 3. For 1 <  < 2 convergence to v2 is
monotonic, for 2 <  < 3 =: a2 it is a damped oscillation.
In  = 3 this branchpof xed points loses stability in a ip bifurcation:
for 3 <  < 1 + 6 =: a3 there is an asymptotically stable 2-cycle
v3 = g (v4 ); v4 = g (v3 ). For  = a3 there is another ip bifurcation
to a 4-cycle. This 4-cycle is asymptotically stable for a3 <  < a4, etc.
The sequence of period-doubling bifurcations accumulates in a1  3:5699 : : :
with an aperiodic solution.
an an 1
(1.90)
nlim
!1 an+1 an =:   4:669 : : :
is the Feigenbaum constant. For  > a1 periods other than powerspof
2 are possible; rst even periods,
p then also odd periods. For  = 1 + 8
period 3 occurs. For   1+ 8 all periods m are possible, and the iterates
are chaotic in the sense of Li and Yorke [25; 11]. For  > 4, part of the
iterates leave the interval [0; 1] and converge to 1.

1.3.3 Forward Euler Scheme

We discretize (1.84) u_ = u(1 u); u(0) = u0 by Euler's method with
xed time step k and get
yn+1 = yn +  k yn (1 yn);
= Fk (yn ):

y0 = u(0);

(1.91)
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Fig. 1.1 Mapping properties of forward Euler in the (k;y ) plane [10, Fig. 1].
Figure a on the left shows to where y is mapped after one iteration with scheme (1.91).
The limiting curves are y = 0; y = 1; y = 1=(k); y = 1 + 1=(k).
Figure b on the right shows to wherep
it is mapped after two
 iterations. The additional
borders are given by y = 1 + k  ( 1 + k)(3 + k) =(2k).
Qualitatively correct trajectories are obtained for ky < 1 and k < 1. Oscillations
occur for k > 1 and 0 < y < 1 + 1=(k). For larger y the iterates tend to 1.
n

n

n

n

n

n

n

n

n

n

The xed points of (1.91) satisfy ky(1 y) = 0 and are thus the same as
for the continuous case, y = u = 0 and y^ = u^ = 1 for all k. The Jacobian
is
Fk0 (yn ) = 1 + k 2kyn :

(1.92)

Let  = 1 for the following analysis. The analysis for arbitrary  > 0 only
requires a rescaling of k. The analysis for  < 0 is also similar, but y and
y^ then exchange their roles.
For y = 0 we get Fk0 (0) = 1 + k > 1. Thus y = 0 is unstable for all k, as
is u = 0. For y^ = 1 we get Fk0 (1) = 1 k and we have to consider several
di erent cases:
Case 1: For 0 < k < 1 we get 0 < Fk0 (1) < 1 and y^ = 1 is stable. Now we
consider the trajectories:
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If y0 < 0, the iterates tend monotonically to 1 for n ! 1. Though
the continuous solution exists only for t < T as given by (1.87), the discrete iterates exist for all tn = nk; n ! 1. This was already noticed by
Dahlquist in 1959 [32].
If 0 < y0 < 1, all trajectories fyn gn2IN grow monotonically to y^ = 1 and
thus behave qualitatively correctly.
If y0 > 1, the qualitative behavior of the iterates depends both on y0 and
on k. For all (y0 ; k)-values above the curve y0 = 1 + k1 , the iterates \overshoot" and the trajectories tend to 1 for n ! 1. For all (y0 ; k)-values
satisfying k1 < y0 < 1 + k1 , the iterates enter the region 0 < y < 1 and
continue monotonically towards 1. But y0 = 1 does have a neighborhood
in which the discrete trajectories tend monotonically to y^ = 1 and thus
behave qualitatively like the continuous trajectories (see Fig. 1.1).
Case 2: For 1 < k < 2 we get 1 < Fk0 (1) < 0. Thus y^ = 1 is stable,
but the iterates oscillate in all neighborhoods of y^ = 1. Hence y^ = 1 does
not have a neighborhood where trajectories behave qualitatively correctly.
But they still converge to the correct limit for certain initial values. The
dependence of the limit on the initial value y0 and on the step size k is
illustrated in Fig. 1.1. The curves were computed using Mathematica.
Case 3: For k > 2 we nd jFk0 (1)j > 1, and y^ = 1 is unstable. For k = 2
there is a ip bifurcation to the 2-cycle
p2
k 4 2 IR;
k
+
2

(1.93)
y3;4 =
2k
p
which is stable for 2 < k < 6. What happens for larger k can best be
seen from the map [36]
vn = 1 +k k yn ;
(1.94)
which is a homeomorphism for k > 0 and maps the discrete dynamical
system de ned by the iteration
yn+1 = yn + kyn (1 yn )
(1.95)
to the discrete dynamical system with iteration
vn+1 = (1 + k)vn (1 vn ):
(1.96)
This is the logistic map (1.89) with  = 1+k. The discretization parameter
k can thus produce all the peculiar behavior which is known for the logistic
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p

map, and which was brie y described in section 1.3.2. For k > 8 we get
chaotic trajectories. A Feigenbaum diagram of (1.95) was shown several
times, see for instance [17, Fig. 3] and [37, Fig. 3.5].
Note that the homeomorphism (1.94) must break down for k = 0: the
xed points 0 and 1 of (1.95) are di erent from each other for all k, but the
xed points 0 and 1+k k of (1.96) meet in a bifurcation point for k = 0.
Summary: With the forward Euler scheme, the discrete analog of the
unstable stationary state is an unstable xed point for all k. The discrete
analog of the stable stationary state is a stable xed point for 2 < k < 2.
For  > 0, it turns unstable in a ip bifurcation at k = 2. This ip
bifurcation is the beginning of a Feigenbaum cascade of period-doubling
bifurcations. Already for k > 1 the discrete scheme is a very poor model:
there is no neighborhood of the stable xed point with correct dynamic
behavior. For 0 < k < 1 such a neighborhood exists. It depends on the
initial value y0 and on the step size k whether the dynamic behavior of the
discrete solution is qualitatively correct.
It should be noted that the curves separating the di erent regimes for
the initial values y0 and shown in Fig. 1.1 are either branches of xed points
or closely related to the branches of spurious xed points for the midpoint
Euler scheme to be discussed next.

1.3.4 Midpoint Euler Scheme

For smooth one-step methods Beyn [3] proved the following
Theorem 1.5 Let  IRN be compact and assume that
u_ = f(u);

u(0) = u0 2 IRN

(1.97)

has nitely many stationary solutions vi ; i = 1; : : :; M in the interior of
, and that all vi are regular, i.e. f 0 (vi ) is invertible for i = 1; : : :; M . Let
 be a smooth one-step method of order p  1. Then there exists a k0 > 0
such that the discrete system

yn+1 = (k; yn);

(1.98)

k  k0, has exactly M xed points vi (k); i = 1; : : :; M in , and these
satisfy

vi (k) = vi + O(kp );

i = 1; : : :; M:

(1.99)
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Moreover, if Re  > 0 for some eigenvalue  of f 0 (vi ), then vi (k) is an
unstable xed point of (1.98); and if Re  < 0 for all eigenvalues  of f 0 (vi )
then it is an asymptotically stable xed point.

For Runge-Kutta schemes, (1.99) is too pessimistic: RK schemes exactly
reproduce all stationary states of the di erential equation, i.e. vi (k) = vi [3;
16], but they often add some spurious xed points. Bifurcation points
between branches of proper xed points and branches of spurious xed
points were characterized by Iserles et al. [16]. We shall apply these results
to the scheme
Y1 = yn ;
(1.100)
Y2 = yn + k2 f(Y1 );
yn+1 = yn + kf(Y2 )
for the logistic di erential equation (1.84). It is a Runge-Kutta scheme
sometimes called `midpoint Euler scheme' since it is derived by using the
midpoint rule (or rst Gauss formula) for integration [12, Chap. II, (1.4)].
Another formulation of (1.100) is
(1.101)
yn+1 = yn + kf(yn + k2 f(yn ))
=: Fk (yn ):
Since f(u) = u(1 u) is a polynomial of 2nd order, Fk (yn ) is a polynomial
of 4th order, namely
Fk (yn ) = yn + kyn (1 yn )(2 + k(1 yn ))(2 kyn )=4: (1.102)
The equation Fk (y) y = 0 thus always has four complex solutions. These
turn out to be real for all k. They are [10]
2 ; 1; 1 + 2 :
0; k
(1.103)
k
The spurious xed points k2 ; 1 + k2 are unbounded for k ! 0. Both
of them converge to the proper xed points 0, 1 for k ! 1. This might
indicate that the implicitness of scheme (1.101) with (1.102) is not optimal
in the sense of [26]. Note also the connection between these spurious xed
points and the spurious curves governing the convergence for forward Euler
(Fig. 1.1a): the factor 2 is due to the factor k2 in the middle line of (1.100).
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Fig. 1.2 Feigenbaum diagram for midpoint Euler in the (y; k)-plane,  = 1 [10, Fig.
2]. The 200th to 700th iterates are shown as obtained for two initial values y0 per k.
The unstable xed points are not seen.

Applying the principle of linearized stability in the case  = 1 gives:
y = 0 is unstable for all k.
y^ = 1 is stable for 0 < k < 2, and convergence is monotonic for 0 < y0 < k2 .
y^ loses its stability to y3 = k2 in a bifurcation point [17]: the two stationary
states y^(k)  1 and y3 (k) = 2k meet for k = 2 and exchange stability
there.
p
y3 = k2 is stable for 2 < k < 1 + 5  3:24 and loses stability to a
Feigenbaum cascade of period-doubling p
bifurcations.
y4 = 1 + k2 is stable for 0 < k < 1 + 5  1:24 and loses stability to a
Feigenbaum cascade of period-doubling bifurcations.
This example demonstrates a close relationship between the size of the
compact domain and the step size k0 in Beyn's theorem: if we choose
= [ !; 1 + ], then k0 < 2=(1 + ), in order to exclude the spurious
unstable xed point y3 (k) = k2 . Thus for small  > 0; k0 is nearly given
by the stability limit of the method. If we choose = [ !; 3], then k0 < 32 .
Figure 1.2 shows the stable xed points of (1.101) with f(y) = y(1 y),
and their transition to chaos. It can also be found in [37, Fig. 3.10], its
lower part is given in [17, Fig. 4].
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Fig. 1.3 Trajectories of midpoint Euler in the (y; k)-plane,  = 1; [9, Figs. 3.6 ].
Solutions of (1.102) are shown for k = 0:8; 1:5; 1:9; 2:5 and two initial values for each
k, satisfying y 1 < y3 = 2=(k) < y 2 . The unstable xed point y3 separates the
domains of attraction of the di erent trajectories. The stability behavior of the scheme
depends both on the value of k and of y0 .
o;

o;

Figure 1.3 comments on Figure 1.2. Part a (k = 0:8): For y0 =
2:49 < 2=k = 2:5 the trajectory converges to the proper xed point y^ = 1.
For y0 = 2:51 > 2=k it converges to the spurious stable xed point y4 =
1 + 2=k = 3:5.
p
Part b (k = 1:5 > 5 1  1:24): For y0 = 1:32 < 2=k = 4=3; the
trajectory converges to the proper xed point y^ = 1. For y0 > 2=k, it
converges to the stable spurious solution of period 4.
Part c (k = 1:9): For y0 = 1:4 > 2=k, the iterates rst wander in the
chaotic regime of the spurious stable branch, then they enter the domain of
attraction of y^ = 1. For y0 = 0:9, they converge monotonically to y^ = 1.
Part d (k = 2:5): For both initial values y0 = 0:5 and y0 = 1:4 the
trajectory converges to the stable spurious solution y = 0:8.
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Spurious xed points are very unwelcome. In computations with xed
k at least two runs with di erent k are required in order to detect their kdependence and thus the fact that they are spurious. Also, they distort the
dynamics considerably: unstable spurious xed points diminish domains of
attraction by being an additional `continental water divide'. Stable spurious
xed points attract trajectories that should go somewhere else.
In today's standard, Runge-Kutta methods are used as variable order,
variable step size schemes because these allow to keep the local error uniformly small and thus optimize the time stepping. They are thus more
ecient than xed step-size xed order schemes. In addition, they will
destroy spurious xed points present in xed step-size xed order RungeKutta schemes.
Summary: With the midpoint Euler scheme, the discrete analog of the
unstable stationary state is an unstable xed point for all k. The discrete
analog of the stable stationary state has a neighborhood with correct dynamic behavior for 2 < k < 2. With  > 0, it loses its stability for
k = 2 through an exchange of stability with a branch of unstable spurious
xed points. There is another spurious branch of stable xed points. Both
branches of spurious xed points lose stability to a Feigenbaum cascade of
period-doubling bifurcations independently of each other (Fig. 1.2).
This time, the di erence equation is a good model up to k = 2, but only
in a small domain owing to the spurious xed points. As a consequence
of Beyn's theorem [3], both branches of spurious xed points become unbounded for k ! 0.

1.3.5 Linearly Implicit Euler Schemes

For our model problem (1.84), Twizell et. al. [36] introduced the following
schemes:
yn+1 = yn + kyn+1 (1 yn )

(1.104)

and
yn+1 = yn + kyn (1 yn+1 ):
Written explicitly, they read
yn
yn+1 = 1 k(1
yn ) =: g0(yn ; k)

(1.105)
(1.106)
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+ k)yn =: g (y ; k):
yn+1 = (11 +
1 n
kyn

(1.107)

They are related to each other in an obvious way: each of them treats one of
the two stationary states of eq. (1.84) implicitly and the other one explicitly.
They are adjoint to each other according to the de nition discussed in
section 1.3.6.2: the map (1.130) replaces scheme (1.104) by scheme (1.105),
and scheme (1.105) by scheme (1.104). Schemes adjoint to each other always
have the same order of accuracy, and the same global error expansion, with
k replaced by k.
As was shown in [27] by induction, the di erence equation (1.106) has
the solution
(1.108)
yn = (1 k)n (1y0 y ) + y ;
0
0
and the di erence equation (1.107) has the solution
+ k)n y0
:
(1.109)
yn = 1 + y(1((1
0 + k)n 1)
The iterates of scheme (1.106) are de ned as long as the denominator of
eq. (1.106) is non-zero, i.e. as long as condition
(1.110)
(1 k)n 6= y y0 1
0
is satis ed. Similarly, the iterates of scheme (1.107) exist as long as
(1 + k)n 6= y0y 1 :
0
Both (1.108) and (1.109) are approximations to (1.85), with ek replaced by the rst two terms of their Taylor expansion. 1  k is a qualitatively correct approximation to ek for those k for which 1  k > 0,
i.e. for k > 1.
Schemes (1.106) and (1.107) were investigated in detail in [10]. Here
we review the results for scheme (1.106). Details can be found in the next
subsection.
For  < 0; y = 0 is stable for all k, and y^ = 1 is unstable for all k.
Trajectories with initial value y0  1 behave qualitatively correctly for all
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k. Trajectories with initial value y0 > 1 behave qualitatively correctly as
long as the blow-up time T has not passed, i.e. as long as
tN :=

N
X
n=1

nk < T (y0 ) = ln y0y 1 :
0

(1.111)

For  > 0 and k < 2; y = 0 is unstable and y^ = 1 is stable. Trajectories
with arbitrary initial value y0 behave qualitatively correctly for k < 1
(as long as the blow-up time has not passed in the blow-up case). For
1 < k < 2, convergence to the correct limit is oscillatory. For k > 2,
in contrast to the continuous case, y = 0 is stable and y^ = 1 is unstable,
and the spuriously stable xed point y = 0 is globally attracting. Blow-up
cannot be seen any more. Hence the whole dynamics is incorrect for k > 2,
but `looks perfectly alright' if there is no pre-knowledge of the behavior of
the trajectories and if blow-up solutions are not expected.

If the discrete image of an unstable steady state of the di erential equation is a stable xed point, we call the di erence scheme superstable.
Superstability will be further discussed below.
That the dynamics is incorrect is much harder to detect for this scheme
on a `real life problem' than for the other schemes investigated here: in
the previous two cases, the stable spurious solutions are k-dependent (see
(1.93), (1.103)) and thus disappear in computations with step-size control
or when computations are repeated with di erent step size k. In the present
case, substantially smaller step sizes or a di erent scheme must be used for
detection of the failure of the method.
As far as scheme (1.107) is concerned, everything is very similar. Scheme
(1.107) converges monotonically to the correct xed points for k > 1
and all initial values y0 , as long as the blow-up time has not passed. For
2 < k < 1 the stable xed point y = 0 has a neighborhood of oscillating
convergence. For k < 2 the scheme is unstable in a neighborhood of the
xed point y = 0 and it is superstable in a neighborhood of y^ = 1 which is
globally attracting now. The stability of both xed points thus disagrees
with the stability of the stationary states of the di erential equation, blowup is disguised, and the whole dynamics is incorrect.
1.3.5.1 Details of the Dynamics
We now consider scheme (1.106) in detail, rst for  < 0 and then for  > 0.
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Lemma 1.8 Let  < 0. Then y = 0 is a stable xed point of scheme
(1.106) for all k and y^ = 1 is an unstable xed point of (1.106) for all k.

Proof. From (1.106) we get
and thus
and

1 k
g00 (yn ; k) = (1 k
+ kyn )2

(1.112)

0 < g00 (0; k) = 1 1 k < 1 for all k < 0

(1.113)

g00 (1; k) = 1 k > 1

for all k < 0:

(1.114)



We now discuss the behavior of the trajectories for given initial value y0 .

Case 1: Trajectories with initial value y0 < 1 converge monotonically to

y = 0:
yn < 1 ) 1 yn > 0 ) k(1 yn ) > 0 ) 1 k(1 yn ) > 1 )

jyn j
jyn+1 j = 1 k(1
yn ) < jyn j:

(1.115)

Case 2: For y0 > 1, the qualitatively correct behavior of the iterates
depends on the size of jkj and of the iteration index n: If k > 0 is

small enough, it follows that 0 < 1 k(1 y0 ) < 1, and thus y1 > y0 > 1.
For all k and n with 0 < 1 k(1 yn ) < 1 we thus get yn+1 > yn and
1 k(1 yn ) > 1 k(1 yn+1 ): For computations with xed step size
k, either there is an N with
1 k(1 yN ) > 0 and 1 k(1 yN +1 ) < 0;
(1.116)
or it happens that
1 k(1 yN ) = 0:
(1.117)
In the case of eq. (1.117), the iteration comes to a stop, blow-up has
happened. In the case of (1.116), the denominator changes sign without
vanishing. The following iterates are negative and approach y = 0 from
below. This is a discrete analog of \a rational function passes a pole and
returns from 1". In the case considered here, however, iteration for
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n > N does not make sense. The iterates do not approximate the solution
u(t; y0) of the di erential equation anymore. They do approximate the
solution u(t; yN +2 ) with initial value yN +2 < 0 for n  N + 2.
Lemma 1.9 Let  > 0. Then y = 0 is unstable and y^ = 1 is stable for
k < 2. For k > 2, both xed points of (1.106) show incorrect stability
properties: y = 0 is stable and y^ = 1 is unstable.
Proof. From (1.112) we get
g00 (0; k) = 1 1 k ;
and this satis es
g00 (0; k) > 1 for 0 < k < 1;
g00 (0; k) < 1 for 1 < k < 2; and
g00 (0; k) > 1 for k > 2.
Note that g00 (0; k) is singular for k = 1.
For y^ = 1 we get
g00 (1; k) = 1 k
(1.118)
and this satis es
0 < g00 (1; k) < 1 for 0 < k < 1;
1 < g00 (1; k) < 0 for 1 < k < 2;
0
g0(1; k) < 1 for 2 < k.

We now discuss the trajectories for given initial value y0 . We show that
convergence is monotonic for 0 < k < 1 and all initial values y0 , as long
as the blow-up time has not passed. This readily follows by using formula
(1.106)
yn
(1.119)
yn+1 = 1 k(1
y)
and

n

yn ) :
1 yn+1 = (11 k)(1
(1.120)
k(1 yn )
Case 1: Let 0 < yn < 1. Then yn < yn+1 < 1 :
0 < 1 yn < 1 ) 0 < 1 k(1 yn ) < 1 and yn+1 > yn from (1.119).
From (1.120) it follows that yn+1 < 1.
Case 2: Let 1 < yn. Then 1 < yn+1 < yn :
yn > 1 ) 1 k(1 yn ) > 1 ) yn+1 < yn by using eq. (1.119).
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From (1.120) we now get 1 yn+1 < 0. Thus the stable xed point y^ = 1
attracts all trajectories with initial value y0 > 0.
Case 3: If yn < 0, it follows from (1.119) and (1.120) that
yn+1 < yn if 1 k(1 yn ) > 0 and yn+1 > 0 if 1 k(1 yn ) < 0.
What has been said earlier about approximation of blow-up solutions applies here analogously.
1.3.5.2 Superstability
Superstability was discussed by Lindberg in 1974 (`a dangerous property
of methods for sti di erential equations'), by Dahlquist et al (1982) and
by Dieci and Estep [5, and references therein]. Dieci et al (1991) used the
following working de nition: `Superstability is that situation in which a numerical integrator does not detect that the underlying solution is physically
unstable'. They report that

 superstability was observed in the adaptive integration of sti initial

value problems and in the integration of parabolic PDEs by the
method of lines;
 it is known how to avoid it for Riccati equations (use information on
the eigenvalues of the di erential equation in the step size control),
but
 in general, it is not known how to avoid this phenomenon.

In our case here, it is easy to avoid superstability and instability simultaneously by using the self-adjoint scheme related to (1.104) and (1.105): we
obtain it by adding the two adjoint schemes (1.104) and (1.105). It has the
additional advantage of being second order accurate, as shown in section
1.3.6.2. We get
yn+1 yn =  (y (1 y ) + y (1 y )):
(1.121)
n+1
n+1
n
k
2 n
As was shown in [27], an alternate way of obtaining scheme (1.121) is to
apply the lintrap method (1.16) to the logistic di erential equation (1.84).
The di erence scheme (1.121) gives qualitatively correct approximations
for jkj < 2. It produces oscillatory trajectories and thus incorrect dynamic
behavior for jkj > 2, but the stability of both xed points is correct for all
k. This follows from the dynamical properties of scheme (1.16) for general
functions f. These are discussed next.
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1.3.6 The Linearly Implicit Lintrap Scheme

In several case studies, so-called `unconventional' or `non-standard' di erence schemes were `custom-tailored' for individual di erential equations and
were shown to preserve qualitative properties of the di erential equation:
some schemes are exact, symplectic or feature discrete blow-up [29; 34;
27]. It turned out [27] that several of these ad-hoc schemes can be obtained
by applying the scheme

yn+1 yn = f (y ) + f 0(y ) yn+1 yn ;
n
n
k
2

y0 = u0 2 IRN ; (1.122)

to the di erential system

u_ = f (u);

u(0) = u0:

(1.123)
We call (1.122) the linearized trapezoidal rule or the lintrap scheme. It can
be obtained by applying one Newton step to the term (f (yn )+ f (yn+1))=2 in
the trapezoidal rule or to f ((yn + yn+1 )=2) in the implicit midpoint rule. It
has been used on systems of partial di erential equations in Computational
Fluid Dynamics [2] and Plasma Physics [18; 7]. It can also be written as
yn+1 = yn + kK1; y0 = u0;
(1.124)
(I k2 f 0(yn ))K1 = f (yn);

and is a member of the family of Rosenbrock-Wanner (ROW) schemes
which are standard in the numerical treatment of systems of sti ordinary di erential equations and of di erential-algebraic equations [13; 24;
33]. Here I is the identity matrix, k the time step and f 0(yn ) the Jacobian
of system (1.123), evaluated at the n-th iterate.
The scheme is linearly implicit. If
(1.125)
A(k; y) := (I k2 f 0(y))
is non-singular for all k 2 IR+ and all y 2 IRN , all iterates exist. A point
u 2 IRN with non-singular A(k; u ) is xed point of (1.124) i f (u) = 0, i.e.
i it is a steady state of (1.123). There are no spurious xed points.
If the function f is such that the Jacobian f 0(y) is negative de nite
for all y 2 IRN , then A(k; y) is non-singular for all k and all y. If the
function f does not have this property, A(k; yn) turns singular for values of
k that match eigenvalues of f 0(yn). The iteration given by (1.124) is thus
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unde ned for certain combinations of step-size and initial value. This is a
discrete version of blow-up, as already discussed following eq. (1.117).
In special cases, the a priori bound for the blow-up time obtained from
the singularity of A(k; y0 ) is extremely good [28]. This is due to the fact
that the scheme is exact for functions f satisfying (1.18), and then, of
course, the error is small for functions which are close to satisfying eq.
(1.18), in the norm of some appropriate Banach space. In the general
case, the accuracy of the scheme guarantees a good approximation `for
suciently small k  k0'. In addition to that, there is no relation between
the continuous and the discrete blow-up time in general. This is shown by
the following theorem and examples.
1.3.6.1 Existence Intervals
We now compare the size of the bounding time step in the n-th iterate
with the time interval for which existence of the solution to the di erential
equation can be ensured:
Theorem 1.6 Let B(yn ) := fu 2 IRN : ju ynj  bg, and assume
that f : IRN ! IRN is continuously di erentiable with jf (u)j  C and
jf 0(u)j  L in the closed domain B . Then the di erential system
u_ = f (u); u(0) = yn;
(1.126)
has a unique solution u(t) 2 B which is de ned for t  tb := b=C .
Under the same assumptions, the linear system

(I kf 0(yn ))Kn+1 = f (yn);
(1.127)
yn+1 = yn + kKn+1 ;
has a unique solution yn+1 (; k) for all (; k) with k < kb := 1=L and
0    1. If f 0(yn ) is negative (semi)-de nite, kb can be replaced by
kb := 1.
Proof. The result on the solution of the di erential system follows from
the familiar Theorem of Picard-Lindelof [35, p. 104], the result on the solution of the linear system (1.127) follows from basic theorems in Linear
Algebra, including the Perturbation Lemma [30, p. 45].

Both bounds are crude and could be improved. However, already onedimensional examples show that sharp bounds necessarily di er as well.

book

September 14, 2000

15:8

WorldScienti c/ws-b8-5x6-0

Dynamics of Di erence Schemes

book

47

Example 1.6 We start with the linear equation
u_ = Lu;

u(0) = yn :

(1.128)

With L > 0; f(u) = Lu and ju yn j  b we get
jf(u)j = jLuj  Lju yn j + Ljyn j  Lb + Ljynj =: C.

The bound C is attained by f(u) if yn > 0.
Thus kb = 1=L and tb = b L 1 (b + jyn j) 1 = kb b (b + jynj) 1  kb.
Since we can write down the solutions of (1.128) explicitly, we know that
they exist for all t  0. Thus it might be surprising at rst that scheme
(1.127) does not allow arbitrarily large steps if  6= 0 and L > 0. We see,
however, that the interval of existence ensured by the theorem of PicardLindelof is even smaller than the bound kb. This might be related to the
fact that equations u_ = Lu ; > 1 can have blow-up solutions and can be
viewed as neighboring to eq. (1.128).

Example 1.7 This example shows that the bound kb can be much larger
as well as much smaller than the actual blow-up time of the solution. Consider
u_ = u2 + c;

u(0) = u0:

(1.129)

For c = 2 < 0, eq. (1.129) has two steady states: u =
(asymptotically stable) and u+ = + (unstable). Trajectories with initial value
u0 < converge monotonically increasing to u , trajectories with initial
value < u0 < converge monotonically decreasing to u , and trajectories with initial value u0 > blow up.
For c = 0,
= + and the two steady states u ; u+ merged to the
steady state u = 0: blow-up for u0 > 0, monotonic convergence to u = 0
for u0 < 0.
For c > 0, there is no steady state. All solutions blow up.
Now we consider the discretization of eq. (1.129) by the lintrap method
(1.127): we notice that the constant c does not contribute to the derivative
and thus to the bound kb: for u0 < 0 we get kb = kb = 1 for all c 2 IR,
and for u0 > 0 we get kb = (2u0) 1 for all c 2 IR. This produces the correct
blow-up time for c = 0;  = 1=2 and is incorrect for all other values of c.
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1.3.6.2 Adjoint and Self-Adjoint Schemes
As we have seen earlier, the unconventional schemes (1.104) and (1.105) for
the logistic di erential equation (1.84) are intimately related to each other:
each of them treats one of the two stationary states of eq. (1.84) implicitly,
the other one explicitly. They are adjoint to each other in the sense of
De nition 8.2 of [12, Chap. II]: the map
yn+1 7! yn ;
k 7! k;
(1.130)
yn 7! yn+1
replaces scheme (1.104) by scheme (1.105), and scheme (1.105) by scheme
(1.104). Other schemes adjoint to each other are forward Euler (1.3) and
backward Euler (1.8). Schemes adjoint to each other always have the same
order of accuracy, and the same asymptotic expansion of the global error,
with k replaced by k [12]. Schemes which are invariant under the map
(1.130) are called self-adjoint. Self-adjoint schemes have always an even
order of accuracy and an asymptotic expansion in even powers of k [12]. The
trapezoidal rule and the implicit midpoint rule always produce self-adjoint
schemes because their general formula is invariant under map (1.130).
The general formula for lintrap is not invariant under (1.130), but several schemes obtained by applying lintrap to a given di erential system
are self-adjoint: scheme (1.121) obtained by applying lintrap to the logistic
di erential equation, for instance, and also scheme (1.144) obtained for the
Lotka Volterra system (1.140). If we apply lintrap to u_ = u3, however, we
obtain a scheme which is not self-adjoint: it is
yn+1 yn = 1 y3 + 3 y2 y :
k
2 n 2 n n+1
Applying lintrap to u_ = up with general p and requiring self-adjointness
leads, after a short calculation, to p = 1 or p = 2.
1.3.6.3 Convergence of the Scheme
Applied to ordinary di erential equations with arbitrary ; 0    1;
scheme (1.127) is rst order; it is second order for  = 1=2. Its order can be
raised in the framework of Runge-Kutta-ROW schemes [33; 13] or according
to the methods developed by Kahan and Li for palindromic schemes [23].
The scheme was also applied to systems of nonlinear parabolic equations,
and its performance on such systems was investigated theoretically. Error
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bounds, convergence proofs and discussions of the convergence properties
of scheme (1.122) can be found in [7; 24].
1.3.6.4 Stability
Assuming k < 2kb in each step such that the discrete trajectories considered
exist, the stability function of scheme (1.124) is given by
(1.131)
R(z) = (1 + z2 )(1 2z ) 1 :
We nd that jR(z)j < 1 for Re z < 0 and jR(z)j > 1 for Re z > 0: the
scheme is A-stable [13]. Moreover it gives correct linear stability to all xed
points corresponding to hyperbolic steady states. There is thus no stability
limit for k introduced by (1.131). As we have seen near eq. (1.121), however,
the converging trajectories might perform damped oscillations for large k.
If the di erential system approximated by scheme (1.124) has periodic
orbits, the stability bound on k ensuring existence of discrete periodic orbits
can depend on the orbit to be approximated and can be more stringent than
the bound kb ensuring existence of the iterates. This is shown below for
the Lotka-Volterra system (1.144). In that case we [28] found that the
admissible size of the step-size strongly depends on the initial value.
If applied to the linear heat equation, scheme (1.122) results in the
Crank-Nicholson scheme. This was derived by J. Crank and P. Nicolsonz
in 1947 by applying the trapezoidal rule to the linear heat equation. The
Crank-Nicholson scheme is always stable; if, however, the ratio of the time
step t to the spatial step x becomes too large, the iterates perform
damped oscillations.
The scheme was used extensively in laser fusion investigations, on four
coupled quasilinear parabolic equations from gas dynamics (with di erent
temperatures for electrons and ions, viscosity, the dynamics of shocks, and
other e ects). The heat equation used for the electron gas essentially was
 
@u = @ u @u ;
(1.132)
@t @x @x
with  = 5=2: In the testing phase, numerical solutions were compared to
known similarity solutions, and the scheme was found to be robust and
z Unfortunately,

the misspelling of her name in the book by Richtmyer/Morton (1967)
propagated and became common practice.
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very useful. No numerical instabilities were observed [18, 1972 - 1978]. In
later investigations the stability properties of the scheme were investigated
systematically in numerical experiments. It was found that the scheme does
turn unstable on quasilinear parabolic systems if the time step is too large
[7, Section 6], [26].

1.4 Symplectic and Energy-Conserving Schemes
In this section we investigate a particular class of continuous dynamical
systems which posses periodic solutions. When integrating such systems
numerically, it is important to obtain periodic solutions as well, to preserve
the underlying structure. We restrict our discussion to two dimensional
problems. The general case can be found in [35].

1.4.1 Canonical Hamiltonian Systems

To introduce ideas, we study the equation of a circle with center (0; 0) and
going through the point (u0; v0) 2 IR2 ,
u_ = v;
u(0) = u0;
(1.133)
v_ = u;
v(0) = v0 :
This dynamical system has one steady state, namely u = v = 0. The steady
state is non-hyperbolic with eigenvalues 1;2 = i and is marginally stable.
The system is a two-dimensional Hamiltonian system since it can be
written in the form
u_ = @H
@v ; u(0) = u0
(1.134)
@H
v_ = @u ;
v(0) = v0 :
with the Hamiltonian function [35, chap. 8]
H(u; v) = 12 (u2 + v2 )

Lemma 1.10 The solutions of Hamiltonian System (1.134) conserve energy,

H(u(t); v(t)) = H(u0 ; v0):

(1.135)
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Fig. 1.4 Evolution of an area under a symplectic map: the area of
same.

0

and

1

are the

Proof. Equations (1.134) show, that the solution trajectories are always

orthogonal to the gradient of H(u; v). Thus the solution must be a level set
of H and therefore the value of the Hamiltonian is preserved for all time.
For our simple example (1.133) this means that the radius is independent
of t and thus the solutions are circles with center at the origin, which is the
steady state.
A Hamiltonian system has a second interesting property: it is area
preserving. Area preserving maps are called symplectic.

Lemma 1.11 The map described by (1.134) is area preserving.
Proof. Let 0 be a subset of IR2 at time t0 and 1 the set into which
0

is mapped by (1.134) at time t1. Preservation of area is equivalent to

Z

0

dudv =

Z

1

dudv:

We now look at the domain D in u, v, t space with the boundary @D given
by 0 at t0 , 1 at t1 and the set of trajectories emerging from the boundary
of 0 and ending on the boundary of 1 as given in Fig. 1.4. Consider the
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vector eld

0 u_ 1
w := @ v_ A

1
in u, v, t space. Integrating this vector eld over the boundary @D of D,
we obtain

Z

@D

wn =
=

Z

Z

0
0

w  n0 +
dudv

Z

Z

1
1

w  n1

dudv;

where n0 = (0; 0; 1)T and n1 = (0; 0; 1)T denote the unit outward normal
of 0 and 1. There is no other contribution to the surface integral, because
by construction the vector eld w is parallel to the trajectories, which form
the rest of the boundary @D. Applying the divergence theorem to the left
hand side of the same equation, we get

Z

@D

wn =

Z

ZD

rw

@H 2 + @H 2
=
D @u@v @u@v
= 0;
which shows that the area is preserved.

When we apply forward Euler with step size k to the model problem of
the circle (1.133), we get the discrete dynamical system
un+1 un = vn ;
vn+1k vn = un:
k
It has the same steady state (u; v) = (0; 0) as the underlying continuous
system. The eigenvalues in (u; v) are 1;2 = 1  ik. Thus j1;2j > 1 for
k > 0, and (u; v) is unstable here in contrast to the steady state of the
continuous dynamical system. The scheme cannot produce closed solution
trajectories. This can be seen by solving for un+1 and vn+1 and adding
their squares,
u2n+1 + vn2 +1 = (1 + k2)(u2n + vn2 ):
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Thus the numerical solution will spiral outward and the scheme does not
conserve the Hamiltonian. Neither does the scheme preserve area: when
computing the in nitesimal area element given by the wedge product dun+1
dvn+1 [35], we nd using dx  dx = 0 and dx  dy = dy  dx
dun+1  dvn+1 = (dun kdvn )  (dvn + kdun)
= dun  dvn + k2 dun  dvn
6= dun  dvn
and thus area is not preserved by the scheme.
1.4.1.1 Symplectic Euler
A small change to the forward Euler scheme, however, namely using the
newest solution obtained from the rst equation in the second one in a
Gauss Seidel fashion
un+1 un = vn ;
(1.136)
vn+1k vn = un+1 ;
k
makes the method symplectic. The following Lemmashows that this method
is also symplectic for more general problems.

Lemma 1.12 For a given 2-dimensional Hamiltonian system

u_ = Hv (u; v);
u(0) = u0;
v_ = Hu(u; v);
v(0) = v0 ;
with a separable Hamiltonian, H(u; v) = p(u) + q(v), the scheme
un+1 un = H (u ; v );
(1.137)
v n n
k
vn+1 vn = H (u ; v );
u n+1 n
k

is symplectic.

We call scheme (1.137) symplectic Euler.
Proof. We compute the in nitesimal changes using the chain rule
dun+1 = dun kHuv (un; vn)dun kHvv (un ; vn)dvn
dvn+1 = dvn + kHuu(un+1 ; vn)dun+1 + kHuv(un+1 ; vn)dvn :
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Noting that Huv vanishes for separable Hamiltonians, we get for the in nitesimal area element
dun+1  dvn+1 = (dun kHvv (un; vn)dvn )
(dvn + kHuu(un+1 ; vn)dun+1)
= (dun kHvv (un; vn)dvn )
(dvn + kHuu(un+1 ; vn)(dun kHvv (un; vn )dvn))
= dun  dvn:
Thus the method is symplectic for any separable Hamiltonian system. 
The scheme (1.136) is therefore symplectic for the equations of the circle. Symplectic schemes produce closed curve solutions as well, since they
preserve a nearby Hamiltonian. In our example, multiplying the rst equation in (1.136) by un+1 + un , the second equation in (1.136) by vn+1 + vn,
and adding the resulting equations we nd
u2n+1 + vn2 +1 kun+1 vn+1 = u2n + vn2 kun vn
and thus the nearby Hamiltonian which is preserved by the scheme is

e n; vn) = u2n + vn2 kunvn
H(u
(1.138)
an ellipse which approaches the circle as the time step k is re ned. This
ellipse is visible in Fig. 1.5, where the numerical solution is given by plus
signs and the exact solution is drawn as a solid line.

1.4.1.2 The Lintrap Scheme
This is di erent for lintrap applied to the model problem of the circle
(1.133). After a short calculation, we nd the scheme
un+1 un = vn+1 + vn ;
(1.139)
vn+1k vn = un+1 +2 un :
2
k
Surprisingly this scheme is symplectic as well. To compute the in nitesimal
change in area, we rst solve (1.139) for the new values as functions of the
old ones,
2
un+1 = 44 + kk2 un 4 +4kk2 vn ;
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Fig. 1.5 Symplectic Euler applied to the equations of the circle. The numerical solution
given by plus signs is an ellipse, preserving the slightly changed Hamiltonian

di erentiate,

2
vn+1 = 4 +4kk2 un + 44 + kk2 vn ;
2
dun+1 = 44 + kk2 dun 4 +4kk2 dvn;
2
dvn+1 = 4 +4kk2 dun + 44 + kk2 dvn;

and compute the wedge product
 2
 
2 
dun+1  dvn+1 = 44 + kk2 dun 4 +4kk2 dvn  4 +4kk2 dun + 44 + kk2 dvn
 4 k2 2  4k 2!
dun  dvn
=
4 + k2 + 4 + k2
= dun  dvn :
The scheme thus preserves in nitesimal area and is therefore symplectic.
But it also preserves the Hamiltonian for the equation of the circle, as one
can see from multiplying the rst equation in (1.139) by un+1 +un and the
second equation in (1.139) by vn+1 +vn and adding the resulting equations.
One nds
vn2 +1 + u2n+1 = vn2 + u2n
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Fig. 1.6 The lintrap scheme applied to the model problem of the circle, where it is
`symplectic and Hamiltonian preserving'

and thus H(un+1; vn+1 ) = H(un; vn), and the Hamiltonian is preserved.
In two dimensions a scheme is exact up to a time reparametrization, if it
preserves the Hamiltonian. A more general result in N dimensions says that
if a scheme is symplectic and at the same time preserves the Hamiltonian,
then it produces the exact solution up to a time reparametrization [38].
The error in time is visible for our example in the Figure 1.6: the
numerical solution shown by crosses is lying exactly on the circle, but on the
right the two crosses do not coincide after one integration around the circle,
showing that the solution is only exact up to a time reparametrization.

1.4.2 Non-Canonical Hamiltonian Systems

Non-Canonical Hamiltonian systems include a weight in front of the derivatives of the Hamiltonian when forming the system of ordinary di erential
equations. They arise in many applications. In the following we consider a
Lotka-Volterra system as our model problem,
u_ =
v_ =

u + uv; u(0) = u0 ;
v uv; v(0) = v0 ;

(1.140)

with given constants ; ; ;  > 0. Equation (1.140) models the evolution
of a predator population u and its prey population v. There are two steady
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states:
and

 


u 1 = 00 with f 0(u1) = 0 0
 = 
 0
0
u 2 = =
with f (u2) =  =

(1.141)



= :
(1.142)
0
u 1 is a saddle
point and unstable. u 2 is non-hyperbolic with eigenvalues
p
and known to be marginally stable: it is a center, surrounded
1;2 = i
by nested closed curves (periodic orbits) as we will see below. Both coordinate axes are invariant under (1.140): an initial value u0 = (u; 0)t leads to
v_ = 0 and to u_ = u: the iterates approach the origin u 1; an initial value
u0 = (0; v)t leads to u_ = 0 and to v_ = v: the iterates move away from the
origin u 1.
The Lotka-Volterra system (1.140) can be written as
u_ = uv @H
@v@H; u(0) = u0
(1.143)
v_ = uv @u ; v(0) = v0
with the Hamiltonian
H(u; v) =

ln v + v

ln u + u

and therefore it is a non-canonical Hamiltonian system . It would be
Hamiltonian, if the weighting factor uv was not present in (1.143). The
trajectories are still level sets of H, since they evolve along a vector orthogonal to the gradient of H and thus Lemma 1.10 applies. But the system
does not preserve area. A related quantity, however, is preserved, as the
following Lemma shows.

Lemma 1.13 The map described by (1.143) preserves area weighted by
the factor uv1 .

Proof. Let

is mapped by
area means

0 be a subset of IR2 at time t0 and 1 the set into which 0
(1.143) at time t1, as in Fig. 1.4. Preservation of weighted

Z 1
Z 1
uv dudv = uv dudv:
0

1
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Proceeding as in the classical Hamiltonian case, we look at the domain D
in x, y, t space with the boundary @D given by 0 at t0, 1 at t1 and the
set of trajectories emerging from the boundary of 0 and ending on the
boundary of 1 . Consider the vector eld

0 u_
1
w := uv @ v_
1

1
A

in u, v, t space. Integrating this vector eld over the boundary @D of D,
we obtain

Z

@D

wn =
=

Z

Z

w  n0 +
0
1 dudv
0 uv

Z

w  n1
Z 1
dudv ;
1 uv
1

where n0 = (0; 0; 1)T and n1 = (0; 0; 1)T denote the outward unit normal
of 0 and 1. There is no other contribution to the surface integral, because
by construction the vector eld w is parallel to the trajectories, which form
the rest of the boundary @D. Applying the divergence theorem to the left
hand side of the same equation, we get

Z

@D

wn =

Z

ZD

rw

@H 2 + @H 2
=
D @u@v @u@v
= 0;

which shows that the weighted area is preserved.



1.4.2.1 Lintrap for Lotka-Volterra
W. Kahan considered in his (unpublished) lecture notes on `unconventional
numerical methods' the Lotka-Volterra system (1.140) and gave the following di erence scheme for it:
un+1 un =
(un+1 + un) + 2 (un+1vn + unvn+1 )
k
2
(1.144)
vn+1 vn = (v + v )  (u v + u v ) :
n
+1
n
n
+1
n
n
n
+1
k
2
2
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He noticed that, for positive u and v, the discrete trajectories are closed
curves. Sanz-Serna [34] then showed that the scheme (1.144) is symplectic
with respect to the non-canonical Hamiltonian given above.
Scheme (1.144) can be obtained by applying the lintrap method to
eq. (1.140) [27]. The scheme is symplectic and thus produces closed curve
solutions as long as the symplectic structure is maintained, i.e. as long
as 1=(unvn) > 0. In the following we describe what happens if the step
size is allowed to be large [28]. We show that closed curves can only be
produced by (1.144) in a neighborhood of the xed point u2, and the size
of the neighborhood depends on the step size k. As soon as iterates violate
the condition un+1 > 0, vn+1 > 0, the step size k for obtaining them was
too large, the discrete model is not an acceptable model of the continuous
system any more.
To simplify notation, we assume
= = =  = 1:
(1.145)
The time step k is considered a varying parameter now, we consider a family
of dynamical systems. In explicit form, iteration (1.144) with (1.145) reads
n(2(vn 1) + k(1 un ))
un+1 = un + 4 k2ku
2 + 2kun + k2un 2kvn + k2 vn (1.146)
n(2(1 un) + k(1 vn))
vn+1 = vn + 4 k2kv
2 + 2ku + k2 u
2kv + k2v

which we also write as

n

yn+1 = F(yn);

n

y0 = u0:

n

n

(1.147)

The map F has two xed points:
 
2 k

y1 = 00 with F0 (y1) = 2+0k 2+0k
(1.148)
2 k
and
 
 4 k 2 4k 
(1.149)
y2 = 11 with F0 (y2) = 4+4kk2 44+kk22 :
4+k2 4+k2
The eigenvalues of F0 (y2 ) are 1;2 = (2  ik)2 =(4 + k2) and they satisfy
j1;2j = 1. Points on the u- and v- axes are iterated according to
u 2 k 
 0 
n
2+
k
yn+1 = 0
(1.150)
and
yn+1 = vn 2+k :
2 k
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Fig. 1.7 Dependence of the dynamics of (1.144) on the step size [28, Fig. 1]
White: the 20-th iterate with initial value in this area is still in Q1 ; Shaded: the m-th
iterate, m  20, has left Q1 for Q4 (dark grey) or for Q2 (light grey). In addition, the
periodic orbits with initial values (1:0; 1:2) and (1:0; 2:1) are shown.

Fig. 1.8 Similar to Fig. 1.7. In addition, the rst 10 iterates of the trajectory with
initial value y0 = (0:44; 2:0) are shown. [28, Fig. 2]
t

As we see from this, the scheme has a singularity for k = 2.
We rst consider the case 0 < k < 2. As already known, the scheme
preserves periodic orbits [34]. The size of the neighborhood of y2 = (1; 1)t
where this is true, however, shrinks with increasing k. This is shown in
Fig. 1.7. The area where periodic orbits exist is bounded by a straight line

book
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which is also shown in both parts of Fig. 1.7: it is given by
g2 (k) :
vn = 2 +k k un 22 + kk
(1.151)
and has the property that all (un; vn)t 2 g2(k) satisfy
(1.152)
vn+1 = 0; un+1 = k +k 2
i.e. all points on g2 (k) are mapped into the same point (un+1 ; 0)t on the
u-axis. For k ! 0; g2 (k) moves to in nity: its inclination approaches 1
and its intersection points with the u-axis and with the v-axis
(2 + k)2
and
vk = 2 +k k
(1.153)
uk = k(2
k)
both converge to in nity. For k ! 2; g2(k) converges to the line v  2.
There are two more straight lines with special properties:
(k 2)2 u 2 k
g1(k) :
vn = (k
(1.154)
+ 2)k n 2 + k
has the property that all (un; vn )t 2 g1(k) satisfy
un+1 = 0; vn+1 = k k 2 ;
(1.155)
i.e. all points on g1 (k) are mapped into the same point (0; vn+1)t on the
v-axis. g1(k) is parallel to g2(k) and cannot be seen in Fig. 1.7 because we
show only the positive sector Q1 of the plane. For k ! 0; g1(k) moves to
in nity in the negative sector Q3 ; in the limiting case k ! 2 it coincides
with the u-axis. All points on
(1.156)
g3 (k) :
vn = 2 +k k + un 22 + kk
satisfy 4 k2 + 2kun + k2un 2kvn + k2 vn = 0, i.e. they have the property
that the denominator in (1.146) vanishes: they cause blow-up in one step.
g3(k) intersects with g2 (k) on the v-axis and is perpendicular to g2 (k). For
k ! 0 it also disappears to in nity, for k ! 2 it coincides with the v-axis.
It is shown in Fig. 1.7 for k = 1.
Together with the axes, these three straight lines partition the plane. All
points above g2 (k) and to the right of g3 (k) are mapped into the sector Q4 =
f(u; v) 2 IR2 : u > 0; v < 0g. All points above g2(k) and between g3(k) and

September 14, 2000

62

15:8

WorldScienti c/ws-b8-5x6-0

book

An Introduction to Numerical Integrators Preserving Physical Properties

Fig. 1.9 Degenerate dynamics of (1.144) for step size k = 2 [28, Fig. 3].

the v-axis are mapped into the sector Q2 = f(u; v) 2 IR2 : u < 0; v > 0g.
For the points in the triangle between the u-axis, the v-axis and g2 (k)
things are more complicated (see Figs. 1.7 and 1.8): The orbits of certain
points stay in Q1 , others are mapped into the other sectors Qi ; i 6= 1.
White: the 20-th iterate with initial value y0 is still in Q1; shaded: the
m-th iterate, m  20, has left Q1 for Q4 (dark grey) or for Q2 (light grey).
Figure 1.7 shows in addition the two orbits with initial value (1:0; 1:2)t and
with (1:0; 2:1)t for k = 0:5 (left) and for k = 1:(right). Figure 1.8 shows in
addition the rst 10 iterates with k = 1 and initial value y0 = (0:44; 2:0)t.
The trajectory `visits' subsets associated to m = 10; 9; 8; : :: until it leaves
Q1. Note that each subset `the trajectory with initial value in this set leaves
Q1 in the m-th step' is not connected but fractal. Figures 1.7 and 1.8 were
obtained numerically by iterating the map up to 20 times for each initial
value on a ne grid, and then painting the pixel at the initial value according
to the result.
In the case k = 2, the iteration (1.144) degenerates to
un+1 = vn;
2
vn+1 = 2vnu vn ;
n
and the periodic orbits degenerate to 4-cycles:
a  a  2 a 2 a a
a 7! 2 a 7! 2 a 7! a 7! a :

(1.157)

(1.158)
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Orbits with initial values not lying on
g4 (2) :
vn = un
or on
g5(2) :
vn = 2 un (1.159)
but `close' to them (white area in Fig. 1.9) stay longer in Q1 than the orbits
with other initial values, but eventually leave the slab on a 4-spiral (see Fig.
1.9b).
1.4.2.2 Symplectic Euler for Lotka-Volterra
Now we consider symplectic Euler for the Lotka-Volterra predator-pray
system (1.140). The special case with = = =  = 1 was already
treated in [8]. We have
un+1 un = u
un vn
n
(1.160)
vn+1k vn =
v
+
u
v
n
n
+1
n
k

Lemma 1.14 Symplectic Euler (1.160) is also symplectic for the non
dv is precanonical Hamiltonian system (1.140), the weighted area duuv
served.

Proof. To compute the in nitesimal change in un+1 and vn+1 we take

derivatives in (1.160),
dun+1 = dun + k dun k dun vn k un dvn
dvn+1 = dvn k dvn + kdun+1dvn + kun+1 dvn
and then compute the wedge product dun+1  dvn+1 . Observing again that
dx  dx = 0 and dx  dy = dy  dx we get after a short calculation
dun+1  dvn+1 = dun  dvn :
un+1vn+1
unvn
Thus the weighted area is preserved.
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