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Abstract Over the past decade, partial differential equation models in ellip-
tical geometries have become a focus of interest in several scientific and engi-
neering applications: the classical studies of flow past a cylinder, the spherical
particles in nano-fluids and spherical water filled domains are replaced by el-
liptical geometries which more accurately describe a wider class of physical
problems of interest. Optimized Schwarz methods (OSMs) are among the best
parallel methods for such models. We study here for the first time OSMs with
elliptical domain decompositions, i.e. decompositions into an ellipse and el-
liptical rings. Using the technique of separation of variables, we decouple the
spatial variables and reduce the subdomain problems to radial Mathieu like
equations defined on finite intervals, which allows us to derive and study a new
family of OSMs. Our analysis reveals that the optimized transmission param-
eters are not constants any more along the elliptical interfaces. We can prove
however also that using the constant optimized parameters from the straight
interface analysis in the literature scaled locally by the interface curvature is
still efficient in an asymptotic sense, which leads to the important discovery
of a unique factor in the optimized parameters and asymptotic performance
determined by the geometry of the decomposition. We use numerical examples
to illustrate our analysis and findings.
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1 Introduction

We consider the (negative) definite screened Laplace model problem

(∆− η)u = g, η > 0, (1)

on a bounded domain Ω ⊂ R2, together with a boundary condition Bu|∂Ω = 0
such that the problem (1) is well posed. The model problem (1) is also known in
the literature as the Helmholtz equation with the good sign [49], the modified
Helmholtz equation, see e.g. [4], or simply the positive definite Helmholtz equa-
tion, and its properties are very different from the ones of the true Helmholtz
equation studied by Helmholtz himself [33,19], which is indefinite with η :=
−k2 < 0 where k denotes the wave number [15]. Partial differential equation
models like (1) in domains with elliptically shaped boundary have a strong
background in physical applications, see for example the recent literature [14,
40,41] for analysis on fluid flow; [42,45] for heat transfer in fluid flow; [2] for
heat transfer from a moving elliptical cylinder, where the model parameter η
in (1) is related to the thermal diffusivity of the material and the moving speed
of the heat source; [3,4] for groundwater flow, where the quantity

√
η corre-

sponds to the leakage factor; and also [35,39] for wave scattering problems.
Computational efforts have been made in [36], where a fast Poisson solver was
developed for elliptical domains using a truncated Fourier series. Recently,
spectral approximations for both Helmholtz and positive definite Helmholtz
problems using Mathieu functions were introduced and analyzed in [46]. There
are however, to our best knowledge, no results yet for domain decomposition
methods on such an elliptical geometry, which is the first motivation for our
present research. The second motivation is to better understand the influence
of subdomain geometry on the performance of optimized Schwarz methods
(OSMs), which are known to be among the best modern domain decomposi-
tion methods because of their fast convergence due to optimized transmission
conditions. OSMs have been successfully applied to many partial differential
equations, including our model problem [16], Helmholtz problems [22,47,29]
with an extensive review in [30], wave equations [23,20], Maxwell’s equations
[44,12,7,13], advection reaction diffusion problems [34,21,6,5], and shallow
water equations [38,43]. In OSM analysis, the computational domain is usu-
ally assumed to be an infinite domain and a domain decomposition of two half
planes is generally used, to be able to apply Fourier techniques to obtain and
optimize the convergence factor in the frequency domain. However, in appli-
cations the subdomains are generally finite and the influence of geometry on
the performance of the OSMs is a current field of active research. The first
investigation in this direction was performed in [18], where optimized Robin
transmission conditions for both Dirichlet and Neumann boundary conditions
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for a finite symmetric rectangular domain decomposition were obtained. Fur-
ther investigations were performed in [25,48], where a detailed analysis on
the influence of domain truncations on the performance of optimized Schwarz
methods is performed. Circular domain decompositions can be found in [24,
28], see also the scalability study of classical Schwarz methods applied to
molecules consisting of chains of circular atoms [10,11], and a new technique
based on separation of variables for variable coefficient problems [26]. However,
the influence of elliptical geometries on Schwarz methods has been not known
so far, and is the second motivation of the present research. Our third moti-
vation is that for Helmholtz problems on elliptical domains, there exists a fast
direct solver, which will lead to efficient subdomain solvers if we decompose
the elliptically shaped domain into smaller subdomains of elliptical geometry,
and can lead to much faster solvers than decomposing the elliptical domain
using straight interfaces.

To study OSMs where the interfaces are ellipses, we use elliptic coordinates
(ξ, θ), which are linked to the Cartesian coordinates (x, y) for a constant f > 0
by the transform

x = f cosh ξ cos θ, 0 ≤ ξ,
y = f sinh ξ sin θ, 0 ≤ θ < 2π.

(2)

For any fixed ξ, the corresponding (x, y) describe an ellipse for 0 ≤ θ < 2π,
with semi-major axis f cosh ξ, semi-minor axis f sinh ξ and the two foci (±f, 0).
In these new coordinates (ξ, θ), we consider an elliptical domain for (1) defined
for a constant Ξ̄ > 0 by

Ω := {(ξ, θ)|0 ≤ ξ < Ξ̄, 0 ≤ θ < 2π}. (3)

We then define for a second fixed constant Ξ such that 0 < Ξ < Ξ̄ two
subdomains, see Figure 1, as

Ω1: = {(ξ, θ)|0 ≤ ξ < Ξ + L, 0 ≤ θ < 2π},
Ω2: = {(ξ, θ)|Ξ < ξ < Ξ̄, 0 ≤ θ < 2π}, (4)

where L ≥ 0 describes the overlap. The artificial interfaces introduced by
this decomposition are Γ1 := {(ξ, θ)|ξ = Ξ + L, 0 ≤ θ < 2π} and Γ2 :=
{(ξ, θ)|ξ = Ξ, 0 ≤ θ < 2π}. A general parallel Schwarz algorithm [16] for
this decomposition solves then for iteration index n = 1, 2, . . . the subdomain
problems

(∆− η)un1 = g in Ω1, (∆− η)un2 = g in Ω2 (5)

using for the information exchange between subdomains the transmission con-
ditions

B1(un1 ) = B1(un−1
2 ) on Γ1, B2(un2 ) = B2(un−1

1 ) on Γ2. (6)

Here B1 and B2 are transmission operators to be chosen such that the subdo-
main problems are well posed and the algorithm converges as fast as possible
with a low cost for the subdomain solves, comparable to the classical parallel
Schwarz method when the transmission operators are the identity. Systematic
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Fig. 1 Illustration of elliptic coordinates and the domain decomposition used in this paper.

methods for determining efficient transmission operators were developed over
the last decade for regularly shaped interfaces, see for example [16] for straight
lines, [27] for a parabolically shaped interface and [24,28] for circular inter-
faces. Further analysis shows that the optimized parameters from the straight
interface analysis can be properly scaled using the curvature of the circular
interface to achieve good performance [28].

The rest of this paper is organized as follows: in Section 2 we analyze the
classical Schwarz method and provide a convergence result by introducing the
technique of separation of variables and Mathieu like functions. In Section 3
we consider optimized Schwarz methods for both the overlapping and nonover-
lapping cases, where a series of transmission conditions, including OO0, OO2
and O2s, are introduced and rigorously optimized for fast convergence using
asymptotic analysis. In Section 4, we further discuss unified formulas of op-
timized transmission parameters highlighted by our analysis when OSMs are
applied to different geometric domains, implementation issues and the exten-
sion to model problem with variable coefficients. The theoretical results are
illustrated using numerical examples in Section 5. We finally draw conclusions
in Section 6.

2 The classical Schwarz method

If we choose Bi = I, the identity operator, in the transmission conditions (6),
we obtain the classical parallel Schwarz method, which is still widely used, and
whose convergence properties we analyze in this section using the technique of
separation of variables. In the elliptic coordinates (ξ, θ), the classical Schwarz
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method reads

1
f2

2 (cosh 2ξ − cos 2θ)
(
∂2uni
∂ξ2

+
∂2uni
∂θ2

)− ηuni = g in Ωi, for i = 1, 2 (7)

with transmission conditions given by

un1 (Ξ + L, ·) = un−1
2 (Ξ + L, ·), un2 (Ξ, ·) = un−1

1 (Ξ, ·). (8)

By linearity, we only have to analyze the homogeneous case, i.e. g = 0, which
corresponds to analyzing directly the error equations, see [16].

2.1 Decoupling using separation of variables

The first step of analyzing the classical Schwarz method (5) is typically per-
forming a Fourier transform along the interfaces, which leads to a dimension
reduction for a straight/circular interface, and then only ordinary differential
equations need to be solved, together with the transmission conditions, to ob-
tain the convergence factor of the method, see [16,24,28] for details. For our
elliptical geometry, the Fourier transform is not directly applicable, and we
thus use the technique of separation of variables that led originally to the dis-
covery of the Fourier transform by Fourier, and which has been successfully
used in [26] for analyzing OSMs with variable reaction term. We thus make
the ansatz that the subdomain solutions at each iteration can be written as
uni (ξ, θ) = Ri(ξ)Φ(θ), Φ(0) = Φ(2π) for i = 1, 2. Inserting this ansatz into
equation (7) with g = 0 and dividing each term by Ri(ξ)Φ(θ), we obtain after
a rearrangement of terms

R
′′

i

Ri
− f2η

2
cosh 2ξ = −Φ

′′

Φ
− f2η

2
cos 2θ. (9)

Since in (9) the left hand side depends only on ξ and the right hand side
depends only on θ, there must exist a constant α such that

R
′′

i

Ri
− f2η

2
cosh 2ξ = −Φ

′′

Φ
− f2η

2
cos 2θ = α.

Denoting by q̄: = f2η
4 > 0, we thus obtain the two separated equations

R
′′

i − (α+ 2q̄ cosh 2ξ)Ri = 0, ξ ∈ Ii for i = 1, 2, (10)

with I1 = (0, Ξ + l), I2 = (Ξ, Ξ̄), and

Φ
′′

+ (α+ 2q̄ cos 2θ)Φ = 0, Φ(0) = Φ(2π). (11)

Equation (11) is a Sturm-Liouville eigenvalue problem, where α, which could
be negative, is known as the eigenvalue, and Φα(θ; q̄) is the corresponding
eigenfunction, which is known as the angular Mathieu function (for a nice
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review on Mathieu functions and their computation, see [8]). There exist in-
finitely many eigenvalues α of (11), and they generate an infinite set of real
values which can be ordered, α0 < α1 < α2 < . . ., which we denote by

E: = {α0, α1, α2, α3, . . .},

where αk is the k-th eigenvalue. For an estimate of the eigenvalue αk, we have
the following lemma (see Section 4 of [46]).

Lemma 1 For any q̄ > 0, we have that

k2 − 2q̄ < αk(q̄) < k2 + 2q̄, k = 1, 2, 3, . . . (12)

Furthermore, the set E can be separated into the following two disjoint sets:

Ee = {αem|m = 0, 1, 2, . . .}, Eo = {αom|m = 1, 2, . . .},

where αem = α2m−(m mod 2) for m = 0, 1, 2, . . . and αom = α2m−((m+1) mod 2)

for m = 1, 2, . . .. In fact, Ee and Eo are defined according to the symmetry
property of Φαk(θ; q̄): Φαem(θ; q̄) are even with respect to θ = 0 and thus are
known as even mode angular Mathieu functions, whereas Φαom(θ; q̄) are odd
with respect to θ = 0 and are known as odd mode angular Mathieu functions.
For the properties of angular Mathieu functions, we refer the interested reader
to [31]. Because of the nature of the Sturm-Liouville eigenvalue problem (11),
we know that the eigenfunctions Φαk(θ, q̄) are uniquely determined up to a
constant, and can be properly scaled such that they are orthonormal,∫ 2π

0

Φαk(θ; q̄)Φαl(θ; q̄)dθ = δkl,

where δkl is the Kronecker delta. For more details we refer the reader to [1].
Therefore, the generic subdomain solutions are given by uni (ξ, θ) =

∑
α∈EA

n
i,α

Ri,α(ξ; q̄)Φα(θ; q̄), the linear combinations of solutions of (10) and (11) corre-
sponding to each eigenmode, where we have shown the dependence on q̄, and
on α by a subscript α, and in what follows when there is no ambiguity we will
omit the dependence on q̄ for simplicity. Inserting these generic subdomain
solutions into the transmission conditions (8) we obtain∑

α∈EA
n
1,αR1,α(Ξ + L)Φα(θ) =

∑
α∈EA

n−1
2,α R2,α(Ξ + L)Φα(θ),∑

α∈EA
n
2,αR2,α(Ξ)Φα(θ) =

∑
α∈EA

n−1
1,α R1,α(Ξ)Φα(θ).

(13)

Now, choosing a β ∈ E different from α, multiplying by Φβ(θ) on both sides of
the equations in (13) and integrating from 0 to 2π, we obtain using orthonor-
mality

An1,αR1,α(Ξ + L) = An−1
2,α R

n−1
2,α (Ξ + L), An2,αR2,α(Ξ) = An−1

1,α R1,α(Ξ).

The classical Schwarz method thus corresponds to solving at iteration n for
each α the ordinary differential equations

R
′′

1,α − (α+ 2q̄ cosh 2ξ)R1,α = 0, R1,α(Ξ + L) =
An−1

2,α

An1,α
R2,α(Ξ + L), (14)
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and

R
′′

2,α−(α+2q̄ cosh 2ξ)R2,α = 0, R2,α(Ξ) =
An−1

1,α

An2,α
R1,α(Ξ), R2,α(Ξ̄) = 0. (15)

The subproblem (15) is now a well-defined two-point boundary value prob-
lem on the interval (Ξ, Ξ̄). The problem (14) is however not mathematically
closed, one needs to add a boundary condition at ξ = 0, which can be ob-
tained by analyzing the symmetry property of the undecoupled original prob-
lem as follows: for every α ∈ Ee, the function Φα(θ) is even in θ, and thus
R1,α(ξ)Φα(θ) = R1,α(ξ)Φα(−θ) for θ ∈ (0, π) and ξ ∈ (0, Ξ + L), which im-
plies that we must have d

dξR1,α(0) = 0. For every α ∈ Eo, the function Φα(θ)

is odd in θ, and thus R1,α(ξ)Φα(θ) = −R1,α(ξ)Φα(−θ) for θ ∈ (0, π) and
ξ ∈ (0, Ξ+L), which implies that R1,α(0) = 0. Hence the additional boundary
condition for problem (14) is

R
′

1,α(0) = 0 for α ∈ Ee, and R1,α(0) = 0 for α ∈ Eo. (16)

2.2 Properties of the radial Mathieu like functions

The differential equation in (10) is known as the radial Mathieu equation, and
its solutions are called the radial Mathieu functions when defined for all ξ > 0.
In our case however, the subproblems (14,16) and (15) consist of the differential
equation in (10) posed on a finite interval with suitable boundary conditions.
We therefore call the corresponding solutions the radial Mathieu like functions.
In particular, we denote by MIα(ξ) the solutions to problem (14,16), and by
MKα(ξ) the solutions to problem (15), according to their monotonicities and
the similarity with the modified Bessel functions as we show below.

We thus now investigate for α ∈ E the solution properties of the two-point
boundary value problems

(MIα)
′′ − (α+ 2q̄ cosh 2ξ)MIα = 0, ξ ∈ (0, a)

MIα(a) = ω,

MI
′

α(0) = 0 for α ∈ Ee,
MIα(0) = 0 for α ∈ Eo,

(17)

where a and ω are positive constants, and

(MKα)
′′
− (α+ 2q̄ cosh 2ξ)MKα = 0, MKα(a) = ω, MKα(b) = 0, (18)

where b > a > 0 and ω > 0 are constants.

Lemma 2 For any given α ∈ E, the function MIα(ξ) is monotonically in-
creasing in ξ, and the function MKα(ξ) is monotonically decreasing in ξ.
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Proof For any given α ∈ E, applying the maximum principle shows that the
function MIα(ξ) reaches its maximum or its minimum on the boundary. Since
MKα(a) > MKα(b) = 0, we must therefore have that MKα(ξ) is monotonically
decreasing in ξ for ξ ∈ (a, b). A similar argument also applies for MIα(ξ) if
α ∈ Eo and shows that MIα(ξ) is monotonically increasing in ξ for ξ ∈ (0, a).
If α ∈ Ee, we also claim that we must have MIα(0) < MIα(a). This is because
MIα(0) ≥MIα(a) leads to a contradiction as follows: if MIα(0) = MIα(a) = ω,
by the maximum principle, we obtain MIα(ξ) = ω a constant for ξ ∈ (0, a).
However, a nonzero constant function does not satisfy the defining equation
in (17), and we have a contradiction. If MIα(0) > MIα(a), we must have by
the maximum principle that the function MIα(ξ) is monotonically decreasing
in ξ for ξ ∈ (0, a), and it must in particular be positive. Thus, MI

′′

α(ξ) =
(α+ 2q̄ cosh 2ξ)MIα(ξ) > 0 for ξ ∈ (0, a) because both factors on the right are
positive. Now, for any positive ε ∈ (0, a) we integrate this differential equation
on (0, ε) to obtain

MI
′

α(ε) =

∫ ε

0

(α+ 2q̄ cosh 2ξ)MIα(ξ)dξ +MI
′

α(0) > 0,

since MI
′

α(0) = 0 and the integrand is positive. Thus, the function MIα(ξ) is
monotonically increasing instead of decreasing, again a contradiction. There-
fore MIα(0) < MIα(a) = ω, which, again, by the maximum principle shows
that MIα(ξ) increases monotonically in ξ for ξ ∈ (0, a). ut

Lemma 3 For any given α ∈ E, the functions MIα(ξ)(ξ ∈ (0, a)) and MKα(ξ)
(ξ ∈ (a, b)) are positive.

Proof Clearly, MKα(ξ) is positive because of the positive boundary condition
at ξ = a and the monotonicity property proved in Lemma 2, and a similar
argument applies for MIα(ξ) when α ∈ Eo, since then a homogeneous Dirichlet
boundary condition is applied at ξ = 0. We then only need to show the posi-
tiveness for MIα(ξ) when α ∈ Ee, which we show again by contradiction. We
thus assume that the function MIαem(ξ) is not always positive. Because of the
monotonicity property proved in Lemma 2, we must have MIαem(0) < 0, which,

together with the boundary condition MI
′

αem
(0) = 0 and the above-mentioned

monotonicity property, shows that MI
′′

αem
(0) > 0. However, from the equation

we have MI
′′

αem
(0) = (αem + 2q̄ cosh 2ξ)MIαem(0) < 0 since αem + 2q̄ cosh 2ξ is

positive, which is a contradiction. ut

We proved the results in Lemma 3 using Lemma 2. We now show in turn
that the results in Lemma 3 can be used to further sharpen the results of of
Lemma 2.

Lemma 4 For any given α ∈ E, the function MIα(ξ) is strictly monotonically
increasing in ξ for ξ ∈ (0, a), and the function MKα(ξ) is strictly monotonically
decreasing in ξ for ξ ∈ (a, b).
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Proof We only prove the result for MIα(ξ), the result for MKα(ξ) can be proved
similarly. Using Lemma 3, we obtain for any ξ1, ξ2 ∈ (0, a) satisfying ξ2 > ξ1
that ∫ ξ2

ξ1

MI
′′

α(ξ)dξ =

∫ ξ2

ξ1

(α+ 2q̄ cosh 2ξ)MIα(ξ)dξ > 0,

which shows that MI
′

α(ξ2) > MI
′

α(ξ1). Together with Lemma 2, this concludes
the proof. ut

Lemma 5 The following assertions hold:

a) The function MKα(ξ) is strictly monotonically decreasing in α for any fixed
ξ ∈ (a, b).

b) For any fixed ξ ∈ (0, a), the function MIα(ξ) is strictly monotonically de-
creasing in α for α ∈ Ee or α ∈ Eo.

c) For ξ ∈ (0, a) it holds that MIαe0(ξ) > MIα(ξ) for all α ∈ E\{αe0}; for
ξ ∈ (a, b) it holds that MKαe0

(ξ) > MKα(ξ) for all α ∈ E\{αe0}.

Proof a) Assume that α1 and α2 are the eigenvalues of the Sturm-Liouville
problem (11) satisfying α2 > α1; we then have

MK
′′

α1
− (α1 + 2q̄ cosh 2ξ)MKα1

= 0, (19)

and

MK
′′

α2
− (α2 + 2q̄ cosh 2ξ)MKα2 = 0. (20)

Subtracting (19) from (20) we obtain

(MKα2
−MKα1

)
′′
−(α1 +2q̄ cosh 2ξ)(MKα2

−MKα1
) = (α2−α1)MKα2

> 0,
(21)

since MKα > 0 for any α ∈ E as shown previously. Hence, applying the
maximum principle to the equation (21) shows that MKα2

−MKα1
is non-

positive for all ξ ∈ (a, b). If MKα2
(ξ) = MKα1

(ξ) for all ξ ∈ (a, b), then
equation (21) reads 0 = (α2−α1)MKα2

> 0, which is a contradiction. If at
some ξ̄ ∈ (a, b) we had MKα2

(ξ̄) = MKα1
(ξ̄), then there exists a small ε > 0

such that (MKα2 −MKα1)
′
(ξ) > 0 in (ξ̄− ε, ξ̄) and (MKα2 −MKα1)

′
(ξ) < 0

in (ξ̄, ξ̄ + ε); we thus would have (MKα2
− MKα1

)
′′
(ξ̄) < 0, which is a

contradiction to equation (21). Therefore (MKα2
− MKα1

)(ξ) < 0 must
hold for all ξ ∈ (a, b).

b) For α ∈ Eo, the proof is similar to the proof of a). When α ∈ Ee, from
the proof of a), we only need to show that MIα2(0) < MIα1(0) for the even
mode eigenvalues α2 > α1, which we do now again by contradiction. We
thus assume that MIα2

(0) ≥MIα1
(0). When equality holds, from the proof

of a), we know that MIα1
(ξ) < MIα2

(ξ) for ξ ∈ (0, a), which contradicts the
fact that MI

′

α2
(0) = MI

′

α1
(0) and both MIα2

(ξ) and MIα1
(ξ) are convex in

(0, a). When the strict inequality holds, i.e. MIα2(0) > MIα1(0), we assume
that MIα2(ξ) > MIα1(ξ) in (0, a), since otherwise we would simply need
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to consider the smaller interval (0, ξ̄), where ξ̄ is the point where the two
function values MIα2(ξ̄) and MIα1(ξ̄) are equal. Now we have by Lemma 3

(MIα2 −MIα1)
′′

= (α1 + 2q̄ cosh 2ξ)(MIα2 −MIα1) + (α2 − α1)MIα1 > 0.

Integrating this equation from zero to ε, where ε ∈ (0, a), we arrive at∫ ε

0

(MIα2 −MIα1)
′′
dξ > 0,

which gives

MI
′

α2
(ε)−MI

′

α1
(ε) > 0.

Since this relation holds for each ε, we can integrate it from zero to a to
obtain

MIα2
(a)−MIα2

(0) > MIα1
(a)−MIα1

(0)

which means by noting that MIα1
(a) = MIα2

(a) that we have MIα2
(0) <

MIα1(0), which is a contradiction.
c) For any α ∈ E\{αe0}, we denote by D(ξ): = MIαe0(ξ) −MIα(ξ). Then, the

function D(ξ) satisfies the equation

D
′′
(ξ)− (α0

e + 2q̄ cosh 2ξ)D(ξ) = (α0
e − α)MIα(ξ) < 0.

Noting that D(a) = 0 and D(0) > 0, we then have by the maximum
principle that D(ξ) ≥ 0 for ξ ∈ (0, a). In fact, a strict inequality holds, i.e.,
D(ξ) > 0 for ξ ∈ (0, a). Otherwise, by a similar argument as in the proof
of b) we reach a contradiction. The remaining part can then be proved in
a similar fashion.

ut

Denoting by wα(ξ): =
MI

′
α(ξ)

MIα(ξ) and vα(ξ): =
MK

′
α(ξ)

MKα(ξ) , we obtain the following

lemma on the monotonicity of wα and vα as a function of α.

Lemma 6 For ξ ∈ (0, a), wα(ξ) is positive and increases monotonically in α
for α ∈ Ee and α ∈ Eo. In particular, we have that wαe0(ξ) < wαo1(ξ). For
ξ ∈ [a, b), vα(ξ) is negative and decreases monotonically in α for α ∈ E.

Proof The positivity of wα and −vα can be obtained directly from the mono-
tonicity of MIα(ξ) and MKα(ξ) shown in Lemma 5. By the Chaplygin type
comparison theorem for nonlinear ordinary differential equations [9], we then
need only to show the results at the end point a. Using the second assertion in
Lemma 5 we find that MIα1

(ξ) > MIα2
(ξ) for any α2 > α1 ∈ Ee; thus we have

wα1(a) < wα2(a), where we have used the fact that MIα1(a) = MIα2(a) and the
convexity of MIα(ξ) for any α ∈ Ee. For α ∈ Eo, the proof is similar. An ap-
plication of the third assertion in Lemma 5 then shows that wαe0(a) < wαo1(a).
The second part of this lemma can be shown in a similar fashion. ut
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2.3 Convergence analysis

We now return to the analysis of the classical Schwarz method (7,8). From the
separation of variables ansatz, we find that the subdomain solutions of (7) are
of the form

un1 (ξ, θ) =
∑
α∈Ee

An1,αeMIαe(ξ)Φαe(θ) +
∑
α∈Eo

An1,αoMIαo(ξ)Φαo(θ),

and

un2 (ξ, θ) =
∑
α∈Ee

An2,αeMKαe(ξ)Φαe(θ) +
∑
α∈Eo

An2,αoMKαo(ξ)Φαo(θ).

Inserting this into the transmission conditions (8) and using the orthonormal
property of angular Mathieu functions we obtain

An1,αMIα(Ξ+L) = An−1
2,α MKα(Ξ+L), An2,αMK

n
α(Ξ) = An−1

1,α MI
n−1
α (Ξ), α ∈ E.

(22)
By iterating between subdomains Ω1 and Ω2, we obtain for each α ∈ E

A2n
1,α = ρnclaA

0
1,α, A2n

2,α = ρnclaA
0
2,α, (23)

with the convergence factor ρcla given by

ρcla(α,Ξ,L) :=
MKα(Ξ + L)

MIα(Ξ + L)
· MIα(Ξ)

MKα(Ξ)
. (24)

Theorem 1 The classical Schwarz method (7,8) converges if and only if there
is overlap, L > 0, and for L small, we have the convergence factor estimate

max
α∈E

ρcla = 1−GminL+O(L2),

where Gmin = minα∈EG(α,Ξ) = G(αe0, Ξ) with G(α, ξ) defined by G(α, ξ): =
MI

′
α(ξ)

MIα(ξ) −
MK

′
α(ξ)

MKα(ξ) = wα(ξ)− vα(ξ), where the prime denotes the derivative in ξ.

Proof Since for q̄ > 0 and any α ∈ E, the Mathieu like function MIα(ξ) is
positive and increasing in ξ, and MKα(ξ) is positive and decreasing in ξ, we
have that 0 < ρcla < 1 if and only if the overlap L > 0. A Taylor expansion of
the convergence factor ρcla(α,Ξ,L) in L at zero then gives

ρcla = 1−G(α,Ξ)L+O(L2).

Using Lemma 6, we find that the function G(α, ξ) attains its minimum at
α = αe0, and hence the convergence factor ρcla attains its maximum at α = αe0
asymptotically, which concludes the proof. ut

Remark 1 Comparing Theorem 1 with Theorem 2.3 in [24], we find that our
new result becomes the one for the circular domain decomposition when we
replace Gmin in Theorem 1 by the constant

√
ηGmin in [24]. We will see that

this also holds for the optimized transmission conditions we study next.
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3 Optimized transmission conditions

For faster convergence, we choose the transmission operators as Bi = ∂ξ + Si
(i = 1, 2), with Si linear operators along the interface Γi to be determined
such that the corresponding Schwarz methods are well defined and converge
as fast as possible with cost per iteration comparable to the classical Schwarz
method. The transmission conditions then are

(∂ξ + S1)un1 = (∂ξ + S1)un−1
2 on Γ1,

(∂ξ + S2)un2 = (∂ξ + S2)un−1
1 on Γ2.

(25)

Together with the subdomain problems (7), this defines an optimized parallel
Schwarz methods for elliptical domain decompositions. To determine the best
transmission operators Si, it suffices again to only study the error equations
when g = 0.

Similar to the analysis for the classical Schwarz method, inserting the
generic subdomain solutions uni (ξ, θ) =

∑
α∈EA

n
i,αRi,α(ξ)Φα(θ) into (7), we

obtain by the orthonormality of Φα(θ) for each α ∈ E

R
′′

i,α − (α+ 2q̄ cosh 2ξ)Ri,α = 0, ξ ∈ Ii, i = 1, 2, (26)

where again we use a subscript α to indicate the dependence on α. Inserting
uni (ξ, θ) =

∑
α∈EA

n
i,αRi,α(ξ)Φα(θ) also into the transmission conditions (25)

and using orthonormality again, we find

An1,α(R
′

1,α + σ1(α)R1,α) = An−1
2,α (R

′

2,α + σ1(α)R2,α) at ξ = Ξ + L,

An2,α(R
′

2,α + σ2(α)R2,α) = An−1
1,α (R

′

1,α + σ2(α)R1,α) at ξ = Ξ,
(27)

where α ∈ E and the σi(α) are the symbols of the operators Si, i = 1, 2
associated with the eigenfunctions Φα(θ) defined for any smooth function h(θ)
in (0, 2π) by ∫ 2π

0

(Sih(θ))Φα(θ)dθ = σi(α)

∫ 2π

0

h(θ)Φα(θ)dθ.

Thus, the first separated subdomain problem should satisfy boundary condi-
tions at zero as described in subsection 2.1 and at Ξ + L a Robin boundary
condition. The second separated subdomain problem should satisfy a homoge-
neous Dirichlet boundary condition at ξ = Ξ̄ and at Ξ again a Robin boundary
condition. Then, by a Robin-to-Dirichlet operator, these Robin transmission
conditions are equivalent to some Dirichlet boundary conditions, and we find
that the subdomain solutions of (26) are given respectively by MIα(ξ) and
MKα(ξ). Inserting these solutions into (27), we obtain by induction

A2n
1,α = ρnoptA

0
1,α, A2n

2,α = ρnoptA
0
2,α, (28)

where the convergence factor ρopt is given by

ρopt(α,Ξ,L, σ1(α), σ2(α))

=
−vα(Ξ + L) + σ1(α)

wα(Ξ + L) + σ1(α)
· wα(Ξ) + σ2(α)

−vα(Ξ) + σ2(α)
· ρcla(α,Ξ,L).

(29)
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We see that choosing σ1(α): = vα(Ξ + L) and σ2(α): = −wα(Ξ) would lead
to convergence in two-steps, since then the convergence factor vanishes identi-
cally. This leads to a so called optimal Schwarz method, a direct solver, which
requires however non-local transmission conditions needing a convolution op-
eration when the symbols are backtransformed. Subdomain iterations are then
substantially more expensive than the ones in the classical Schwarz method
[16], but many new such algorithms emerged over the last decade, see [30] for
an overview.

In this paper, we propose to look for local approximations of σi(α) of the
form

σapp1 (α) = p1 + q1α, σapp2 (α) = −p2 − q2α, (30)

with constants pi > 0, qi ≥ 0. The corresponding transmission operators Si
are

Sapp1 = p1 − q1∂θθ − 2q̄q1 cos 2θ, Sapp2 = −p2 + q2∂θθ + 2q̄q2 cos 2θ.

Replacing σi(α) by σappi (α) in the convergence factor ρopt, we arrive at the
convergence factor with local transmission conditions

ρ(α,Ξ,L, p1, p2, q1, q2)

=
vα(Ξ + L)− p1 − q1α

wα(Ξ + L) + p1 + q1α
· wα(Ξ)− p2 − q2α

vα(Ξ) + p2 + q2α
· ρcla(α,Ξ,L).

(31)

To obtain the fastest possible algorithm, the free parameters pi, qi, i = 1, 2
should then be determined by the min-max problem

min
pi>0,qi≥0

max
α∈Ẽ
|ρ(α,Ξ,L, p1, p2, q1, q2)|. (32)

For the overlapping case L > 0, the set Ẽ can be chosen directly as E, the
eigenvalues of the Sturm-Liouville problem (11); for the nonoverlapping case,
we need according to [16] a finite truncation of the eigenvalue set E of the
Sturm-Liouville problem (11),

EN = {αmin = α0, α1, . . ., αmax = αN}

and choose Ẽ = EN , where N is the number of mesh points along the interface
when a uniform mesh in the θ-direction is used.

However, it is not easy to solve the optimization problem (32) directly,
because of the Mathieu like functions and their derivatives in the convergence
factor. We therefore use the technique applied in [24,28] to asymptotically
solve the min-max problem (32). To this end, we introduce the following ap-
proximation of the convergence factor ρ:

ρapp(α,Ξ,L, p1, p2, q1, q2) :=
√
α+2q̄ cosh 2Ξ−p1−q1α√
α+2q̄ cosh 2Ξ+p1+q1α

·
√
α+2q̄ cosh 2Ξ−p2−q2α√
α+2q̄ cosh 2Ξ+p2+q2α

· e−2
√
α+2q̄ cosh 2ΞL.

(33)
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Lemma 7 For L ≥ 0 small and α large, both functions wα(Ξ+L) and vα(Ξ+
L) behave like

− vα(Ξ + L) ∼ wα(Ξ + L)

∼
√
α+ 2q̄ cosh 2(Ξ + L) +O

(
(α+ 2q̄ cosh 2(Ξ + L))−

1
2

)
=
√
α+ 2q̄ cosh 2Ξ +

q̄ sinh 2ΞL√
α+ 2q̄ cosh 2ΞL

L+O
(

(α+ 2q̄ cosh 2(Ξ + L))−
1
2

)
,

where ΞL lies in between Ξ and Ξ + L.

Proof We prove only the result for wα, the result for −vα can be obtained
similarly. We know that wα satisfies the equation

w
′

α + w2
α − (α+ 2q̄ cosh 2ξ) = 0. (34)

For any given ξ0 > 0, we rewrite this equation as

w
′

α + w2
α − (α+ 2q̄ cosh 2ξ0) + 2q̄(cosh 2ξ0 − cosh 2ξ) = 0. (35)

Let ε: = (α+ 2q̄ cosh 2ξ0)−1. Then ε goes to zero when α goes to infinity. We
then make the ansatz that the solution wα has the expansion wα = 1√

ε
w0+w1+

√
εw2 + εw3 + . . ., where w0, w1, w2, w3, . . . are functions of ξ but independent

of ε. Inserting this ansatz into equation (35), and setting the coefficients of
each term in ε to zero, we obtain

w2
0 − 1 = 0,

w
′

0 + 2w0w1 = 0,

w
′

1 + 2w0w2 + w2
1 + 2q̄(cosh 2ξ0 − cosh 2ξ) = 0,

w
′

2 + 2w0w3 + 2w1w2 = 0,
· · ·

(36)

Solving these equations gives w0 = 1, w1 = 0, w2 = q̄(cosh 2ξ − cosh 2ξ0),
w3 = − sinh 2ξ, and thus wα(ξ0) =

√
α+ 2q̄ cosh 2ξ0+O

(
(α+ 2q̄ cosh 2ξ0)−1

)
.

Choosing ξ0 = Ξ + L and using a Taylor expansion in L for L small gives
then the second result.

ut

Theorem 2 (Approximation of the convergence factor) The differ-
ence between the convergence factor ρ and its approximation ρapp satisfies
the asymptotic estimate

|ρ− ρapp| =

O
(
Lmin(1− γ2 ,

3
2γ)
)
, L→ 0+, α = O(L−γ), 0 < γ < 1,

O
(

(α+ 2q̄ cosh 2Ξ)−
3
2

)
, L = 0, α→∞.

(37)
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Proof We introduce the abbreviations

ρ1: =
vα(Ξ + L)− p1 − q1α

wα(Ξ + L) + p1 + q1α
, ρapp1 : =

√
α+ 2q̄ cosh 2Ξ − p1 − q1α√
α+ 2q̄ cosh 2Ξ + p1 + q1α

,

ρ2: =
wα(Ξ)− p2 − q2α

vα(Ξ) + p2 + q2α
, ρapp2 : =

√
α+ 2q̄ cosh 2Ξ − p2 − q2α√
α+ 2q̄ cosh 2Ξ + p2 + q2α

,

ρappcla := e−2
√
α+2q̄ cosh 2ΞL.

We then can write the convergence factors in compact form,

ρ = ρ1 · ρ2 · ρcla, ρapp = ρapp1 · ρapp2 · ρappcla ,

which shows that the estimate (37) can be analyzed one by one.
Now we estimate

|ρ1 − ρapp1 | =
∣∣∣ vα(Ξ+L)−p1−q1α
wα(Ξ+L)+p1+q1α

−
√
α+2q̄ cosh 2Ξ−p1−q1α√
α+2q̄ cosh 2Ξ+p1+q1α

∣∣∣
=
∣∣∣√α+2q̄ cosh 2Ξ−p1−q1α+ε√

α+2q̄ cosh 2Ξ+p1+q1α+ε
−
√
α+2q̄ cosh 2Ξ−p1−q1α√
α+2q̄ cosh 2Ξ+p1+q1α

∣∣∣
= 2(p1+q1α)ε

(
√
α+2q̄ cosh 2Ξ+p1+q1α)(

√
α+2q̄ cosh 2Ξ+p1+q1α+ε)

< 2ε√
α+2q̄ cosh 2Ξ+p1+q1α

< 2ε√
α+2q̄ cosh 2Ξ

for any p1 > 0 and q1 ≥ 0, where ε = q̄ sinh 2ΞL√
α+2q̄ cosh 2ΞL

L+O
(

1
α+2q̄ cosh 2(Ξ+L)

)
.

Similarly, we obtain

|ρ2 − ρapp2 | = O
(

(α+ 2q̄ cosh 2Ξ)−
3
2

)
, for α large.

For the overlapping case, L > 0, we make the ansatz that the eigenvalues
α have the leading asymptotic term α = CL−γ for a given γ ∈ (0, 1). Then

we find that |ρ1 − ρapp1 | = O(L1+γ) and |ρ2 − ρapp2 | = O(L
3
2γ) as L tends

to zero. We also obtain simply by a Taylor expansion that |ρcla − ρappcla | =∣∣∣ρcla − e−2
√
α+2q̄ cosh 2ΞL

∣∣∣ = O
(
L1− γ2

)
for L small. When there is no overlap,

L = 0, we find that both |ρ1 − ρapp1 | and |ρ2 − ρapp2 | behave like

O
(

(α+ 2q̄ cosh 2Ξ)−
3
2

)
for α large.

In summary, we obtain for the overlapping case when L is small

|ρ− ρapp| ≤ |ρ1 − ρapp1 | |ρ2 · ρcla|+ |ρ2 − ρapp2 | |ρapp1 · ρcla|
+ |ρcla − ρappcla | |ρ

app
1 · ρapp2 |

= O
(
Lmin(1− γ2 ,

3
2γ)
)

by noting that each term of |ρ2|, |ρcla|, |ρapp1 | and |ρapp2 | is bounded by one. For
the nonoverlapping case the result can be obtained similarly. ut

We show in Figure 2 a comparison of the exact and approximate conver-
gence factor for two examples, using η = 2, f = 1, L = 0.01, and on the left
Ξ = 0.5, and on the right Ξ = 0.1. We see that for large eigenvalues, ρapp
approximates ρ very well, but for small eigenvalues we see large deviations,
especially when the domain parameter Ξ is small.
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Fig. 2 The convergence factor ρ (blue stars and circles) compared with its approximation
ρapp (red squares and diamonds) with p1 = p2 given by (41) and q1 = q2 = 0, where
η = 2, f = 1. For the left plot Ξ = 0.5, Ξ̄ = 1, L = 0.01, and for the right plot Ξ = 0.05,
Ξ̄ = 0.1, L = 0.001. The stars and squares represent values at even mode eigenvalues and
the circles and diamonds represent values at odd mode eigenvalues. Note that we have added
the constant 1 to the eigenvalues α to avoid logarithmic values of negative numbers.

3.1 Taylor transmission conditions

From the proof of Theorem 1, we see that the classical Schwarz method can
only damp efficiently the errors for large eigenvalues of (11), but not for small
eigenvalues, which is typical for classical Schwarz methods, see [16,24,28,26].
A simple remedy for this is to use a low frequency approximation of the optimal
σi(α) using a Taylor expansion to determine the free parameters occurring in
(30). Instead of expanding at zero as in [16], we expand the optimal σi(α) at
the smallest eigenvalue α = αmin [26] and find

σ1(α) = vαmin
(Ξ + L) +O(α− αmin),

σ2(α) = −wαmin
(Ξ) +O(α− αmin),

which implies that we should choose p1 = vαmin
(Ξ + L), p2 = wαmin

(Ξ) and
q1 = q2 = 0 to obtain a so-called Taylor transmission condition of order 0
(T0). We denote by ρT0(α,Ξ,L, p1, p2) the corresponding convergence factor.
In theory, we could also use a higher order Taylor expansion of σi(α) in α to
obtain higher order transmission conditions, but the expressions of the func-
tions wα and vα are not easy to handle, and it is hard to get the corresponding
theoretical result.

Theorem 3 (Taylor asymptotics) When there is overlap, L > 0, we have
for the zeroth order Taylor approximation T0 for L small the asymptotic con-
vergence factor estimate

max
α∈E

ρT0(α,Ξ,L, vαmin(Ξ + L), wαmin(Ξ)) = 1− 4G
1
2

minL
1
2 +O(L). (38)

When there is no overlap, L = 0, we have for αmax large the asymptotic
convergence factor estimate

max
α∈EN

ρT0(α,Ξ, 0, vαmin(Ξ), wαmin(Ξ)) = 1− 2Gminα
− 1

2
max +O(α−1

max). (39)
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Proof Consider first the overlapping case L > 0. Similar to the technique
applied in Theorem 3.4 in [16], it is not hard to show that the convergence
factor ρapp(α,Ξ,L, vαmin

(Ξ +L), wαmin
(Ξ), 0, 0) attains its interior maximum

at αT0∼GminL
−1 for L small. Inserting αT0 into ρapp(α,Ξ,L, vαmin

(Ξ + L),
wαmin

(Ξ), 0, 0) and expanding in L for L small gives ρapp(αT0, Ξ, L, vαmin
(Ξ+

L), wαmin(Ξ), 0, 0) = 1−4G
1
2

minL
1
2 +O(L). We next consider the nonoverlapping

case, L = 0. From Lemmas 5 and 6, it is not hard to show that the convergence
factor ρT0(α,Ξ, 0, vαmin(Ξ), wαmin(Ξ)) is monotonically increasing in α and
thus attains its maximum at αmax. A series expansion with respect to αmax

for αmax large then gives the desired result. ut

3.2 Optimized transmission conditions

In this subsection we study the following classes of optimized transmission
conditions:

OO0 (Optimized of Order 0): pi = p > 0, qi = 0, i = 1, 2;
OO2 (Optimized of Order 2): pi = p > 0, qi = q > 0, i = 1, 2;
O2s (Optimized 2 sided): pi > 0, qi = 0, i = 1, 2.

For each case, we need to solve the following min-max problem to determine
the free parameters involved:

min
pi,qi∈Oc

max
α∈Ẽ
|ρ(α,Ξ,L, p1, p2, q1, q2)| , (40)

where Ẽ = E for the overlapping case L > 0 and Ẽ = EN for the nonoverlap-
ping case L = 0 and Oc is one of the classes of transmission conditions OO0,
OO2, or O2s. The solution of the optimization problem (40) gives for the case
OO0 the optimized transmission conditions of order 0 (also known as opti-
mized Robin transmission conditions), for the case OO2 the optimized trans-
mission conditions of order 2 (also known as optimized Ventcell transmission
condition) and for the case O2s the optimized two-sided Robin transmission
conditions.

As we have already mentioned, solving the min-max problems (40) involv-
ing the Mathieu like functions and their derivatives is not an easy task. To our
best knowledge, the min-max problem (40) cannot be transformed into any
problem that is well studied. However, with the monotonicity results proved
in Lemmas 5 and 6, we can apply the techniques used in [24,28], that is when
the eigenvalue α is small we use the convergence factor ρ itself but when α is
large we use the approximate convergence factor ρapp, to determine asymptotic
solutions to the optimization problem (40). For simplicity of this presentation,
we omit the details for solving (40) and just present the corresponding results
in the following theorems.

Theorem 4 (OO0) Assume that the OO0 transmission conditions are used.
For the overlapping case, L > 0, the asymptotically optimal parameter choice
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solving the min-max problem (40) is

p∗ = 2−1G
2
3

minL
− 1

3 . (41)

The parameter p∗ is the unique asymptotic solution of the equi-oscillation equa-
tion

ρ(αmin, Ξ, L, p
∗, p∗, 0, 0) = ρ(α∗, Ξ, L, p∗, p∗, 0, 0), (42)

where α∗ ∼ G
2
3

minL
− 4

3 is the unique interior maximum point of ρapp(α,Ξ,L, p
∗,

p∗, 0, 0). With the choice p∗ we obtain with overlap L > 0 small the convergence
factor estimate

max
α∈E
|ρ(α,Ξ,L, p∗, p∗, 0, 0)| = 1− 4G

1
3

minL
1
3 +O(L

2
3 ). (43)

For the nonoverlapping case, L = 0, let vmin: = vαmin
(Ξ), wmin: = wαmin

(Ξ)
and vmax, wmax be similarly defined. Then the optimal parameter choice solving
the min-max problem (40) is

p̂ =

(
vmaxvmin(wmax − wmin) + wmaxwmin(vmax − vmin)

vmax − vmin + wmax − wmin

) 1
2

. (44)

The parameter p̂ is uniquely determined by the equi-oscillation equation

ρ(αmin, Ξ, 0, p̂, p̂, 0, 0) = ρ(αmax, Ξ, 0, p̂, p̂, 0, 0), (45)

and behaves like p̂∼2−
1
2G

1
2

minα
1
4
max for αmax large, which leads to the conver-

gence factor estimate

max
α∈EN

|ρ(α,Ξ, 0, p̂, p̂, 0, 0)| = 1− 2
3
2G

1
2

minα
− 1

4
max +O(α

− 1
2

max). (46)

Theorem 5 (OO2) Assume that the OO2 transmission conditions are used.
For the overlapping case, L > 0, the asymptotically optimal parameter choice
solving the min-max problem (40) for L > 0 small is

p∗ = 2−
7
5G

4
5

minL
− 1

5 , q∗ = 2
1
5G
− 2

5

minL
3
5 . (47)

The parameters p∗, q∗ are the asymptotic solutions of the equi-oscillation equa-
tions

ρ(αmin, Ξ, L, p
∗, p∗, q∗, q∗) = ρ(α∗1, Ξ, L, p

∗, p∗, q∗, q∗) = ρ(α∗2, Ξ, L, p
∗, p∗, q∗, q∗)

(48)

with α∗1 ∼ 2−
8
5G

6
5

minL
− 4

5 and α∗2 ∼ 2
4
5G

2
5

minL
− 8

5 the interior maximum points
of ρapp(α,Ξ,L, p

∗, p∗, q∗, q∗). With the choice p∗, q∗, we obtain with overlap
L > 0 small the convergence factor estimate

max
α∈E
|ρ(α,Ξ,L, p∗, p∗, q∗, q∗)| = 1− 2

12
5 G

1
5

minL
1
5 +O(L

2
5 ). (49)
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For the nonoverlapping case, L = 0, the asymptotically optimal parameter
choice solving the min-max problem (40) for αmax large is

p̂ = 2−
5
4G

3
4

minα
1
8
max, q̂ = 2−

1
4G
− 1

4

minα
− 3

8
max. (50)

These parameters are uniquely determined as asymptotic solutions of the equi-
oscillation equations

ρ(αmin, Ξ, 0, p̂, p̂, q̂, q̂) = ρ(α̂, Ξ, 0, p̂, p̂, q̂, q̂) = ρ(αmax, Ξ, 0, p̂, p̂, q̂, q̂) (51)

with α̂ = p̂
q̂ − 4q̄ cosh 2Ξ. This asymptotically optimal choice leads to the con-

vergence factor estimate

max
α∈EN

|ρ(α,Ξ, 0, p̂, p̂, q̂, q̂)| = 1− 2
9
4G

1
4

minα
− 1

8
max +O(α

− 1
4

max). (52)

Theorem 6 (O2s) Assume that the O2s transmission conditions are used.
For the overlapping case, L > 0, the asymptotically optimal parameter choice
solving the min-max problem (40) for L > 0 small is

p∗1 = 2−
8
5G

4
5

minL
− 1

5 , p∗2 = 2−
4
5G

2
5

minL
− 3

5 . (53)

The parameters p∗1, p∗2 solve asymptotically the equi-oscillation equations

ρ(αmin, Ξ, L, p
∗
1, p
∗
2, 0, 0) = −ρ(ᾱ1, Ξ, L, p

∗
1, p
∗
2, 0, 0) = ρ(ᾱ2, Ξ, L, p

∗
1, p
∗
2, 0, 0),

(54)

where ᾱ1 ∼ 2−
12
5 G

6
5

minL
− 4

5 is the interior minimum point and ᾱ2 ∼ 2−
4
5G

2
5

minL
− 8

5

is the interior maximum point of ρapp(α,Ξ,L, p
∗
1, p
∗
2, 0, 0). With the choice p∗1,

p∗2, we obtain with overlap L > 0 small the convergence factor estimate

max
α∈E
|ρ(α,Ξ,L, p∗1, p

∗
2, 0, 0)| = 1− 2

8
5G

1
5

minL
1
5 +O(L

2
5 ). (55)

For the nonoverlapping case, L = 0, the asymptotically optimal parameter
choice solving the min-max problem (40) for αmax large is

p̂1 = 2−
5
4G

3
4

minα
1
8
max, p̂2 = 2

1
4G

1
4

minα
3
8
max. (56)

These parameters are uniquely determined as asymptotic solutions of the equi-
oscillation equations

ρ(αmin, Ξ, 0, p̂1, p̂2, 0, 0) = −ρ(α,Ξ, 0, p̂1, p̂2, 0, 0) = ρ(αmax, Ξ, 0, p̂1, p̂2, 0, 0),
(57)

with α = p̂1p̂2 − 2q̄ cosh 2Ξ. This asymptotically optimal choice leads to the
convergence factor estimate

max
α∈EN

|ρ(α,Ξ,L, p̂1, p̂2, 0, 0)| = 1− 2
5
4G

1
4

minα
− 1

8
max +O(α

− 1
4

max). (58)
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4 Further discussion

We now show how our results can be used to recover results in the literature
as special cases, and in doing so discover an interesting common form of these
asymptotically optimized transmission conditions, which leads to four differ-
ent ways to determine approximately optimized transmission conditions. We
then discuss implementation issues, and also give a generalization for variable
coefficients using the techniques we developed for elliptical domain decompo-
sition.

4.1 Uniform results for OSMs

Our results in the previous section showed that the constant Gmin: = wαmin(Ξ)
− vαmin

(Ξ), which depends on the model parameter η and the interface pa-
rameters f and Ξ, enters the optimized transmission parameters and the corre-

sponding convergence rate estimates. If we set insteadGmin: =
√
η

(
I
′
kmin

(
√
ηR)

Ikmin
(
√
ηR)

−K
′
kmin

(
√
ηR)

Kkmin
(
√
ηR)

)
in our analysis, we recover all the results of the optimized trans-

mission parameters and the corresponding asymptotic estimates for circular
domain decompositions from [24,28] in both the overlapping and nonoverlap-
ping cases. Here Ik(x) and Kk(x) are the modified Bessel functions of the first
and the second kind, and R is the radius of the circular interface. Furthermore,
if we set Gmin: = 2

√
αmin, we also recover from our results all the results

of OSMs for model problems with variable reaction term [26], where αmin

is the smallest eigenvalue of an interface Sturm-Liouville problem involving

the variable coefficient. In addition, if set Gmin: =
√
k2 + η

(
coth(

√
k2 + ηa)

+ coth(
√
k2 + ηb)

)
, we recover from our results all the results of optimized

Schwarz methods for bounded domain decomposition [48], where a and b,
which are different from our context, are subdomain geometry parameters.
And if we finally set Gmin: = 2

√
k2

min + η, we recover the original results for
domain decompositions with straight interfaces [16].

It was shown in [28] that by a natural scaling k/R of the Fourier frequencies,
one can well approximate optimized transmission conditions for circular do-
main decompositions from the original straight interface analysis in [16]. This
result suggests a local scaling by interface curvature for domain decompositions
with general curved interfaces, which is of course applicable to our elliptical do-
main decomposition. We can also take a different viewpoint that accounts for
the natural scaling k/R, namely optimizing the approximate convergence fac-
tor ρapp directly. In doing so, we find the same formulas for optimized transmis-
sion parameters and corresponding asymptotic estimates of the convergence
rate, except that Gmin should be replaced by Gappmin: = 2

√
αmin + 2q̄ cosh 2Ξ.

The discussion above shows that the function G(α,Ξ) plays a key role
in determining the optimized transmission conditions. Since the function G
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consists of functions determined by ordinary differential equations, no built-in
routine can calculate it except in special cases. We thus now show how to
evaluate such functions numerically, using the following three steps for a given
L > 0 small:

Step 1: Solve (numerically if needed) the differential equation (10) for α: = αmin

with the boundary conditions

R
′

αmin
(0) = 0, Rαmin

(Ξ + L) = 1, when αmin ∈ Ee,
Rαmin

(0) = 0, Rαmin
(Ξ + L) = 1, when αmin ∈ Eo,

and denote the corresponding solution by Rl(ξ).
Step 2: Solve the same differential equation (10) for α: = αmin with the boundary

conditions

Rαmin
(Ξ) = Rl(Ξ), Rαmin

(Ξ̄) = 0,

and denote the corresponding solution by Rr(ξ).
Step 3: Set Gmin: = (1−Rr(Ξ + L))/L.

With this approach, we only need to know the smallest eigenvalue αmin of
(11), which can be estimated numerically in many ways, see for example [37]
for a finite difference approximation and [26] for a Fourier spectral approxi-
mation. In our case, this value is available in Maple. In addition, it is with this
procedure not necessary to calculate the derivatives occurring in the formula
for G(αe0, Ξ).

Remark 2 This strategy for determining Gmin also works for other boundary
conditions than Dirichlet, one only needs to modify the conditionRαmin(Ξ̄) = 0
in Step 2 correspondingly. In addition, it is applicable for straight interface
analysis [16], for circular domain decompositions [24,28] and for finite domain
decompositions [48] as well and can lead to better performance, since it can
take into account the subdomain geometry, which in certain circumstances can
affect notably the performance of Schwarz iterations, see [48].

We thus have now the following four strategies for determining Gmin in the
OSMs:

S1 : Evaluating Gmin directly by computing the solutions and their derivatives
of the BVP problems (14,16) and (15).

S2 : Using Gmin calculated by the above-mentioned 3-step procedure.
S3 : Using Gappmin = 2

√
αmin + 2q̄ cosh 2Ξ as an approximation of Gmin.

S4 : Using the optimized transmission parameters from the straight interface
analysis [16] scaled locally by interface curvature.

We note here that the first three strategies require the smallest eigenvalue
αmin, while the last strategy S4 does not, which of course simplifies its appli-
cation.
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4.2 Implementation issues

Our analysis showed that the optimized parameters are constants along the
interface in the elliptic coordinates, which would simplify the implementation
of the OSMs in elliptic coordinates. However, since the even and odd modes
satisfy different boundary conditions, it is not easy to run the the Schwarz
iteration process in elliptic coordinates, since the errors in both modes will
occur. Thus, except for annular or annular sector domain problems, one would
still run the algorithm in Cartesian coordinates, which can also reduce the
number of unknowns. We thus give now some useful relations between the
Cartesian coordinates (x, y) and the elliptic coordinates (ξ, θ) and explain the
implementation in Cartesian coordinates in more detail.

Denoting by a: = f cosh ξ and b: = f sinh ξ, a direct calculation shows
that ∂u

∂n = 1
hξ

∂u
∂ξ and ∂u

∂τ = 1
hξ

∂u
∂θ , where ∂

∂τ represents the tangential deriva-

tive on the interfaces and hξ = f
√

cosh2 ξ − cos2 θ =
√
a2 − f2 cos2 θ =√

a2 sin2 θ + b2 cos2 θ. When implemented in Cartesian coordinates, one uses
normal derivatives and not derivatives along the ξ-direction, and we see that
the optimized transmission parameters have to be scaled by the factor 1

hξ
.

Hence, in the Cartesian coordinates, the optimized transmission parameters
are variable and depend on the angle θ. The following formulas of hξ in the
Cartesian variables (x, y) simplify the implementation:

hξ =
√
a2 sin2 θ + b2 cos2 θ =

√
y2f2 cosh2 ξ

f2 sinh2 ξ
+
x2f2 sinh2 ξ

f2 cosh2 ξ

=

√
x2 tanh2 ξ + y2 coth2 ξ.

(59)

Assuming that a uniform mesh on the interface with mesh size h is used in
Cartesian coordinates, we now derive the corresponding angular mesh size
hθ. For two adjacent nodes on the ellipse given by A = A(a cos θ, b sin θ),
B = B(a cos(θ+ hθ), b sin(θ+ hθ)), the distance between A and B is given by

h =
√
a2(cos(θ + hθ)− cos θ)2 + b2(sin(θ + hθ)− sin θ)2

=
√
a2(−hθ sin θ + . . .)2 + b2(hθ cos θ + . . .)2

≈
√
a2 sin2 θh2

θ + b2 cos2 θh2
θ

= hξhθ,

where we used a Taylor expansion and neglected higher order terms. Finally,
the curvature on the ellipse is given by κ = ab

h3
ξ
, which is useful when imple-

menting the strategy S4.

4.3 Analysis of the approximation strategies S3 and S4

While the strategy S1 which comes directly from our analysis, and S2 which
can be justified using a Taylor expansion, are efficient, we now analyze the
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Fig. 3 Relative difference between Gmin and Gappmin as a function of Ξ and q̄. On the left
for Ξ̄ = 1 fixed and on the right for Ξ̄ = 2Ξ.

approximation strategies S3 and S4 in more detail. For S3, we plot on the left
in Figure 3 the relative difference between Gmin and Gappmin as a function of
q̄ and Ξ with Ξ̄ = 1. We see that for all q̄ and Ξ the quantity Gappmin is not
a bad approximation to Gmin, since the relative difference is bounded by 1.
We also clearly see a curve in the (Ξ, q̄) plane on which Gappmin is a very good
approximation of Gmin. This shows that it would be possible to choose the
position of the interfaces for fixed q̄ to make the strategy S3 more efficient,
which is however not a viable approach in practice under the constraint of
load balancing. We see however that for large q̄ (this means η large for a fixed
computational domain), balancing the subdomain sizes is good for S3. On the
right in Figure 3 we show the case where the boundary of the domain is chosen
as Ξ̄ = 2Ξ, which means that the subdomain sizes are balanced. In both plots
we find that when q̄ decreases to zero (that is the parameter η goes to zero
for fixed confocal distance 2f), Gappmin can not approximate Gmin very well.
This is due to the fact that η plays the role of a regularization parameter,
and when η is small, Gappmin cannot catch the fine details of Gmin. Another
observation is that for decreasing Ξ, the relative difference increases, which
means for flat and elongated ellipses, the approximation Gappmin deteriorates.
To see this more clearly, we plot in Figure 4 the convergence factor with the
optimized transmission parameter given in (41) using this new approximation
Gappmin. Comparing with Figure 2 we see that, for a fairly round domain (left
plots in Figures 2 and 4 with Ξ = 0.5, Ξ̄ = 1, L = 0.01) both Gmin and
Gappmin lead to almost the same maximum values of the convergence factor ρ;
however, for flat and elongated domains (right plots in Figures 2 and 4 with
Ξ = 0.05, Ξ̄ = 0.1, L = 0.001) the maximum value of the convergence factor
ρ determined by Gappmin is more than twice the one determined by Gmin. This
can be explained as follows: introducing in the Mathieu differential equation

R
′′

ξξ − (αk +
f2η

2
cosh 2ξ)R = 0
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the change of variables r = feξ

2 , we get

R
′′

rr +
R

′

r

r
− (

αk
r2

+ η(1 + e−4ξ))R = 0.

Thus, the solution Rαk(ξ) tends to the modified Bessel function Kk(
√
ηr)

or Ik(
√
ηr) (depending on the monotonicity) as ξ → ∞ and f → 0, since

αk tends to k2 by Lemma 1. Therefore, when ξ → ∞ and f → 0, Gappmin

tends to 2
√
k2

min + ηR̃2, where kmin is the smallest angular wise frequency

involved in the circular domain decomposition and R̃ is the radius of the
corresponding interface. Since for circular domain decomposition it has been

shown in [28] that the term 2
√
k2

min + ηR̃2 is a good approximation to the

corresponding Gmin, we can then expect for elliptical domain decomposition
that Gappmin provides a fairly good approximation to Gmin, provided that the
ellipse is not too flat.

We next investigate the strategy S4 for the nonoverlapping OO0 case; the
other cases can be analyzed similarly. The optimized Robin parameter p̃ from
the straight interface analysis in [16] is given by

p̃ = (k2
min,l + η)

1
4 k

1
2

max,l, (60)

where kmin,l and kmax,l represent the lowest and the highest Fourier frequencies
involved in the calculation. Since in our case in the θ direction the boundary
condition is periodic, we have kmin,l = 0, and kmax can be estimated by π/h
with h being the mesh size along the interface. If one does not know from which
geometry the curved interface comes, i.e. one does not know it is an ellipse,
one would like to estimate the angular mesh size as hθ ≈ hκ with κ being the
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Fig. 5 Relative differences between Gmin and Gstr as a function of θ and Ξ. The left plot
is for η = 2, f = 1 and the right plot is for η = 20, f = 1.

local curvature of the curved interface. This leads to p̃ ≈ η
1
4π

1
2h
− 1

2

θ κ
1
2 , and

inserting κ = ab
h3
ξ

we get

p̃ ≈ η 1
4
a

1
2 b

1
2

h
3
2

ξ

π
1
2

h
1
2

θ

.

We now consider the optimized Robin transmission parameter p̂ = 2−
1
2G

1
2

minα
1
4
max

given in Theorem 4. If we use in Cartesian coordinates the normal derivative
in the Robin transmission conditions, the transmission parameter becomes

p̂n =
1

hξ
p̂ =

1

hξ
2−

1
2G

1
2

min

π
1
2

h
1
2

θ

,

where we inserted the estimate αmax ≈ π2/h2
θ. To compare p̃ and p̂n, we need

to investigate the difference between Gmin and 2
√
η ab√

a2 sin2 θ+b2 cos2 θ
=: Gstr,

where we have used the expression of hξ given in (59)1. In Figure 5 we show
the relative difference between Gmin and Gstr as a function of Ξ and θ with
Ξ̄ = 2Ξ, on the left for f = 1, η = 2 and on the right for f = 1, η = 20. We
see that the relative difference is bounded by 1 and grows as Ξ goes to zero,
which again corresponds to the case where the interface becomes a more and
more flat ellipse. In addition, unlike in the approximation Gappmin, larger η does
not mean a better approximation.

4.4 Applications to model problems with variable coefficients

We now show that our analysis also applies to the case of a general diffusion
reaction model with variable coefficients of the form

−∇ · (a(x, y)∇u(x, y)) + η(x, y)u(x, y) = g(x, y) in Ω,
Bu(x, y) = 0 on ∂Ω,

(61)

1 Here we neglect the fact that when the ellipse is angular-wise uniformly meshed with
mesh size hθ, the interface is not correspondingly uniformly meshed anymore.
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where the domain is a rectangle, Ω = (−c, d̄) × (0, 1), and Bu = 0 denotes
certain boundary conditions, for example homogeneous Dirichlet conditions.
The function a(x, y) is positive with smooth derivatives and η(x, y) is positive.
When η(x, y) depends only on y and the diffusion coefficient a(x, y) ≡ 1, OSMs
were systematically analyzed in [26] by using the technique of separation of
variables. We now show that our analysis here can be extended to the case
where

a(x, y) = a1(x)a2(y) and η(x, y) = c1η1(x)a2(y) + c2η2(y)a1(x), (62)

with the two subdomains Ω1 = (−c, L)× (0, 1) and Ω2 = (0, d̄)× (0, 1), where
L > 0 describes the overlap. An optimized parallel Schwarz method for (61) is

−∇ · (a(x, y)∇un1 (x, y)) + η(x, y)un1 (x, y) = g(x, y) in Ω1,
Bun1 (x, y) = 0 on ∂Ω1 ∩ ∂Ω,

−∇ · (a(x, y)∇un2 (x, y)) + η(x, y)un2 (x, y) = g(x, y) in Ω,
Bun2 (x, y) = 0 on ∂Ω2 ∩ ∂Ω,

with the transmission conditions

a(L, y)
∂un1
∂x

(L, y) + S1u
n
1 (L, y) = a(L, y)

∂un−1
2

∂x
(L, y) + S1u

n−1
2 (L, y), (63)

a(0, y)
∂un2
∂x

(0, y)− S2u
n
2 (0, y) = a(0, y)

∂un−1
1

∂x
(0, y)− S2u

n−1
1 (0, y). (64)

As before, we only need to study the error equation, g = 0. Following the ap-
proach for elliptical domain decomposition, we make the ansatz that the subdo-
main solutions at each iteration are variable separable, uni (x, y) = Rni (x)Φ(y),
and find that the subdomain solutions can be decoupled into the following
ODE problems: the Sturm-Liouville eigenvalue problem

(a2(y)Φ
′
(y))

′
+ (αa2(y)− c2η2(y))Φ(y) = 0, Φ(0) = Φ(1) = 0, (65)

and the second order ODE corresponding to the subdomain problems

(a1(x)(Rni )
′
(x))

′
− (αa1(x) + c1η1(x))Rni (x) = 0,

with boundary conditions determined by the subdomain problems. It is well
known that there is an infinite number of positive, separated eigenvalues
α1 < α2 < . . . < αk < . . . of the Sturm-Liouville problem (65), and the
corresponding eigenfunctions Φk(y) are orthogonal with respect to the weight
function a2(y), ∫ 1

0

a2(y)Φk(y)Φl(y)dy = δkl. (66)

Denoting by R1,α(x) the solution of

(a1(x)R
′

1,α(x))
′
−(αa1(x)+c1η1(x))R1,α(x) = 0, R1,α(−c) = 0, R1,α(L) = 1,
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and by R2,α(x) the solution of

(a1(x)R
′

2,α(x))
′
− (αa1(x) + c1η1(x))R2,α(x) = 0, R1,α(0) = 1, R1,α(d̄) = 0,

the subdomain solutions are of the form uni (x, y) =
∑
αA

n
i,αRi,α(x)Φα(y),

and we use this to decouple the transmission conditions (63) and (64). When
S1 = pa1(L)a2(y), we obtain using the orthogonality property (66) that (63)
becomes

An1,αi(R
′

1,αi + pR1,αi)(L) = An−1
2,αi

(Rn−1
2,αi

+ pR2,αi)(L), for i = 1, 2, . . ..

In a similar fashion, we obtain

An2,αi(R
′

2,αi − pR1,αi)(0) = An−1
1,αi

(R
′

1,αi − pR1,αi)(0), for i = 1, 2, . . ..

We therefore obtain for the convergence factor

ρ =
R

′

2,α(L) + pR2,α(L)

R
′
1,α(L) + pR1,α(L)

R
′

1,α(0)− pR1,α(0)

R
′
2,α(0)− pR2,α(0)

.

To optimize this convergence factor, one needs results similar to those de-
scribed in Lemmas 5 and 6, which can be proved in a similar fashion as for the
elliptical domain decomposition. Then, the optimized transmission parameter
p∗ follows.

Note that we only considered Robin transmission conditions, but other
transmission conditions can be analyzed similarly, including the case where a
second order differential operator along the interface is used. If in the model
problem (61) the coefficients are more general than described by (62), it is not
possible to use the technique of separation of variables any more, but then one
could derive approximations by using a variable separated approximation to
the coefficients.

5 Numerical experiments

We now perform some numerical experiments to illustrate our analysis. We
consider the model problem (1) in the domain

Ω = {(x, y)|x = f cosh ξ cos θ, y = f sinh ξ sin θ, 0 ≤ ξ < Ξ̄, 0 ≤ θ < 2π}

with a homogeneous Dirichlet boundary condition on the boundary ∂Ω, and
we assume that f = 1 and Ξ̄ is positive. We solve the model problem (1) with
parameter η = 2 using the parallel Schwarz algorithm (5)-(6) with the domain
decomposition Ω̄ = Ω̄1 ∪ Ω̄2,

Ω1 = {(x, y)|x = f cosh ξ cos θ, y = f sinh ξ sin θ, 0 ≤ ξ < Ξ + L, 0 ≤ θ < 2π},
Ω2 = {(x, y)|x = f cosh ξ cos θ, y = f sinh ξ sin θ,Ξ ≤ ξ < Ξ̄, 0 ≤ θ < 2π},

where Ξ is a subdomain geometry parameter satisfying 0 < Ξ < Ξ̄ and
L ≥ 0 is the overlap. We discretize the problem using linear finite elements,
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Fig. 6 Mesh used in the numerical experiments for h = 1
8

: on the left the discretization of
the entire domain Ω, in the middle the subdomain Ω1 and on the right the subdomain Ω2.

and implement the optimized Schwarz methods using FreeFem++ [32] for the
homogeneous case g = 0, which is equivalent to simulate directly the error
equations. The mesh we used is shown in Figure 6, where the number of
nodes on the interface is given by the integer part of the ratio of the interface
length over h with h being the mesh parameter. For the overlapping case, we
set the overlap to L = h. In Figure 6 we can see that an adaptive mesh is
automatically generated by FreeFem++. We start the error iteration with a
random initial guess, which is important for testing, see [17, Figure 5.2], and
we show the number of iterations required to reduce the relative error by a
factor of 1e − 6. We test two cases : Ξ relatively large, which means a fairly
round ellipse, and Ξ relatively small, which means a quite flat and elongated
ellipse. Since the optimality of the predicted transmission parameters were
extensively numerically tested in [16,24,28,26], we focus on comparing the
strategies S1, S2, S3 and S4 discussed in subsection 4. In our setting, we have
q̄ = 1

2 and the smallest eigenvalue αmin of the Sturm-Liouville problem (11) is
determined by the smallest even mode, i.e. αmin = αe0 ≈ −0.1218, which one
can compute with the Maple command MathieuA(0, q̄).

For fairly round ellipses as interfaces, we fix the parameters Ξ̄: = 1 and
Ξ: = 0.5, which results in a finite domain Ω that is decomposed into two
subdomains with fairly round ellipses as interfaces. Using the strategies S1, S2
and S3, we obtain GS1

min = 2.7797, GS2
min = 2.7783 and GS3

min = 2.3843, where we
used a superscript to indicate the way the value Gmin is estimated. Since these
three values are close (the first two values are almost the same), we can expect
that they lead to similar performance of the optimized Schwarz methods. This
is confirmed by Table 1 on the left, where we see that the OSMs with Gmin

estimated by each strategy performs the same, and the results satisfy the
asymptotic convergence rate estimates.

To obtain quite flat and elongated ellipses as interfaces, we keep q̄ = 1/2,
but choose now Ξ = 0.05 and Ξ̄ = 0.1. Using the strategies S1, S2 and S3,
we find that GS1

min = 20.0587, GS2
min = 20.4587 and GS3

min = 1.8796, which is
quite different from the other two. The numerical results are shown in Table
1 (right). As expected, the OSMs with Gmin estimated by strategies S1 and
S2 perform the same; the performance of S3 differs, but again each optimized
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Table 1 Number of iterations required by overlapping and in parenthesis nonoverlapping
OSMs with different transmission conditions, for fairly round elliptical domains with Ξ = 0.5
(left) and quite flat and elongated elliptical domains with Ξ = 0.05 (right).

h 1
16

1
32

1
64

1
128

1
64

1
128

1
256

1
512

OO0
S1 6(27) 7(36) 9(54) 12(75) 10(21) 6(29) 8(41) 9(58)
S2 6(27) 7(36) 9(54) 12(75) 10(21) 6(29) 8(41) 9(58)
S3 6(25) 7(34) 10(50) 12(70) 46(7) 36(9) 31(12) 22(17)

OO2
S1 6(10) 6(11) 5(13) 6(15) 16(9) 12(10) 10(11) 8(13)
S2 6(10) 6(11) 5(13) 6(15) 16(9) 12(10) 10(11) 8(13)
S2 6(10) 6(11) 6(13) 6(16) 69(42) 65(36) 68(31) 55(25)

O2s
S1 5(16) 7(18) 10(23) 12(26) 5(16) 6(19) 9(22) 11(25)
S2 5(16) 7(18) 10(23) 12(26) 5(16) 6(19) 9(22) 11(25)
S3 5(15) 7(17) 9(21) 11(24) 14(22) 10(26) 11(31) 13(39)

Table 2 Number of iterations required by the strategy S4 for optimized Schwarz iterations
with a fairly round ellipse as interface Ξ = 0.5 (left) and a flat ellipse as interface Ξ̄ = 0.05
(right).

h 1
16

1
32

1
64

1
128

1
64

1
128

1
256

1
512

OO0 5(23) 7(31) 10(46) 14(64) 27(14) 24(19) 24(27) 23(39)
O2s 9(16) 8(18) 8(23) 9(26) 15(17) 11(23) 11(29) 13(35)

Schwarz method satisfies the asymptotic convergence rate estimate, although
we needed to use a finer mesh here to see this. Since GS3

min is very different
from GS1

min (which is the numerically calculated best possible value for Gmin),
we would expect that GS3

min performs much worse than Gmin estimated by the
strategies S1 and S2. This is also true, except in one case, namely with the
OO0 transmission condition, where S3 outperforms the other two, which can
not be explained by our analysis and needs further investigation.

We finally test strategy S4 which differs from the other three since it does
not require the calculation of the smallest eigenvalue αmin. In Table 2 we show
on the left the results for fairly round ellipses, Ξ = 0.5, and on the right
the results for flat and elongated ellipses, Ξ = 0.5. We do not consider the
OO2 transmission condition, since in our case the OO2 transmission condition
differs from the one proposed in [16] and thus cannot be approximated by
Strategy S4. We see that the strategy S4 leads to acceptable performance
of the OSMs: when the interface is fairly round, the strategy S4 performs
similarly as the strategies S1, S2 and S3, which is quite exciting. When the
interface ellipse becomes however more flat, the strategy S4 deteriorates: it
requires much more iterations than the strategies S1 and S2 and also need a
more refined mesh to reach the asymptotic regime. Again, the nonoverlapping
OSM with OO0 transmission condition is an exception, where S4 outperforms
S1.

6 Conclusion

We presented a rigorous analysis of OSMs with elliptical domain decompo-
sitions and derived several classes of optimized transmission conditions and
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their corresponding asymptotic convergence rate estimates. Our analysis is
based on transforming the model problem using elliptic coordinates into a
problem with variable reaction term, separation of variables, and a detailed
analysis of the monotonicity properties of the ratio of the derivative of radial
Mathieu like functions and the Mathieu like function itself. We discovered a
key factor, namely Gmin, which contains the domain geometry for OSMs, and
allows us to obtain a unified formula for the optimized transmission param-
eters and the corresponding convergence rate estimates. We also proposed a
new technique for calculating Gmin, based on the observation that the factor
Gmin occurs in the classical Schwarz method. It is therefore possible to avoid
complicated derivative calculations of Mathieu like functions, and numerically
we find that the new approach leads to the same performance. In addition, our
analysis suggests that, for irregular domain decompositions, one can formally
use our proposed unified formulas of the optimized transmission parameters
with Gmin estimated by considering the domain geometries. We also showed
that our approach can be used to analyze OSMs for more general, variable
coefficient problems. In particular, our ideas can be used to analyze OSMs for
Helmholtz problems with elliptical domain decompositions as well; however,
since there are essential differences between the Helmholtz problem and our
model problem here, especially for the case of large wave numbers, our results
cannot directly be applied and further analysis would be needed.
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