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Abstract Optimized Schwarz Waveform Relaxation methods have been devel-
oped over the last decade for the parallel solution of evolution problems. They are
based on a decomposition in space and an iteration, where only subproblems in
space-time need to be solved. Each subproblem can be simulated using an adapted
numerical method, for example with local time stepping, or one can even use a
different model in different subdomains, which makes these methods very suitable
also from a modeling point of view. For rapid convergence however, it is important
to use effective transmission conditions between the space-time subdomains, and
for best performance, these transmission conditions need to take the physics of
the underlying evolution problem into account. The optimization of these trans-
mission conditions leads to mathematically hard best approximation problems of
homographic functions. We study in this paper in detail the best approximation
problem for the case of linear advection reaction diffusion equations in two spatial
dimensions. We prove comprehensively best approximation results for transmis-
sion conditions of Robin and Ventcel (higher order) type, which can also be used
in the various limits for example for the heat equation, since we include in our
analysis a positive low frequency limiter both in space and time. We give for each
case closed form asymptotic values for the parameters which can directly be used
in implementations of these algorithms, and which guarantee asymptotically best
performance of the iterative methods. We finally show extensive numerical exper-
iments, including cases not covered by our analysis, for example decompositions
with cross points. We use Q1 finite element discretizations in space and Forward
and Backward Euler discretizations in time (other discretization could also have
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been considered, since all our analysis is at the continuous level), and in all cases,
we measure performance corresponding to our analysis.

Keywords Domain decomposition, Time parallelization, Schwarz waveform
relaxation, best approximation.
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1 Introduction

Schwarz waveform relaxation algorithms are parallel algorithms to solve evolution
problems in space time. They were invented independently in [20] and [24], see
also [21], based on the earlier work in [4], and are a combination of the classical
waveform relaxation algorithm from [32] for the solution of large scale systems
of ordinary differential equations, and Schwarz methods invented in [39]. Modern
Schwarz methods are among the best parallel solvers for steady partial differential
equations, see the books [40],[38],[41] and references therein. Waveform relaxation
methods have been analyzed for many different classes of problems recently: for
fractional differential equations see [30], for singular perturbation problems see
[47], for differential algebraic equations see [2], for population dynamics see [23],
for functional differential equations see [48], and especially for partial differential
equations, see [28],[29],[43] and the references therein. For the particular form of
Schwarz waveform relaxation methods, see [6],[18],[8],[7],[31],[46],[22],[35],[5],[45],
[33],[34]. These algorithms have also become of interest in the moving mesh R-
refinement strategy, see [27],[26],[17], and references therein.

Schwarz waveform relaxation methods however exhibit only fast convergence,
when optimized transmission conditions are used, as first shown in [16], and then
treated in detail in [36],[15],[3],[42] for diffusive problems, and [10],[9] for the wave
equation, see also [19],[14] for circuit problems, and [1] for the primitive equations.
With optimized transmission conditions, the algorithms can be used without over-
lap, and optimized transmission conditions turned out to be important also for
Schwarz algorithms applied to steady problems, for an overview, see [11] and ref-
erences therein. In order to make such algorithms useful in practice, one needs
simply to use formulas for the optimized parameters, which can then be put into
implementations and lead to fast convergent algorithms, without having to think
about optimizing transmission conditions ever again.

For advection reaction diffusion problems in one spatial dimension, such for-
mulas have been developed in [15] for Robin transmission conditions and in [3] for
Ventcel transmission conditions. The formulas obtained are however not valid for
higher dimensional problems, and they are not robust in the parameters of the
problem, in the sense that for example the optimized parameters in the limiting
case of the heat equations can not be obtained. The purpose of this paper is to
provide robust formulas for a general evolution problem of advection reaction dif-
fusion type in two spatial dimensions. The analysis required to solve the associated
optimization problems is substantially more involved in higher spatial dimensions,
in particular also because we want to obtain robust formulas in the parameters
of the problem. We use and extend in our analysis more general, abstract results
for best approximation problems, which appeared in [3]. In particular, we remove
a compactness condition which remained in [3] in the case of overlap. We obtain
with our analysis the best choice of Robin transmission conditions, and also higher
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order transmission conditions called Ventcel conditions (after the Russian math-
ematician A. D. Ventcel, also spelled Venttsel, Ventsel or Wentzell [44]), both for
the case of overlapping and non-overlapping algorithms. We give complete proofs
of optimality, and illustrate our results with numerical experiments.

2 Model Problem and Main Results

We are interested in studying analytically and numerically the optimized Schwarz
waveform relaxation algorithm for the time dependent advection reaction diffusion
equation in 2 c R?,

Lu:=0wuw+a Vu—vAu+bu=f, in2x(0,7), (2.1)

where v > 0 is the diffusivity, b > 0 is the reaction strengh coefficient, and a =
(a,¢)T represents the advection field of the two dimensional flow, and suitable
boundary conditions need to be prescribed on the boundary of 2, which will
however not play an important role, and we will not mention this further. In order
to describe the Schwarz waveform relaxation algorithm, we decompose the domain
into J non-overlapping subdomains Uj, and then enlarge them, if desired, in order
to obtain an overlapping decomposition given by subdomains (2;. The interfaces
between subdomain (2; and (2; are then defined by I';; = 042 ﬂUj. The algorithm
for such a decomposition calculates then for n = 1,2, ... the iterates (u}) defined
by
Lul = f in £2; x (0,T)
u (+,+,0) = uo  in $2;, (2.2)
Biju? = Bijug}il on Fij X (07T)7

where the B;; ! are linear differential operators in space and time, and initial guesses
Bijug on I';; x (0,T) need to be provided.

There are many different choices for the operators 3;;. Choosing for B;; the
identity leads to the classical Schwarz waveform relaxation method, which needs
overlap for convergence. Zeroth or higher order differential conditions lead to op-
timized variants, which also converge without overlap, see for example [15] and
[3], where a complete analysis in one dimension was performed. We study here in

detail the case where the transmission operators are of the form
Bij:(uV—g)~ni—|—%7 s=p+q(0r + cdy —vAy), (2.3)

where n; is the unit outer normal on the interface I; of £2; with £2;, and p and
q are the two real parameters that we will determine to obtain fast convergence
of the method. If ¢ = 0, the transmission conditions obtained are called Robin
transmission conditions, whereas for ¢ # 0, they are called Ventcel transmission
conditions. In (2.3) the definition does not depend on the index j of the neighbor-
ing subdomain, since we choose to apply the same transmission operator for all
neighbors, and thus B;; really depends on its own subdomain (2; only. One could
also consider the case where B;; # Bj;, which would lead to so called two sided

1 At the continuous level the transmission operator on the left and right is indeed the same,
but the discretization leads in general to a small difference, see for example [10].
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Method ‘ No overlap ‘ Overlap L ‘

Dirichlet 1 1— o(L)
Robin 1— «(vh) | 1— «(¥YL)
Ventcel | 1— o(Vh) | 1— (VL)

Table 1: The asymptotically optimized convergence factors §*(L) defined in (2.5)
for L small in the case with overlap L > 0, and for mesh parameter h small if the
overlap L = 0.

transmission conditions, see for example [11], but we focus on the simplest case
first.

To optimize the parameters p and ¢ in the transmission operators (2.3) for
fast convergence of the Schwarz waveform relaxation algorithm (2.2), one studies
in general an idealized model problem on 2 = R? having only two subdomains,
namely the two half spaces 21 = (—o00,L) X R and 22 = (0,00) x R with overlap
size L between the subdomains. One can then compute explicitly the error in each
subdomain at step n as a function of the initial error. We use Fourier transforms
in time and in the direction y of the interfaces x = 0 and x = L, with w the Fourier
variable in time, and k the Fourier variable in the y direction. The convergence
factor p(w,k,p,q, L) of algorithm (2.2) describing precisely the error reduction of
each Fourier component in the time frequency w and spatial frequency k for a
given choice of the free parameters p and ¢ in the transmission operator (2.3) and
overlap L, can in this case be computed in closed form (see for example [15,3]),

22 +4v(vk2+i(w+tck))
2v

pra(wk? +i(wtck)) =22+ v (k2 +i(w+ck)) o L

p(w7 kip: g, L) - pta(vk2+i(w+ck))++/23+4v(vk2+i(w+ck))

)

(2.4)
where we denote by /~ the standard branch of the square root with positive real
part, 23 := a® +4vb and i = v/—1. Computing on a (uniform) grid, we assume that
the maximum frequency in space is ky; = 7 where h is the local mesh size in z
and y, and the maximum frequency in time is wy; = 47, and that we also have
estimates for the lowest frequencies ky, and wy, from the geometry, see for example
[11] for estimates, or for a more precise analysis see [13]. We also assume that the
mesh sizes in time and space are related either by At = Cuh, or At = Cj,h2,
corresponding to a typical implicit or explicit time discretization of the problem.

Defining D := {(w, k),wm < |w| < wpy, km < |k| < kpr}, the parameters (p*, ¢*)
which give the best convergence factor are solution of the best approximation
problem

inf sup |p(w,k,p,q,L)| = sup |p(w,k,p*,q*, L) =:6"(L). (2.5)

(P 9)EC? (w,k)eD (w,k)eD
To motivate the reader, we outline in Table 1 the asymptotic behavior of the con-
vergence factors, which can be achieved by optimization. We use here the notation

Q = h or Q =oc(h) if there exists C' # 0 such that Q ~ Ch.
In what follows, we will often use the quantity

V(2 +22)2 + 1602w, — (¢ + 23)

8v2wm

k=]
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By a direct calculation, we see that 0 < k|c| < wm, and we define the function

w(k,&) = 2\/5\/\/(23(2) +4v2k2)2 + 160262 + 22 + 402k2, (2.6)

and the constant

o(k, —wm + |clk)  if km < K,
A= plkm, —wm + |clkm) if k < km < | |wm, (2.7)
@(km.,0) if km > Hw

We state in the following two subsections the main theorems which we will prove
in this paper, for both overlapping and non-overlapping variants of the algorithm.

2.1 Robin Transmission Conditions

Theorem 1 (Robin Conditions without Overlap) For small h and small At,
the best approzimation problem (2.5) with L = 0 has a unique solution (p3(0),455(0)),
which is given asymptotically by

po(0) ~ ([ 25, 53(0) ~ 1~ SVABR, (2.8)
where A is defined in (2.7), and

2 if At = Ch,

v

B = 1 if d < do, (2.9)

vad ; _ 2 . —
O ZfAt—Chh:d-—Vﬁch:O_{ /d+ 1+d if d > do,

where do &~ 1.543679 is the unique real Toot of the polynomial d° — 2d? + 2d — 2.

Partial results in the spirit of this theorem were already obtained earlier:

1. If km = wm = 0, all three cases in (2.7) coincide, since k = 0, and the constant
A simplifies to A = 4z, and we find the case analyzed in [25].

2. If km and wp, do not both vanish simultaneously, and we are in the case of
the heat equation, a = 0, b = 0, ¢ = 0, v = 1, we also obtain k& = 0, and

A= 4\/2 (\/ kA 4+ w2, + k?n), the case analyzed in [42]. Note that the stability

constraint for the heat equation discretized with a finite difference scheme is
4vAt < h?, which with our notation implies that d < 7/4 ~ 0.7854, a value
smaller than dp, and hence the constant C in (2.9) is equal to 1.

For the algorithm with overlap, L > 0, we treat two asymptotic cases: the
continuous case deals with the small overlap parameter L only, while the discrete
case involves also the grid parameters. In the continuous case, we consider the
parameters wys; and kjp; to be equal to +oo.
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Theorem 2 (Robin Conditions with Overlap, Continuous) For small over-
lap L > 0, the best approzimation problem (2.5) on D = {(w,k),wm < |w| <
400, km < |k| < 400} has a unique solution

* 13/vA2 * A
Pooo(l) ~ 3\ T Bee(B)~ 1= g (210

where A is defined in (2.7).

If the overlap is fixed, the above analysis gives the behavior of the best param-
eter when h and At tend to zero. However, the overlap contains in general a few
grid points only, and then the discretization also needs to be taken into account:

Theorem 3 (Robin Conditions with Overlap, Discrete) For small At and h,
for L = h, the best approzimation problem (2.5) on D has a unique solution
for At = h? : pi(L) ~ pg o (L), N

x SE(L) ~m1— —2
po%\/g(l/)7 O(L) 1 21%([/)

(2.11)
for At = h: pi(L) ~

2.2 Ventcel Transmission Conditions

In order to present the theorems, we need to define two auxiliary functions: first

2t — V12 + 1

g(t) = PRI

and we denote for Q < go = 0.3690 by t2(Q) the only root of the equation g(t) = Q
larger than g = v/54 + 6v/33/6 ~ 1.567618292. Next we also define

P(Q) = { 1+ VE(QP + (b + Q) i Q < g1~ 0.3148, 2.12)
14+Q if Q> g1.

Theorem 4 (Ventcel Conditions without Overlap) The best approzimation prob-
lem has for L = 0 a unique solution (pi(0),q7(0),487(0)), given by

for At = Cyh and AZ8 < 1: pj(0) ~ 3 /2342, q; (0) ~ 2h
for At = Cyh and Agh >1:p7(0) ~ ﬁﬁ’ qi (0) ~ ipj7
(2.13)
for At = Cyh? piO) ~ b ifuma 2 gp(0) ~ 38k [
. A
S0) ~1— —2
10~ 1= 555

Here again A is the constant defined in (2.7), d and C are the constants defined in
(2.9).
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n . . . . . .
w T

Fig. 1: How the change of variables to simplify the convergence factor transforms
the frequency domains

Theorem 5 (Ventcel Conditions with Overlap, Continuous) For small overlap
L > 0, the best approzimation problem (2.5) on D has the unique solution

* 1 5 Z/AA4 * 5 1/2[/3 * A
P1,00(L) ~ 3\’ 01,00 (L) ~ 44/ AT 01,00 (L) ~ 1 — m7 (2.14)

where A is defined in (2.7).

Theorem 6 (Ventcel Conditions with Overlap, Discrete) For small At and h,
for L = h, the best approzimation problem (2.5) on D has a unique solution

for At = h? : pi(L) ~ pI_V?O(L), qi (L) ~ qiyoo(L), §E(L) ~1— A
for At = h: pi(L) ~275p] oo(L), g5 (L) ~ 25 oo(L), ' 2p; (L)

(2.15)

3 Abstract Results

We now recall the abstract results on the best approximation problem (2.5) from
[3], and present an important extension, which allows us to remove a compactness
assumption in the overlapping case. We start by rewriting the convergence factor
(2.4) in the form

§S—2z _ L=z

e W ozi= \/:cg + 4v(vk? +i(w + ck)), s = p+qvk* +i(w+ck)).
s+ z

(3.1)
In order to separate real and imaginary parts of the square root, we introduce the
change of variables T : (k,w) — z = z + 4y, which transforms the domain D into
D= l~)+ U l~)+, with l~)+ C R4 x R4, as illustrated in Figure 1. The domain l~)+

is compact, and lies below the line x = y, as one can see from the coordinates
(z,y) = (Re T (k,w),Im T (k,w)), which satisfy

p(z,8,L) =

a? —y® = af + 4Pk, (3.2a)
2zy = 4dv(w + ck). (3.2b)
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We further assume that the coefficients and parameters satisfy
either «d +4v%k2, #0, or wm #0, (3.3)
which implies that there exists an « > 0 such that

Vz€57 Rez>a>0.

We also use the notation po(2,p,q) := 7%, p(2,p,4,L) = po(2,p, q)e L2/,

The min-max problem (2.5) in the new (z,y)-coordinates takes now the simple
form
inf  sup p(zp,0, L)| = sup [o(= 5", ¢, L)) = 6*(L). (3.4)
(P0€C? cp zeD
For convenience of the presentation, we will also use the notation Ry (w, k,p,q) or
Ro(z,p,q) for |po(z,p,q)|?, and R(w,k,p,q,L) = R(z,p,q,L) = Ro(z,p,q)e” “/".

3.1 Robin Transmission Conditions

In this case, we set ¢ = 0, and we will simply use the above notation without the
parameter g in the arguments, writing for instance p(z,p, L), po(z,p), etc.. We also
call the minimum in the Robin case d5(L).

We start with the non-overlapping case, L = 0, where there is a nice geometric
interpretation of the min-max problem (3.4): for a given point z, € C and a
parameter 6 € R, we introduce the sets

zZ— 20
z+ 20

Z— 20
z 4+ 20

C(z0,0) = {z € C; =6}, D(20,6) = {2 € C; < 6} (3.5)

Note that C(zo, ) is a circle centered at %zo, cutting the z—axis at the points
i—jrgzo and il_gzo, and D(zp,6) is the associated disk. Now because of the form

of the convergence factor po(z,p,q) = (p*,6) is a solution of the min-max

S—z

stz?
problem (3.4) if and only if for any z in D, z is in D(p*,6*). This means geometri-
cally that the solution of the min-max problem (3.4) is represented by the smallest
circle centered on the real axis which contains D. We will use this interpretation

as a guideline in the analysis, also for the overlapping case.

Theorem 7 For any set of coefficients such that (3.3) is satisfied, and kp; and wyy
being finite, the min-max problem (3.4) with L = 0 has a unique solution (65(0), p5(0))
with §3(0) < 1. The optimized parameter p§(0) is real and positive, and any strict local
minimum on R of the real function

Fo(p) = sup |po(z,p)| (3.6)
zeDy

is the global minimum.

Proof Since D is compact, and with the assumption (3.3) we have Rez > o > 0
with a = /2% + 4v2k3, in the first case of (3.3) or @ = v2vwy, in the second
case, we can use directly the analysis in [3] for polynomials of degree zero to
get existence and uniqueness. The fact that the optimized parameter must be
real follows directly from the symmetry of D with respect to the z-axis and the
geometric interpretation, and finally that any strict local minimum is the global
minimum follows as in [3].
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In [3] one can also find a proof of the existence of a solution to the min-max
problem (3.4) in the overlapping case, and uniqueness is shown for L small enough,
such that B

(5*([/)6; sup_ .5 Rez < 1.

This constraint imposes that D is bounded in the direction. We show now that
this constraint is not necessary, using the fact that in D the real part of z is strictly
larger than the absolute value of its imaginary part.

Theorem 8 For any L, for ky; and wyy finite or not, and with the assumption (3.3),
the min-maz problem (3.4) has a unique solution (65(L),p5(L)). The optimized pa-
rameter pgy(L) is real, positive, and any strict local minimum on R of the real function

FL(p) = Su~p |p(Z,p,L)| (37)
ze€Dy

is the global minimum.

Proof By Theorem 2.8 in [3], we know that a (possibly complex) solution p* =
pi +ip5 of (3.4) exists. We now compute explicitly the modulus of the convergence
factor,
2 2
2 (z—p1)" + (y—p2)
2, = .
Ipo(z.p)l (x4 p1)? + (y +p2)?

We first note that for any z, and any (p1,p2) with p1 > 0, we have |po(z, —p1 +
ip2)| > |po(z,p1 +ip2)|, and therefore we must have p] > 0. Next, in order to show
that |p5] < pi, we assume the contrary, |p5| > p}, to reach a contradiction (in
particular this means that p3 # 0). We calculate the gradient,

2@+ 4 05— pf) — 2upipe
( (;1: —|—2pl)2 +(y-§p2)2)2

+y~ +p1—p3) = 2zpip2

Do loo ()t — 4L 7
p2]00(2, )| ((x+p1)2+ (y +p2)?)?

a171 |p0(z7p)|2 =

which gives, with e = sign(p3),

(z = ey)(2® +y° + 2epip2) + (¢ +cy) (P — PT) _
((z +p1)? + (y + p2)?)?

(Ops = €0p2)lpo (2, p7)* = —4 0,
where we used the fact that = > |y| as we noted earlier (see Figure 1). This shows
that |po(z,p)le”®/?¥ decays in the neighborhood of p*, in the direction (1, —¢),
if |p3| > p], which is in contradiction with the fact that the minimum is reached,
and hence we must have |p5| < p}.
Now for any z in D, since z > |y| and |p5| < pi, we have
Re? = WLt _
z |22

This allows us to prove that the set of best approximations is convex: consider
the disk defined in (3.5). We have seen that (p*(L),8%(L)) is a solution of the
best approximation problem (3.4), if and only if for any z in D, z is also in
D(p*(L),5*(L)e"*/?"), which is equivalent by dividing numerator and denomi-
nator by z to saying that p*/z belongs to D(1,5*(L)e™*/?"). For any z in D, either
§*(L)e"™/?¥ < 1 and thus p*/z is on the inside of the disk D(1,5*(L)e"*/?") which
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is convex, or 6*(L)e’*/? > 1 and thus p* /= is outside of the disk D(5*(L)e*/?¥ 1).
Now since the circle with zg = 1 cuts the z-axis only on the negative half line, see
the explicit calculation after (3.5), the outside of the disk contains the half-plane
x > 0, which is also convex.

Using the convexity, we can now show uniqueness: let p* and p* be two solutions
of the best approximation problem with associated §*. For a given z in 15, in
the first case, p*/z and p*/z are both inside the disk, which is convex. In the
second case, they both belong to the half-plane « > 0, which is also convex,
because by assumption (3.3) the real part of z, and hence with the properties on
p* = p] +ip5 also the real parts of p*/z and p*/z are strictly positive. In both cases
therefore, any point p/z in the segment joining p*/z and p*/z is also in the disk

D(1,6%(L)e"*/?"), which means that sup Z_pesz/Q”) < 6*(L). Since 6*(L) is

2€D z+p

the minimum, p is also a minimizer. To conclude the proof of uniqueness, we can
use now Theorem 2.11 and the proof of Theorem 2.12 from [3], using a classical
equioscillation argument.

To see that the minimizer is real, we use again the symmetry of D with respect
to the real axis, and the results on the strict local minimum implying the global
minimum follows as in the non-overlapping case.

3.2 Ventcel Transmission Conditions
For the case of Ventcel conditions, ¢ # 0, we use the abstract results from [3].

Theorem 9 For any set of coefficients such that the assumption (3.3) is satisfied, and
with kyy and wyy finite, the min-max problem (3.4) with L = 0 has a unique solution
(67(0),p7(0), ¢ (0)) with 67(0) < 1. The coefficients p1(0) and g7 (0) are real, and any
strict local minimum in Ry X R4 of the real function

Fo(p,a) = sup |po(2,p,q)| (3.8)
zeDy

is the global minimum.

Theorem 10 For any L > 0, for kas and wyy finite or not, and with the assumption
(3.3) the min-max problem (5.2) has a solution.

— Ifﬁ is compact and L sufficiently small, the solution is unique and any strict local
minimum of the real function

FL(p7 q) - Sup |p(z,p,q,L)| (39)
z65+

is the global minimum.
— If D is not compact, but L sufficiently small, if F;, has a strict local minimum in
Ry x Ry, it is the unique global minimum.
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3.3 Outline of the Analysis

The abstract theorems in the previous subsections provide a guideline for the proof
of the main results in section 2:

1. The existence and uniqueness is guaranteed by the abstract results.

2. The convergence factor being analytic on the compact D, its maximum is
reached on the boundary. We thus study the variations of R for fixed p and ¢,
on the exterior boundaries of 5+. Due to the complexity of the problem, this
study must be asymptotic, assuming asymptotic properties of p and gq.

3. There are two local maxima in the Robin case, and three local maxima in
the Ventcel case. We prove that there exists a value p (resp. (p,q)) such that
these two (resp. three) values coincide. The corresponding points z are called
equioscillation points.

4. We give the asymptotic values of these points and p (resp. (p,q)).

. We prove that p (resp. (p,q)) is a strict local minimizer for the function F.

6. We again invoke the abstract results to show that the strict local minimizer is
in fact the global minimizer.

ot

Note that point 3 is not at all easy, since many cases have to be analyzed. We
will treat the cases At = Cyh and At = Cy,h? in the same paragraphs. But for the
clarity of the paper, we treat the Robin and Ventcel cases separately.

3.4 Study of the Boundaries of the Frequency Domain

The boundaries of Dy are all branches of the same function (w, k) — 2z =z + 1.
Combining the equations (3.2), we see that z, y also satisfy the equation

I \/(x(z) + 402k2)2 4+ 1602 (w + ck)2, (3.10)

which, together with the constraints z > 0,y > 0, gives us a closed form parametric
representation for D :

T = \/% V(@2 + 402k2)2 + 1602 (w + ck)? + 3 (22 + 402k2),

12 2o (3.11)
y = \/§ V(@2 + 402k2)2 + 1602 (w + ck)? — 5 (23 + 4v2k2).

The boundary curves w +— (x(w, k), y(w, k)) for k = km or k = kj; are hyperbolas,
as one can see directly from (3.2a). They are shown in Figure 2, and defined below,
with the same color code as in the figure. Using s(c) to denote the sign of ¢, the
boundary on the left (west) is given by

Cuw = 2([wm,war], s(c)km) U z([max(wm, |c|km), war], —s(c)km) (3.12)
and the boundary on the right (east) is given by

Ce = z([—min(|c|kar, wiar), —wm],s(e)knr) U z([wm, warl,s(e)kar)
Uz([lelkar, war], —s(c)kar), (3.13)
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0 5 10 15 20 25 0 5 10 15 20 25

|Ck3m| > Wm, ‘CkM‘ < wpg ‘Ckml > Wm, ‘CkM‘ > W

Fig. 2: Illustration of the domain D in the (z,y) plane

with the convention that [a,b] = § whenever a > b. The corner points of D are

z1 = z(max(wm, |clkm ), —s(c)km),
zo = z(—min(wyy, |clkpr),s(c)km),
z3 = z(war,s(e)kar),
24 = z(wpr,s(c)km).

In order to complete the boundary of l~)+, we analyze now the curves at constant
w. The northern curve joins z3 and z4,

Cn = Z(UJA\/, S((ﬁ) U\’m, ]\’A\/D. (314)
The southern curve can have two components, which are
Cow = 2(wm, —s(c)[km, %}), Coe = Z(WM,S(C)[%,WD. (3.15)

Theorem 11 The curve k +— (z(w, k), y(w,k)) has a vertical tangent in the first quad-
rant if and only if w > 0. It is reached for

k1(w) = ﬁ (:cg +c - \/(:cg +c2)2 + 16u2w2) . (3.16)

It has a horizontal tangent in the first quadrant if and only if w > 0. It is reached for

ka(w) = ﬁ (:cg +E+ \/(:cg +c2)2 + 16u2w2) . (3.17)
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For we = 0, the curve is monotone.

Proof We fix w and differentiate (3.2) in k to obtain
T —y\ (Okx\ _ 2vk
I
Opx\ _  2v 2vkx + cy
(aky) a2 42 (—Qka + c:c) ’ (3.19)

We first search vertical tangent lines. From (3.19), we see that 9,z = 0 if and only
if

or equivalently

2vkx + cy = 0. (3.20)

Multiplying (3.20) successively by z and y and substituting zy from (3.2b) gives
the system

z? —%(w—kkc)7
, k (3.21)
Yy = —4v”=(w + kc).
c

Replacing into the expression (3.2a) for 2 — y? gives the equation for ke (we keep
kc since ke has a sign)

Qu (ke) = 410/—22w(kc)2 — (2 + x3) (ke) — we? = 0. (3.22)

The polynomial Q. has one negative solution cky (w), and one positive solution
cka(w), given in (3.16,3.17). For k to yield a solution of (3.21) in z > 0,y > 0, we
must have w + ke > 0 and kc < 0. We compute Qu(—w) = w(zd + 4%), which
has the sign of the leading coefficient in Q.. This proves that —w is outside the
interval defined by the roots, i.e.

—w < ck1(w) <0 < cka(w) ifw>0,
ck1(w) <0 < cka(w) < —w if w < 0.

Therefore, w + cl%l(w) >0 <= w > 0, and there is a unique point where the
tangent is vertical, and this point is given by k = k; (w).

We now search for horizontal tangent lines. By (3.19), we see that 9,y = 0 if
and only if

—2vky + cx = 0. (3.23)

Proceeding as before when we obtained (3.21), we get the system

z? = 41/2§(w + kc),

(3.24)
y? = ¢ (w + ke),
k
and kc, together with w+kc, must be positive, which is the case if kc is the positive
root of Qu, yielding ko. Thereforg, there is a unique point where the tangent is
horizontal, which is given by k = ka(w).
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Cn

0 5 10 15

Fig. 3: lllustration of the domain E+ in the (z,y) plane with the two special points
z1 and Z defined in Corollary 1

If w =0 and ¢ # 0, a direct computation shows that

42 k(22 4 2)
T = W >0, Oy

_ 2B +a?)

z(2? +y?)
which implies that sign(9,x) = sign(k) and sign(dyy) = sign(c). Since with w =0
we have from (3.2b) that k and ¢ have the same sign, and hence % = g:—‘z >0, we
obtain that the curve is monotone.

Suppose now ¢ = 0, w # 0. Using (3.19), we obtain directly % = % =-4 <0,
and again the curve is monotone.

Finally, if ¢ = w = 0, we obtain from (3.2b) that y(z) = 0, going from = = zg
to infinity, which is also monotone.

Corollary 1 The northern curve Cp, has a horizontal tangent, at 2 = z(wyr, k2(war)),
if and only if |k2(war)| € [km, kag)- .

For km < wm/|c| the southern curve Csw has a vertical tangent at Z1 = z(wm, k1(wm)),
if and only if |k1(wm)| € [km,wm/|c|].

Proof The results follow directly from Theorem 11.

We show in Figure 3 an example where the two points k1 and ko are part of

Dy.
Note that for wys large, we have from (3.17) that

2 2
1+:c0—|—c

c —2
AR T R CIVDL

]:32(&)]\/[) =

Therefore a sufficient condition for Z2 to belong to the northern curve for w); large
is km < %

The next lemma gives the asymptotic expansions for the corner points of l~)+,
21 := z(wm, —s(c)km) if |c|lkm < wm and z1 := z(wm, —wm/c) if [clkm > wm, 23 =
z(war,s(e)kar), and z4 := z(wpr,s(c)km), and also for other important points on
the boundary of .5+.
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Lemma 1 The corner points zj of 15_;,_ have for kpr and wyy large the asymptotic
erpansions

2zl = \/1(2) + 4v2k3, + 4iv max(wm — |c|km, 0),

2wk +i(lel + 722)  if wvr =k, (3.25)
B 2wk TS ifwn 2 kK,
M
24 ~ 2vwyr (1 +14).

We furthermore have the expansions for the horizontal tangent point
~ C - .
ka(war) ~ 5o Z2(war) ~ / 2vwn (14 1).
Proof All expansions are obtained by direct calculations.

We now define the south-western point and the northern point as

2 if |ckm| <wm or if (|ckm|>wm and |k1(wm)| € [km, “ml),
Zsw=4 _ ~ . 7 w
z21=2(wm, k1(wm)) if |ckm|>wm and |ki(wm)| € [km, 22 ].
N if|l¥2(wM)| g[krmk]WL
Zn=

Zo=2(wr, ka(war))  if [k2(war)| € [km, kag)-
(3.26)

4 Optimization of Robin Transmission Conditions

This section is devoted to the proofs of Theorems 1, 2 and 3. The existence and
uniqueness of the minimizers are guaranteed by the abstract Theorems 7 and 8;
we therefore focus in each case on the characterization of a strict local minimum,
which will also provide the asymptotic results.

4.1 The Nonoverlapping Case

Proof of Theorem 1 (Robin Conditions Without Overlap): by Theorem 7, the best
approximation problem (3.4) on D has a unique solution (p(0),55(0)), which is
the minimum of the real function Fy in (3.6). To characterize this minimum, we
are guided by the geometric interpretation of the min-max problem: we search for
a circle containing 5+, centered on the real positive half line, and tangent in at
least two points. From numerical insight, we make the ansatz that p§(0) = /2vkyy,
which we will validate a posteriori by the uniqueness result from Theorem 7.

Local Maxima of the Convergence Factor: We start by analyzing the vari-
ation of Ro(w,k,p) = |po(w,k,p)|? on the boundary curves Ce (k = km) and Cy
(k= k).

Lemma 2 For kp; large, and p = /2vk);, we have

1. the maximum of Ro on Ce is attained for z = z3.
2. the mazimum of Ry on Cy s attained for z = z4 or z = z1.
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Proof Computing the partial derivative of Ry with respect to w using the chain
rule, we obtain

322 — 42 — 2
OwRo(w, k,p) = 8vpy W7

which we rewrite, using the definitions of z and y in (3.11), as

8
D Ro(w,k,p) = ﬁ(% (x3+4u2k2)2+16v2(w+ck>2+2<x8+4u2k2>—p2) .
(4.1)

We look now at the two boundary curves separately:

— |k| = kps: with the asymptotic assumptions, p? < 2(z2 + 4v%k%,), and the
factor on the right is therefore positive. Since y is non-negative, 9., Ro(+, kns, p)
does not change sign, and the convergence factor Ry is thus increasing in w.
Its maximum is attained at z3.

— |k| = km: the right hand side of (4.1) vanishes if y = 0, which leads to a first
root

w1 (k) := —ck,

and also if the factor on the right in (4.1) vanishes, which happens if and only
if

\/(:cg + 402k2)2 + 1602 (w + k)2 = p° — 2(z§ + 4°k?),
where the right hand side is positive, since |k| = ky, and we have the asymptotic
assumption on p. By squaring, this equality is equivalent to
1602 (w 4+ ck)? = (p? — 2(xd + 40%k2))? — (2d + 4%K?)?
= (p* = 3(af + W°k?)) (p® — («f + 42K?)).

Under the asymptotic assumption on p, the right hand side is positive, and we
can therefore obtain two further real roots

wa(k) := —ck + 4i\/(p — 2(2 + 4v2k2)) (p? — 3(22 + 4v2k2)),

w(k) —-ck-i\/(p —2(a2 + 402k2))(p? — 3(a2 + 42k2)).

The three values w;(km), j = 1,2,3, which lead to a vanishing derivative, can be
ordered, w3(km) < wi(km) < wa2(km). Looking at the behavior of the derivative
of R in (4.1) for w large, we see that wi(km) must be a maximum, whereas
w2 (km) and w3 (km) represent minima. For k = —s(c)km, w1 (k) = |c|km belongs
to the western curve only if wy < |c|km, see (3.12), and it is precisely on the
boundary. The maximum of Ry is therefore always attained on the boundary
of the western curve.

We next analyze the variation of Ry on the exterior boundary curves of 5+
when w is fixed. We start with the case w = wm:

Lemma 3 For km < wm~/|c|, and large p, the derivative of k — R(wm, k, p) vanishes
at a single point k3(p) ~ k1(wm), yielding a mazimum at Z3(p) = z(wm, k3(p)), and

RO(Zlvp) 7‘f|l’€3(p)| X kmy

2€Cau Ro(Z3(p),p) if [ks(p)| < k

sup Ro(z,p) = {
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Proof As in the previous proof, we start by computing the partial derivative
(2® —y? — p*) O + 2aydhy No (k)
7 = 8pv —> 1
|z + pl |2[? [z + p] (4.2)
No(k) = (22 —y? = pH)Qukz + cy) + 2zy(—2vky + cx).

O R(wm, k,p) = 4p

For k in —s(c)[km, $2], Nu,, (k) ~ —p* Oy if Oz # 0. If |k1(wm)| < km, O has a
constant sign in the interval, and Ro(wm, k, p) is a decreasing function of z, reaching
therefore its maximum at z1. If |k1(wm)| > km, Oz changes sign in the interval,
and so does N, (k): there is a value k3(p) ~ k1(wm) such that N, (k3(p)) = 0.
At that point Rg is maximal.

It finally remains to study the case were w = w)y.

Lemma 4 Suppose that wyy and kpyr are large, with wyr 2 k§y, o = 1 or 2, and
p 2 Vky. If p < Vivwyy, k — R(war, k,p) has a single mazimum point at Z4 =
2(war, ka(wpr, p),p). It is given asymptotically by

. dvwy —p ifa=1
]:;4(U_)M7p) ~ 2CIJ 4IJU)M +p2 ) (43)

We then have the following two results:
1. If p > Avwyy or if p < /Avwys and |km| > |ka(war, p)|, then

sucp Ro(z,p) = max(Ro(z3,p), Ro(24,p)).
z2€Cn

2. If p < VAvwyr and |km| < |ka(waz,p)|, then

Sucp RO(Z7p) = maX(RO(z37p)7 R0(24(WA{[7P)7P))«
z€Cn
Proof We study the variations of N,, defined in (4.2), for s(c)k € [km, kps]. Since
we are on Cp, k has the sign of ¢, see (3.14), which implies that 9z has the sign
of ¢, as seen from (3.19). We now study separately the two cases wy; = kj; and
w2 kﬁ/js
e Case wys =2 kpr: we need to study the three cases k « kj; for o < %, o= % and
1 .
b <a<l:
Vk=2kS, a< %: we obtain from (3.11) that z ~ y ~ /2vw), and (3.2a)
shows that z° — 32 ~ 22 + 40%k? < p?, which gives
Nows (k) ~ v/ 2vwps (—p® (2vk + ¢) + dvwpr (—2vk + ¢))
~ V2uwp (=20k(p? + dvwpr) — ¢(p® — dvwyy)).
Since k has the same sign as ¢, this last quantity has the sign of —c if
p > vAvwys. |p| is therefore a decreasing function of z. If p < /4vw)y, the
right hand side vanishes for
c dvwyy — p?

ko = — =0(1).
07 20 dvwyy + p2 (1)
Therefore it has the sign of ¢ if |k| < |ko|, and the opposite sign otherwise.
By the intermediate values theorem, N,,, vanishes for k4 ~ ko, where a

local maximum occurs.
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1
v k= kg, in this case,

Neoar (k) ~ 2l/kwM1:(1:2—3y2—p2) = 2ukwM:c(2(2uk)2—\/(21/k)4—|— (4uwM)2—p2).

The right hand side vanishes for

K — s(C) \/2p2+ /o8 + 3(Avwny )2 = kip

and changes sign. Therefore, N.,,, vanishes for k} ~ kj, where a local min-
imum occurs
v k=kY, & <a<1: In this case we see from (3.2a) that 2> — y* > p°,

~ \Av2k2 + divwyy ~ 2u|k| + oM |k|
and the leading order term in N, is
Nuons (k) ~ 402K (2vka) + 4vwpy (—2vwyy + 2uck) ~ (2vk)*s(c).

In conclusion, if p? > 4dvw,y, |p| has a single extremum, which is a minimum,
and SUPy g (c) (b kas] B0 (War, By p) = max(Ro(war,s(c)kar, p), Ro(wm,s(c)kar, p)).-

T —_ 2 . . . .
If p? < 4vwyy, there is a maximum at kg ~ %%. If it is inside the seg-

ment, then Supkes(c)[kmkM Ro(war, -, p) = max(Ro(war,s(e)kar, p), Ro(war, ka, p)).

e Case wyr = k3, we study the cases k = k§; fora =0,0 < a <1 and a =1

separately:

v k=1: wehavex ~y ~ /2vwyy, and in Ny, the dominant term is 2zy(—2vky+
cz), which vanishes at k2(wys), from which we conclude that for |k| <
|k2(war)|, s(¢) Nuw,y, (k) is positive, and negative for |k| > |k2(was)|. Therefore
a local maximum is reached in the neighbourhood of k2 (wyy).

vV k<2 kS, 0 <a< 1 we have again = ~ y ~ v/2vw), and the dominant term
in Ny,, is 2zy(—2vky), and

NwM ~ —8Vka£C.

V' k= kyr: we have now z ~ 2v|k|, y ~ % < ks, and the dominant term in
Ny, is

Near ~ 21/%(1’2 — 3y?) ~ 2wka(4%k* — 3w3)).
Hence s(c)Nw,, is negative for small k, and becomes positive for k >

A/ gwM. Ro(was,+,p) therefore reaches a minimum in the neighborhood

S

Of WU}M
In conclusion, there is a maximum at ky ~ ko (war) ~ 5. If this lies in the seg-
ment, then supyeg(c)ik,, k] K0 (War, -, ) =max(Ro(war, s(c)knr, p), Ro(war, ks, p))-
Otherwise SUDs(¢) [km,kar) Ro (WM7 ) p) :maX(RO(w]W7 S(C)km7p)7 Ro (WM7 S(C)kM7 p))

The conclusion of the Lemma now follows directly from the conclusion of the two
cases.
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From the above analysis, we see that there are three local maxima of Ro(w,k,p):

z1 if |ckm| < wm,
southwest Zsyw = ¢ 21 if |ckm| > wim and |k3(p)| € [km, LTT"\IL
Z2(p) i chml > wm and [Ra(p)] € [km, 2],
2 if p > vAvans, (44)
northwest Z, = < 24 if p < vAvwyr and |ka(war, p)| € [km, k),

Za(wpr,p)  if p < Avwys and |ka(war, )| € [km, kar],
northeast zs,

where Z3 comes from Lemma 3 and Z4; comes from Lemma 4.

We investigate now the asymptotic behavior of the convergence factor for large
kar, in order to see which of the candidates of local maxima Zsw, Zn and z3 will
be important. Since Zsy = 1, for p = /kjs, the convergence factor at Zs, behaves
asymptotically like
z Tsw

po(Zsw,p) = 22—L 14220 (G, p)] ~ 1= 2222,

sw
Zsw TP p

For Z,, we have k = 1 and w = wyy. Therefore z, ~ 2vwp(1 +4) and the
convergence factor at Z, behaves asymptotically like

; p
1 ti— V2vwar

T . P -
1 +it+ V2vw g

p0(2n7p) ~

We thus need to distinguish two cases for pg(Zn,p):

1. If wpr = kpg, |p(Zn,p)| is asymptotically a constant smaller than 1, which
shows that the modulus is smaller than 1 independently of w);, and thus also
independent of k,;. Therefore, for k;; large enough, the convergence factor at
Zn is smaller than the convergence factor at Zsw, where it tends to 1, and we
do not need to take it into account in the min-max problem.

2. If wps = k3, then #LUM = o(1), and the convergence factor at z, is asymp-
totically
. p
Zap)| ~ 1= —L—
lpo(Zn, p)l V2vwir

which means it could be important in the min-max problem.

We finally study the convergence factor at the last point z3, and again have to
distinguish two cases:

1. If w2 kg, 23 ~ 2vk)y —|—i%j|;“w and the convergence factor at z3 behaves
asymptotically like
r3 — P ~1 p

3+ p vkar’

lpo(z3,p)| ~

which means it needs to be taken into account.
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2 N
2. If wy = VZM then z3 ~ 2vkpry/1+ 4 and the convergence factor behaves
asymptotically like

d(d+V1+4+d?) p
2(1+d2)  vky’

|P0(Z37p)| ~1-

again possibly important for the min-max problem.

Determination of the Global Minimizer by Equioscillation: We now com-
pare the various points where the convergence factor can attain a maximum, in
order to minimize the overall convergence factor by an equilibration process. We
need to consider again the two basic cases of an implicit or explicit time integration
scheme:

1. If wpr 2 kyy, for large wyy, large kyy and p <= kjpy, the maximum of |pg| is
reached at either Zg, or zs. We therefore consider the difference |po(Zsw,p)| —
|po(z3,p)|, which is asymptotically equal to 2(5£— — Z2=). Depending on the

2vk g P
2

p
2vkng

Therefore, as a function of p, we can make it vanishes in the region p =« \/kj;.

relative values of

and wsw, this difference can be positive or negative.

2
2. If wy = U]ZM, then the point Z, comes into play: we compute asymptotically
the difference

d 1 d+ V14 d?

_ 5 ~_P
lpo(z3,p)| = |po(Zn, )| ok \ 2 T+ a2

The sign of this quantity is governed by the value of d with respect to dp:

If d > d07 |PO(ZS7P)| > |p0(2n7p)|7
If d < do, |po(2z3,p)| < |po(Zn, D).

Hence there is again a value of p such that |po(Zsw, p)| = max(|po(z3,p)|, |po(Zn, p))-

In order to obtain an explicit formula to equilibrate the convergence factor at two
maxima, we get after a short calculation that |pg| equioscillates at the generic
points Z1 and Zs (i.e. |po(Z1,p)| = |po(Z2,p)|) if and only if

_ \/R6Z1|ZQ|2 — RGZQ|Z1|2
p= ReZg—ReZl ’

Therefore we can define a unique p§ for both asymptotic regimes by the equioscil-
lation equations

Wh 2 kM |PO(gsw:ﬁ8) = |PO(Z3:ﬁ8)|:
k2, Jd>do |po(Zsw,p6)| = lpo(zs,p0)l, (4.5)
WM = —g d d =~ —x\| __ ~ =k
<do |po(Zsw,P0)| = |po(Zn,Po)|-

Tow ‘23‘2_m3|23w ‘2
T3—Tsw

In the first two cases, we get p; = and in the third case we

. — T 2_ ‘.\ 2 . ~ . . .
obtain pg = \/—15w‘zgjl\]7§leow| . Since Zsy is bounded, we obtain the asymptotic
o
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o~ _x Tswlzs|?
wv 2 kv po o~ TR
) x [ 55w 2s]?
vk d>do po~y o
d

results

Wpar —

d<dy phrfZelinl
which imply
wyp 2 ks f)SN\/2IJkM:E5w,
— 2(11d%)
2, d>do po \/QUkMSCsw WdivirdD)’ (4.6)

WM = —3

1

d < dop [38 ~ (| 2Ukp T swn ] 5.
We now need to prove that the values of the Robin parameter p, we obtained by
equioscillation are indeed local minima:
Lemma 5 For ép sufficiently small and p = pg + 6p
Fo(p) — Fo(po) = max(6pdplpo(Zsw(P0), o)1 3pplpo (Zn(war: P0), 6))| + o(dp).-
Proof Consider for example the last case in (4.5), when Zsw = Z3(p) and z, =
Za(wypr, p). By continuity,
Fo(p) = max(|p0(23(p)7p)|7 |p0(24(wM7p)7p)|)'
By the Taylor formula,
lpo(Zs(p), p)| = lpo(Z3(P0), Do)l + 0p(0pZ3(P6)Iklpo(Z3(Po), Po)I)

+0p|po(23(P5), 7o)| + o(0p)
= [po(23(p5), P6)| + 0pdplpo(23(p5), P6)| + o (dp),

since O |po(23(py). P5)| = 0. In the same way,
lpo(Z4(war, p),p)| = |po(Za(war, §0), D0)| + 6pdp|po(Z4(war, Po), Po)| + o(5p).
Therefore
Fo(p) — Fo(pg) = max(5pdp|po(Z3(p5), 96), 6p9plpo(Za(war, §6), 10)|) + o(0p),

which gives the lemma in this particular case. For the case where the extremum
is reached at a corner of the domain, the argument is even simpler, since then no
derivative in k occurs.

The derivative of Ry in p is given by
—4a(]z[* —p?)

|2+ p|*
For p = p§, 2 = Zsw , the numerator is equivalent to 4xp?, whereas for z = Z,, it is
equivalent to —4x|z|2. Therefore dp|po(Zsw(Bg), 9o)| X Iplpo(Zsw(war, bo), 76)| < 0,
and Fy(p) — Fo(py) < 0: py is a strict local minimizer of Fy.

By Theorem 7, pg is the global minimizer, and therefore coincides with pg(0).

In order to conclude the proof of Theorem 1, we can replace in (4.6) the term gy
by the notation A/4 from the theorem, to obtain

8o (L) =

8PR0(Z7p) =

1ot g A
p 2p

Zsw —p
gs’uu —|—p

The proof of Theorem 1 is now complete.
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Cy z4 case 1 ? z4 case 1
Cuw
z
sw Z1
(b) k1 (@m)| < hm < 42 (c) km >

lel

Fig. 4: Illustration of the domain 53_0 in the (z,y) plane

4.2 The Overlapping Case

We address now the two overlapping cases, and prove Theorem 2 for the conti-
nous algorithm, and Theorem 3 for the discretized algorithm. By Theorem 8, we
know already that there is a unique minimizer in both cases, which we now again
characterize by equioscillation.

Proof of Theorem 2 (Robin Conditions with Overlap, Continuous): we denote the
unique minimizer of Fy, by pg o, (L). As in the non-overlapping case, the maximum
over the whole domain is reached on the boundary C = Cg° U Csw of ﬁf, which is
represented in Figure 4 for the three possible configurations of the boundary. In
order to simplify the notation, we use [ := 2L—V We start with the variations of the
convergence factor

R(w7k7p7 é) - Ro(w7k7p)672lz (47)

on the west boundary Cg°. Calculating the partial derivative of R with respect to
w leads to

OwR(w, k,p,0) = (dwRo(w, k, p) — 20Ro(w, k, p)dwz(w, k))e 2%

4
Y pE Sk(z,y,p,4),

v (4.8)
212 +

where we introduced the function
Sk(x,y,p,€) = 2p(32°—y* —p*)—£|2* —p*|> = 2p(32°—y*—p*) —€ [(«® —y* —p®)*+42>y?].

The root y = 0 of O R(wm, k, p, £) corresponds to w = —ckym, which is possible only
if |wm| < |ckm)]-
We study now Sy, (z,y,p,£). Replacing y* = 2% — o® = 2% — 2§ — 4%k}, from
(3.2a), we get
S (2,0,0) 1= 2p(22% + 0* — p*) — £((0® = p*)* + 42°(2® — 0?)),
which is now a second order polynomial in z2,
Sk, (z,p,0) = —4lz* + 40+ p)® — (p* — a?)(2p + L(p* — &?)). (4.9)

The following lemma gives the asymptotic behavior of the roots of this polynomial:
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Lemma 6 For small ¢, large p with {p small, S'km (z,p, ) has two distinct real Toots,

Ho0~ L #5002

The first root is the real part of a minimum of the convergence factor, and the second
root is the real part of a mazimum of the convergence factor, say at 7. We thus obtain
that

sup |p(z, p, €)| = max(|p(=1,p,0)|, |p(Z2(p, £), p, £)]).

z€C?

Proof The discriminant of the second degree polynomial S’km and its leading asymp-
totic part under the conditions of Theorem 2 are

A =4(Aa +20%0p (2 + tp)); Aa = 4p*(1 — 2tp — 1*p?).

Since A ~ Aq, S'km has two roots with asymptotic behavior

~/ p ~/ V4
Ty~ —, To ~ —.
Vo \/;

For 2 =z + z\/(i’;)2 — (2% + 4v2k2,), which we obtain from (3.2a), we compute

o 1-+2 o
) 76 ~ T = ; 76 ~1-2 67
lp(21,p,0)] Y, lp(Z2,p,0)]| Vp

and |p(21,p, )| < |p(23,p, €)| for small £p.

We analyze now the cases in Figure 4 in detail:

— Figure 4c, |wm| < |ckm|: As w runs through R, z runs through the full hyperbola,
and Supzeﬁf |p(z7p7 £)| = max(|p(zl7p7 £)|7 |p(527p7€)|).
— Figure 4a and 4b, |wm| > |ckm|: here we need to study the variation of R on
Csw = z(wm, —s(c)[km, “"T’T]), and compute
akR(w7k7p7e) = st(wﬁ%[%f%
|2[?|z 4 p|*

Sw(z,y,p,0) := 2p{(2vkx + cy) (2 — y* — p?) + 2zy(—2vky + cx)}
—0(2ukz + cy)|2? — p? 2.

(4.10)

With the same assumptions as in the previous lemma, for any z in Csw,
S, (2,,9,£) ~ =2p° (1 + £p*) 2wk + cy) = —2p° (1 + £p?) ..

In case of Figure 4b, where |ki(wm)| < km, 9z has a constant sign on the
curve Csy, see the second case in Corollary 1, and hence the maximum of R is
reached at z;. In case of Figure 4a, where kn, < |k1(wm)l|, 5(¢)Sw,, is positive
for km, < || < k1(wm), and negative for |k| > ki (wm). It must therefore vanish
in a neighborhood of k1 (wm), where R has a maximum on Csy, at a point we
call 25(p,€) := z(wm, k4 (p,£)), which is asymptotically equivalent to Z; where
the vertical tangent occurs.
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We now define the point z.,,(p, £) by

~ 21 if wm < |c|km or |k:3
Z;w(p7 f) = { P

,ﬂ)l < 5

in order to write in compact form

sup |p(z,p,£)| = max(|p(Zw(p, £), 0, £)|, |p(Z2(p, £), p, £)])-
zeDT

Using the asymptotic expansions of |p(23,p, £)| above, and |p(Z5w,p, £)| ~ 1 —2%52,
we see that for small ¢,

~ xT
1p(22,p, )] — [p(Zew, P, £)| ~ 2( ;w Vpl).

This quantity is positive for p smaller than {/%5=, and negative otherwise. There-
fore it vanishes for one single value of p, and we have asymtotically

2

o~ x;”, Fr(p) ~ 1 — 2Tz, (4.11)

We verify that ¢p5, tends to zero with ¢, thus justifying all previous computations.

The proof can now be completed like for the previous theorem, showing that

Do 18 a strict local minimizer and therefore coincides with the global minimizer
pao according to the abstract result.

Proof of Theorem 3 (Robin Conditions with Overlap, Discrete): In order to prove the
results for the discretized algorithm, suppose ¢ = k;j, p large , with £p small as in
Lemma 6. The maximum at 25 on C is on the curve Cy if Th o~ \/g < x4 ~ 20wy

We see that
i_lg > 1if wyy 2 kypy,
T4 QVZwM ,/ <<11fo.)MMkM7

which indicates that the continuous analysis will only be important in the second
case. We study now both cases in detail:

— w2 kJQW: Let p <« p; so(L)" An asymptotic study shows that the derivative in
w on the eastern curve |k| = ks satisfies

Spay (2,0, 0) ~ —L(4°K3 + 160°0%) < 0.

Therefore the maximum of |p| on the east is reached at z3 = z(wys,s(c)kps).
The same study on the north gives

Sunt (2,0,0) ~ =00,z ((4°K?)? + 161°w]

The sign of Sw,, (2,p,£) is the opposite of the sign of z, the maximum of |p|
on Cy is therefore reached at z4. From this we conclude that all values of |p|
on Cp and Ce are smaller than the value at z4. We now study the variations of
R on the other boundaries. Since p = paOO(L), the conclusions from Lemma 6
and after are all valid, there is a unique value p*(£) of p such that |p(25,p, £)| =
|p(Zhw,p, £)]. Tt is for £ = £ small asymptotically equivalent to 16,00 (L)-

v
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— wps 2 ka: We perform the asymptotic analysis in kjps, assuming p < /war,
and study the behavior of the convergence factor on all four boundary curves
Cw, Ce, Csw and Cp:

Behavior of R on Cuw: &5 > x4, and R has no local maximum on C,,. Therefore
maxc, R = max(R(z1), R(%5)).
Behavior of R on Ce: Since p < kjs, using that = ~ 2vk,;, we obtain

S (T,y,,0) ~ —Z(QVkM)4.

The maximum of R on the eastern side is therefore reached for z = z3.

Behavior of R on Csw: The behavior of R on the southern part remains un-
changed: for km < wm/|c|, p = O(V/2vkyy), the maximum of R(wm,-,p) on
—5(¢)(km,wm/|c|) is reached at the single point 25 (p,€) = z(wm, k4 (p,€)),
whose asymptotic behavior is given by kj (p,£) ~ k1(wm). The proof is sim-
ilar to that of Lemma 3.

Behavior of R on C,,: We extend the analysis in the proof of Lemma 4 to S,
in (4.10). The variations of R are determined by the sign of

Y4
Swnr (k) = (Nwn (k) — 2_p|22 — p2|2) (2vkz + cy)
14
= 2p | (a0 g (AR ) 100 g+ k) 2 n)

+4v(wpy + ck)(—2vky + cx)

Again we have to distinguish three cases for k « k§;: o < %, % <a<1and
a=1:
vV k= O(k]%): in this case Sy, (k) ~ 2pNu,, (k), and therefore on the
curve Cn, Sw,, vanishes for kj ~ k4 under the conditions of case 2
in Lemma 4, and R has a maximum there. For kj = vk, R has a
minimum.
v For k =k, with % < a < 1, the overlap comes into play. We have

Sun (k) ~ 2p(20k) *s(c) (1 — 2%(2%)2).
The right hand side vanishes for 2vk = 273", and Su,, (k) vanishes

therefore in a neighbourhood of that point,

1 1 2p
ko oo\ T

which corresponds to a maximum of R again.
v For k = kyy, the overlap dominates, and S, (k) ~ —£(2vk)*s(c).



26 Daniel Bennequin et al.

Therefore, there are two local maxima on the curve Cp, and we must com-
pare |p| at Z, defined in (4.4),

|p(2n p)| ~ (1+7')V2VWM p —€(1+1)W
’ (14 49)v2vwypy

and p| at 2 = (¥, wr),

1 =1 . Wy uéwM /
z4~2u|k4|<1+z = ) ( +i—) ~ =
v(ky)?
which gives for |p| at 2/
/2_10 _p /pf
(24, p)| ~ Y= VP! 2 (1 —\/2p0) ~ 1 — 24/2pt.
JE - Ty f

Since —=£Z— > /2p?, we find

V2vw g
sup lp(z,p)| = |p(Z4, p)| ~ 1 — 2/2pL.

n

2uw

The rest of the proof is now similar to the proof of the nonoverlapping case,
except that now the best p equilibrates the values of |p| at the points Z/ and
Z1,, which is equivalent to zsw. Asymptotically we have

~11 Tsw
P =z ~1-2 ’
lp(Zw)] )

which gives for p and the optimized contraction factor the asymptotic values

2
% _ 3/ Tsw * ~1_ Tsw
P = {5e 80~ 12

The full justification that p*(L) is indeed a strict local, and hence the global
optimum is analogous to the nonoverlapping case and we omit it, and the proof is
complete.

5 Optimization of Ventcel Transmission Conditions

This section is devoted to the proof of Theorems 4, 5 and 6. We start with a change
of variables,

s=p+aq(z" —23)/w=p+¢> p=p-x5/dv, §=q/d,
with which we can further simplify the convergence factor,

S~ 2
pP+qz”—z _Ls
zZ,p, 7L =———F5—c¢ 2. 5.1
p(z,p,q, L) R (5.1)
Note that we will still write the arguments in terms of p and ¢, which are now
simply functions of p and ¢, and the min-max problem is still

inf sup |p(z,p,q,L)| = sup |p(z,p",¢", L)| =: 61 (L). (5.2)
) z€D
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5.1 The Nonoverlapping Case

Proof of Theorem 4 (Ventcel Conditions Without Overlap): by the abstract Theorem
9, the best approximation problem has a unique solution (p7(0), ¢7 (0)). We search
now for a strict local minimum for the function Fy(p,q). We first analyze the
variations of R on the boundaries, and identify three local maxima. Then we show
that there exists (p],q;) such that these three values coincide, and we compute
their asymptotic behavior, showing that they satisfy the assumptions. We finally
show that (p7,q}) constitutes a strict local minimum for the function Fy on R4 x
R4, from which it follows that the local minimizer (p7,q7) = (p1(0),q¢7(0)), the
global minimizer.

Local Mazima of the Convergence Factor: The following Lemma gives the lo-
cal maxima of the convergence factor for the two asymptotic regimes of an explicit
and implicit time integration we are interested in:

Lemma 7 Suppose the parameters in the Ventcel transmission condition satisfy
1
pokly, g2k, 0<a<z<f<l atp<l. (5.3)

Then, we have for the two asymptotic regimes of interest

1. in the implicit case, when kj; = Cpwpr, the supremum of the convergence factor
s given by

sup |po(z,p,q)| =

{maX(IPO(ésw(n )7, )l lpo(Z1(p, 0), 2, @)1, [po (23, P, O)1) if § <wnr,
Dy

ma’X(|p0(55’UJ(p7 q)7p7 q)|7 |PO(5n(p7 q)7p7 q)|7 |PO(23:p7 q)|) Zf % >wM7

where Zn € Cn is defined in (5.13), and the asymptotic behavior is

o :I: 4
lpo(Zsw,p @)l ~1=2=5, Jpo(zs,pra)l ~ 1=
(5.4)
} Pq . P LM
~1-2,/24 ~ - =P (T
lpo(Z1,p, q)] o0’ [po(Zn: P, )] 2vwps ( p 7

where P(Q) is defined in (2.12).
2. in the explicit case, when wy; = ﬁk?\l} the supremum of the convergence factor
is given by

Sllp |P0(Z,p, q)| = ma’X(|p0(55’UJ(p7 q)7p7 q)|7 |p0(51(p7 q)7p7 q)|7 |p0(5’:l(p7 q)7p7 q)|)7
Dy

where Zn(p,q) is defined in (5.15), and

if d > d
Spg) =2  Td>do (5.5)
En(p, Q) Zfd < d07

and we have asymptotically

v _oTsw v o | P9 o/ _ 4c g
|p(st7p7q)| 1-2 P ) |p(z17p7q)| 1-2 2’ |p0(zn7p7Q)| 1 qu 9’
(5.6)

with C defined in (2.8).
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Proof The proof of this lemma is rather long and technical, but follows along the
same lines as in the Robin case: we first compute the derivatives of Ro(w,k,p,q)
in w and k, using the formulation (5.1), to obtain

_ o _(32"=D)

0:p0 = 2G5 r iy
0, 1 Ro(w, k,p,q) = 4Re (8zpo po O, 1,2)

— g Re((@Z=p) (7+32?)?=2?) Du .k 2)

- ~[praetalt

— g Re(N(2:2) Ou.k2)

e o

N(zz) = (¢=" = p)((p+qz7)" — 2°).

We now expand the numerator N(z, z), using X := 234412k and Y := 4v(w+ck),
so that
2? =X+1iY, z=uz+1y, :c2—y2 =X, 2zy=Y.
Using this notation, we obtain
ReN(z,2) = (¢X = p)(¢°X? + (2p7 — 1)X +57) + 4(¢*X + 3pg — 1)Y?,
ImN(z,2) = Y (=G X2 4+ 252X + p(3pG — 1) — Y ?).
With the assumption on the coefficients p and ¢, pg < 1, we have
ReN(z,2) ~ @PX(X*+Y?) - G(X? +Y?) +5X — 5°, (5.7)
ImN(z,2) ~ Y(=@(X% +Y?) + 256X — p). '

We present now the remining three major steps in the proof:

1. We begin by studying, for fixed k, the variations of w — Ro(w,k,p,q). Since
dwz = 2wy +ix)/|2|?,
OuRo(w:h,p, @) = 8v S = Sv e
P, =yReN —zIm N
~y(@X (X2 +Y?) - §(X* +Y?) +5X -
222 (=@ (X% +Y?) +2p4° X — p).

(a) We study first the left boundary C. with k = kp,, where X = O(1) is fixed.
We define ¢ = 222 — X, and replace 222 = ¢ + X, X2 +Y? = ¢? in the
previous expression. This yields a third order polynomial in the £ variable,

B~ yQa(©)i=y (P +TQPX - D +5(1-28 X)+5(2X 27X 7))

(5.8)

The principal part of Qs is
Qs(6) ~ 36— G€ + 6 - 7", (5.9)
Since y is always positive or vanishes for w = —ckm if |c|km € (wm,wpr) (see

Figure 2), the sign of d,Ro(z,p,q) is the sign of Q3(¢). Q3 has asymptoti-
cally three positive roots

p

N 1
1<<fo~p2<<€1=q L&y~ =

Z

With the assumptions on p and ¢, the roots are separated. Therefore, by
continuity, Q3 has three roots &0, &), &5 which are equivalent to &g, &1, €2,
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(b)

and dwRo(w, k,p, q) has, in addition to —ckm, three zeros &; ~ &;/4v, j =
0,1,2. &g and &2 correspond to minima of Ry. Note that z(w;(k), k) =
z(w;j(—k),—k), so that we can consider the part corresponding to k = s(c)km
only: there exists a unique maximum at zi(p,q) = 2z(@1(s(c)km),s(c)km),
and two minima at z(@o(s(c)km),s(c)km) and z(@2(s(c)km),s(c)km), and
we have the ordering

2 -

wm < o~ L <« <&

D 1
1 g ST g (5.10)

If wys =k, then &g > wyy, and

sup |po(z,p,q)| =

w

max(|p0(z17p7 Q)|7|p0(21(p7Q)7p7 q)') if ‘:)1 4yq < WwnM,
max(|ﬂ0(zl7p:Q)|:|PO(Z4:p7Q)|) lf L:-)l ~ Tq >wM7

with

p+4vqun

s P N12~7 s P N1_77 V77 ~ 1-24/2pq.
lpo(z1,p,9)] lpo(24,p,9)] N lpo(21,p,9)] N

If wyy = k3, then @y < wyy, and

sup|po(z,p,q)| = max(|po(z1,p,q)|, 1po(Z1, . @), |po (24, 0. 7)),

w

with
xT ~ o ~=
lpo(z1,p,q)| ~ 1—2?1, |po(z4,p,q)| ~ 1=2+/2vw 4, |po(21,p,q)] ~ 1—24/254.

We now examine the behavior of Q3 for |k| = kjs. In that case, X = O(k?w),
and the asymptotics of the coefficients in @, are different. We use the fact
that ¢°X > 1, and &= X > 1, to obtain

ReN(z,2) ~@X(X*+Y?), ImN(z2) ~—-¢Y(X*+Y?), (5.11)
so that
P, = Py(X2 +Y?)(yX +2Y) > 0,
and we obtain for the convergence factor

x3

su 0\ %, = |po\Zz3, N1—2~—.
Cplp( p:q)| = |po(z3,p,9)| e

e

2. Let us compute now the variations in k:

_ sRe(N(z,2) (Opz+i0ry)) _ Dy,
O Ro(w, k,p,q) = 4 [p+qz2+2] 8V|p+z7z2+z\4|z|2 ’

b = (BkscReN(z z) — Opylm N(z, 2))
= (2ukx +cy)ReN(z,2) — (—2vky + cz)Im N(z, 2).
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(a) We begin with the southwest curve Csw, defined by w = wm. Then k, X and
Y are O(1), and the asymptotics for the coefficients are given by

ReN(z,2) ~ —p°, Im N(z,2) ~ —p,
2
&), ~ —ZL B0 if o # 0.

By Corollary 1, if |k1 (wm)| < km, Oz does not change sign in the interval,
and |po| is a decreasing function of . If |k1 (wm)| € (km,wm/|¢|), O changes
sign at k = ki, and therefore 8;,Ro(w,k, p,q) changes sign for a point k3
in the neighbourhood of k;(wm), which produces a maximum for |po| at
Z3 = z(wm, 133) We define

C

. {zl if |chm| < wm or if |ckm| > wm and |k3| & [km, “’—’T],
Zsw =

%3 ~ Z1(wm) if [ckm| > wm and |ks| € [km, %],

and then obtain for the convergence factor

v xT
sup |po(z,p, @) = [po(Zsw,p,q)| ~ 1 —2 ;w-

sw

(b) We study next the northern curve Cp, i.e. w = wyy, s(c)k € (km, kar).
— For wy; = km, we define Yy = 4vwy,, and perform the asymptotic
analysis in terms of Yy. We analyze the sign of @, in the five asymptotic
1
cases k = O(1), k= Y¢ with0 < 0 < 1, k:YO'Z,k:YOO with 3 <6 < 1,
and k 2 Y.
v If k= O(1), then X = O(1) and Y ~ Yj. The asymptotics for the
coefficients are given by

Re N(z,2) ~—(5°+qY§), Im N(2,2) ~ ~Yo(p+G°YE), a~y~y/2,
Py, ~x (—(5° 4+ §Y5) (2vk + ¢) + Yo (b + Y5 (—2vk + ¢)) .

With the assumptions on the coefficients, 5% < Yy and §*Yo < 1,
so that

Pj, ~ Yo (—2vk(p + §Y0) + ¢(p — ¢Y0)) -

The quantity on the left changes sign for one value of k, therefore
@,;. changes sign for

¢ p—qYo

5 5 T Yo’ Z4(p,q) = z(wnr, ka(p, q)).

];4(177 Q) ~

The point Z4 corresponds to a maximum, and is on Cy, if and only
if the sign of k4 is the sign of ¢, and its modulus is larger than ky,.
If o + B8 < 1, ka(p,q) ~ —55 and has the wrong sign. Therefore z4

belongs to Cy, if and only if « + 8 =1, and % < 1. At that point,
PG~ pH+iYoi o Y < 54~y %, and therefore

. b+ G2 . 2,
po(3a(p,q), p, q) ~ —(1—22 124y, Ipo(Z4(p,q),p,q)INI—\/VO(prqu)-

Z4
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Nl
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08

Fig. 5: Graph of the fonction g

v If k=YY with 0 < 0 < 1], then

D). ~ 2vkx (ReN(z,z) + Im N(z,2))
~ —2vkz (Y + GG + pYo) -

This quantity has a constant sign equal to the sign of k, or equiva-
lently to the sign of 9x. Therefore in this area, |po| is an increasing
function of x.

If k2 Y?], then X © Yy, Y ~ Yo, and inserting ¢ = X/Yp, we have

ReN(z,2) ~ pX — G(X2+Y5), ImN(2,2) ~ —Yo(p + (X2 +Y{)),
roye, /Y
Dy, ~ 2vk (zRe N(z,2) + yIm N(z, 2))
~ 2wk (2(pX — 4(X* +Y§)) —yYo (5 + (X2 + 7))
~ kzYy (pt—qYo (*+1)— (VE2+1-t) (p+3° Y5 (1 +1))) .

Since $®Y$ < (Y, asymptotically the only remaining terms are

@), ~ kYo (p(2t — V12 + 1) — §Yo(t2 + 1)).

If a+ B <1, &), ~ —2vkzgY{ (t* + 1) and does not vanish; |po| is
still a decreasing function of x in this zone. If a + 8 = 1, we define

the function g(¢) = Qt—;z— V+t21+1, drawn in Figure 5, and rewrite @, as

By ~ 2whkaYop(2 + 1)(g(t) — ‘% . (5.12)

The function g has a maximum at tg = /54 4 6/33/6 ~ 1.5676,
with go := g(to) = 0.3690. Therefore, if % > go, kPj, is negative
for all ¢, and |po| is a decreasing function of x. Otherwise, the right
hand side in (5.12) changes sign twice: the first time at tl(%) < to

corresponds to a local minimum, and the second time at tg(%) >
to corresponds to a local maximum,

Y s(c Yoq o v
() ~ 52 ot (12, 25(0.0) = 2(oonr, s (5. ).
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v I k=Y with L <0 <1, then X > Yy, Y ~ Yo, and

ReN(z,2) ~ X(®°X? —GX +p), ImN(z2) ~—-Yo(p+3dX?),

xNﬁ’me);OX’

@, ~ vkX 3 (2XRe N(z,2) + Yolm N(z,2))
By ~ wkX?2(PX2 - GX + 7).

The right hand side, as a function of X, has only one root for
% <6<, q%’ corresponding to a local minimum.

V If kY, then X « Y2, Y « Yy, and

ReN(z,2) ~ X3, ImN(z,2) ~—YX?% z~VX,y~ %
@y, ~ vkX % (2XReN(z,2) + YIm N(z,2))
~ 2P XE(2X2 - V2) ~ AvkPX 3.

To summarize we have :
—ifa+ 8 <1,k |po(wp,k,p,q)| has no local maximum on the
curve Cp.
— ifa+p =1,k |po(war, k, p, q)| has two local maxima on the curve
Cn, Z4(p,q) and Z5(p, q). )
To compare them, we define Q = q%, and get

]\%5(177 Q) ~ 52(16/ V Y0~t2(Q)7 55(]77 Q) = Z(WM7 ]\%5(177 Q))7

lpo(s,p )| ~ 1~ 2 + @)Re 2.

The convergence factors |po(Z4,p,q)| and |po(Zs,p,q)| are both 1— «

1
(wjs)- In order to compare the two, we compute

lpo(4,p,9)| ~ 1 =5/ 3 (1+Q),
lpo(Z5,p,9)| ~ 1 = py/ $1/1+ /12(Q)? + 1(% +Q).

It is easier to compare

ha(t) = 1+ g(t) and ha(t) = \/1+ V2 1 1(\/1521? +g(0)),

for t > tg. A direct computation shows that

fort <t~ 25484 hi(t) > ha(t),
fort >t~ 25484 hi(t) < ha(t),

which implies

for
for

*d| _@|>Qz
w; x;

> g1 ~0.3148  |po(Z5,p,q)| < |po(Z4,p,q)l,
< g1~ 0.3148 |po(Zs5,p,q)| > |po(Z4,p. q)l-

2
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We can now conclude the northern study for the case where wy; = k.
We define

%(p,¢) if B2 < g1 ~ 1735,

v ~ o~ e aYc v
Lo~ s Z4(p,q) if g1 < B2 <1 and km < |ka,
Zn(p7 Q) = ( ) . q?/o " o (513)
Z4 if g1 < 5 <1 and km, > |k4|7
2 if 2 > 1.
Then we obtain for the convergence factor
sup |po(z,p, )| = max(|po(23,p, 9)1, |p(2n (P, @), @))-
with the asymptotic behavior (P(Q) is defined in (2.12))
100 (n(p,0). ) ~ 1=\ [ 5P(Q),  Ipo(a3 )| ~ 1= . (5.14)
po\zn(pP,4q),P;q YOp ) PO\Z3,P,q VkMd .

— If wyr = k3, then Yo = O(k3,), X < Y, and we obtain that
v for k < kjps, the dominant part of @, is given by

O, ~ xqV2((2vk + ) (G2 X — 1) + (—2vk + ¢)§?Y)
~ 2GY2(2uk(P(X — Y) = 1) + (X +Y) — 1))
~ z@Y3(—2vk + ¢).

Remember that ko(wyy) is the point where dy,y vanishes. If ko (wyr)| <
km, Oy does not vanish on the curve Cn, and [po| is a decreasing
function of z. If |k2(wpz)| > km, Oy does vanish on Cp, at

ka(p,q) ~ ka2(wnr) ~ 55, Za(p,q) = 2(ka(p,q),p,0) ~ \/ 2 (1 +4),
p0(54(p7 q)7p7 Q) ~1- 2(’1'%47
which implies for the modulus of the convergence factor

1 1 2
z ,q),D, N1—2RQTN1—1 5 -
lpo(24(p,q),p, )| = q\/ Yo

v for k= kp

ReN(z,2) ~ @X(X?+Y?), ImN(z2) ~-@Y(X?+Y?),
2y 2 +/Yo,,
Dy, ~ 2kGB (X2 + Y2 (zX — yY)
~ ke (X% +Y?)(2X — VX2 +Y?2).

The right hand side changes sign for X = Y/+/3 corresponding to
a minimum. Since z is an increasing function of X,

2(k) € Cn = Yo/V3 < 4%k},
Note as in the first part, wy; = %kfw, and thus

z2(k) € Cpn = L<1<:>d>

1
dv3 V3
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We define

y _ ) 5a(p,) i ke < JRal ~ 3, 515

NP 1 /2
|p0(Zn(p7Q)7p7Q)|N1_E ?0

The maximum of |pg| on Cy is therefore reached at z, or z3, with

and obtain

|p0(23,p, q)| ~1-

vk \ 2 d2+1

1 \/d (d+ VdZ + 1)
A short computation shows that |po (23, p, ¢)| and |po(Zn, p, ¢)| are asymp-
totically of the same order, and that

z3,p,q)| if d > d 1 d
Sélplpo(z,p,qﬂ = { lpo(z3,p, q)| 01— C\/;

lp(Zn,p,q)| if d < do vk

n

in the notation of Theorem 1.
3. We can now finish with the southern part on the east, i.e. w = —wyy, s(c)k €
(war/lel, kar). For this part to exist, wys/|c| has to be smaller than kjs, thus
war = O(kpy), which implies that X = O(k3;) > Y, and

2y
|22

2vs(e)
|21

- . . - Y -
Py ~ X (XY ) (Opa+iDhy) ~ 3 X75(¢) g (XFHY (| VX -5) ~ @ X*

Therefore |po| is an increasing function of z, and

sup |po(z,p,9)| = |po(23,p, ).

se

We can now simply collect all the previous results, and returning to the variables
p and ¢ concludes the proof of this long lemma.

Determination of the Global Minimizer by Equioscillation: The following
lemma gives asymptotically the local minimizers for both the implicit and explicit
time integration schemes:

1 _3
Lemma 8 In the implicit case, when ky; = Crwyy, there exist pT = ki, @1 =2 ky,*

such that

|p0(25w(p7 Q)7p7 Q)| = |p0(21(p7 Q)7p7 q)l = |po(Z37p7 Q)| Zf% < WwwmM,
lpo(Zsw(p, ), 2, @)l = lpo(2n(p,a), P, @)l = lpo(zs,p,a)|  if & > whr.

Defining Qo = ﬁ, the coefficients are given asymptotically by

_x 2 Js { 4\/ J?gwl/k]w Zf QO > 17

P
T wokar PP ¢S i Qo< 1.
142 : -3
In the explicit case, when wy; = mk , there exist pj = ki, i = kst such that

1p0(Zsw (p, @), 0, @) = lpo(Z1(p.q), . q)| = Ipo(Z'n, p, q)|.
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The coefficients are given by

= ZC’p =% 4 ymi’wkM
q1 Towkar p1 \/ —c

Proof In each asymptotic regime for kj; and w);, we proceed in two steps:

— In the implicit case, wy; = ékM:
1. For p such that p = k§;, a < %, consider the equation

|p0(55’u)7p7 q)| - |p0(Z3,p, q)' - 07

with the unknown ¢. By the expansions (5.6), we see that for any ¢ = k;f
F<B<l,
o 4 T sw
_ ~ 9
|p0(ZS’UJ7p7 q)| |p0(Z3,p, q)' qu p )

which can take positive or negative values according to the sign of the right
hand side. Therefore it vanishes for ¢ = ¢(p), with

2p
l’swkM ’

a(p) ~ (5.16)

We verify that ¢(p) = kP, i<p<l.
2. Consider now for large kj; and Qo > 1 the equation in the p-variable,

lpo(Zsw, p, 4(p))| = lpo(Z1,p,4(p))| = O.

By the asymptotic expansions above, for ¢ = ¢(p),

o o pq Tsw 1 Tsw
— ~ 2 == _ ~ 2 — .
lpo(Zsw, p, @)l — |po(21,p, q)] ( 5% ) (p\/ - ) )

This quantity takes positive or negative values, and vanishes for a p; with

% 4
P11~ Vadwrkas.

Consider alternatively for Qo < 1 the equation in the p-variable,

lpo(Zsw p,d(p))] = po(2n, P, 4(p))| = 0.
By the asymptotic expansions above, for ¢ = 4(p),

lpo (Zsw, p, )| — 1po(Zn, P, )| ~ ﬁp@o) -2

Tsw

p

Again, this quantity vanishes for a p] with

e 8vadywir
pi~ et
P(Qo)

— In the explicit case, wy; = %k?\z[
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1. We first solve, for fixed p, the equation in ¢,

lp(Zsw(p. @), p.a)| — lp(Zn(p, @), p q)| = 0.

By the expansions in (5.6),

v v 4C  |d x
|p(ZS7JJ(p7 q)7p7 q)| - |p(z’;l(p7q)7p7 q)' ~ —\/j_ 2 Sw7
qka V2

P
and |p(Zsw(p,q),p, )| — |p(Z(p, q), p, q)| vanishes for

. 20p [d
a=a) Tswkar V 27

2. We solve now for ¢ = ¢(p), the equation

lp(Zsw(p, 9),p,0)| — [p(21(p; 9),p,9)| = O,

whose asymptotic behavior is

msw CUsw
lp(Zsw (P, q), p, @)l —lp(Z1(p, q) p,q)l~2\/ ~ \/mswkM .

By the same arguments as before, |p(Zsw(p,q),p,q)| — |p(21(p, q), p,q)| van-

ishes for
4 uxé”wkM\ﬁ
p1 70 a

We have now proved that there exist in all cases coefficients p and ¢ satifying

1 _3
the relations in the lemma. They satisty 77 = k;,, ¢ = k", and are therefore
conforming to the previous study with a4+ 8 = 1.

It remains to show that this is indeed a strict local minimum for the function
Fy. By the same argument as in the Robin case, we can prove that for jp and dq
sufficiently small and p = p] + dp, ¢ = ¢ + dq,

Fo(p,q) — Fo(p1, @) = max,((6p 95 + 6q 95)|po (24, P1, @1 )|) + o(dp, 6q),

where the points z,, are those involved in the maximum: if wy; v kps, Zsw and z3
in any case, and either %, or %1, and if wy; = k3, Zsw, %), and Z1.

Therefore, (p7,q7) is a strict local minimum of Fy(p,q) if and only if for any
(0p, 8q), there exists a %, such that (6p 05+ 0qd5)Ro(Zu, P71, 1) > 0. To analyze this
quantity, we rewrite the convergence factor in the form

o=y .o Jo=T1ZP +2p0X + 57 + |2,
Rop = ——, with R
oty ¥ = 2z(p+ ql2°).

This allows us to write the derivatives in the more elegant form

;e =g
Bo ="y
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*\2
and at an extremum, Ry = 677 implies that /¢ = ¢ := %, and
1

=
fo= 5o

We therefore obtain

. d5¢ — 05

(6p 35 + 6 05)Ro (3, P, G1) = C(fﬁ O;faw
_ 20 +dX) —a)
- T (toz PT
—. 245(51176177 6Q)

(1+¢)%¢

(030 — 0qv
(1+¢)2%¢
2(¢(pX + q121%) — zlz?)
(1+¢)2%¢

dq

We now study the asymptotic behavior of @ for the two cases of interest:

— If wys = kpy, then

®(z1,0p,0q) ~ —F1(dp + £4q),

qi(zny op, 5Q) ~ —:En(dp + MY 5q)7
(2w, 0p, 0q) ~ Tsw(0p + (220 — 3y2w)0q),
&(z3,0p,8q) ~ 2vky(6p + (2ukM)26q).

where M is given by

v 1 if Qo = 72— > g1,
1+ (12(Q0)* it Qo < g1.

Therefore, (p7,q;) is a strict local minimum of Fy(p, q) if and only if the union
of the following set equals R?:

&1 ={(0p,dq),—(6p + Mkpdq) > 0},
& = {(dp,8q),6p + (2vkar)*5q > 0},
&3 = {(6p,6q),6p + (22 — 3yzw)dq > 0}

The domains are shown in Figure 6: for large kj,;, the slopes of Di, dp +
MFkp6g = 0 and Da, 6p+ (2vkpr)28q = 0 are such that £; U & is R? excluding
a small angle E= {0g < 0, —Mkpsop < 0g < (21/k:M)26q}. If 2, — 3y%, <0, &
contains the whole quadrant dp > 0, dq < 0. If 2,, — 3y2,, > 0, the slope of D3,
6p + (22, — 3y2,)0g = 0, is O(1), so that &3 contains &.

2
- Ifwy = V]ZM , then the asymptotics for Zs, and Zz; remain unchanged. The

asymptotics for %, become

V2vwpr (—8p + dvwasdq) if d < dp
Gkt (24 — /@ + 1)dp + ALEL (k) )25q)  if d > do.

®(%,,0p,0q) ~ {

If d < dp, the situation is the same as in Figure 6. If d > dy, we obtain the
conclusion as indicated in Figure 6.
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oq dq

op dp
D3 ‘
(a) xgw - 3y§w <0 (b) xgw - 3y§w >0
Fig. 6: Description of the analysis for wy; = ks
oq dq
op

3 s

(a) xgw - 3y§w <0 (b) xgw - 3y§w >0

2
Fig. 7: Description of the analysis in the case wy; = VkTM with d > do

5.2 The Overlapping Case

We follow along the same lines as in the Robin case, starting with the infinite case
where only L is involved. Denoting by ¢ := L/2v as before to simplify the notation,
we obtain for the derivatives of the convergence factor

R(w7 k7p7 q, L) = Ro(wv k, p, Q)e_2€w7
8w,kR(w7 k7p7 q, L) = aw,k:RO (wy k7p7 q) - 248001;]%0 (wy k7p7 q)
_ 4Re (N(2,2) (Ouw, k2 +10u. 1Y) =200, x| (p+§22)? =222
o [p+qz>+z]*
_ 4(ReN(z,z)—§M) Ow kz—Im N (2,2)0u 1Y
- Fa="F2[" ’

with M = |(p+ §2%)* — 22|,

Proof of Theorem &5 (Ventcel Conditions with Overlap, Continuous): we solve the
min-max problem on the infinite domain 153_0 By the abstract Theorem 10, for
sufficiently small L, the problem has a solution. We need to prove that F, has a
strict local minimum, which will again be achieved by equioscillation. The proof
consists of two steps, shown in the following lemmas:
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Lemma 9 (Local Extrema) Suppose p = k§;, q = k’fw 0 < ac< % < B <1,

a—+ B < 1. Then,

sup [p(z,p, ¢, L)| = max(|p(Z5w(p,9), 2,4, L), |p(%1(p, ), p, 0, L)1, |o(Z1 (p, ), P, 0, L)),
DOO

where Zhy ~ zsw. The two other points belong to C5°, with

B~ e, (9, L) ~ 1 — 2025,
JJI ~ g%r |p(217p7q7L)| ~1 _2\/g

Proof We make the assumptions on the coefficients p and ¢ in (5.3). We start with
the variations of R on the west boundary, i.e. as a function of w for k = ku,:

. T
|22|p + G22 + z|*”
¢
o, =@, — 5 My.

aUJR(w7 k7p7 q7 L) -

We rewrite M in terms of ¢ as in (5.8), using Y ~ &,
M = [(5+dX +iqY)? = X —iY | ~ |(p> = Y2 = X) +iY (2(p +X)q - 1)
~ tp4 + 641/*4 + Y2 ~ 6454 +£2 +ﬁ47
and we obtain

0.
By~ yQa = y(—5d'¢" +Qs).
The fourth-order polynomial Q4 is a singular perturbation of Q3 defined in (5.8).
The roots are therefore perturbations of those already defined, with in addition
&1, whose principal part solves

- 0
P - Lyt~ o

2

By the same argument as before, Q4 has four roots,

. D 1 » 2
l<np <8~E <thn <~
q q g
and OwR(w,k,p,q) has, in addition to w = —ckm, four zeros wy, w}, wh and w1”,

equivalent to the corresponding ¢/4v. &) and &} correspond to minima of R, while
2 = 2(&,s(c)km) and # = 2(0q,5(c)km) correspond to maxima. At the maxima
we have Y ~ £, X = O(1), and z ~ /€(1 + i), which implies for the convergence
factor

5 — ¢
lp(21,p,¢, L)| ~ 1 — 21/2pq, Ip(zhp,q,L)lNl_z\/;

If |c|km > wm, the local extrema are z1, #; and 2. If |c|km < wm, we must take
Csw into account. We use the results derived in the nonoverlapping case to obtain
@Z
O R(w,k,p,q, L) = SVW,
@}, = &y, — 50uz|(5 + §2°)° — 2°
= (ReN(z,2) — %M)akx —Im N(z, 2)0y.
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By the results in the previous section, since M = O(1),
ot~ 25 +450) ~ |Z| O,
k o0 k 2 k

if 9yz # 0. By Corollary 1, if |k1(wm)| < km, 8xz does not change sign in the
interval, and thus |p| is a decreasing function of z. If |k1(wm)| € (km,wm/|c|) Oz
changes sign at k = k;, and therefore 8;|p|? changes 51gn for a point k% in the
neighbourhood of k1 (wm), which produces a maximum at %3 = z(wm, k). We thus
define
21 if |ckm| < wm,
S o=4Lx if |ckim| > wm and |k5| & [km, “m],

ZSUI -
Sy Z1(wm) f [ckm| > wm and [F] € [km, 2],

and obtain for the convergence factor

o i T
sup |p(z,p,4, L)| = |p(%5uw.p, ¢, L)| ~ 1 —2 ;” ~1-2 ;w-

sw

We can therefore conclude that

sup |p(z,p,q,L)| = max(|p(Zw,p,q. L), [p(£1,p.¢. L), |p(21, p. ¢, L))
ze€Dy

3
5

Lemma 10 (Local Minimum for Fy(p,q)) There exist p5, = kM, (oo 2 k]& such
that

|P(55w7p7 q, L)| = |P(5/1:p7 q, L)| = |P(51 , D, 4, L)|
The coefficients are given asymptotically by

4 2 03

13* o8 Tsw q* N4szw ~ Ay d
o 20 o 2p3 413%11,7

Sl = 2V 20z 500

Proof We skip the arguments which are similar to those of the previous section,
and show only the computation of the parameters. Since

lp(Zows 2@, L) = |p(31,p, 0, L)| ~ 2(v/2pq — Zs),
lp(Zaw, 1, a0, L) — |p(31,p, 4, L)| ~ 2 (\F_ m;aw) 7

we must have asymptotically

3 2 P 2
2p°q ~ Tow, A= ~ Ty

which gives the formulas in the lemma Notice that they have the announced
asymptotic behavior p5, = O(L™ ) Too = O(L5), validating the computations

made above. We finally recover the results in the Lemma by returning to the
original variables p and q.

The proof that p5., G5 is a strict local minimum of Fy, is analogous to that in
the nonoverlapping case and therefore we omitted it. Then by the abstract Theo-
rem 10, we found the global minimum, and the proof of Theorem 5 is complete.
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Proof of Theorem 6 (Ventcel Conditions with Overlap, Discrete): the existence and
uniqueness for the min-max problem is again covered by the abstract theorem. We
thus only need to show the local maxima in the convergence factor, and the strict
local minimizer for Ff,(p,q), which is done in the following two lemmas:

Lemma 11 (Local Maxima of R on 15) Suppose p = ki, ¢ =2 kf/[, 0<a< % <
B<1, a4+ B <1. Then, if wp; = k:JQW, we have

sup |p(z,p, ¢, L)| = max(|p(Zw(p, ), p, 0 L), |p(31(p, 9), . 0, L)], |0(%1 (p, @), P, 0, L))
zeD

If wyr 2 kg, then

sup |p(2,p, ¢, L)| = max(|p(%ew(p, @), 7, ¢, )|, |p(21(p, 0), 2. ¢, L), p(%4(p, @), 2, 0, L)),
zeD

where Zy(p,q) € Cn is such that

o 2
lp(24(p,q),p.q) ~1—2 E"

Proof We have already computed the extrema on Csy and Cp’. For the west
boundary C., we need to check if the computed values are indeed inside the
bounded domain. With the assumptions on p and ¢, the first maximum on Cg’
is at wj ~ % < wyy. The second maximum is at w] ~ ﬁeq Sa k]l\jﬂ. It belongs to
Cw, if wpyy = k%/[ In the other case, the minimum at &, does not belong either to
Cw, and
sup |p(z,p, ¢, L)| = maz(|p(21,p,9, L)|, |p(#1,p, 0, L))

We compute now the local extrema on the curve Cp, treating again the two cases
of interest:

— Ifwy = k%/[, the term —¢M dominates in the derivative, so that
¢ y4

and R is a decreasing function of = on Cy,.
— If wpr = ks, then we have the cases
V If k= O(kn), $M = Yo, ReN(z,2) ~ —p° — §*Y§ > Yo. Therefore the
computations from the nonoverlapping case are valid. According to (5.13),
since q% > 1, there is no maximum for k = O(kyy).

VItk=k, 3 <6<1, M~ X2(§X —1)2, and

Ph ~ 2uk¢)?((ReN(z,2) — %XZ((]‘QX —-1)?
~20kX 2 (£ X3 4+ P X2 - X +p).

The polynomial on the right hand side is a singular perturbation of the
polynomial in &, $°X2 — §X + p, and it has asymptotically the following
two roots:

12
@ g
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The first one corresponds to a minimum, the second one to a maximum.
Therefore the overlap creates a new local maximum, kj ~ %, / e%' The

convergence factor is in this case

|p(]::2l7wM7p7q)N1_2 I~

2
q

Hence we found all the possible maxima, and

sup |p(z,p,q, L)| = max(|p(%ow, p, ¢, L), |0(%1, p, 4, L), |p(%4, p, ¢, L)1)
ze€Dy

1 _s
Lemma 12 (local minimum for FJ,(p,q)) There exist py, © ki, 47, = k)
that the three values in Lemma 11 coincide. The coefficients and associated convergence
factor are given asymptotically by

such

5/ xd . 2 2
_ st fwm 2k, T e 5
oy~ ! ff ’ . qr o~ 41/%7 sup |p(z, P, qr, L)| ~ 1-2V4lzsw.
T ifwy 2k P° .eb

Proof We skip the arguments which are similar to those previously, and retain only
the conclusion. The case wy; = k12\4 is like in the previous analysis. In the other
case, we prove as before that there exist pj, and gj, which solve the two equations

p(Zsws @, L) = (21,0, ¢, L) = 0, |p(Zsw,p, 4, L)| = |p(%4,p,¢, L)| = 0.
The first one is the same as in the infinite case, providing the relation
25°4 ~ 5w,

and the second one becomes

o N 20 xT
|p(zsw7p7‘Z7L)| - |p(zl7p7Q7L)| ~2 (\/ ? - ;w) )

which provides the relation

202~ 22,
q
and the solution

- 1 ~ 3 . 5
PL ~2 %Poo, G~ 2%Goo. SUP |p(2,p,q,L)| ~ 1 =2V 4lzsw.
ze€Dy

We can conclude now the proof of Theorem 6 as in the other cases.
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Iterative GMRES
h 0.04 0.02 0.01 0.005 0.0025 | 0.04 0.02 0.01 0.005 0.0025

2x1 | 49 71 97 144 198 23 29 36 45 55

Robin 2x2 | 53 74 101 145 202 30 38 48 59 73
4x1 | 52 72 101 140 204 30 40 50 63 78

4x4 | 81 116 160 219 303 47 64 84 107 133

2x1 13 15 18 21 24 10 12 14 16 18

Ventcel 2x2 | 23 29 39 48 63 16 19 22 25 29
4x1 18 21 25 29 35 14 17 20 24 27

4x4 30 37 44 54 65 22 28 34 40 46

Table 2: Number of iterations for an implicit time discretization setting At = %,
algorithms without overlap

6 Numerical experiments

We now present a substantial set of numerical experiments in order to illustrate
the performance of the optimized Schwarz waveform relaxation algorithm, both
for cases where our analysis is valid, and for more general decompositions. We
work on the domain 2 = (0,1.2) x (0,1.2) and chose for the coefficients in (2.1)
v=1,a=(1,1) and b = 0, and the time interval length 7' = 1. We discretized the
problem using Q1 finite elements and simulate directly the error equations, f = 0,
and start with a random initial error, to make sure all frequencies are present, see
[12] for a discussion of the importance of this. We use as the stopping criterion
the relative residual reduction to 1076, We start with the case of an implicit
time integration method (Backward Euler), where one can choose At = 2. We
show in Table 2 the number of iterations needed by the various Schwarz waveform
relaxation algorithms for the case of non-overlapping decompositions. We first
note that the algorithms work also very well for decompositions into more than
two subdomains, and the optimized parameters we derived are also very effective
in that case. For example for a decomposition into 4 x 4 subdomains and a high
mesh resolution, the Ventcel conditions need about 5 times less iterations than the
Robin conditions for convergence, and the cost per iteration is virtually the same.

In Table 3, we show the corresponding results for the overlapping algorithms,
using an overlap of 2h. We see that overlap greatly enhances the convergence of the
algorithms, as predicted by our analysis. At a high mesh resolution, the number
of iterations on the 4 x 4 example can be reduced by a factor of 6 using overlap in
the case of Robin conditions, and by a further factor of 2 when optimized Ventcel
conditions are used.

We illustrate our asymptotic results now in Figure 8 by plotting in dashed lines
the iteration numbers from Table 2 and 3 in log-log scale, and we add the theo-
retically predicted growth of the iteration numbers. We see that our asymptotic
analysis for the two subdomain case also predicts quite well the behavior of the
algorithms in the case of many subdomains.

Next, we investigate the setting of an explicit method (Forward Euler with mass
lumping), where At = h?/4. We show in Table 4 and 5 the number of iterations
needed to reduce the relative residual again by a factor of 107%, and show in Figure
9 the corresponding asymptotic results, with the theoretically predicted growth
of the iteration numbers. As in the implicit case shown earlier, the asymptotic
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Iterative GMRES
h 0.04 0.02 0.01 0.005 0.0025 | 0.04 0.02 0.01 0.005 0.0025

2x1 12 14 16 19 23 8 10 12 14 17

Robin 2x2 14 17 21 27 33 11 14 17 20 24
4x1 14 15 18 23 29 11 13 16 20 24

4x4 19 24 32 41 52 14 20 26 32 40

2x1 9 10 11 12 13 6 7 8 9 10

Ventcel 2x2 | 12 14 17 20 23 8 10 11 13 16
4x1 12 11 11 14 16 10 9 9 11 13

4x4 16 17 19 24 29 13 13 14 18 22

2x1 | 54 106 189 360 733 27 40 58 83 117

Classical 2x2 | 84 159 303 570 1058 37 56 82 118 166
4x1 | 73 145 282 553 969 38 60 89 127 179

4x4 | 127 258 487 912 1706 54 94 143 209 296

Table 3: Number of iterations for an implicit time discretization setting At = %,
algorithms with overlap 2h

10 T 10 T
~ &~ Classical ~ &~ Classical
ch” —&—cnt
~ & — Robin no overlap ~ & — Robin no overlap
o—cn1? o—cn1?
~ + — Ventcel no overlap ~ + — Ventcel no overlap
-1 -1
a s —+—Ch 1 5 10° —+—Ch u
— 8 - Robin overlap 2h — B — Robin overlap 2h
s} o on i a) o on i
= o —+—cn” = —+—cn”
= 3 ;,\;\g =]
S’y - ot
] o
o= o
= i)
< <
= =
o <}
- -
S0k S0tk
=} =i
10° - . 10°
10 % 10 10 % 10
10' 10" T
= 2~ Classical — & — Classical
—a—cpt —a—cpt
~ © — Robin no overlap ~ © — Robin no overlap
—e—cn? —e—cn?
~ + — Ventcel no overlap ~ + — Ventcel no overlap
Tk A —+—ch U =l paulery I
O ~ — & - Robin overlap 2h o — & - Robin overlap 2h
) R o R
=} — * - Ventcel overlap 2h =} — % - Ventcel overlap 2h
5 P = —+—cnis
Is] =
=fl8 [=$03
o ]
o= o=
i) =
< <
— =
Q o
- -
Shio'l St
=i —
0 = LS = )
10 1;1 10 10 1;1 10

Fig. 8: Plots of the iteration numbers from Table 2 and 3 when the methods are
used iteratively, and theoretically predicted rates. Top left 2 x 1 subdomains, Top
right 2 x 2 subdomain, bottom left 4 x 1 subdomains and bottom right 4 x 4
subdomains
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Iterative GMRES
h 0.04 0.02 0.01 0.005 | 0.04 0.02 0.01 0.005

2x1 57 85 117 176 24 31 36 44
2x2 59 87 117 174 25 32 39 48

Robin | /1 | 63 86 121 170 26 30 37 44
dxd | 62 84 123 166 26 31 40 48
x1 | 20 22 25 28 12 3 15 16
2x2 | 22 25 26 30 13 14 16 18
Ventcel

4x1 21 22 25 29 12 14 15 16
4x4 23 27 26 34 15 16 18 19

2
Table 4: Number of iterations for an explicit time discretization setting At = hT,
without overlap
Iterative GMRES
h 0.04 0.02 0.01 0.005 | 0.04 0.02 0.01 0.005
2x1 13 16 20 24 8 9 10 10
Robin 2x2 13 16 19 23 9 10 11 12
4x1 14 18 20 24 9 10 12 12
4x4 14 18 20 23 10 13 15 16
2x1 9 10 11 13 6 8 9 10
Ventcel 2x2 9 10 11 13 7 8 9 10
4x1 9 10 11 14 7 8 9 10
4x4 11 11 12 14 8 9 10 11
2x1 25 46 88 169 17 27 43 66
Classical 2x2 33 63 122 235 21 34 54 83
asIeA |l 4x1 | 25 48 91 176 | 17 2T 43 66
4x4 36 70 136 263 22 36 58 89
2
Table 5: Number of iterations for an explicit time discretization setting At = hT,

with overlap 2h

behavior we observe follows our analysis of the two subdomain case, also in the
experiments with many subdomains.

7 Conclusion

We provide in this paper the complete asymptotically optimized closed form trans-
mission conditions for optimized Schwarz waveform relaxation algorithms applied
to advection reaction diffusion problems in higher dimensions. We showed the re-
sults for the case of two spatial dimensions, but the extension to higher dimensions
d > 2 from there is trivial, it suffices to replace the Fourier variable contributions
k% by ||k||2, and ck by ¢ -k, which implies to replace in the asymptotic analy-
sis the highest frequency estimate ky; = 7 by ks = @, or replacing m by
V/d = 1r in the final asymptotically optimized closed form formulas. The formulas
for Robin and Vencel conditions are derived such that limits to pure diffusion can
be taken, and therefore also the associated time dependent heat equation opti-
mization problems are solved by our formulas. The formulas are equally good for
advection dominated problems, although one has to pay attention there to have
fine enough mesh sizes to resolve boundary layers, in order for the asymptotically
optimized formulas to be valid. We extensively tested our algorithms numerically,
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Fig. 9: Plots of the iteration numbers from Table 4 and 5 when the explicitly
discretized methods are used iteratively, and theoretically predicted rates. Top
left 2 x 1 subdomains, Top right 2 x 2 subdomain, bottom left 4 x 1 subdomains
and bottom right 4 x 4 subdomains

see also [37] for more scaling experiments, and these tests indicate that our the-
oretical asymtptotic formulas derived for two subdomain decompositions are also
very effective for more general decompositions into many subdomains.
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