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Time parallel time integration has received renewed attention over the past
decade, because, finally, in 2004, the visionary prediction of Nievergelt from 1964
became true [1]:

“For the last 20 years, one has tried to speed up numerical compu-
tation mainly by providing ever faster computers. Today, as it

appears that one is getting closer to the maximal speed of

electronic components, emphasis is put on allowing operations
to be performed in parallel. In the near future, much of numerical
analysis will have to be recast in a more ’parallel’ form.”

There are nowadays so many processors on supercomputers that space paral-
lelization often saturates before the available number of processors is employed,
and thus speedup is not possible any more. This happens especially often for evo-
lution problems, whose solution is usually computed by time-stepping, a process
which is classically considered completely sequential.

Over the past five decades since Nievergelt, there have been many attempts to
parallelize the classical time stepping approach, and the ideas employed can be
classified into four different categories [2]:

Shooting Type Methods: These methods are based on a decomposition
of the time interval into subintervals, and then a multiple shooting method
is used, together with a Newton solver for the non-linear system of equa-
tions that needs to be solved for the shooting parameters. Nievergelt’s
method is a precursor of this, the complete algorithm was first proposed
at the continuous level in [3]. Renewed interest was sparked by the presen-
tation of the parareal algorithm [4], which is a multiple shooting method
with an approximate Jacobian calculated on a coarse grid. A complete
convergence analysis of parareal can be found in [5] for linear problems,
and in [6] for non-linear problems. The parareal algorithm converges su-
perlinearly, and works quite well for diffusive type problems, but is not
effective for hyperbolic problems.

Waveform Relaxation: these methods go back to the existence proofs by
Picard and Lindelöf for solutions of ordinary differential equations, and
were adapted to become computational methods for circuits in [7]: the
idea is to decompose the circuit into subcircuits, and then to solve it-
eratively only subcircuits, relaxing signals (waveforms) along wires that
had to be cut in the decomposition to the previous iteration, which gave
the method its name. Modern variants of waveform relaxation for PDEs
use a domain decomposition of the spatial domain into subdomains, and
then optimized transmission conditions, which leads to optimized Schwarz
waveform relaxation methods [8]. These methods are well understood
for parabolic problems [9, 10, 11], and also work for hyperbolic problems
[12, 13]. Optimized transmission conditions are the key ingredient of many
recently developed solvers for wave propagation problems, e.g. the sweep-
ing preconditioner, source transfer and the method of polarized traces,
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for an overview, see [14, 15]. There are also waveform relaxation methods
based on other domain decomposition methods, like Dirichlet-Neumann
and Neumann-Neumann waveform relaxation methods [16, 18, 17].

Space-Time Multigrid Methods: The first space-time multigrid method
was the parabolic multigrid method proposed by Hackbusch in [19]. The
idea is to apply the smoother not only on one time level, but over several
time levels, like advancing in time before having converged at the present
time level. The parabolic multigrid method has multigrid performance,
provided one is not coarsening in time. A multigrid waveform relaxation
algorithm was proposed in [20], using waveform relaxation at the con-
tinuous level as a smoother. The first full space-time multigrid method
was proposed and analyzed in [21], using special restriction and exten-
sion operators in time. A new space-time multigrid method for parabolic
problems using optimized block Jacobi smoothers can be found in [22]. A
complete convergence analysis exists for this method, and it has excellent
weak and even strong scalability properties.

Direct time parallel methods: These methods solve the full space-time
problem without iteration. The first such methods were special predictor
corrector methods, where the prediction and correction step can be per-
formed in parallel [23]. Such methods are ideal for small scale parallelism
on multicore architectures, and the most modern variants are currently
the RIDC methods [24]. These methods can solve for example a system
of ordinary differential equations to 8th order accuracy at the cost of an
Euler method using 8 cores; this factor can thus multiply the number
of processors already used for the space parallelization. A very recent
time parallel direct method is the ParaExp algorithm, which is based on
a completely overlapping time domain decomposition and the rapid prop-
agation of homogeneous problems using rational Krylov approximations
[25]. This method is currently restricted to linear problems, but works
very well also for hyperbolic problems.

Many more details about the historical development of time parallel time inte-
gration methods can be found in [2].

After the presentation, Dörte Jando asked how the performance of the parareal
algorithm degrades when one passes smoothly from the parabolic to a hyperbolic
problem. I show here a numerical experiment to illustrate this, solving

(1) ut = νuxx + ux in (0, 2)× (0, T ), T = 4,

with periodic boundary conditions1 and the initial condition u(0, x) = e−20(x−1)2 .
I discretize the problem using centered finite differences with mesh size h =
1/12 and backward Euler in time with time step ∆t = 1/60, which leads to
the approximate solution shown on the left in Figure 1 for ν = 1/1024, where
ν represents the inverse of the Reynolds number. I then apply the parareal
algorithm with 8 coarse time intervals, using one backward Euler step as the
coarse solver. In Figure 1 on the right, I plot the decay of the maximum of the
L2 error in space over all coarse time points, as the parareal iteration progresses
for a decreasing sequence of ν. One can clearly observe that when ν becomes
small, the algorithm converges more and more slowly, and for very small ν, the

1otherwise the inflow boundary conditions would dominate the solution later in time, see
[26]
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Figure 1. Solution for ν = 1/1024 on the left, and degradation
of the convergence of the parareal algorithm for decreasing ν (in-
creasing Reynolds number) on the right.

only convergence mechanism left for the parareal algorithm is the convergence in
a finite number of steps (here the 8th step), which however requires a number of
iterations corresponding to the number of processors, and thus makes the method
useless for parallelization, see also [5].
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