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MODELING AND ANALYSIS OF THE COUPLING IN DISCRETE
FRACTURE MATRIX MODELS *

MARTIN J. GANDER t, JULIAN HENNICKER ¥, AND ROLAND MASSONS$

Abstract. This paper deals with the derivation and analysis of reduced order elliptic PDE
models on fractured domains. We use a Fourier analysis to obtain coupling conditions between
sub-domains, when the fracture is represented as a hyper-surface embedded in the surrounded rock
matrix. We compare our results to prominent examples from the literature, for diffusive models. In
a second step, we present error estimates for the reduced order models in terms of the fracture width.
For the proofs, we rely on a combination of Fourier analysis, asymptotic expansions and functional
analysis. Finally, we study the behavior of the error of the reduced order solutions on numerical test
cases, when the fracture width tends to zero.
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1. Introduction. There are countless physical processes in real life applications
that can be modeled by elliptic partial differential equations. One of the difficulties one
often encounters in the formulation of such models is the presence of heterogeneities
in the ambient media (i.e. spatially discontinuous coefficients in the differential equa-
tions). If this is the case, then one has to think about coupling conditions between
regions at the material interfaces. A further difficulty for the numerical solution
of the problem occurs when the heterogeneity is a thin layer, in the sense that its
length is much bigger than its width, which requires anisotropic and/or very small
mesh cells inside the layer. This situation most prominently occurs in subsurface flow
applications, where the thin heterogeneous layers are called fractures, and they are
surrounded by the so-called rock matrix. Being motivated by such applications, we
adopt this nomenclature in what follows.

A model reduction strategy consists in representing the fractures as hyper-surfaces
embedded in the matrix domain. This results in a system of PDEs in the full di-
mensional matrix domain coupled with a system of tangential PDEs in the reduced
dimensional fractures. Therefore, these models are called in the literature mixed- or
hybrid-dimensional models, or Discrete Fracture Matrix (DFM) models. A common
method to establish such models consists in integrating the fracture equations over the
fracture width and using some ad hoc approximations for the coupling conditions (see
[9, 20, 1, 19], where these techniques have been employed on simple geometries and
[4, 6] for extensions to general fracture networks). For non linear DFM models, we
refer to [5, 2, 7]. For an overview and comparison of current discretisation methods,
see [3].

The convergence of the DFM model solution to the full model solution has been
the objective of several studies. They all carry out the convergence proofs in a classical
functional analysis setting, but they differ in the asymptotic scaling of the model
parameters, which leads to different DFM models. In [23], the authors use a suitable
modification of the solution inside the fracture, in order to control its gradient and to
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2 M. J. GANDER, J. HENNICKER, AND R. MASSON

show convergence for isotropic Darcy flow and a fracture of high resistivity. In [8], the
authors also use a modification of the fracture solution, and derive error estimates for
anisotropic Darcy flow. In [21], a rescaling of the fracture normal coordinate is used,
which yields a rescaled model on a geometry independent of the fracture width. The
convergence is then proved by using the compactness of the rescaled solution. This
technique is further applied in [22, 18] to non linear problems (Richards equation and
reactive transport). On the other hand, in [7] it has been observed numerically that
the well established approximation of pressure continuity across highly conductive
fractures for the linear single phase flow models leads to non convergent solutions for
two phase flow models, which involve highly non linear matrix fracture transmission
conditions. Analytical results for these models are still missing.

In the present paper, we use a completely new approach to develop and analyze
reduced order models for general linear elliptic problems. Our focus lies on the deriva-
tion of coupling conditions, which have to be satisfied by the traces of the solutions
for the matrix domain on each side of the matrix-fracture interfaces. We emphasize
that we are not only interested in the derivation of coupling conditions that have to
be satisfied in the limit of vanishing aperture, but in particular with the derivation
of coupling conditions that have to hold up to a certain order of the aperture, which
in turn occurs as a model parameter. The idea is to first use a Fourier transform in
the fracture tangential direction, which allows us to eliminate the fracture unknowns
and to derive exact coupling conditions between the matrix sub-domains, a technique
which can be regarded as a continuous analogue to a Schur complement of the frac-
ture unknowns onto the matrix-fracture interfaces, and which is frequently used in
domain decomposition to derive coupling conditions for optimal or optimized Schwarz
methods, see [11, 12] and references therein, and [13, 14, 15, 16] for a different type
of heterogeneous coupling using such techniques. Reduced order coupling conditions
are then obtained by truncating the asymptotic expansions of the exact conditions at
the desired order.

Our paper is organized as follows: in Section 2, we present the model problem
for which we develop coupling conditions. Section 3 is devoted to the derivation of
the reduced order models, and Section 4 to the study of their well-posedness. The
focus of Section 5 is a posteriori approximations of the fracture unknowns by suitable
interpolations of the traces of the matrix solution at the interfaces. A comparison
of our new reduced models to the Darcy flow models proposed in [20] is given in
Section 6, where we also recover and extend the convergence results from [23]. In
Section 7, we derive error estimates for reduced order models for anisotropic diffusion
problems, which are sharper than the estimates given in [8]. From the exact and
reduced order coupling conditions in Fourier space, we can infer the error of the
traces of the matrix Fourier coefficients at the interfaces. Using trace and expansion
inequalities for functions in fractional Sobolev spaces, we obtain error estimates of
optimal order in the fracture width, namely cubic order of convergence for the H'-
norm of the matrix solutions and quadratic order of convergence for the H 3-norm of
the fracture solution. In Section 8, we present a series of numerical tests, where we
address the convergence of the reduced order solutions w.r.t. the fracture width, for
different asymptotic behavior of the model parameters, including cases not covered
by our analysis.
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ol Q; o

a -6 0 ¢ b

F1G. 1. Model problem domain, where Q1 = (az, —0) xI', Q2 = (6,by) X' and Qf = (—4§,0) x T,
with az,by € R and T' = (ay,by) C R. Note that the Fourier analysis in sections 3 and 7, will be
carried out on unbounded domains by setting I' = R. The unit normals on I' pointing outside of €2;
are denoted by n;.

2. Model problem. We consider as our model problem a fracture between two
matrix domains as illustrated in Figure 1,

(2.1)
. b; . bj . )
—divg; + 5 Vu; + (n; — le;)uj‘ =h;j in Qj, j=12,f,
b, . )
(2.2) q; = (A;V — %)uj in Qj, j=12f,
(2.3) Uj = Uf on 8Qj ﬂan, j=12
q;-n; =qy-n; on 0Q;N00, j=1,2,

together with some suitable outer boundary conditions. The model coefficients are
nj : Q; — Rsq, bj : Q; — R? such that n; — divb; > 0, and coercive matrices
A Q; — R2*2. The model unknowns are q; and u;. For simplicity, we assume
that the fracture source term is trivial, hy = 0. We also assume constant fracture
coeflicients throughout this paper.

3. Derivation of the reduced models by Fourier analysis. We now derive
suitable coupling conditions between the matrix domains 1 and 25 that complement
the matrix equations

b, b,
(3.1) —divq; + ?J - Vu; + (n; —divgj)uj =h; in Q, j=12,
b,
(32) q]' = (A]v — ?J)uj in Qj, ] = 1,2,
and allow us to find approximate matrix solutions uged, q§ed, j = 1,2, for small

fracture apertures 6 > 0, without solving the fracture equations. The fracture solution
can then be reconstructed a posteriori from the traces at the interfaces of the matrix
solutions, as discussed in Section 5.

In what follows, we will drop the index f for fracture parameters whenever it does
not lead to confusion. Only in Section 4, we will have to use it again. Furthermore,
for any 4, j € {1, 2}, we will denote by a;; the ij-th entry of A and by b; the i-th entry
of b, with respect to the canonical basis {e,,e,} of R?.

We assume now for simplicity that the overall domain is R? to be able to use
Fourier transforms (similar results could also be obtained on bounded domains using
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4 M. J. GANDER, J. HENNICKER, AND R. MASSON

Fourier series). From (2.1) and (2.2) with hy = 0, the Fourier coefficients 4y (z, k) of
ug(z,y) have to satisfy for all k € R the ordinary differential equation

(3.3) —an@mﬁf + (bl — (a12 + azl)ik) aa;fl,f + (a22k2 + boik + n)ﬂf =0 in Qf.

The roots of the characteristic polynomial associated with (3.3) are Ay 2 = r+s, where

1

1 1 2
((a12 + azl)ik —by) and s= (7“2 + T(agsz + boik + 1’])) ’
11

2&11

The ansatz for the solution of (3.3),
(3.4) gz, k) = A(k)eM™ + B(k)er2”,

together with the coupling conditions (2.3) and (2.4) yields for the Fourier coefficients
Gj(x, k) of uj(z,y) and q;(x, k) of q;(z,y), j = 1,2, on the interfaces,

(3.5) 1 (—0,k) = A(k)e M + B(k)e %2,
(3.6) t2(8, k) = A(k)e® + B(k)e®2,

b

(3.7) @i(=0,k) -0y = ay MAR)e ™M + ap Ao B(k)e 2 + (arqik — El)al(—a, k),
b

(3.8) —@2(0,k) - ny = ay MAK)e™ + ajr A B(k)e? + (ay9ik — El)ag(cs, k).

Equations (3.5) and (3.6) are now solved for A and B,

(3.9)
- ﬁ2(5, ]{5)676)\2 — 121(76, k)(ié)Q

A(k) ﬂl(f& k)e‘”‘l — ’llz((;, k)@ia)\l
N 2sinh(2s4) ’

2sinh(2s6) ’

B(k) =

which can then be substituted into the remaining two equations (3.7) and (3.8). After
some calculations, this leads to the exact coupling conditions between 4y, q; in 4
and g, g2 in o across the fracture which has been eliminated,

sinh(2s6)@1(—0) - ny1 + (a115cosh(2s6) 4+ psinh(2s6))d; (—4)

(3.10) = a118€_25rﬁ2((5),
sinh(256)@2(9) - n2 + (a11 cosh(2sd) — psinh(2sd))iz(0)
(3.11) = a11862érﬁ1(—5),

where p = %5424k, Now, the necessary and sufficient information on the fracture so-
lution is contained in equations (3.10) and (3.11), such that the solution (u1,q1, us2,qs)
of model (3.1), (3.2), (3.10), (3.11) coincides with the solution of the original prob-
lem (2.1)-(2.4) restricted to the matrix domain €; U Q3. In this sense, we call the
coupling conditions (3.10) and (3.11) ezact and their derivation a continuous Schur
complement (of the fracture model). For the remaining part of this section, we will
drop the arguments indicating the evaluation at x = —4 for the functions living in
and at x = § for those living in Qy. Taking the sum (3.10) + (3.11) yields an expres-
sion related to the normal velocity jump across the fracture, whereas the difference
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153 (3.10) —(3.11) gives an expression related to the jump of the conserved scalar variable
154 across the fracture,

155 —sinh(2s0)(q2 - n2 + 41 - ny)

156 (3.12) - ans(cosh(%é)(ﬂl Fan) — (e2Tay + e*25ra2)) + psinh(2s8) (i — dia),
157 aus(cosh(28(5)(d2 —dip) + (72 Gy — eg‘STﬁl))

155 (3.13) = sinh(2s9)(q1 - n1 — G2 - n2) + psinh(2s6) (G + Gz).

160 We now expand (3.12), (3.13) into a series in § and truncate at a given order. We
161 then obtain the following reduced order coupling conditions at x = +4:

162 1. Truncation after the leading-order term (CCO coupling conditions):
162 @ty +ad =0 and Ayt -t =0

165 2. Truncation after the next-to-leading-order term (CC1 coupling conditions):

166 —(@5Y - ny +g°4 - ny)
b
167 = 6 (a2ak® + baik 4+ ) (@57 + 5°) + (—azik + o) (@5 - @),
b
169 6(@i -y — &5 ) = ana (a5 — a5 + 8 (anaik — o) (@5 + @),

170 To get back to the physical unknowns u; and q;, 5 = 1,2, we perform an inverse
171 Fourier transform by formally applying the rules,

[72 (3.14) ared s wied, @ e g, k2 e =0y, ik 8,

174 We therefore obtain as reduced order approximations of the exact coupling conditions

175 between the matrix domains €27 and €y
176 1. CCO coupling conditions:
173 (3.15) & n+g¥ ny =0  and  uy—wd=0.
179 2. CC1 coupling conditions:

(3.16)
180 —(a*! - ny + g¥? - ny)

b

181 = 6(—a228yy + b20y + 77) (uted + ufed) + <fa218y + 51) (used — uted),

(3.17)

b

152 B my = a5 ) = ang (w5 — i) + 5 (0120, — ) (i + ),
184 Remark 3.1. Since the CCO coupling conditions represent the trivial case without

185 any fracture, we will not consider this model further. We could also derive higher
186 order coupling conditions by using higher order expansions, but such models would
187 in general not be well posed.

This manuscript is for review purposes only.
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6 M. J. GANDER, J. HENNICKER, AND R. MASSON

4. Well-posedness of the reduced models. In this section, we show the well-
posedness of the reduced models on bounded domains. First, we have to introduce
the trace operators

v HY(Q;) — LA(T) and ;00 : H(Q;) — L*(0Q; \ ({£6} x )
and the normal trace operators

Yoy : Haiv () — H™2(T)

for j = 1,2, with n; = n and n, = —n. and the function spaces
Vi = {p; € H'(%) | v000; = 0} for j = 1,2,
V= {(p1,92) € Vi ®Va | mp1 + Y242 € Hy ()}
Wj = {a; € Haiv(%) | m,q; € L*(D)} for j = 1,2,
W = Wl ® W27

which we need for the weak formulation of the reduced models. Let us define for all
(gola 902) S V7

_ Y11 + Y22 _ Y2P2 — V1¥1
Qf 1= — and 0zPf 1= s

and for all (vi,vy) € W,

_ 'Ynl Vi — '-Yng V2

Y, V2 — Y, V
Oy = and Sp0p = “maV2 — Ym V1

26

The function space V' is complemented by the norm

1(p1s p2)llv = ZIIV%IILz ) +2008y @1 122 ry + 20110224 12

The d-weights in the norm are added in order to derive continuity and coercivity
uniformly in § for the bilinear form of the problem.

We can now multiply equations (3.1) by any ¢; € V;. Subsequent integration
over {);, summation over j = 1,2, and integration by parts, taking into account the
definition of q; in (3.2), yields

(4.1) a5 (1, 02). (01,2 ) Z / hypsdady,
with the bilinear form on V x V'

aﬁ(“‘lv“ﬂv (%01’902>) =20 / (270205 + Ar0apy)dy
r
(4.2)
b; b, b,
* Z/Q ((Ajv B 7) Ve, + ( - Vug)p; + (1 — dlvgj)ujgoj)dxdy.

This manuscript is for review purposes only.



MODELING AND ANALYSIS OF THE COUPLING IN DFM MODELS 7

206 By means of the coupling conditions (3.16), (3.17), we further obtain for the interfacial
207 integral,

(4.3)
e _ _ 8, .
/F(wfézqquféxw)dy: /F[( 0Py Oypr )Af< ayﬂ’; )+nfosOf
208
N -
- — i (00pr) + - (Oatiy) s + b (Dy17)5¢ | dy.

210 Therefore, the primal weak formulation of the reduced model with CC1 coupling
211 conditions amounts to find (u1,ug) € V, such that for all (1, ¢2) € V, one has (4.2),
212 (4.3).

213 LEMMA 4.1. There exists a positive constant Cp, such that for all (p1,p2) € V
214 we have the inequality

2

1
_ 3
25 (44) (DUl 3200y) + 2002532y ) < Crlitor, @2)llv
216 J=1
217 Proof. cf. [17] Proposition 1.2.1. 0
218 Remark 4.2. From the referenced proof of Lemma 4.1 it follows immediately that

219 inequality (4.4) holds for all functions in {(p1, ¢2) € H* (1) D HY(Q2) | y1901 +7202 €
220 HY(T")} with traces vanishing on a subset of the outer boundary of positive surface
221 measure. The general requirement of the proof is that (¢1,p2) belongs to a closed
222 subspace of (H*(Q) ® Hl(Qg),Z§:1 | - [l (q,)) for which || - ||y is a well defined

223  norm.

224 THEOREM 4.3. The bilinear form as associated with the reduced model (4.2), (4.3)
225 18 continuous and coercive uniformly with respect to §.
226 Proof. Continuity: Let (¢1,92) € V. From (4.3), there exists a positive constant
227 C, independent of d, such that
228 26‘/(@%@ + Grozpy)dy
r
_ _ _ 3
229 < C<25H3yuf”%2(r) + 25||5xuf||%2(1“) + 25““)”“%2(1“))
‘ -2 ~ 2 =2 B
240 - (20108113 x) + 2616225 1320y + 2611 220y )

232 Furthermore, there exists a positive constant C, such that for j = 1,2,

b; b, b,
233 ‘/ ((AjV — Tj)u‘j -V, + (?J -Vu;)p; + (n; — div%)ujgoj)dxdy}
Q;
2
234 < OZ(HUJ'HLQ(QJ-) + Vgl L2, lwill 22, + IVe;llLz,))-
235 J=1

Hence, by (4.4) there exists a positive constant C, independent of §, such that

las (w1, u2), (w1, p2))| < Ol (ur, u2)llv || (p1, p2) v

This manuscript is for review purposes only.



8 M. J. GANDER, J. HENNICKER, AND R. MASSON

236 Coercivity: Let us first note that, from @y = @y in (4.3), we obtain

237 2 / (@560 + Qrdatis)dy

r

_ _ 5a:af = \2
238 =20 | ( 6ur Oyus ) Ay ) dy +26 | ny(ug)dy
r Oytf r
239 > Aumin ()20 (10787 W32 ) + 10y 17132 ) ) + 20l 32y
241 Furthermore, for j = 1,2,
b, b, . b,
242 / ((A-V - ?]) i+ Vu; + (73 -Vuj)uj + (n; — dlvgj)u?)dxdy
Q;

2

243 Z - le L) [lujl13 0,y + Amin(ADIV; (720, )- 0

244 Jj=1

Inserting (u1,us) € V as a test function in the bilinear form of the variational problem
(4.2), (4.3) immediately yields its coercivity, with a constant C independent of &

as((u1, ug), (u1,u)) > Cll(u1, ug)|[3-

245 Remark 4.4. The coercivity for the reduced problem with CCO coupling condition
246 is immediate. However, the reduced problems with higher than next-to-leading-order
247 (CC1) coupling conditions are not coercive, in general. In the corresponding calcula-
248  tions for the next-to-next-to-leading-order coupling conditions, a term related to the
249 mnormal fracture advection coefficient can not be controlled.

250 5. Fracture reconstruction for reduced models. In many applications, the
251 fracture unknown uy is of interest. Substituting (3.9) into equation (3.3) yields an
252 expression for 4y in terms of 4171 and 4o,

(’3/2{1,2 (5, k)@ié)\z — ’3/1{1,1(—(5, k)e‘”‘z)e’\lw

253 (5.1) Uy(x, k) = 3 5inh(250)
- " (11 (=0, k)e’™ — Foiig(6, k)e 021 )er>"
3;) 2sinh(2s4) ’

256 which can be used to recover information on uy. We will give now some examples.

257 Approzimation for up(0,y):. we start with
(5.2)
a7 (0,k) = Aotie™ 2 — A111e” + J1tn e — Fplise M Arane’ + Jplze "
2sinh(2s4) 2 cosh(sd)

1, R 1) . A SN

258 = (M1 + A202) — ——((a12 + az1)ik — b1)(F101 — Fotz)
2 4(111
52 3

, — ——(agok® 4 boik 4+ 1) (A1 + Aatie) + O(5°).
259 4a1y

260 Then, truncating at a given order and performing an inverse Fourier transform (3.14)
261 gives rise to the following definitions:

This manuscript is for review purposes only.
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1. Truncation after the leading-order term:

(53) W0 = 2 (g,
2. Truncation after the next-to-leading-order term:
(5.4)
i S ) — o (e + aa1)y — bt = ).

3. Truncation after the next-to-next-to-leading-order term:

(5.5)
T 1 T I 5 T T
ufh? = S (g ppust) — ——((a12 + a21)dy — br) (e — ppus?)
2 4(111
2
+ Kﬂ(agzayy — bzay — 77) (’Yl’uied + ’}’nged).

Approzimation for Uy(y) = 2—15 fis ug(z,y)de:. let us first calculate the Fourier
coefficients for Uy (y),

1 5
= %/ﬂsuf(m,k)dz
76725(1‘+s)

- 85(r? — s2) sinh(ds) cosh(ds))
(=202 sy + (i + Fatia)s + (i — Faiia)r)e T+

S

=

=

S~—
|

(5.6)

+ (i +Aaiiz)s — (ailn — aiiz)r)e?” — 289iize™ )

1, . A 1) . o . o a

= 5(’71”1 +Aotiz) — ——((a12 + ag1)ik — by) (111 — Yoiz)
6a11
52
- W(azsz + byik 4+ 1) (101 + A21in) + O(63).
11
Truncating at a given order and using an inverse Fourier transform gives rise to the
following definitions:
1. Truncation after the leading-order term:

(57) U590 = 2 4 o™,
2. Truncation after the next-to-leading-order term:
(5.8)
U = St ) = o ((a + aa1)0y — ) = o)

3. Truncation after the next-to-next-to-leading-order term:

(5.9)
Ured,2 I 1( red redy g o —b red _ red
po= o™+ euy’) — ——((a12 + a21)dy — b1) (1™ — y2uy™)
2 6@11
52 red red
+ ——(@220yy — b20y — n) (1ui™ + Y2us™).
6ai1

This manuscript is for review purposes only.



286
287
288
289

290

291

10 M. J. GANDER, J. HENNICKER, AND R. MASSON

6. Comparison to the literature. DFM models are a tool for the simulation
of flow through fractured porous media, where the governing equations are mass
conservation and Darcy’s law. The approach illustrated above covers more general
problems, and in order to compare our models to existing ones from the literature,
we now let

— — _ (o O
(6.1) b:=0, 7n:=0, and A.( 0 am )

As outlined in [20], a PDE on the dimensionally reduced fracture I' is derived by
integrating the mass conservation equation over the fracture width,

s é
0= / divqrdr = ;.97 + Yny .95 + ay/ qs - Tdz,
-5 -6

with 7 being the unit vector tangential to I"'. Hence, by means of Darcy’s law and
normal flux continuity, we get

(6.2) —Yny 92 — Yn, 91 + 25&228§Uf =0,
where Uy := % ff s urdz is the fracture unknown. Then, one typically derives one
of the reduced order matrix-fracture (mf) coupling conditions by integrating Darcy’s

law over the fracture width,

5
/ qy - ndx = a1 (Vr2ur — yraus) = a11(y2us — yu),
-5
and by using the trapezoidal approximation

6
Yoy 29 ~ Yngad
/ qy -ndz ~ 2612 f2 L (it — Y @2).
-

which yields the mf coupling condition

(6~3> 5(%11(11 - Vm(lz) ~ a11(72u2 — mu).

In order to provide the second mf coupling condition, the authors propose in [20] a
family of approximations for Uy, parameterized by £ € [%, 1],

ug + Y1u 26 —1 6
m’hz 711+§

2 2 a1

(6.4) Uy (Yn, 91 + Tn,d2)-

The corresponding reduced order model amounts to find u?, q?, Uﬁ, such that

. b, . b . )
(6.5) —d1vq§ + 7] . Vu§ +(n; — dlvé)ug =h; in Q;, j=1,2,
b,
(6.6) QS = (A;V — ?J)uﬁ inQ, j=1,2,
(6.7) 25a228§U§ =, &+ @5 on I,
(6.8) 8(Tn, G — Y, G53) = ar1(y2us —1ui)  onT,
(6.9)

'ygug + 71u§ 26—-1 9
_|_ N
2 2 a1

(m, (ﬁ + vnzqi) = U; onT.

This manuscript is for review purposes only.
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MODELING AND ANALYSIS OF THE COUPLING IN DFM MODELS 11

The well-posedness of model (6.5)—(6.9) has been established for parameter values
€ € (3,00) in [20] and extended to ¢ € [£,00) in [1]. For numerical investigations on
the impact of &, we refer to [1, 10].

THEOREM 6.1. For £ = 1, the model (6.5)—(6.9) is equivalent to the model (3.1),
(3.2), (3.16), (3.17), (5.7), for the diffusion equation with diagonal matriz Ay inside
the fracture.

Proof. The statement of the theorem follows by substituting equation (6.9) into
(6.7). O

Writing (3.12), (3.13) for the diffusion model with diagonal matrix A, we observe
that the asymptotic behavior of the exact coupling conditions depends only on the
asymptotic behavior of the ratio % and of the product dase. We call these two
characteristic quantities the fracture resistivity and fracture conductivity. In [23], a
rigorous asymptotic analysis for the Laplace equation is performed, with the focus on
the solution in the limit 6 = 0. In this context, coupling conditions (at = £0) are
derived, for the cases i —a€eR, %= — 0, a5 — 0, provided a;; — 0, which turn
out to correspond to the coupling condltlons which we derive by means of truncating
(3.12), (3.13) at order 6° (with v := aj; = agy for isotropic diffusion).

1. Case 2 — a € R (note that this implies 6v — 0):

Yo di + Y92 =0 and  ypuz — y1u1 = a(Vn, A1 — Tn,d2)-
2. Case

ANJISY)

— 0o (note that this implies dv — 0):

Y, A1 + Vo942 =0  and  yn,d1 — Yn, 2 = 0.

3. Case £ — 0 and év — 0 corresponds to (3.15).
We can now complete this study by considering the cases v — a € R or dv —
(which both imply 2 — 0). We obtain

4. Case v - a € R:

Yo A1 + Yno G2 = @yy(ur +u2) and  yous — y1ug = 0.
5. Case v — oo:
Oyy(mur +72u2) =0  and  ypuz —y1up = 0.

7. Error estimates for the reduced models. In this section, we will derive
an error estimate in the H'-norm for the reduced order solution in the bulk (matrix)
domains and error estimates in the HZ-norm for the reduced order reconstructed
fracture solutions. For simplicity, we restrict ourselves to the anisotropic diffusion
equation with diagonal tensor inside the fracture, as in (6.1), and to the isotropic
diffusion equation in the matrix. Furthermore, the underlying geometry is set to
V= (—Ll,—5) X F, Qf = (—5,5) X F, Q= (6,[/2) X P, with § < Ly, Ly < oo and
I" = R, in order to allow for the use of Fourier transforms w.r.t. the y-coordinate
(similar results could also be obtained on bounded domains using Fourier series).

In this setting, the model solved on the full domain consists of the Poisson equa-
tion in mixed formulation in the matrix,

—diVQj = hj in Qj,
= V’U,j in Qj,
’yaQ’U,j = 0 on BQJ \Fj,
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j € {1,2}, and an anisotropic diffusion model inside the fracture,
—divgy =0 in Oy,
q; = (@102 + a220y,)uy  in Qy,
together with the matrix-fracture coupling conditions
Vilj = Vf.f on I'y,
Tn,4j = ~ng;dp only

The reduced order model consists of the Poisson equation in mixed formulation in the
matrix,

—divg}*? = h; in Q;,
Q= Vit in Q,
’yaQu§6d =0 on 0Q; \ T,
j € {1,2}, together with CC1 coupling conditions (see (3.16), (3.17)),

Yoo @5+ Yo, @50 = G220, (VUi + ou?),

ail
Yo G5 + Y, @ = 7(72715“1 — yuied).

THEOREM 7.1 (Matrix error estimate). Let Ay be diagonal, A; = Ay =1,
b1 =by =by =0 and m = 12 = ny = 0. Let {u1,uz,us} be solution to (2.1)-
(2.4) and {ut*d, uEd} be solution to (3.1), (3.2), (3.16) and (3.17).Then there exists
a constant C > 0 independent of §, such that for j = 1,2 we have the estimate

s = s, < €8 (el maceny + el o + Ml sy + lhzlls ) -

Proof. We want to express the normal traces of the matrix fluxes in terms of the
h; and the traces of u; on I';, j € {1,2}. To do so, we introduce the Steklov-Poincaré
operators

S H*(T;) — H™3(T;)
gj = 7ﬂj (ij)v
where v; satisfies the equations
—A’Uj =0 in Qj,
vvi =95 onTy,
Yov; =0 on 02 N 05Y;.
To account for the source term, we also introduce the operators
_1
R, L*(Qy) — H2(T;)
hj — ’Ynj (ij),
where w; satisfies the equations
—ij = hj in Qj,
(7.1) yjw; =0 on I';,
Yoow; =0 on 02N 0.
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Then, from the superposition principle for linear differential equations, we have
;45 = S (viu) + R;(hy),
o, 4 = 8 (uit) + Ry (hy)-
In a first step, we will derive an error estimate for the traces on I'; of the reduced
order solutions in Fourier space. As shown in Section 3, the exact problem in Fourier

space, after the elimination of the fracture unknown by means of a continuous Schur
complement, can be written as

(k? —0pp)tiy = hy  in (—Ly,—0), Vk € R,
(k2 - 8:v:b)’&2 = iLZ in (67 L2)7 vk € Ra

together with the coupling conditions

—_—

(7.2) $1%101 + S29%202 + Ri(h1) + Ra(h2) = *Jﬁex(’%ﬁl + Aalia),
(7.3) 519111 — 829212 + Ri(h1) — Ra(ha) = 4 (F212 — A1),
where we have introduced the terms

A arny /) 222 k2

7= a2 k2 tanh (5, | 22 k2), g = — VL

aii ai tanh (§ /m;@)
ail
and where -
84505 = Sj(uj) = |k| coth(|k[(L; — &))7;t;.

The property of the Steklov-Poincaré operators to reduce to a scaling factor in Fourier

space will be used in what follows.
The reduced order model in Fourier space can be written in the form

(k* = 8yp)i* = h; in (£L,%5), Vk € R,

together with the coupling conditions

(74) &5 4 89205 + Ri(hn) + Ra(ha) = — 4 (A a*® + 40057,

(7.5) 5141050 — 3940050 + Ry (k1) — Ra(hs)

red(A ~re 2 Ared)’

G (Y215 4 Y1y

where we have introduced the terms

2 N a1l
fred = 5&22/€2, gred = AL

]

Combining equations (7.2), (7.3), (7.4) and (7.5) yields the expressions for the error
of the traces on I'; in Fourier space,

S S 2, ~red
Y1€1 ‘= Y1uUlr — Y1Uy

_ =2+ g = oY) (Rada + H1t0) + (32 + ) (5™ — §"°%) (Badla — H1dn)
(82 + g7°9) (31 + fred) + (81 + 979) (82 + fred)
Y2é2 = Yolig — ’AYzﬁged
_ =G gD e Batiz + Anda) — (81 4 NG — g (adia — uin)
o (82 + g°9) (3, + fred) + (81 + 99) (82 + fred) ’

)
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14 M. J. GANDER, J. HENNICKER, AND R. MASSON

We will now give estimates for these errors in the sharpest possible order in §. First,
let us estimate the coefficient in front of the sum (§ot2 + J111). We have

~ N a a
[ = ] = |kly/anazs tanh( K3, [ 22) - \kw,/a—jj\

t h
< |/€|\/a11a225up’ e ‘W 53(a22)

ail
and, for j € {1, 2}, using the notation {j+1} =2for j=1and {j+1} =1 for j = 2,

red
(85 + g™ < 1 o1

0< = S - = =3 > )
(82 + ged) (81 + fred) + (51 + grd) (82 + fred) T Sy + fred T Sy K|

where we have used the positivity of the occurring coefficients, and the estimate

1
(7.6) k] < [k| coth(|KI(L — 8)) < k] + ——.

Now, let us estimate the coefficient in front of the difference (§ot2 — J111). We have

‘ | az2

~ex AT a11 ay ail tanh(z) 20,22
g% — ed| = — ——1‘ < —sup 7’|k| )
9 ltanh(|k|6 a2) 2€R an’
and, for j € {1,2},
s rred
0< (8, + ) < ! <1 < i

(§2 _|_grcd)(§1 +f‘rcd) + (§1 +grcd)(§2 _|_frcd) S{]Jrl} +gred - gred — all
where we have used the positivity of the occurring coefficients. We see that the
coefficient in front of the sum (44244141 ) is of third order in §, whereas the coefficient
in front of the difference (@2 — iy is only of second order. But we can gain one order
in § by using (7.3),

c o oo Bt = 89921 + Ri(hy) — Ra(ha)]
[t — Yotio| = ox
5]
< (M + )il + (k] + ) atal + [Ra(h) — Ralhz))
- —5 Y1u1 T0—35 Y2us2 1\ 2(n2)| |,

by means of inequality (7.6). Gathering these inequalities, we obtain for j € {1, 2},

(T.7) el < CORE (k] + D ([Frda| + [32az)) + [Ra(hr) = Ra(ka)] ).
For the errors in physical space,

— 5 tky _ red

e; = e;e'™dk = u; — u’;

J 7 7 )
V2T J /
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L (/R V1t kQWjéﬂzdk)E

<

cs|( / VIR + 1) (v + [fatel i)

= ([ VIR R + Raha))?dr) |

15

3053[2(4(1+k %|’y]uj|dk) Z(/ (1+42)} |R(j|dk)%]

053(\\71U1||Hg(R) Fllvzuzll g gy + IR 3 ) + IR2(R2)]

Using the (normal) trace and extension inequalities, we then obtain

lesllz, < el

H3 (R)

|H%<R>)'

< C53(||U1HH4(91) + luzll g2 0y) + llwillas@,) + ||w2||H5(Q2)>’

with w; solutions to problem (7.1), which classically induces

lwjll s,y < Ihjlles@,)-

Thus we obtain the error estimates

lejllercy) < Isesll g3 )

(7.8)

< C8* (Ilualmsqan) + Nuzlms ) + 1At lsgon) + 1Bllis ) ).

We can now also obtain a rigorous error estimate for the coupled problem from [20].

THEOREM 7.2 (Matrix error estimate for problem [20]). Let Ay be diagonal, A1 =
Ay =1 by =by=by=0andm =mn =1y =0. Let {ur,us,us} be solution to

(2.1)~(2.4).

Let ¢ € [3,1] and {uﬁ,u%,Uﬁ} be solution to (6.5)—(6.9).

Then there

exists a constant C' > 0 independent of §, such that for j = 1,2 we have the estimate

luj — uS |l e, < C53<||U1||H4(91) + luzllga0y) + 1P llas@)) + ||h2\|H3(92)>-

Proof. We first eliminate Uf by substituting (6.9) into (6.7) and obtain the cou-
pling conditions

G %10
2 ail

8(¥n, A — Tna@3) = a11(yus — 1us),

) (Vo A+ Tp @5) = 00220y, (25 + 114,

or, in Fourier space,

(7.9)
(7.10)
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177 where

2
478 ff = Oa11azzk . gt = E.
479 a1 + 0%2axnk?(26 — 1) g

We have §*°d — §¢ = 0 and
a2, k* (26 — 1)

fred _ f€ )
f ! a11 + 62azk?(2§ — 1)
480  Further
¢ 3 ¢ fred rred 3 453 tanhz — z 0%2 a%?
w1 |f = PSS = Fre e - ] < iR (sup | 22 4 (o - 1) 222),
482 z€R z ai ail
483 The rest of the proof is as in the proof of Theorem 7.1. ]
184 Similarly as above, we can now derive estimates for the error in the reconstructed
485 fracture solutions of the reduced models.
186 THEOREM 7.3 (Fracture error estimates). Let Ay be diagonal, A1 = Ay =1,

487 by =ba=by=0and m =n2 =ny = 0. Let {u1,us,us} be solution to (2.1)~(2.4)
o re re . . . . 3 B red, red, red,
188 and {ut*d ukd} be solution to (3.1), (3.2), (3.16), (3.17). Let up 0 U; 0 up 2

489 U}ed’z be defined according to Section 5. Then

490 1. There exist constants C,c > 0 independent of §, such that
Jaslema = 073
491 HU . Ured,(]”
=% gz

492 < 062<||U,1||H3(Ql) + ||u2||H3(S22)>
193 + C53(|\u1\|H4(91) + luzllga0,) + 1P llas@)) + ||h2|\H3(92))-
495 2. There exists a constant C' > 0 independent of §, such that

lutglomo = w2y o
496 red,2 (®)

1Ur = U™l 3y
107 < 08 (Jhnallsc@n) + luzll s + Wallscay) + el )-

Proof. Leading order approzimation of us(0,y): the leading order reconstructed
fracture solution is
red,0 uied + U’EEd
f - 9 )
499  Following the calculations in Section 5, we obtain for the error of the Fourier coeffi-
500 cients

Y1 U o1l 2, ~red ~ ~red
501 |ﬁf(0,k) _ a}ed,o(k” _ ‘ Y1U1 + YolUsa IR + Aol
2 cosh (o Zﬂl@) 2
11
1 —cosh(d,/522k?) o
2 A e1r + e
502 < = |3y + Aolia] + 17181 + Foés
2 cosh (0 %kQ) 2
11
L 204 A A~
—— —1
01 < sup| BE L5292 2154, 4 5| 4 (11200
504 z€ER z ai 9
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and therefore,

||uf(07')*urfed 0 / \/mhtf — Ared0|2dk)

Hz(F
< c52(/ \/1+k2k4|&1a1—|—&2ﬂ2|2dk : +053 /\/1+k2|@1é1 +&2é2\2dk>§
R

< cb®|y1un +2usll g )+ Cllmes +vzeall g

1
2

< 8 (Ilurllms(an) + ||u2||Hs<Qz>)
+ C53(HU1HH4(QI) + luzllgao,) + 1M llas@)) + ||h2||H3(92)>7

where we have used an extension inequality as well as inequality (7.8).
Neaxt-to-next-to-leading order approzimation of ur(0,y): the next-to—next—to-
leading order reconstructed fracture solution is

1 6%
red,2 22 red red
up "= (§+m3yy)( + uy™).
Following the calculations in Section 5, we obtain for the error of the Fourier coeffi-
cients

4 4 foased)

2 4a11

(i (0, k) — @2 (k) :‘ YUy + Yoty (1 52@22]62)(7
! 2cosh(d,/41k?)

2
< sup —(1—%)COShZ‘(§ Ekz)‘lﬁ’ﬂh + Jotz|
T LeR z4 cosh 2 a9s9 2
1 (5 (l11
(5 g )(|71€1 + Jaé2]).
Hence,
d,2
s (0, —uF 21y

1 6%as \
< glmer +meeall g )+ ||71€1 +v2€2ll 5 o O Imun +v2uell 1

C<53 +6°) (lu | o) + ||U2HH4(QQ) + Hh1||H3(Ql) + ||h2||H3(92))
o+ e0* (Jlual s o) + s en) ).

where we have used an extension inequality as well as inequality (7.8). It is worth to
note that, even though the approximation of the fracture solution is formally of order
four, the error is of order three, due to the error of the traces at the interfaces of the
reduced order matrix solutions.

Leading order approzimation of Us: the leading order reconstructed fracture so-
lution is

Ured 0 Iied + uéed )
2

Let us first remark that from the calculations in Section 5, we obtain

X tanh(d, /22 k?)
Up(k) = ———F——(f1l1 + Fat2),
2, @2 k2

aii
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529 and therefore,

. . tanh(§,/%22k2) — §, /9222
0 [0 (k) = U000 < | - ﬁ(

A A Y161 + A2é
71U1+’YQUQ) n \’Yl 1T 72 2|

a 25, /%22 )2 2
ail
tanh(z) —z| 5a Y11 Yol 1€ Y2l
531 gsup‘ (3) ‘52£k2|71 1+ Yela| | 181 + 92 2|.
532 z€R z an 2 2

533 The conclusion is now in the same manner as above and will not be repeated.

Next-to-next-to-leading order approximation of Uy: the next-to-next-to-leading

order reconstructed fracture solution is
1 6%
d,2 22 d d
7= (5 o)

534 Following the calculations in Section 5, we obtain for the error of the Fourier coeffi-
535 cients

o - Ared,2/7 8 az 5 1 0%a20k?\ . ved 2 ored
536 \Uys(k) — Uy (k)| = |tanh(d,/ —k2) — ( = — ——— | (51 47°" + A205°)
a1l 2 6(111
3

tanh(z) — z + % 4|41 Yol

537 < sup ) = . ‘((5 aﬁ]@) [ + 92z
z€R z a22 2

1 6% A A a
538 + (* — 711k2) |9161 + Y2é2].
539 2 Gag
540 The conclusion is now in the same manner as above and will not be repeated. O
541 THEOREM 7.4 (Fracture error estimates for problem [20]). Let Ay be diagonal,

542 A=Ay =1, by =by=bs=0andn =n =n; =0. Let {u1,us,us} be solution
513 to (2.1)~(2.4). Let & € [3,1] and {u%,ug,Uf} be solution to (6.5)—(6.9). Then

544 1. For any £ € [%, 1], there exist constants C,c > 0 independent of &, such that
_77¢

545 lusle—o ) Uil ey
546 < 0(52(||u1||H3(Ql) + ||u2||H3(92))
347 + 8 (Jlall maceny + el on) + Ml sy + lhzllms o) )
549 2. For ¢ = %, there exists a constant C' > 0 independent of §, such that
550 |Uf = US| 1

U2 (1)
22 < C53<||u1||H4(91) + uzllaa,) + 1Pl 20, + Hh2||H3<92)>~
553 3. For ¢ = %, there exists a constant C' > 0 independent of 6, such that
354 luslao = USH,

- a2 (T)

1

< O (It sy + sy + Mhtllirscn) + sl s )

Ut

This manuscript is for review purposes only.



563

564

565
566
567
568

569

582
583

584

(o))
oo
ot

586

MODELING AND ANALYSIS OF THE COUPLING IN DFM MODELS 19

Proof. The proof of Theorem 7.3 can be adapted in a straightforward manner to
get this result. 0

Remark 7.5. Theorem 7.4 implies that the model (6.5)-(6.9) yields an optimal
third order asymptotic approximation Uﬁ of
1. Uy = % ffé us(z,y)dz, when choosing £ = %, and
2. us(0,y), when choosing £ = 2.

8. Test cases. We present here a series of test cases in which we study the
convergence, for § — 0, of solutions derived by the reduced model to solutions of
the equi-dimensional model. We consider the model solved on the full domain, which
consists of the Laplace equation Au; = 0 in the matrix domains €2;, j = 1,2 and a
general elliptic model inside the fracture,

—div(AVuy) +b-Vuy +nup, in Qy,
together with the coupling conditions
u1(—=06) = uyp(—0), and uz(d) = us(9),
Ozu1(—6) = (a110z + @120y — %)uf(—é), and O,uz2(d) = (@110; + a120, — %)uf(é),
and compare the solution to those obtained by the reduced models, which consist of

the Laplace equation Auged = 01in Q;, j = 1,2, together with coupling conditions
containing the next-to-leading-order corrections (CC1, see (3.16), (3.17)),

Byt (—8) — puid (6) = 5(@228yy — byd, — n) (uged(—a) + uged(a))
+ (010, — 2) (96) — (=),
u(6) - it (=8) = dary (9,5 (9) + Do (~9))
(a0, — L) (w5 (-0) + 5 (9)),

which have been shown in Section 7 to have an error of O(83) compared to the
exact solution, for diffusion problems with diagonal matrix A. We use homogeneous
Dirichlet boundary conditions at y = £10 and non-homogeneous Dirichlet boundary
conditions with values =+ cos(my/20) at * = £10. In order to not have to repeat
parameter choices every time, we assume that the default setting of the fracture
parameters is

(81) ay] = ]., a9 = ]., a12 = 0, ag1 = 0, bl = 0, bg = 0, n= 0,

and we indicate which of the parameters we modified only in each test case. The
errors we measure in the matrix and fracture domains are

2
(8.2) erm = llu; = w5y,
i=1

1[0 1, .
(8.3) ery = ||% 6“fd$ - §<uled‘93:*5 + uso=s) |l L2®)-
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8.1. Analytical solutions. To separate numerical errors from model errors, we
start by considering isotropic diffusion in the fracture, i.e. a;; = age € RT, and we
are looking for exact solutions of the equi-dimensional model of the form

uj(x>y):wj(z)vj(y)7 ]:172af

For simplicity we choose

2

—ay,)), A=-—-—,
v) by — ay|

vi(y) = va(y) = vy (y) = cos(Aly
in Q1 = (az, —0) x (ay,by), I' = (=9,0) x (ay,by) and Qa = (J,b;) x (ay,by), respec-
tively, which satisfy homogeneous Neumann boundary conditions at the y-boundary.
Then, since Au; = 0, we have

wj(z) = ajsinh(Az) + B; cosh(Az), «aj,3; € R.
From the coupling conditions (2.3), (2.4), and from the (consistent!) Dirichlet bound-
ary conditions at the z-boundary, we obtain the values of the parameters «;, 5;.
For the reduced model, we similarly derive closed form solutions
U;ed (y)’

w2, y) = wid(z) j=1,2,

J
in 7 and Q,, with

_ 27
by — ay|’

- ay))) A

and

red _ _red _: red red red
wi*(z) = o sinh(Ax) + B;°C cosh(Az), o™, 31 € R.

From the coupling conditions (3.16), (3.17), and from the Dirichlet boundary condi-
tions at the z-boundary, we obtain the values of the parameters a?ed, ,8;‘*1.

Figure 2 shows that for low and mid diffusion in the fracture, optimal convergence
can be observed for moderate values of ¢ already, while for high diffusion in the
fracture, this only occurs for very small 4.

(a) (b) ()

-7 -4
10 10 10>7
-8
14 .
10 10 10 1
/ -12
-21 10 -21 A
10 10
-16
10
-5 1 8 -6 4 2
10 10 10 10 10 10 10 10 10 10 10 10

Fic. 2. Isotropic Darcy flow with one fracture. The plots show the convergence of the reduced
model analytical solutions to the equi-dimensional model w.r.t. the fracture width for fracture per-
meabilities a11 = aga € {1073 (red curve),10 (green curve),103 (blue curve)} and a unit matriz
permeability. (a) Error erm of the matriz solution. (b) Error ery of the leading order reconstructed
fracture solution. (c) Error of the next-to-next-to-leading order reconstructed fracture solution. The
reference triangles indicate a cubic slope in (a) and (c) and a quadratic slope in (b).
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8.2. Numerical solutions. We present now numerical tests obtained on Carte-
sian grids with a classical second order finite difference scheme.

8.2.1. f-independent parameters. We show in Figure 3 the matrix and frac-
ture errors er,, and ery defined in (8.2) and (8.3) for the model coefficients defined
n (8.1), by modifying the values to a1; = 0.001 (top), aze = 1000 (middle), by = 200
(bottom), to obtain anisotropic fracture coefficients. We observe that the orders of

a11=0.001
100 ¢ ‘ ‘ ‘

102 ¢
10 E

10 § 1 o i
108 cubic I - I
i quadratic 1
1070 ¢ matrix = = = 3
4 fracture 1 N
10-12 Y Y BT BRI M —
10® 10® 104 108 102 107 ‘ s
= — 0
FRACTURE APERTURE 08— s
a22=1000
- 1 1
- s E 05
3 o
cubic 3 0s
quadratic
matrix = = = 3 P
1010 ‘ ‘ fracturg B -
106 105 104 108 1072 101 P
0
FRACTURE APERTURE
b2=200
100 -1
10-2 % :% 0.5
10 E 3 0
-6
107 ¢ . cubic 3 05
8 2 quadratic
105y 2 matrix = = = 3 .
1010 [~ ‘ ‘ fracture 1 1T |
10 10 103 102 10" ——

FRACTURE APERTURE

F16. 3. Matriz and fracture errors erm and ery for anisotropic fracture coefficients a11 = 0.001,
az2 = 1000, ba = 200 from top to bottom, the other coefficients being as in (8.1).

convergence for the reduced order matrix and fracture solutions correspond to the
orders of convergence predicted by Theorem 7.1 and Theorem 7.3. Consistent with
the analytical solutions in Subsection 8.1, for highly diffusive fractures, the solutions
enter the regime of predicted convergence only for very small fracture apertures J.
Tllustrations of the solutions at é = 0.01 are also given in Figure 3.

This manuscript is for review purposes only.



605
606
607
608
609
610

611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629

22 M. J. GANDER, J. HENNICKER, AND R. MASSON

8.2.2. §-dependent parameters. From the reduced order coupling conditions

(3.16), (3.17), we observe that the fracture aperture, the fracture diffusion coefficients
and the fracture tangential advection coefficient never occur isolated, but always in
combination either as a fracture resistivity “* or as fracture conductivities, dage or
0bs. Hence, the asymptotic behavior of the solution is determined by the asymptotic
behavior of the generalized fracture coefficients
%, daga, by, aiz, azi, by, 0.
We test our coupling conditions for three different situations: a barrier test case,
a conduit test case with diffusion dominant fracture, and a conduit test case with
advection dominant fracture. Our results below illustrate well the robustness of our
new reduced models.

Barrier test case.. In this test case we set “t* = 0.05, keeping the other parame-
ters as in (8.1). We show in Figure 4 the matrix and fracture errors er,, and ery, and
also the solution in the limit § = 0. From the error plots, we observe an asymptotic

a11/d=0.05
100 ‘ ‘
10-1 E . =" E ™
102 . 4
108
104
108
106 Iinear
et
107 106 10° 104 107 102 107"
FRACTURE APERTURE

F1G. 4. Barrier test. Matriz and fracture error plots ery, and ery and the solution in the limit
§=0.

linear behavior of the convergence rate w.r.t. the fracture width, for both the matrix
and fracture solution.

Conduit test case with diffusion dominant fracture.. In this test case we set dase =
10, keeping the other parameters as in (8.1). We show in Figure 5 the matrix and
fracture errors ery, and ery, and also the solution in the limit § = 0. From the error
plots, we observe a linear asymptotic behavior of the convergence rate.

Conduit test case with advection dominant fracture.. In this test case we set dby =
2, keeping again the other parameters as in (8.1). We show in Figure 6 the matrix
and fracture errors er,, and ery, and also the solution in the limit 6 = 0. We again
observe a linear asymptotic behavior of the convergence rate.

9. Conclusion. We presented a rigorous derivation of coupling conditions for
DFM models for general linear advection-reaction-diffusion problems. The derivation
of coupling conditions relies on a Fourier transform of the physical unknowns in direc-
tion tangential to the fracture and an elimination of the fracture unknowns in Fourier
space by performing a continuous Schur complement. Reduced order coupling condi-
tions are then obtained by straightforward truncation of an expansion in the fracture
width. For simplicity, our calculations are presented for two-dimensional domains,
but an extension to three dimensions is readily obtained, using Fourier transforms
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FiG. 5. Diffusion dominant conduit test. Matriz and fracture error plots erm, and ery and the
solution in the limit 6 = 0.
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F1G. 6. Advection dominant conduit test. Matriz and fracture error plots ery, and ery and the
solution in the limit § = 0.

in both directions tangential to the fracture. We compared the coupling conditions
to a commonly used family of (diffusion) models from the literature and obtained
correspondence for the coupling conditions truncated after the next-to-leading-order
terms. We further derived coupling conditions for the fracture resistivity tending to
a constant, to infinity and to zero, and found correspondence to the literature, which
contains results for the special case of the Laplace equation only. For the general
elliptic models, we showed the well posedness for the reduced models. Furthermore,
from the knowledge of the exact solution in Fourier space, we were able to derive error
estimates for the reduced model solutions in the norm of fractional Sobolev spaces.
Then, we used trace and extension inequalities, in order to obtain error estimates in
the H'-norm in the matrix domain and in the H%-norm in the fracture. In particu-
lar, we obtained cubic resp. quadratic convergence in ¢, for diffusion problems with
diagonal matrix A. Our rigorous error analysis is currently restricted to these kind of
problems. Extensions to more general problems will be presented in future work. Our
estimates for the convergence rate of the reduced model solutions has been verified in
several numerical tests, and we also presented numerical results which go beyond our
analysis, such as for asymptotic solutions in case of a constant fracture conductivity
dass or resistivity a%. These results illustrate well the robustness of our new reduced
models.
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