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Abstract. This paper deals with the derivation and analysis of reduced order elliptic PDE4
models on fractured domains. We use a Fourier analysis to obtain coupling conditions between5
sub-domains, when the fracture is represented as a hyper-surface embedded in the surrounded rock6
matrix. We compare our results to prominent examples from the literature, for diffusive models. In7
a second step, we present error estimates for the reduced order models in terms of the fracture width.8
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1. Introduction. There are countless physical processes in real life applications15

that can be modeled by elliptic partial differential equations. One of the difficulties one16

often encounters in the formulation of such models is the presence of heterogeneities17

in the ambient media (i.e. spatially discontinuous coefficients in the differential equa-18

tions). If this is the case, then one has to think about coupling conditions between19

regions at the material interfaces. A further difficulty for the numerical solution20

of the problem occurs when the heterogeneity is a thin layer, in the sense that its21

length is much bigger than its width, which requires anisotropic and/or very small22

mesh cells inside the layer. This situation most prominently occurs in subsurface flow23

applications, where the thin heterogeneous layers are called fractures, and they are24

surrounded by the so-called rock matrix. Being motivated by such applications, we25

adopt this nomenclature in what follows.26

A model reduction strategy consists in representing the fractures as hyper-surfaces27

embedded in the matrix domain. This results in a system of PDEs in the full di-28

mensional matrix domain coupled with a system of tangential PDEs in the reduced29

dimensional fractures. Therefore, these models are called in the literature mixed- or30

hybrid-dimensional models, or Discrete Fracture Matrix (DFM) models. A common31

method to establish such models consists in integrating the fracture equations over the32

fracture width and using some ad hoc approximations for the coupling conditions (see33

[9, 20, 1, 19], where these techniques have been employed on simple geometries and34

[4, 6] for extensions to general fracture networks). For non linear DFM models, we35

refer to [5, 2, 7]. For an overview and comparison of current discretisation methods,36

see [3].37

The convergence of the DFM model solution to the full model solution has been38

the objective of several studies. They all carry out the convergence proofs in a classical39

functional analysis setting, but they differ in the asymptotic scaling of the model40

parameters, which leads to different DFM models. In [23], the authors use a suitable41

modification of the solution inside the fracture, in order to control its gradient and to42
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show convergence for isotropic Darcy flow and a fracture of high resistivity. In [8], the43

authors also use a modification of the fracture solution, and derive error estimates for44

anisotropic Darcy flow. In [21], a rescaling of the fracture normal coordinate is used,45

which yields a rescaled model on a geometry independent of the fracture width. The46

convergence is then proved by using the compactness of the rescaled solution. This47

technique is further applied in [22, 18] to non linear problems (Richards equation and48

reactive transport). On the other hand, in [7] it has been observed numerically that49

the well established approximation of pressure continuity across highly conductive50

fractures for the linear single phase flow models leads to non convergent solutions for51

two phase flow models, which involve highly non linear matrix fracture transmission52

conditions. Analytical results for these models are still missing.53

In the present paper, we use a completely new approach to develop and analyze54

reduced order models for general linear elliptic problems. Our focus lies on the deriva-55

tion of coupling conditions, which have to be satisfied by the traces of the solutions56

for the matrix domain on each side of the matrix-fracture interfaces. We emphasize57

that we are not only interested in the derivation of coupling conditions that have to58

be satisfied in the limit of vanishing aperture, but in particular with the derivation59

of coupling conditions that have to hold up to a certain order of the aperture, which60

in turn occurs as a model parameter. The idea is to first use a Fourier transform in61

the fracture tangential direction, which allows us to eliminate the fracture unknowns62

and to derive exact coupling conditions between the matrix sub-domains, a technique63

which can be regarded as a continuous analogue to a Schur complement of the frac-64

ture unknowns onto the matrix-fracture interfaces, and which is frequently used in65

domain decomposition to derive coupling conditions for optimal or optimized Schwarz66

methods, see [11, 12] and references therein, and [13, 14, 15, 16] for a different type67

of heterogeneous coupling using such techniques. Reduced order coupling conditions68

are then obtained by truncating the asymptotic expansions of the exact conditions at69

the desired order.70

Our paper is organized as follows: in Section 2, we present the model problem71

for which we develop coupling conditions. Section 3 is devoted to the derivation of72

the reduced order models, and Section 4 to the study of their well-posedness. The73

focus of Section 5 is a posteriori approximations of the fracture unknowns by suitable74

interpolations of the traces of the matrix solution at the interfaces. A comparison75

of our new reduced models to the Darcy flow models proposed in [20] is given in76

Section 6, where we also recover and extend the convergence results from [23]. In77

Section 7, we derive error estimates for reduced order models for anisotropic diffusion78

problems, which are sharper than the estimates given in [8]. From the exact and79

reduced order coupling conditions in Fourier space, we can infer the error of the80

traces of the matrix Fourier coefficients at the interfaces. Using trace and expansion81

inequalities for functions in fractional Sobolev spaces, we obtain error estimates of82

optimal order in the fracture width, namely cubic order of convergence for the H1-83

norm of the matrix solutions and quadratic order of convergence for the H
1
2 -norm of84

the fracture solution. In Section 8, we present a series of numerical tests, where we85

address the convergence of the reduced order solutions w.r.t. the fracture width, for86

different asymptotic behavior of the model parameters, including cases not covered87

by our analysis.88
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Fig. 1. Model problem domain, where Ω1 = (ax,−δ)×Γ, Ω2 = (δ, bx)×Γ and Ωf = (−δ, δ)×Γ,
with ax, bx ∈ R and Γ = (ay , by) ⊂ R. Note that the Fourier analysis in sections 3 and 7, will be
carried out on unbounded domains by setting Γ = R. The unit normals on Γ pointing outside of Ωj

are denoted by nj .

2. Model problem. We consider as our model problem a fracture between two89

matrix domains as illustrated in Figure 1,90

−divqj +
bj
2
· ∇uj + (ηj − div

bj
2

)uj = hj in Ωj , j = 1, 2, f,

(2.1)

91

qj = (Aj∇−
bj
2

)uj in Ωj , j = 1, 2, f,(2.2)92

uj = uf on ∂Ωj ∩ ∂Ωf , j = 1, 2,(2.3)93

qj · nj = qf · nj on ∂Ωj ∩ ∂Ωf , j = 1, 2,(2.4)9495

together with some suitable outer boundary conditions. The model coefficients are96

ηj : Ωj → R≥0, bj : Ωj → R2, such that ηj − divbj ≥ 0, and coercive matrices97

Aj : Ωj → R2×2. The model unknowns are qj and uj . For simplicity, we assume98

that the fracture source term is trivial, hf ≡ 0. We also assume constant fracture99

coefficients throughout this paper.100

3. Derivation of the reduced models by Fourier analysis. We now derive101

suitable coupling conditions between the matrix domains Ω1 and Ω2 that complement102

the matrix equations103

−divqj +
bj
2
· ∇uj + (ηj − div

bj
2

)uj = hj in Ωj , j = 1, 2,(3.1)104

qj = (Aj∇−
bj
2

)uj in Ωj , j = 1, 2,(3.2)105
106

and allow us to find approximate matrix solutions ured
j , qred

j , j = 1, 2, for small107

fracture apertures δ > 0, without solving the fracture equations. The fracture solution108

can then be reconstructed a posteriori from the traces at the interfaces of the matrix109

solutions, as discussed in Section 5.110

In what follows, we will drop the index f for fracture parameters whenever it does111

not lead to confusion. Only in Section 4, we will have to use it again. Furthermore,112

for any i, j ∈ {1, 2}, we will denote by aij the ij-th entry of A and by bi the i-th entry113

of b, with respect to the canonical basis {ex, ey} of R2.114

We assume now for simplicity that the overall domain is R2 to be able to use115

Fourier transforms (similar results could also be obtained on bounded domains using116
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Fourier series). From (2.1) and (2.2) with hf ≡ 0, the Fourier coefficients ûf (x, k) of117

uf (x, y) have to satisfy for all k ∈ R the ordinary differential equation118

−a11∂xxûf +
(
b1 − (a12 + a21)ik

)
∂xûf + (a22k

2 + b2ik + η)ûf = 0 in Ωf .(3.3)119
120

The roots of the characteristic polynomial associated with (3.3) are λ1,2 = r±s, where121

r = − 1

2a11
((a12 + a21)ik − b1) and s =

(
r2 +

1

a11
(a22k

2 + b2ik + η)
) 1

2

.122
123

The ansatz for the solution of (3.3),124

(3.4) ûf (x, k) = A(k)eλ1x +B(k)eλ2x,125

together with the coupling conditions (2.3) and (2.4) yields for the Fourier coefficients126

ûj(x, k) of uj(x, y) and q̂j(x, k) of qj(x, y), j = 1, 2, on the interfaces,127

û1(−δ, k) = A(k)e−δλ1 +B(k)e−δλ2 ,(3.5)128

û2(δ, k) = A(k)eδλ1 +B(k)eδλ2 ,(3.6)129

q̂1(−δ, k) · n1 = a11λ1A(k)e−δλ1 + a11λ2B(k)e−δλ2 + (a12ik −
b1
2

)û1(−δ, k),(3.7)130

−q̂2(δ, k) · n2 = a11λ1A(k)eδλ1 + a11λ2B(k)eδλ2 + (a12ik −
b1
2

)û2(δ, k).(3.8)131
132

Equations (3.5) and (3.6) are now solved for A and B,133

A(k) =
û2(δ, k)e−δλ2 − û1(−δ, k)eδλ2

2 sinh(2sδ)
, B(k) =

û1(−δ, k)eδλ1 − û2(δ, k)e−δλ1

2 sinh(2sδ)
,

(3.9)

134
135

which can then be substituted into the remaining two equations (3.7) and (3.8). After136

some calculations, this leads to the exact coupling conditions between û1, q̂1 in Ω1137

and û2, q̂2 in Ω2 across the fracture which has been eliminated,138

sinh(2sδ)q̂1(−δ) · n1 + (a11s cosh(2sδ) + ρ sinh(2sδ))û1(−δ)139

= a11se
−2δrû2(δ),(3.10)140

sinh(2sδ)q̂2(δ) · n2 + (a11s cosh(2sδ)− ρ sinh(2sδ))û2(δ)141

= a11se
2δrû1(−δ),(3.11)142143

where ρ = a21−a12
2 ik. Now, the necessary and sufficient information on the fracture so-144

lution is contained in equations (3.10) and (3.11), such that the solution (u1,q1, u2,q2)145

of model (3.1), (3.2), (3.10), (3.11) coincides with the solution of the original prob-146

lem (2.1)-(2.4) restricted to the matrix domain Ω1 ∪ Ω2. In this sense, we call the147

coupling conditions (3.10) and (3.11) exact and their derivation a continuous Schur148

complement (of the fracture model). For the remaining part of this section, we will149

drop the arguments indicating the evaluation at x = −δ for the functions living in Ω1150

and at x = δ for those living in Ω2. Taking the sum (3.10) + (3.11) yields an expres-151

sion related to the normal velocity jump across the fracture, whereas the difference152
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(3.10)− (3.11) gives an expression related to the jump of the conserved scalar variable153

across the fracture,154

− sinh(2sδ)(q̂2 · n2 + q̂1 · n1)155

= a11s
(

cosh(2sδ)(û1 + û2)− (e2δrû1 + e−2δrû2)
)

+ ρ sinh(2sδ)(û1 − û2),(3.12)156

a11s
(

cosh(2sδ)(û2 − û1) + (e−2δrû2 − e2δrû1)
)

157

= sinh(2sδ)(q̂1 · n1 − q̂2 · n2) + ρ sinh(2sδ)(û1 + û2).(3.13)158159

We now expand (3.12), (3.13) into a series in δ and truncate at a given order. We160

then obtain the following reduced order coupling conditions at x = ±δ:161

1. Truncation after the leading-order term (CC0 coupling conditions):162

q̂red
2 · n2 + q̂red

1 · n1 = 0 and ûred
2 − ûred

1 = 0.163164

2. Truncation after the next-to-leading-order term (CC1 coupling conditions):165

−(q̂red
2 · n2 + q̂red

1 · n1)166

= δ
(
a22k

2 + b2ik + η
)

(ûred
1 + ûred

2 ) +
(
−a21ik +

b1
2

)
(ûred

2 − ûred
1 ),167

δ(q̂red
1 · n1 − q̂red

2 · n1) = a11(ûred
2 − ûred

1 ) + δ
(
a12ik −

b1
2

)
(ûred

1 + ûred
2 ).168

169

To get back to the physical unknowns uj and qj , j = 1, 2, we perform an inverse170

Fourier transform by formally applying the rules,171

ûred
j 7→ ured

j , q̂red
j 7→ qred

j , k2 7→ −∂yy, ik 7→ ∂y.(3.14)172173

We therefore obtain as reduced order approximations of the exact coupling conditions174

between the matrix domains Ω1 and Ω2175

1. CC0 coupling conditions:176

qred
1 · n1 + qred

2 · n2 = 0 and ured
2 − ured

1 = 0.(3.15)177178

2. CC1 coupling conditions:179

−(qred
1 · n1 + qred

2 · n2)

(3.16)

180

= δ
(
−a22∂yy + b2∂y + η

)
(ured

1 + ured
2 ) +

(
−a21∂y +

b1
2

)
(ured

2 − ured
1 ),181

δ(qred
1 · n1 − qred

2 · n2) = a11(ured
2 − ured

1 ) + δ
(
a12∂y −

b1
2

)
(ured

1 + ured
2 ).

(3.17)

182
183

Remark 3.1. Since the CC0 coupling conditions represent the trivial case without184

any fracture, we will not consider this model further. We could also derive higher185

order coupling conditions by using higher order expansions, but such models would186

in general not be well posed.187
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4. Well-posedness of the reduced models. In this section, we show the well-
posedness of the reduced models on bounded domains. First, we have to introduce
the trace operators

γj : H1(Ωj)→ L2(Γ) and γj,∂Ω : H1(Ωj)→ L2(∂Ωj \ ({±δ} × Γ))

and the normal trace operators

γnj
: Hdiv(Ωj)→ H−

1
2 (Γ)

for j = 1, 2, with n1 = n and n2 = −n. and the function spaces188

Vj := {ϕj ∈ H1(Ωj) | γj,∂Ωϕj = 0} for j = 1, 2,189

V := {(ϕ1, ϕ2) ∈ V1 ⊕ V2 | γ1ϕ1 + γ2ϕ2 ∈ H1
0 (Γ)}190

Wj := {qj ∈ Hdiv(Ωj) | γnjqj ∈ L2(Γ)} for j = 1, 2,191

W := W1 ⊕W2,192193

which we need for the weak formulation of the reduced models. Let us define for all
(ϕ1, ϕ2) ∈ V ,

ϕ̄f :=
γ1ϕ1 + γ2ϕ2

2
and δxϕ̄f :=

γ2ϕ2 − γ1ϕ1

2δ
,

and for all (v1,v2) ∈W ,

v̄f :=
γn1

v1 − γn2
v2

2
and δxv̄f :=

−γn2
v2 − γn1

v1

2δ
.

The function space V is complemented by the norm194

‖(ϕ1, ϕ2)‖V =

(

2∑
j=1

‖∇ϕj‖2L2(Ωj)) + 2δ‖∂yϕ̄f‖2L2(Γ) + 2δ‖δxϕ̄f‖2L2(Γ)

 1
2

.195

196

The δ-weights in the norm are added in order to derive continuity and coercivity197

uniformly in δ for the bilinear form of the problem.198

We can now multiply equations (3.1) by any ϕj ∈ Vj . Subsequent integration199

over Ωj , summation over j = 1, 2, and integration by parts, taking into account the200

definition of qj in (3.2), yields201

(4.1) aδ

(
(u1, u2), (ϕ1, ϕ2)

)
=

2∑
j=1

∫
Ωj

hjϕjdxdy,202

with the bilinear form on V × V203

aδ

(
(u1, u2), (ϕ1, ϕ2)

)
= 2δ

∫
Γ

(ϕ̄fδxq̄f + q̄fδxϕ̄f )dy

+

2∑
j=1

∫
Ωj

(
(Aj∇−

bj
2

)uj · ∇ϕj + (
bj
2
· ∇uj)ϕj + (ηj − div

bj
2

)ujϕj

)
dxdy.

(4.2)204

205

This manuscript is for review purposes only.
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By means of the coupling conditions (3.16), (3.17), we further obtain for the interfacial206

integral,207

∫
Γ

(ϕ̄fδxq̄f + q̄fδxϕ̄f )dy =

∫
Γ

[(
δxϕ̄f ∂yϕ̄f

)
Af

(
δxūf
∂yūf

)
+ ηf ūf ϕ̄f

− bf1
2
ūf (δxϕ̄f ) +

bf1
2

(δxūf )ϕ̄f + bf2 (∂yūf )ϕ̄f

]
dy.

(4.3)

208

209

Therefore, the primal weak formulation of the reduced model with CC1 coupling210

conditions amounts to find (u1, u2) ∈ V , such that for all (ϕ1, ϕ2) ∈ V , one has (4.2),211

(4.3).212

Lemma 4.1. There exists a positive constant CP , such that for all (ϕ1, ϕ2) ∈ V213

we have the inequality214

( 2∑
j=1

(‖ϕj‖2L2(Ωj) + 2δ‖ϕ̄f‖2L2(Γ)

) 1
2 ≤ CP ‖(ϕ1, ϕ2)‖V .(4.4)215

216

Proof. cf. [17] Proposition 1.2.1.217

Remark 4.2. From the referenced proof of Lemma 4.1 it follows immediately that218

inequality (4.4) holds for all functions in {(ϕ1, ϕ2) ∈ H1(Ω1)⊕H1(Ω2) | γ1ϕ1+γ2ϕ2 ∈219

H1(Γ)} with traces vanishing on a subset of the outer boundary of positive surface220

measure. The general requirement of the proof is that (ϕ1, ϕ2) belongs to a closed221

subspace of (H1(Ω1) ⊕ H1(Ω2),
∑2
j=1 ‖ · ‖H1(Ωj)) for which ‖ · ‖V is a well defined222

norm.223

Theorem 4.3. The bilinear form aδ associated with the reduced model (4.2), (4.3)224

is continuous and coercive uniformly with respect to δ.225

Proof. Continuity: Let (ϕ1, ϕ2) ∈ V . From (4.3), there exists a positive constant226

C, independent of δ, such that227

2δ
∣∣∣∫

Γ

(ϕ̄fδxq̄f + q̄fδxϕ̄f )dy
∣∣∣228

≤ C
(

2δ‖∂yūf‖2L2(Γ) + 2δ‖δxūf‖2L2(Γ) + 2δ‖ūf‖2L2(Γ)

) 1
2

229

·
(

2δ‖∂yϕ̄f‖2L2(Γ) + 2δ‖δxϕ̄f‖2L2(Γ) + 2δ‖ϕ̄f‖2L2(Γ)

) 1
2

230
231

Furthermore, there exists a positive constant C, such that for j = 1, 2,232 ∣∣∣∫
Ωj

(
(Aj∇−

bj
2

)uj · ∇ϕj + (
bj
2
· ∇uj)ϕj + (ηj − div

bj
2

)ujϕj

)
dxdy

∣∣∣233

≤ C
2∑
j=1

(‖uj‖L2(Ωj) + ‖∇uj‖L2(Ωj))(‖ϕj‖L2(Ωj) + ‖∇ϕj‖L2(Ωj)).234

235

Hence, by (4.4) there exists a positive constant C, independent of δ, such that

|aδ((u1, u2), (ϕ1, ϕ2))| ≤ C‖(u1, u2)‖V ‖(ϕ1, ϕ2)‖V .

This manuscript is for review purposes only.
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Coercivity: Let us first note that, from ϕ̄f = ūf in (4.3), we obtain236

2δ

∫
Γ

(ūfδxq̄f + q̄fδxūf )dy237

= 2δ

∫
Γ

(
δxūf ∂yūf

)
Af

(
δxūf
∂yūf

)
dy + 2δ

∫
Γ

ηf (ūf )2dy238

≥ λmin(Af )2δ
(
‖δxūf‖2L2(Γ) + ‖∂yūf‖2L2(Γ)

)
+ 2δηf‖ūf‖2L2(Γ).239

240

Furthermore, for j = 1, 2,241 ∫
Ωj

(
(Aj∇−

bj
2

)uj · ∇uj + (
bj
2
· ∇uj)uj + (ηj − div

bj
2

)u2
j

)
dxdy242

≥
2∑
j=1

((ηj − div
bj
2

)‖uj‖2L2(Ωj) + λmin(Aj)‖∇uj‖2L2(Ωj).243

244

Inserting (u1, u2) ∈ V as a test function in the bilinear form of the variational problem
(4.2), (4.3) immediately yields its coercivity, with a constant C independent of δ

aδ((u1, u2), (u1, u2)) ≥ C‖(u1, u2)‖2V .

Remark 4.4. The coercivity for the reduced problem with CC0 coupling condition245

is immediate. However, the reduced problems with higher than next-to-leading-order246

(CC1) coupling conditions are not coercive, in general. In the corresponding calcula-247

tions for the next-to-next-to-leading-order coupling conditions, a term related to the248

normal fracture advection coefficient can not be controlled.249

5. Fracture reconstruction for reduced models. In many applications, the250

fracture unknown uf is of interest. Substituting (3.9) into equation (3.3) yields an251

expression for ûf in terms of γ̂1û1 and γ̂1û2,252

ûf (x, k) =
(γ̂2û2(δ, k)e−δλ2 − γ̂1û1(−δ, k)eδλ2)eλ1x

2 sinh(2sδ)
(5.1)253

+
(γ̂1û1(−δ, k)eδλ1 − γ̂2û2(δ, k)e−δλ1)eλ2x

2 sinh(2sδ)
,254

255

which can be used to recover information on uf . We will give now some examples.256

Approximation for uf (0, y):. we start with257

ûf (0, k) =
γ̂2û2e

−δλ2 − γ̂1û1e
δλ2 + γ̂1û1e

δλ1 − γ̂2û2e
−δλ1

2 sinh(2sδ)
=
γ̂1û1e

δr + γ̂2û2e
−δr

2 cosh(sδ)

=
1

2
(γ̂1û1 + γ̂2û2)− δ

4a11
((a12 + a21)ik − b1)(γ̂1û1 − γ̂2û2)

− δ2

4a11
(a22k

2 + b2ik + η)(γ̂1û1 + γ̂2û2) +O(δ3).

(5.2)

258

259

Then, truncating at a given order and performing an inverse Fourier transform (3.14)260

gives rise to the following definitions:261
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1. Truncation after the leading-order term:262

ured,0
f :=

1

2
(γ1u

red
1 + γ2u

red
2 ).(5.3)263

264

2. Truncation after the next-to-leading-order term:265

ured,1
f :=

1

2
(γ1u

red
1 + γ2u

red
2 )− δ

4a11
((a12 + a21)∂y − b1)(γ1u

red
1 − γ2u

red
2 ).

(5.4)

266
267

3. Truncation after the next-to-next-to-leading-order term:268

ured,2
f :=

1

2
(γ1u

red
1 + γ2u

red
2 )− δ

4a11
((a12 + a21)∂y − b1)(γ1u

red
1 − γ2u

red
2 )

+
δ2

4a11
(a22∂yy − b2∂y − η)(γ1u

red
1 + γ2u

red
2 ).

(5.5)

269

270

Approximation for Uf (y) := 1
2δ

∫ δ
−δ uf (x, y)dx:. let us first calculate the Fourier271

coefficients for Uf (y),272

Ûf (k) =
1

2δ

∫ δ

−δ
ûf (x, k)dx

=
−e−2δ(r+s)

8δ(r2 − s2) sinh(δs) cosh(δs))

·
(
−2e(4r+2s)δsγ̂1û1 + ((γ̂1û1 + γ̂2û2)s+ (γ̂1û1 − γ̂2û2)r)e2δ(r+2s)

+ ((γ̂1û1 + γ̂2û2)s− (γ̂1û1 − γ̂2û2)r)e2δr − 2sγ̂2û2e
2δs
)

=
1

2
(γ̂1û1 + γ̂2û2)− δ

6a11
((a12 + a21)ik − b1)(γ̂1û1 − γ̂2û2)

− δ2

6a11
(a22k

2 + b2ik + η)(γ̂1û1 + γ̂2û2) +O(δ3).

(5.6)273

274

Truncating at a given order and using an inverse Fourier transform gives rise to the275

following definitions:276

1. Truncation after the leading-order term:277

U red,0
f :=

1

2
(γ1u

red
1 + γ2u

red
2 ).(5.7)278

279

2. Truncation after the next-to-leading-order term:280

U red,1
f :=

1

2
(γ1u

red
1 + γ2u

red
2 )− δ

6a11
((a12 + a21)∂y − b1)(γ1u

red
1 − γ2u

red
2 ).

(5.8)

281
282

3. Truncation after the next-to-next-to-leading-order term:283

U red,2
f :=

1

2
(γ1u

red
1 + γ2u

red
2 )− δ

6a11
((a12 + a21)∂y − b1)(γ1u

red
1 − γ2u

red
2 )

+
δ2

6a11
(a22∂yy − b2∂y − η)(γ1u

red
1 + γ2u

red
2 ).

(5.9)

284

285
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6. Comparison to the literature. DFM models are a tool for the simulation286

of flow through fractured porous media, where the governing equations are mass287

conservation and Darcy’s law. The approach illustrated above covers more general288

problems, and in order to compare our models to existing ones from the literature,289

we now let290

(6.1) b := 0, η := 0, and A :=

(
a11 0
0 a22

)
.291

As outlined in [20], a PDE on the dimensionally reduced fracture Γ is derived by292

integrating the mass conservation equation over the fracture width,293

0 =

∫ δ

−δ
divqfdx = γnf,2

qf + γnf,1
qf + ∂y

∫ δ

−δ
qf · τdx,294

295

with τ being the unit vector tangential to Γ. Hence, by means of Darcy’s law and296

normal flux continuity, we get297

−γn2
q2 − γn1

q1 + 2δa22∂
2
yUf = 0,(6.2)298299

where Uf := 1
2δ

∫ δ
−δ ufdx is the fracture unknown. Then, one typically derives one300

of the reduced order matrix-fracture (mf) coupling conditions by integrating Darcy’s301

law over the fracture width,302 ∫ δ

−δ
qf · ndx = a11(γf,2uf − γf,1uf ) = a11(γ2u2 − γ1u1),303

304

and by using the trapezoidal approximation305 ∫ δ

−δ
qf · ndx ≈ 2δ

γnf,2
qf − γnf,1

qf

2
= δ(γn1q1 − γn2q2),306

307

which yields the mf coupling condition308

δ(γn1q1 − γn2q2) ≈ a11(γ2u2 − γ1u1).(6.3)309310

In order to provide the second mf coupling condition, the authors propose in [20] a311

family of approximations for Uf , parameterized by ξ ∈ [ 1
2 , 1],312

Uf ≈
γ2u2 + γ1u1

2
+

2ξ − 1

2

δ

a11
(γn1q1 + γn2q2).(6.4)313

314

The corresponding reduced order model amounts to find uξj , q
ξ
j , U

ξ
f , such that315

−divqξj +
bj
2
· ∇uξj + (ηj − div

bj
2

)uξj = hj in Ωj , j = 1, 2,(6.5)316

qξj = (Aj∇−
bj
2

)uξj in Ωj , j = 1, 2,(6.6)317

2δa22∂
2
yU

ξ
f = γn1q

ξ
1 + γn2q

ξ
2 on Γ,(6.7)318

δ(γn1q
ξ
1 − γn2q

ξ
2) = a11(γ2u

ξ
2 − γ1u

ξ
1) on Γ,(6.8)319

γ2u
ξ
2 + γ1u

ξ
1

2
+

2ξ − 1

2

δ

a11
(γn1

qξ1 + γn2
qξ2) = Uξf on Γ.

(6.9)

320
321
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The well-posedness of model (6.5)–(6.9) has been established for parameter values322

ξ ∈ ( 1
2 ,∞) in [20] and extended to ξ ∈ [ 1

2 ,∞) in [1]. For numerical investigations on323

the impact of ξ, we refer to [1, 10].324

Theorem 6.1. For ξ = 1
2 , the model (6.5)–(6.9) is equivalent to the model (3.1),325

(3.2), (3.16), (3.17), (5.7), for the diffusion equation with diagonal matrix Af inside326

the fracture.327

Proof. The statement of the theorem follows by substituting equation (6.9) into328

(6.7).329

Writing (3.12), (3.13) for the diffusion model with diagonal matrix A, we observe330

that the asymptotic behavior of the exact coupling conditions depends only on the331

asymptotic behavior of the ratio δ
a11

and of the product δa22. We call these two332

characteristic quantities the fracture resistivity and fracture conductivity. In [23], a333

rigorous asymptotic analysis for the Laplace equation is performed, with the focus on334

the solution in the limit δ = 0. In this context, coupling conditions (at x = ±0) are335

derived, for the cases δ
a11
→ α ∈ R, δ

a11
→∞, δ

a11
→ 0, provided a11 → 0, which turn336

out to correspond to the coupling conditions which we derive by means of truncating337

(3.12), (3.13) at order δ0 (with ν := a11 = a22 for isotropic diffusion).338

1. Case δ
ν → α ∈ R (note that this implies δν → 0):

γn1
q1 + γn2

q2 = 0 and γ2u2 − γ1u1 = α(γn1
q1 − γn2

q2).

2. Case δ
ν →∞ (note that this implies δν → 0):

γn1q1 + γn2q2 = 0 and γn1q1 − γn2q2 = 0.

3. Case δ
ν → 0 and δν → 0 corresponds to (3.15).339

We can now complete this study by considering the cases δν → α ∈ R or δν → ∞340

(which both imply δ
ν → 0). We obtain341

4. Case δν → α ∈ R:

γn1q1 + γn2q2 = α∂yy(u1 + u2) and γ2u2 − γ1u1 = 0.

5. Case δν →∞:

∂yy(γ1u1 + γ2u2) = 0 and γ2u2 − γ1u1 = 0.

7. Error estimates for the reduced models. In this section, we will derive342

an error estimate in the H1-norm for the reduced order solution in the bulk (matrix)343

domains and error estimates in the H
1
2 -norm for the reduced order reconstructed344

fracture solutions. For simplicity, we restrict ourselves to the anisotropic diffusion345

equation with diagonal tensor inside the fracture, as in (6.1), and to the isotropic346

diffusion equation in the matrix. Furthermore, the underlying geometry is set to347

Ω1 = (−L1,−δ) × Γ, Ωf = (−δ, δ) × Γ, Ω1 = (δ, L2) × Γ, with δ < L1, L2 < ∞ and348

Γ = R, in order to allow for the use of Fourier transforms w.r.t. the y-coordinate349

(similar results could also be obtained on bounded domains using Fourier series).350

In this setting, the model solved on the full domain consists of the Poisson equa-351

tion in mixed formulation in the matrix,352

−divqj = hj in Ωj ,353

qj = ∇uj in Ωj ,354

γ∂Ωuj = 0 on ∂Ωj \ Γj ,355356
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j ∈ {1, 2}, and an anisotropic diffusion model inside the fracture,357

−divqf = 0 in Ωf ,358

qj = (a11∂xx + a22∂yy)uf in Ωf ,359360

together with the matrix-fracture coupling conditions361

γjuj = γf,juf on Γj ,362

γnj
qj = −γnf,j

qf on Γj .363364

The reduced order model consists of the Poisson equation in mixed formulation in the365

matrix,366

−divqred
j = hj in Ωj ,367

qred
j = ∇ured

j in Ωj ,368

γ∂Ωu
red
j = 0 on ∂Ωj \ Γj ,369370

j ∈ {1, 2}, together with CC1 coupling conditions (see (3.16), (3.17)),371

γn2
qred

2 + γn1
qred

1 = δa22∂yy(γ1u
red
1 + γ2u

red
2 ),372

−γn2
qred

2 + γn1
qred

1 =
a11

δ
(γ2u

red
2 − γ1u

red
1 ).373

374

Theorem 7.1 (Matrix error estimate). Let Af be diagonal, A1 = A2 = I,
b1 = b2 = bf = 0 and η1 = η2 = ηf = 0. Let {u1, u2, uf} be solution to (2.1)–
(2.4) and {ured

1 , ured
2 } be solution to (3.1), (3.2), (3.16) and (3.17).Then there exists

a constant C > 0 independent of δ, such that for j = 1, 2 we have the estimate

‖uj − ured
j ‖H1(Ωj) ≤ Cδ3

(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.

Proof. We want to express the normal traces of the matrix fluxes in terms of the375

hj and the traces of uj on Γj , j ∈ {1, 2}. To do so, we introduce the Steklov-Poincaré376

operators377

Sj : H
1
2 (Γj) −→ H−

1
2 (Γj)378

gj 7→ γnj
(∇vj),379380

where vj satisfies the equations381

−∆vj = 0 in Ωj ,382

γjvj = gj on Γj ,383

γ∂Ωvj = 0 on ∂Ω ∩ ∂Ωj .384385

To account for the source term, we also introduce the operators386

Rj : L2(Ωj) −→ H−
1
2 (Γj)387

hj 7→ γnj
(∇wj),388389

where wj satisfies the equations390

−∆wj = hj in Ωj ,

γjwj = 0 on Γj ,

γ∂Ωwj = 0 on ∂Ω ∩ ∂Ωj .

(7.1)391

392
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Then, from the superposition principle for linear differential equations, we have393

γnj
qj = Sj(γjuj) +Rj(hj),394

γnjq
red
j = Sj(γjured

j ) +Rj(hj).395396

In a first step, we will derive an error estimate for the traces on Γj of the reduced397

order solutions in Fourier space. As shown in Section 3, the exact problem in Fourier398

space, after the elimination of the fracture unknown by means of a continuous Schur399

complement, can be written as400

(k2 − ∂xx)û1 = ĥ1 in (−L1,−δ), ∀k ∈ R,401

(k2 − ∂xx)û2 = ĥ2 in (δ, L2), ∀k ∈ R,402403

together with the coupling conditions404

ŝ1γ̂1û1 + ŝ2γ̂2û2 + R̂1(h1) + R̂2(h2) = −f̂ ex(γ̂1û1 + γ̂2û2),(7.2)405

ŝ1γ̂1û1 − ŝ2γ̂2û2 + R̂1(h1)− R̂2(h2) = ĝex(γ̂2û2 − γ̂1û1),(7.3)406407

where we have introduced the terms408

f̂ ex := a11

√
a22

a11
k2 tanh (δ

√
a22

a11
k2), ĝex :=

a11

√
a22
a11
k2

tanh (δ
√

a22
a11
k2)

,409

410

and where
ŝj γ̂j ûj := Ŝj(uj) = |k| coth(|k|(Lj − δ))γ̂j ûj .

The property of the Steklov-Poincaré operators to reduce to a scaling factor in Fourier411

space will be used in what follows.412

The reduced order model in Fourier space can be written in the form413

(k2 − ∂xx)ûred
j = ĥj in (±L,±δ), ∀k ∈ R,414415

together with the coupling conditions416

ŝ1γ̂1û
red
1 + ŝ2γ̂2û

red
2 + R̂1(h1) + R̂2(h2) = −f̂ red(γ̂1û

red
1 + γ̂2û

red
2 ),(7.4)417

ŝ1γ̂1û
red
1 − ŝ2γ̂2û

red
2 + R̂1(h1)− R̂2(h2) = ĝred(γ̂2û

red
2 − γ̂1û

red
1 ),(7.5)418419

where we have introduced the terms420

f̂ red := δa22k
2, ĝred :=

a11

δ
.421

422

Combining equations (7.2), (7.3), (7.4) and (7.5) yields the expressions for the error423

of the traces on Γj in Fourier space,424

γ̂1ê1 := γ̂1û1 − γ̂1û
red
1425

=
−(ŝ2 + ĝred)(f̂ ex − f̂ red)(γ̂2û2 + γ̂1û1) + (ŝ2 + f̂ red)(ĝex − ĝred)(γ̂2û2 − γ̂1û1)

(ŝ2 + ĝred)(ŝ1 + f̂ red) + (ŝ1 + ĝred)(ŝ2 + f̂ red)
,426

γ̂2ê2 := γ̂2û2 − γ̂2û
red
2427

=
−(ŝ1 + ĝred)(f̂ ex − f̂ red)(γ̂2û2 + γ̂1û1)− (ŝ1 + f̂ red)(ĝex − ĝred)(γ̂2û2 − γ̂1û1)

(ŝ2 + ĝred)(ŝ1 + f̂ red) + (ŝ1 + ĝred)(ŝ2 + f̂ red)
.428

429
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We will now give estimates for these errors in the sharpest possible order in δ. First,430

let us estimate the coefficient in front of the sum (γ̂2û2 + γ̂1û1). We have431

|f̂ ex − f̂ red| = |k|√a11a22

∣∣∣tanh(|k|δ
√
a22

a11
)− |k|δ

√
a22

a11

∣∣∣432

≤ |k|√a11a22 sup
z∈R

∣∣∣ tanh z − z
z3

∣∣∣|k|3δ3
(a22

a11

) 3
2

433
434

and, for j ∈ {1, 2}, using the notation {j+ 1} = 2 for j = 1 and {j+ 1} = 1 for j = 2,435

0 <
(ŝj + ĝred)

(ŝ2 + ĝred)(ŝ1 + f̂ red) + (ŝ1 + ĝred)(ŝ2 + f̂ red)
≤ 1

ŝ{j+1} + f̂ red
≤ 1

ŝ{j+1}
≤ 1

|k| ,436

437

where we have used the positivity of the occurring coefficients, and the estimate438

(7.6) |k| ≤ |k| coth(|k|(L− δ)) ≤ |k|+ 1

L− δ .439

Now, let us estimate the coefficient in front of the difference (γ̂2û2 − γ̂1û1). We have

|ĝex − ĝred| = a11

δ

∣∣∣ |k|δ
√

a22
a11

tanh(|k|δ
√

a22
a11

)
− 1
∣∣∣ ≤ a11

δ
sup
z∈R

∣∣∣ z
tanh(z) − 1

z2

∣∣∣|k|2δ2 a22

a11
,

and, for j ∈ {1, 2},440

0 <
(ŝj + f̂ red)

(ŝ2 + ĝred)(ŝ1 + f̂ red) + (ŝ1 + ĝred)(ŝ2 + f̂ red)
≤ 1

ŝ{j+1} + ĝred
≤ 1

ĝred
≤ δ

a11
,441

442

where we have used the positivity of the occurring coefficients. We see that the443

coefficient in front of the sum (γ̂2û2+γ̂1û1) is of third order in δ, whereas the coefficient444

in front of the difference (û2− û1) is only of second order. But we can gain one order445

in δ by using (7.3),446

|γ̂1û1 − γ̂2û2| =
|ŝ1γ̂1û1 − ŝ2γ̂2û2 + R̂1(h1)− R̂2(h2)|

|ĝex|447

≤ δ

a11

(
(|k|+ 1

L1 − δ
)|γ̂1û1|+ (|k|+ 1

L2 − δ
)|γ̂2û2|+ |R̂1(h1)− R̂2(h2)|

)
,448

449

by means of inequality (7.6). Gathering these inequalities, we obtain for j ∈ {1, 2},450

|γ̂j êj | ≤ Cδ3|k|2
(

(|k|+ 1)(|γ̂1û1|+ |γ̂2û2|) + |R̂1(h1)− R̂2(h2)|
)
.(7.7)451

452

For the errors in physical space,

ej =
1√
2π

∫ ∞
−∞

êje
ikydk = uj − ured

j ,
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we have453

‖γjej‖
H

1
2 (R)

=
(∫

R

√
1 + k2|γ̂j êj |2dk

) 1
2

454

≤ Cδ3
[(∫

R

√
1 + k2(|k|6 + 1)(|γ̂1û1|+ |γ̂2û2|)2dk

) 1
2

455

+
(∫

R

√
1 + k2|k|4(|R̂1(h1)|+ |R̂2(h2)|)2dk

) 1
2
]

456

≤ Cδ3
[ 2∑
j=1

(∫
R
(1 + k2)

7
2 |γ̂j ûj |2dk

) 1
2

+

2∑
j=1

(∫
R

(1 + k2)
5
2 |R̂j(hj)|2dk

) 1
2
]

457

= Cδ3
(
‖γ1u1‖

H
7
2 (R)

+ ‖γ2u2‖
H

7
2 (R)

+ ‖R1(h1)‖
H

5
2 (R)

+ ‖R2(h2)‖
H

5
2 (R)

)
.458

459

Using the (normal) trace and extension inequalities, we then obtain460

‖ej‖H1(Ωj) ≤ ‖γjej‖H 1
2 (R)

461

≤ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖w1‖H5(Ω1) + ‖w2‖H5(Ω2)

)
,462

463

with wj solutions to problem (7.1), which classically induces

‖wj‖H5(Ωj) ≤ ‖hj‖H3(Ωj).

Thus we obtain the error estimates464

‖ej‖H1(Ωj) ≤ ‖γjej‖H 1
2 (Γ)

≤ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.

(7.8)465

466

We can now also obtain a rigorous error estimate for the coupled problem from [20].467

Theorem 7.2 (Matrix error estimate for problem [20]). Let Af be diagonal, A1 =
A2 = I, b1 = b2 = bf = 0 and η1 = η2 = ηf = 0. Let {u1, u2, uf} be solution to

(2.1)–(2.4). Let ξ ∈ [ 1
2 , 1] and {uξ1, uξ2, Uξf } be solution to (6.5)–(6.9). Then there

exists a constant C > 0 independent of δ, such that for j = 1, 2 we have the estimate

‖uj − uξj‖H1(Ωj) ≤ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.

Proof. We first eliminate Uξf by substituting (6.9) into (6.7) and obtain the cou-468

pling conditions469

(1− 2ξ − 1

2

δ

a11
∂yy)(γn1

qξ1 + γn2
qξ2) = δa22∂yy(γ2u

ξ
2 + γ1u

ξ
1),470

δ(γn1
qξ1 − γn2

qξ2) = a11(γ2u
ξ
2 − γ1u

ξ
1),471472

or, in Fourier space,473

ŝ1γ̂1û
ξ
1 + ŝ2γ̂2û

ξ
2 + R̂1(h1) + R̂2(h2) = −f̂ξ(γ̂1û

ξ
1 + γ̂2û

ξ
2),(7.9)474

ŝ1γ̂1û
ξ
1 − ŝ2γ̂2û

ξ
2 + R̂1(h1)− R̂2(h2) = ĝξ(γ̂2û

ξ
2 − γ̂1û

ξ
1),(7.10)475476
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where477

f̂ξ :=
δa11a22k

2

a11 + δ2a22k2(2ξ − 1)
, ĝξ :=

a11

δ
.478

479

We have ĝred − ĝξ = 0 and

f̂ red − f̂ξ =
δ3a2

22k
4(2ξ − 1)

a11 + δ2a22k2(2ξ − 1)
.

Further480

|f̂ − f̂ξ| ≤ |f̂ − f̂ red|+ |f̂ red − f̂ξ| ≤ |k|4δ3
(

sup
z∈R

∣∣∣ tanh z − z
z3

∣∣∣a2
22

a11
+ (2ξ − 1)

a2
22

a11

)
.481

482

The rest of the proof is as in the proof of Theorem 7.1.483

Similarly as above, we can now derive estimates for the error in the reconstructed484

fracture solutions of the reduced models.485

Theorem 7.3 (Fracture error estimates). Let Af be diagonal, A1 = A2 = I,486

b1 = b2 = bf = 0 and η1 = η2 = ηf = 0. Let {u1, u2, uf} be solution to (2.1)–(2.4)487

and {ured
1 , ured

2 } be solution to (3.1), (3.2), (3.16), (3.17). Let ured,0
f , U red,0

f , ured,2
f ,488

U red,2
f be defined according to Section 5. Then489

1. There exist constants C, c > 0 independent of δ, such that490

‖uf |x=0 − ured,0
f ‖

H
1
2 (R)

‖Uf − U red,0
f ‖

H
1
2 (R)

}
491

≤ cδ2
(
‖u1‖H3(Ω1) + ‖u2‖H3(Ω2)

)
492

+ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.493

494

2. There exists a constant C > 0 independent of δ, such that495

‖uf |x=0 − ured,2
f ‖

H
1
2 (R)

‖Uf − U red,2
f ‖

H
1
2 (R)

}
496

≤ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.497

498

Proof. Leading order approximation of uf (0, y): the leading order reconstructed
fracture solution is

ured,0
f =

ured
1 + ured

2

2
.

Following the calculations in Section 5, we obtain for the error of the Fourier coeffi-499

cients500

|ûf (0, k)− ûred,0
f (k)| =

∣∣∣ γ̂1û1 + γ̂2û2

2 cosh(δ
√

a22
a11
k2)
− γ̂1û

red
1 + γ̂2û

red
2

2

∣∣∣501

≤
1− cosh(δ

√
a22
a11
k2)

2 cosh(δ
√

a22
a11
k2)

|γ̂1û1 + γ̂2û2|+
|γ̂1ê1 + γ̂2ê2|

2
502

≤ sup
z∈R

∣∣∣ 1
cosh z − 1

z2

∣∣∣δ2 a22

a11
k2|γ̂1û1 + γ̂2û2|+

|γ̂1ê1 + γ̂2ê2|
2

,503
504
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and therefore,505

‖uf (0, ·)− ured,0
f ‖

H
1
2 (Γ)

=
(∫

R

√
1 + k2|ûf (0, ·)− ûred,0

f |2dk
) 1

2

506

≤ cδ2
(∫

R

√
1 + k2k4|γ̂1û1 + γ̂2û2|2dk

) 1
2

+ Cδ3
(∫

R

√
1 + k2|γ̂1ê1 + γ̂2ê2|2dk

) 1
2

507

≤ cδ2‖γ1u1 + γ2u2‖
H

5
2 (Γ)

+ C‖γ1e1 + γ2e2‖
H

1
2 (Γ)

508

≤ cδ2
(
‖u1‖H3(Ω1) + ‖u2‖H3(Ω2)

)
509

+ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
,510

511

where we have used an extension inequality as well as inequality (7.8).512

Next-to-next-to-leading order approximation of uf (0, y): the next–to–next–to–
leading order reconstructed fracture solution is

ured,2
f =

(1

2
+
δ2a22

4a11
∂yy

)
(ured

1 + ured
2 ).

Following the calculations in Section 5, we obtain for the error of the Fourier coeffi-513

cients514

|ûf (0, k)− ûred,2
f (k)| =

∣∣∣ γ̂1û1 + γ̂2û2

2 cosh(δ
√

a11
a22
k2)
−
(1

2
− δ2a22k

2

4a11

)
(γ̂1û

red
1 + γ̂2û

red
2 )
∣∣∣515

≤ sup
z∈R

∣∣∣1− (1− z2

2 ) cosh z

z4 cosh z

∣∣∣(δ√a11

a22
k2
)4 |γ̂1û1 + γ̂2û2|

2
516

+
(1

2
− δ2a11

4a22
k2
)

(|γ̂1ê1 + γ̂2ê2|).517
518

Hence,519

‖uf (0, ·)− ured,2
f ‖

H
1
2 (Γ)

520

≤ 1

2
‖γ1e1 + γ2e2‖

H
1
2 (Γ)

+
δ2a22

4a11
‖γ1e1 + γ2e2‖

H
5
2 (Γ)

+ cδ4‖γ1u1 + γ2u2‖
H

7
2 (Γ)

521

≤ C
(
δ3 + δ5)(‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
522

+ cδ4
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2)

)
,523

524

where we have used an extension inequality as well as inequality (7.8). It is worth to525

note that, even though the approximation of the fracture solution is formally of order526

four, the error is of order three, due to the error of the traces at the interfaces of the527

reduced order matrix solutions.528

Leading order approximation of Uf : the leading order reconstructed fracture so-
lution is

U red,0
f =

ured
1 + ured

2

2
.

Let us first remark that from the calculations in Section 5, we obtain

Ûf (k) =
tanh(δ

√
a22
a11
k2)

2δ
√

a22
a11
k2

(γ̂1û1 + γ̂2û2),
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and therefore,529

|Ûf (k)− Û red,0
f (k)| ≤

∣∣∣ tanh(δ
√

a22
a11
k2)− δ

√
a22
a11
k2

2δ
√

a22
a11
k2

(γ̂1û1 + γ̂2û2)
∣∣∣+
|γ̂1ê1 + γ̂2ê2|

2
530

≤ sup
z∈R

∣∣∣ tanh(z)− z
z3

∣∣∣δ2 a22

a11
k2 |γ̂1û1 + γ̂2û2|

2
+
|γ̂1ê1 + γ̂2ê2|

2
.531

532

The conclusion is now in the same manner as above and will not be repeated.533

Next-to-next-to-leading order approximation of Uf : the next–to–next–to–leading
order reconstructed fracture solution is

U red,2
f =

(1

2
+
δ2a22

6a11
∂yy

)
(ured

1 + ured
2 ).

Following the calculations in Section 5, we obtain for the error of the Fourier coeffi-534

cients535

|Ûf (k)− Û red,2
f (k)| =

∣∣∣tanh(δ

√
a22

a11
k2)−

(1

2
− δ2a22k

2

6a11

)
(γ̂1û

red
1 + γ̂2û

red
2 )
∣∣∣536

≤ sup
z∈R

∣∣∣ tanh(z)− z + z3

3

z5

∣∣∣(δ√a11

a22
k2
)4 |γ̂1û1 + γ̂2û2|

2
537

+
(1

2
− δ2a11

6a22
k2
)
|γ̂1ê1 + γ̂2ê2|.538

539

The conclusion is now in the same manner as above and will not be repeated.540

Theorem 7.4 (Fracture error estimates for problem [20]). Let Af be diagonal,541

A1 = A2 = I, b1 = b2 = bf = 0 and η1 = η2 = ηf = 0. Let {u1, u2, uf} be solution542

to (2.1)–(2.4). Let ξ ∈ [ 1
2 , 1] and {uξ1, uξ2, Uξf } be solution to (6.5)–(6.9). Then543

1. For any ξ ∈ [ 1
2 , 1], there exist constants C, c > 0 independent of δ, such that544

‖uf |x=0 − Uξf ‖H 1
2 (Γ)

‖Uf − Uξf ‖H 1
2 (Γ)

}
545

≤ cδ2
(
‖u1‖H3(Ω1) + ‖u2‖H3(Ω2)

)
546

+ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.547

548

2. For ξ = 2
3 , there exists a constant C > 0 independent of δ, such that549

‖Uf − Uξf ‖H 1
2 (Γ)

550

≤ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.551

552

3. For ξ = 3
4 , there exists a constant C > 0 independent of δ, such that553

‖uf |x=0 − Uξf ‖H 1
2 (Γ)

554

≤ Cδ3
(
‖u1‖H4(Ω1) + ‖u2‖H4(Ω2) + ‖h1‖H3(Ω1) + ‖h2‖H3(Ω2)

)
.555

556
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Proof. The proof of Theorem 7.3 can be adapted in a straightforward manner to557

get this result.558

Remark 7.5. Theorem 7.4 implies that the model (6.5)–(6.9) yields an optimal559

third order asymptotic approximation Uξf of560

1. Uf = 1
2δ

∫ δ
−δ uf (x, y)dx, when choosing ξ = 2

3 , and561

2. uf (0, y), when choosing ξ = 3
4 .562

8. Test cases. We present here a series of test cases in which we study the
convergence, for δ → 0, of solutions derived by the reduced model to solutions of
the equi-dimensional model. We consider the model solved on the full domain, which
consists of the Laplace equation ∆uj = 0 in the matrix domains Ωj , j = 1, 2 and a
general elliptic model inside the fracture,

−div(A∇uf ) + b · ∇uf + ηuf , in Ωf ,

together with the coupling conditions563

u1(−δ) = uf (−δ), and u2(δ) = uf (δ),564

∂xu1(−δ) = (a11∂x + a12∂y −
b1
2

)uf (−δ), and ∂xu2(δ) = (a11∂x + a12∂y −
b1
2

)uf (δ),565
566

and compare the solution to those obtained by the reduced models, which consist of567

the Laplace equation ∆ured
j = 0 in Ωj , j = 1, 2, together with coupling conditions568

containing the next-to-leading-order corrections (CC1, see (3.16), (3.17)),569

∂xu
red
1 (−δ)− ∂xured

2 (δ) = δ
(
a22∂yy − b2∂y − η

)(
ured

1 (−δ) + ured
2 (δ)

)
570

+
(
a21∂y −

b1
2

)(
ured

2 (δ)− ured
1 (−δ)

)
,571

ured
2 (δ)− ured

1 (−δ) = δa−1
11

(
∂xu

red
2 (δ) + ∂xu

red
1 (−δ)

)
572

+ δ
(
a12∂y −

b1
2

)(
ured

1 (−δ) + ured
2 (δ)

)
,573

574

which have been shown in Section 7 to have an error of O(δ3) compared to the575

exact solution, for diffusion problems with diagonal matrix A. We use homogeneous576

Dirichlet boundary conditions at y = ±10 and non-homogeneous Dirichlet boundary577

conditions with values ± cos(πy/20) at x = ±10. In order to not have to repeat578

parameter choices every time, we assume that the default setting of the fracture579

parameters is580

(8.1) a11 = 1, a22 = 1, a12 = 0, a21 = 0, b1 = 0, b2 = 0, η = 0,581

and we indicate which of the parameters we modified only in each test case. The582

errors we measure in the matrix and fracture domains are583

(8.2) erm =

2∑
j=1

‖uj − ured
j ‖H1(Ωj),584

585

(8.3) erf = ‖ 1

2δ

∫ δ

−δ
ufdx− 1

2
(ured

1 |x=−δ + ured
2 |x=δ)‖L2(R).586
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8.1. Analytical solutions. To separate numerical errors from model errors, we
start by considering isotropic diffusion in the fracture, i.e. a11 = a22 ∈ R+, and we
are looking for exact solutions of the equi-dimensional model of the form

uj(x, y) = wj(x)vj(y), j = 1, 2, f.

For simplicity we choose

v1(y) = v2(y) = vf (y) = cos(λ(y − ay)), λ =
2π

|by − ay|
,

in Ω1 = (ax,−δ)× (ay, by), Γ = (−δ, δ)× (ay, by) and Ω2 = (δ, bx)× (ay, by), respec-
tively, which satisfy homogeneous Neumann boundary conditions at the y-boundary.
Then, since ∆uj = 0, we have

wj(x) = αj sinh(λx) + βj cosh(λx), αj , βj ∈ R.

From the coupling conditions (2.3), (2.4), and from the (consistent!) Dirichlet bound-587

ary conditions at the x-boundary, we obtain the values of the parameters αj , βj .588

For the reduced model, we similarly derive closed form solutions

ured
j (x, y) = wred

j (x)vred
j (y), j = 1, 2,

in Ω1 and Ω2, with

vred
1 (y) = vred

2 (y) = cos(λ(y − ay)), λ =
2π

|by − ay|
,

and
wred
j (x) = αred

j sinh(λx) + βred
j cosh(λx), αred

j , βred
j ∈ R.

From the coupling conditions (3.16), (3.17), and from the Dirichlet boundary condi-589

tions at the x-boundary, we obtain the values of the parameters αred
j , βred

j .590

Figure 2 shows that for low and mid diffusion in the fracture, optimal convergence591

can be observed for moderate values of δ already, while for high diffusion in the592

fracture, this only occurs for very small δ.593

(a) (b) (c)

Fig. 2. Isotropic Darcy flow with one fracture. The plots show the convergence of the reduced
model analytical solutions to the equi-dimensional model w.r.t. the fracture width for fracture per-
meabilities a11 = a22 ∈ {10−3 (red curve), 10 (green curve), 103 (blue curve)} and a unit matrix
permeability. (a) Error erm of the matrix solution. (b) Error erf of the leading order reconstructed
fracture solution. (c) Error of the next-to-next-to-leading order reconstructed fracture solution. The
reference triangles indicate a cubic slope in (a) and (c) and a quadratic slope in (b).
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8.2. Numerical solutions. We present now numerical tests obtained on Carte-594

sian grids with a classical second order finite difference scheme.595

8.2.1. δ-independent parameters. We show in Figure 3 the matrix and frac-596

ture errors erm and erf defined in (8.2) and (8.3) for the model coefficients defined597

in (8.1), by modifying the values to a11 = 0.001 (top), a22 = 1000 (middle), b2 = 200598

(bottom), to obtain anisotropic fracture coefficients. We observe that the orders of
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Fig. 3. Matrix and fracture errors erm and erf for anisotropic fracture coefficients a11 = 0.001,
a22 = 1000, b2 = 200 from top to bottom, the other coefficients being as in (8.1).

599
convergence for the reduced order matrix and fracture solutions correspond to the600

orders of convergence predicted by Theorem 7.1 and Theorem 7.3. Consistent with601

the analytical solutions in Subsection 8.1, for highly diffusive fractures, the solutions602

enter the regime of predicted convergence only for very small fracture apertures δ.603

Illustrations of the solutions at δ = 0.01 are also given in Figure 3.604
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8.2.2. δ-dependent parameters. From the reduced order coupling conditions
(3.16), (3.17), we observe that the fracture aperture, the fracture diffusion coefficients
and the fracture tangential advection coefficient never occur isolated, but always in
combination either as a fracture resistivity a11

δ or as fracture conductivities, δa22 or
δb2. Hence, the asymptotic behavior of the solution is determined by the asymptotic
behavior of the generalized fracture coefficients

a11

δ
, δa22, δb2, a12, a21, b1, η.

We test our coupling conditions for three different situations: a barrier test case,605

a conduit test case with diffusion dominant fracture, and a conduit test case with606

advection dominant fracture. Our results below illustrate well the robustness of our607

new reduced models.608

Barrier test case.. In this test case we set a11
δ = 0.05, keeping the other parame-609

ters as in (8.1). We show in Figure 4 the matrix and fracture errors erm and erf , and610

also the solution in the limit δ = 0. From the error plots, we observe an asymptotic

10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100

10-7 10-6 10-5 10-4 10-3 10-2 10-1

E
R
R
O
R

 O
F

 R
E
D
U
C
E
D

 S
O
L
U
T
IO
N

FRACTURE APERTURE

a11/d=0.05

linear
matrix

fracture

Fig. 4. Barrier test. Matrix and fracture error plots erm and erf and the solution in the limit
δ = 0.

611

linear behavior of the convergence rate w.r.t. the fracture width, for both the matrix612

and fracture solution.613

Conduit test case with diffusion dominant fracture.. In this test case we set δa22 =614

10, keeping the other parameters as in (8.1). We show in Figure 5 the matrix and615

fracture errors erm and erf , and also the solution in the limit δ = 0. From the error616

plots, we observe a linear asymptotic behavior of the convergence rate.617

Conduit test case with advection dominant fracture.. In this test case we set δb2 =618

2, keeping again the other parameters as in (8.1). We show in Figure 6 the matrix619

and fracture errors erm and erf , and also the solution in the limit δ = 0. We again620

observe a linear asymptotic behavior of the convergence rate.621

9. Conclusion. We presented a rigorous derivation of coupling conditions for622

DFM models for general linear advection-reaction-diffusion problems. The derivation623

of coupling conditions relies on a Fourier transform of the physical unknowns in direc-624

tion tangential to the fracture and an elimination of the fracture unknowns in Fourier625

space by performing a continuous Schur complement. Reduced order coupling condi-626

tions are then obtained by straightforward truncation of an expansion in the fracture627

width. For simplicity, our calculations are presented for two-dimensional domains,628

but an extension to three dimensions is readily obtained, using Fourier transforms629
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Fig. 5. Diffusion dominant conduit test. Matrix and fracture error plots erm and erf and the
solution in the limit δ = 0.
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Fig. 6. Advection dominant conduit test. Matrix and fracture error plots erm and erf and the
solution in the limit δ = 0.

in both directions tangential to the fracture. We compared the coupling conditions630

to a commonly used family of (diffusion) models from the literature and obtained631

correspondence for the coupling conditions truncated after the next-to-leading-order632

terms. We further derived coupling conditions for the fracture resistivity tending to633

a constant, to infinity and to zero, and found correspondence to the literature, which634

contains results for the special case of the Laplace equation only. For the general635

elliptic models, we showed the well posedness for the reduced models. Furthermore,636

from the knowledge of the exact solution in Fourier space, we were able to derive error637

estimates for the reduced model solutions in the norm of fractional Sobolev spaces.638

Then, we used trace and extension inequalities, in order to obtain error estimates in639

the H1-norm in the matrix domain and in the H
1
2 -norm in the fracture. In particu-640

lar, we obtained cubic resp. quadratic convergence in δ, for diffusion problems with641

diagonal matrix A. Our rigorous error analysis is currently restricted to these kind of642

problems. Extensions to more general problems will be presented in future work. Our643

estimates for the convergence rate of the reduced model solutions has been verified in644

several numerical tests, and we also presented numerical results which go beyond our645

analysis, such as for asymptotic solutions in case of a constant fracture conductivity646

δa22 or resistivity δ
a11

. These results illustrate well the robustness of our new reduced647

models.648
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