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Abstract—Waveform relaxation (WR) is a technique which
can be used to solve large systems of ordinary differential
equations (ODEs). It is especially suitable for the parallel
solution of ODEs with multiple time scales, and has been
successfully used for solution of electronic circuits and for
solving partial differential equations (PDEs). The main issue
limiting the utility of waveform relaxation is the class of
problems with strong subsystem to subsystem couplings and
long analysis time intervals resulting in non-uniform, slow
convergence. Here we consider transmission line circuits
since they represent an important part of a Spice type
circuit solver. For transmission lines, the coupling between
different lines is relatively weak, and thus partitioning in
the transverse direction leads to very fast WR algorithms.
However, longitudinal partitioning of transmission lines is
very challenging due to the strong coupling which results.
In this paper we propose an approach with improved
convergence properties for strongly coupled longitudinal
partitioning of transmission lines and other similarly strongly
coupled circuits.

Index Terms—Waveform relaxation and transmission lines,
longitudinal partitioning, convergence analysis, fast conver-
gence.

|. INTRODUCTION

Transmission lines (TL) are fundamental circuit ele-
ments for the modeling of many different structures from
power applications to Spice type circuit solvers. In fact,
they represent one of the fundamental circuit components
necessary in a Spice solver. The continuous progress of the
speed and complexity of the VLSI system and semicon-
ductor technology has required continuous improvements
in transmission line models for interconnects, e.g. [1], [2].
Efficient TL circuit models started with the method of
characteristics work [3]. Since then, approaches improved
continuously in response to the ever increasing demands
due to the advances in technology. Modern transmission
line models are described in [4]. We will summarize some
of the recent advances as an introduction to this paper,
while a good list of references of the progress in TL mod-
eling can be found in, e.g. [5], [6]. Multiconductor lines are
of importance today for many applications such as buses.
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Dielectric and conductor losses have been included in the
models since the ’80s, eg. [7]. Since then, continuous
improvements have been made toward higher accuracy and
larger frequency ranges of approximation, e.g. [8]-[10].
Hence, the quality of the multiconductor transmission line
models has improved considerably over the years.

More recently, it has become clear that the next ad-
vances in computing power are due to multi-processor
machines. This leads to a new area of research toward
new TL models which perform well on a large num-
ber of processors. It is clear that these algorithms must
fundamentally be based on splitting or partitioning of
the structures into smaller units or subsystems. As part
of this effort, it was recognized that the weak coupling
in the important problem of multiconductor transmission
lines can be exploited to subdivide each conductor into a
separate subsystem using the transverse TL partitioning
approach [9]. Each conductor can be solved separately
using the classical Waveform Relaxation (WR) methods
which were conceived in [11], [12] to speed up circuit
simulation for large circuits. In the WR approach, we
break a large system into many smaller subsystems, and a
waveform iteration is introduced to represent the coupling
between the subsystems. WR methods have the great
advantage that subsystems can be solved independently
with locally adapted time steps or even different time
integration methods.

Problems exist for the classical WR approach in that
strongly coupled, partitioned subcircuits may lead to an
excessive number of waveform iterations. This diminishes
the effectiveness of the approach. Hence, it is not sur-
prising that convergence is slow with the classical WR if
we attempt to further subdivide each individual TL into
length sections or parts. Early on, many researchers have
attempted to use classical WR for longitudinal partitioning
of TLs, e.g. [13], but with limited success. However, the
potential for parallel processing has led to a substantial
research effort on the WR approach, as is evident from
the references in [14]-[16] and [17]. However, the con-
vergence issue with the classical WR has to be resolved
in order to obtain efficient solvers.

WR has also been applied to the solution of Partial
Differential Equations (PDEs), where coupling between
subsystems which we call transmission conditions corre-
spond to coupling between subdomains in physical space.



The classical WR algorithm corresponds to Dirichlet
transmission conditions at the artificial interfaces between
subdomains [18], [19]. However, much more effective
transmission conditions can be obtained if more appropri-
ate information, adapted to the physics of the underlying
problem, is exchanged in the transmission conditions,
[20]-[23]. In the circuit domain, different overlap type
circuit techniques were used by several researchers to
attempt convergence improvements for WR. References
to early work on circuit simulations can be found in [15].
Essentially, convergence is excellent if a large portion of
the tightly coupled circuit components are collected within
subsystems and the coupling between subsystems is weak.
Later work in [24], [25] attempted to improve coupling
between subsystems to enhance the convergence of WR
based methods. However, none of these techniques do
include the optimization step which was introduced in the
above optimized PDE work. This is also an essential step
in all of our strongly coupled circuit domain work. The
first approach with the optimized transmission conditions
in the circuit domain was presented for diffusive (RC)
circuits in [26]. It was shown that new improved coupling
between subsystems can greatly enhance the performance
of WR methods. More uniform convergence of the op-
timized WR is also of importance for strongly coupled
subsystems for parallel processing, so that larger time
intervals can be analyzed before exchanging waveforms
between the subsystems. This reduces the communication
time needed to exchange waveforms between the subsys-
tems for parallel processing.

In this paper, we give a new formulation, which rep-
resents a generalization of the optimized WR approach
which is effective for strong couplings. Specifically, we
apply the technique to the very strongly coupled longitudi-
nal transmission line partitioning problem. This optimized
WR adds more flexibility and efficiency to the general WR
based circuit solution for transmission line problems. Cut-
ting the TL wires in the longitudinal partitioning approach
represents a very challenging situation. Importantly, new
work on the longitudinal circuit partitioning of transmis-
sion lines has recently shown much promise [27], [28],
[29]. Also, our work lays the foundation for a general
multiconductor waveform relaxation solution in the time
domain. While we consider only a single line in this
basic work, it is straightforward to adapt the now proved
transverse WR approach in [9] to multiple lines. Our quasi-
TEM section model is simple in order to be suitable for the
extensive analysis required. Also, our low-loss test model
is more challenging from a convergence point of view than
a model which includes all the loss mechanisms.

In the next section, we derive a generalized version
of the optimized WR formulation for circuits. We show
mathematically that optimal transmission conditions are
resulting in excellent performance for a class of circuits

with strong couplings. In section I11, we analyze in detail
the difficult case of TEM mode type transmission line
problems with longitudinal partitioning, and we derive ex-
plicit formulas for the optimized transmission conditions.
Finally, in section 1V, we illustrate our approach with
numerical experiments.

Il. CLASSICAL AND OPTIMAL WAVEFORM
RELAXATION

In this section, we consider the general case of banded
systems or ladder type circuits in view of the transmission
line circuit problem which we want to solve. The linear
circuit equations are specified as modified nodal analysis
equations (MNA\) in the general form

Cie(t) + Gz (t) = Bul(t), (I1.1)

where C contains the reactive elements and G the other
elements, while B is the input selector matrix and w(t)
are the forcing functions. For the systems we consider, C
is a block diagonal, invertible matrix,

Ci1
Cap
C= , (1.2)
Cn.N
and G is block tridiagonal,
Gi1 Gi2
g — g2,1 g2,2 , (”3)
' Gn_1,N
OnnN-1 OnN

and we use @(t) := Bu(t) to simplify the notation.
The block structure suggests a natural partitioning of the
system into subsystems. We denote by s; the indices
corresponding to the ¢-th subsystem block and we let
Gi,0 = Gn,n+1 = 0 to avoid writing the boundary cases
separately. Taking a row system at the time we obtain for
i=1,2,...,N the partitions

Ci,i@(8:) + Gii12(8i-1) + Giix(si)

’ (11.4)
+ Giiv12(8i41) = Ui(s:)
where we denote by x(s;) the part of the vector x
corresponding to the i-th block. For a classical waveform
relaxation algorithm, we would choose the subsystem
unknowns to be x; for ¢+ = 1,2,..., N, and then solve
iteratively for k = 1,2, ...

Ciih (8;) + GiiazF(sii1) + Gzl (si)

. 1.5
+ Giipraf (sig1) = Gi(si), (1-3)
together with the classical transmission conditions
k _ k=1 L
wi(Si_l) = x;7,(8i-1), 1=2,3,...,N, (11.6)

Z; (S’H-l) = m?—:ll(si-l-l)? i:1727"'7N_17



in order to couple the subsystems.

In the optimized WR approach, we use new transmis-
sion conditions between the subsystems which contain
optimization parameters. Specifically, in the general for-
mulation, we use the optimization operators A; and B;
and propose on the left fori = 2,3,..., N as transmission
conditions

Ci—1,i—1T¥(8i—1) + Bi—1Gi—1,ix¥(s:) =
Ci1i12¥ 7} (8i 1) + Bi1Gi 1.2 (s0),
and on the right for ¢ = 1,2,..., N — 1 as transmission
conditions

(I1.7)

Cir1,ir1Z¥(8i11) + AiGir1ixF(s:) =

_ _ 11.8
Cz‘+1,i+1$f+11(8i+1) + Aigi+1,i$f+11 (85)- (118)

The matrix valued linear operators A; and B; can be cho-
sen for this new family of waveform relaxation methods
to improve the performance of the method. We first show
that an optimal choice exists, with which the waveform
relaxation algorithm for N subsystems converges in N
iterations. To do so, we work in the frequency domain with
Laplace transform parameter s. The waveform iteration
is performed with a basic schedule for analyzing the N
subsystems one by one. By linearity, it suffices to analyze
the homogeneous case, and prove convergence to zero.
Hence, we study the homogeneous Laplace transformed
equation corresponding to the WR iteration in (11.5),
namely fori =1,2,...,N

Cii58¥(81) + Giia @ (8i1) + Giid¥ (sy)

z 1.9
+gz',i+1-’13f(3i+1) =0, (119)

and we use the new transmission conditions (I1.7,11.8),
which are also Laplace transformed.

Theorem 2.1 (Optimal Transmission Conditions):
The waveform relaxation algorithm (I11.5) with the
new transmission conditions (I1.7,11.8) converges in N
iterations, if the Laplace symbols §;(s) of B; are given

by

Bi(s) =C1,1(sCip+ Gi1)™t,

Bi(8) = Ci,i(5Ci,i+Gii— Gi,im1Ciy i1 Bim1(8)Giz1,i) 1,
(11.10)

for n=2,3,...,N-1, and the Laplace symbols «;(s) of A;

are given by

an-1(8) =CnN(sCnN + GnN) T,

ai—1(8) =Ci,i(sCii+Gii— gi,i+1C;r11,z-+1 @;(8)Git1,:) 7!

(1.11)
forn =N —1,N —2,...,2. independently of the initial
waveforms, assuming that the matrices are invertible for
all s with R(s) > 0.

Proof: The idea of the proof is to show that with the
optimal choice (11.10,11.11) of transmission operators, at
each iteration one additional transmission condition from
the left and the right becomes homogeneous. Thus after V

iterations, all subsystems have homogeneous transmission
conditions. Hence, they have the zero solution.
For the first iteration, we have for the first subsystem

(5C1.1 + Gi1)&1(81) + G121 (82) = 0. (11.12)

Hence, if we want that the second system has a zero
condition on the left in the second iteration, we need
from (11.7,11.8) that C11&1(s1) + B1(5)G1221(s2) = O,
which we obtain, using that (11.12) holds, by requiring that
6171 — ﬂ1(8)(SC171 + 91,1) = 0, which leads to ﬂl(s) in
(11.10,11.11). With this choice of §;(s), for all subsequent
iterations, the second subsystem has a zero condition on
the left, and thus its equation, (sCao + Goo)da(s2) +
Go1@5(81) + Go 3#5(s3) = 0, can be simplified to

(sC22 +Gop — 92,101_7%91,2)53;(32) + g2,3’f5§(33) =0.

(1.13)

Now, for the third subsystem to have a zero transmission
condition on the left at the third iteration, we need
from (11.7,11.8) that Cs 0@5(82) + B2(8)G2 3#5(s3) = 0,
and since from iteration 2 on, we have (I1.13), we ob-
tain this by requiring that C22 — B2(s)(sC22 + Ga2 —
G2,1C1 1 B1(8)G1,2) = 0 which gives B5(s) in (11.10,11.11).
With this choice, the third, and all subsequent approxima-
tions for the third subsystem satisfy the simplified equation

(sC3,3+ G353 — 93,202_,592,3)-’33(33) + G 4&3(84) = 0.
(1.14)
By induction, we obtain now all the 8;(s) in (11.10,11.11).
A similar argument, starting with the last subsystem, leads
to the results for «; in (11.10,11.11). ]

This convergence result is optimal, since the solution
of the last subsystem depends on the source terms in the
first subsystem and vice versa, and because information is
only communicated locally to neighboring subsystems in
each iteration. In general, convergence of the algorithm in
less than IV steps is not possible.

The proof of Theorem 2.1 also suggest a different
subsystem scheduling sequence: instead of solving all sub-
systems at each iteration, and then exchanging information
between subsystems, one could just solve the first and last
one in the first iteration, and then the second and second
last in the second iteration, and so on. The method would
still converge in NV iterations, and at each iteration step
only two subsystems would need to be solved. However,
other schedules may be more desirable once the location
of the sources is known, or have more parallelism.

The symbols «;(s) and B;(s) in (11.10,11.11) are ma-
trices whose entries are not polynomials in s. Hence,
they correspond to convolution operators in time at the
interfaces between subsystems, which are much more
costly than the classical transmission conditions (11.6). For
this reason, we investigate approximations to the optimal
transmission conditions. In section 1I-C, we give an
example of how such an approximation can be optimized
for transmission line problems.



Fig. 1.

A transmission line with transport behavior.

I11. THE TRANSMISSION LINE PROBLEM

In this section, we apply the new waveform relaxation
algorithm from the previous section to the TEM mode
type transmission line model shown in Figure 1. The MNA
circuit matrices (11.1) for the TEM model are

C1
Ly
C
C = Ly ,
Ln—l
C
S N (11
R,
-1 R 1
-1 0 1
G = -1 Ry 1
-1 R, 1
I -1 7

For the tridiagonal structure of the ladder circuit con-
sidered, the matrices G; ;, j = ¢ & 1 only contain one
non-zero entry, which simplifies both the classical and
new transmission conditions in the general waveform
relaxation algorithm (I1.5): only a scalar value needs to be
transmitted. Denoting by szf the first and st the last entry
in the index set s;, the classical transmission conditions
are

ah(sh ) = af (s ), i=2,3,...,N,
k(of k1 (111.2)
z;(8i11) = @i (Sip1), 1=1,2,...,N -1,

which now exchange only a scalar value at the interfaces.
Similarly, the new transmission conditions are on the left
fori=2,3,...,N

af(si_1)+Biaxf(s]) = {7 (s}_,) +Bi71$§:11(3f):

%

(11.3)

and on the right fori =1,2,...,N -1

w?(szf-i—l) + Aiw? (Si) = 33?;11 (szf—i-l) + Aimf-ﬁl (Sé)a

(11.4)
where A; and B; are reduced to scalar linear operators.
Theorem 2.1 gives the optimal choice of these non-local
convolution operators. To make the approach applicable to
real-life problems, we want to find local approximations
where A; and B; are as simple as possible. This leads to an
algorithm which is as straightforward to implement as the
classical WR algorithm. Importantly, for a good choice of
A; and B;, fast convergence can be achieved for problems
where the application of the classical WR algorithm is
inefficient. Considerable research work has been devoted
to determine a good choice of the local approximations.
For example, in [28] we presented a study for a small
transmission line circuit consisting of two sections only.
Here, we extensively study the case of an infinitely long
transmission line. The equations of the infinitely long
circuit are of the form

. a. b. —a
& = '*2 ‘. z + f, (I15)
—-c 0 ¢
where z = (...,z(=2),z(-1),2(0),2(1),2(2),...)7T,

and the entries of the matrix after multiplication by the
inverse of the matrix C are given by

R
b=-7. (111.6)

Since the circuit is infinitely large, we assume that all
voltage and current values stay bounded as we approach
the infinite ends of the circuit in the analysis in order to
have a well posed problem.

A. Analysis for Classical WR Algorithms

From the MNA circuit equations (I11.1) it is evident
that taking the even or odd rows switches between current
and voltage unknowns. Hence, the type of partitioning
alternates. However, if an overlap is used, both types of
variables will be covered. We first partition the circuit
corresponding to an infinitely long line at an even row
into two sub-circuits or subsystems without overlapping
unknowns. We call the unknown values in the first sub-
system x4 (t) and in the second subsystem x(¢), which



leads to the classical WR algorithm

&y = e 0 |t f(—.l) + 0 ;
I ab £(0) —azy (1)
[0 ¢ (1) —cx¥=1(0)
ik =a b —a zh+ f2) |+ 0
i (11.7)

For the infinite system the rows with 0 diagonal elements
with ¢ off diagonal elements correspond to voltage un-
knowns while the alternative rows with a and b elements
correspond to current unknowns. As done in section I, we
analyze the convergence for the homogeneous problem,
f(t) = 0, with zero initial conditions 2(0) = 0 for the
convergence study.

The Laplace transform with s € C of the homogeneous
classical WR problem yields

8:?3’1c = —c 0 ¢ iﬁlf + 0 R
I ab —ad@h (1)
[0 ¢ —cz¥=1(0)
sk = | @ b —a e 0

(11.8)
Solving the first system of equations for :i:’f (7) corresponds

to solving the recurrence relations

a@y (j—1)+(b— S)f:f(ﬂ) aw1(3+1) 0,j=0,-2...,
—czb(j—1)—s2¥(j)+eib(j+1)=0,j=-1,-3...,
in j, or equivalently for j =0, -1, -2,...
a"illc(zj_l) (b—S) ]f(2j)—aw1(2.7 +]_) = 0,
_cx1(2] —2)—s ’f(QJ -1+ cw1(2]) - 0.
(111.9)

Solving the second equation in (111.9) for the odd indices,
with s = n+iw, n > 0, we get &7 (2j — 1) = £(25(25) —
#%(2j — 2)), and substituting this result into the other
equation, we find for j = 0,—1,—2,... the recurrence
relation

ac . 2ac
— ot (2j-D)+(S+b-9)2t (2) -8t (25+2) = 0,
(111.10)
Since all circuit elements are positive, we have a > 0,
b < 0, and ¢ < 0 from (111.6), and we obtain for j =
0,-1,-2,...
ale| . 2alc R
el (221 LU a2t 21 Wt 2542) =0,
(111.11)
The general solution of (111.11) is therefore
&7 (2j)

= AF)Y + BRAY, (111.12)

where A% are the roots of the characteristic polynomial of

the recurrence relation,

2ac|+5(|b] + 5) £/(2alc|+5(|b]+5))2—
2a|c|

4a2|c|?
3 = <L,
(111.13)
and A*, B* are some constants.
Lemma 3.1: The roots A% given in equation (111.13)
satisfy for s =n + iw, n > 0,
o X2 > 1 for {(n,w) : —y/2a[e] + B+ 7 < w <
v 2alc| + [bln + 72, n > 0} \ {(0,0)},
o |A2| > 1 for {(n,w):w < —+/2a|c| + [b|n + 72, or
w > +/2alc| + |b|n + 72, n > 0},

|/\ =M=l XN =X =l w=n=

Proof: The proof of this results is technical and can
be found in [29]. [ ]
To determine the constants A* and B* for the general so-
lution (111.12), we need to use the transmission conditions
at the subsystem interfaces and the boundedness condition
at infinity. We first consider the case when |A%| > 1,
which implies [A%| < 1, since [A%||A%| = 1, and thus by
the boundedness assumption on the solution, we obtain
Bk = 0. Hence, #f(2j) = AFAY and a‘c’f(2j -1) =
¢ AFNYT2(A2 — 1). To determine A*, we use the last
equation of the first subsystem at the interface
a@y (=1)+(b—s)21(0) = A’“(

(1- /\+2)+b s)=adh=(1),

asZE2 (1)
ac(1—A;%)+s(b—s
formulas we have A3 + A2 = S(” 5) +2 and thus we can
simplify A* to

which leads to A% = , and by Vieta’s

Ak _ Sig 1(1) .
O3 = 1)
Hence the general solutions for #5(2;) and &% (25 — 1),
j=0,-1,—-2,..., are given by

~k—1
NP s8y (1) (25 ko . i
she) = SOl abaj— v = af a2,

" (111.14)
By a similar calculation, we obtain for the second subsys-
tem for j = 1,2,3,... the solutions

X2 —1)&5710)
#4(27) =aE O, a2 -1)= DA O s

(111.15)

Inserting this result at iteration & into (111.14), we find over

two iteration steps of the WR algorithm the mapping
:izllg—i—1 (0) = Pcla (3; a,b, C)mlf ! (0)7

with the convergence factor p.;, given by

peta(s,a,b,¢) = 5—— = (111.16)



where we used A3 A2 =1 to obtain the last equality on
the right. The second case is when |\ | > 1, and for this
case, we obtain with a similar calculation
2

A -1
A -1
The case where A3 =1, implies that s =0, ie. n =w =
0. Note that the limit of p., as s — 0 equals 1 and the
algorithm is not convergent. To summarize, we have for
n>0

peta(8,a,b,c) = =-Al. (111.17)

A2, [A2]>1,
pcla(saa;bac) = { _/\i })\{} <1.

Similar calculations show that the same convergence factor
peiq 15 also found if we partition the circuit at an odd
row. This will be different for the new WR algorithm
as we will see later. The following Theorem shows that
the convergence factor (111.18) is an analytic function for
n > 0, which allows us to use the maximum principle for
complex analytic functions in what follows.

Theorem3.2: If ¢ > 0, b < 0, and ¢ < 0, then the
convergence factor p., of the classical WR in (111.18) is
an analytic function of s in the right half of the complex
plane.

Proof: The proof is technical and can be found in
[29]. ]
We can now estimate the convergence of the classical WR
algorithm applied to the transmission line problem. By the
maximum principle for analytic functions, the maximum
of |peia(s)| for s = n+iw, n > 0 is on the boundary of
the right half of the complex plane, and since for s = re®?,
—m/2 < 8 < 7/2, we have Tli_g)lo peia = 0, for both cases

[A%| > 1 and [AZ] < 1, the maximum will be at n = 0.
Unfortunately for n = 0, as w goes to zero, we find that
|pcia] goes to one, and hence convergence will be very
slow for low frequencies, w close to zero. An example for
the convergence factor as a function of w for n = 0 is given
in Figure 2. This explains why longitudinal partitioning
of transmission lines leads to very slow convergence in
general.

If we overlap the unknowns by one, we can show using
a similar analysis that the convergence factor becomes

[ G22I >
Pela(s,a,b,c) = { ()\3_)2’ |)\i| <1.
In both cases of a cut at an even or at an odd row
we have the square of the convergence factor without
overlap of the unknowns. This shows that overlap im-
proves the convergence behavior, but it can not correct the
severe convergence problem of longitudinal partitioning
of transmission lines, since low frequencies still converge
arbitrary slowly. In the next section, we will show for the
overlapping case how an optimized WR algorithm can be
obtained. A similar approach could also be developed for
the case without overlap.

(111.18)

(111.19)
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Fig. 2. Convergence factor |p¢;q(w)| for n = 0 as a function of the
frequency parameter w on the left, and zoom on the right showing |pca |
for w around zero.

B. Analysis for Optimized WR Algorithms

With the new transmission conditions with a cut at an
even row, which are

(1) + azk(0) =

511 + azb~(0),
z5(0) + Bz5(-1) ? i (111.20)

xr
zy 1 (0) + Bt (1),

we obtain the new waveform relaxation algorithm

b= ._; 0 e |zh+ f(.—l)
| abraal  \f(0)—a@i (1) +azk0)
F—a £(0)+4 @i~ (0)+ By~ '(=1)
:i;;“: — 0 ¢ w§+ F()

(11.22)
Using a similar analysis as for the classical waveform
relaxation algorithm, we find that the convergence factor



of the new waveform relaxation algorithm is

(A2 —1)+as Be(1-A2)+s

M| >1,
A2 —1)+ 1-22)+ ’l
popt(saaab; C,Oé,ﬂ): zg,\;71;+zz gzglf)\ ;-{-z
2 + AL < 1.
c(A2Z —1)+as Be(1-A2)+s?
(111.22)

From (111.22), we see that the optimal transmission oper-
ators would have the symbols

A A1) 5 :

Qeyen = - s ); Beven = _ﬁy l/\il >1,

A A2 -1

Qeyen = _c(+7§), ﬂeven = _ma |)‘?|-| <L
(111.23)

If we cut at an odd row, we obtain the convergence factor

sAZ +ac(A2-1) c(1-A2)+8sA2

N >1,
) stac(1-2%Z) c¢(AZ-1)+8s ’|
Popt8 a8 6 A A= 132 Lac(x3 1) e(1-22) 4852 A2 <1
stac(l-A%) (AL -1)+B8s 7 ’
(111.24)
and the optimal transmission operator symbols are
~ 5 1-A
Goat = =555y Boaa = & A 2>,
~ 5 1— )\
Godd = ~ g=xzys Bodd = A , A3 <1
(111.25)

It is interesting to note that a relation exist between the
optimal choices obtained with overlap at an even row and
at an odd row; we have
Beven = —Qodd — Z; Qeyen = _Bodd_ - + - (”I 26)
If we approximate a,qq and ﬂodd by a constant, we can
deduce first order transmission conditions for the cut at
an even row. We therefore analyze in what follows the
constant approximation of the optimal choice in (111.25)
for the new WR algorithm with overlap at an odd row.
The following theorem asserts again that the convergence
factor p,pe is analytic in the right half of the complex
plane, which allows us to use the maximum principle in
the optimization.

Theorem3.3: If a > 0, b < 0 and ¢ < 0, then the
convergence factor pp in (111.24) is an analytic function
in the right half of the complex plane, s = n +iw, n > 0,
provided that

a<0, B>0. (111.27)
Proof: The proof is technical and can be found in
[29]. [ |

We can now estimate the convergence of the new WR
algorithm applied to the transmission line problem. By the
maximum principle for analytic functions, the maximum
of |pope(s)| for s = i+ iw, n > 0 is on the boundary of
the right half of the complex plane. We now take s = re®?,
—m/2 < 6 < m/2, to see that when |A%| > 1, the limit
as r — oo is zero, and the same limit is also obtained
for the case when |A\2| > 1. Therefore, the maximum of
|popt| In the right half of the complex plane is attained at

1 = 0. However, similar to the classical WR algorithm, as
noted earlier, taking the limit on the boundary n = 0 as w
goes to zero, we find that |p,p:| = 1, and the zero mode
does not converge. However, since finite time signals are
band limited, we can truncate the frequency range by a
minimal frequency. This is important for our problem in
the optimization process described below. This process is
simplified by the following:

Lemma 3.4: The modulus of the convergence factor
Popt 1N (111.24), for s = 4w, satisfies

|p0pt(i|w|7a7bac7a7ﬂ)| = |p0pt(_i|w|7a7bac7a7ﬂ)|'

Proof: The proof is again technical and can be found
in [29]. [ |
By Lemma 3.4, we can optimize for positive frequencies
only, w > 0, and we get the min-max problem

|p0pt(7"w7 a, b; ¢ a, ﬂ)l? ’
(N1.28)

where we band limited the frequency range by minimal
and maximal, practically relevant frequencies for the prob-
lem. Simple estimates can be derived as wyi» = 7 and
Wmaz = Rz the lowest frequency is estimated from
the maximum transient analysis time 7' and the highest
frequency from the time step At.

min max
a<0,8>0 \0<wmin<w<Wmaz

C. Solution of the Optimization Problem

The min-max problem (111.28) cannot be solved in
closed form in general, even with the simplifying assump-
tion 8 = —é, which is motivated by the optimal choice
found in (I111.23), and by the symmetry of the circuit.
The dashed line in Figure 4 was obtained by numerically
solving the min-max optimization problem. It shows the
dependence of the optimized parameter a* on the transient
analysis time T for the typical choice of transmission line
parameters per unit length
L=49510"1 ¢ — 063 PE R — 5102 KM

cm’ cm’ (ﬁl 29)
In this work T is specified in ns. For small T, the
optimal choice «* is small. This is consistent with the
fast convergence of the classical WR for very small time
intervals [30]. Then it grows for larger values of T', until
it suddenly grows rapidly to a certain threshold which,
for this example, is about 7' = 0.1. The optimum then
stays constant over a long range of increasing values
of T, until it finally starts to decrease again slowly for
further increasing values of T'. In order to understand this
phenomenon, we look for the three cases at the associated
optimized convergence factor p. Figure 3 shows the case
when T' = 0.05 on top, T' = 5 in the middle, and T' = 10°
on the bottom. This confirms that convergence is very
rapid for short time intervals, and slower for long time
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Fig. 3. Numerically optimized convergence factor |p| for T = 0.05 on
top, "= 5 in the middle, and 7" = 105 on the bottom.

intervals. We also observe that the optimized parameter
«* is determined for short time by a minimization for the
lowest frequency in the spectrum, for intermediate time
intervals by a minimization of the maximum somewhere in
the middle of the relevant frequencies, and for large time
intervals by equioscillation of the lowest frequency and
the frequency at the maximum. This insight corresponds
well to the three regimes represented by the dashed line
in Fig. 4.

Of course, for practical applications we must have sim-
ple ways to find the appropriate value of the «*. To obtain
explicit formulas for o* as a function of the transmission
line parameters (111.29), we study asymptotically the min-
max problem (111.28) for T small and T large. The in-
between values are found below.

When T is large, our numerical experiments have shown
that the solution of the min-max problem (111.28) with the
choice 8 = —é occurs when the convergence factor at
w = wmin and at w = w are balanced, where w;,;y, IS
small and @ is the interior maximum of |p,¢|. Therefore,
o* satisfies the equation

r(Wmin,a, b, c,a*) =r(Ww,a,b,c,a”), (111.30)
where r(w,a,b,c,a) := |popt(iw,a,b,c,a,—1)|, and
Popt 1S given in (I11.24). With this choice of o,
r(w,a,b,c,a*) < r(wmin,a,b,c,a*) := 7 for all w >

Wmin-

To obtain an explicit formula for the optimized pa-
rameter o*, we use asymptotic analysis. Since we can
estimate wmin DY 7, Wmin is small for T large, so we set
wmin = €, and solve (111.30) asymptotically for small e.
We use the ansatz o = C,e", and w = C,€72. Inserting
this ansatz into the polynomial P(w) obtained from the
partial derivative of » with respect to w, which gives the
extrema of r, we obtain after a lengthy calculation the
leading order terms

P(@) = V2abcC2 a?€*1> —2v/2abca’cC3 CopeM 372 4 .

Similarly, expanding equation (111.30) for € small, we find
the leading order terms

1+ 27'2611)661/2—71 4=

beC,
1/2
aCLl/2 ac

Equating the exponents in the expansions leads to v; = %
and v, = % and from matching the constants in these
leading order terms, we obtain

2/3

1/3 (av/2c 2/3

_ 2 / < b ) . 1/3 a\/ic

Co=——"7—""—, Cu=2 — ;
2c b

which leads to the explicit, asymptotically optimized for-
mula for the optimized parameter o, where the index !



stands for ’long T’,

ms ()

4= 2cT1/3 -

(4w C)/3
T 9R2/37T1/3

for T large.
(111.31)
Using this optimized parameter, the asymptotic contraction
factor of the optimized waveform relaxation algorithm
becomes for T' large
211/67T1/6(_b)1/6

r~1— al/6(—c)1/6T1/6 =

211/6771/6(Rc)1/6
T1/6
(111.32)
With a similar asymptotic analysis for 7' small, we find
that one has to minimize r at wmnin, i.€. 0ne has to solve
asymptotically for T' small the equation

ar(wmin,a,b,c, a*) =0, (111.33)
which leads to the optimized formula
«  ba, o RT?
ay= T =——7r for T' small, (111.34)
with the associated asymptotic contraction factor
_ a’c?,_, 1 4
s~ 3 T = L2C27r4T . (111.35)

This shows that the convergence rate is very rapid for small
T, a typical feature of all waveform relaxation algorithms.

Unfortunately, the most difficult case is also the most
important one in practice. It is the case for intermediate
values of T', where interestingly the optimized parameter
a* seems to become independent of T, as we have
observed in the dashed line in Fig. 4. In this case, as
we have seen from the numerical experiments in Fig. 3,
the optimized o* is determined by minimizing the interior
maximum, i.e. we have to solve the system of equations

a_w,r(wa a, ba & Oé*) = 07 (w7a7b7 ¢, a*) =0
(111.36)
for o* and w. In order to obtain an explicit formula, we
use the fact that a transmission line can be represented
by smaller and smaller sections. If we used, for example,
n sections per unit length, the characteristic electronic
component parameters would be

L; = L uH, C; = ¢ pF, R; = R kOhms.
n n n

oa* "

(111.37)

We thus expand the system of equations (I11.36) for n
large, and find after a very long and technically challeng-
ing analysis the marvelously simple result

/C . .
ay = 3L for intermediate T,

with the associated asymptotic convergence factor
(3 + 3Y/2)CV/4/R
LY/4/n ’

(111.38)

(111.39)
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Fig. 4. Numerically optimized parameter o* as a function of the length
of the time interval for a typical transmission line, together with our
asymptotically optimized explicit formulas.

We show in Fig. 4 the three asymptotic results, together
with the numerically optimized values, for transmission
line parameters characteristic for one section per unit
length. We can clearly see that the asymptotic formulas
are accurate. It is quite impressive how well the asymptotic
formula for intermediate 7" applies already to the case of
one section per unit length.

Based on our analysis, we recommend as the definite
criterion for choosing the optimal parameter value to
compute for a given transmission line configuration and
simulation time interval the three optimized parameters
o3, o, of according to the formulas (111.34,111.38,111.31),
and then to choose the smallest one for the simulation, as
indicated in Fig. 4.

IV. NUMERICAL EXPERIMENTS

We choose a 5 cm TEM mode transmission line model
in Fig. 1 with 150 sections where the typical circuit
parameters per unit length given in (111.29). Hence, for
each section, we obtain the circuit elements

4.95e—3 0.63 0.5e—3

H C;= 22
30 M Ci=755 30

For WR we chose one partition in the middle such that
each end together with the connected circuitry can be
analyzed separately. This prevents the formation of a large
subsystem which may contain all the circuit connected
to both ends of the TL. On purpose, we used a very
asymmetrical reflective case with a source circuit with a
R, = 0.05 kOhms and a termination of R; = 0.0005
kOhms. The source we use is I, = 20t mAfor0 < ¢t < 0.1
ns, and Iy, = 2 mA for ¢ > 0.1 ns, and the analysis
time interval is [0, T], where we will vary T to illustrate

L;= pF, R;= kOhms.




T classical aj ay, af
0.0025 | 3.52e-43 | 3.46e-43 | 2.77e-23 | 2.06e+00
0.025 | 8.88e-06 | 7.03e-06 | 1.08e-10 | 2.07e+00
0.25 | 4.01e-01 | 1.06e-06 | 2.87e-10 | 2.72e+00
2.5 |2.10e+00 | 1.68e+00 | 2.84e-04 | 1.55e+00
25 | 1.94e+00 | 8.40e+01 | 2.47e-03 | 5.04e-01
250 | 1.89e+00 | 1.46e+02 | 2.95e-03 | 1.15e-02
2500 | 1.89e+00 | 1.88e+02 | 3.26e-03 | 2.50e-05
25000 | 1.89e+00 | 2.22e+02 | 3.37e-03 | 9.67e-11

TABLE |

COMPARISON OF THE ERROR LEVELS ACHIEVED BY THE CLASSICAL
AND OPTIMIZED WAVEFORM RELAXATION ALGORITHMSAFTER 20
ITERATIONS, USING THE EXPLICIT ASYMPTOTICALLY OPTIMIZED
FORMULAS FOR a;‘, a;;% AND a;‘.

our theoretical results. We simply use 500 time steps, i.e.
At =T/500 ns, and the backward Euler method to inte-
grate in time. We show in Table | for various lengths of the
time interval T', the error obtained after 20 iterations of the
classical and optimized waveform relaxation algorithms,
where error denotes the difference between the solution
obtained by simulating the entire circuit, and the solution
from the waveform relaxation algorithm. Table I illustrates
the validity of our optimized parameter formulas. As
expected, the asymptotic formula for short time achieves
the best result for short time intervals 7. Not surprising,
it is close to the classical waveform relaxation algorithm.
For large T, the asymptotic formula for long time gives
the best result. As expected, the classical algorithm and
the optimized one with the values suitable for short time
are not converging. In between, over the large range from
T = 0.025 to T = 2500 the intermediate formula gives by
far the best results, while the other approaches showing
severe convergence problems. In order to obtain a valid
numerical comparison, we used in these experiments a
highly oscillatory (random) initial waveforms. It is clear
that for short time intervals, the signal does not reach
the WR interface. Hence starting with a zero initial guess
would lead to false convergence results.

We shown convergence results in Fig 5, for four differ-
ent time intervals using now a zero initial waveform except
for the shortest time example, for the same reason as in
the previous paragraph. These results clearly confirm the
importance of optimized waveform relaxation methods for
the longitudinal partitioning of transmission line circuits.

We finally show in Fig. 6 the port voltages over time
at the input and output of the transmission line for the
case T = 2.5. The solid line in all the graphs shows the
converged waveform for comparison. The dashed results
in the figures on the left represent the results from a
classical WR algorithm. We observe that convergence for
the classical WR is extremely slow, as expected. The
fast convergence is evident for the new optimized WR
in the graphs on the right hand side. An accurate result is
obtained in nine iterations without the subdivision of the
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Fig. 5. Convergence behavior of the classical versus the optimized WR
algorithms from top left to bottom right for T = 0.0025, T = 2.5,
T = 250 and 7" = 25000, with a zero initial guess, except for the very
short time interval, where a random initial guess was used, see text.
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Port voltages at the input and output of the transmission line, in solid the exact values, and in dashed on the left side iterates 1, 5, 9 and
13 for the classical WR, and on the right side in dashed the corresponding iterates for the new optimized WR.



time axis into time windows.

V. CONCLUSIONS

Prior to this work, we were unable to efficiently partition
low loss transmission lines in the longitudinal direction
using waveform relaxation. As is shown in this and other
recent papers, the classical WR approach exhibits practical
convergence problems for the longitudinal partitioning.
Here we show that by using optimized transmission con-
ditions, we can control the information exchange between
subcircuits. This lead to explicit formulas for rapid con-
vergence, using a new so called optimized waveform
relaxation algorithm. Our numerical experiments confirm
the good convergence results for longitudinal partitioning.
This work also lays the foundation for the partitioning of
other strongly coupled circuits.

This work, together with the recent work on classical
transverse partitioning for multiconductor TL’s leads to an
efficient transient analysis approach for general multicon-
ductor waveform relaxation since it was shown that the
classical WR approach yields very good results for the
transverse coupling for multiple lines.
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