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A CONTINUOUS ANALYSIS OF NEUMANN-NEUMANN
METHODS: SCALABILITY AND NEW COARSE SPACES*

FAYCAL CHAOUQUI!, MARTIN J. GANDER!, AND KEVIN SANTUGINL-REPIQUET, §

Abstract. We present a new coarse space correction for the iterative Neumann-Neumann
method. We describe the method for general elliptic partial differential equations, and perform
the analysis for the case of the Poisson and screened Poisson equation (sometimes also called positive
definite Helmholtz equation, or Helmholtz equation with the good sign). We prove that the new two-
level Neumann-Neumann method converges after one iteration, both at the continuous and discrete
level, which means the new coarse space is optimal in the sense of best possible, and it makes the
two-level method a direct solver. In two and three space dimensions, the new coarse space is too high
dimensional in practice, and we introduce a spectral approximation, which transforms a divergent
iterative Neumann-Neumann method into a convergent one. We also identify what the optimized
choice of coarse space functions is in the approximation. Our new coarse space thus also addresses
convergence or robustness problems of the underlying domain decomposition iteration, similarly to
the new coarse spaces GenEO, SHEM, and ACMS, which were designed to treat different convergence
difficulties of the underlying domain decomposition method, namely the presence of high contrast
media. Several numerical experiments are carried out to demonstrate the performance of this new
coarse space correction, also including decompositions with cross points.

Key words. domain decomposition methods, elliptic problems, Neumann-Neumann methods

AMS subject classifications. 65N55, 65F08, 65F10, 65F50

1. Introduction. We design and analyze a new coarse space correction for do-
main decomposition solvers of algebraic equations arising from the discretization of
second-order elliptic PDEs. Domain decomposition methods are of great interest be-
cause of their natural parallelism permitting the use of parallel architectures in order
to approximate the solution of partial differential equations. Another important ben-
efit of these methods is that they allow for a better treatment of complex geometries
and they are well suited for heterogeneous problems, i.e., problems that have different
physics in different parts of the domain, see e.g. [30, 33, 22]. We focus here on a
class of non-overlapping domain decomposition methods known in the literature as
the Neumann-Neumann methods (NNMs). As most domain decomposition methods,
the classical one-level NNMs lack global communication, since the only mechanism
for sharing data is through interfaces. A remedy for this is to introduce an addi-
tional coarse space correction with a relatively small cost compared to the size of the
original problem, see the seminal early contributions [29, 9]. The design of efficient
coarse spaces is at the heart of domain decomposition theory and it is in general not
straightforward. For the case of algebraic NNM preconditioners, seminal contribu-
tions are e.g. [25, 26, 27, 10, 8]. However, the NNM was originally described in [11]
as an iteration at the continuous level like the classical Schwarz method, but only for
two subdomains. This is because unlike the Schwarz method [24], the convergence of
the iterative NNM is not guaranteed for the case of many subdomains, even in the
case of a one way decomposition without cross points, when the subdomain aspect
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2 F. CHAOUQUI, M. J. GANDER, AND K. SANTUGINI-REPIQUET.

Fig. 1: One way decomposition of the domain ).

ratio is unfavorable, see [2, 1]. We are interested here in developing a coarse space
correction that leads to a convergent iterative NINM.

An interesting discovery was made in [15], where the authors described a coarse
space for the parallel Schwarz method that leads to convergence after one coarse
correction step. This became known in the literature as an optimal coarse space; i.e.
better convergence cannot be achieved (note optimal here is not to be understood in
the sense of scalable). This approach allowed the authors in [14] to describe a new
coarse space for optimized Schwarz methods, and led to the new Spectral Harmonically
Enriched Multiscale (SHEM) coarse space [19, 18], which was compared to the new
ACMS coarse space in [23]. Like GenEO [31], SHEM, and ACMS were developed
to handle convergence problems of the underlying domain decomposition method
in the presence of high contrast. Our new coarse space here is designed to handle
convergence problems for subdomain aspect ratios which create convergence problems
of the NNM. It is based on ideas in the short conference paper [3], and we present a
complete formulation and detailed analysis here, including the cross point case. We
also present coarse space corrections for problems for which the NNM cannot directly
be applied due to the problem of floating subdomains.

The paper is organized as follows: in Section 2, we recall the continuous iterative
NNM and give a convergence analysis for one-way decompositions in one, two, and
three spatial dimensions. We explain in Section 3 how to construct the coarse space
correction in one, two, and three spatial dimensions, and also for problems for which
the NNM is not well defined due to floating subdomains, and we give corresponding
convergence estimates. We show numerical results illustrating the performance of the
new method in Section 4, and present the optimal coarse space in the cross point case
at the discrete level in Section 5.

2. Analysis of the one-level NNM. Let Q be a bounded domain in R%, d =
1,2. We consider the partial differential equation

Lu=f, in Q,

2.1
(2.1) u =0, on 01,

where L is a second order elliptic operator, and f € L?(2). We want to solve the prob-
lem defined in (2.1) using the NNM. Let Q4,...,Qx be a one way non-overlapping
decomposition of Q as shown in Figure 1 (for decompositions with cross points see Sec-
tion 5). Let n; denote the unit outward normal on 9€2;. The iterative one-level NNM
is then given by Algorithm 2.1.

2.1. One-dimensional analysis. We consider a one dimensional decomposi-
tion of Q into N equally-sized subdomains €2; as shown in Figure 2, and study the
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Algorithm 2.1 One-level NNM

1. S

et g? ; to zero or any inexpensive initial guess on the interfaces 9Q; N 9Q;

2. Repeat until convergence

(a) Solve the Dirichlet followed by the Neumann problems

Lul = f in Q, LY =0 in Q;,
ui = gi'; on 90Q; N OQy, 0,07 = (8nuf + anu?) /2 on 0§); N 09,
uy = 0on 09Q; N ON. i = 0on 09Q; NONQ.

(b) Update the traces

n w11
gt = git = 5 (W +0p) on 09; N 0%

+ + + + + 1 X
ro=a H zi H  ay 1 H on=0
—_—t - —_t - —
o3 Q Qn

Fig. 2: One-dimensional geometry.

convergence of Algorithm 2.1 for the screened Laplace operator £ = n?> — A. By lin-
earity of (2.1), it suffices to set f = 0 and study the convergence of (g7*; | ;)1<i<n—1 tO
zero. To simplify the notation, we set here g; := g; ;41 on the interface I'; :=T'; ;11 =

082; N 0N

iterates:

i+1. We first prove a lemma that gives a recurrence relation between the

LEMMA 2.1. Let g" = [g{‘,gg,...,gj’{,_l]T € RN=1, then for N > 3, we have
g" =Tg" ', where T € RIN=UXWN=1) s given by

- 1 -
1 cosh(nH) 1 0 0
0 2 0 -1
-1 0 2 0 -1
T .— 1 .
" 4sinh®(nH) 0 E 0
2 0 -1
: . =1 0 2 0
1

0 a0 G |

Proof. The subdomain solutions are given by

for i =1,

ni o\ psinh(n(z —x;_1)) n sinh (n(z; —z))
(z) =g sinh (7H) - 91‘71W»

..., N, where we defined gf = g% = 0 for simplicity. Similarly we obtain
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' ' ' ' ' +— X
zo=a H x ri  H o1 H ay=0
L (0T Q| e On
Fig. 3: Two-dimensional geometry.
for the local corrections
o = (2 ncosh(nH) gy gin cosh (n(z — zi—1))
' 9 Sinh (nH) sinh(nH) sinh (nH) 2sinh (nH)
+(ggn cshi) 9, _ gf cosh (n(z; — x))
9i1Ginh (pH)  sinh (yH)  sinh(nH) ) ~ 2sinh (pH)
fori=2,...,N —2, and
,L/}n = (2 nCOSh (7’]H) _ gg sinh (77(95 — 370))
Vo™ sinhH  sinh(nH)) 2cosh(nH)
no__ n cosh (UH) glrif—Q sinh (77(1']\7 —ZL’))
YN = | 29N -1 = -
sinh (nH)  sinh (nH) 2 cosh (nH)
Hence, we get the stated relation. 0
THEOREM 2.2. If the width of the subdomains satisfies H > M, then the

one-level NNM for the screened Laplace problem (n? — A)u = 0 in 1D given by Algo-
rithm 2.1 is convergent, and satisfies the convergence estimate

(2.2)

max |g;'| <

1<i<N—-1 ~ sinh?® (nH) 1<z<N 1

Proof. By Lemma 2.1, we have that

1

199

1

71 = mae {

sinh? (nH)’ 2sinh? (nH)

_|_
4sinh? (nH) cosh (nH)

<t
sinh” (nH)

|

2.2. Two-dimensional analysis. We suppose that the decomposition of the
domain {2 is as in Figure 3 and analyze the convergence of Algorithm 2.1 again for
L =n? — A. Since the subdomains are rectangular, the iterates can be expanded in

a sine series, i.e.

(2.3)

i (z,m) sin( m—y)
L

m=1

0= i

m=1

mw)
(z,m)sin(—
Ly

where 47" and 1] are the Fourier coeflicients of u;' and ;' respectively.
one-dimensional case, we obtain a lemma giving the recurrence relation of the Fourier

coefficients:

This manuscript is for review purposes only.
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LEMMA 2.3. Let g"(m) = [g(m), g5 (m), ...

5

3 we have §"(m) = Tpng™(m), where Ty, € RV=DXWN=1) s given by
_ L ;
cosh (k. H) -1 0 0
0 2 0 -1
—1 0 2 0 -1
Tpim -
T Asinh® (b H) | 0 0
2 0 —1
: -1 0 2 0
1
L 0 0 -1 cosh(kn, H) 1 |

where ky, := /1 + mz;TQ.

Proof. For eachm > 1 andi=2,...,N — 1, ul(x,m) and ¢ (z, m) satisfy

bt} = 0yl =0,

i (wi, m) = gi' (m),

i (@i1,m) = (0o} (2j-1,m) = 0piiy (xj-1,m))/2,
P (i, m) = (0207 (i, m) — Opiflyy (24, m)) /2.

The solution of the Dirichlet problems on the interior subdomains are thus

sinh (kp, (x — 2;-1))
sinh (k,,, H)

+9

= gi'(m)

i (x,m)

An

fori=1,..., N, where we defined §§ = g3 =

n

(m)

sinh (kp, (z; — x))

i—1

sinh (k,, H)

7§7v71(m)]T € RN=1 then for N >

0 to include the solution to boundary

subdomains. Similarly for the Neumann problems on the interior subdomains, we

obtain

o co(bnH) () gl(m) Y\ cosh (ke — 1)
vitle,m) = <2 gi'(m) sinh (kp, H)  sinh (kpmH) sinh+(k:mH)> 2sinh (k. H)

n cosh (ky, H) g o(m) g (m) cosh (kp, (x; — )

+ (2 Gia () S e ) S (zka) N smh(ka)> 2sinh (knH)

and for the first and last subdomains, we find

n B n cosh (k,, H) g5 (m) sinh (k.. (r — 20))

Y1 (x,m) = (2 g1 (m) sinh (k,, H) B sjnhQ(k;mH)) 2 cosh (ka)O ’

. B o cosh (k,, H) Gy _o(m) sinh (kp (zn — ))
Yy (z,m) = (2 gn—1(m) sinh (ko H) o Sinjig(ka)> 2cosh(k]:]nH) ’

from which we obtain the stated formula.

THEOREM 2.4. If the width of the subdomains satisfies H > W, ki =

A+ 2—2 with L the height of the subdomains, then the one-level NNM for the

screened Laplace problem (n?> — A)u = 0 in 2D given by Algorithm 2.1 is conver-
gent and satisfies the L? convergence estimate

(2.4)

max
1<i<N-—1

lgi'll2 <

1
sinh?" (k1 H)

max |72

1<i<N-1

This manuscript is for review purposes only.
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Proof. We define the sequences A} = {[g;'(m)|},,,. By Lemma 2.3, we have

3174 m) = i (Gam) = 3300m) + sl

for each m > 1. Using then Parseval’s identity ||[A%[|3 = Z||g7||3, we have for i =
3,...,N—-3

1
AT ( AT+ A”+ A )
ATl < e (G0 ol
1
< g (BIAL gl + SIAT 2 + ATl )
Smhg(le)( IAZ ol + 5107 + 1A%l
1
< I
sinh® (k1 H) 1<i<N-1

where we used the triangle inequality, and the monotonicity of m +— 1/ sinh? (knH) .
Similarly one can show that the same bound also holds for the remaining subdomains
i=1,2,N —2,N — 1, and hence we get the stated result. 0

From our analysis, we see that the one-level iterative NNMs only converge provided
the subdomain width H is large enough (compared to the height L in 2D). If this is
not the case, the iterative method diverges, but could still be used as a preconditioner
for a Krylov method, see the numerical experiments in Section 4. Note also that a
large 7 screening parameter helps convergence.

2.3. Three-dimensional analysis. In this part, we suppose that the domain
Q = [a,b] x [0,L] x [0,L] is decomposed into N non-overlapping subdomains ; =
[z;—1,2;] X [0, L] x [0, L'], where ¢ = 1,..., N. Since the subdomains represent three-
dimensional bricks, we can expand the iterates uj and v in a double sine series,
ie.,

oo /
wl(ey,2) = Y @, mym)sin("oy) sin(“2),
m,m’>1
(2.5) oo ,
" _ N sin(™T ) sin( "L
’(/}z ($7yvz) - m;>lwz (ﬂc,m,m )Sln( L y) Sln( L/ Z)?

where 4 and 1&? are the Fourier coefficients of u]' and #]*. Following the analysis in
the one- and two-dimensional case, we obtain:

Lewia 25. Lot ") = 5om ) 8 om ) o8] €YY
then for N > 3 we have g" ( ,m') =Ty, m,g" Ym,m'), where Ty, € RIN-UX(N=1)

This manuscript is for review purposes only.
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150 14s given by

_ 1 ]
cosh(kmym/H) -1 0 !
0 2 0 -1
) 1 0 2 0 -1
- Tmm,::_— .. - T T, “- ’
s 4sinh2(/€m7m/H) 0 . . . . . 0
. . . : 2 0 -1
: . -1 0 2 0
K 0 -l o L

. 2.2 122
152 with Ky m = \/772 + P+ e

153 Proof. The proof of Lemma 2.5 is similar to the one of Lemma 2.3. In fact, it
154 suffices to observe that the Fourier coefficients 4 (z, m, m’) and ¢ (xz, m,m’) satisfy

K 07— Ol =0, Ko 8 — Oy 7 =0,
155 a(wi-1,m,m’) =g} (m,m’), ¢?§xi_1,m,m’)z(axﬁ?(xj_l,m,m’) — 007 1 (xj_1,m,m))/2,
aM(xg, m,m') = gt (m,m’), i (xi,m,m’) = (0,43 (x5, m), m’ — 0,4} (x5, m,m’))/2,

156 which are similar to the ones in Lemma 2.3, except that k,, s includes the frequen-

157 cies of the Fourier expansion of both the y- and z-direction. Using then the same
158 arguments of Lemma 2.3, we obtain the desired result. 0
159 THEOREM 2.6. If the width of the subdomains in 3D satisfies H > M,

k11

160 kia = /n*+ 2—2 + % with L, L' the dimensions of the subdomains in y— and

161 z—direction, then the one-level NNM for the screened Laplace problem (n? — A)u =0
162 in 3D given by Algorithm 2.1 is convergent and satisfies the L? convergence estimate

1

16: . My < — ——— 01,
63 (26) 1<IEN 1 lglle < sinh®" (ky 1 H) 1SN 1 lgzll2
164 Proof. Similar to the proof of Theorem 2.4, it suffices to define the sequence

165 AP ={[g"(m,m')|},, v>1- Then, using Lemma 2.5, we obtain

1 1 1 1
o ~n+1 / AN / An / An !
16¢ g (m,m') = ———————— | =g o(m,m) — =g (m,m") + —g}" o (m, m )
>0 ( ) sinh (k‘mym/H)Q <4 2( ) 9 ( ) 4 +2( )
167 for each m,m’ > 1. Noting that the Parseval identity still holds in 3D, and is given
168 by [[A?]|3 = £E-||g2[|3, we obtain by the triangle inequality that
1 1 1 1
AT — ( Al o+ AP + SAT ) ,
NP = s (G182 50+ A%l
1 1 1 1
169 < ————— | =|IA a2 + A |2 + = | AT >,
> < i (el + FIAT I + 1ALl
1

———— max ||[A}..
= sinh? (k1 H) 1<i<N-1 1472

170 The same bound holds for the subdomains ¢ = 1,2, N — 2, N — 1. This shows that
171 Algorithm 2.1 converges in 3D if the condition k; ; H > In (1 4 v/2) is satisfied. o

This manuscript is for review purposes only.
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3. Analysis of the two-level NNM. In this section, we explain how to add
a coarse space correction to Algorithm 2.1. While in the classical approach a coarse
space is added to make the method scalable, here we ask the coarse space to do more,
namely make the method convergent for all subdomain width H given a subdomain
height L. This is similar to the new coarse spaces developed over the last decade
like GenEO, ACMS, and SHEM, which were also designed to deal with convergence
or robustness problems of the underlying domain decomposition methods. The key
idea for the new coarse correction comes from the observation that at convergence of

1
the NNM, the intermediate steps u?+2 = u — " are continuous in the Dirichlet

trace, but during the iteration before convergence they are not, which means that

1
an efficient correction should be able to reduce the jump between neighboring u;H_"‘
as much as possible in order to improve convergence. A good coarse space should
thus contain enough harmonic functions' that are discontinuous across subdomain

boundaries. Thus a complete coarse space X can be defined as
(31) X :={velL*Q):v =vgq, € H (), Lv; =0inQ;, v; =0 on 0 NN} .

Moreover, the size of the coarse space X defined in (3.1) can be reduced. In fact, since

the iterates u;H_E are already continuous in the normal derivative, it is sufficient that

the optimal coarse space is also continuous in the normal derivative across subdomain
interfaces. The optimal coarse space is thus given taking all these functions,
a”Ul' 8vj

(3.2) X4 := {UGX:W =g, ani+anj00n8f2iﬂa§2j}.

1
Now, since the coarse correction must reduce the Dirichlet jump of the iterates u?+ 2,
we choose the correction U™ € X4 such that it satisfies

(3.3) U" ;= argmin q(u”+% +0),
vEX4C Xy

where X, is a finite-dimensional subspace of the optimal coarse space X4, and the
quadratic functional ¢ is defined by

q:XdHR+

U E / lui — u;|? ds.
89,;n0%, 20 ¥ 91N,

(3.4)

This leads at the continuous level to the new two-level NNM given in Algorithm 3.1.

3.1. One-dimensional analysis. We now analyze the convergence of the two-
level NNM for the screened Laplace operator £ = n? — A and the Laplace operator
L = —A in one dimension. The Laplace operator needs a separate analysis, since the
Neumann correction problems are then not well posed for interior subdomains.

3.1.1. Screened Laplace operator £ = n? — A. Since the optimal coarse
space Xy in 1D is finite dimensional, it is a practical choice for Xy and makes the
Algorithm 3.1 for the problem £ = n? — A optimal in the sense that it becomes a
direct solver:

!Here harmonic means satisfying the homogeneous equation Lu = 0.

This manuscript is for review purposes only.
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Algorithm 3.1 Two-level NNM

1. Set gg ; to zero or any inexpensive initial guess on the interfaces 9Q; N 9Q;
2. Repeat until convergence
(a) Solve the Dirichlet followed by the Neumann problems

Luj' = f in Qy, LY =0 in Q,
ui' = g7’ on 092 N 0K, 8, Pl = (O, uil + Dpyulf) /2 on 0Q; N O,
ui = 0 on 98; N ON. P =0 on 98 N ON.
(b) Set
u?Jr% = — Y in O
(c) Set

_ 1
@t i=um e U

where U" is as in (3.3).
(d) Update the traces

a5 ) on 09006

1
2

_ THEOREM 3.1. The optimal coarse space Xq is finite dimensional in 1D, and with
Xg := Xy, Algorithm 3.1 in 1D for L = n* — A converges after one iteration.

Proof. Since the Dirichlet traces at the interfaces are just numbers, the optimal
coarse space Xy is finite dimensional, and thus X, := X, is a practical choice. Let
uY be the solutions after solving with the initial guess. The function defined by
uf = uf—? isin X;. Now in order to compute the correction U° in (3.3), we proceed
as follows: since the vector space X is of finite dimension in 1D, (dim(Xy4) = N —1),
it admits a finite basis ¢1, ¢2,...,¢n_1. We construct the coarse basis by choosing
¢; on each interface x = z; such that

cosh (n(zi41—2))

by = _% if © € (w;-1,2:),
' sinh (nH) if z S (xivxi+1)7

fori=2,...,N —2, and

inh — .
Y i

cosh To—T .
751152((7721—1) ) if g€ (z1,x2),

PN-_1 =

sinh gnH) ifze (xn_2,TNn-1),

sinh (n(z Ny —x))

cosh (n(z—zNn_2)) -
_W ifxe (fol,xN).

Since U° € X4, we have that U° = Y «a;¢; for some coefficients a;. Define uj =
i=1

1 1
u? (%) and u; = u?(z;). The minimization problem in (3.3) reduces to finding

This manuscript is for review purposes only.
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+bi—1 b +b; +b;  Fbit1 Abip
7777777 F77777,q15}7 =7a2_1 al =_a2 al+1 %iqzii_17,,,,77F77777,
Ti—1 T Tit1

Fig. 4: Auxiliary variables b; in 1D.

a:=[aq,.. .,041\;,1]T such that
(3.5
N—1 ,
a := arg min Z |ui —u; 4 ip1¢i1 (@) + ai(di(z]) — ¢i(zy) — imagia(z7)],
< i=1

which is equivalent to

(3.6) o = argmin || Aa — ul|3,
@
where
c s 1 ]
= Jr 2 =
Silc 203 71 N
* 128 1 Tt
28 1 Uy — Uz
A= s s s s u = s
. . _ n
1 2 _1 Un-—1 = UN-1
S Sl ¢ Sg
i 5 s T el

and s := sinh (nH) and ¢ := cosh(nH). The matrix A is invertible, since it is
diagonally dominant, ¢ + 2 > % and % > % Thus t}le unique minimizer of (3.6)
is given by o« = A~ 'u. Hence @° defined by @° := uz + U° is in X,z and satisfies
q(u®) = 0, and hence is the exact monodomain solution. |

3.1.2. Laplace operator £ = —A. Note that neither Algorithm 2.1 nor Algo-
rithm 3.1 are well defined in the Laplace case £L = —A, because the Neumann problems
determine the corrections 4" in the interior subdomains ¢ = 2,..., N —1 only up to a
constant, and in order to have a well-defined algorithm, the local corrections v need
to satisfy the consistency condition

(3.7) OVl (i) — Opp (xi-1) =0, fori=2,...,N — 1.
The idea then is to introduce new auxiliary variables Ei, i=1,...,N —1, as shown
in Figure 4, such that they satisfy the equations
(3.8) by —bi_1 = a; +a;i_1,
where a; 1= $(9,ul(z;) — Opu?,1(x;)), i = 1,...,N — 1. The relations in (3.8) form
the underdetermined linear system
(3.9) Lb=a,
where L € RN=2XN=1"and beRN" aeRN-2 are given by

1 -1 by az + ai
(3.10) L= b= D, a=

1 -1 bn_1 aN—1+ aN—2

This manuscript is for review purposes only.
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LEMMA 3.2 (Properties of the matrix L).
1. L is surjective i.e. (rank (L) = N — 2).
2. ker(L) =R[1,1,...,1]"
3. Its pseudoinverse LT € RN=XN=2 js ginen by

N-2 N-3 1
. -1 N-3 1
t=_—- | —1 -2 1
N_l . . .

-1 -2 . —=(N-=-2)

Proof. The two first properties are straightforward. In order to compute the
explicit formula of LT, we proceed as follows: The action of the pseudo-inverse of L
onx = [z1,...,2N§_2|" is given by LTz = vy + vo where Lv; = &, Lvy = 0, and
| LTx||2 is minimal. Furthermore, since rank L = N — 2, we know by the rank-nullity
theorem that the null space of L is spanned by [1,1,...,1,1]". Hence there exists
a € R such that v = af1,1...,1,1]T. Moreover, it is straightforward to verify that
the vector

1+ ...+xN_2
.’172+...+.’L‘N,2

VU =

is solution of Lvy = @. Therefore, we have

T+ ...+t rxN_2 1
To+...+2TN_2 1

Lz = : + e RV-1
IN—-2 1
0 1

1+ ...+xTN_2
To+ ...+ TN_2
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264 and we deduce that

1 1 11 1 1 1 1] |1 1 11
0 1 11 1 1 1 1 1110 1 11
Lt = r— —- ) x
0 1 N—-1 11 0 1
0 . ... 00 1 . ... 1 1f]0 0 0O
[N -2 -1 ... -1 -1 1 1 1
1 -1 N-2 ... -1 -1 0 1 1 1
= — . €T,
265 N -1 : . N -2 —1 . 0 1
| —1 -1 N-2] |0 0 0
[N—-2 N-3 ... 1
) -1 N-3 --- 1
_ -1 -2 1
TN-1 : “
| —1 -2 —(N-2)
266 which concludes the proof. O
267 The addition of the auxiliary variables b; allows P to be defined but up to a

1

268 constant. Moreover, the iterates u?+2 have continuous normal derivatives on the
269 interfaces, but discontinuous Dirichlet traces. Hence, the constants on the interior of
270  the subdomains should be chosen such that they minimize the Dirichlet jump on the

. A . R T
271 interfaces. Therefore, we choose é = [0, C2,...,CN_1, O] such that
N-1 . it 9
272 (3.11) ¢ := argmin Z ’(uﬂrl2 +eip1) — (u; 2 4¢)
¢ i=1

273 The NNM for £ = —A in 1D is then given in Algorithm 3.2.
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Algorithm 3.2 NNM for £ = —A in 1D

1. Set ¢? to zero or any inexpensive initial guess at the interfaces I';
2. Repeat until convergence
(a) Solve the Dirichlet problems

n n :
nu; — aa:muz = f7 m in

uil(rio1) = gi"1,  ui(wi) = g
(b) Solve the Neumann problems
=022 =0 in 8,
Outl (xi-1) = —ai—1 + bi—1, 0xU] (i) = a; + by, fQ Y =0,

where the b; are defined in (3.9).
(c) Set

n+l/2 _ n n
U =y =y

(d) Set
arte
where the ¢; are defined in (3.11).
(e) Set

n+i .
=u; 4+,

+

=

n+i -
gt = (A () + @3

(i) /2.

LENMMA 3.3. Let~g” = [g?,g?,...,g}{,fl]T € RN=1 then for N > 2, we have
g" =Tg" ', where T € RIN=UXWN=1) 45 given by

N-—2 0 0 — N-—2
N - N
N 1 (N—1)2 0 0 —m
T:=—- : :
ol I R S O
N, N
=iz 0 - 0w
Moreover, we have for all N > 2
~ ~ N -2
T)=|T|eoc = = < 1.
oT) = T = 53—z <

Proof. The subdomain solutions in the Laplace case are

g5 — g
ui (x) = gi' 1 + ZT”

where we set g{ := g} := 0 for simplicity. Then, the a; are given by

(x —ax;—q1) fori=1,...,N,

_ 297 — 91 — it

Vi , fori=1,...,N —1.

Q; .

It thus follows that b is given by
b:= LiDg,
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285 where )
M1 1 -1 0 0
-1 1 1 -1 0 0
0o -1 1 1 -1 0
286 D = =
h " 2H
-1 1 1 -1
L 0 0o -1 1 1
287 Using Lemma 3.2, we have
- 1A
N—-1 1 0 0 T N-1
N—2
-~ 0 1 0
1 |~ -1 0 1 ... :
28 tD—_~- | N-1
288 L'D 57T . . 5 . ) ,
0 T N-1
1 N—2
N1—1 -1 0 N—11
L N—1 0 -1 TN-1
289 and hence
7 1 1 n n n 1 n
290 b; = 5H (m!h +9i41 — 9il1 — mQN—1> .

291 The formula for the local corrections ;" therefore becomes

202 it (z) = SH (ﬁ!h + 29" — 297", *ﬁgz\/q) (552)7 i=2,...,N—-1,

293 and for the first and last subdomains

n 1 — n n
Y1 (v) = 25H (211\7_1191 - ﬁngl) (x — x9),

294
Yy(z) = H (—ﬁ% + 2]J\>]_11QN—1) (rN — ).

295 We then have

+1 1
w3 (@) = 7 (el + 207 + 200 + whrgho)
296
+3 1
wj (@) = 5 (ﬁg? +297 29 - ﬁg%,l) ’

297 and for the first and last subdomains

n+% _ 1 n 1 n
up ?(x1) = (*N_1gl + Nv—19N-1)>
298 N
n+s
uy *(zN-1) =

DN = N =

1 n 1 n
(N—lgl - N—19N—1) )
299 which gives

n+% n+%

300w () —uy 2 (m) = (ﬁg? +9f — gy - mgNA) =2, N =2,

N | =
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301 and for the first and last subdomains, we have

+l +l 1
uy ™ H (o) — o] T @) = 7 (BT + 208 - wiroR)

+1 n+i 1/ .
“nN 2(%’N—l)_uz\r 1en-1) = 1(% —29N_9 — 21<rvj11917<771)~

303 Since ¢ is given by

) N —i & ntd 1 i—1 X4 nt+3 1
01 G =gy (Uk+1 (k) —uy, (xk)) + N1 (Uk+1 (k) — uy, (xk)> ;
k=1 k=1
305 and
— n+i n+3 n+i n+i - n+3 n+i
(i ) = o)) = up 2 ) = T )+ (w7 () = g )
k=1 k=2
1
= 1 (Bt + 208 — 508
=
- 5 2 (ot + g — 9F1 — ¥k
k=2
1 2N+1 n 3 n
3y \ N1 + 295 — §798—1
1/, .
t3 ( 191 + 91 T 91 — 95 — 97 — fv_zlg?v_l)
1/, -
= 1 (2 + 2gz +2gz 1 21_191@—1) )
307 and similarly,
= n+3 n+3 = n—i—l n+s n+3 n+i
S (utd ) = @) = S0 (it ) — o ) + ul F av) - dy (o)
k=i k=i
| N2
=5 (wheot + gfs — gy — ¥r9ho1)
k=i
1
e +t1 (ﬁ — 29} 5~ 2NN_+119’&_1)
1 i i
=3 (NN T 97 T 9N-1 T IN—2— 9 — Y1~ NN1119%—1)
1
+ 1 (N% — 29N _4 2N+119N 1)
1 1 N—17)+1
=3 (Q — 297 — 297, %g%_J ’

309 we deduce for the components of ¢ the formula

1 ,
310 cp = 1 (J(VNQZ;lgl +2g" 1 + 29 — (le'*)}lgN 1) 1=2,...,N =2,

311 and hence

1 .
i+ = 1 (¥t - A ) =2 N -2,
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p(T)

o
=
3
s
/

4
!

Fig. 5: Curve of the convergence factor in (3.12) with respect to N fora=—1,b=1

which concludes the proof for the iteration matrix 7. To prove that p(T) = ||T|cc, We

N—2 N-2 T . N—2k
define the vector v = [1 ¥~ - N3 :1] (i.e. v = y—22 yk=1,...,N —
1). We clearly see that v is an eigenvector of T associated to ||T'||co- d

THEOREM 3.4. The two-level NNM for the Laplace problem in 1D given by Algo-
rithm 5.2 is convergent, and satisfies the convergence estimate

H(b—a-2H)\"
2(baH)2>

Proof. By Lemma 3.3, we have that p(T") < 1 for all N > 2, which shows that the
algorithm is convergent. To prove the estimate, it suffice to take the infinity norm of
g™ and note that N = (b—a)/H. |

We see from Theorem 3.4 that a coarse space with piecewise constant functions leads
to a well posed and scalable algorithm. Indeed, Figure 5 shows that the convergence
factor in (3.12) does not deteriorate for increasing N. This shows also that the
constants are not sufficient for an optimal coarse space, i.e., to get a direct solver. In
order to obtain a two-level algorithm that converges after the first coarse correction,
one would need to choose the optimal coarse space X4 that consists of piecewise linear
functions in the 1D Laplace case.

max |g?|.

12 <
(3.12) max |g;'| < ( 1<i<N-1

1<i<N-1

3.2. Two-dimensional analysis. We now analyze the convergence of the two-
level NNM in 2D, both for the screened Laplace operator £ = n? — A and for the
Laplacian £ = —A.

3.2.1. The screened Laplace operator £ = n?> — A. We use for this case
Dirichlet boundary conditions imposed on all boundaries of the original domain. In
2D, the optimal coarse space X4 is now infinite dimensional, since the interface traces
are now functions. The optimal coarse space is too big to be used in practice, and we
need to choose finite dimensional approximation. In order to determine which func-
tions to use in the approximation, we recall that in Subsection 2.2 we have expanded
the subdomain solutions in a sine series based on the separation of variables approach.
These sine functions are the eigenfunctions of the interface eigenvalue problem

_8xa:wi = )\% in Fia

3.13
( ) 1; =0 on JI';,
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341  the eigenpairs being (t;, ) = (sm( y), ™ ), m > 1. Note that interface eigen-

L2
342 value problems of the form (3.13) were also the essential ingredient in the construction
343 of SHEM [19, 18, 21]. We now determine an optimized approximate coarse space using
344 the interface eigenvalue problems in (3.13) for a decomposition as in Figure 3. Since
345 the lowest eigenmode of (3.13) corresponds precisely to the most slowly converging
346 mode of the NNM as we have seen in Theorem 2.4, we should use in an optimized
347  coarse space the lowest modes of (3.13). One can then expect that the more modes we
348 add, the more the convergence improves. This leads to our definition of the optimized
349 spectral coarse space

350 (3.14) )Z’d = {1} € Xq: Vi, 0pv;(x;,y) € span { Sin(%y),m =1,..., J}},

where J > 1 can be suitably chosen to get a richer and richer coarse space, and the
optimal one in the limit.

[ SR

w

5 THEOREM 3.5. The two-level NNM for the screened Laplace problem (n? — A)u =
354 0 in 2D given by Algorithm 3.1 with the optimized coarse space Xg defined in (3.14)
55  satisfies the error bound

ut

1
356 (3.15 Mo < ————
” ( ) 1SIZ%%\>7(—1 Hgl ”2 - Sinth (kj+1H) 1<l<N 1 ng ”2
357 Proof. At each iteration n, the intermediate solution u?H/ % can be written as
358 W2 Z 0" 2 (2, m) sin(ky), fori=1,...,N.

359 Using Parseval’s identity, we have for v € )?d

+1 ntd B N b

oo s ero ek ZI ) )~ ) (o m)|

360 o )
L 1

5 > [a et m—a )]

m=J+1

361 and hence
N-1

J
362 = arg min g

nt O N
(@ + o) m) = (@ 4 0) @7 m)|
VeXd i=1 m=1

3

363 Since we are minimizing a finite dimensional quadratic, the quantity can be made

364 zero. Hence, g/ (m) = 0 for m < J, and following the proof of Theorem 2.4, we get
365 the stated bound. |
366 Theorem 3.5 shows that no matter the value of H, we can obtain a convergent

367  NNM by adding enough coarse space components, and thus turn a divergent NNM due
368 to bad aspect ratio of the subdomains into a convergent one. Furthermore, the more
369 we increase the number of coarse space components J, the faster the NNM becomes,
370 and there are no other, more effective coarse space components to add, which explains
371 the term optimized coarse space. Note also that the more modes we add, the better
372 our approximation of the theoretically optimal coarse space X4 becomes, and in the
373 discrete setting, we can actually reach the optimal coarse space, which is then finite
374 dimensional as well.
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3.2.2. The Laplace operator £ = —A with Neumann boundary con-
ditions. If we have Neumann boundary conditions in 2D all around the original
domain, then the local corrections 1" are not well defined as in the one-dimensional
case, unless they satisfy the 2D consistency conditions

L L
(3.16) / 05 (T4, Y) dy—/ 07 (zi-1,y)dy =0, fori=2,...,N — 1.
0 0

To obtain a well defined NNM, we generalize the ideas of Subsection 3.1.2; and in-
troduce new auxiliary functions b;(y) along the interfaces (0, L) such that (3.16) is
satisfied, which is equivalent to

(3.17)

L L L L
/ bi—1(y) dy—/ bi(y) dy:/ a;i—1(y) dy+/ a;(y)dy, i=1,...,N—1,
0 0 0 0

where, a;(y) = 3(9,ul(zi,y) — Opul 1 (zi,y)) on (0,L),i=1,...,N —1, and hence
any function satisfying this condition is candidate for correcting Algorithm 2.1.

Note that we can choose freely the b;(y) as long as they satisfy (3.17). If chosen
carefully, they can accelerate the convergence of the algorithm, but we will restrict
ourselves first here to the case where all the auxiliary functions are kept constant
along (0, L). Then, using (3.17), we obtain the linear system

(3.18) Lb=a

where L € RN=2XN=1 ig ag in Subsection 3.1.2, and b € R¥N=1, @ € RVN~2 are given
by

and

s L
(3.19) di:L(/O az‘(y)dy+/0 aiﬂ(y)dy),i:l,...,N—Z

Again, as in the one dimensional case, the solutions of v; are not unique, and we
need to choose the most suitable constants. Following the ideas in Subsection 3.1.2,

] ] . T
we choose é = [0,¢2,...,éx-1,0]" such that
1 2

N-1 L .
(3.20) ¢ := argmin Z / ’(U?ij (@i,y) + i) — (2 (@i,y) + )| dy.
¢ i=1 70

We thus obtain the two-level NNM for the Laplace case in 2D in Algorithm 3.3.

LEMMA 3.6. Let §"(m) = [g7(m), g3 (m),..., 3% _,(m)]" € RN=1. Then for
N > 3 we have

g"(0) = Tg”—l(o), form =0,

3.22
522 g"(m) =Tpg" "' (m), form>1,

where T and T, are defined as in Lemmas 2.1 and 2.3.
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Algorithm 3.3 NNM for £ = —A in 2D

1. Set g9 to zero or any inexpensive initial guess on the interfaces T';

2. Repeat until convergence
(a) Solve the Dirichlet problems

—Au? = f, in Q;,

(3.21) ui(zio1,y) = g1 (), ui' (ziy) = gi'(y)  on (0, L),
0,0 (x,0) = Dyu(x, L) = 0, on (ab).
(b) Solve the Neumann problems
CAYP =0, inQ,
Ox0 (i 1,y) = —ai—1(y) + bi1(y), on (0,L),

:cl/J (-T'Lvy) = ai( ) + B( )’ (OvL)a
Oy¥i*(x,0) = Oy (z,L) =0, on (a,b),

1/1"—

where the b;(y) are defined in (3.17).
(c) Set fori=1,...,N
~n+%

ot
U, =y + G,

where the ¢; are defined in (3.20).
(d) Set fori=1,...,N

n n+ Nn-ﬁ—l
g ) = (A5 o) + 3 () ) /2

Proof. In the case of Neumann conditions, «]* and ;" can be e
series,

o0 oo
Z g ) cos(kmy), Z
m=0 m=0

xpanded in a cosine

) cos(kmy),

and we thus have as before a sequence of one dimensional problems for each mode m.
For the case m = 0, the Fourier coefficients 4} (z, 0), ¢¥'(x,0) satisfy

— 0yt (2,0) = 0, —0pa™(2,0) = 0,
@ (ri-1,0) = §i21(0),  f(xi-1,0) = ai-1(0),
ﬁ?(l’i,O) = gzn(o)’ 1/)?(:&,0) = ai(o)v

where a;(m) = (&ﬂl?(m‘i,m)—awﬂzg_l(xi,m))/z m>0,i=1

., N—1. From (3.19),

we find that @; = a;(0) + a;+1(0), i = 1,..., N — 2, and since [, u;(z,y) dzdy =

lefO wi(z,y) =0, wededucethatf W' (z,0)dr =0,i=2,...,

This manuscript is for review purposes only.
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114 we remark that ¢ satisfies

L 2
~ . +1 +1
eargmin Y [ | +eonn) - Faag) o) d.
¢ =170
. = AT n4E Z L = An+f An—i-l 2
415 :argmmZL(qu(xl,O)—kciH)—(ui 2(24,0)4¢;) +§Z Uy 1 (viym)—t;  *(w5m)|
¢ =1 m=1

2

nal
—argmlnz‘ Z+1 .Tl, +Ci+1)—(’&i +2($i70)+0i)

416 Hence, the Fourier coefficients 4} (x, 0) and z/;f(x, 0) have the same iterates as in the 1D
417 Algorithm 3.2 for Laplace equation. Using then Lemma 3.6, we get the first recurrence
115 relation of (3.22). For m > 1, the iterates 47 (z,m) and ¢)™(xz, m) are the same as in
119 the 1D Algorithm 2.1 for the screened Laplace equation, and using Lemma 2.3, we

420 get the second recurrence relation of (3.22). ad
121 THEOREM 3.7. If the ratio of subdomain width H and height L satisfies % >
422 M, then the two-level NNM for the Laplace problem with Neumann boundary

423 conditions in 2D given by Algorithm 3.3 converges, and satisfies the error estimate

H(b—a—2H) 1 "
2(b—a— H)? ’ sinh? (k1 H) 1<7,<N 1

124 (3.23) max g2 < max{ ||91 [|2-

1<i<N-1

425 Proof. From Lemma 3.6, we have that Algorlthm 3.3 converges iff p(T' ) < 1, and
126 p(Tn) < 1 for m > 1. Since we already know that p(T') < 1 as shown in Lemma 3.3,
127 it suffices that p(T)n) < | Tmlleo < IT1llee < 1, which is satisfied if sinh (ki H) > 1,
128 or equivalently ki H > In(1 4 /2). To show the error bound, it suffices to use again
129 Parseval’s identity [ ¢7[|3 = Lg;(0)> + £ >0, §:(m)?, and follow the same steps as
430 in the proof of Theorem 2.4. 0

431  Theorem 3.7 shows that piecewise constant functions are sufficient to have a well
432 defined and convergent iterative NNM provided an assumption on the aspect ratio of
133 the subdomain geometry is verified.

434 3.3. Three-dimensional analysis. In this part, we analyze the convergence
135 of the two-level NNM for the three-dimensional screened Laplace operator £ = n? —
436 A. As in the two-dimensional case, the optimal coarse space X, defined in (3.2)
437 is of infinite dimension. We propose to approximate this coarse space using the
438 eigenvalue problem defined in Equation (3.13), except that now the interfaces I';

439 represent surfaces in the yz-plane. The solution of this problem is given by the
2

140 eigenpairs (;, A) = (sin (™=y) sin ( - z), mL2§2 + mT/;rz) This yields the definition

441  of the optimized coarse space X, in 3D,
(3.24)
mm m'm

12 Xg:=13v € Xg:Vi,0pvi(xi,y,2) € span { sin(—y) sin 2),(m,m') €Ly ¢ ¢,
L L ’

443 where Zy j, := {1,...,J} x{1,...,J'}, and J,J" > 1 are positive integers that are
444 used to enrich the approximate coarse space.

445 THEOREM 3.8. The two-level NNM for the screened Laplace problem (n? — A)u =
446 0 in 3D given by Algorithm 3.1 with the optimized coarse space X defined in (3.24)
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satisfies the error bound

(3.25) max || g2 < ot max ||gQ||2
1<i<N—1 70 1 7 ginh?" (k*H) 1<isN—1 701
where k* := min Km,m -

(m,m")eZZ N\ ; 5

Proof. We proceed as in the proof of Theorem 3.5. The intermediate solution
n+1/2

i can be written as

U,

/
u?+1/2(m, Y, 2) = Z 11?—’_1/2(33, m) sin(%y) sin( nz,ﬂ- z), fori=1,...,N.

m,m/>1

Using Parseval’s identity, we have for v € X,

//[O,L]x[o,L']

L il T
=B @ o)l mom) — ) mm)

(2

1

n+3 + nts - ? —
(uiJrl +V)(xz 7yaz)_(ui +V)(‘Ti 7y7Z) dy dz =

2

(m,m’)€L; 5

LU
+ = >

(m,m")€ZZ\Z; 5

n+3 N
u?+12 (ch,m,m/) - u? 2(

and hence

1 1
U =argmin Y Y )(a?jf o) (@, mym!) — (@7 + D)z, m,m)

Since we are minimizing a finite dimensional quadratic, the quantity can be made
zero. Hence, gf+1(m,m’) =0 for m < J, m' <.J', and following the proof of Theo-
rem 2.6, we get the stated bound. 0

4. Numerical experiments without cross points. We illustrate now our
convergence results with numerical experiments. We start with the one dimensional
case of the screened Poisson problem (n? — A)u = f on the domain € := (—1, 1) with
n=+/2and f(z) = 1. We use centered finite differences with mesh size Az = 1074,
and run the one-level algorithm with N = 20 subdomains. Figure 6 (left) shows that
without coarse correction the algorithm fails to converge, and with the optimal coarse
space we get convergence after one coarse correction on the interfaces, which implies
convergence after the second subdomain solve in volume in our implementation. In
Figure 6 (right) we show the convergence behavior for the Poisson case, where the
NNM needs already a constant coarse space to be well posed. This method is also
convergent, but we see that the constants are not sufficient to have convergence after
the one coarse correction: the optimal coarse space consists of linear functions, and
leads to convergence after one coarse correction (dashed curve).

In 2D, we decompose the domain Q := (—1,1) x (0,1) into N = 10 subdomains,
and run Algorithm 3.1 on the screened Poisson problem nu — Au = 1 with n = 2, dis-
cretized by centered finite differences using the mesh size Az = Ay = 5-1073. We can
see in Figure 7 (left) that NNM without coarse correction is divergent. Our proposed
approximations of the optimal coarse space make the iterative NNM convergent, and
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Fig. 6: 1D case: error as a function of iteration for the one and new optimal two-level
NNM for the screened Poisson problem with 7 = 2 (left), and for the classical two-

level NNM with constant coarse space and the new optimal two-level NNM for the
Poisson problem (right)

—— NNM
— — NNM+CC (J=2)
—— NNM+CC (J=4)

2 4 6 8 10 12 14 16 18 20
iteration

iteration

Fig. 7: Left: Convergence of NNM and coarse corrected NNM in 2D. Right: Same
but using Krylov (GMRES)

the more we enrich the optimized coarse space X, the faster the convergence becomes.
On the right in Figure 7 we show the corresponding results with Krylov acceleration.
We see that GMRES also makes the one-level NNM convergent, but our new coarse
corrected NNM still performs better, both as iterative solver and as preconditioner.
We further observe that with enough enrichment of the coarse space, our new method
as an iterative solver is almost as fast as when used as a preconditioner. In 3D, we
decompose the domain 2 := (0,1) x (0,1) x (0,1) into N = 10 bricks, and run Algo-
rithm 3.1 on the screened Poisson problem nu — Au = 1 with = 2, discretized by
centered finite differences using the mesh size Az = Ay = Az = 5-1072. We can see
from Figure 8 (left) that NNM without coarse correction is divergent. The addition of
the coarse correction makes the method convergent. Moreover, enriching the coarse
space makes the method faster. As in the two-dimensional case, we next use the one-
and two-level methods as preconditioners for a Krylov subspace method (GMRES).
We observe from Figure 8 (right) that GMRES makes the one-level method converge,
and improves the convergence of the two-level method. Moreover, we see that in both
experiments, the two-level method is faster than the one-level method, and the more
we increase the size of the coarse space, the faster the two-level method becomes.
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iteration iteration

Fig. 8: Left: Convergence of NNM and coarse corrected NNM in 3D. Right: Same
but using Krylov (GMRES)

We note also that this approach of constructing the coarse space is not restricted
only to problems with constant coefficients. Indeed, the same coarse correction can
be used for problems with non-constant coefficients provided that we choose the ap-
propriate coarse functions. In general, the latter are obtained by solving an interface
eigenvalue problem on the interfaces; cf. [19, 18]. For the Laplacian example, it can
be shown that these eigenfunctions are exactly the sine functions; cf. [21].

5. Discrete analysis of the two-level NNM including cross points. We
now present an optimal coarse space correction at the discrete level. Let 7T, be a
triangulation of £ such that 75 ; := 7, N Q; is also a triangulation of ;. We denote
by x; ;1 the nodes shared by 75, ; N Ty ;. We define the discrete harmonic basis ¢; j i
for 4, j such that Q; N Q; # 0 as the unique functions such that

1. their support is in the adjacent subdomains, supp ¢; jr C €2; U 5,
2. their normal derivatives are continuous, @; r := @i j k|, and @ = Pijk|q,

o Opi p;
verify ;fn’ik (@i k) = Ok ks gTJ;,k(l'i,j,k’) = =0k k',
3. @i and @; verify the discrete variational formulation of (2.1) in ; and §;
respectively.

The discrete optimal coarse space X}, is then defined as
(5.1) X}, :=span{ep; ; : for all i,j s.t. Q; NQ; # 0}
We now prove the optimality of this discrete coarse space, i.e convergence of the

two-level NNM at the discrete level after one coarse correction.

THEOREM 5.1. Algorithm 3.1 with the discrete coarse space Xy, defined in (5.1)
converges after one coarse correction.

Proof. We proceed using an argument of dimension: consider the map
T: X — RUt+dy
w (ui(2i k) = ui(@in)),

where d; := #{k: x; ;5 € Q; N QY # 0}, ui := ujq, and u; = ujg,. We claim that T'
is a one-to-one correspondence. In fact, since the ¢; ;; are linearly independent, we
have that dim (Xp,) = di + --- + dn. Moreover, if v € Ker(T), then v; := v)g, are
continuous for both the Neumann and Dirichlet trace at the discrete level and they
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Fig. 9: Exact monodomain solution of (5.2) (left), and a 1 x 3 partition without a
cross point of the unit square (middle), and a 2 x 2 partition with a cross point (right).

satisfy the homogeneous counterpart of (2.1) inside each subdomain, hence v = 0.

Thus, by the rank-nullity which affirms that rank (T") 4+ dim (ker (T")) = dim (X},),

we conclude that T is a one-to-one correspondence and in particular is onto. Now,
1

let (U )i<i<n be the coarse correction, and set u = uf + UlQ the iterate after the
coarse correction. The latter is chosen such that 1t satisfies the discrete form of the
minimum jump condition in (3.3). Since T is onto, it is possible to choose U° in
the preimage of T such that @} for i = 1,..., N completely cancels the jump, i.e.,
q(u') = 0. Therefore, the @} are continuous across the subdomains for both Dirichlet
and Neumann traces. Moreover, the ] satisfy the discrete form of (2.1) inside each
subdomain. It follows that @' is the discrete monodomain solution of (2.1). d

We test this new, optimal two-level NNM on a variable coefficient diffusion prob-
lem,

—V - (a(z,y)Vu(z,y)) =1, if (z,y) € (—1,1) x (—1,1),

2 ul,y) =0, if (1 - 22)(1 — %) =0,

where a(x,y) := 1 + 22y is a continuously varying function along the interfaces.
The exact monodomain solution is shown in Figure 9 (left). We choose two different
decompositions as shown in Figure 9, one without cross points (middle), and one
with a cross point (right). We mention that in the finite element setting, the discrete
normal derivatives are computed as in [20]. The convergence results in Table 1 show
that Algorithm 3.1 is truly optimal since it leads to convergence after one coarse
correction both with and without cross point. For the 2 x 2 cross point case, Table 1
shows that the one level NNM iteration diverges. The reason for this divergence was
identified in [5] to be the fact that NNM is not well posed in a functional setting
at the continuous level in the presence of cross points. Despite these difficulties,
Algorithm 3.1 still converges in one iteration; the coarse correction is still able to
extract the right traces and combine them to find the exact solution.

6. Conclusion. We designed, analyzed, and tested a new coarse space correction
for the Neumann-Neumann iterative method. We described the method for general
second order elliptic PDEs, and analyzed it for the Poisson and the screened Poisson
equation. We proved that the new coarse space is truly optimal, i.e the method con-
verges after one coarse correction. In two and three dimensions, this optimal coarse
space is however too high dimensional, and we introduced an optimized spectral ap-
proximation which can make an otherwise divergent iterative Neumann-Neumann
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1 x 3 example 2 x 2 example with cross point

Its.  Algorithm 2.1  Algorithm 3.1  Algorithm 2.1  Algorithm 3.1
1 5.817e-01 2.741e-01 4.754e-01 9.582¢-01
2 2.358e-01 8.881e-16 9.145e-01 1.382¢-14
3 9.682e-02 4.440e-16 2.316e+00 4.996e-16
4 3.971e-02 4.440e-16 5.947e+00 4.440e-16
5 1.629e-02 4.718e-16 1.527e+01 7.216e-16
6 6.683e-03 4.996e-16 3.924e+01 5.551e-16
7 2.741e-03 4.163e-16 1.007e+02 3.885e-16

Table 1: Convergence of NNM and coarse corrected NNM for (5.2) using the optimal
discrete coarse space defined in (5.1).

method convergent. The more we enrich our optimized coarse space, the faster the
convergence becomes, and it improves both as an iterative solver and as a precondi-
tioner. Our results in the discrete setting open also up the field for optimized coarse
spaces at cross points in Neumann-Neumann methods, and other domain decomposi-
tion methods. Cross points in domain decomposition methods are currently an active
field of research, especially for non-overlapping domain decomposition methods: for
non-overlapping Schwarz methods, see e.g. [16, 17, 20, 28, 7, 6], and for the Neumann-
Neumann method, see [4, 5]. For classical overlapping Schwarz methods, cross points
are also interesting, since the partition of unity can slightly influence the convergence
there [13], and for the additive Schwarz preconditioner, cross points lead to the color-
ing influencing the condition number estimate [32], and divergence when the additive
Schwarz method is used as a stationary iteration [12, Section 3.2], an issue that can
also be addressed with the coarse space, see [21].

Compared to the classical coarse space in the balancing Neumann-Neumann
method which is using a constant per subdomain, our coarse space can be made
richer and we showed precisely how this enhances the convergence. One then has to
solve however a larger coarse problem and there is thus a trade-off, like in the recent
algebraic coarse spaces GenEQ, ACMS, or SHEM for Schwarz methods. An advantage
of our approximate coarse space is that it is defined a priori for constant coefficient
problems, and we know it at the continuous level at which the Neumann-Neumann
method is defined. How to deal with approximations of the optimal coarse space in
the variable coefficient case, and do enrichment in the presence of cross points will be
described in future work.
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