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Abstract We develop new error estimates for the

one-dimensional advection equation, considering gen-

eral space-time discretization schemes based on Runge-

Kutta methods and finite difference discretizations. We

then derive conditions on the number of points per

wavelength for a given error tolerance from these new

estimates. Our analysis also shows the existence of syn-

ergistic space-time discretization methods that permit

to gain one order of accuracy at a given CFL num-

ber. Our new error estimates can be used to analyze

the choice of space-time discretizations considered when

testing Parallel-in-Time methods.

Keywords Advection equation · Space-time dis-

cretization · Error estimates · Parallel-in-time integra-

tion · Parareal

1 Introduction

Over the last decade, Parallel-in-Time (PinT) methods

have received sustained attention in the numerical anal-

ysis research community, because of the new scientific

challenges coming with the ever growing parallel super-

computing architectures; for a review, see [12]. Many

PinT algorithms are known to work well for parabolic

problems (see, e.g. , [20,37,30]), but the PinT com-

munity still struggles with hyperbolic problems. This

motivated many contributions in the literature, some
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of which considered solutions based on Parareal, a

well known PinT algorithm proposed in [28], see for in-

stance [35,4,3,6,32,29]. A geometric multigrid interpre-

tation of Parareal was given in [20], followed by the

genesis of the MGRIT algorithm [10], based on alge-

braic multigrid methods. MGRIT was first presented

during a student paper competition at the Sixteenth

Copper Mountain Conference on Multigrid Methods,

from which [10] originates. A journal version of this

work was also published later in [9]. In contrast to [20],

in the first paper for MGRIT the authors consider

a Full Approximation Scheme (FAS) interpretation of

Parareal, and based on this introduce a variant of

MGRIT, with additional coarse and fine relaxation

steps (FCF-relaxation, in contrast with F-relaxation

only for the basic MGRIT method). It was then proved

in [19] that this variant with FCF-relaxation is identi-

cal to Parareal with overlap, where each additional

CF relaxation adds one coarse time interval more in

the overlap in Parareal. Many recent contributions

focused on applying MGRIT to hyperbolic problems,

see e.g. [25,26,5]. There are however also other PinT

algorithms especially designed for hyperbolic problems,

see e.g. ParaExp [13,14], the diagonalization technique

[18], and waveform relaxation [40,39,17,16], and com-

binations thereof, see e.g. [21], based on earlier work in

[43].

The advection equation has proven to be a criti-

cal test problem for PinT algorithms ([2,11,26]). Many

space-time discretizations can be used to solve the ad-

vection equation, some being more diffusive than oth-

ers, and numerical diffusion has proven to help con-

vergence of PinT algorithms like Parareal [34]. It

thus seems that a compromise between numerical diffu-

sion and accuracy of the numerical scheme is necessary

for effective convergence of such PinT methods applied
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to the advection equation (and hyperbolic problems in

general). Hence, care must be taken when validating

PinT algorithms on the advection equation. In particu-

lar, when solving such problems with a PinT algorithm,

it is important to know how much accuracy the com-

puted solution actually contains, especially since PinT

algorithms should be capable of computing over longer

time intervals accurate solutions in parallel. It is there-

fore important to have reliable error estimates that per-

mit informed decisions on which space-time discretiza-

tion schemes can be chosen for solving the advection

problem as a test problem for PinT algorithms.

There are already several error estimates available

in the literature for classical space-time discretizations.

For instance, in [24, Chapter 2], the authors list many

error estimates for high order space discretizations, and

derive also conditions on the number of points per wave-

length needed to achieve a given level of accuracy. Sim-

ilar results can also be found in [38,23]. The existing

error bounds in the literature have however three ma-

jor drawbacks:

– Most of them focus on the phase error, and estimate

the L1 error of the numerical solution in Fourier

space.

– They involve only specific space discretizations

(e.g. centered finite-differences in space), and there

is no general methodology for arbitrary space-time

discretizations.

– Very few studies also include the impact of the

time discretization, and the influence of important

numerical parameters, like the Courant-Friedrich-

Lewy (CFL) number, are still not completely un-

derstood.

Our goal here is to complement the currently avail-

able error estimates in the literature, and to provide a

general methodology to estimate the error in the ap-

proximate solution, depending on the space and time

discretization scheme used. We will also derive from

these new general error estimates conditions on the

minimum number of points per wavelength needed to

achieve a given error tolerance in space. Finally, our new

error estimates allowed us to discover the existence of

numerical schemes with the same order p in space and

time that have together a p + 1 order accuracy if used

with a given CFL number.

Our manuscript is organized as follows: we state and

prove our main theoretical results in Sec. 2. In Sec. 3,

we perform numerical experiments to validate the error

estimates and illustrate the main consequences they im-

ply. In Sec. 4, we discuss the application of some space-

time discretizations for Parareal in view of our new

error estimates. Finally, we give a conclusion and brief

outlook on future work in Sec. 5.

2 Discrete Fourier Analysis

We consider the advection equation

∂u

∂t
= −a∂u

∂x
, u(x, 0) = u0(x), (1)

where a is constant, solved numerically on a periodic

spatial domain [0, L], discretized using a uniform mesh

[0, ∆x, ..., L − ∆x] = [x1, .., xnx ] of nx points (∆x =

L/nx). Numerical time integration is performed decom-

posing [0, T ] using nt + 1 points in time, [0, ∆t, .., T ] =

[t0, .., tnt ], with ∆t = T/nt. We denote by TP := L/a

the temporal period of the problem, which depends on

the advection velocity a. Finally, u0(x) is a sinusoidal

function with wave-number1 κ ∈ N∗ (i.e. wavelength

L/κ) and constant amplitude A, i.e. 2

u0(x) = A cos
(

2πκ
x

L

)
. (2)

2.1 Main Theorem

To present our main error estimate for an arbitrary

space- time discretization of the advection equation (1),

we need to introduce our measure for the error and two

key properties that characterize an arbitrary space and

time discretization.

Definition 1 Let the numerical solution of (1) be rep-

resented at time t by

u(t) := [u1(t), .., unx(t)] ≈ [u(x1, t), .., u(xnx , t)]. (3)

We define its discrete norm by

‖u‖ :=

√√√√ 1

nx

nx∑
j=1

uj(t)2. (4)

The choice of this particular norm will be discussed

later in Sec. 2.4, in view of the main results of this

paper and their proof.

We consider the use of a finite difference discretiza-

tion of order p for the space derivative in (1), whose

Fourier symbol is3

zadv(θ) = iθ + αp+1θ
p+1 +O

(
θp+2

)
, αp+1 6= 0, (5)

1 Rigorously speaking, the wave-number is the inverse of
the wavelength, i.e. κ/L. Our κ here is a normalized wave-
number, but we decided to call it “wave-number” for simplic-
ity.
2 Any other sinusoidal function of wave-number κ and am-

plitude A can be obtained using a shift of the cosine, which
would simply lead to a shift in the x coordinate and therefore
not change the results.
3 For an example see (27).
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with i =
√
−1. We also consider a general Runge-Kutta

type time discretization of order q, whose stability func-

tion R satisfies4

R(z)− ez = βq+1z
q+1 +O

(
zq+2

)
, βq+1 6= 0. (6)

We then have as our main result:

Theorem 1 Let a numerical discretization of the ad-

vection equation (1) satisfying (5), (6) be given, and as-

sume that the wave number κ ∈ N, and the CFL number

σ =
a∆t

∆x
(7)

are constant. Then the discrete error of the numerical

solution,

ε := ‖unum − uexact‖ , (8)

evaluated at time T := nPTP with nP a real positive

constant, and starting with initial condition (2), de-

pends when nx →∞ on the discretization orders (p, q)

as follows:

1. If p < q (space discretization has lower order), then

ε = nPA
|αp+1|√

2
(2κπ)p+1 1

npx
+O

(
1

np+1
x

)
. (9)

2. If q < p (time discretization has lower order), then

ε = nPA
|βq+1|√

2
(2κπ)q+1σq

1

nqx
+O

(
1

nq+1
x

)
. (10)

3. If p = q (same order for space and time discretiza-

tion), then

ε = nPA(2κπ)p+1

∣∣−ip+1αp+1 + βp+1σ
p
∣∣

√
2

1

npx

+O
(

1

np+1
x

)
.

(11)

We obtain as a consequence the following result on the

required number of discretization points needed for a

certain accuracy.

Corollary 1 Using the same hypotheses as in Theo-

rem 1, for a given error tolerance εtol small enough,

the number of points required for the whole domain dis-

cretization can be estimated by

nx,min = A1/r n0 n
1/r
P κ1+1/r, (12)

where n0 depends on the tolerance εtol, the discretiza-

tion orders (p, q), and r = min(p, q):

4 For an example, see (30).

1. If p < q (space discretization has lower order), then

n0 ' (2π)1+1/p

[
|αp+1|
εtol
√

2

]1/p
. (13)

2. If q < p (time discretization has lower order), then

n0 ' (2π)1+1/q

[
|βq+1|
εtol
√

2

]1/q
σ. (14)

3. If p = q (same order for space and time discretiza-

tion), then

n0 ' (2π)1+1/p

[∣∣−αp+1 + βp+1(−i)p+1σp
∣∣

εtol
√

2

]1/p
.

(15)

2.2 Preliminary definitions

Performing a non-scaled Discrete Fourier Transform

(DFT) of the sinusoidal initial value u0 corresponding

to (2) yields5

û0 =

[
0, .., 0,

Anx
2
, .., 0, ..,

Anx
2
, 0, .., 0

]
. (16)

The position of the non-zero components (up to ma-

chine precision) is linked to the angular frequency of

u0,

ω :=
2κπ

L
. (17)

We consider a space grid, so it is convenient to define

the reduced angular frequency

θ := ω∆x =
2κπ

nx
∈ [−π, π]. (18)

As the DFT is un-scaled, we have the discrete form of

the Parseval relation

nx∑
j=1

u2
j =

1

nx

nx∑
κ=0

|ûκ|2, (19)

which allows us to link the discrete norm of the numer-

ical solution with its Fourier components by

‖u‖ =

√√√√ 1

nx

nx∑
j=1

u2
j =

√√√√ 1

n2x

nx∑
κ=0

|ûκ|2. (20)

5 The Fourier transform vector is ordered following increas-
ing wave-numbers.
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For example, if we apply that to our initial condition,

we obtain

∥∥u0
∥∥ =

√
1

n2x
2

(
Anx

2

)2

=
A√
2

(21)

=

√
1

L

∫ L

0

A2 cos2(2πκx/L)dx = ‖u0‖ . (22)

Hence, the (normalized) norms are conserved from dis-

crete to continuous space.

Space discretization. We consider any finite-difference

discretization that will approximate the first space

derivative in (1) using

∂u

∂x
(xj) ≈

1

∆x

s∑
d=−s

cdu(xi+d), (23)

where the cd are the finite difference coefficients, and s

is the stencil half-width. Using the method of lines for

(1) allows us to build the system of ordinary differential

equations

du

dt
= Ku, (24)

where K represents the discrete space derivative oper-

ator. Because of the periodic boundary conditions and

the constant velocity, the matrix K is circulant, and

thus becomes a diagonal matrix D in Fourier space.

Each coefficient of D is associated with one reduced

angular frequency of the solution. The two diagonal co-

efficients concerning our initial condition are then

−azadv(±θ)
∆x

, (25)

where zadv is the Fourier symbol associated with the

space discretization, that is

zadv(θ) =

s/2∑
j=−s/2

cje
ijθ. (26)

For example, the second order centered finite difference

scheme has the Fourier symbol

zadv,C2(θ) =
eiθ − e−iθ

2
= i sin(θ)

= iθ − (iθ)3

3!
+O

(
θ5
)
.

(27)

More generally, zadv(θ) is an approximation of iθ up to

order p, that is

zadv(θ) = iθ + αp+1θ
p+1 +O

(
θp+2

)
, (28)

with αp+1 6= 0, which is our original hypothesis (5) for

Theorem 1 on the finite difference scheme for the space

discretization of the advection equation (1).

Time discretization. We consider now any Runge-

Kutta type time integration method used to solve (24).

The numerical solution is then given by

u`+1
num = R(∆tK)u` = R(∆tK)`+1u0, (29)

where u` is the numerical solution u at the `th time

point, and R is the stability function of the time inte-

gration scheme. For example, the stability function of

the Backward Euler method is

RBE(z) =
1

1− z
= 1 + z + z2 +O

(
z3
)
, (30)

which implies

RBE(z)− ez =
z2

2
+O

(
z3
)
. (31)

In general, the stability function is an approximation

up to some order q of the exponential [27, Lemma 4.4,

p.62], that is

R(z)− ez = βq+1z
q+1 +O

(
zq+2

)
, (32)

with βq+1 6= 0, which is our original hypothesis (6) for

Theorem 1 on the time integration scheme.

2.3 Proofs of the main results

Estimation of the Fourier error function. For any

Runge-Kutta type method, since R is a rational func-

tion, its expression is conserved in Fourier space, and

we have

û`+1
num = R(∆tD)`+1û0. (33)

Using (16) and (25) allows us to get

û`+1
num =

[
0, .., 0, R

(
−∆taz(−θ)

∆x

)`+1
Anx

2
, ..,

0, .., R

(
−∆taz(θ)

∆x

)`+1
Anx

2
, 0, .., 0

]
.

(34)

Here, we used the short hand notation z(θ) := zadv(θ)

and dropped the sub-scripts to be concise in the follow-

ing computations. Equation (34) can be written using

the CFL number as

û`+1
num =

[
0, .., 0, R (−σz(−θ))`+1 Anx

2
, ..,

0, .., R (−σz(θ))`+1 Anx
2
, 0, .., 0

]
.
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Let us consider the exact6 solution of (1), obtained with

exact derivation in Fourier space and an exponential

time integration of (24). The exact solution can be writ-

ten in Fourier space as

û`+1
exact =

[
0, .., 0, e(σiθ)(`+1)Anx

2
, ..,

0, .., e(−σiθ)(`+1)Anx
2
, 0, .., 0

]
.

Then, using (20) we can write

ε2 = ‖untnum − untexact‖
2

=
1

n2x

∣∣∣R (−σz(−θ))nt − e(σiθ)nt
∣∣∣2 A2n2x

4

+
1

n2x

∣∣∣R (−σz(θ))nt − e(−σiθ)nt
∣∣∣2 A2n2x

4

=
A2

4

∣∣∣R (−σz(−θ))nt − e(σiθ)nt
∣∣∣2

+
A2

4

∣∣∣R (−σz(θ))nt − e(−σiθ)nt
∣∣∣2 .

(35)

Hence, in order to compute the discrete error, we have

to estimate what we call the Fourier error function

Ê(θ) := R (−σz(θ))nt − e(−σiθ)(nt). (36)

Asymptotic approximation. We first define

ζ := −σiθ = −σi2κπ
nx

. (37)

We use the hypothesis that κ and nP are constant, and

from the definitions we have

ζnt = −a∆t
∆x

i
2κπ

nx
nt = − a

L
2iκπTPnP

= −2iκπnP =: c ∈ C.
(38)

This shows the equivalence

ζ ∼ 1/nt. (39)

It is worth mentioning that the CFL number σ can be

set arbitrarily large or small, depending on the com-

putation7. But the hypothesis in Theorem 1 that σ is

constant mainly states that it does not vary with nx, nt

6 That is, exact up to the given space discretization mesh
size. In this case, only a range of wavenumbers for the initial
condition can be represented numerically, and higher wave-
numbers for the initial condition would require a finer spatial
mesh.
7 Generally, one looks to maximize σ, in order to get larger

time steps and reduce computation time. In practice for ad-
vection dominated problems, σ = O(1) for explicit methods,
and for implicit method σ = O(10) or maybe rarely O(100).

or θ. This implies that θ and ζ scale with one-another,

and similarly for nx and nt, i.e.

θ ∼ ζ ∼ 1/nt ∼ 1/nx. (40)

Next, we define

ζ̃ := −σz(θ) = ζ − σαp+1θ
p+1 +O

(
θp+2

)
,

= ζ − αp+1
ip+1

σp
ζp+1 +O

(
ζp+2

)
,

(41)

and then (36) becomes

Ê(θ) = R(ζ̃)
c
ζ − ec =: Ẽ(ζ). (42)

Since we also have the equivalence ζ ∼ ζ̃, we get for

any integer r that

O(ζr) = O
(
ζ̃r
)
. (43)

To study Ẽ(ζ), we first perform a Taylor expansion of

R(ζ̃): using (6) and (41) we have

R(ζ̃) = eζ̃ + βq+1ζ̃
q+1 +O

(
ζ̃q+2

)
= exp

[
ζ − αp+1

ip+1

σp
ζp+1 +O

(
ζp+2

)]
+ βq+1

(
ζ − αp+1

ip+1

σp
ζp+1 +O

(
ζp+2

))q+1

+O
(
ζq+2

)
= eζ exp

[
−αp+1

ip+1

σp
ζp+1 +O

(
ζp+2

)]
+ βq+1ζ

q+1 +O
(
ζq+2

)
= eζ

[
1− αp+1

ip+1

σp
ζp+1 +O

(
ζp+2

)]
+ βq+1ζ

q+1 +O
(
ζq+2

)
= eζ

[
1− αp+1

ip+1

σp
ζp+1 +O

(
ζp+2

)
+ βq+1ζ

q+1 +O
(
ζq+2

) ]
.

Then, using the notation8

ψ(ζ) :=− αp+1
ip+1

σp
ζp+1 + βq+1ζ

q+1,

r := min(p, q).

8 ψ is actually a local truncation error estimate in Fourier
space for the space-time discretization.
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we obtain

R(ζ̃)
1
ζ = exp

[
1

ζ
ln
(
R(ζ̃)

)]
= exp

[
1

ζ
ln
[
eζ
(
1 + ψ(ζ) +O

(
ζr+2

)) ]]

= exp

ζ + ln
[
1 + ψ(ζ) +O

(
ζr+2

) ]
ζ


= exp

[
ζ + ψ(ζ) +O

(
ζr+2

)
ζ

]

= e · exp

[
ψ(ζ)

ζ
+O

(
ζr+1

)]
= e

(
1− αp+1

ip+1

σp
ζp + βq+1ζ

q +O
(
ζr+1

))
.

Taking the expression to the power c, a last Taylor ex-

pansion yields

R(ζ̃)
c
ζ = ec

(
1− cαp+1

ip+1

σp
ζp +O

(
ζp+1

)
+ cβq+1ζ

q +O
(
ζq+1

))
,

which gives us

Ẽ(ζ) = ec
(
−cαp+1

ip+1

σp
ζp +O

(
ζp+1

)
+ cβq+1ζ

q +O
(
ζq+1

))
.

Finally, using the definition in (37) and (38), we get

Ẽ(ζ) = ec
[
−nPαp+1i

p+1 (2κπ)p+1

npx
+O

(
1

np+1
x

)
+ nPβq+1

(2κπ)q+1

nqx
σq +O

(
1

nq+1
x

)]
=: E(nx).

(44)

Origins of discretization errors. We identify two main

terms in the Taylor expansion of E(nx): the first one

with n−px is the contribution of the space discretization

error; the second one with n−qx is the contribution of

the time discretization error. Hence depending on the

values of p and q, three cases need to be considered:

1. p < q : the order in space is lower than the order in

time, and the Fourier error expansion is dominated

by the spatial term.

2. q < p : the order in time is lower than the order in

space, and the Fourier error expansion is dominated

by the temporal term.

3. q = p : same order in time and space, and the

Fourier error expansion is dominated by a mixed

term, including error in time and space.

We note from (38) that c is a purely imaginary number,

so |ec| = 1, which indicates that this term can be ig-

nored when evaluating the absolute value of the Fourier

error function in (35). We also recall for what follows

that

Ê(θ) = Ẽ(ζ) = E(nx). (45)

Space discretization with lower order. When p < q, the

Fourier error becomes

E(nx) = ec
[
αp+1i

p+1 (2κπ)p+1

npx
+O

(
1

np+1
x

)]
, (46)

which implies that

|Ê(θ)|2 = |Ê(−θ)|2 +O
(

1

np+1
x

)
. (47)

Then, combining (35) with (46), we get

ε = nPA
|αp+1|√

2
(2κπ)p+1 1

npx
+O

(
1

np+1
x

)
, (48)

which proves the first part of Theorem 1.

Since nx → ∞, we have ε → 0 such that we can

neglect the term O
(
1/np+1

x

)
, and for a given error tol-

erance εtol small enough, we have

nx ≥ A1/p(2π)1+1/p

(
|αp+1|
εtol
√

2

)1/p

n
1/p
P κ1+1/p, (49)

which proves the first part of Corollary 1.

Time discretization with lower order. When q < p, the

Fourier error becomes

E(nx) = ec
[
nPβq+1

(2κπ)q+1

nqx
σq +O

(
1

nq+1
x

)]
. (50)

Again, the Fourier error function verifies a similar rela-

tion as in (47), so we get

ε = nPA
|βq+1|√

2
σq

1

nqx
+O

(
1

nq+1
x

)
, (51)

which proves the second part of Theorem 1, and we

obtain similarly as from the first part

nx ≥ A1/q(2π)1+1/q

(
|βq+1|
εtol
√

2

)1/q

σn
1/q
P κ1+1/q, (52)

which proves the second part of Corollary 1.
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Space and time discretization with the same order.

When p = q, the Fourier error function becomes

E(nx) = ec
[
nP (2κπ)p+1

(
−ip+1αp+1 + βp+1σ

p
)

+ O
(
θp+2

)]
.

(53)

Again, the Fourier error function verifies a similar rela-

tion as in (47), so we get

ε = nPA
| − ip+1αp+1 + βp+1σ

p|√
2

1

npx
+O

(
1

np+1
x

)
, (54)

which concludes the proof of Theorem 1, and for Corol-

lary 1 we obtain proceeding as before

nx ≥ A1/p(2π)1+1/p

(∣∣−αp+1 + βp+1(−i)p+1σp
∣∣

εtol
√

2

)1/q

× n1/pP κ1+1/p.

2.4 Discussion of the norm and the error measure

Choice of the norm. We comment now on the definition

of the discrete norm in (4). The Parseval theorem (19)

used in the proof of Theorem 1 requires to select an

L2-type norm. Several solutions exist, and we give here

the three most natural candidates:

‖u‖ :=

√√√√ 1

nx

nx∑
j=1

uj(t)2,

‖u‖L2 :=

√√√√∆x

nx∑
j=1

uj(t)2,=
√
L ‖u‖ , (55)

‖u‖2 :=

√√√√ nx∑
j=1

uj(t)2. =
√
nx ‖u‖ .

‖u‖2 is the standard Euclidean vector norm, but this

norm grows with the number of elements in the vector,

and thus can not converge when nx → ∞ to a con-

tinuous norm of a given continuous solution. Thus, a

scaled norm is necessary to build a coherent error es-

timate, a condition that is satisfied by both ‖u‖ and

‖u‖L2 . The latter is the counterpart of the continuous

L2 norm
√∫

L
|u(x)|2dx, but it varies with the domain

length L. Using it for the error estimate would then

induce a dependence on the domain length, which is

generally avoided by setting L = 1 implicitly. In that

case, ‖u‖L2 simply becomes the ‖u‖ norm, that has no

dependence on L. Note that our discrete norm ‖u‖ is

similar to the norm used to compute the Mean Square

Error in statistics and the root-mean-square velocity in

Computational Fluid Dynamics. And finally, our dis-

crete norm ‖u‖ is more convenient to apply the discrete

form of the Parseval theorem (19). Thus, we chose ‖u‖
so our error estimate does not depend on the dimen-

sionality of the problem. Also, note that error estimates

based on ‖u‖L2 or ‖u‖2 can be easily retrieved by mul-

tiplying the results of Theorem 1 by the appropriate

factor.

Choice of the error measure. Once a discrete norm is

chosen, defining a measure for the error is not straight-

forward. First, we defined a norm ”in space”, but our

solution depends also on time. To handle this, there are

many approaches in the scientific community, one com-

monly used consists in looking at the largest L2 error

in space over the simulation time interval. This can be

interpreted as an L∞ measure in time combined with

an L2 measure in space. For the advection equation, it

is already known that the error necessarily grows with

time, such that the maximum L2 error is reached at the

end of the simulation time interval (i.e. for t = T ). This

motivates our choice when defining ε in (8). We used

an absolute error measure, but a relative error measure

could also have been used,

εrel :=
‖unum − uexact‖

‖uref‖
, (56)

with uref being either u0 or uexact. Note that choosing

one or the other would have no impact on our error mea-

surements if they are computed after an integer number

of periods, and for those times, u0 = uexact.

Looking at the proof of Theorem 1, it is easy to see

that

εrel = ε when A =
√

2, (57)

with the same property for the results of Corollary 1.

The relative error measure does not depend on the am-

plitude of the wave, which is an interesting property

when the error is dominated by numerical diffusion and

contains only one frequency: εrel then indicates the per-

centage of decrease in the solution values9. But if one

considers several wave-number components of the so-

lution, then the absolute error measure ε is more ap-

propriate, since it allows a comparison of errors with

different weights, related to each wave-number ampli-

tude. Thus, we decided to express our main results in

the absolute error measure ε.

9 If we build an artificial solution unum = cuexact with
0 ≤ c < 1, then we have εrel = (1− c).



8 Martin J. Gander, Thibaut Lunet

3 Numerical experiments

3.1 Illustration of the error estimates

We set a = L = 1, so all numerical integration parame-

ters are fully determined by σ, nP and nx. In particular,

nt is computed using the fact that

∆t =
T

nt
=
TPσ

nx
, (58)

with TP = L/a = 1. Test values for σ, nP and nx are

set to have nt ∈ N. We compare the error estimates

given when neglecting the big O term in the formulas

of Theorem 1 to the effective error in numerically com-

puted solutions of (1) in Fig. 1. On the left, a Backward

Euler scheme is used in combination with a 6th order

centered finite difference discretization. In this case, the

time discretization is of lower order, and ε can be es-

timated with the dominant term in (10) (dashed gray

lines). We observe that the estimates are sharp for large

values of nx, and this does not depend on the simula-

tion time interval, represented by various values of nP .

Similar results were also obtained for other configura-

tions with lower order time discretization schemes, and

also when the space discretization is of lower order.

In Fig. 1 on the right, the SDIRK3 scheme of [1,

Theorem 5] is used in combination with a 3rd order up-

wind finite difference scheme. Here, since the time and

space discretization have the same order, (11) was used

to estimate ε by neglecting the big O term, considering

a value of the CFL number σ = 8. Again, the theoreti-

cal error estimates are sharp for large values of nx, with

various choices of nP .

Generally, we observed with all numerical experi-

ments that estimating ε by neglecting the big O terms

in Theorem 1 was a reasonably good approximation for

error levels equal or lower than ε = 1e−2. For low values

of nx, the error reaches a plateau, with an error around

ε = A/
√

2 (black dotted lines in Fig. 1), which corre-

sponds to the magnitude of the exact solution, hence

the numerical approximation has no accuracy whatso-

ever.

3.2 Mesh requirements for a given error tolerance

The results given in Sec. 3.1 have shown the accuracy

of the error estimates given in Theorem 1 for general si-

nusoidal initial conditions as soon as nx is large enough

to achieve a relatively small value for ε. This does not

apply directly to general initial conditions, but since

any solution of (1) can be represented by a linear com-

bination of sinusoidal functions, knowing the highest

relevant wavenumber in the initial condition indicates

the mesh size requirement to achieve a given error tol-

erance on εtol for the numerical solution to be accurate.

If the spatial mesh is fine enough to get an error tol-

erance εtol for the wave-number κmax, then this will

automatically apply to all lower wave-numbers.

This motivates Corollary 1, which estimates the

minimum number of mesh points nx,min required to

get a given error tolerance for a wave-number κ, af-

ter simulating nP temporal periods of the advection

problem (1). In general, nx,min depends on the limiting

order of the space-time discretization r = min(p, q), as

indicated in (12). But three parameters also influence

the number of mesh points nx,min required: the wave-

number κ, its associated amplitude A and the number

nP of simulated temporal periods for (1). The term

A1/rnP
1/rκ1+1/r shows that increasing nP , the wave-

number κ or the amplitude A will naturally increase

nx,min or a given absolute error tolerance, but if higher

order methods are used, this increase will be slower. In

particular, one can never be better than “infinite” or-

der of accuracy that would induce no dependency on

nP and A, and a linear dependency on κ.

Finally, the factor n0 in (12) depends only on the

space-time discretization schemes. It is particularly im-

portant to evaluate the accuracy of numerical schemes,

as it indicates the number of mesh points required to

get an accuracy of εtol for the largest unitary sinusoidal

component of the solution (κ = A = 1), after only one

temporal period of (1). This is the focus of the next

paragraphs, where values for n0 are computed for dif-

ferent discretization schemes. Because we focus on one

given wavenumber, we consider the relative error tol-

erance εreltol which represents a percent of error relative

to the initial solution (cf. definition of εrel in (56), Sec-

tion 2.4, § 2).

Lower order for the space discretization. We consider

the case when the space discretization has the lower or-

der, and compute n0(εreltol = 0.01) for several classical

finite difference schemes of various order. More details

on those schemes are given in Appendix A. The corre-

sponding n0 values are given in Tab. 1, along with the

αp+1 coefficients for each scheme. We observe a huge

n0 value for the first order method (almost two thou-

sand), and increasing the order rapidly lowers n0. But

after 4th order, the reduction of n0 when increasing p

is not as important any more as before. These results

strongly suggest that low order space discretizations

should never be considered in practical numerical inte-

grations of smooth solutions of the advection equation

(1), given their poor ratio between accuracy and effi-

ciency. Furthermore, higher order difference schemes up

to a certain order can easily bring good accuracy at the
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Fig. 1 Comparison of the theoretical error estimates in Theorem 1 to the effective numerical error. Left: Backward Euler and
6th order centered finite differences, κ = 2, A = 1, σ = 1. Right: SDIRK3 and 3rd order upwind finite differences, κ = 1,
A = 1, σ = 8. The analytical error estimates are indicated by gray dashed lines, black dotted lines indicate the magnitude of
the exact solution.

Table 1 Standard finite difference space disretizations with
their αp+1, and corresponding n0 when the space discretiza-
tion has the lower order, for a given relative error tolerance
εreltol = 0.01.

Name (ID) αp+1 n0(εreltol = 0.01)

1st order upwind (U1) 1
2

1973.9

2nd order upwind (U2) 1
3

90.9

2nd order centered (C2) − i
6

64.3

3rd order upwind (U3) 1
12

23.5

4th order upwind (U4) 1
20

14.9

4th order centered (C4) − i
30

13.4

5th order upwind (U5) 1
60

10.0

6th order centered (C6) − i
140

8.1

8th order centered (C8) − i
630

6.3

expense of a small increase in the computational cost

of the numerical spatial derivative evaluation, and thus

should be favored when solving the advection problem

(1) for smooth solutions. Finally, we can also compare

upwind and centered schemes with equal order (U2-

C2 and U4-C4). For both cases, centered schemes re-

quired less mesh points than upwind ones (' +41%

for U2 compared to C2), but this gap becomes smaller

for higher order (' +11% for U4 compared to C4).

This comparison can be completed considering com-

putational cost (see the coefficients in Appendix A):

upwind schemes require more floating point operations

than centered ones, which makes them also more costly.

Table 2 Classical Runge-Kutta time integration schemes
with their βq+1 coefficient, and corresponding n0 when the
time discretization is of lower order, for a given relative error
tolerance εreltol = 0.01 and CFL number σ = 1. The methods
are classified into explicit (upper part) and implicit (lower
part).

Name βq+1 n0(εreltol = 0.01)

Forward Euler −1
2

1973.9

Heun −1
6

64.3

RK32 − 1
24

32.2

RK33 − 1
24

18.7

RK53 − 1
312

7.9

RK4 − 1
24

9.5

Backward Euler 1
2

1973.9

Trapezoidal 1
12

45.6

SDIRK2 ' 4.04e−2 31.7

SDIRK2-2 ' −1.37 184.6

SDIRK3 ' −2.59e−2 15.9

Gauss-Legendre − 1
720

6.1

SDIRK54 ' −8.46e−4 5.4

Lower order for the time discretization. We now con-

sider the case when the time discretization has the lower

order, and compute n0(εreltol = 0.01) for several classical

time integration schemes of various orders. The corre-

sponding n0 values are given in Tab. 2, along with the

βp+1 coefficient for each scheme. Among the methods

considered some are classical (Forward and Backward

Euler, Heun, Runge-Kutta of 4th order (RK4), Trape-
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zoidal Rule, Gauss-Legendre) and can be found in many

academic textbooks. The others come from the research

literature: the Runge-Kutta methods of order 3 with 3

and 5 stages (RK33, RK53) and of order 2 with 3 stages

(RK32) from [41], the Singly Diagonally Implicit Runge

Kutta methods of order 2 (SDIRK2 and SDIRK2-2)

and order 3 (SDIRK3) from [1], and of order 4 with 5

stages (SDIRK54) from [42, Sec. IV.6]. Each n0 value

was computed for a unitary CFL number σ = 1. In

practice, given one effective σ value, one should con-

sider the given n0 multiplied by σ.

Like when we used lower order for the space dis-

cretization, first order methods in time require a huge

number of mesh points to reach the desired accuracy,

while going to higher order quickly reduces n0 to the

order of 10. Also, methods of the same order do not

require necessarily the same number of mesh points for

the given error tolerance. For instance, RK33 and RK53

are both 3rd order methods, but RK53 has an n0 less

than half the one of RK33; the two additional stages of

RK53 compared to RK33 provide not only a better ac-

curacy than RK33, but also a better accuracy than the

4th order method RK4. This is due to the chosen error

tolerance (εreltol = 0.01), which is not small enough to get

the beneficial effects of the 4th order. This would appear

for lower εreltol values (e.g. n0,RK4(εreltol = 1.0e−3) ' 16.9

compared to n0,RK53(εrel = 1.0e−3) ' 17.1).

Same order for space and time discretizations. Finally,

we consider the case when p = q. In this case, one

should consider (15) of Corollary 1, which depends on

the following term governed by the CFL number σ:

Cα,β =
∣∣−αp+1i

p+1 + βp+1σ
p
∣∣1/p . (59)

On the one hand, for low CFL numbers σ, the term

multiplying βp+1 can become negligible, and we would

have

Cα,β ' |αp+1|1/p , (60)

which would reduce to the case where the space dis-

cretization has the lower order. On the other hand, large

values of the CFL number σ would make the αp+1 term

negligible, and

Cα,β ' |βp+1|1/p σ, (61)

which would reduce to the case where the time dis-

cretization has the lower order. This indicates a result

that one could naturally expect: for low CFL numbers

σ, the error will be dominated by the error of the space

discretization, and for large CFL numbers σ, it will be

dominated by the error of the time discretization.

3.3 Synergistic space-time discretizations

In the case where the time and space discretization have

the same order, the Taylor expansion of ε in (11) has its

leading order term multiplied by Cpα,β defined in (59).

Under certain sign conditions for αp+1 and βq+1, there

exists a CFL number σ which makes the error term of

order p vanish, leading to a higher order error term of

at most order p + 1. If this choice exists, the optimal

CFL number is

σ? =

∣∣∣∣αp+1

βp+1

∣∣∣∣1/p . (62)

In that case, we call the space-time discretization ”syn-

ergistic”, since the combination of the two schemes of

order p allow us to obtain a scheme of at least global or-

der p+1. Note that in addition, the pth order error term

is canceled for all wave-numbers κ, which leads to the

increase of order of accuracy for any initial condition

represented on the spatial grid.

A special case of this phenomenon is well known: if

we consider Forward Euler (FE, β2 = −1/2) combined

with first order Upwind finite differences (U1, α2 =

1/2), this combination is synergistic for σ?FE/U1 = 1,

and in fact not only the error term of order 1 is canceled,

but all the error terms of higher order are also canceled,

and the method becomes an exact solver.

There are other combinations of space and time dis-

cretization schemes which become synergetic. For in-

stance, we can consider the SDIRK2-2 method from [1],

combined with 2nd order centered finite differences (C2)

in space. This combination is synergistic and the second

order error term is canceled for σ?SDIRK2−2/C2 ' 0.35.

We illustrate this property by considering an initial con-

dition of the form

u0(x) = e−100(x/L−1/2)
2

, (63)

and simulating up to T ' TP . We plot in Fig. 2 the

numerical error in the solution at t = T , as a function

of nx, for three CFL values σ ∈ {σ?/2, σ?, 2σ?}. We

observe second order convergence for σ ∈ {0.70, 0.17},
and the error is naturally lower for the smaller CFL

number. For σ = σ? however, not only the errors are

smaller than for the other two CFL numbers, but we

also clearly observe the third order convergence in 1/nx.

Note that we showed this example only for illustration

purposes: considering such a low value σ? for the CFL

number defies the purpose of using an implicit method.

Furthermore, the SDIRK2-2 method is in practice way

less accurate than its counterpart SDIRK2 (see the n0
values in Tab. 2), which is probably the reason why it

is rarely used in the literature, in comparison to other

SDIRK methods. However, this example is interesting
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Fig. 2 Numerical error of SDIRK2-2 combined with a C2
space discretization, when varying the CFL number σ. Gaus-
sian initial condition, and simulation during one temporal
period of (1). Dashed lines represent error reduction of order
2 (n−2

x , top) and of order 3 (n−3
x , bottom).

as it illustrates the need to investigate the construction

of new space-time discretizations intended to be syn-

ergistic, with a σ? value that would meet some basic

efficiency requirements, a subject we intend to further

study.

4 Application to PinT methods

We consider now the application of the Parareal algo-

rithm to the advection problem (1), for which one needs

to define two solvers with different levels of accuracy: a

fine solver F , which should compute a solution with the

desired target level of accuracy, and a coarse solver G,

which needs to be much faster than F , used to achieve

time parallel computations. For more information on

the Parareal algorithm, see [28,20,15]. We consider

N = 50 time sub-intervals for Parareal (which cor-

responds to the number of processors that can be used

for time parallelization) and ∆T = 0.25TP the length

of those time sub-intervals, which gives a total compu-

tation time T = 12.5TP . We set the domain length to

L = 2. At each iteration k of the Parareal algorithm,

we measure its error by

Ek∞ := sup
n>0

∥∥uFn − ukn
∥∥ , (64)

where uFn is the solution obtained applying F sequen-

tially at the end of the nth time sub-interval, and ukn
is the corresponding Parareal solution after k itera-

tions.

We use first BE − C6 as our space-time discretiza-

tion for the fine solver F , with σF = 1. The coarse

solver G is using the same BE − C6 scheme, but with
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ro

r E
k ∞

nx = 1024, nt,F = 128

nx = 2048, nt,F = 256

nx = 4096, nt,F = 512

Fig. 3 Convergence of Parareal for the advection problem,
using the BE-C6 space-time discretization, and varying the
level of accuracy by using different numbers of mesh points nx
and nt,F . Dashed gray lines represent Ek∞, using a zero ini-
tial condition and a random initial guess with unitary norm,
scaled down to 1e−14.

a coarsening factor m = 32 for the time step, which

induces σG = 32. Note that the choice of implicit time

integration simplifies greatly the coarsening for G, since

the time integration is unconditionally stable for any

time-step length. On the other hand, we chose C6 to

have a non-dissipative space discretization scheme. We

consider the sinusoidal function in (2) with A = κ = 1.

The error Ek∞ is plotted in Fig. 3 for the first it-

erations of Parareal, where we chose different lev-

els of accuracy for F by using different values for nx
and nt,F (number of fine time steps on each Parareal

time sub-interval), keeping the CFL number constant

for both solvers (σF = 1, σG = 32). We see two con-

vergence behaviors on this plot: for early iterations, in-

creasing the accuracy of the fine (and coarse solver)

improves the convergence behavior of Parareal. For

nx = 4096, Parareal even achieves an accuracy of

Ek∞ = 0.01 compared to the fine solver after only 7

iterations. This result might at first glance encourage

the use of Parareal for advection problems, if a high

order non dissipative scheme is used for the space dis-

cretization, since apparently rapid convergence can be

achieved. We see however also a second convergence be-

havior in Figure 3, which the three experiments have in

common: after a certain number of iterations, their con-

vergence behavior changes, and follows a new, common

curve. One can make this convergence behavior appear

right from the start if one starts Parareal iterations

with a random initial guess, which contains all frequen-

cies10, in contrast to our experiment setup where we

10 For the importance of testing iterative solvers with ran-
dom initial guess, see [22, end of Section 5.1].
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only solve for one frequency in the initial condition and

use the coarse propagator to obtain the initial guess.

To illustrate this, we use a zero initial condition and

start the algorithm with an initial guess containing ran-

dom values uniformly distributed in [0, 1], scaled such

that
∥∥u0

n

∥∥ = 1. We represent the associated Ek∞ er-

rors with the dashed gray curves in Figure 3, scaled

down to machine precision. We see that the Parareal

method follows these convergence curves after the ini-

tial iterations, due to the (random) roundoff error in

the convergence curves in solid lines, amplified by the

method. So starting with a random initial guess of or-

der one instead of the coarse solve, none of the methods

would have converged before reaching the maximum of

50 parareal iterations in this setting with N = 50 time

sub-intervals, as it was predicted in [20, Theorem 5.6,

Remark 5.9 and Figure 5.1 on the left] with an analy-

sis at the continuous level for the advection equation.

We next use our new results from Sec. 2 to investigate

the accuracy of the solutions computed in this exam-

ple, and to study what happens if one is using the truly

needed higher order methods in time.

Limiting discretization scheme. As it was shown in

Theorem 1, the error of a space-time discretization

scheme is dominated by its lower order component.

In our example, the BE-C6 scheme (q = 1, p = 6)

is equivalent to any other discretization using a space

discretization with p > 1 (e.g. C2, U3, . . . ). If we use

Parareal with those lower order space discretizations,

we obtain the same convergence curves as in Fig. 3. The

important point is that in Fig. 3, the difference between

the Parareal iterate and the fine solver is shown, and

the fine solver accuracy is not at all questioned. The use

of the high order ”non-dissipative” scheme has however

no impact on the global accuracy of the numerical so-

lution, obtained by both applying F sequentially and

Parareal in parallel. It is very important to study the

error of the fine solver before trying to solve the space-

time discretized problem in a time parallel fashion.

Error of the fine solver. We thus now investigate the

accuracy of the fine solver for the values of nx and nt,F
we used. Since the error estimate increases linearly with

the simulation time, it is important to check the er-

ror ε at the final simulation time, that is t = 12.5TP .

We show in Tab. 3 the values of ε for various values

of nx and nt,F . We see that the error levels are quite

high, convergence is first order due to BE in time, and

comparing to the error levels of Parareal with the

fine solver in Fig. 3, we see that the accuracy achieved

by Parareal compared to the fine solver is not really

of interest for the numerical solution of the advection

Table 3 Error of the fine solver with BE-C6 at t = 12.5TP ,
for an initial sinusoidal solution with A = κ = 1.

nt,F 128 256 512

nx 1024 2048 4096

ε 1.70e−1 8.52e−2 4.26e−2

Table 4 Error of the fine solver with SDIRK3-C6 at t =
12.5TP , for an initial sinusoidal solution with A = κ = 1.

nt,F 128 256 512

nx 1024 2048 4096

ε 3.32e−7 4.15e−8 5.19e−9

problem in this case. Furthermore, the number of mesh

points to achieve this error level with BE-C6 is quite

high, which raises the question whether BE should be

used at all to solve the advection problem. Our results

in Sec. 3.2 clearly indicate the need of higher order time

integration schemes for smooth solutions of the advec-

tion equation.

The issue of using higher order time-discretization.

The simplest coarsening strategy used in Parareal

consists in taking larger time steps of the fine solver

scheme to obtain the coarse solver. In our example, we

used a coarsening factor m = 32, making the coarse

solver G thirty two times cheaper than F , which leads

to the parallel speed-up of Parareal. This also in-

duces an error ratio of m between the fine and coarse

solver, as we can see from (10) in Theorem 1, and the
fact that BE has q = 1. We now keep the same configu-

ration, but use a higher order time discretization for F
and G, that is SDIRK3. This allows us to increase the

accuracy of the fine solver, as illustrated in Tab. 4.

But this increase in accuracy brings some draw-

backs. In particular, we have an error ratio of m3 = 323

between the fine and coarse solver, while the cost ratio

still stays the same. This will make Parareal conver-

gence more difficult, since the coarse solver accuracy is

more degraded, compared to F . We illustrate this by

the plot of Ek∞ for the SDIRK3-C6 case in Fig. 4. We

see that not only the initial convergence is degraded

compared to the result in Figure 3, but also the error

level of the fine solver can not be reached any more by

the Parareal iteration before reaching the final 50th

iteration, since again convergence for the one target

frequency in the experiment changes to the non con-

vergence of parareal with all frequencies present due to

roundoff, as indicated by the gray dashed lines com-

puted as for Figure 3. This shows that increasing the
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accuracy also makes the true non convergence behavior

worse when all frequencies are present.

The difficult choice for time integration. In practice,

time integration will often have the lower order, since

increasing the space-discretization order does not in-

crease the computational cost too much, and can eas-

ily be achieved by increasing the space discretization

stencil. In that case however, choosing an implicit time

integration scheme will not be advisable for the advec-

tion problem, since the benefit of using very large time

steps with implicit unconditional stability will be can-

celed by the σq factor in (10) of Theorem 1. This leaves

us with explicit time integrators for the fine solver in

Parareal, which will then make it difficult to use an

implicit scheme for the coarse solver, because it will be

hardly possible to have a large cost ratio between an

explicit F and an implicit G.

On the other hand, building a coarse solver with ex-

plicit time integration cannot be based on an increase

of the time step, because of their intrinsic CFL limita-

tion. One can use then coarsening in space, but previous

analyses in the literature [33,29] show that one needs

necessarily high order interpolation between the coarse

and fine grids, and the coarse solver could then also suf-

fer major efficiency loss in the context of massive space

parallelization, not even talking about further high fre-

quency error components introduced due to this pro-

cess, which the iteration can not eliminate. This makes

it very tricky for actual PinT methods based on mul-

tilevel techniques, and it seems unavoidable that one

has to develop new techniques for the coarser levels

when applying Parareal like methods to the advec-

tion problem, or more generally, hyperbolic problems.

In that spirit, interesting ideas have emerged recently

in the scientific community for the design of coarse level

propagators more suited for PinT integration of hyper-

bolic problems, see e.g. [36,5,31], and testing these new

methods under the stress of a random initial guess with

precise accuracy requirements of the computed solu-

tion is an important task. The difficulty of good coarse

corrections is reminiscent of the tremendous difficulties

faced when trying to solve Helmholtz problems using

multilevel techniques, see for example [7,8].

5 Conclusion

We developed general error estimates for the linear ad-

vection equation which complement estimates already

available in the literature. In particular, our new re-

sults allow us to estimate the discrete L2 norm of

the discretization error in the numerical solution for

any general space-time discretization based on Runge-

Kutta type time integration methods and finite differ-

ence space discretizations. We then used our new esti-

mates to derive conditions on the minimum number of

points per wavelength needed, which clearly show the

interest of using high order discretization methods for

smooth solutions of the advection equation.

We also discovered with our new error estimates the

existence of synergistic space-time discretizations that

allow us to gain one order of accuracy at a given CFL

number. We have only shown one example for illustra-

tive purposes, but this discovery opens up the path for

developing new space-time discretization methods con-

structed specifically to have this property.

We have finally also shown that our new error esti-

mates can be used to analyze the choice of space-time

discretizations used in PinT applications, in order to

validate them on the advection problem, which is a crit-

ical first step toward a more generalized application of

PinT methods to larger scale hyperbolic problems. Our

preliminary analysis for applying Parareal to the ad-

vection equation indicates limitations of current classi-

cal numerical schemes, and the need of developing new

coarse time integrations adapted to hyperbolic prob-

lems.
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Table 5 Standard finite difference space disretizations coef-
ficients for advection. Half of the coefficients for C8 are not
indicated to reduce table width, as they can be easily deduced
from the first coefficients (see others centered schemes).

ID Finite differences formula

U1
ui−ui−1

∆x

U2
3ui−4ui−1+ui−2

2∆x

C2
ui+1−ui−1

2∆x

U3
2ui+1+3ui−6ui−1+ui−2

6∆x

U4
3ui+1+10ui−18ui−1+6ui−2−ui−1

12∆x

C4
−ui+2+8ui+1−8ui−1+ui−2

12∆x

U5
−3ui+2+30ui+1+20ui−60ui−1+15ui−2−2ui−3

60∆x

C6
ui+3−9ui+2+45ui+1−45ui−1+9ui−2−ui−3

60∆x

C8
−3ui+4+32ui+3−168ui+2+672ui+1−...

840∆x

A Space discretization schemes for advection

We give in Tab. 5 the coefficients of the space discretization
schemes investigated in Sec. 3.2. Most of them belong to com-
mon literature on finite-difference schemes. The U2 and U4
scheme are not very common, but used in [5].
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