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Abstract. Transparent (or exact or non-reflecting) boundary conditions are essential to truncate5
infinite computational domains. Since transparent boundary conditions are usually non-local and6
expensive, they must be approximated. In this paper, we study such an approximation for the7
Helmholtz equation on an infinite strip, based on the pole condition. We show that a discretization8
of the pole condition can be interpreted both as a high order absorbing boundary condition and as9
a perfectly matched layer, two other well known methods for approximating a transparent boundary10
condition. We give an error estimate which shows exponential convergence in the absence of Wood11
anomalies.12
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1. Introduction. To simulate wave propagation in infinite domains, transparent16

boundary conditions are artificially introduced at the boundary of a computational17

domain in order to truncate the infinite domain, see the seminal papers by Engquist18

and Majda [13], and Bayliss and Turkel [6]. Transparent (or exact or non-reflecting)19

boundary conditions are by definition conditions which lead to a solution on the trun-20

cated computational domain which is identical to the solution one would obtain on21

the unbounded domain. For the Helmholtz equation in a waveguide for example,22

transparent boundary conditions were studied by Fix and Marin [15], and for more23

general geometries by Keller and Givoli [36]. Such conditions are in general non-local24

and expensive to use, and they are therefore approximated in practice, such that no25

too large artificial reflections are introduced, and the truncated problem can be solved26

efficiently. High order rational approximations of transparent boundary conditions for27

the Helmholtz equation are discussed in [2, 26, 27]. The high order rational approxi-28

mations of [26, 27] are based on rational best approximations on certain intervals and29

yield much faster convergence than we will obtain here from the Pole condition, see30

the discussion in section 4.3.1. For a broad review on transparent boundary conditions31

and their approximations we refer to the review by Tsynkov [46]. For approximate32

transparent boundary conditions in the time-domain, especially the wave equation,33

we refer to the two articles by Hagstrom [24, 25]. Transparent boundary conditions34

and their approximations for the time-dependent Schrödinger equation are reviewed35

in [1].36

Compared to rational approximations, a seemingly very different technique to37

truncate infinite domains for computations are perfectly matched layers (PML), which38

were introduced by Bérenger [8]. There, the idea is to surround the computational39

domain with a layer with different material properties, in which outgoing waves are ab-40

sorbed. Bérenger’s perfectly matched layer can be interpreted as a complex coordinate41

stretching, see [12, 19]. There is a well known connection between rational approxi-42

mations and PML. Gudatti and Lim show in [21] that using linear finite elements and43
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midpoint quadrature to assemble the mass matrix, the PML can be interpreted as a44

continued fraction approximation. Earlier, Asvadurov et al constructed in [4] an opti-45

mal finite difference approximation for a PML based on rational best approximations46

of the square root.47

Yet another technique is based on the pole condition, which was first formulated48

for the Helmholtz equation by Schmidt [42] and later analyzed in [33]. Using a certain49

Hardy space the pole condition is reformulated in [32] for the Helmholtz equation and50

in [40] for time-dependent partial differential equations such as the Schrödinger or51

wave equation. In [32] a variational framework is developed, the so called Hardy space52

infinite element method, which results in a discretization that is almost equivalent to53

the one obtained by matching moments in [40]. The pole condition was extended to54

certain homogeneous exterior domains [43, 38, 39] and to elastic problems [30, 29].55

Our goal here is to explore relations between these techniques, in order to obtain56

rigorous error estimates for the Pole Condition and optimize its performance. We57

start in Section 2 by describing our model problem, the Helmholtz equation in a58

very simple geometry, an infinite strip, which we use to study in detail one possible59

discretization of the pole condition introduced in Section 3. There are several ways60

to obtain a discretization of the pole condition:61

• by matching moments as in [40], which is the ansatz we use here and describe62

in detail in Section 3,63

• by a Galerkin ansatz in Hardy space [32], which gives an almost equivalent64

discrete system of equations and65

• by a collocation ansatz, which is currently under investigation.66

We show in Section 4 that with the matching moment discretization, the pole condition67

can be rewritten as a truncated continued fraction. This allows us to prove that the68

pole condition with this discretization is nothing else than a Padé approximation of the69

Dirichlet to Neumann (DtN) operator. The DtN operator is the essential ingredient in70

a transparent boundary condition that has to be approximated to obtain a practical71

method. Having this interpretation of the pole condition, we can establish rigorous72

error estimates for the pole condition. In addition, we can also show that the pole73

condition with this discretization is equivalent to a complex coordinate stretching,74

which gives a natural relation of the pole condition to the perfectly matched layer75

technique.76

The use of Padé approximations to obtain absorbing boundary conditions is not77

new. Engquist and Majda [13] already used continued fractions or Padé approximants78

to obtain absorbing boundary conditions for the wave equation. Thus the pole condi-79

tion for this special example turns out to be closely related to the boundary conditions80

derived in [23], and is a high-order local absorbing boundary condition. There is a81

short review on these by Givoli [20]. Rational Hermite interpolation has also been82

used to obtain absorbing boundary conditions, see [7]. Over the last decades, ab-83

sorbing boundary conditions have also become more and more important for domain84

decomposition methods in the context of optimized Schwarz methods [16]. Since local85

sub-domain solutions should be as close as possible to the global solution, sub-domains86

can be interpreted as truncated computational domains, leading to Schwarz methods87

based on domain truncation [18]. High order absorbing transmission conditions and88

perfectly matched layers are currently a very active field of research in domain de-89

composition, see [45, 41, 22, 3] for the use of perfectly matched layers, [9] for Padé90

approximations, the sweeping preconditioner [14], the source transfer method [10, 11],91

the method of Stolk [44], and the method of polarized traces [47]; for a comprehensive92

review, see [17] and [18].93
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2. Model Problem. In order to give a rigorous error analysis for the domain94

truncation technique obtained from the pole condition, we consider the Helmholtz95

equation on an infinite strip,96

− (∂xx + ∂yy + k2)u(x, y) = f(x, y), (x, y) ∈ Ω := R× (0, π),(2.1a)97

u(x, 0) = u(x, π) = 0, x ∈ R,(2.1b)98

u(x, y) satisfies a radiation condition for |x| → ∞(2.1c)99100

with a real-valued wavenumber k2, which may depend on y, and a compactly sup-101

ported source f , e.g. supp(f) ⊂ (−1, 1)× (0, π), as indicated in Figure 2.1. Problem102

(2.1) has to be completed with radiation conditions at infinity. In our simple, quasi103

one-dimensional setting, these may be derived as follows: denote by (κ2n, ψn) the eigen-104

pairs of the operator ∂yy + k2 on the Sobolev space of weakly differentiable functions105

H1
0 (0, π), with generalized 0 boundary condition, and assume that k2 is such that the106

eigenvalues κ2n are real. For example when k2 is constant, we obtain κ2n = k2 − n2,107

where n2 for n ∈ N are the eigenvalues of −∂yy with homogeneous Dirichlet boundary108

conditions. Note that the eigenvalues and eigenfunctions (κ2n, ψn) may be different109

for the left and right waveguide, Ω±a. In order to keep the notation simple, we will110

assume however that (κ2n, ψn) are the same for Ω+ and Ω−. We will further assume111

that the eigenfunctions ψn are normalized and that there are no Wood anomalies, i.e.112

we are in the non-degenerate case such that113

(2.2) κ2n 6= 0.114

If the operator ∂yy + k2 is already discretized, then there are only finitely many115

eigenpairs, which will also be denoted by (κ2n, ψn) . As before we will assume that the116

problem is non-degenerate. Since the implementation of the pole condition requires117

only multiplications by κ2n (cf. Equations (3.7) to (3.10) below), which correspond118

to applications of ∂yy + k2 or a discretization thereof, the actual calculation of the119

eigenpairs is not necessary for using the pole condition truncation.120

Solutions of (2.1a) and (2.1b) without source term are then121

(2.3) u(x, y) =
∑

n

ane
iλnxψn(y) + bne

−iλnxψn(y),122

where we defined i :=
√
−1 1 and thus123

(2.4) iλn := −
√

−κ2n when κ2n ≤ 0 and iλn := i
√

κ2n when κ2n > 0.124

1For z = reiφ ∈ C with r ≥ 0, φ ∈ (−π, π], we define
√
z :=

√
rei

φ
2 taking the cut along the

negative real axis.
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When κ2n is negative, eiλnx is exponentially decaying for x → ∞, whereas e−iλnx125

grows exponentially for x→ ∞. When κ2n is positive, e±iλnx are propagating. Taking126

the common time-dependency as e−iωt the mode ei(λnx−ωt) is traveling to the right127

and ei(−λnx−ωt) is traveling to the left.128

As we are interested in physically meaningful solutions, we require bn = 0 in (2.3)129

for solutions in the right exterior strip Ω+. For solutions in the left exterior strip Ω−130

we require an = 0 in (2.3).131

Remark 2.1. The Sommerfeld radiation condition for the Helmholtz equation in132

Rd, −∆u− κ2u = f , is lim|x|→∞ |x| d−1

2 (∂ν − iκ)u = 0. Thus for positive κ2n the term133

eiλnx in (2.3) obeys the 1D Sommerfeld condition for x→ ∞. Hence our requirement134

is in accordance with the usual Sommerfeld radiation condition.135

If one wants to compute a numerical approximation of the solution of (2.1), one136

needs to truncate the infinite domain in order to obtain a computational domain of137

finite size, on which the equation can then be discretized and solved. One therefore138

needs boundary conditions, in our example at x = −1 and x = 1. The best boundary139

conditions possible are such that if one solves the problem on the bounded domain, one140

obtains the same solution as if one would have solved the problem on the unbounded141

domain. These boundary conditions are called transparent boundary conditions, non-142

reflecting boundary conditions, or exact boundary conditions. They can be obtained143

by considering a decomposition of the domain Ω into a computational domain Ωint :=144

(−1, 1)× (0, π), and an outer domain which in our case consists of two infinite strips,145

Ω− := (−∞,−1)× (0, π) on the left, and Ω+ := (1,∞)× (0, π) on the right. Imposing146

continuity of the traces of the respective solutions and their normal derivatives at the147

artificial interfaces at x = ±1, we obtain a domain decomposition formulation which148

is equivalent to the original one on the unbounded domain. The idea is now to solve149

the problem in the outer domain exactly, since there the source term f vanishes. For150

our example, the problem on the semi-infinite strip on the right is151

−(∂xx + ∂yy + k2)u(x, y) = 0 (x, y) ∈ Ω+,

u(x, 0) = u(x, π) = 0 x ∈ [1,∞),

u(1, y) = g(y) y ∈ (0, π),

(2.5)152

153

with Dirichlet data g. Using the decomposition into eigenfunctions (2.3), we obtain154

the closed form solution155

(2.6) u(x, y) =
∑

n

anψn(y)e
iλn(x−1),156

where an =
∫ π

0 g(y)ψn(y)dy are the expansion coefficients of g(y) for the normalized157

eigenfunctions ψn and bn = 0 as explained above. Similarly, the outward radiating158

solution on the left semi-infinite strip Ω− is159

(2.7) u(x, y) =
∑

n

bnψn(y)e
iλn(−x−1),160

with bn the expansion coefficients of the Dirichlet data at x = −1. This time we161

require an = 0 to obtain a physically meaningful solution.162

Note that ûn(x) := ane
iλn(x−1) in (2.6) satisfies for any x ∈ [1,∞) the condition163

(2.8) ∂xûn(x)− iλnûn(x) = 0.164
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An analogous condition holds for x ∈ (−∞,−1],165

(2.9) − ∂xûn(x)− iλnûn(x) = 0.166

Since the solution and its normal derivative need to match at the interfaces x = ±1,167

the solution inside the computational domain also needs to satisfy168

(2.10) ∂ν ûn(x)− iλnûn(x) = 0 at x = ±1,169

where ∂ν denotes the outward normal derivative for Ωint. These conditions are hence170

the transparent boundary conditions, because the solution obtained with these con-171

ditions to truncate the domain is the same as the solution on the unbounded domain.172

It should be stressed that the fact that the radiation condition holds for any |x| > 1173

and not only in the limit x→ ∞ is a special one dimensional feature which also holds174

for the quasi-one-dimensional waveguide case considered here.175

We define the Dirichlet to Neumann Operator DtN for the right and left boundary176

by177

(2.11) ∂νu(±1, y) = DtNu(±1, y) :=
∑

n

iλn

∫ π

0

u(±1, ϑ)ψn(ϑ)dϑ

︸ ︷︷ ︸

=:ûn(±1)

ψn(y),178

which shows that iλn in our notation is the symbol of the DtN operator. We then179

obtain on the bounded domain the system180

−(∂xx + ∂yy + k2)u = f in Ωint,

u = 0 on [−1, 1]× {0, π},
∂νu = DtNu on ± 1× (0, π).

(2.12)181

182

The symbols iλn of the DtN operators in the transparent boundary conditions (2.10)183

contain square-roots of the eigenvalues κ2n from the eigenfunction expansion, see (2.4),184

and represent therefore non-local operators along the artificial interfaces, which are185

expensive to evaluate in a finite difference or a finite element setting. Their discretiza-186

tion would lead to a dense matrix at the interfaces, and one is therefore interested in187

approximating the transparent boundary conditions (2.10). For this purpose the two188

major well established techniques are absorbing boundary conditions (ABC), where189

the square-root is approximated by a polynomial or rational function of κ2n, and per-190

fectly matched layers (PML), where a modified equation is solved in a layer which191

is added to the computational domain. The pole condition truncation (PCT) is a192

further, more recent technique to approximate the transparent boundary condition193

(2.10). In what follows, we will show that the PCT is in fact a certain Padé approx-194

imation of the square root, and hence it is an ABC. On the other hand, it can also195

be interpreted as a special PML, with a constant stretching parameter on an equidis-196

tant grid. This shows that ABC and PML techniques are not as different as it might197

appear at first glance.198

3. Pole Condition Truncation (PCT). To simplify the notation, we will omit199

the subscript n in what follows. We perform a Laplace transform in the distance q to200

the boundary, where q = x − 1 on the right exterior strip, and q = −(x + 1) on the201

left exterior strip. Denoting the Laplace transform by L with dual variable s from202

(2.5) one obtains203

−(s2 + κ2)L(û)(s) + ∂ν û(1) + sû(1) = 0.(3.1)204

5
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Fig. 3.1. Sketch of the Möbius transform mapping Ps0 to D.

Here L(û)(s), û(1) as well as ∂ν û(1) are functions of k2. Solving for L(û)(s) and205

performing a partial fraction decomposition, we obtain206

(3.2)

L(û)(s) = ∂ν û(1) + sû(1)

s2 + κ2
=

1

2

û(1)− 1
iλ∂ν û(1)

s+ iλ
︸ ︷︷ ︸

incoming / exponentially increasing

+
1

2

û(1) + 1
iλ∂ν û(1)

s− iλ
︸ ︷︷ ︸

outgoing / evanescent

,207

where λ = λn from (2.4). Therefore L(û)(s) has two singularities (poles), one at208

s = iλ and one at s = −iλ. If we consider the problem (2.5), the transparent209

boundary condition (2.10) implies that û(1)− (iλ)−1∂ν û(1) = 0. Thus the first term210

on the right in (3.2) vanishes, and the physically meaningful solution L(û)(s) of (3.2)211

is given by212

(3.3) L(û)(s) = 1

2

û(1) + 1
iλ∂ν û(1)

s− iλ
.213

Note that this way, since the inverse Laplace transform of (s − iλ)−1 is eiλq , u is a214

combination of outgoing and evanescent modes. Hence the part of L(û)(s) that obeys215

the TBC is analytic on the positive real line and on the negative imaginary axis,216

whereas the part of L(û)(s) which we wish to exclude, as it does not obey the TBC,217

has singularities there. The key idea of the PCT is to write the solution L(û)(s)218

explicitly as an expression which is necessarily analytic in a region of the complex219

plane, which contains the positive real axis and the negative imaginary axis. It is220

convenient to choose for the region a half space, say Ps0 := {z ∈ C : ℜ(z/s0) > 0},221

with ℜs0 > 0 and ℑs0 < 0, as shown in Figure 3.1.222

Since analytic functions on a disc can be represented by a power series, we map223

the half space Ps0 using a Möbius transform onto the unit disk D = {z ∈ C : |z| < 1},224

such that the expansion point s0 is mapped to the origin. The Möbius transform and225

its inverse are226

(3.4) Ms0 : Ps0 → D , s 7→ z :=
s0 − s

s0 + s
, M−1

s0 : D → Ps0 , z 7→ s = s0
1− z

1 + z
.227

We now expand L(û)(s) into a power-series in the new variable z,228

(3.5) U(z) := L(û)(s(z)) = 1 + z

2s0

(

(1 + z)

∞∑

ℓ=0

âℓz
ℓ + û(1)

)

.229
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We choose this particular form of the power series, because the general theory of230

Laplace transforms implies that if the inverse transform û exists, then we must have231

lims→∞ sL(û)(s) = û(1), which holds for our ansatz, because232

(3.6) lim
s→∞

sL(û)(s) = lim
z→−1

s0
1− z

1 + z
U(z) = û(1).233

Inserting the power series (3.5) into equation (3.1), we obtain234

−
(

s20
(1− z)2

(1 + z)2
+ κ2

)
(1 + z)

2s0

(

(1 + z)
∞∑

ℓ=0

âℓz
ℓ + û(1)

)

+ ∂ν û(1) + s0
1− z

1 + z
û(1) = 0.235

Multiplying by −1 and rearranging terms gives236

(
κ2 + s20
2s0

+ 2
κ2 − s20
2s0

z +
κ2 + s20
2s0

z2
) ∞∑

ℓ=0

âℓz
ℓ − ∂ν û(1) +

(
κ2 − s20
2s0

+
κ2 + s20
2s0

z

)

û(1) = 0.237

We can now truncate the series to a sum with L unknown coefficients âℓ, l = 0, . . . , L−238

1 and match moments, i.e. compare coefficients in the series expansion, to obtain a239

recurrence relation for âℓ, l = 0, . . . , L− 1,240

κ2 + s20
2s0

â0 +
κ2 − s20
2s0

û(1) = ∂ν û(1), (z0)(3.7)241

κ2 + s20
2s0

â1 + 2
κ2 − s20
2s0

â0 +
κ2 + s20
2s0

û(1) = 0, (z1)(3.8)242

κ2 + s20
2s0

âℓ+1 + 2
κ2 − s20
2s0

âℓ +
κ2 + s20
2s0

âℓ−1 = 0, (zℓ)(3.9)243

2
κ2 − s20
2s0

âL−1 +
κ2 + s20
2s0

âL−2 = 0, (zL)(3.10)244

where (3.9) holds for ℓ = 1, . . . , L−2. This recurrence relation can be very conveniently245

implemented without an explicit expansion in eigenfunctions (2.3)2, using a Cartesian246

product grid structure extending the boundary discretization of the problem. Using247

finite differences the expansion coefficients can be stored like the unknowns in the248

interior, see Figure 3.2. In a finite element framework one forms a product with the249

boundary finite element space taking the expansion coefficients as additional degrees250

of freedom.251

Remark 3.1. The equations (3.7)-(3.10) and the system of equations one obtains252

using a Galerkin ansatz in the Hardy space H2(D) with a monomial basis, as in [32],253

are the same, except for (3.10)3.254

4. Analysis of the Pole Condition Truncation. We first give a reinterpre-255

tation of the recurrence relation (3.7)-(3.10) obtained from the PCT as a continued256

fraction expansion. This interpretation allows us to show that the PCT is a certain257

Padé approximation of the square root, and to prove a rigorous error estimate for the258

PCT for our model problem. We then derive an optimal choice of the expansion point259

s0 by solving a best approximation problem, and finally also give an interpretation of260

the recurrence relation (3.7)-(3.10) as a PML.261

2Multiplications by eigenvalues κ2 appearing in equations (3.7)-(3.10) are replaced by applica-
tions of the discretization of the operator ∂yy + k2.

3The iκ0 in [32] is our s0.
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Fig. 3.2. Implementation of the expansion coefficients on a tensor product grid. In a finite
element setting one forms a tensor product of the boundary degrees of freedom with an equidistant
grid in x direction. In a finite difference setting the expansion coefficients are treated like a grid
function, the same way as the interior unknowns.

4.1. Interpretation as a continued fraction. Given two sequences of coeffi-262

cients (bℓ)ℓ and (cℓ)ℓ, ℓ = 1, 2, . . ., the continued fraction is263

b1

c1 +
b2

c2 +
b3

c3 + . . .

or in more compact form

∞∑

ℓ=1

bℓ
cℓ+

.264

Commonly (bℓ)ℓ is called the numerator sequence and (cℓ)ℓ the denominator sequence.265

Following the definition in [31] we introduce for ℓ = 1, 2, . . . the Rotation-Inversion-266

Translation transform267

tℓ : C → C , x 7→ bℓ
cℓ + x

,268

which conveniently allows us to define the L-th approximant of the above continued269

fraction as composition of tℓ, ℓ = 1, . . . , L,270

L∑

ℓ=1

bℓ
cℓ+

:= t1 ◦ t2 ◦ · · · ◦ tL(0).271

In what follows it will be useful to consider improper continued fractions where we272

“add” the translation t0 : x 7→ c0 + x and obtain273

c0 +
L∑

ℓ=1

bℓ
cℓ+

= t0 ◦ t1 ◦ t2 ◦ · · · ◦ tL(0).274

The following theorem, which can be found for example in [28, 31], will be used275

frequently in what follows.276

Theorem 4.1. The L-th truncated continued fraction expansion can be repre-277
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sented by278

(4.1) c0 +

L∑

ℓ=1

bℓ
cℓ+

=
AL

BL
,279

where Aℓ and Bℓ are defined by the recurrence relations280

A−1 = 1, A0 = c0, Aℓ+1 = cℓ+1Aℓ + bℓ+1Aℓ−1, ℓ ≥ 0,

B−1 = 0, B0 = 1, Bℓ+1 = cℓ+1Bℓ + bℓ+1Bℓ−1, ℓ ≥ 0.
(4.2)281

282

Proof. See Theorem 6.1 in [28].283

To rewrite the recurrence relations (3.7) - (3.10) as a truncated continued fraction,284

it is convenient to define the common term appearing to be285

(4.3) α :=
κ2 − s20
κ2 + s20

.286

Later, we will also write α(κ2) and view α as a function of κ2. From the last equation287

(3.10) of the truncated recurrence relation, we then obtain288

âL−1 =
−1

2α
âL−2.289

Using (3.9) for ℓ = L− 2, which states that âL−1 + 2αâL−2 + âL−3 = 0, we get290

âL−2 =
−1

2α+
−1

2α

âL−3 = − −1

2α+

−1

2α
âL−3.291

Continuing this way we obtain, setting ℓ = 1 in (3.9),292

â1 =

(
L−1∑

ℓ=1

−1

2α+

)

â0.293

Using the second equation (3.8) of the truncated recurrence equation, which states294

that â1 + 2αâ0 + û(1) = 0, and the first equation (3.7), we finally get295

(4.4) â0 =

(
L∑

ℓ=1

−1

2α+

)

û(1) and

(

α+

L∑

ℓ=1

−1

2α+

)

û(1) =
2s0

κ2 + s20
∂ν û(1).296

The solution of the truncated recurrence relation (3.7) - (3.10) we obtained for the297

coefficients can thus be interpreted as an approximation of the DtN map of the form298

(4.5) ∂ν û(1) =
κ2 + s20
2s0

(

α+

L∑

ℓ=1

−1

2α+

)

û(1) =: P̂L(κ
2)û(1).299

300

Remark 4.1. Using the eigenfunction expansion (2.3) we define, analogously to (2.11),301

with αn given by (4.3), where κ2 is replaced by κ2n302

(4.6) PLu(±1, y) :=
∑

n

κ2n + s20
2s0

(

αn +

L∑

ℓ=1

−1

2αn+

)
∫ π

0

u(±1, ϑ)ψn(ϑ)dϑψn(y),303

which is the PCT expressed as boundary condition.304

9

This manuscript is for review purposes only.



The following theorem shows that the approximation obtained using the PCT305

is a truncated continued fraction approximation to the square root appearing in the306

symbol iλ defined in (2.4) of the DtN operator.307

Theorem 4.2. The PCT defined by the recurrence relations (3.7) - (3.10) con-308

verges to the square root representing the symbol iλn of the DtN operator: with α309

defined in (4.3) we obtain for iλn defined in (2.4)310

(4.7)
κ2 + s20
2s0

(

α+
∞∑

ℓ=1

−1

2α+

)

= iλ ≡
{

−
√
−κ2 κ2 ≤ 0,

i
√
κ2 κ2 > 0,

311

provided s0 lies in the fourth quadrant of the complex plane.312

Proof. The convergence analysis given here closely follows [31, Sec. 12.3]. First313

we proof that
∑∞

ℓ=1
−1
2α+ = −α +

√
α2 − 1: the recurrence relations satisfied by the314

numerator and denominator sequences (4.2) are315

(4.8) Aℓ+1 = 2αAℓ −Aℓ−1 , Bℓ+1 = 2αBℓ −Bℓ−1, ℓ ≥ 0.316

The characteristic equation of these recurrence relations is X2 − 2αX + 1 = 0 with317

roots318

(4.9) ξ1 = α−
√
α− 1

√
α+ 1 and ξ2 = α+

√
α− 1

√
α+ 1319

such that ξ1ξ2 = 1 and ξ1 + ξ2 = 2α. The function α : κ2 7→ α(κ2) defined in (4.3) is320

a Möbius transform, which is sharply 3-transitive, i.e. for any two ordered triples of321

distinct points, there is a unique transform that maps one triple to the other, mapping322

generalized circles in the extended complex plane to generalized circles. Hence for323

κ2 ∈ R, α(κ2) lies on a circle passing through −1 = α(0) and 1 = α(∞), which can324

not degenerate to the real axis, since from α(s20) = 0 it would follow that s20 ∈ R, which325

contradicts ℑ(s0) < 0. Hence we have |ξ1| < |ξ2|. As the two roots are distinct the326

general solution of (4.8) is C1ξ
ℓ
1+C2ξ

ℓ
2, where the constants C1 and C2 are determined327

by the initial conditions A−1 = 1, A0 = 0, B−1 = 0, B0 = 1, giving328

Aℓ =
1

ξ1 − ξ2

(
ξ1ξ

ℓ+1
2 − ξ2ξ

ℓ+1
1

)
, Bℓ =

1

ξ1 − ξ2

(
ξℓ+1
1 − ξℓ+1

2

)
.329

Therefore the L-th approximant is330

AL

BL
= −ξ1ξ2

ξL1 − ξL2
ξL+1
1 − ξL+1

2

= −
ξ2
(
ξ1
ξ2

)L+1 − ξ1
(
ξ1
ξ2

)L+1 − 1
331

which converges. We obtain332

∞∑

ℓ=1

−1

2α+
= lim

L→∞

AL

BL
= −ξ1.333
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Inserting the expression obtained for the continued fraction, we get334

κ2 + s20
2s0

(α − ξ1) =
κ2 + s20
2s0

(α− (α−
√
α− 1

√
α+ 1)

=
κ2 + s20
2s0

(
κ2 − s20
κ2 + s20

− 1

) 1
2
(
κ2 − s20
κ2 + s20

+ 1

) 1
2

=
κ2 + s20
2s0

( −2s20
κ2 + s20

) 1
2
(

2κ2

κ2 + s20

) 1
2

=

{

i
√
κ2 for κ2 > 0

−
√
−κ2 for κ2 ≤ 0

,

(4.10)335

336

where we used
√
−1 = i.337

There is a strong connection between Padé approximants and truncated continued338

fractions, which is used in the following theorem.339

Theorem 4.3. The pole condition truncation P̂L(κ
2) defined in (4.5), given by340

the recurrence relation (3.7) - (3.10) up to level L, is a Padé approximation of order341

(L+ 1, L) around the expansion point κ2 = −s20.342

Proof. Let R2L+1(z) be the Padé approximation of order (L + 1, L) of
√
1 + z343

around z = 0. Below we show that344

(4.11) P̂L(κ
2) = −s0R2L+1(z) for z := − s20+κ2

s2
0

∈ C.345

A Padé approximation of order (L+1, L) of the binomial function (1+ z)ν expanded346

at z = 0 is given by the truncated continued fraction347

(1 + z)ν ≈ 1 +
νz

1 +

(1 − ν)z

2 +

(1 + ν)z

3 +

(2− ν)z

2 +
. . .

(L− ν)z

2 +

(L + ν)z

2L+ 1
348

cf. [5, Page 139, (6.4)], i.e c0 = 1, c2n−1 = 2n − 1, c2n = 2 for n = 1, . . . and349

b2n+1 = n + ν, b2n+2 = n+ 1 − ν for n = 0, . . . . Setting ν = 1
2 , a common (2ℓ + 1)350

factor cancels, since351

(ℓ+ ν)z

2ℓ+ 1 +
(ℓ+ 1− ν)z

2

=
(2ℓ+ 1)/2z

(2ℓ+ 1) +
(2ℓ+ 1)/2z

2

=
1
2z

1 +
1
2z

2

=
z

2 + z
2

.352

Thus we obtain for the square-root, ν = 1
2 , that the (L + 1, L) Padé approximation353

can be written as the continued fraction354

(4.12) R2L+1(z) := 1 +
2L+1∑

ℓ=1

z

2+
.355

The numerator and denominator sequence for the continued fraction expansion of the356

Padé approximation to the square root (4.12) are c0 = 1 and cℓ = 2 and bℓ = z for357

ℓ ≥ 1. With these R2L+1 is given by A2L+1

B2L+1
as defined in Theorem 4.1. To obtain358

recurrence relations for the odd Aℓ and Bℓ only we write359

(4.13)
A2ℓ+1 = 2A2ℓ + zA2ℓ−1, B2ℓ+1 = 2B2ℓ + zB2ℓ−1,
2A2ℓ = 4A2ℓ−1 + 2zA2ℓ−2, 2B2ℓ = 4B2ℓ−1 + 2zB2ℓ−2,

zA2ℓ−1 = 2zA2ℓ−2 + z2A2ℓ−3, zB2ℓ−1 = 2zB2ℓ−3 + z2B2ℓ−3,
360
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where we multiplied the recurrence relation for 2ℓ − 1 by z and the one for 2ℓ by 2.361

Adding the first two equations and subtracting the last one gives a recurrence relation362

over a double step,363

(4.14) A2ℓ+1 = 2(2 + z)A2ℓ−1 − z2A2ℓ−3, B2ℓ+1 = 2(2 + z)B2ℓ−1 − z2B2ℓ−3.364

Setting Cℓ = A2ℓ−1 and Dℓ = B2ℓ−1 one obtains365

(4.15) Cℓ+1 = 2(2 + z)Cℓ − z2Cℓ−1, Dℓ+1 = 2(2 + z)Dℓ − z2Dℓ−1,366

with the initial values367

C−1 = 1, C0 = 2 + z, D−1 = 0, D0 = 2.368

The solutions of the recurrence relations (4.15) are given by369

Cℓ = γ1µ
ℓ
1 + γ2µ

ℓ
2, Dℓ = δ1µ

ℓ
1 + δ2µ

ℓ
2,370

with371

µ1,2 = z + 2± 2
√
z + 1, γ1,2 =

z + 2± 2
√
z + 1

2
, δ1,2 =

2
√
z + 1± (z + 2)

2
√
z + 1

,372

and we thus obtain373

(4.16) R2L+1(z) =
CL

DL
.374

The PCT in (4.5) shows that375

P̂L(κ
2) = s0




κ2 + s20
2s20

κ2 − s20
κ2 + s20

−
κ2+s20
2s2

0

2
κ2−s2

0

κ2+s2
0

+ −1
2α+...



 ,376

and therefore the numerator and denominator sequences for the continued fraction in377

the brackets above are378

c0 =
κ2−s20
2s2

0

, cℓ = 2
κ2−s20
κ2+s2

0

, for ℓ ≥ 1,

b1 = −κ2+s20
2s2

0

, bℓ = −1, for ℓ ≥ 2.
379

Setting z := −κ2+s20
s2
0

, we obtain c0 = − z+2
2 , cℓ = (2 + z)2z for ℓ = 1, . . . , b1 = z

2 , and380

thus get for the numerator C̃L and denominator D̃L of the rational approximation381

defined by the recurrence relation (4.2), where C̃L plays the role of AL and D̃L the382

role of BL,383

(4.17)
C̃0 = − z+2

2 , C̃1 = z2+8z+8
−2z , C̃ℓ+1 = (2 + z)2z C̃ℓ − C̃ℓ−1, ℓ ≥ 1,

D̃0 = 1, D̃1 = 4+2z
z , D̃ℓ+1 = (2 + z)2z D̃ℓ − D̃ℓ−1, ℓ ≥ 1,

384

where instead of C̃−1 and D̃−1 we give explicitly C̃1 and D̃1 because b1 is different385

from bℓ for ℓ ≥ 2. The solution of the recurrence relation (4.17) is given by386

C̃ℓ = γ̂1µ̂
ℓ
1 + γ̂2µ̂

ℓ
2, D̃ℓ = δ̂1µ̂

ℓ
1 + δ̂2µ̂

ℓ
2,387
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with388

µ̂1,2 =
z + 2± 2

√
z + 1

z
, γ̂1,2 =

z + 2± 2
√
z + 1

−4
, δ̂1,2 =

2
√
z + 1± (z + 2)

4
√
z + 1

.389

Comparing with the solution of the recurrence relation (4.15), we see that the extra390

factor z in the denominator of µ̂1,2 and the extra factor 2 in the denominator of γ̂1,2391

and δ̂1,2 cancel when we take ratios, and thus392

C̃ℓ

D̃ℓ

= −Cℓ

Dℓ
, ℓ ≥ 0,393

which implies that P̂L(κ
2) = s0

C̃L

D̃L
= −s0 CL

DL
= −s0R2L+1(z).394

We now know that the pole condition provides a Padé approximation of the395

Dirichlet to Neumann operator. In order to obtain a rigorous error estimate, we will396

need the following lemma.397

Lemma 4.4. For all L ∈ N, the (L+ 1, L) Padé approximation R2L+1(z) defined
in (4.12), satisfies the recurrence relation

Rℓ+1(z) = 1 +
z

1 +Rℓ(z)
, ℓ = 0, 1, . . . , 2L, R0(z) = 1.

Proof. We obtain, using (4.12),398

Rℓ+1(z) = 1 +

ℓ+1∑

j=1

z

2+
= 1 +

z

2 +
∑ℓ

j=1
z
2+

= 1 +
z

2 + (Rℓ(z)− 1)
= 1 +

z

1 +Rℓ(z)
.

399

The next lemma provides the key formula to prove exponential convergence of400

the PCT, and to optimize the parameter s0.401

Lemma 4.5. Let ξ be any root X2 − (1 + z) = 0. Then for Rℓ defined in (4.12)402

we have for all ℓ = 0, 1, 2, . . . the identity403

(4.18)
ξ +Rℓ(z)

ξ −Rℓ(z)
= (−1)ℓ

(
ξ + 1

ξ − 1

)ℓ+1

.404

Proof. The proof is by induction: the identity (4.18) holds for ℓ = 0. So we405

assume that (4.18) holds for ℓ, and prove that then (4.18) also holds for ℓ + 1, by406

computing407

ξ +Rℓ+1(z)

ξ −Rℓ+1(z)
=
ξ + (1 + z

1+Rℓ(z)
)

ξ − (1 + z
1+Rℓ(z)

)
=
ξ(1 +Rℓ(z)) + (Rℓ(z) + ξ2)

ξ(1 +Rℓ(z))− (Rℓ(z) + ξ2)
408

=
ξ + ξRℓ(z) +Rℓ(z) + ξ2

ξ + ξRℓ(z)−Rℓ(z)− ξ2
= −ξ + 1

ξ − 1

ξ + Rℓ(z)

ξ − Rℓ(z)
= (−1)ℓ+1

(
ξ + 1

ξ − 1

)ℓ+2

.409

Remark 4.2. In terms of κ2, using that z = − s20+κ2

s2
0

as defined in (4.11), the410

expression in the parentheses on the right in (4.18) is411

ξ + 1

ξ − 1
=
χ+ s0
χ− s0

,412
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where ξ is any root of X2−(1+z) = 0 and χ is any root of X2+κ2 = 0. Thus we obtain413

from (4.18) for ℓ = 2L + 1, and using the relation between the Padé approximation414

and the PCT in (4.11) that415

iλn − P̂L(κ
2
n)

iλn + P̂L(κ2n)
=
iλn + s0R2L+1(z)

iλn − s0R2L+1(z)
=

(
iλn + s0
iλn − s0

)2(L+1)

,416

where iλn is the root defined in (2.4), which we will use in the next section to obtain417

an error estimate.418

4.2. Error estimate. Let u be the exact solution of the Helmholtz equation419

(2.12) on the bounded domain Ωint with the exact DtN map defined in (2.11), and420

let ũ be the solution obtained using the PCT (4.6) to truncate the computational421

domain,422

−(∂xx + ∂yy + k2)ũ = f in Ωint,

ũ = 0 on [−1, 1]× {0, π},
∂ν ũ = PLũ on {−1, 1} × (0, π).

(4.19)423

424

As ∂νu−DtNu = 0 for x = ±1, we obtain for the error e := u− ũ425

−(∂xx + ∂yy + k2)e = 0 in Ωint,

e = 0 on [−1, 1]× {0, π},
(∂ν − PL)e = (DtN− PL)u on {±1} × (0, π).

(4.20)426

427

Using a decomposition of e in terms of eigenmodes of the boundary operator, the428

general solution of (4.20) is429

ên = C1,ne
iλnx + C2,ne

−iλnx.430

Note that λn is a function of κn via (2.4). We define φ+n (x) := eiλnx and φ−n (x) :=431

e−iλnx. In what follows we write P̂L instead of P̂L(κ
2
n). At the right boundary, x = 1,432

where ∂ν = ∂x, by the definition of the DtN given in (2.11) and the last equation in433

(4.20), we get434

(∂ν − P̂L)ên|x=1 = (iλn − P̂L)C1,ne
iλn − (iλn + P̂L)C2,ne

−iλn435

= (iλn − P̂L)ûn|x=1.436

A similar calculation at the left boundary, where ∂ν = −∂x, shows that437

(∂ν − P̂L)ên|x=−1 = −(iλn + P̂L)C1,ne
−iλn + (iλn − P̂L)C2,ne

iλn438

= (iλn − P̂L)ûn|x=−1.439

From these one obtains C1,n and C2,n from the linear system440

(4.21)
[

(iλn − P̂L)e
iλn −(iλn + P̂L)e

−iλn

−(iλn + P̂L)e
−iλn (iλn − P̂L)e

iλn

] [
C1,n

C2,n

]

=

[
(iλn − P̂L)ûn(1)

(iλn − P̂L)ûn(−1)

]

.441

Let dn := ((iλn − P̂L)φ
+
n (1))

2 − ((iλn + P̂L)φ
−
n (1))

2 be the determinant of the matrix442

in (4.21), and443

(4.22) ρ̃n :=
iλn − P̂L

iλn + P̂L

.444
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Then the error is given by445

ên(x) =

[
φ+n (x)
φ−n (x)

]T [
C1,n

C2,n

]

(4.23a)446

=
iλn − P̂L

dn

[
(iλn − P̂L)φ

+
n (x + 1) + (iλn + P̂L)φ

−
n (x+ 1)

(iλn + P̂L)φ
+
n (x − 1) + (iλn − P̂L)φ

−
n (x− 1)

]T [
ûn(1)
ûn(−1)

]

(4.23b)447

=
iλn − P̂L

iλn + P̂L









iλn−P̂L

iλn+P̂L
φ+
n (x+1)+φ−

n (x+1)
(

iλn−P̂L

iλn+P̂L
φ+
n (1)

)2

−φ−

n (1)2

iλn−P̂L
iλn+P̂L

φ−

n (x−1)+φ+
n (x−1)

(

iλn−P̂L

iλn+P̂L
φ+
n (1)

)2

−φ−

n (1)2









T

[
ûn(1)
ûn(−1)

]

(4.23c)448

= ρ̃n






ρ̃nφ
+
n (x+1)+φ−

n (x+1)

(ρ̃nφ
+
n (1))2−φ−

n (1)2

ρ̃nφ
−

n (x−1)+φ+
n (x−1)

(ρ̃nφ
+
n (1))

2−φ−

n (1)2






T
[
ûn(1)
ûn(−1)

]

(4.23d)449

= ρ̃ne
2iλn





ρ̃nφ
+
n (x+1)+φ−

n (x+1)

(ρ̃ne2iλn )2−1
ρ̃nφ

−

n (x−1)+φ+
n (x−1)

(ρ̃ne2iλn )2−1





T
[
ûn(1)
ûn(−1)

]

.(4.23e)450

451

Now by the Cauchy Schwarz inequality we can bound |en(x)| in terms of the Dirichlet452

data. Using then Parseval’s theorem we obtain453

‖e(x, ·)‖22 =
∑

n

|ên(x)|2 ≤
∑

n

2χ(λn, x)
2(|ûn(1)|2 + |ûn(−1)|2)454

≤ 2 sup
n
χ(λn, x)

2(‖u(1, ·)‖22 + ‖u(−1, ·)‖22),455

where χ(λn, x) is given, using (4.23e), as456

(4.24) χ(λn, x)
2 := |ρ̃n|2

|ρ̃neiλn(x+3) + eiλn(1−x)|2 + |ρ̃ne(3−x)λn + e(x+1)λn |2

| (ρ̃ne2iλn)
2 − 1|2

.457

We have thus proved the following error estimate:458

Theorem 4.6. With χ(λn, x) defined in (4.24), the error of the solution obtained459

using the PCT boundary condition is bounded for all x ∈ [−1, 1] by460

(4.25) ‖e(x, ·)‖22 ≤ 2 sup
n
χ(λn, x)

2(‖u(1, ·)‖22 + ‖u(−1, ·)‖22).461

This estimate shows that in order to obtain a good PCT boundary condition, χ(λn, x)
2462

should be small for all n and all x ∈ [−1, 1]. We will study in the next section how463

this can be achieved choosing a good expansion point s0 for the PCT.464

4.3. Optimized choice of s0. From the error estimate in the previous subsec-465

tion, we can determine the expansion point s0 such that the error bound becomes as466

small as possible to obtain good performance of the PCT. If we choose for example467

the maximum norm in x, this means we would have to solve the min-max problem468

(4.26) min
s0

max
n

( max
x∈[−1,1]

χ(λn, x)).469

We show in Figure 4.1 the numerical solution of this min-max problem for a specific470

example where we assume that both the real and the imaginary λ lie in the interval471
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Fig. 4.1. Numerical solution of the min-max problem (4.26) compared to the value of the
simpler quantity ρ̃n.

[1, 100], and we use a PCT truncation level L = 1, 2, 4, 8 from the top left to the472

bottom right, showing each time the maximum norm maxx∈[−1,1] χ(λn, x) for λn (real473

or imaginary in two plots next to each other) at the numerically optimized s0. We474

see that increasing L makes the error bound χ2 shown in red rapidly small for both475

real and imaginary λ. For real λ, there is a rapid oscillation in χ which indicates that476

an analytical treatment of this problem is very hard, whereas for imaginary λ this is477

not the case. These experiments show that at the solution of the min-max problem478

the error is largest at the boundaries of the intervals, both for real and imaginary λ479

when L becomes larger. In addition, we see that the solution is characterized by an480

equioscillation property between the boundaries of the real λ and one boundary of481

the imaginary λ in this example. But most importantly, for this optimized s0 also482

the simpler factor ρ̃2n shows the same equioscillation property as soon as L becomes483

larger. To determine a good choice of s0, we thus now study the min-max problem484

for ρ̃n,485

(4.27) min
s0

max
n

|ρ̃n| = min
s0

max
n

∣
∣
∣
∣
∣

iλn − P̂L

iλn + P̂L

∣
∣
∣
∣
∣
,486

which is amenable to analysis using Lemma 4.5, and we will see that equioscillation487

always holds in three points.488
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1○ 2○ 3○

s20

−k2m−k2−k2+k2

4○ 5○ 6○

1 10
−1 1

Fig. 4.2. Cartoon for the mapping of [−k2m,−k2−] ∪ [k2+, k2] (dashed lines) in the complex

plane by the Möbius transform M : κ2 7→
√

−κ2/s2
0
−1

√

−κ2/s2
0
+1

= 1 − 2
√

−κ2/s2
0
+1

, which is a composi-

tion of a multiplication by −1 (1st image), rotation and scaling by s−2

0
(2nd image), taking the

square-root (3rd image), a shift by 1 to the right (4th image), an inversion (5th image), such that
[−k2m,−k2−] ∪ [k2

+
, k2] is mapped to two segments on two circles intersecting at 0 and 1 inside the

ball with center and radius 1

2
, and a multiplication by −2 and a shift by 1 (6th image), such that

finally M([−k2m,−k2−] ∪ [k2+, k2]) is contained inside the unit-disc.

4.3.1. Rigorous estimate. By our definition of the square root we have |e2i
√
λn | ≤489

1 which gives, using the variable z instead of λ,490

|ρ̃n(κ2n)| =
|iλn(κ2n)− P̂L(κ

2
n)|

|iλn(κ2n) + P̂L(κ2n)|
=

|
√
z − 1−R2L−1(z)|

|
√
z + 1 +R2L−1(z)|

.491

By Lemma 4.5 and Remark 4.2 it suffices to discuss the mapping z 7→
√

−z/s2
0
−1√

−z/s2
0
+1

492

for z = κ2, where in our model problem κ2 ∈ (−∞, k2]\{0} is an eigenvalue of the493

operator (∂yy + k2). We assume that k2 and the discretization of ∂yy are such that494

there are k−, k+ 6= 0 such that κ2 ∈ [−k2m,−k2−] ∪ [k2+, k
2], i.e. κ2 is in bounded495

intervals and it is bounded away from 0.496

As indicated in Figure 4.2 for any s0 = x1 + ix2 in the fourth quadrant, i.e. s20497

in the lower complex half plane, the mapping z 7→
√

−z/s2
0
−1√

−z/s2
0
+1

maps line segments on498

the negative real axis and on the positive real axis to two arcs in the unit disc. As499

the Möbius transform is a conformal mapping these two arcs intersect in ±1 with an500

angle of 90 degrees.501

Hence in order to minimize the modulus of the image of [−k2m,−k2−] ∪ [k2+, k
2]502

it suffices to consider the end points of the line segments. For purely imaginary z,503
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z = iυ we have504

|iυ − (x1 + ix2)|
|iυ + (x1 + x2)|

=

√

x21 + (x2 − υ)2
√

x21 + (x2 + υ)2
,505

and for real z, z = −υ we have506

| − υ − (x1 −+ix2)|
| − υ + (x1 + ix2)|

=

√

x22 + (x1 + υ)2
√

x22 + (x1 − υ)2
.507

The square of the modulus of the end points of the two arcs are given by508

r1(x1, x2) =
(k − x2)

2 + x21
(k + x2)2 + x21

, r2(x1, x2) =
(k+ − x2)

2 + x21
(k+ + x2)2 + x21

509

and510

r3(x1, x2) =
(k− − x1)

2 + x22
(k− + x1)2 + x22

, r4(x1, x2) =
(km − x1)

2 + x22
(km + x1)2 + x22

.511

The optimal s0 = x1 + ix2 is thus given as the solution of the min-max problem512

min
x1,x2∈R+

max
j=1,...,4

{rj}.513

Introducing the auxiliary variable x3 = maxj=1,...,4{rj}, setting x = (x1, x2, x3) and514

fi(x) = rj(x1, x2) − x3 for j = 1, . . . , 4, f5(x) = −x1 and f6(x) = −x2 this min-max515

problem is equivalent, cf [37], to the smooth constrained optimization problem516

min
x∈R3

x3 subject to fj(x) ≤ 0, for j = 1, . . . , 6.(4.28)517
518

For Lagrange multipliers η = (η1, . . . , η6) set L(x, η) = x3 +
∑6

j=1 ηjfj(x). Using519

Maple we solve ∇xL(x, η) = 0 and the complementary condition ηjfj(x) = 0 for520

j = 1, . . . , 6, from the first order necessary conditions, [35, Satz 9.1.15], and obtain521

candidates for a solution (x∗, η∗). Assuming that k, k+, k−, km > 0 and additionally522

that k > k+ and k− < km and requiring that η∗j ≥ 0 and fj(x
∗) ≥ 0 for j = 1, . . . , 6,523

we find only one Karush-Kuhn-Tucker point for (4.28) with x3 < 1 depending on524

simple relations between k, k+, k− and km. We obtain six cases:525

1. Case: k > km and k+ > k−:526

x1 = x2 =

√

kk−
2
, x3 =

k + k− −
√
2kk−

k + k− +
√

2kk−
.527

2. Case: km > k and k− > k+:528

x1 = x2 =

√

k+km
2

, x3 =
k+ + km −

√
2k+km

k+ + km +
√
2k+km

.529

3. Case: k > km and k− > k+, where we distinguish two subcases:530

3a) Subcase: k−km > kk+:531

x1 =

√

kk+(kk+ + k2m)
√
k4,3

, x2 =

√

kk+km(k + k+)
√
k4,3

, x3 =
−2
√
kk+k4,3km + k4,3

2km
√
kk+k4,3 + k4,3

,532

where k4,3 = (k2m + kk+)
2 + k2m(k + k+)

2.533
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3b) Subcase: kk+ > k−km:534

x1 =

√

kk+(kk+ + k2−)
√
k3,4

, x2 =

√
kk+k−(k + k+)
√
k3,4

, x3 =
−2
√
kk+k3,4k− + k3,4

k3,4 + 2km
√
kk+k3,4

,535

where k3,4 = (k2− + kk+)
2 + k2−(k + k+)

2.536

4. Case: km > k and k+ > k−, where we again distinguish two subcases:537

4a) Subcase: k−km > kk+:538

x1 =

√

k−kmk+(k− + km)
√
k2,1

, x2 =

√
k−km(k−km + k2+)

√
k2,1

, x3 =
−2
√
k−kmk2,1k+ + k2,1

k2,1 + 2k+
√
k+kmk2,1

,539

where k2,1 = (k2+ + k−km)2 + k2+(k− + km)2.540

4b) Subcase: kk+ > k−km:541

x1 =

√
k−kmk(k− + km)

√
k1,2

, x2 =

√
k−km(k−km + k2)

√
k1,2

, x3 =
−2
√
k−kmk1,2k + k1,2

k1,2 + 2k
√
k+kmk1,2

.542

where k1,2 = (k2 + k−km)2 + k2(k− + km)2.543

In each case (x1, x2, x3) satisfy Robinson’s constraint qualification [35]. Checking the544

second order sufficient conditions [35, Satz 9.2.8], we find that there is a strict local545

minimum in cases 1 and 2. It was not possible to check the second order sufficient546

conditions for the four remaining cases. However numerical examples indicate that in547

cases 3 and 4 we have indeed a global minimum.548

Mathematically, it is interesting to have km become large, all the other k’s re-549

maining fixed, which corresponds to mesh refinement keeping the wavenumber k fixed.550

This implies that we must be in case 2 or case 4a) above. Assuming that km goes to551

infinity, we get the asymptotic relations552

(4.29)

k− > k+ : x1 = x2 ∼
√

k+

2

√
km, x3 ∼ 1− 2

3
2

√
k+

1√
km
,

k− < k+ : x1 ∼
√

k−k+√
k2
−
+k2

+

√
km, x2 ∼ k

3
2
−√

k2
−
+k2

+

√
km, x3 ∼ 1− 2k+(

√
k++

√
k−)√

k2
−
+k2

+

1√
km
.

553

For engineering purposes in practice, one often chooses 10 points per wavelength,554

which means that km ∼ k, but km larger by a multiplicative constant, say km = Ck555

with C > 1. Then still case 2 and case 4 apply, but now it could be 4a) or 4b).556

We still get when km becomes large asymptotically the results in (4.29), except when557

k− < k+ and k+ > k−C, case 4b), where558

(4.30) x1 ∼ C
√

k−
√

km, x2 ∼
√

k−
√

km, x3 ∼ 1− 2C(
√

k+ +
√

k−)
1√
km

.559

Finally, to avoid the pollution effect, one would choose km growing faster than k,560

and in this case, we are again asymptotically in case 2 or 4a) with the results given561

in (4.29). This shows that in all cases, the optimized coordinate choice of the point562

s0 behaves like
√
km, and the associated error like 1−O(k−

1
2

m ), only the constants are563

different.564

For growing km, the error in Theorem 4.6 scales like (1 − O(k
− 1

2
m ))2L for L un-

known coefficients. This is not as good as what can be obtained from a best rational
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approximation: for large L, the optimal rational approximation fL on the interval
[k−, km] yields

max
λ∈[k−,km]

|fL(λ) − λ−
1
2 | = O(exp(−π2L/ log(km

k−

))).

This is Zolotarev’s optimal rational approximation for the square root, see e.g. [34].565

Using this result it is shown in [26] that the error for the rational best approximation566

is O(exp(−L/ log(km))).567

5. Connection to PML. We would finally like to point out a connection of568

the PCT to the PML technique. We use the same discrete PML as Gudatti and569

Lim [21], so their continued fraction approximation is a Padé approximation. As570

we mentioned already, the recurrence relation obtained by the pole condition can571

be conveniently implemented extending just the interior grid, see Figure 3.2. We572

are interested now in giving a direct interpretation of the coefficients stored on the573

extended grid. Alternatively one could show, that the continued fraction obtained574

in [21] is equivalent to the PCT.575

Equations (3.7) to (3.10) should be interpreted as an approximate DtN operator576

in the following sense: given the Dirichlet data u(1, y) or its numerical approximation,577

the solution of the linear system of equations (3.7) to (3.10) for the L+ 1 unknowns578

a0, . . . , aL−1, and ∂νu(1, y) defines a mapping u(1, y) 7→ ∂νu(1, y). If we set a−1 =579

u(1, y) then (3.7) to (3.10) can be rewritten as580

s20 +A

2s0
a0 +

−s20 +A

2s0
a−1 = ∂νu,(5.1)581

s20 +A

2s0
aℓ+1 + 2

−s20 +A

2s0
aℓ +

s20 +A

2s0
aℓ−1 = 0, for ℓ = 0, . . . , L− 2,(5.2)582

2
−s20 +A

2s0
aL−1 +

s20 +A

2s0
aL−2 = 0,(5.3)583

where A is the operator ∂yy + k2 or its discretization. For the domain truncation by584

a PML, the solution in the exterior (x > 1 in our case) is analytically continued to585

the complex plane. There, a path with parameterization γ,586

γ(x) := x+

∫ x

0

σ(ξ)dξ,587

is chosen, i.e. σ(ξ) = 0 for ξ < 1. One then defines the complex scaled function588

ũ(x, y) = u(γ(x), y). The PML layer is truncated at x = R with a homogeneous589

Dirichlet boundary condition. To use the PML numerically, one choses a mesh with590

mesh points 1 = x0 < x1 < · · · < xL = R for the interval (1, R), with mesh size hℓ :=591

xℓ − xℓ−1, and introduces piecewise linear hat functions ψℓ such that ψℓ(xj) = δℓj .592

The space of test functions is V = span{ψℓ : ℓ = 1, . . . , L − 1} ⊂ H1
0 ((1, R)) and the593

trial functions are chosen fromW = a−1ψ0+span{ψℓ : ℓ = 1, . . . , L−1} ⊂ H1((0, 1)).594

Then ũR(x, y) as a function of x is a solution of the variational formulation: Find595

u ∈W such that596

(5.4)

∫ R

1

− 1

γ′(x)
∂xu

1

γ′(x)
∂xvγ

′(x) +Auvγ′(x)dx = 0 ∀v ∈ V0.597

If we use the midpoint rule for the integration on each finite element, then we obtain598
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for the unknown coefficient functions uℓ, ℓ = 1, . . . L−1, the linear system of equations599

1

hℓγℓ
uℓ−1 −

(
1

hℓγℓ
+

1

hℓ+1γℓ+1

)

uℓ +
1

hℓ+1γℓ+1
uℓ+1+600

A

(
hℓγℓ
4
uℓ−1 +

hℓ+1γℓ+1 + hℓγℓ
4

uℓ +
hℓ+1γℓ+1

4
uℓ+1

)

= 0 ; ℓ = 1 . . . , L− 2(5.5)601

1

hL−1γL−1
uL−2 −

(
1

hL−1γL−1
+

1

hLγL

)

uL−1+602

A

(
hL−1γL−1

4
uL−2 +

hL−1γL−1 + hLγL
4

uL−1

)

= 0,(5.6)603

where γj := γ′(xj+xj−1

2 ) is the evaluation at the element midpoint and u0 = a−1. If604

we work with an equidistant grid, hℓ = h, the Neumann data for the exterior domain605

is recovered by606

(5.7) − 1

hγ0
u0 +

1

hγ0
u1 + hA

(γ0
4
u0 +

γ0
4
u1

)

= − 1

γ′(1)
∂ν,extũ(1, y).607

We have 1
γ′(1)∂ν,extũ(1, y) = −∂νu(1, y) by the definition of ũ. For the special608

choice γℓ = 2
hs0

, the PCT (5.1)-(5.3) defines the same approximate DtN map as609

the PML (5.7), (5.5) and (5.6). We have thus proved that a PML with a constant610

complex stretching σ(x) := 2
hs0

discretized with P1 finite elements on an equidistant611

mesh with mesh size h is equivalent to the PCT, and thus represents a Padé ap-612

proximation of the symbol of the DtN around the expansion point s0 chosen in the613

complex stretching of the PML. For a constant stretching in the PML, we have thus614

determined the optimal value.615

6. Conclusion. We have shown that for the model problem of the Helmholtz616

equation in an infinite strip, the pole condition, discretized with a matching moment617

approach gives an absorbing boundary condition of Padé type. This relationship al-618

lowed us also to prove that the pole condition truncation is exponentially convergent619

in this case, and we determined an optimized choice for the expansion point in the620

pole condition which minimizes our error bound. We finally showed that the matched621

moments stored naturally on a continuation of the grid can also be interpreted as a622

perfectly matched layer to truncate the unbounded domain, when a constant complex623

stretching on an equidistant grid is used. Our results thus provide a direct and natu-624

ral mathematical relation between absorbing boundary conditions, perfectly matched625

layers and the pole condition.626
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