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Abstract. The compressibility of Schur complement matrices is the es-
sential ingredient for H-matrix techniques, and is well understood for
Laplace type problems. The Helmholtz case is more difficult: there are
several theoretical results which indicate when good compression is possi-
ble with additional techniques, and in practice sometimes basic H-matrix
techniques work well. We investigate the compressibility here with exten-
sive numerical experiments based on the SVD. We find that with grow-
ing wave number k, the e-rank of blocks corresponding to a fixed size in
physical space of the Green’s function is always growing like O(k®), with
a€[2,1]in2d and « € [3,2] in 3d.
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1 Introduction

After their introduction in the seminal paper by Hackbusch [23], H-matrix
techniques have been intensively developed over the last two decades to rep-
resent dense matrices arising from discretizations of integral equations as well
as perform operations between such matrices with almost linear complexity; for
a comprehensive introduction including most recent results, see [3,24]. These
techniques are very much related to the fast multipole method introduced by
Greengard and Rokhlin [22], which also uses the fact that the Green’s functions
of Laplace like problems have favorable properties; for a recent overview, see
[21], and for sharp estimates for H-matrices approximating inverses of FEM-
discretized Laplace like operators, see [4].

The fast multipole method has also been studied for wave propagation phe-
nomena [27, 8], of which a typical representative is the Helmholtz equation. Al-
though the Helmholtz equation has the deceivingly simple looking Laplacian as
its principal part, the difficulty of its numerical solution is worlds apart from
solving Laplace’s equation; for a recent overview why standard iterative meth-
ods fail in the Helmholtz case, see [14]. Specialized methods were developed



for the Helmholtz equation: AILU methods based on analytic incomplete LU
factorizations [18,19], reinvented independently later under the name sweeping
preconditioner [11,12], and optimized Schwarz methods (OSM) [17,16], which
represent a unified framework for all these methods, see [20]. For an introduction
to OSM, see [15].

To use H-matrix techniques for the Helmholtz equation proves also to be
more difficult: in [2], the subblocks arising are partitioned into two different
types, one of which can be well treated by H2-matrix techniques, whereas for
the other one, a multipole like expansion is needed. Almost linear complexity for
the compression with a directional H2-matrix technique is obtained in [6], but
there is no complete H2-matrix arithmetic available yet. For a specific geometric
situation, almost linear complexity was also shown in the multipole context in
[26]. Upper and lower bounds for the separability of the Green’s function of
the Helmholtz operator recently derived in [13] indicate however that in general
the number of terms is expected to grow algebraically in the wave number.
Nevertheless, even the basic H-matrix approach was observed to work quite well
in certain situations, see for example [5, 25].

We study here the compressibility of off diagonal blocks of Schur complement
matrices for the Helmholtz equation numerically using the SVD. We investigate
the dependence of the compressibility on the wave number, mesh size, subblock
selection and boundary conditions. While for the Laplace case there is a precise
theoretical study for the finite difference discretizations we use [7], both in 2d and
3d, for the Helmholtz equation to the best of our knowledge this remains an open
question. We measure that the e-rank grows in all our numerical experiments
algebraically in the wave number, and the growth is faster in 3d than in 2d.

2 Two Dimensional Study

We study the Helmholtz equation

(A+E)u=f in2:=(0,1)% (1)
Bu=0 on 0f2,

where B denotes a suitable boundary operator of Dirichlet and Robin type for
the problem to be well posed, and we will be testing various configurations. We
discretize the Helmholtz equation (1) using a standard five point finite difference
discretization with mesh spacing h := %, which leads to a sparse linear system

Au = f. (2)

If we partition the system matrix into a first block A; corresponding to the first
line of discretization points in the y-direction, and denote the remaining diagonal
block by Asg, the linear system (2) can be written in the form
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Fig. 1. Real part of the off diagonal block S3140.2 of the Schur complement of the
Helmholtz operator (left) and the Laplace operator (middle) for Dirichlet boundary
conditions, and their singular values o; (right).

Note that the vectors w; and f; correspond to only one line of unknowns and are
thus much shorter than us and fs. We are interested in the Schur complement
matrix S of the reduced system indicated by the partition in (3), i.e. when all
the unknowns uy are eliminated from the system,

Sui = f1 — A4y fa, S = A — Ap Ay Ao (4)

The representation of the Schur complement matrix S as an H-matrix requires
to form the so called block cluster tree, which is a partition of .S into subblocks,
and then to approximate these subblocks by low rank matrices. In the case of
Laplace’s equation, blocks on the diagonal of S or close to the diagonal can
not be compressed well, since they are close to the singularity of the Green’s
function of Laplace’s equation that lies on the diagonal. Blocks far away from
the diagonal however can be very well compressed in the Laplace like cases [4].
To study the compressibility in the Helmholtz case, we apply the singular value
decomposition (SVD) to the matrix subblock Sy, 5 :== S(1:m,n—m+1:n)
of the Schur complement matrix S € C"*™ and study the decay of the singular
values as a function of m, h, and k.

We start by showing in Figure 1 for n = 64 on the unit square and k& =
40.2 the off diagonal block of the Schur complement S,, of the discretized
Helmholtz operator with Dirichlet boundary conditions for m = 31 on the left,
and for comparison purposes also the corresponding Laplace case with £k = 0
in the middle. We can clearly see that the fundamental solution visible in the
Schur complement is very oscillatory for the Helmholtz operator, while it is
much simpler and just decaying for the Laplace operator. This has an important
influence on the decay of the singular values o; of these blocks, as one can see on
the right: the decay in the Helmholtz case is delayed. This influences the e-rank,
which is defined as the smallest number r. such that Z—i < eforall j >reie
the number of singular values we have to keep so that the approximate matrix
is at most at a distance e from the exact matrix in the Frobenius norm.

We next show in Table 1 the e-rank of the approximate Schur complement
Sm.k for increasing k when using 10 ppw for the discretization, i.e. k = 2{7—0”,
where n is the number of mesh cells in one space direction, i.e. h = % We show



Robin Wave guide Dirichlet

€ |le-21e-3 1e-4 1le-5 le-6|le-2 1e-3 le-4 1e-5 1e-6| 1le-2 1le-3 1le-4 1le-5 1le-6

k Schur complement block with m = § —
20115 6 7 7 8|6 6 7 7 8|4(3) 5(4) 6(5) 6(5) 7(6)
4021 8 10 10 11 12| 9 10 10 11 11 |7 (4) 9(5) 10 (6)10 (6) 11 (7)
80412 14 16 18 18|14 15 17 18 18 |11 (4)14 (5)15 (6) 17 (7) 18 (8)
160.8| 18 22 24 28 30|23 26 27 29 30 |19 (4)23 (6)25 (7)27 (8) 29 (9)
321629 34 40 44 47|38 41 44 46 49 (30 (4)36 (6)41 (7)43 (9) 46 (10)
643.2| 50 59 67 73 79|67 72 76 80 83 |46 (4)61 (6)68 (8)72 (9)76 (11)

k Schur complement block with m = 7 —1
20113 4 4 5 5|13 4 4 4 532 3(3) 30353 54
40215 5 6 6 7|5 6 6 7 T |4(2) 5(3) 6(3) 6(3) 7(4)
80416 8 9 9 108 9 10 10 10|7(2) 8(3) 8(3) 10 (3) 10 (4)
160.8| 9 12 14 16 17|13 15 16 16 17 |11 (2)14 (3)16 (3)16 (4) 17 (4)
3216/ 15 18 22 24 27|22 24 28 28 29 21 (2)23 (3)25 (3)28 (4) 29 (4)
643.2 25 32 38 42 45|42 45 48 49 51 (36 (2)43 (3)45 (3)49 (4) 49 (4)

k Schur complement block with m = ¢ —1
20113 3 3 3 313 3 3 3 3(3(2 3(2 3(2 313 3(3
40213 4 4 4 5|13 4 4 4 5 |3(2) 4(2 4(3) 43) 5(3)
80414 5 6 6 7|5 5 6 6 7 |5(2 5(2) 6(3) 6(3) 6(3)
1608 6 8 9 9 108 9 9 10 10|8(2) 8(2) 9(3) 10 (3) 10 (3)
321.6) 9 11 13 15 16|14 15 16 16 17 [13 (2)15 (2)15 (3)16 (3) 17 (3)
643.2 12 17 22 24 27|22 26 27 29 30 (22 (2)26 (2)28 (3)29 (3) 29 (3)

Table 1. e-rank in 2d for a matrix subblock S,, » with increasing k and three choices
of m for 10 ppw (in parentheses for the Dirichlet case also the corresponding results
for the Laplace operator are shown).

three cases: m = § — 1, which means a large block of the Schur complement,
about a quarter of the entire matrix, just avoiding the diagonal, m = 7 —1 which
is about half the size and now away from the diagonal, and finally m = g — 1,
which is a relatively small block, again halved once more, and very far from the
diagonal. We clearly see that the e-rank is growing, and the growth is similar in
the case of Robin conditions, the wave guide case where we have Robin conditions
on the left and right and Dirichlet conditions at the top and bottom, and the case
with Dirichlet conditions all around. For comparison purposes, we also added the
e-rank for the Laplacian in parentheses in the Dirichlet case. Clearly the e-rank
is growing for increasing wave number k, whereas it is constant for the Laplace
case as soon as the block is away from the diagonal, as expected from theory [7].
Figure 2 shows the results of Table 1 graphically, and we see that the e-rank is
growing algebraically in k, approximately like O(k%) when the wave number k£ is
increasing. This seems to be independent of the choice of the block determined
by the parameter m, only the constant in front of the growth is getting smaller
as the block size is getting smaller and is moved further away from the diagonal.
Note however that comparing in Table 1 for example the fourth line for m = §—1
with the fifth line for m = 7 — 1 and sixth line for m = g — 1, the ranks are not
growing, which indicates that with a corresponding admissibility condition, &
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Fig. 2. Results of Table 1 shown graphically, together with two reference growth curves
O(k) and O(k?).

independent compression will be possible. There will however be so many blocks
then that H2-matrix techniques will be needed for almost linear complexity [6].

We now repeat the same experiment for the largest subblock under the con-
dition that k3h? =const, which is suggested to control the pollution effect [1]. We
use the same grids as in Table 1, but for a more slowly increasing wave number
k. We start with the same resolution as in Table 1 for k& = 20.1, so the first lines
indicating the e-rank are the same in the top row for the largest subblock in
Table 1 and the new Table 2. We see again that the e-rank is growing as in the
10 ppw case, and it seems the growth rate is very similar to the case in Table 1
for corresponding wave numbers k. This indicates that it is not the mesh size,
but really the wave number k that dictates the growth of the e-rank.

We finally test Schur complements which are not just based on the variables
on one side of the domain, but include more sides. The corresponding results are
shown in Table 3. We see that when a neighboring side is included in the Schur
complement, the e-rank is growing already a bit faster, and when opposite sides
or more are included, the growth becomes O(k), see also [10] for a theoretical
study of the influence of geometry.



---t0l=0.01 ---t0l=0.01 ---t0l=0.01
---t0l=0.001 ---t0l=0.001 ---t0l=0.001
t0l=0.0001 t0l=0.0001 t0l=0.0001
2||---tol=1e-05 l 2||---tol=1e-05 l 2||---tol=1e-05
1075 to=1e-06 1075 to=1e-06 1075 to=1e-06
Kk Kk - Kk
—KO5 —KO5 —os=2iizc —KO5

101 101 = 101
10° 10° 10°
10t 102 10t 102 10t 102
k k k
Robin Wave guide Dirichlet

€ |le-2 le-3 1le-4 1le-5 le-6|le-2 le-3 le-4 1e-5 le-6|le-2 le-3 le-4 1le-5 1le-6
Schur complement block with m = § —1

20105 6 7 7 8|6 6 7 T 8|4 5 6 6 7
31927 8 9 10 118 9 9 10 106 8 9 9 9
50.66 | 8 11 12 13 14|11 12 13 13 14| 8 11 11 13 13
80.42|11 14 16 18 19|14 16 17 19 20|11 14 15 17 18
127.67| 14 18 21 23 27|19 21 24 25 27|18 21 23 24 26
202.66| 18 24 27 32 34|27 30 32 35 37|18 25 29 30 33
Table 2. erank in 2d for the largest matrix subblock Sy, with m = % — 1 for
increasing k for the same mesh refinement as in Table 1, but wave numbers k& such that
k*h? =const (the Laplace case would be identical to Table 1).

3 Three Dimensional Study

We study now the three dimensional case of the Helmholtz equation as it appears
in geophysical applications, namely

(27v)?

A N7
V(@)

u=06(F—Ts)f in 2:=(0,L)3. (5)
Here v represents the frequency in Hz, V' (z,y, 2z) is a given velocity field with
the velocity measured in =, 75 are the coordinates of a point source, whose
strength is given by f, and L represents the size of the domain. We will test
Dirichlet boundary conditions and perfectly matched layers (PMLs), for which
we use an adaptation of the complex coordinate stretching elastic PML from
[9]. We discretize the equation on a rectangular grid, and enumerate the nodes
by going along the z-direction first, followed by the y-direction, and finally the
z-direction. With this enumeration, the matrix subblock A; in (3) corresponds
to the first z-y plane of discretization points, with associated Schur complement
matrix S defined as in (4). We use the standard 7-point finite difference stencil,
and an optimized 27-point finite difference stencil which reduces pollution and
permits a reduction from 15 down to 4 ppw for equivalent results [28].

We start with a constant velocity V(x,y,z) = 2400m/s in the cube do-
main with physical dimension L = 1200m. We simulate for the frequencies v =
4Hz,8H z,16H z using the corresponding number of grid points n = 20, 40, 80,
which implies that we are using 10 ppw in these experiments. We first show in
Figure 3 a comparison on how the singular values decay for a large off diagonal
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€ |le-2 1e-3 1le-4 1le-5 le-6|le-2 le-3 le-4 1e-5 le-6|le-2 le-3 le-4 le-5 le-6
Schur complement block with m = 3 —1

20109 12 13 13 14| 7 7 7 8 8|11 11 12 13 13
3192|114 15 17 20 21|13 14 14 14 14|17 18 19 20 20
50.66 | 21 23 26 28 30|26 27 27 27 27|30 31 32 33 33
80.42 |38 41 44 46 49|52 53 53 53 53|36 57 58 5H8 59
127.67) 68 72 74 78 81 |104 105 105 105 105|108 109 110 111 112
202.66/130 134 138 142 145|123 208 209 209 209|212 213 214 215 217
Table 3. e-rank in 2d for the largest matrix subblock Sy, with m = % — 1 in the
Dirichlet case where the matrix subblock corresponds now to two adjacent, two oppo-
site, and three sides of the domain, for increasing k£ for the same mesh refinement as
in Table 1.

block, depending on the discretization stencil and the boundary condition. We
clearly observe that increasing the frequency v delays the decay of the singular
values, and this does neither depend much on the discretization stencil, nor on
the boundary condition.

We next present the e-ranks of S,  in Table 4, comparing the 7 point stencil
to the 27 point stencil, and Dirichlet boundary conditions with PML boundary
conditions using npysr, = 5 points in the PML layer. We see that the e-rank
grows when k increases, and the graphic visualization in Figure 4 shows that the
growth is again algebraic, this time approximately O(k%) for k large.

300 400 500 600

Fig. 3. Decay of the singular values in 3d, comparing the 27 and 7 point stencil with
Dirichlet conditions (left) and Dirichlet and PML boundary conditions for the 27 point
stencil (right) for a large matrix subblock S, i corresponding to the top row in Table 4.



7-point, Dirichlet 27-point, Dirichlet 27-point, PML
€ |le-2 1le-3 le-4 le-5 le-6|le-2 le-3 le-4 le-5 le-6G|le-2 le-3 le-4 le-5 le-6

(n—1)%—1

n|v| k Schur complement block with m = 5

2014 0.0052| 27 37 46 51 59|27 35 43 53 59|29 39 49 61 T1
40/ 8 10.0105| 6 54 68 85 11061 78 94 112 129|58 76 97 120 140
80(16|0.0209| 32 147 180 230 276|145 185 224 263 306|141 189 237 287 325

(n—1)%—1

—

n|v| k Schur complement block with m = 1

2014100052 5 7 9 11 155 7 9 11 14| 8 15 20 25 32
4018 10.0105| 6 13 17 21 23|16 19 23 25 27|11 16 23 29 35
80|16|0.0209| 25 46 60 67 72|41 59 67 76 79|36 48 63 T4 81

(n—1)%—1

niv| k Schur complement block with m = 5

20{4100052) 4 6 6 8 10| 4 6 6 8 10| 7 12 15 18 21
40{810.0105) 5 9 9 15 17| 9 13 16 18 21| 8 13 15 21 24
80(16/0.0209| 17 31 38 44 52|31 38 42 51 52 (23 35 40 48 53
Table 4. e-rank in 3d for a matrix subblock S,, » with increasing k and three choices
of m.

n=40, v = 8, subblock 760 x 760 |n=80, v = 16, subblock 3120 x 3120
npyvrlelle-2 1e-3 le-4 1e-5 1le-6| L1 Lo ||1e-2 1e-3 1le-4 1e-5 le-6| L1 Lo
0 61 78 94 112 129|1.00 1.00|/145 185 224 263 306|1.00 1.00
2 57 78 96 123 140|0.12 0.10 (/148 197 245 291 330|0.56 0.18
4 58 77 97 120 140(0.046 0.043|| 144 194 242 290 327|0.34 0.10
8 58 78 99 121 1420.036 0.039|/130 181 230 273 322|0.10 0.044
16 59 80 103 125 145(0.036 0.039|/117 162 215 265 306 [0.036 0.039
Table 5. Solution error and e-rank in 3d for the largest subblock with different PML
depth.

To test the impact of the quality of the PML on the e-rank, we show in Table
5 the e-rank for an increasing depth a of the PML, for V' (z,y, z) = 2400m/s on
the cube 1200m x 1200m x 1200m as before, for two meshes with 40 and 80 grid
points in each direction and frequency v = 8 and v = 16, so we have 10 ppw.
We see that improving the PML does not reduce the e-rank. We also show in
Table 5 the relative error in the Ly and Lo, norms comparing with a closed form
solution, which indicates that for n = 40, we reach the truncation error of the
discretization at npysr, = 8, since increasing the PML depth does not reduce the
error further.

We next study the behavior of the e-rank in a random medium V'(x, y, z) using
the same geometry as before. We show in Figure 5 the decay of the singular values
comparing the constant to the random medium case when using a fixed number
of ppw. We see that the decay of the singular values in the random medium case
is comparable to the decay of the singular values in the constant medium case,
just the small ones decay a bit more slowly. This is further illustrated for the
e-rank in Table 6, which corresponds to Table 4 just with random velocity, and
the results are similar.
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Fig. 4. Results of Table 4 shown graphically, together with two reference growth curves
O(k) and O(k%).

We finally test Schur complement blocks which are not just based on the
variables on one side of the domain, but include more sides. We use in this
experiment as the domain just the unit cube, L = 1, the constant velocity field
V(z,y,z) = 1, and Dirichlet boundary conditions. The corresponding results
shown in Table 7 indicate that as soon as the Schur complement includes opposite
sides, the e-rank is growing quadratically in the wave number.

4 Conclusion

We studied numerically the compressibility of subblocks of Schur complement
matrices stemming from discretized Helmholtz problems. We experimentally
found that the e-rank is growing algebraically in the wave number k if the block
size is chosen in a fixed proportion of the Schur complement matrix, which
corresponds to a fixed region in physical space of the corresponding Green’s
function. The growth does not depend on the boundary conditions of the under-
lying problem, but the choice of which variables are eliminated in forming the
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€ |le-2 1e-3 le-4 1le-5 le-6|le-2 1le-3 le-4 1le-5 le-6|le-2 1e-3 le-4 le-5 le-6
. —1)Z—1
n| v Schur complement block with m = (n=1)7-1

2
2012-4125 35 45 50 59 |26 32 41 51 59 (29 38 49 62 73
401 4-8 | 57 74 99 115 131| 57 72 91 118 13455 73 95 121 139
80(8-16| 9 108 137 183 244| 84 133 171 218 275|125 170 219 276 319
Table 6. e-rank in 3d for a large matrix subblock S,,  for a random velocity field with
increasing n.

Schur complement. If opposite sides of the domain are kept, the worst growth is
observed, namely O(k) in 2d and O(k?) in 3d.
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---rank tol=0.001 ---rank tol=0.001 ---rank tol=0.001
rank tol=0.0001 rank tol=0.0001 rank tol=0.0001
102 ---rank tol=1e-05 102 ---rank tol=1e-05 102 ---rank tol=1e-05
-~ -rank tol=1e-06 ---rank tol=1e-06 ---rank tol=1e-06
0.5k 2 0.5k 0.5k
— —k —k
10t 10t 10t
0 0 0
10 10 10
10° 10* 10?2 10° 10t 10% " 10° 10? 10
k k k

Schur complement for one side

le-2 le-3 le-4 le-5 le-6| le-2 le-3 le-4 le-5 le-6 | le-2 le-3 le-4 le-5 1le-6
Small block m = % Medium block m = % Large block m = %
1 2 3 5 6 2 3 5 9 10 9 12 15 17 19
10| 3 4 4 7 8 4 5 7 9 13 | 21 28 36 40 45
20| 6 9 12 12 14 |11 13 17 20 22 |52 64 8 93 106
40| 15 23 27 32 39 |31 39 49 51 57 1119 145 180 216 234
Schur complement for two opposite sides

Small block m = % Medium block m = % Large block m = (n—1)*—1
51 2 3 5 8 10| 3 7T 11 14 18 8 21 43 48 48
10| 3 4 6 7 8 6 6 9 10 13 7 9 12 18 25
2009 11 14 17 19|16 21 22 26 29 |29 29 31 34 40
40/ 26 35 43 51 52 |46 68 74 82 88 |114 118 122 126 128
Table 7. e-rank in 3d for a small, medium and large matrix subblock Sy, i of a Schur
complement for one side, and two opposite sides of the unit cube, for increasing k
keeping 10 ppw.
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