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EQUATIONS*

MARTIN J. GANDER! AND YONGXIANG LIU#

Abstract. We are interested in Schwarz domain decomposition methods for the biharmonic
equation. In contrast to the Laplace case, this is a fourth-order partial differential equation and thus
requires two boundary conditions, and not just one, which implies also that Schwarz methods will
need to use two transmission conditions between subdomains, and not just one. As we showed in [11],
there are many choices of Dirichlet and Neumann conditions for biharmonic problems, which lead
to various Dirichlet-Neumann domain decomposition algorithms with different convergence rates. A
Robin type boundary condition consists in general of a linear combination of Dirichlet and Neumann
conditions. We choose here different sets of Dirichlet and Neumann conditions, and thus we obtain
several different optimized Schwarz methods. We prove that by optimizing the Robin matrices
(not just scalars), the convergence rates become the same as for optimized Schwarz methods for
the Laplace problem, for two of the variants which is better than what is usually achieved for the
biharmonic equation. We present numerical experiments, including also situations not covered by
our analysis, and as application a simulation of the Golden Gate Bridge.
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1. Introduction. Our goal is to formulate and analyze Schwarz methods for
solving biharmonic problems of the form

(1.1) Au=f inQ, u=0 and O,u=0 on Q.

Here the domain ©Q C R2, f is a right hand side function, and 0, is the normal
derivative on the boundary 0f2.

The biharmonic operator contains up to fourth-order derivatives, and one thus
needs two boundary conditions, in contrast to the classical Laplace operator, where
one only needs one. There are two different mathematical interpretations for the bi-
harmonic problem (1.1): one is modeling thin plate bending problems and vibrations,
and the other is related to the Stokes problem arising from solving incompressible
viscous fluid problems in 2D, see, e.g., [11].

The homogeneous boundary conditions we chose to impose in (1.1) both on the
traces and the normal derivatives are often considered to be the Dirichlet condition,

(1.2) Dy (u) == [ 3:u ] ;

which is widely used for designing corresponding domain decomposition methods.
For example, a direct application is the classical Schwarz domain decomposition al-
gorithm. Zhang analyzed in [18] for conforming C?! finite elements the corresponding
two-level additive Schwarz method, and showed that with subdomain size H and over-
lap 6 = O(H) the condition number is independent of H and the mesh size h. For
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nonconforming finite elements, Brenner proved in [1] for the additive Schwarz precon-
ditioner a condition number bound C(1 + #)* for large overlap and C(1 + 4)3 for
small overlap. For Morley finite element discretizations, an additive average Schwarz
method was proposed by Feng and Rahman in [6], with a condition number estimate
of O(1+ %)3 Feng and Karakashian introduced in [5] a non-overlapping Schwarz pre-
conditioner in the context of discontinuous Galerkin methods and derived a condition
number bound of O(1 + %)5 By using the D; condition in the alternating Schwarz
method, the corresponding convergence factor is 1 — O(6%), also with the power 3 as
in the condition number estimates, for details see Section 2.

There are two possibilities to choose Neumann boundary conditions corresponding
to the classical Dirichlet condition (1.2). If the problem is understood as coming from
the Stokes case, the corresponding Neumann condition would be
Au }

(1.3) Nl(u) = [ —5nA’LL

If it is understood as the thin plate bending case, then it would be

. Au — (1 —0')87—7-1L
(1.4) J%W%—[mAuuomxmm>y

where o is a material constant called the Poisson’s ratio which lies in [0, %], and
7 is the tangential derivative along the boundary with the normal direction n and
tangential direction 7 forming a right-handed coordinate system (n, 7). However, one
can mathematically also enlarge the range of o to o € (=1, 1), and the problem with
Neumann condition (1.4) remains well-posed, while condition (1.3) might not lead to a
well-posed problem [11]. For the thin plate problem, condition (1.4) corresponds to a
freely supported boundary condition and is always well-posed up to a linear function.
However, Robin boundary conditions which combine (1.2) with (1.3) or (1.4) can both
lead to well-posed problems, as we will show later.

There are many domain decomposition methods for solving the thin plate problem
that use the Neumann condition (1.4): a Neumann-Neumann-type preconditioner was
presented by Tallec, Mandel, and Vidrascu in [13], with a condition number estimate of
O(1+1log %)2 A substructuring method was presented by Dohrmann in [2] including
constraints on the substructure boundary, and Mandel and Dohrmann proved in [14]
the associated condition number estimate to be of O(1 + log %)2 FETI methods for
the biharmonic problem were proposed and studied by Farhat and Mandel in [4], see
also Mandel, Tezaur and Farhat [15], where continuity of transverse displacements is
imposed at cross points, and the condition number was estimated to be O(1+log %)3
A Dirichlet-Neumann method for a biharmonic problem including lower-order terms
was introduced by Gervasio in [12]. To define the method, Gervasio first transformed
the problem into an equivalent system involving two Poisson equations, and then used
D, as Dirichlet condition, and a condition similar to Ay as Neumann condition. This
led to a contraction estimate, but without any optimization. Nourtier-Mazauric and
Blayo introduced for the time-dependent biharmonic problem an optimized Schwarz
waveform relaxation method based on combining (1.2) with (1.3), and illustrated its
performance by numerical experiments.

Instead of the classical clamped Dirichlet conditions (1.2) (and associated Neu-
mann condition (1.3)), one could also consider

(15) Do) i= | p, |+ M= | o, |-

n
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see for example [3]. Similarly, in the thin plate case, instead of (1.2) and (1.4), another
choice for the Dirichlet and Neumann conditions would be

u Opu

(1.6) Da(u) := Au— (1—0)0rru } » Na(u) = { —0pAu — (1 — 0)0-(Onru)

For flat boundaries, (1.5) and (1.6) are basically equivalent, since imposing u also
means imposing 0.,. For curved boundaries however, these conditions are different,
as one can see by direct calculations, and hence they would also be different as trans-
mission conditions in domain decomposition methods. By using D3 or D, in the
alternating Schwarz method, the corresponding convergence factor is 1 — O(0), which
is of order 1 and better than the D; condition case, see Section 2.

We know that for the Poisson problem,

—Au=f inQ, uwu=0 ondf,

the Dirichlet condition is Dpyisson(u) = u and the Neumann condition is Npyisson (4) =
Opu. To design optimized Schwarz methods, we only need to consider Robin condi-
tions on the interface, which are a linear combination of the Dirichlet and Neumann
conditions, i.e. d,u + pu. Then the best convergence factor can be obtained by opti-
mizing the parameter p. However, it is more challenging to propose optimized Schwarz
methods for the biharmonic problem. According to the discussion above, by setting
D, := D, we have 4 different pairs of Dirichlet conditions D; and Neumann condi-
tions NVj, (j = 1,2,3,4). The corresponding Robin conditions are Nj(u) + P;D;(u),
where P; is a 2 X 2 matrix rather than a single parameter. Optimizing the matrix P;
for each Robin condition is technical, as we will see later in this paper.

We are interested here in fully understanding classical and optimized Schwarz
methods for the biharmonic problem, because the performance of these methods de-
pends on what one chooses as the Dirichlet and the Neumann condition. Our results
are based on an observation in the short conference paper [10] that classical Schwarz
methods can converge much better than observed in the literature depending on this
choice, and the choice also influences optimized Schwarz methods. We provide here a
comprehensive numerical analysis for these methods, prove the results that were an-
nounced in [10] without proofs, give convergence rate estimates, show well-posedness
for subdomain problems, give a detailed study of the choice of the Robin parameter
matrices, and also present extensive numerical experiments, including as application
the Golden Gate Bridge.

In Section 2, we introduce the family of classical Schwarz methods and their
corresponding convergence factors. In Section 3, a new family of optimized Schwarz
methods are proposed. We then give a precise convergence analysis for the members
of the family, and compare their convergence rates. All the convergence analyses are
based on an unbounded domain decomposed into two half-planes. We show numerical
results in Section 4 to illustrate our analysis, and draw conclusions in Section 5.

2. Three Classical Schwarz Algorithms. We simplify the presentation and
analysis by considering the biharmonic equation on an unbounded domain,

(2.1) A’u=f inQ:=R?

and we assume that f # 0 only in a bounded domain and u decays at infinity. Let
1

the radius 7 := (22 + y?)2 and the domain Qg := 7 < a, then we know that f = 0

in the unbounded domain Q\Qq for sufficient large a. Note that the problem in g is
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well-posed with some suitable boundary condition, so we only need to consider the far

field solution in 2\Qg. Actually, for the Laplace equation —Au = 0 in Q\Qp, we know

that it is well-posed with u decays at infinity, and its solution in polar coordinates
o0

is of the form u(r,) = > (A, cos(my) + By, sin(my)), where A,, and B,, are
1

m=
constants dependent of the boundary condition on r = a. Furthermore, the solution
.to —Au = - cos(myp) and flAu = L sin(myp), m > 3 with u de(;,ays at-inﬁnity
in Q\Qy are u(r,p) = — I cos(mey) and u(r,¢) = Ty sin(me).
By the observation that A%u = —A(—Au), we obtain the problem (2.1) is well-
o0

posed, with the solution of the form u = Y - (A,, cos(my) + By, sin(my)) +

m=1

o0

> =z (Cy cos(mep) + Dy, sin(my)) for large . Let Q be divided into two sub-
m=3

domains ©; = (—o00, L) X R and Qs = (0, +00) x R with overlap L > 0. More general
decompositions are considered in Section 4. The interface for subdomain €, which
is ¢ = L, is denoted by I'1, and for subdomain ), its interface at x = 0 is denoted
by I's. We denote by n;, ¢ = 1,2 the unit outward normal vector of ; on I';, and
by 7; the corresponding tangential vector along I';, which implies that n; = —ns and
71 = —72. Let f1 := fla,, fo := fla,- We can then define three different Schwarz
algorithms by just using the indices j =1, 3, 4:

Classical Schwarz algorithm CS;: for a given initial guess

0
0_| 914
B [ Q?B ] ’

CS; performs for iteration index n = 0,1,2,... the steps':
1. Compute in €; an approximate solution uf by solving the Dirichlet problem

(2.2) A*uf=f1 inQy, Djul)=g! only.

2. Update the transmission condition for Q9 by setting gi = D;(ul).
3. Compute in Q9 an approximate solution u§ by solving the Dirichlet problem

(2.3) Auly = fy inQy, Dj(ul)=gi onTy.

4. Update the transmission condition for Q; by setting g™ = D;(u}).

To compare the different Schwarz methods, we need to study their contraction prop-
erties. Note that the solution w of (2.1) is a fixed point for each method, and by
linearity, it is sufficient to study the error equations, i.e. f = 0, and to analyze con-
vergence to zero. Let u;(i = 1,2) be the solution of (2.2) and (2.3) with f; = 0 and
the corresponding boundary condition D;(u;) = g; = [gia gip]T on T;. As in [7] for
Schwarz methods applied to Laplace problem, we take a Fourier transform in the y di-
rection, which transforms w;(x,y), gia(y), ¢:5(y) into u; = u;(z, k), gia = gia(k) and
9is = gin(k), k # 0 denoting the Fourier parameter?, and we obtain the subdomain
ordinary differential equations (ODEs)

0%, 0%y 0%y

+k*0, =0, <L, —2k?

o'y 9
2k ozt 02

(2:4) oxt Ox?

+k*y =0, x>0.

IThis n has no relation to the n in the normal derivative 9.
2The constant mode k = 0 is excluded because we assume that solutions decay at infinity to zero.
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To solve these ODEs, we need the solutions of the characteristic equation \* —2k2\2 4
k* =0, i.e. A = +k. The general solution on subdomain €;, i = 1,2, is thus given by

Gz, k) = Cre® 4 Cael®l® 4 Che=IFle 4 Coge=IFlz,

By assumption the solutions u; decay at infinity, and hence the constants correspond-
ing to the growing solutions must be zero, yielding
(2.5)

up(z, k) = Crel®l® 4 6’@6““‘””, x< L, u(z, k)= Coe ke CN'gxe*“‘”"””7 x> 0.

All classical Schwarz algorithms C'Sj, j = 1, 3,4 have subdomain iterates of this form;
their convergence is determined by how the constants C', 51, C5 and 52 are affected
by the iteration of C'S;. Note that when L = 0, which is the non overlapping case,
the interface condition gi’ will not change during the iteration procedure. This means
the classical Schwarz methods do not converge in the non overlapping case, so we only
consider the overlapping case, i.e. L > 0 in the following analysis in this section.

2.1. Analysis of C'S;. If we introduce the subdomain solution (2.5) at iteration
step n into the Dirichlet transmission condition of step 1 of C'Sy in (2.2), we obtain
(2.6)

uy(z,k) | _
3nlﬂ?(x1,k) B

Cpelkler 4 5?$16‘k|“"1

~ = :'q\n,}LA on F17
CpklelFlzr - O (elFlzr 4| k| elFl=)

9B

where x = x1 = L is the interface I';. Using step 2 in the transmission condition for
5 on the interface I'y leads to

(2.7)
Goa | _ [ k) | _ CpelMr 4 Cpagelti on T
J5p On, Ut (22, k) —CO|k|elklez — Cp (elklz2 1 |k|apelklz2) 2

where z = x2 = 0 is the interface I'y. To simplify the notation, we now introduce the
vectors

and the matrices

ke | 1 1 |k|as 1 )
Ar=e [m 1+mx1y Ti=e {—m —1—mm2}

We can then write (2.6) and (2.7) in compact form, A€} = g7, and Tic} = g5.
Similarly, we obtain for the subproblem in 25 the matrices

— oIkl 1 Z2 — o lklz 1 1
Az=e {wc —1+|k|x2}’ f2i=e {—w 1—|k|x1}

The classical Schwarz algorithm C'S; can thus be written in Fourier in the form
ATl =g], Tl =g, A =gy, Ther =gt
By eliminating the intermediate variables g%, we obtain on the interface I'y

(2.8) gl =T ATV AT 'gT.
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In order to study the convergence factor of C'S7, we have to compute for each Fourier
mode k # 0 the eigenvalues of the iteration matrix T2A2_1T1A1_1. Since x1 — x9 = L,
we obtain by a direct calculation

kIL+1  —L

DA T A = —e M T |

where in this continues case with unbounded domain, |k| € [0,00). In a numerical
context, the Fourier frequencies |k| are contained in [kmin, kmax] With Emin, Kmax > 0.
This is because in practice, the computational domain is bounded, say with interface
length a constant C, which leads to kmin ~ %, a constant. On the other hand, the
mesh size is h, which makes the largest frequency kpax ~ % Then we obtain (see also

[17]):

THEOREM 2.1. If L > 0, the convergence factor pcs, for the algorithm CSy is

p, (1) = (kmin L+ /K, L2 + 1% 2hminl = 1= 243, 1+ O(17).

Proof. By a direct calculation, we obtain for the eigenvalues of Th A5 1T1Af1

(K| + /TRPLZ £ 1)%e2HIE _(|k|L — \/JRPL2 + 1)2e 2L},

Then the convergence factor pcg, is

pcs, = max max{(|k|L 4+ /|k|2L2 + 1)2e 2*IE (|k|L — \/|k]2L2 + 1)%e 2L}

[l min <[k <] k| max

= o ax (|E|IL 4 V1k2L2 +1)2e 2L = (kg L + 1/ k2, L2 + 1)%e ™ 2hminl,

The last equation comes from the fact that function w(x) := (z + V22 + 1)%e~2% is
monotonically decreasing for all £ > 0. Then the proof is concluded by a Taylor
expansion. 0

The classical Dirichlet transmission condition (1.2) thus leads to a convergence factor
—O(L?), in contrast to the Laplace case with linear dependence 1 —O(L), the latter
being much better when the overlap L is small.

2.2. Analysis of C'Ss and C'S; . For the other two possible Dirichlet conditions
n (1.5) and (1.6), the convergence factor only depends linearly on L:

THEOREM 2.2. If L > 0, the convergence factors for the algorithms CS3 and CSy
are the same,

(2.9) PO (L) = e 2rmink — 1 _oF o I 4+ O(L?).

Proof. Similar as in the analysis for C'S;, we obtain the corresponding matrices
for CSs (0 =1) and CSy (-1 <o < 1),

A, e plklm 1 T Ty = elkle2 1 T2
b (1=0)|k[* (1—0)|k[*21+2[k| |’ (1=0)|k[> (1—0)[k|*z2+2lk] |’

o~k 1 T2 —|k|as 1 x1
Api=e {(1 U)\k|2 (1- a)|k|2x2—2k|} =e [(1—J)|k2 (1—0’)k‘|2$1—2|]€:|.
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Then by a direct calculation, we obtain for the iteration matrix

—2|k|L 2 2
. 1 e (1—0)|k|*L + 2|k| —L
T2A2 TlAl - 4|]€‘2 (1—0’)2|k‘4L —(1—0’)|k“2L+2‘]€| )
which has two identical eigenvalues Ao = —e~2IFIL leading to (2.9). |

Comparing with C'Sy, this is a substantially improved convergence factor, which is
now as good as the Schwarz method for Laplace’s equation [7].

3. Four Optimized Schwarz Algorithms. Optimized Schwarz methods [7]
combine the Dirichlet and Neumann conditions in their transmission conditions. To
simplify the notation, we also introduce the redundant operator Dy := Dy, and thus
obtain four different optimized Schwarz algorithms using the indices j = 1,2, 3, 4:

Optimized Schwarz algorithm OS: for a given initial guess

0
0_ | %14
231 [ 9?13 ]7

and iteration index n =0,1,2,..., OS; performs the steps:
1. Compute in 3 an approximate solution u} by solving the Robin problem

(3.1) A%l =f1 inQi, (N +PDj)(u}) =g only,

where P; is a two by two matrix containing four adjustable parameters.
2. Update the transmission condition for Qs by setting g% = (N, + P;D;)(ul).
3. Compute in Qs an approximate solution uj by solving the Robin problem

(3.2) A%y = fy inQa, (Nj+ PjD;)(uy) =g5 onTs.

4. Update the transmission condition for Q; by setting gi't* = (N +P;D;) (uh).
Choosing P; is technical, since we need to ensure well-posedness of each subproblem
and also optimize convergence. To find the optimal choice for P;, Fourier analysis as
in Section 2 leads for OS; (0 =1) and OSs (—1 < 0 < 1) to the matrices

ke | (L= 0)[R[? 2/k| + (1 — o)|k|*21 ke | L

Ar=e hl—wws—ﬂ+®kP+ﬂ—oWPm TR k) 1+ Kl
e [ A=) R 20k (1= o) k[ TR I B

f1:=e [41—@w3u+wkﬁ—u—amfm L k] =1 = s |
ke [ A=) |R[P =20k + (1 — o) [Pz ke | L @2

Aoi=e [a—ww3a+amﬁ+a—aﬂfm e k| —1+ [klas |’

e [ A=)k 20K+ (1 - o)k e [ 1@
fa=e [uwMPa+®WPuamﬁm +hye —|k[ 1 = [kl |

We still have the iteration formula (2.8). To make g} going to 0 as fast as possible,
the optimal choice of P; is determined by setting 17 = 0 or 175 = 0, and we obtain by
a lengthy but not difficult calculation the compact and elegant result

_p _ | Atk 2[k|
33) Pr=Pe=1 " opp (ot o)
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Similarly, the matrices for OS5 (¢ = 1) and OS; (—1 < o < 1) are

A lzelklm{(lf)'kp (1+0)|]1|;rlk(|flg)|k|3x1} +Pje|k|ml[(101)|k2 2|k|+(1xla)|k|2m1] ’
T1::e|k|fﬂ2{_(1:|5)||k|3 (1+0)|;|12:(|f|_x§)|,€|3x2} + el [(1_;)|k22|k|+(1i2a)|k|2:1:2]’
Azz—e"“'“{(l_fﬂkp (1+a)|;|121_(|fk6;)|k3x2] +Pjem[(l—;)llﬂ? —2|k|+(fia>|kl2wz]’

T :_elklrl{_(l:gmg _(1+J)|}€|;_k(|1$ia)k|3ml} +Pj6|k|zl{(1—al)|k|2 —2|/€|+(1xi0)|k|2$1} .

The optimal choice of P; leading to 77 = 0 or 15 = 0 is then

L1+ o)k - ]

(3.4) B=h= { 3 =0) (o +3)kP —5(1+0)kl

The optimal choices of P; in (3.3) and (3.4) depend on the frequency |k|, which
corresponds to a non-local operator (see [7] page 703 for details). A local, structurally
consistent constant approximation is obtained® by replacing |k| by a constant p > 0,
which leads to
(3.5)

o _pa_ | (L+0)p? 2p o _ pa_
Pl_P2_|: 2p3 (1+0.)p2:|7 P3_P4_|:;(1

3.1. Analysis of OS; and OS3 . To analyze the convergence rate, we still need
to estimate the eigenvalues of the iteration matrix (2.8).

THEOREM 3.1. For OS; and OSs, i.e. o =1 in (3.5), which leads to

3(1+a)p »
—0o)(c+3)p* —i(1+o)p

o[ 2% 2p [P 5
(36) P1_|:2p3 2p2:|a P3_|:0 —p )

the convergence factor becomes the one for the Laplace problem,

- =
p+ k|

In the case with overlap, L > 0, we obtain for small overlap L the best choice of p
and the corresponding convergence factor as

k2~ 3
(3.8) P~ (;;) . P08 (L) =1 — 4(2kmin)3 L5 + O(L3).

2

Here kni, denotes the smallest frequency along the interface and “~” means p =
O(L‘é) when L — 0. Without overlap, L = 0, we get, with kyax the largest frequency
along the interface, the best choice of p and the corresponding convergence factor as

kmax - kmin ) ? kmin ( 1 )
3.9) p = Vkmimkmax, pOs,,(0) = ( Yomax = Vimin ) _ gy 0 .
( ) P pos ( ) ( V kmax + Vv kmin kmax * kmax

3This is a fundamentally new and important idea to find good constant approximations in this
complex setting, which is similar as the “zeroth order optimized transmission conditions” in [7] for
the Poisson problem. We can also approximate it with a higher order ¢k-polynomial, which is future
work.
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Proof. By a direct calculation, we see that for (2.8), TobAy ' = Ty AT always holds
both for 057 and OS3. So we only need to estimate the eigenvalues of T1A1 , which
is a 2 X 2 matrix. A simple calculation shows that for both OS; and OS3, the two
eigenvalues are the same and coincide, )\12(T1A1_1) = erie*lk\L, which leads to
(3.7). Following the same analysis in [7], we thus obtain (3.8) and (3.9). O

3.2. Analysis of OS5 and OS, . For the OS5 and OS4 methods, things become
different and the convergence rate we obtain is worse than for the OS; and OSs
methods.

THEOREM 3.2. For OSs and OS4, i.e. —1 <o <1 in (3.5), which leads to

(3.10)

o[+ 2 o 3(L+0)p o
Py = [ 2p3 (1+ 0)p? }’ Py = [ %(1—0)(0—1—3)]93 —%(1+J)p ]’

the asymptotic behavior of the best choice of p and the corresponding convergence

factor, with overlap L > 0 small is
(3.11)

at|eo
ol

).

4
P~ 2—% (( 12km1n

> . 32 (1_(72)kmin 53
1_o )L) 7p0524(L)_1_(1_O_)(U+3)'( 6 ) L +O(L

Without overlap, L = 0, the asymptotic behavior of the best choice of p and the
corresponding convergence factor for kmax large is

16k 3 1 1
12 ~ ; . =1 min r .
(3 ) p FminFmax, POSa4 (O) 399 — o2 k2 + O (ko )

2
max max

In practical applications the overlap L is usually an integer times the mesh size h.
Since h ~ ——, the asymptotic behavior for large kn.x represents the corresponding

convergence factor as the mesh is refined. To prove this theorem, we need several
lemmas.

LEMMA 3.3. Leta:=1—0€(0,2), b:=0+3 € (2,4), and
(3.13)
/\1(L) =

1
4 2 2)1k|L 2 2 2127122

1 k| —
+ 8a(alk|? + bp?)[k|*pL + ab(alk|* + bp?) (bl k|* + ap2)]§) :k:fel’“.
p
Then by choosing the parameters to be (3.10), where —1 < o < 1, the convergence
factor of OSy and OSy is
p=IM

Proof. As in the analysis of Theorem 3.1, we find that TQA_ TlA_ always
holds both for OS5 and OS4. So it is sufﬁment to estimate the eigenvalues of T1A ,
which is again a 2 X 2 matrix. A simple calculation shows that the eigenvalues of OS5
and OS, are the same, but now we have two distinct eigenvalues,

1
Aplk| + ab([k| — p)?

+ 8a(alk[? + bp?)[k[*pL + ab(alk|* + bp?) (b k[* + ap2)]%) :k: +p e IME,

Mo(THATY) =

(4p|k| +alalk|® + bp?) k| L + [a® (alk[* + bp®)?|k|* L?
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The contraction factor is thus the larger of the two eigenvalues in modulus squared,
which is, p = |\ ]2. d

Note that p is also a function of L. Then we consider the nonoverlapping case first,
ie. L=0.

LEMMA 3.4. For the nonoverlapping case, the best choice is p = /' kminkmax, and
the corresponding convergence factor is

Proof. Let L = 0, then (3.13) simplifies to

_ 4plk| + [ab(alk[* + bp*) (Blk|* + ap*)]? [K] —p

3.14 A= X\{(0 .
(3:14) i = A(0) 1plk] + ab([k] — p)? ET:

Now for any fixed |k|, by a direct computation, noticing that (a — b)? < 16, we have

(3.15) .
DAY = 1 m abp (alalkl® + bp®) + b|K|? + ap?)) i
P (Rl p)(4plk| + ab(K] - p)?) [( e T O ORE ) )kl =)

k| —p n (Ik] — p)(4]k| — 2ab(|k| — p)))}
k| +p 4plk| + ab(|k| — p)?

~ (4plk] + \/ab(alk? + bp?)(BIRT? + ap?)) (1 +
fld
(kT + 27 (4plF] + ab([K] — p)?)?
Jaotie 42y -2 (1 - =2 2RO PO o)
(0= b)2[klp + 2ab([k[* + p))/ab{al k2 + bp?) (IR + ap2>]
(alkl? + bp?) (BIRP? + ap?)

— 8k[*p? - 2lk|*p?

Alk|
(Ik[ + p)*(4p|k| + ab(|k] — p)*)*

- [ab<k|2 L)k — p)?

(a — b)*|k[*p*
V/(alk[Z+ bp2) (B[ + ap?) (v/(alk]? + bp2) (b]E[2 + ap?) + Vab(|k|? + p?))
((a — b)?|k|p 4 2ab(|k|* + p?))\/ab(alk[? + bp?) (b]k]* + ap2)]
(alk|* + bp?)(b|E|? + ap?)

_ 8|]€|2p2 _ 2|k‘|2p2

o 4|k . { ab(|k|* + p*) (k| = p)* - (a = b)*|k|*p”

= (k] +p)2(4plk| + ab([k] = p)2)2 | Vab(|k[2 + p2) (Vab(|k|? + p2) + Vab([k|? + p2))

((a = b)?[k|p + 2ab(|k|* + p*))/ab(alk[* + bp?) (b]K]* + ap2)]
(alk|? + bp?) (b|k[* + ap?)

o 4|k . {(ab)QIkIQ;D2

= ([k[+ p)2(4plk| + ab(|k| — p)?)? 2

((a —b)?|k|p + 2ab(|k|* + p*))\/ab(alk]* + bp?) (b|k]* + ap2)}
(alk|? + bp?) (b|k|* + ap?)

— 8|k [*p® — 2[k|*p?

— 8|k[*p?

— 2|k[*p?

< 0.
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So for p < kmin, it always holds that O,p = 2A7°Y0pAT°" < 0, which shows that
the best choice of p lies in [kpin, +00]. Noticing next that the symbol |k| and p are
antisymmetric in (3.14), we have 0, A7°" > 0 for fixed p. So the best choice of p
satisfies the equioscillation equation

_)‘?OU (kmin7p> = A;Lm}(kma»xap)-
By a direct calculation, the solution to this problem is
b= kminkmaxa

and the corresponding convergence factor without overlap, L = 0, is for k. large

3
16 k2, -5

min o) k).
T=o)o+3) 5t T O

max

p(0) =1-—

For the overlapping case, we only give an asymptotic proof, and we divide it into two
parts, which are the next two lemmas.

LEMMA 3.5. Fiz p >0 and L > 0, then there is a mazimum k in [kmin, +00] for
A1. Assuming that k = Ci, L™, let p := CpL_ﬂ, where a > 3, then

8C3 a .
3.16 -1 P r3a=38 _ (1 _ 2 - Lmln{4a—4ﬂ,2—2a,1—6}
(3.16) A abC} ( b)ck +0( )

and the maximum of A1 is obtained when

8C3 a
— — — — . P —_ — =
(3.17) 3a—38=1-a, and —3.— Gi (1 b) 0.

Proof. By (3.13), computing the derivative with respect to |k|, we get

(3.18)
o—IkIL

(KT + ) (4pIK] + ab([H] — p)?)
a?(alkf? + bp?) (Bal k|2 + bp?)| k| L2 + 8a(2al k|2 + bp?)|lpL + ablk| (a(blK[? + ap?) + blalkl® + bp?))
V([P + by 2[RL2 + SalalkP + bp?) 2L + ab(al k[ + bp?) (IM? + ap?) )
(IK| = p) + (4plk] + alalkl® + bp?) K| L

kA1 = [(419 +a(3alk|* + bp?) L

L
|kl +p

+ \/ULQ(a|lc|2 + bp?)2|k|2L? + 8a(alk|? + bp?)|k|>pL + ab(alk|? + bp?)(b|k|? + apQ)) (1

(1] = p)(4p + 2ab(|k| p)))]
Aplk| + ab([k| — p)? '

— (k| =p)L -

Note that we already have Jj;AT°” > 0 for L = 0, and according to (3.18), Jj A1 is
continuous for all |k| > 0,p > 0,L > 0. So for fixed p, if |k| < ks is bounded, there
exists a small Ly, such that J; A1 > 0 for all L < L,. Furthermore, by (3.18) and a
direct calculation, for any fixed p, L > 0, an asymptotic analysis leads to that there
exists a large k;, such that dj A1 < 0 V|k| > k;. Based on this observation, there is a
maximum k in [kpin, +00].



12 MARTIN J. GANDER, AND YONGXIANG LIU

Notice that the maximum is obtain at |k| = k = C,L™%, and p = C,L=". To
reach the best convergence rate, we need to find the optimal choice of £, and then
obtain the corresponding value of . By direct calculation, we obtain for the various
terms

4Aplk| = 4CC, L=7P,
ab(|k| — p)* = abCZL™2* — 2abC,C, L™ + abCZL~ %",
a(alk]® + bp?)|k|L = a®CEL' 3 + abCy,C2L' 2P,
a®(alk|® + bp®)?|k|?L? = a*CRL? 70" + a®b*CRCH L? 72~ 4 2a°bCRCE L1720,
8a(alk|® + bp?)|k|*pL = 8a*C{C, L'~ 4+ 8abCRCEL' ~2%735
ab(alk|® + bp?) (b|k[* + ap®) = a®V*CRL™** + ab(a® + b*)CRCEL2* %0 4+ a*p*Cy L 7.
Estimating (3.13) term by term, we obtain by lengthy but not difficult calculations
4p|k| _ 4Gy s 4(4-2ab)C7 5  4(3a%b?—16ab+16)C) L3984 o([An—18)
dplk| + ab(|k| — p)?  abCy a?b?C? atb?C
a(alk|® + bp?)|k|L  aCy
dplk| + ab([k| = p)? b
[a® (alk|?* + bp®)? K[> L + 8a(alk[* + bp?) | k|*pL + ab(alk|* + bp*) (b|k[* + ap®)]'/?
a*CY 5y C’;‘ 2420—48 2‘10; 2-28 , 8Cp
L2 L2 m— )
P2 ez L T
8C3 (a2 + b2)C2
_|_ R

cA ,
4 Zp pit2a-3p P r20-26 4 pL4a—4a) +O(Lhzgh):|7
abC2 abC? ct

—EL L O(LP),

L'=f

= abCPL 2 [1+ 2(

where the high order term O(L"*9") means the order of L is equivalent to the square
of the previous term, i.e. (a Ci 220 4 PL2+20‘ 4B 4 Q“Cp 1228 4 SCP L'8 4

‘“ L1+2°‘ 36 4 7(‘1 )0 2028 | ”L4°‘ 4‘3) and we use O(L"9") for simplicity.
k
Slmllarly

[a®(alk|* + bp®)?[k[*L? + 8a(a|k|* + bp?)[k[*pL + ab(alk|* + bp*) (b|k[* + ap®)]'/?
4plk[ + ab(|k| — p)?
1 (4 —2ab)C, [o-h 4 (2a2b* — 8ab + 16)C? b [20-26 2(2 — ab)(4 — ab)*C3
abCy, a?b?C} albiC}
+ O<Lmin{4a—4[3,2—2a,1—[3’}).

L3a 38

By further direct calculations, we then obtain for the remaining two terms

kl-p . 2 . 2G,L°
[kl +p k| +p CrpL= + C,L=F
20 207 203
=1 2Ppa-B 4 “"Pr2a-25 pL3a 38 4 (A48
Ok 02 Ok; + ( )

e ME =1 — Cp L'~ + O(L* 7).
So the eigenvalue (3.13) can be written asymptotically after a lengthy calculation as
8C3

N =1 — P r3a-38 _ (1 _ a [i-a [ min{4a—4p,2—2a,1-5}
! abC? ~( b)Ck +0( ),
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which is (3.16). Note that @ = 1 — 0,b = 0 + 3, and since —1 < o < 1, we have
(1= %)Cx > 0. Hence for fixed p, i.e. fixed C) and 3, the maximum of A; is obtained
when

|

8C? a
— = — — . p —_ — =
3 —38=1—«, and 3 abC’,% + (1 b) 0.

LEMMA 3.6. Assume that k = kmin, and also p = CpL_ﬁ, then

8k3. i
A — —(1— min L3/3 Lmln{4[3,2} ]
(3.19) A1 ( e ) +0( )

Proof. By a direct calculation, we obtain for the various terms

4p|k| = 4kminCpL7ﬁ7
ab(|k| — p)* = abkl;, — 2abkminCp L ™7 + abC2L™F
a(alk|® + bp?)|k|L = a’k3;, L + abkin C2L' 2,

a?(alk|® + bp®)?|k|PL? = a*kS,;, L? + a®b°k2,;, Co L~ + 2a° bkt C2L* 2P,

min min

8a(alk|* + bp?)|k[*pL = 8a’kip;, Cp L' P + 8abk?,;,, CSL' 37,

ab(alk|® + bp®) (bk|* + ap®) = a®V* ki, + ab(a® + bk}, CoL ™20 + a?0*Cp L.
As before, we estimate (3.13) term by term, and obtain
4 Ak 4(4 — 2ab)kZ,; 4(3a%b* — 1 16)k3 ;
p|k| — kmll’l LB _ ( a’b)kmln L26 + (30’ b 6ab + 6)km1n LSﬁ 4 O(L4B)
4plk| + ab(|k] — p)?2  abC, a?b?*C? a*b*C3
2 4 bp?)[k|L 4 — 2ab)k2,
CL(CL‘]{?| + bp )|k| _ kminL _ ( ab)kmln L1+B + O(L1+2[3)
Aplk| + ab(|k| — p)? abCy

[a® (alk|® + bp?)?|KI*L? + 8a(alk|? + bp?) |K*pL + ab(alk|* + bp?) (b]k[* + ap?)]'/?

1 /a?kS; 2ak? . 8k2 . 8k2 .
_ bc2L—2ﬁ |:1 7( min L2+4’B k2- L2 min L2+2,3 min L1+3ﬁ min Ll-i—,ﬁ’
“ T3\ Wi T e e,
2 2\ 1.2
(Cl +0b )kmin L25) + O(Lhigh):| ,

k'4 : 48
mlﬂL
* Cy * abC2
[a® (alk|? + bp®)*[K[*L + 8a(alk[* + bp?) k[*pL + ab(alk|* + bp*) (blk[* + ap®)]'/2
Ap|k| + ab(|k] = p)?
(4 — 2ab)kmin I (2ab? — 8ab + 16)k2,;, 126 _ 2(2 — ab)(4 — ab)?k3 138
abC a?b?C?2 adb3C3
42

minL1+B 9] Lmin{45,2} )
e, Lo )

A direct calculation shows that for the remaining terms

—1-

IZ: ;Z --(1- |k2||i|p) =—(1- kT“W)

2k 2k2. 2k3 .
—_(1- min Lﬁ min L2ﬂ _ min L3/3) 0] L4ﬂ

1
e Pl =1 — kpin L + —k2,, L% + O(L?).

2 min
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Then the eigenvalue (3.13) can be expanded after a long computation as

A = _(1 _ %LLD’B) + O(Lmin{4ﬁ,2})
! abC3 ’
which is (3.19). o0
Now we prove Theorem 3.2.

Proof. Combining Lemma 3.5 and 3.6, the best parameter p is obtained by setting
_)\1 (kmina p) = A1 (Ea p)

So by the first equation in (3.17) and (3.19), we see that the optimal parameter should
satisfy
3a—38=1—a=38.

This implies that o = 2

in (3.17), we know that

and = % Furthermore, according to the second equation

(o1l

8C3 \i
Cr = (3. a(bja)) '

Using (3.19) and a direct calculation, the optimal choice of C, should satisfy the

equation
8Cp (1-9)ei - 8hinin
abC? " abCs

b
which leads to

24 toa 12 Foa
Go=2 (Y kb = (22
a —a

Substituting this into (3.16), we obtain

16 b— a)kmin\
AM=1-——. (w)m% —&—O(L%).
12
The corresponding convergence factor (3.11) is then obtained, and this finishes the
proof of the overlapping case. Combining with Lemma 3.4, which is the nonoverlap-
ping case, we then have Theorem 3.2. 0

We compare the convergence factor of the various optimized Schwarz methods to the
classical Schwarz methods in Figure 1 on the left. We clearly see that the classical
Schwarz method with the j = 1 Dirichlet condition converges very badly for low fre-
quencies, the third power in the convergence factor 1—O(L?) which also appears in the
abstract Schwarz results in [18, 1, 6, 5] is detrimental for convergence. The new choice
of Dirichlet conditions with j = 3,4 for classical Schwarz is already much better. The
optimized Schwarz methods have a much further improved low frequency behavior.
We also see the local maximum however still appearing, with which equioscillation
leads to our new optimized Schwarz methods. On the right, we show the correspond-
ing optimized Schwarz convergence factors without overlap. In Figure 2 we show the
corresponding asymptotic convergence factors, more precisely, we plot 1 — p on the
vertical axis, where p is the asymptotic convergence factor mentioned above in the
paragraph, on the left for the overlapping case when the overlap L becomes small, and
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. ' ' T——Classical Schwarz j=1
09} — — Classical Schwarz j=3,4 0.9}
—-—-Optimized Schwarz j=1,3
08 )\ Optimized Schwarz j=2,4 08l
\
@071\ 007
Zosf 1 206
\ @
205+ x £05
[} \ [ -
o N = I 7
S 0.4 S S04k T
N i -
Sos AN Sos3 e
AN \ -
0.2 . 02} L
S \ e
0.1} L T T e = 1 01p 7 —-—-Optimized Schwarz j=1,3
AT R \ e Optimized Schwarz j=2,4
(= e L L L L L L Bral— 0 TR Ao L L I T T T T
7 10 20 30 40 50 60 70 80 90 100 7 10 20 30 40 50 60 70 80 90 100
k k

Fic. 1. Convergence factors with varying k corresponding to an overlap L = 1/50 (left) and no
overlap (right) for the biharmonic equation and various Schwarz algorithms.

107 7
-
-
/'/
F10%F e
/'/ ——Classical Schwarz j=1
104 - ——Classical Schwarz j=3,4
Optimized Schwarz j=1,3
——Optimized Schwarz j=2,4
—-=-Num Classical Schwarz j=1 s —
-5 y i Optimized Schwarz j=1,3
10 Num Classlpal Schwarz 173'4 ——Optimized Schwarz j=2,4
--=-Num Optimized Schwarz j=1,3 —-—-Num Optimized Schwarz j=1,3
. —-—-Num Optimized Schwarz j=2,4 5 —-—-Num Optimized Schwarz j=2,4
107 ' ' 10" '
102 10 10° 10 10
L h

F1G. 2. Left: convergence factors with varying overlap L and various Schwarz algorithms, and
the corresponding numerical results are in dashed. Right: convergence factors with varying meshsize
h and various optimized Schwarz algorithms in the nonoverlapping case, and the corresponding
numerical results are in dashed.

on the right without overlap, L = 0, when the mesh size h becomes small, meaning
that kpax ~ % becomes large.

We see that our asymptotic analysis captures very well the best possible perfor-
mance obtained by numerical optimization and shown in dashed, and the performance
of the optimized variants is many orders of magnitude better than for classical Schwarz
methods.

3.3. Well-posedness of our choices of parameters. Not all choices of pa-
rameters necessarily lead to well-posed subdomain problems, so this needs to be
checked for the parameters obtained in Subsection 3.1 and 3.2. We only give the
analysis in a bounded domain, which is more useful in practice. We consider the
problem (1.1), and assume that Q := (aj,a2) X (b1,b2) with a1 < 0 < L < ay is a
bounded domain in R?. Then  := (a1, L) x (b1, b2) and Qy := (0, az) x (b1, ba). The
interfaces I'y and I's are still x = L and x = 0. Then we have

THEOREM 3.7. With the choice of parameters in (3.5), for all p > 0, the subprob-



16 MARTIN J. GANDER, AND YONGXIANG LIU

lems (3.1) and (3.2) are well-posed.

Proof. For the parameter matrix P = pin- P12 pa — pa iy (3.5), let
P21 P22 ! 2

a(u,v) == / ocAuAvdzdy + / (1 — 0)(0pgt0zzv + OyyuQyyv + 205y u0yyv)dady.
Q Qs

7

Then according to Green’s formula, the variational form of (3.1) and (3.2) for OS;
and OS5 is

/ APy - vdrdy = a(u,v) + / (OnAu~+ (1 — 0)07(Onru)) - vds — / (Au — (1 — 0)0rru) - Opvds
Q a0,

08

= a(w,v) + /m [Onv ] [ a;A(ﬁiﬁ(:)(gfa(giL) }ds

—atu+ [ o o[ B v [0 o= [ o ] 2

i

:a(u,v)Jr/ [Onv ] { Pz P } { Oni ]ds/ [Onv ] [ ga
T P22 P21 u T 9B

= / fudxdy
Q;

for Vv € V, where V is the space {w | cAw € L?(Q;), (1 — 0)0w € L2(Q;), (1 —
0)dyyw € L2(), (1 — 0)dpyw € L2(), w € HY(Q,), (1 — 0)0,wr, € L*(T;), Opw +
pwlr, € LA(T),wloq,nea = 0,0,w|an,no0 = 0}, which depends on the choice of o
and p in Pf = Ps. Let the bilinear form

(3.20)

. P12 Pu Onu _ 2p (1+0)p?
b(u,v) = /F [Onv ] [ o2 pon } [ " }ds = /F [Onv ] [ (1+ 0)p? op?
By a direct analysis, we can check that [|wllv.q, = [a(w, w) + |wl|} o, + b(w, w))? is a

norm of V', where || - ||1 o, is the norm of Sobolev space H!(Q;). In fact, if o # 1, V is
equivalent to the space {w | w € H?(Q;), w|a0,no0 = 0, Opw|sn,noa = 0}. However,
if 0 = 1, things become different. Based on this observation, the following analysis is
given suitable for both cases. The variational form can be written as

a(u,v) + b(u,v) = /1“ [Onv ] { gg ] d8+/9, fodady.

We first prove the continuity of this form, which is natural. For some constant
C, note that

S
[N
S

a(u,v) < Ca(u,u)%a(v,v) , blu,v) < Cb(u,u)2b(v,v)2.
Then

a(u,v) + b(u, v) < Cla(u,w) + b(u, u)]? [a(v, v) + b(v, v)]? < C|lul

v llvlives

finishes the proof of continuity.

| as
| as

I

Optt

u

J .
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For the coercivity, Vv € V', note that

a(v,v) = || Av|[§ o, + (1 = 0)|vl3 0,

and
1+o l1-0o l—-0o
bw.) = 20 | LD o0 4 gl + O D00z, + S 0l3 ]
where || - [lo.:, | - |2.0, and || - [|o.r; are the L? norm in §;, second order seminorm of

H?(€;) and L2 norm on T';. Since v|gq,na0 = 0, and 9,v|s0,nea = 0, then we have

Onv + pu|aq,nan = 0. We know that the regularity of the solution to problem
—Av=f,iny, Ow+pv=0o0n0Q NI, v+ pv=g,only,

is

[v

C(ll fo

C(l follo,os + llgvllo,00.)
Cla(v,v)? + b(v,v)?)
C(a(v,v) + b(v,v))?,

|179i

lo.; + [lgw ||—§,69i)

NN IN N

which leads to
a(v,v) +b(v,v) = Cllv|[}q,-
For the right hand side, we have

/ [Onv V] [ gA } ds + fvdxdy

r; 9B Qi

< C([[0nvllo,r:llgallor, + vllorlgsllor, + I fll-1,0:lvl1,0.)

< C([|9nv + pollo,r; llgallo.r; + [lpvllo,r;llgallo.r; + [lvllo,r; lgsllor; + Lfll-1,0:[v]l1,0:)
< Cllgallo,r,b(v,0)% + llgallo,r, lvllne, + llgsllor vl + 1Fl-ve vl

< C(llgallo,r: lvllv.a, + llgallo,r: llvllvie, + llgsllor lvllv.a, + 1fl-1,0. v]lv.e:)

< C(llgallo,r: + lgsllo,rs + [ Fll=1.0)lv[lv.0.-

So we have proved the case OS; and OSs by Lax-Milgram theorem.
For the case OSs3, by direct computation, we obtain

warrgoaw = o ]+ [0 E ] L]

(20 (o] # [ ] [ ]) = [ 2 3 s+ o

1
= 0

which leads to the fact that OS; and OS5 are equivalent since [ E’;) 1 } is invertible

for p > 0. Following the same approach, we have for the case OS,

. a
55 0

(N1 + PiDy)(u) = [ _%(110)]) 1

} (Ns + PED2) (u).

Remark 3.8. According to the proof of Theorem 3.7, we obtain that with the

choice of parameters (3.5), the methods OS; and OS5 are equivalent, and OSy and
0S8y are also equivalent.
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3.4. A general optimized parameter for the nonoverlapping OS;. The
structure of the transmission matrices P; in (3.5) we optimized comes from the struc-
turally consistent choice indicated by the optimal transmission matrices in (3.3)
and (3.4). To check if this choice is indeed a good one, we consider general opti-
mization parameters in OS; for the nonoverlapping case L = 0. So assume that
. { P11 P2

P21 P22
other. Then by a direct calculation, we still have To A5 1 TlAfl. Defining

], where p;;, 7, = 1,2 are constants that do not depend on each

dy := 2p1a|k[*—2pa1|k|, d2 := 2p12|k|>+2pa1|k|, d3 := 2(p11-+paz) k> +p1ap21 —p11D22, da i= 16p1apar |k[*,

by direct calculation, the two eigenvalues of the matrix Ty AT' and To A, ! are

dy + /B —d4 dy —\/dZ—d4
(3.21) PR N A Sk Y Ve T e

dy + ds ’ dy + ds

Then the contraction factor is

(3.22) p(P11, P12, P21, P22) = max {|\1]2, [A2]?}.

max
[E|min <|F|< k| max
To determine the values of each element of P{, we use some restrictions based on the
following observations:

1. If p1ape1 = 0, then we have d; = +ds and dy = 0. By (3.21), we obtain

[Ad1] = 1 or |A2] = 1, which implies that the method will not converge. So a
necessary condition for convergence is

(323) P12P21 ;é O

2. According to (3.20) and the discussion in the proof of Theorem 3.7, to guar-
antee well-posedness of the original problem, we need b(u,u) > 0, i.e. the

matrix | P12 P11 | peeds to be positive semidefinite, which leads to
P22 P21
(3.24) P11 =Dp22, P12 2 0,p21 20, prapar = p11paa-

Now we give details of the analysis. Noticing that only d3 depends on the value of
p11, we fix the values of pio, p21 to analyze the variation of pqq.

LEMMA 3.9. If p11 = pa2 = 0, then the optimized choice of the parameters must
satisfy the relations

P21

- = ‘k|min‘k|max-
P12

(3-25) P12p21 = p%p

The corresponding optimized convergence factor then becomes

2
(326) p= (\/|k|max B \/|k|min> <1
\/|k|1118LX + \/|k|min

Proof. Based on the necessary conditions (3.23) and (3.24), we have p1a > 0,p2; >
0, which implies do > 0,d4 > 0, and combining with the condition p;; > 0, we have
ds > 0. To obtain the exact convergence factor (3.22), we need to consider whether
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the value \/d% — dy is real or complex, so our analysis is divided into two cases:
Case 1: d§ —d4 > 0, which is equivalent to

(3.27) (p12p21 — P?1)[P12P21 — (p11 — 4|k|2)2] 2 0.

By direct calculations, we have

(3.28) O dads —di/d} —dy +dy and OXy  dads +dy\/d3 — dy + dy
. ad3 (d2 + d3)2\/m 8d3 (d2 + d3)2\/m .

If d; > 0, then from (3 21) we know that |[A1| > |A2|. Notice that A\; < 0, and
d3d% > d2d3 implies 2 8 < 0. So in this case, the optimal choice is d3 = d4. On the
other hand, if d; < 0, then |A1] < |X2|. Notice that Ay > 0, and d3d3 > d3d3 implies
6/\2 > 0. So in this case, the optimal choice is also d = d4. The Condition d§ = dy

means p12p21 — p3y = 0 or prapa1 — (p11 — 4]k|?)? = 0, however, the parameters are
required to be constants independent of k, which lead to pi1ape; = p?;. With these
observation, we have

A1 = [A2| = ’ ! — ‘ 2|k|(p12|k|* — p21) ‘\/pl 2|k| —
2 2[k|(p12|k|* + p21 + 2\/Pr2pa1|kl) \/ITIkIJrJE
\/P12|k| VP21
To obtain the optimal convergence rate, we need pgupr;l K 51}3}; o, | VPR

The optimal choice of these parameters satisfies

\/pz
=V |k|mm|k|maxa

and the corresponding convergence factor is (3.26).

2 2
Case 2: d% —d4 < 0. Then we have [\1]? = [\2]? = %. By direct calculations,

2 2
we have 8@;;3' ) = 8(19)2123‘ ) <o. Similarly, the best choice is d3 = dy and we have the

d2
same result as case 1, |\1]? = |\o]? = (CrEm R 0

LEMMA 3.10. If p11 = pae < 0, then for any p12 and po1, the convergence factor

(3.29) p(p11, P12, P21, P22) = p(Pi1: Pi2 Pa1s Pa2),

where piy, pia, Pay, Pag are the parameters we chose in Lemma 3.9.

Proof. Similar as in Lemma 3.9, we divide the proof into two cases.

Case 1: d%2 —dy > 0. Then implied by the second and third relation in (3.24), (3.27)
and p;; < 0, we have two different conditions, one is p1opa1 — (p11 — 4[k[?)? > 0,
which leads to ds = p1apa1 — p2; + 4p11|k|? = 16|k|* — 4p11|k|? > 0, and the other is
P% = P12pP21-

First we assume ds > 0. If d; > 0, then from (3.21) we know that |A1| > |Aa].
Notice that A\; < 0, and d3d5 > d3d3 implies gg; < 0. So in this case, the optimal
choice is d3 = dy. On the other hand, if d; < 0, then |A;| < |A2|. Notice that Ay > 0,
and d3d3 > d3d} implies 6—22 > 0. So in this case, the optimal choice is also d% = d,.
Then similar as in the proof in Lemma 3.9, we also obtain

‘ 2|k|(p12lk]* — pa1) ‘\/pl 2|k| —
2|k|(p12|k|? + p21 + 2,/P1ap21 k) VP12 |k|+\/ﬁ

di

Al = Aol = ]
2
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Second, we assume p?; = p1apa1, then d3 = dy, but p11 < 0 leads to d3 < 0, which
is different from the proof of Lemma 3.9 and implies

Ml = | = \ b | ‘ 20k (12l k> — pon) ‘\ﬁpl 31| + .

dy —Vdy| | 2[k|(p12|k|? + p21 — 2¢/P12p21 k) fpralk] — >
Case 2: d% —dy < 0. Then we have |)\1\2 = |)\2|2 - d(ldj_‘f_‘;g;lzs’ and 3(1;:113\2) _
6((\9/\;; ) — _de(;jffi;)%dﬂg. We know that by (3.24), the inequality ds + d3 > 0 holds.

Since we always have do > 0 and dy > 0, if d3 < 0, then by a direct calculation
2 2
~2d3 — 2dy — 2d>dy < ~2(d3 +dy — d) = 0, e, 2P = 202D <0 1f dy > 0,

3

2 2
then B(gdlg‘ ) — a(l(,)’i‘ ) < 0. Based on this observation, the best choice satisfies the

condition d3 = +/d4, and the corresponding convergence factor is

‘\/ﬁkl
(da +\F \/IT\lirx/E

Therefore, no matter which case, the best choice of the parameters pio and pop is
the same as Lemma 3.9, which leads to the same convergence factor. However, since
p11 < 0, according to the above discussion, the best choice of parameters should satisfy
d3 > 0, i.e. condition d3 = v/d, indicates p1ap21 — (p11 — 4|k|?)? = 0, which means the
parameter p1; depends on k. So the inequality (3.29) holds, and “=" happens only
for some particular k. 0

IA]? = Xo]? =

Combining now Lemma 3.9 and 3.10, we have the following result on the relations
that must be satisfied by the optimized parameters.

THEOREM 3.11. For OS; without overlap, if we allow the use of the general ma-

trix
(330) Piq _ |: P11 P12 :| ,
Pp21 P22
then the optimized choice of the parameters must satisfy
P21
(3.31) pi1=pa2 >0, propa1 = pi;, o = kminkmax-
12

Remark 3.12. A direct comparison with our structurally consistent choice shows
that it does indeed satisfy these conditions, and is thus the good simplifying choice, i.e.
P in (3.6) satisfies all the conditions in (3.31). Further, we also find that P{ := uPf,
where (1 is some positive constant, still satisfies the conditions in (3.31) and is another
good choice.

Remark 3.13. All our analyses are based on the Fourier transform for the un-
bounded problem in the two-subdomain case. For the bounded domain case, we can
do the analysis in a similar way by Fourier series. For example, if we set the sim-
ply supported condition (D4) on the boundary, the corresponding Fourier modes are
sin(kmy), k € Nt and then we have the expansion u(z,y) = > u(z, k) sin(kny), which

k

leads to a similar form as (2.4). For the extension to the many subdomain case, (2.8)
is then changed into g't* = [1T:A; g7, The convergence factor can be obtained by

analyzing the eigenvalues of HT,»AZ»_I, which is more complicated and left for future

work.
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TABLE 1
Iteration numbers for the three classical Schwarz methods for different values of the overlap L.

CSl 053 and 054
A T T T T T T I T
16 32 64 128 16 32 64 128
L=h | 685 5167 40265 > 200000 | 34 68 134 267
L=2h| 191 1332 10127 81942 17 35 68 134
L=4h | 41 244 1768 13694 9 18 34 67

Remark 3.14. Note that our methods are based on a two-dimensional setting. For
the problem in 3D, we can extend our methods naturally: let n = (ng,ny,n.) be the
unit normal direction and V = (9, 9y, dy) be the gradient in 3D. Then the conditions
Au—(1-0)0rru and =0, Au — (1 — 0)07(0pru) in 2D case on the boundary become
Au—(1-0)(nxV) - (nxV)uand —0,Au— (1 —0c)(nx V) -[(n-V)-(nx V)u] in
3D. Fourier analyses then also works for this problem, by transforming two directions
rather than one.

Remark 3.15. The idea of this paper can be extended to general 2mth-order prob-
lems. In [16], it is shown that Schwarz methods for 2mth-order problems
(=8)"u=f
with classical Dirichlet boundary conditions D(u) = [u dyu ... 87 ' u] have con-
vergence factors of the form 1 — O(L?>™~1). Naturally, in our opinion, by choosing
Dirichlet boundary conditions like D(u) = [u Au ... A™~1y], the corresponding con-
vergence factor should be 1 — O(L), which is as good as the Schwarz method for

Laplace’s equation. Other boundary conditions and optimized Schwarz methods are
left for future work.

4. Numerical results. We study now our algorithms C'S; j = 1,3,4 and OS;
j = 1,2,3,4 for the biharmonic equation (1.1) numerically in the square domain
Q = (0,1) x (0,1) with Dirichlet boundary condition D;(u) = 0. We choose for the
right hand side f := 24y?(1 —y)? + 2422(1 — 2)? + 8[(1 — 22)? — 2(x — 2?)][(1 — 2y)? —
2(y — y*)], which corresponds to the manufactured solution u = z%(1 — x)?y?(1 —
y)2. We discretize (1.1) using the classical 13-point finite difference scheme, see, e.g.,
[9]. We first use two subdomains 27 and 23, and stop the Schwarz iterations when
% < 1079, where u is the discrete subdomain iterate on €2; at step n,
and u is the discrete mono-domain solution obtained by a direct solver. We start
the iteration with a random initial guess which is important, since if we choose some
special initial guess, the methods may converge faster than in the worst case covered
by our analysis, which then does not reveal the real convergence rate, see [8, Figure
5.2].

We start with two equal subdomains, the interface being in the middle, and show
in Table 1 the iteration numbers the three classical Schwarz algorithms C'S;, j = 1,3,4
require to solve the problem, depending on the mesh size h with L = O(h). We see
that all three classical Schwarz algorithms deteriorate when the mesh is refined, but
C'S3 and C'Sy convergence much faster than the truly classical C'S; for the biharmonic
problem, which illustrates well Theorem 2.1 and Theorem 2.2. We show in Table 2, the
corresponding results for the optimized Schwarz methods OSj, j = 1,2, 3, 4, where the
optimized parameters for OS5y, OS3 and O.S3, OS, are chosen according to Theorem
3.1 and 3.2. Because the size of the domain in the y direction is 1, we know that the

max;
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TABLE 2
Iteration numbers for the four optimized Schwarz methods for different values of the overlap L.

OSl and 053 OS2 and 054
h 11 1 1 [ L 1 1 I
16 32 64 128 16 32 64 128
L=h 6 7 10 12 |15 23 34 52
L=2nh| 4 6 7 10| 9 15 23 34
L=4h | 4 4 6 7 6 9 15 23

TABLE 3
Iteration numbers for the four optimized Schwarz methods for different values of the overlap L
with the Golden Gate Bridge example.

0S5 and OS3 0S5 and OS5y
L L=0 L=h L=2h L=4h | L=0 L=h L=2h L=4h
iter 46 12 9 7 4167 48 32 21

smallest wavelength captured by this domain size is A = 2, then we set ki, = 27“ =

here. We see that convergence is drastically improved, and the iteration numbers are
now only weakly depending on the overlap and mesh size, as predicted by our analysis.

We finally show experiments which go beyond our detailed two subdomain analy-
sis, namely a numerical simulation for the Golden Gate Bridge with many subdomains,
which was also used to test Dirichlet-Neumann methods in [11]. We only show the op-
timized Schwarz methods here, because the performances are superior to the classical
Schwarz methods with much lower iteration numbers according to the two subdomains
case. The famous Golden Gate Bridge is a suspension bridge with two towers and
total length of 2737 meters, and the span between the two towers to simulate is about
1280 meters. With the body supported by the towers and the suspension cables, i.e.
the boundary conditions Dy, the problem is

A?u=f inQ, Dy(u)=0 ondQ.

The bridge is only 27.4 meters wide, and with = (0, 1280) x (0,27.4), a decomposi-
tion into 50 bridge segments forming the subdomains €2; of size 25.6 x 27.4 is natural.
Since the bridge construction is steel, we set o = 0.28 for the outside boundary. We
also set the optimized parameters for OS7, OS5 and O.S;, OS, according to Theorem
3.1 and 3.2, where 0 = 1 for OS; and OS3 and o = 0 for OS5 and O.S; on the interface
for the iteration. As source, we use randomly placed cars, trucks, and vans on the
bridge section we simulate, see the top in Figure 3. The displacement of the bridge
under this load is the solution of our biharmonic problem, shown at the bottom of
Figure 3. We see that the bridge is very stable under this load, the displacement is
% < 1079 as the iteration termination condition
here. The iteration numbers for our optimized Schwarz methods are shown in Table 3.
This shows that also in this many subdomain case beyond our analysis, the optimized
Schwarz methods OS] and OS5 are much better algorithms than OS; and OS, for

solving the biharmonic problem.

very small. We also use max;

5. Conclusions. As was shown in [11], there are many choices of Dirichlet and
Neumann conditions for biharmonic problems, and one obtains thus various Dirichlet-
Neumann domain decomposition algorithms with different convergence rates. Here,
we first studied the classical Schwarz method by choosing different Dirichlet condi-
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Fic. 3. Top: the siz-lane bridge section [600,750] with different car, truck and van weights
randomly placed. Middle: displacement of the bridge caused by this load in the same bridge section
[600,750]. Bottom: Displacement caused by this load of the entire bridge, scaled by 4 for better
visibility.

tions, and we showed that the convergence rate for two of them is much better than the
classical choice, namely like for the Laplace problem. We then proposed new optimized
Schwarz methods by linearly combining different Dirichlet and Neumann conditions.
Our analysis of the convergence rates shows that they all converge substantially bet-
ter than the classical Schwarz method, even when it is using the Dirichlet condition
leading to similar performance as Schwarz methods applied to Laplace problems.
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