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ANALYSIS OF A NEW SPACE-TIME PARALLEL MULTIGRID
ALGORITHM FOR PARABOLIC PROBLEMS∗
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Abstract. We present and analyze a new space-time parallel multigrid method for parabolic
equations. The method is based on arbitrarily high order discontinuous Galerkin discretizations
in time and a finite element discretization in space. The key ingredient of the new algorithm is a
block Jacobi smoother. We present a detailed convergence analysis when the algorithm is applied to
the heat equation and determine asymptotically optimal smoothing parameters, a precise criterion
for semi-coarsening in time or full coarsening, and give an asymptotic two grid contraction factor
estimate. We then explain how to implement the new multigrid algorithm in parallel and show with
numerical experiments its excellent strong and weak scalability properties.

Key words. space-time parallel methods, multigrid in space-time, DG-discretizations, strong
and weak scalability, parabolic problems

AMS subject classifications. 65N55, 65F10, 65L60

DOI. 10.1137/15M1046605

1. Introduction. About ten years ago, clock speeds of processors stopped in-
creasing, and the only way to obtain more performance is by using more processing
cores. This has led to new generations of supercomputers with millions of computing
cores, and even today’s small devices are multicore. In order to exploit these new ar-
chitectures for high performance computing, algorithms must be developed that can
use these large numbers of cores efficiently. When solving evolution partial differential
equations, the time direction offers itself as a further direction for parallelization, in
addition to the spatial directions. The parareal algorithm [31, 34, 1, 39, 17, 9] has
sparked renewed interest in the area of time parallelization, a field that is now just over
fifty years old; see the historical overview [19]. We are interested here in space-time
parallel methods, which can be based on the two fundamental paradigms of domain
decomposition or multigrid. Domain decomposition methods in space-time lead to
waveform relaxation type methods; see [16, 18, 20] for classical Schwarz waveform
relaxation, [10, 11, 12, 13, 2] for optimal and optimized variants, and [30, 35, 15] for
Dirichlet–Neumann and Neumann–Neumann waveform relaxation. The spatial de-
compositions can be combined with the parareal to obtain algorithms that run on ar-
bitrary decompositions of the space-time domain into space-time subdomains; see [33,
14]. Space-time multigrid methods were developed in [21, 32, 43, 29, 42, 28, 27, 45] and
reached good F-cycle convergence behavior when appropriate semi-coarsening and ex-
tension operators were used. In particular we want to mention [28], where the Fourier
mode analysis is used to analyze the space-time two-grid cycle which uses pointwise
smoothers in space and time. For a variant for nonlinear problems, see [6, 38, 37].

We present and analyze here a new space-time parallel multigrid algorithm that
has excellent strong and weak scalability properties on large scale parallel computers.

∗Submitted to the journal’s Methods and Algorithms for Scientific Computing section November 2,
2015; accepted for publication (in revised form) April 5, 2016; published electronically July 12, 2016.

http://www.siam.org/journals/sisc/38-4/M104660.html
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As a model problem we consider the heat equation in a bounded domain Ω ⊂ Rd,
d = 1, 2, 3 with boundary Γ := ∂Ω on the bounded time interval [0, T ],

(1.1)

∂t u(x, t)−Δu(x, t) = f(x, t) for (x, t) ∈ Q := Ω× (0, T ),

u(x, t) = 0 for (x, t) ∈ Σ := Γ× (0, T ),

u(x, 0) = u0(x) for (x, t) ∈ Σ0 := Ω× {0}.

We divide the time interval [0, T ] into subintervals

0 = t0 < t1 < · · · < tN−1 < tN = T with tn = n τ and τ =
T

N

and use a standard finite element discretization in space and a discontinuous Galerkin
approximation in time, which leads to the large linear system in space-time

[Mh ⊗Kτ +Kh ⊗Mτ ]un+1 = fn+1 +Mh ⊗ Cτun, n = 0, 1, . . . , N − 1.(1.2)

Here, Mh is the standard mass matrix and Kh is the standard stiffness matrix in
space obtained by using the nodal basis functions {ϕi}Nx

i=1 ⊂ H1
0 (Ω), where Nx is the

number of unknowns in space, i.e.,

Mh[i, j] :=

∫
Ω

ϕj(x)ϕi(x)dx, Kh[i, j] :=

∫
Ω

∇ϕj(x) · ∇ϕi(x)dx, i, j = 1, . . . , Nx.

The matrices for the time discretization, where a discontinuous Galerkin approxima-
tion with polynomials of order pt ∈ N0 is used, are given by

Kτ [k, �] := −
∫ tn

tn−1

ψn
� (t)∂tψ

n
k (t)dt+ ψn

� (tn)ψ
n
k (tn), k, � = 1, . . . , Nt,

Mτ [k, �] :=

∫ tn

tn−1

ψn
� (t)ψ

n
k (t)dt, Cτ [k, �] := ψn−1

� (tn−1)ψ
n
k (tn−1).

Here the basis functions for one time interval (tn−1, tn) are given by P
pt(tn−1, tn) =

span{ψn
� }

Nt

�=1, Nt = pt+1, and for pt = 0, we would, for example, get a backward Euler
scheme. Moreover, we denote each component of a vector vn ∈ RNxNt by vn,j,� ∈ R,
where n is the index of the nth time step, j is the index with respect to the unkowns
in space, and � is the index corresponding to the unknowns with respect to time, i.e.,
vn,j ∈ RNt . The right-hand side is given by

fn+1,j,� :=

∫ tn+1

tn

∫
Ω

f(x, t)ϕj(x)ψ
n+1
� (t)dxdt, j = 1, . . . , Nx, � = 1, . . . , Nt.

On the time interval (tn, tn+1), we can therefore define the approximation

un+1
h,τ (x, t) =

Nt∑
�=1

Nx∑
j=1

un+1,j,� ϕj(x)ψ
n+1
� (t),

where un+1 is the solution of the linear system (1.2). We thus have to solve the block
triangular system

(1.3)

⎛⎜⎜⎜⎝
Aτ,h

Bτ,h Aτ,h

. . .
. . .

Bτ,h Aτ,h

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
u1

u2

...
uN

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
f1 −Bτ,hu0

f2
...
fN

⎞⎟⎟⎟⎠
with Aτ,h :=Mh ⊗Kτ +Kh ⊗Mτ and Bτ,h := −Mh ⊗ Cτ .
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To solve the linear system (1.3), one can simply apply a forward substitution with
respect to the blocks corresponding to the time steps. Hence one has to invert the
matrix Aτ,h for each time step, where, for example, a multigrid solver can be applied.
This is the usual way that time dependent problems are solved when implicit schemes
are used [40, 24, 25], but this process is entirely sequential. We want to apply a
parallelizable space-time multigrid scheme to solve the global linear system (1.3) at
once. First we study general properties of the discontinuous Galerkin time stepping
scheme in section 2. In section 3 we present our method, and we study its properties
in section 4 using local Fourier mode analysis. Numerical examples are given in
section 5, and the parallel implementation is discussed in section 6, where we also
show scalability studies. We give an outlook on further developments in section 7.

2. Time discretization. Here we study for λ ≥ 0 the discontinuous Galerkin
discretization in time for the scalar evolution equation

∂tu(t) + λu(t) = f(t) for t ∈ (0, T ) and u(0) = u0 ∈ R,(2.1)

which leads to the discrete variational problem:
Find unτ ∈ Ppt(tn−1, tn) such that for all vnτ ∈ Ppt(tn−1, tn)

(2.2)

−
∫ tn

tn−1

unτ (t)∂tv
n
τ (t)dt+ unτ (tn)v

n
τ (tn) + λ

∫ tn

tn−1

unτ (t)v
n
τ (t)dt

=

∫ tn

tn−1

f(t)vnτ (t)dt+ un−1
τ (tn−1)v

n
τ (tn−1).

The problem (2.2) is equivalent to the system of linear equations

[Kτ + λMτ ]un+1 = fn+1 + Cτun, n = 0, 1, . . . , N − 1.(2.3)

Here un ∈ RNt and the right-hand side is given by

fn,� :=

∫ tn

tn−1

f(t)ψn
� (t)dt, � = 1, . . . , Nt and n = 1, . . . , N.

To study the properties of the discontinuous Galerkin discretization (2.2), we consider
for a function f : (tn−1, tn) → R the Radau quadrature rule of order 2s− 1,∫ tn

tn−1

f(t)dt ≈ τ

s∑
k=1

bkf(tn−1 + ckτ)

with the weights bk ∈ R+ and the integration points c1 = 0 and c2, . . . , cs ∈ [0, 1];
see [25].

Theorem 2.1. The discontinuous Galerkin approximation (2.2) of the model prob-
lem (2.1) is equivalent to the (pt+1)-stage implicit Runge–Kutta scheme RADAU IA
if the integral of the right-hand side is approximated by the Radau quadrature of order
2pt + 1.

Proof. With this approximation, and using integration by parts, we obtain from
(2.2) the variational problem:
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Find unτ ∈ Ppt(tn−1, tn) such that for all vnτ ∈ Ppt(tn−1, tn)

(2.4)

∫ tn

tn−1

∂tu
n
τ (t)v

n
τ (t)dt+ unτ (tn−1)v

n
τ (tn−1) + λ

∫ tn

tn−1

unτ (t)v
n
τ (t)dt

= τ

pt+1∑
k=1

bkf(tn−1 + ckτ)v
n
τ (tn−1 + ckτ) + un−1

τ (tn−1)v
n
τ (tn−1).

The idea of the proof is to apply the discontinuous collocation method introduced in
[23] to the model problem (2.1). Let c1 = 0 and c2, . . . , cpt+1 ∈ [0, 1] be the integration
points of the Radau quadrature of order 2pt+1 with the weights b1, . . . , bpt+1 ∈ R\{0}.
Then the discontinuous collocation method is given by the following:

Find wn
τ ∈ Ppt(tn−1, tn) such that for all k = 2, . . . , pt + 1

wn
τ (tn−1)− wn−1

τ (tn−1) = τb1 [f(tn−1)− ∂tw
n
τ (tn−1)− λwn

τ (tn−1)] ,
(2.5)

∂tw
n
τ (tn−1 + ckτ) + λwn

τ (tn−1 + ckτ) = f(tn−1 + ckτ).

In [23] it was shown that the discontinuous collocation method (2.5) is equivalent
to the (pt + 1)-stage implicit Runge–Kutta scheme RADAU IA. Hence it remains to
show the equivalence of the discontinuous Galerkin method (2.4) to the discontinuous
collocation method (2.5). First, we observe that ∂tu

n
τ v

n
τ and unτ v

n
τ are polynomials of

degree at most 2pt. Therefore we can replace the integrals on the left-hand side of
(2.4) with the Radau quadrature of order 2pt + 1 and obtain

(2.6)

τ

pt+1∑
k=1

bk∂tu
n
τ (tn−1 + ckτ)v

n
τ (tn−1 + ckτ) + unτ (tn−1)v

n
τ (tn−1)

+ τλ

pt+1∑
k=1

bku
n
τ (tn−1 + ckτ)v

n
τ (tn−1 + ckτ)

= τ

pt+1∑
k=1

bkf(tn−1 + ckτ)v
n
τ (tn−1 + ckτ) + un−1

τ (tn−1)v
n
τ (tn−1)

with vnτ ∈ Ppt(tn−1, tn). As test functions v
n
τ we consider the Lagrange polynomials

�ni (t) =

pt+1∏
j=1

j �=i

t− (tn−1 + cjτ)

τ(ci − cj)
for i = 1, . . . , pt + 1.

Hence we have �ni (tn−1+cjτ) = 0 for i 	= j and �ni (tn−1+ciτ) = 1 for i = 1, . . . , pt+1.
First we use the test function vnτ = �n1 in (2.6) and obtain

τb1∂tu
n
τ (tn−1) + unτ (tn−1) + τλb1u

n
τ (tn−1) = τb1f(tn−1) + un−1

τ (tn−1).

This implies that the solution unτ of (2.4) satisfies the first equation of (2.5). For the
test function vnτ = �nk , k = 2, . . . , pt + 1 we further get

τbk∂tu
n
τ (tn−1 + ckτ) + τλbku

n
τ (tn−1 + ckτ) = τbkf(tn−1 + ckτ).

Dividing this equation by τbk 	= 0 we see that the solution unτ of the discontinuous
Galerkin scheme (2.4) also satisfies the second equation of the discontinuous colloca-
tion method (2.5). Hence the solution unτ of the discontinuous Galerkin scheme (2.4)
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is a solution of the discontinuous collocation method (2.5). The converse is proved by
reverting the arguments.

The RADAU IA scheme has been introduced in the PhD thesis [5] in 1969; see
also [4]. From the proof of Theorem 2.1 we see that the jump of the discrete solution
at time tn−1 is equal to the pointwise error multiplied by the time step size τ and
the weight b1; see (2.5). Hence the height of the jump can be used as a simple error
estimator for adaptive time stepping.

Theorem 2.2. For s ∈ N, the s-stage RADAU IA scheme is of order 2s− 1 and
the stability function R(z) is given by the (s − 1, s) subdiagonal Padé approximation
of the exponential function ez. Furthermore the method is A-stable, i.e.,

|R(z)| < 1 for z ∈ C with 
(z) < 0.

Proof. The proof can be found in [25].

Corollary 2.3. The stability function R(z) of the discontinuous Galerkin ap-
proximation with polynomial degree pt ∈ N is given by the (pt, pt + 1) subdiagonal
Padé approximation of the exponential function ez. Furthermore the method is A-
stable, i.e.,

|R(z)| < 1 for z ∈ C with 
(z) < 0.

Proof. For the Dahlquist test equation ∂tu = λu, λ ∈ C we obtain by Theorem 2.1
that the discontinuous Galerkin scheme is equivalent to the RADAU IA method.
Hence the two methods have the same stability function R(z). Applying Theorem 2.2
completes the proof.

Lemma 2.4. For λ ∈ C the eigenvalues of the matrix (Kτ +λMτ )
−1Cτ ∈ CNt×Nt

are given by

σ((Kτ + λMτ )
−1Cτ ) = {0, R(−λτ)},

where R(z) is the A-stability function of the given discontinuous Galerkin time step-
ping scheme; see Corollary 2.3.

Proof. First we notice that the eigenvalues of the matrix (Kτ + λMτ )
−1Cτ are

independent of the basis {ψk}Nt

k=1, which is used to compute the matrices Kτ ,Mτ , and

Cτ . Hence we can use basis functions {ψk}Nt

k=1, where the eigenvalues of the matrix
(Kτ +λMτ )

−1Cτ are easy to compute, i.e., polynomials ψk ∈ Ppt(0, τ) which are zero
or one at t = τ

ψk(τ) =

{
1 k = 1,

0 k 	= 1
for k = 1, . . . , Nt.

To study the A-Stability of the discontinuous Galerkin discretization, we consider for
λ ∈ C the model problem

∂tu(t) = −λu(t), t ∈ (0, τ), and u(0) = u0.

For n = 0 this leads to the linear system

(Kτ + λMτ )u1 = u0Cτv
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with the vector v1 = 1 and vk = 0 for k = 2, . . . , Nt and with the solution vector
u1 ∈ RNt for the first step. Therefore the value at the endpoint τ of the discrete
solution u1τ ∈ Ppt(0, τ) is given by

u1τ (τ) = v
�u1 = u0v

� (Kτ + λMτ )
−1 Cτv ∈ R.

Hence the stability function R(z) with z = −λτ is given by

R(z) = R(−λτ) = v� (Kτ + λMτ )
−1
Cτv.(2.7)

Since the matrix Cτ has rank one, only one eigenvalue can be nonzero and with (2.7),
it is easy to see that this eigenvalue is given by R(−λτ).

3. Multigrid method. We present now our new space-time multigrid method
to solve the linear space-time system (1.3), which we rewrite in compact form as

Lτ,hu = f .(3.1)

For an introduction to multigrid methods, see [22, 41, 44, 46]. We need a hierarchical
sequence of space-time meshes TNL for L = 0, . . . ,ML, where L = 0 is the coarsest
level and L =ML is the finest level. This sequence has to be chosen in an appropriate
way; see section 4.2. In general we consider two types of coarsening strategies, i.e.,
coarsening only with respect to time and coarsening in space and time. For each
space-time mesh TNL we compute the system matrix LτL,hL for L = 0, . . . ,ML. On
the last (finest) level ML, we obtain the original system (3.1), i.e., LτML

,hML
= Lτ,h.

We denote by Sν
τL,hL

the inexact damped block Jacobi smoother with ν ∈ N steps,

u(k+1) = u(k) + ωt(D̃τL,hL)
−1
[
f − LτL,hLu

(k)
]
.(3.2)

Here D̃−1
τL,hL

denotes an approximation of the inverse of the block diagonal matrix

DτL,hL := diag{AτL,hL}NL
n=1, where a block AτL,hL := MhL ⊗ KτL + KhL ⊗ MτL

corresponds to one time step. We will consider in particular approximating (DτL,hL)
−1

by applying one multigrid V-cycle in space at each time step, using a standard tensor
product multigrid, like in [3]. Moreover ωt > 0 is a fixed damping parameter where
the optimal choice will be derived in section 4.1.

For the prolongation operator PL we use the standard interpolation from coarse
space-time grids to the next finer space-time grids, where we always combine two
time steps to one coarse time step. The prolongation operator will thus depend
on the space-time hierarchy chosen. The restriction operator is the adjoint of the
prolongation operator, RL = (PL)�. For the exact definitions see section 4.2. With
ν1, ν2 ∈ N we denote the number of pre- and post-smoothing steps, and γ ∈ N defines
the cycle index, where typical choices are γ = 1 (V-cycle) and γ = 2 (W-cycle). On
the coarsest level L = 0 we solve the linear system, which consists of only one time
step, exactly by using an LU-factorization for the system matrix Lτ0,h0 . For a given
initial guess we apply this space-time multigrid cycle several times, until we have
reached a given relative error reduction εMG.

To study the convergence behavior of our space-time multigrid method, we use
local Fourier mode analysis.

4. Local Fourier mode analysis. The aim of this analysis is to derive smooth-
ing factors and two-grid convergence factors for arbitary order discontinuous Galerkin
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time discretization schemes, i.e., for arbitrary polynomial degrees pt ∈ N0. To do so,
we group the unkowns for one time step and one Fourier mode together and use the
ideas which are used to analyze block-systems; see [41]. Hence, our symbol for the
smoother will be a matrix of dimension Nt ×Nt with Nt = pt + 1 and the symbol for
the two-grid operators will be of size 2d+1Nt×2d+1Nt. For simplicity we assume that
Ω = (0, 1) is a one dimensional domain, which is divided into uniform elements with
mesh size h. The analysis for higher dimensions is more technical, but the tools and
results stay the same as for the one dimensional case. The standard one dimensional
mass and stiffness matrices are

Mh =
h

6

⎛⎜⎜⎜⎜⎝
4 1

1 4
. . .

. . .
. . . 1
1 4

⎞⎟⎟⎟⎟⎠ , Kh =
1

h

⎛⎜⎜⎜⎜⎝
2 −1

−1 2
. . .

. . .
. . . −1
−1 2

⎞⎟⎟⎟⎟⎠ .

4.1. Smoothing analysis. The iteration matrix of the exact damped block
Jacobi is

Sν
τL,hL

=
[
I − ωt(DτL,hL)

−1LτL,hL

]ν
,

where DτL,hL is a block diagonal matrix with blocks AτL,hL . We first use the exact
inverse of the diagonal matrix DτL,hL in our analysis, and the V-cycle approximation
is studied later; see section 4.3. We denote by NLt ∈ N the number of time steps
and by NLx ∈ N the degrees of freedom in space for level L ∈ N0. To transform our
problem into the frequency domain, where we group all the unkowns for one time step
together, we need the following definition and lemma.

Definition 4.1 (Fourier modes, Fourier frequencies). Let NL ∈ N. Then the
vector valued function ϕ�(θk) := e��θk , � = 1, . . . , NL is called the Fourier mode with
frequency

θk ∈ ΘL :=

{
2kπ

NL
: k = 1− NL

2
, . . . ,

NL

2

}
⊂ (−π, π].

The frequencies ΘL are further separated into low and high frequencies

Θlow
L := ΘL ∩

(
−π
2
,
π

2

]
,

Θhigh
L := ΘL ∩

((
−π,−π

2

]
∪
(π
2
, π
])

= ΘL \Θlow
L .

Lemma 4.2. Let u = (u1,u2, . . . ,uNLt
)� ∈ RNtNLxNLt for Nt, NLx , NLt ∈ N,

where we assume that NLx and NLt are even numbers. Then the vector u can be
written as

u =
∑

θx∈ΘLx

∑
θt∈ΘLt

ψ(θx, θt)

with the vectors

ψn,j(θx, θt) := U(θx, θt)Φn,j(θx, θt) ∈ C
Nt , where Φn,j(θx, θt) ∈ C

Nt
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with Φn,j,�(θx, θt) := ϕn(θt)ϕj(θx) for n = 1, . . . , NLt , j = 1, . . . , NLx , � = 1, . . . , Nt

and with the coefficient matrix

U(θx, θt) := diag (û1, . . . , ûNt) ∈ C
Nt×Nt

with the coefficients for θx ∈ ΘLx and θt ∈ ΘLt

û� :=
1

NLx

1

NLt

NLx∑
j=1

NLt∑
n=1

un,j,�ϕj(−θx)ϕn(−θt).

Note that the indexing of the vectors above is the same as defined in the introduction.

Proof. The statement of this Lemma follows by simply applying the standard
discrete Fourier transform, see [46, Theorem 7.3.1], in space and time by separating
the unkowns for each time step.

In view of Lemma 4.2 a vector u = (u1,u2, . . . ,uNLt
)� can be written as a linear

combination of the vectors Φ(θx, θt), where the coefficients are matrices of dimension
Nt×Nt. Note that the matrix U(θx, θt) ∈ CNt×Nt in Lemma 4.2 is a diagonal matrix.
Later on we have to analyze the action of the Fourier symbols (which are in general
dense matrices of dimensions Nt × Nt) onto the coefficient matrix U(θx, θt). Hence
we have to deal with arbitary dense matrices, which motivates the next definition.

Definition 4.3 (Fourier space). For the space and time level Lx and Lt let θx ∈
ΘLx and θt ∈ ΘLt . Further let the vector Φ(θx, θt) be defined as in Lemma 4.2. Then
we define the linear space of Fourier modes with frequencies (θx, θt) as

ΨLx,Lt(θx, θt) := span {Φ(θx, θt)}
:=
{
ψ(θx, θt) ∈ C

NtNLxNLt : ψn,j(θx, θt) := UΦn,j(θx, θt),

for n = 1, . . . , NLt , j = 1, . . . , NLx and U ∈ C
Nt×Nt

}
.

Lemma 4.4 (shifting equality). For the space and time level Lx and Lt let θx ∈
ΘLx and θt ∈ ΘLt . Further let ψ(θx, θt) ∈ ΨLx,Lt(θx, θt). Then we have the shifting
equalities

ψn−1,j(θx, θt) = e−�θtψn,j(θx, θt), ψn,j−1(θx, θt) = e−�θxψn,j(θx, θt)

for n = 2, . . . , NLt and j = 2, . . . , NLx.

Proof. The result follows from the fact that

ϕn−1(θ) = e�(n−1)θ = e−�θe�nθ = e−�θϕn(θ).

Lemma 4.5 (Fourier symbol of LτL,hL). For the frequencies θx ∈ ΘLx and θt ∈
ΘLt we consider the vector ψ(θx, θt) ∈ ΨLx,Lt(θx, θt). Then for n = 2, . . . , NLt and
j = 2, . . . , NLx − 1 we have(

LτL,hLψ
Lx,Lt(θx, θt)

)
n,j

= L̂τL,hL(θx, θt)ψn,j(θx, θt),

where the Fourier symbol is given by

L̂τL,hL(θx, θt) :=
hL
3

(2 + cos(θx))
[
KτL + h−2

L β(θx)MτL − e−�θtCτL

]
∈ C

Nt×Nt

with the function β(θx) := 6 1−cos(θx)
2+cos(θx)

∈ [0, 12].
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Proof. Let ψ(θx, θt) ∈ ΨLx,Lt(θx, θt). Then we have for n = 2, . . . , NLt and using
Lemma 4.4

(LτL,hLψ(θx, θt))n = BτL,hLψn−1(θx, θt) +AτL,hLψn(θx, θt)

=
(
e−�θtBτL,hL +AτL,hL

)
ψn(θx, θt).

Hence, we have to study the action of Aτ,h and Bτ,h on the local vector ψn(θx, θt).
By using the definition of Bτ,h, we obtain for j = 2, . . . , NLx − 1 and � = 1, . . . , Nt

using Lemma 4.4

(BτL,hLψn(θx, θt))j,�

= −
NLx∑
i=1

Nt∑
k=1

MhL [j, i]CτL [�, k]ψn,i,k(θx, θt)

= −
Nt∑
k=1

hL
6

(
ψn,j−1,k(θx, θt) + 4ψn,j,k(θx, θt) +ψn,j+1,k(θx, θt)

)
CτL [�, k]

= −hL
6

Nt∑
k=1

CτL [�, k]
(
e−�θx + 4 + e�θx

)
ψn,j,k(θx, θt)

= −hL
3

(2 + cos(θx))

Nt∑
k=1

CτL [�, k]ψn,j,k(θx, θt)

= −hL
3

(2 + cos(θx))
(
CτLψn,j(θx, θt)

)
�
.

Next we study the action of the matrix Aτ,h on the local vector ψn(θx, θt):

(AτL,hLψn(θx, θt))j,�

=

NLx∑
i=1

Nt∑
k=1

MhL [j, i]KτL [�, k]ψn,i,k(θx, θt)

+

NLx∑
i=1

Nt∑
k=1

KhL [j, i]MτL [�, k]ψn,i,k(θx, θt)

=
hL
3

(2 + cos(θx))

Nt∑
k=1

KτL [�, k]ψn,j,k(θx, θt)

+

Nt∑
k=1

1

hL

(
−ψn,j−1,k(θx, θt) + 2ψn,j,k(θx, θt)−ψn,j+1,k(θx, θt)

)
MτL [�, k]

=
hL
3

(2 + cos(θx))
(
KτLψn,j(θx, θt)

)
�

+
2

hL
(1− cos(θx))

Nt∑
k=1

MτL [�, k]ψn,j,k(θx, θt)

=

([
hL
3

(2 + cos(θx))KτL +
2

hL
(1− cos(θx))MτL

]
ψn,j(θx, θt)

)
�

,
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where we used Lemma 4.4. Hence we conclude the proof with

(LτL,hLψ(θx, θt))n,j

=
hL
3

(2 + cos(θx))
(
KτL − e−�θtCτL

)
ψn,j(θx, θt)

+
2

hL
(1− cos(θx))MτLψn,j(θx, θt)

=
hL
3

(2 + cos(θx))

(
KτL + 6h−2

L

1− cos(θx)

2 + cos(θx)
MτL − e−�θtCτL

)
ψn,j(θx, θt)

=
hL
3

(2 + cos(θx))
(
KτL + h−2

L β(θx)MτL − e−�θtCτL

)
ψn,j(θx, θt).

If we assume periodic boundary conditions in space and time, i.e.,

(4.1)
u(t, 0) = u(t, 1) for t ∈ (0, T ),

u(0, x) = u(T, x) for x ∈ Ω = (0, 1),

we obtain from Lemma 4.5 the mapping property

(4.2)
LτL,hL : ΨLx,Lt(θx, θt) → ΨLx,Lt(θx, θt),

U 
→ L̂τL,hL(θx, θt)U.

Lemma 4.6 (mapping property of Sν
τL,hL

). For the frequencies θx ∈ ΘLx and θt ∈
ΘLt we consider the vector ψ(θx, θt) ∈ ΨLx,Lt(θx, θt). Then under the assumption of
periodic boundary conditions (4.1), we have for n = 1, . . . , NLt and j = 1, . . . , NLx(

Sν
τL,hL

ψ(θx, θt)
)
n,j

=
[
ŜτL,hL(θx, θt)

]ν
ψn,j(θx, θt),

where the Fourier symbol is given by

ŜτL,hL(θx, θt) := (1− ωt)INt + ωte
−�θt
(
KτL + h−2

L β(θx)MτL

)−1
CτL ∈ C

Nt×Nt

with the function β(θx) as defined in Lemma 4.5.

Proof. Let ψ(θx, θt) ∈ ΨLx,Lt(θx, θt), and then for a fixed n = 1, . . . , NLt and a
fixed j = 1, . . . , NLx we have that(

S1
τL,hL

ψ(θx, θt)
)
n,j

=
((
INtNLxNLt

− ωt(DτL,hL)
−1LτL,hL

)
ψ(θx, θt)

)
n,j

=

(
INt − ωt

(
ÂτL,hL(θx)

)−1

L̂τL,hL(θx, θt)

)
ψn,j(θx, θt)

=: ŜτL,hL(θx, θt)ψn,j(θx, θt)

with

ÂτL,hL(θx) : =
hL
3

(2 + cos(θx))KτL +
2

hL
(1− cos(θx))MτL

=
hL
3

(2 + cos(θx))
(
KτL + h−2

L β(θx)MτL

)
.

Further calculations give(
ÂτL,hL(θx)

)−1

L̂τL,hL(θx, θt) = INt − e−�θt
(
KτL + h−2

L β(θx)MτL

)−1
CτL .
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Θ high,s
Lx,Lt

Θ high,s
Lx,Lt

Θ low,s
Lx,Lt

θx

θt

π

π

−π

−π

π
2

−π
2

(a) Semi-coarsening.

Θ high,f
Lx,Lt

Θ low,f
Lx,Lt

θx

θt

π

π

−π

−π

π
2

π
2

−π
2

−π
2

(b) Full space-time coarsening.

Fig. 1. Low and high frequencies θx and θt for semi-coarsening and full space-time coarsening.

Hence we have

ŜτL,hL(θx, θt) = INt − ωt

(
INt − e−�θt

(
KτL + h−2

L β(θx)MτL

)−1
CτL

)
= (1− ωt)INt + ωte

−�θt
(
KτL + h−2

L β(θx)MτL

)−1
CτL .

By induction this completes the proof.

In view of Lemma 4.6, the following mapping property holds when periodic bound-
ary conditions are assumed:

(4.3)
Sν
τL,hL

: ΨLx,Lt(θx, θt) → ΨLx,Lt(θx, θt),

U 
→ (ŜτL,hL(θx, θt))
νU.

Next we will analyze the smoothing behavior for the high frequencies. To do so,
we consider two coarsening strategies: semi-coarsening in time (i.e., combining two
time intervals to one coarser time interval) and full space-time coarsening.

Definition 4.7 (high and low frequency ranges). For the space and time level
Lx and Lt we define the set of frequencies

ΘLx,Lt := {(θx, θt) : θx ∈ ΘLx and θt ∈ ΘLt} ⊂ (−π, π]2

and the sets of low and high frequencies with respect to semi-coarsening in time,

Θlow,s
Lx,Lt

:= ΘLx,Lt ∩ (−π, π]×
(
−π
2
,
π

2

]
, Θhigh,s

Lx,Lt
:= ΘLx,Lt \Θ

low,s
Lx,Lt

and full space-time coarsening

Θlow,f
Lx,Lt

:= ΘLx,Lt ∩
(
−π
2
,
π

2

]2
, Θhigh,f

Lx,Lt
:= ΘLx,Lt \Θ

low,f
Lx,Lt

.

In Figure 1, the high and low frequencies are illustrated for the two coarsening
strategies. To measure the smoothing property of the damped block Jacobi method
we use the following definitions.
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Definition 4.8 (asymptotic smoothing factors). Let ŜτL,hL(θx, θt) be the symbol
of the block Jacobi smoother. Then the smoothing factor for semi-coarsening in time
is

�s(Ŝ) := max
{
�(ŜτL,hL(θx, θt)) : (θx, θt) ∈ Θhigh,s

Lx,Lt

}
,

and the smoothing factor for full space-time coarsening is

�f(Ŝ) := max
{
�(ŜτL,hL(θx, θt)) : (θx, θt) ∈ Θhigh,f

Lx,Lt

}
.

To study the smoothing behavior, we need the eigenvalues of the Fourier symbol
ŜτL,hL(θx, θt). It will turn out in the next lemma that the A-stability of the under-
lying time discretization scheme plays an important role, which is reflected by the
A-stability function R(z).

Lemma 4.9. The spectral radius of the Fourier symbol ŜτL,hL(θx, θt) is given by

ρ
(
ŜτL,hL(θx, θt)

)
= max

{
|1− ωt| , Ŝ(ωt, α(θx, μ), θt)

}
with (

Ŝ(ωt, α, θt)
)2

:= (1− ωt)
2 + 2ωt(1− ωt)α cos(θt) + α2ω2

t ,

where α(θx, μ) := R(−μβ(θx)) and R(z) is the (pt, pt + 1) subdiagonal Padé approxi-
mation of the exponential function ez and μ := τLh

−2
L is a discretization parameter.

Proof. The eigenvalues of the Fourier symbol

ŜτL,hL(θx, θt) = (1 − ωt)INt + ωte
−�θt
(
KτL + h−2

L β(θx)MτL

)−1
CτL

are given by

σ(ŜτL,hL(θx, θt)) = 1− ωt + e−�θkωtσ((KτL + h−2
L β(θx)MτL)

−1CτL).

With Lemma 2.4 and using the definition of α(θx, μ) we are now able to compute the
spectrum as

σ(ŜτL,hL(θx, θt)) =
{
1− ωt, 1− ωt + e−�θkωtα(θx, μ)

}
.

Hence we obtain the spectral radius

�(ŜτL,hL(θx, θt)) = max
{
|1− ωt| ,

∣∣1− ωt + e−�θkωtα(θx, μ)
∣∣} .

Direct calculations lead to∣∣1− ωt + e−�θkωtα(θx, μ)
∣∣2 = (1− ωt)

2 + 2ωt(1− ωt)α(θx, μ) cos(θk) + (α(θx, μ))
2ω2

t ,

which completes the proof.

Next, we study the smoothing behavior of the damped block Jacobi iteration for
the case when semi-coarsening in time is applied.
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Lemma 4.10. For the function(
Ŝ(ωt, α, θt)

)2
:= (1− ωt)

2 + 2ωt(1− ωt)α cos(θt) + α2ω2
t

with α = α(θx, μ) as defined in Lemma 4.9 and even polynomial degrees pt, the min-
max principle

inf
ωt∈(0,1]

sup
θt∈[π

2
,π]

θx∈[0,π]

Ŝ(ωt, α(θx, μ), θt) =
1√
2

holds for any discretization parameter μ ≥ 0 with the optimal parameter

ω∗
t =

1

2

and the worst case frequencies

θ∗t =
π

2
and θ∗x = 0.

Proof. Since we consider even polynomial degrees pt, the (pt, pt +1) subdiagonal
Padé approximationR(z) of the exponential function ez is positive for all z ≤ 0. Hence
we also have that α(θx, μ) = R(−μβ(θx)) is positive for all μ ≥ 0 and θx ∈ [0, π]. Since
ωt ∈ (0, 1], we obtain

θ∗t := argsup
θt∈[π2 ,π]

Ŝ(ωt, α(θx, μ), θt) =
π

2
.

Since α(0, μ) = 1 and |α(θx, μ)| ≤ 1 for all θx ∈ [0, π] and μ ≥ 0 we get

θ∗x := argsup
θx∈[0,π]

Ŝ(ωt, α(θx, μ), θ
∗) = 0.

Hence we have to find the infimum of(
Ŝ(ωt, α(θ

∗
x, μ), θ

∗
t )
)2

= (1 − ωt)
2 + ω2

t ,

which is obtained for ω∗
t = 1

2 . This implies that(
Ŝ(ω∗

t , α(θ
∗
x, μ), θ

∗
t )
)2

=
1

2
,

which completes the proof.

Theorem 4.11 (asymptotic smoothing factor for semi-coarsening). For the
function(

Ŝ(ωt, α(θx, μ), θt)
)2

= (1− ωt)
2 + 2ωt(1− ωt)α(θx, μ) cos(θt) + (α(θx, μ))

2ω2
t ,

where α = α(θx, μ) is defined as in Lemma 4.9 and the choice ω∗
t = 1

2 and any
polynomial degree pt ∈ N0, we have the bound

sup
θt∈[π

2
,π]

θx∈[0,π]

Ŝ(ωt, α(θx, μ), θt) ≤
1√
2
.
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Proof. For even polynomial degrees pt, we can apply Lemma 4.10 to get the bound
stated. For odd polynomial degrees, the (pt, pt + 1) subdiagonal Padé approximation
R(z) of the exponential function ez is negative for large negative values of z. If the
value of α(θ∗x, μ) = R(−μβ(θ∗x)) for the optimal parameter θ∗x ∈ [0, π] is positive, we
get directly the bound of Theorem 4.11. Otherwise we obtain

θ∗t := argsup
θt∈[π2 ,π]

Ŝ(ωt, α(θ
∗
x, μ), θt) = π.

For a negative α(θ∗x, μ), this implies that

sup
θt∈[π

2
,π]

θx∈[0,π]

Ŝ(ω∗
t , α(θx, μ), θt) ≤

1

2
(1 + |α(θ∗x, μ)|) ≤

3

4
(
√
3− 1) <

1√
2
,

since any subdiagonal (pt, pt + 1) Padé approximation R(z) is bounded from below
by R(z) ≥ 1

2 (5− 3
√
3) for all z < 0.

Theorem 4.11 shows that the asymptotic smoothing factor for semi-coarsening
in time is bounded by �s(Ŝ) ≤ 1√

2
. Hence, by applying the damped block Jacobi

smoother with the optimal damping parameter ω∗
t = 1

2 , the error components in the

high frequencies Θhigh,s
Lx,Lt

are asymptotically damped by a factor of at least 1√
2
.

Theorem 4.12 (asymptotic smoothing factor for full space-time coarsening).
For the optimal choice of the damping parameter ω∗

t = 1
2 , we have

sup
θt∈[0,π]

Ŝ(ω∗
t , α, θt) =

1

2
(1 + |α|)

with the worst case frequency

θ∗t =

{
0 α ≥ 0,

π α < 0.

Proof. Let α ∈ R. For the optimal damping parameter ω∗
t = 1

2 we have(
Ŝ(ω∗

t , α, θt)
)2

=
1

4

(
1 + 2α cos(θt) + α2

)
.

First we study the case α ≥ 0, where we get

θ∗t := argsup
θt∈[0,π]

Ŝ(ω∗
t , α, θt) = 0.

For the case α < 0 we obtain

θ∗t := argsup
θt∈[0,π]

Ŝ(ω∗
t , α, θt) = π.

This implies that(
Ŝ(ω∗

t , α, θt∗)
)2

=
1

4

(
1 + 2 |α|+ α2

)
=

1

4
(1 + |α|)2 ,

which completes the proof.
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Theorem 4.12 shows that we obtain good smoothing behavior for the high fre-
quencies with respect to the space discretization, i.e., θx ∈ Θhigh

Lx
, if α = α(θx, μ) is

sufficiently small for any frequency θx ∈ [π2 , π]. Hence combining Theorem 4.11 with
Theorem 4.12, we see that good smoothing behavior can be obtained for all frequen-
cies (θx, θt) ∈ Θhigh,f

Lx,Lt
if the function α = α(θx, μ) is sufficiently small. This results in

a restriction on the discretization parameter μ. In the next subsection we will analyze
the smoothing behavior with respect to this discretization parameter. This analysis
will help us to switch between the two different coarsening strategies in the multigrid
approach.

4.1.1. Smoothing factors for different discretization parameters. With
the next lemma we will analyze the behavior of the smoothing factor �f(Ŝ) with
respect to the discretization parameter μ for even polynomial degrees pt ∈ N0.

Lemma 4.13. Let pt ∈ N0 be even. Then for the optimal choice of the damping
parameter ω∗

t = 1
2 we have

sup
θt∈[0,π]

θx∈[π2 ,π]

Ŝ(ω∗
t , α(θx, μ), θt) =

1

2
(1 +R(−3μ)),

where R(z) is the (pt, pt+1) subdiagonal Padé approximation of the exponential func-
tion ez.

Proof. In view of Theorem 4.12 it remains to compute the supremum

sup
θx∈[π2 ,π]

1

2
(1 + |α(θx, μ)|).

Since for even polynomial degrees pt the function α(θx, μ) = R(−μβ(θx)) is monotoni-
cally decreasing in β(θx), the supremum is obtained for β(θx) = 3, since β(θx) ∈ [3, 12]
for θx ∈ [π2 , π]. This implies that θ∗x = π

2 , and we obtain the statement of the lemma
with

sup
θt∈[0,π]

θx∈[π2 ,π]

Ŝ(ω∗
t , α(θx, μ)), θt) = Ŝ(ω∗

t , α(θ
∗
x, μ), θ

∗
t )

=
1

2
(1 + |α(θ∗x, μ)|) =

1

2
(1 +R(−3μ)).

The proof of Lemma 4.13 only holds for even polynomial degrees, but the result is
also true for odd polynomial degrees pt, though the proof gets more involved, since the
Padé approximation R(z), z ≤ 0 is not monotonically decreasing for odd polynomial
degrees.

Remark 4.14. In view of Lemma 4.13 we obtain a good smoothing behavior for
the high frequencies in space θx ∈ Θhigh

Lx
, i.e., �f(Ŝ) ≤ 1√

2
(see Theorem 4.11), if the

discretization parameter μ is large enough, i.e.,

μ ≥ μ∗
pt

with R(−3μ∗
pt
) =

√
2− 1.(4.4)

Hence we are able to compute the critical discretization parameter μ∗
pt

with respect
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(b) μ = 100.
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(c) μ = 0.01.

Fig. 2. Smoothing factor Ŝ(ω∗
t , α(θx, μ), θt)

2 for θx, θt ∈ [0, π] for pt = 0 and different dis-
cretization parameters μ.

to the polynomial degree pt,

μ∗
0 =

√
2

3
≈ 0.4714045208,

μ∗
1 =

1

3

(
−3−

√
2 +

√
11 + 12

√
2

)
≈ 0.2915022565,

μ∗
2 ≈ 0.2938105446,

μ∗
3 ≈ 0.2937911168,

μ∗
∞ ≈ 0.2937911957.

To compute the critical discretization parameter μ∗
∞, we used the fact that the (pt, pt+

1) subdiagonal Padé approximation R(z) converges to the exponential function ez for
z ≤ 0 as pt → ∞.

Remark 4.15. Theorem 4.12 shows that for all frequencies (θx, θt) ∈ ΘLx,Lt we
have the bound

Ŝ(ω∗
t , α(θx, μ)), θt) ≤

1

2
(1 + |R(−β(θx)μ)|) ≤ 1.

Only for θx = 0 we have that β(θx) = 0, which implies R(−β(θx)μ)) = 1. Hence if
the discretization parameter μ = τLh

−2
L is large enough we have that

|R(−β(θx)μ)| ≈ 0

for almost all frequencies θx ∈ ΘLx , which implies a good smoothing behavior for
almost all frequencies; see Figures 2(a)–2(c). Only the frequencies θx ∈ ΘLx which
are close to zero imply Ŝ(ω∗

t , α(θx, μ)), θt) ≈ 1. Hence for a large discretization
parameter μ the smoother itself is a good iterative solver for most frequencies, though
the frequencies θx ∈ ΘLx which are close to zero, i.e., very few low frequencies θx ∈
Θlow

Lx
, do not converge well. To obtain also a perfect solver for a large discretization

parameter μ we can simply apply a correction step after one damped block Jacobi
iteration by restricting the defect in space several times until we arrive at a very
coarse problem. For this small problem one can solve the coarse correction exactly
by solving these small problems forward in time. Afterward, we correct the solution
by prolongating the coarse corrections back to the fine space-grids.



ANALYSIS OF A NEW SPACE-TIME PARALLEL MG ALGORITHM A2189

4.2. Two-grid analysis. The iteration matrices for the two-grid cycles with
semi-coarsening and full space-time coarsening are

Ms
τL,hL

:= Sν2
τL,hL

[
I − PLx,Lt

s (L2τL,hL)
−1 RLx,Lt

s LτL,hL

]
Sν1
τL,hL

,

Mf
τL,hL

:= Sν2
τL,hL

[
I − PLx,Lt

f (L2τL,2hL)
−1 RLx,Lt

f LτL,hL

]
Sν1
τL,hL

with the restriction and prolongation matrices

RLx,Lt
s := INLx

⊗RLt , RLx,Lt

f := RLx
x ⊗RLt ,

PLx,Lt
s := INLx

⊗ PLt , PLx,Lt

f := PLx
x ⊗ PLt.

The restriction and prolongation matrices in time, i.e., RLt and PLt are given by

RLt :=

⎛⎜⎜⎜⎝
R1 R2

R1 R2

. . .
. . .

R1 R2

⎞⎟⎟⎟⎠ ∈ R
NtNLt−1×NtNLt , PLt := (RLt)�(4.5)

with the local prolongation matrices R�
1 :=M−1

τL M̃
1
τL and R�

2 :=M−1
τL M̃

2
τL , where for

basis functions {ψk}Nt

k=1 ⊂ P
pt(0, τL) and {ψ̃k}Nt

k=1 ⊂ P
pt(0, 2τL) the local projection

matrices from coarse to fine grids are defined for k, � = 1, . . . , Nt by

M̃1
τL [k, �] :=

∫ τL

0

ψ̃�(t)ψk(t)dt and M̃2
τL [k, �] :=

∫ 2τL

τL

ψ̃�(t)ψk(t+ τ)dt.

The restriction and prolongation matrices in space for the one dimensional case are

RLx
x :=

1

2

⎛⎜⎜⎜⎜⎜⎝
2 1

1 2 1
. . .

. . .
. . .

1 2 1
1 2

⎞⎟⎟⎟⎟⎟⎠ ∈ R
NLx−1×NLx ,(4.6)

PLx
x := (RLx

x )� ∈ R
NLx×NLx−1 .(4.7)

To analyze the two-grid iteration matrices Ms
τL,hL

and Mf
τL,hL

we need the following.

Lemma 4.16. Let u = (u1,u2, . . . ,uNLt
)� ∈ RNtNLxNLt for Nt, NLx , NLt ∈ N,

where we assume that NLx and NLt are even numbers. Then the vector u can be
written as

u =
∑

(θx,θt)∈Θlow,f
Lx,Lt

[
ψ(θx, θt) +ψ(γ(θx), θt) +ψ(θx, γ(θt)) +ψ(γ(θx), γ(θt))

]

with the shifting operator γ(θ) := θ − sign(θ)π and the vector ψ(θx, θt) ∈ C
NtNLxNLt

as in Lemma 4.2.

Proof. The statement of this lemma follows easily from the fact that the shifting
operator γ : Θlow

L → Θhigh
L with γ(θ) = θ − sign(θ)π is a one to one mapping.



A2190 MARTIN J. GANDER AND MARTIN NEUMÜLLER

In view of Lemma 4.16 each vector u = (u1,u2, . . . ,uNLt
)� can be written as a

linear combination of the vectors{
Φ(θx, θt),Φ(γ(θx), θt),Φ(θx, γ(θt)),Φ(γ(θx), γ(θt))

}
,

where (θx, θt) ∈ Θlow,f
Lx,Lt

are only low frequencies, i.e., four fine grid modes get aliased
to one coarse grid mode. This motivates us to study the convergence in terms of the
four fine-grid modes coupled together by the coarse-grid.

Definition 4.17 (space of harmonics). For Nt, NLx , NLt ∈ N and the frequencies

(θx, θt) ∈ Θlow,f
Lx,Lt

let the vector Φ(θx, θt) ∈ CNtNLxNLt be as in Lemma 4.2. Then we
define the linear space of harmonics with frequencies (θx, θt) as

ELx,Lt(θx, θt) := span
{
Φ(θx, θt),Φ(γ(θx), θt),Φ(θx, γ(θt)),Φ(γ(θx), γ(θt))

}
=
{
ψ(θx, θt) ∈ C

NtNLxNLt :

ψn,j(θx, θt) = U1Φn,j(θx, θt) + U2Φn,j(γ(θx), θt)

+ U3Φn,j(θx, γ(θt)) + U4Φn,j(γ(θx), γ(θt))

for n = 1, . . . , NLt , j = 1, . . . , NLx and U1, U2, U3, U4 ∈ C
Nt×Nt

}
.

With the assumption of periodic boundary conditions, see (4.1), Lemma 4.2 im-

plies for the system matrix LτL,hL for all frequencies (θx, θt) ∈ Θlow,f
Lx,Lt

the mapping
property:

(4.8)

LτL,hL :ELx,Lt(θx, θt) → ELx,Lt(θx, θt),⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→

⎛⎜⎜⎝
L̂τL,hL(θx, θt)U1

L̂τL,hL(γ(θx), θt)U2

L̂τL,hL(θx, γ(θt))U3

L̂τL,hL(γ(θx), γ(θt))U4

⎞⎟⎟⎠ =: L̃τL,hL(θx, θt)

⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ ,
where L̃τL,hL(θx, θt) ∈ C4Nt×4Nt is a block diagonal matrix. With the same argu-

ments, we obtain with Lemma 4.3 for the smoother for all frequencies (θx, θt) ∈ Θlow,f
Lx,Lt

the mapping property

(4.9)

Sν
τL,hL

:ELx,Lt(θx, θt) → ELx,Lt(θx, θt),⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→

⎛⎜⎜⎝
(ŜτL,hL(θx, θt))

νU1

(ŜτL,hL(γ(θx), θt))
νU2

(ŜτL,hL(θx, γ(θt)))
νU3

(ŜτL,hL(γ(θx), γ(θt)))
νU4

⎞⎟⎟⎠ =:
(
S̃τL,hL(θx, θt)

)ν⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠
with the block diagonal matrix S̃τL,hL(θx, θt) ∈ C4Nt×4Nt . To analyze the two-grid cy-

cle on the space of harmonics ELx,Lt(θx, θt) for frequencies (θx, θt) ∈ Θlow,f
Lx,Lt

, we further
have to investigate the mapping properties of the restriction and prolongation opera-
tors for the two different coarsening strategies RLx,Lt

s ,RLx,Lt

f , and PLx,Lt
s ,PLx,Lt

f .

Lemma 4.18 (Fourier symbols for the prolongation and restriction in space). Let
RLx

x and PLx
x be the restriction and prolongation matrices as defined in (4.6)–(4.7).

For θx ∈ Θlow
Lx

let ϕ(θx) ∈ CNLx and ϕC(2θx) ∈ CNLx−1 be a fine and a coarse Fourier
mode. Then (

RLx
x ϕ(θx)

)
j
= R̂x(θx)ϕ

C
j (2θx)
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for j = 2, . . . , NLx−1 − 1 with the Fourier symbol R̂x(θx) := 1 + cos(θx). For the
prolongation operator we further have(

PLx
x ϕC(2θx)

)
i
= P̂x(θx)ϕi(θx) + P̂x(γ(θx))ϕi(γ(θx))

for i = 2, . . . , NLx − 1 with the Fourier symbol P̂x(θx) :=
1
2R̂x(θx).

Proof. The proof is classical; see [41], for example.

Lemma 4.19 (Fourier symbol for the restriction in time). Let RL be the restric-
tion operator defined in (4.5), and for the time level Lt ∈ N0 we consider θt ∈ Θlow

Lt

and let
Φ(θt) ∈ C

NtNLt and ΦC(θt) ∈ C
NtNLt−1

be fine and coarse block Fourier modes with respect to time, i.e.,

Φn,�(θt) := ϕn(θt) for � = 1, . . . , Nt and n = 1, . . . , NLt ,

ΦC
n̂,�(θt) := ϕn̂(θt) for � = 1, . . . , Nt and n̂ = 1, . . . , NLt−1.

Then we have (
RLtΦ(θt)

)
n̂
= R̂(θt)Φ

C
n̂ (2θt) for n̂ = 1, . . . , NLt−1

with the Fourier symbol R̂(θk) := e−�θkR1 +R2.

Proof. By definition we have for n̂ = 1, . . . , NLt−1(
RLtΦ(θt)

)
n̂
= R1Φ2n̂−1(θt) +R2Φ2n̂(θt) =

[
e−�θ�R1 +R2

]
Φ2n̂(θt)

=
[
e−�θ�R1 +R2

]
ΦC

n̂ (2θt),

by using a shifting argument as in Lemma 4.4 and the fact thatϕ2n̂(θt) = ϕn̂(2θt).

Lemma 4.20 (Fourier symbol for the prolongation in time). Let PL be the prolon-
gation operator defined in (4.5), and for the time level Lt ∈ N0 we consider θt ∈ Θlow

Lt

and let
Φ(θt) ∈ C

NtNLt and ΦC(θt) ∈ C
NtNLt−1

be fine and coarse block Fourier modes with respect to time as defined in Lemma 4.5.
Then we have (

PLΦC(2θt)
)
n
= P̂(θt)Φn(θt) + P̂(γ(θt))Φn(γ(θt))

for n = 1, . . . , NLt with the Fourier symbol P̂(θk) :=
1
2 [e

�θtR�
1 +R�

2 ].

Proof. By definition we have for n̂ = 1, . . . , NLt−1(
PLtΦC(2θt)

)
2n̂−1

= R�
1 Φ

C
n̂ (2θt) = R�

1 Φ2n̂(θt) = e�θtR�
1 Φ2n̂−1(θt),

by using a shifting argument as in Lemma 4.4 and the fact that ϕn̂(2θt) = ϕ2n̂(θt).
Similar computations also give(

PLΦC(2θt)
)
2n̂

= R�
2 Φ

C
n̂ (2θt) = R�

2 Φ2n̂(θt).

Hence we have for n = 1, . . . , NLt

(
PLΦC(2θt)

)
n
=

{
e�θtR�

1 Φn(θt) n odd,

R�
2 Φn(θt) n even

∈ C
Nt .(4.10)
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Further computations show for � = 1, . . . , Nt that

Φn,�(γ(θt)) = ϕn(γ(θt)) = e�nγ(θt) = e�nθt−� sign(θt)nπ = ϕn(θt)e
� sign(θt)nπ

=

{
−Φn,�(θt) n odd,

Φn,�(θt) n even.

Moreover we have

P̂(γ(θt)) =
1

2

[
e�γ(θt)R�

1 +R�
2

]
=

1

2

[
e�(θt−sign(θt)π)R�

1 +R�
2

]
=

1

2

[
−e�θtR�

1 +R�
2

]
.

Hence we obtain for n = 1, . . . , NLt

P̂(θt)Φn(θt) + P̂(γ(θt))Φn(γ(θt))

=
1

2

[
e�θtR�

1 +R�
2

]
Φn(θt) +

1

2

[
−e�θtR�

1 +R�
2

]{−Φn,�(θt) n odd,

Φn,�(θt) n even

=

{
e�θtR�

1 Φn(θt) n odd,

R�
2 Φn(θt) n even

=
(
PLΦC(2θt)

)
n
,

where we used (4.10).

Definition 4.21 (Fourier space for semi-coarsening). For Nt, NLx , NLt−1 ∈ N

and the frequencies (θx, θt) ∈ Θlow,f
Lx,Lt

let the vector Φ(θx, θt) ∈ CNtNLxNLt−1 be defined
as in Lemma 4.2. Then we define the linear space with frequencies (θx, 2θt) as

ΨLx,Lt−1(θx, 2θt) := span {Φ(θx, 2θt),Φ(γ(θx), 2θt)}
=
{
ψ(θx, 2θt) ∈ C

NtNLxNLt−1 :

ψn,j(θx, 2θt) = U1Φn,j(θx, 2θt) + U2Φn,j(γ(θx), 2θt)

for n = 1, . . . , NLt − 1, j = 1, . . . , NLx and U1, U2 ∈ C
Nt×Nt

}
.

For semi-coarsening, the next lemma shows the mapping property for the restric-
tion operator RLx,Lt

s .

Lemma 4.22 (Fourier symbol for the restriction for semi-coarsening). The re-
striction operator RLx,Lt

s satisfies the mapping property

RLx,Lt
s : ELx,Lt(θx, θt) → ΨLx,Lt−1(θx, 2θt)

with the mapping ⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→ R̃s(θt)

⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠
and the matrix

R̃s(θt) :=

(
R̂(θt) 0 R̂(γ(θt)) 0

0 R̂(θt) 0 R̂(γ(θt))

)
with the Fourier symbol R̂(θt) ∈ CNt×Nt as defined in Lemma 4.19.
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Proof. Let Φ(θx, θt) ∈ ΨLx,Lt(θx, θt) and ΦC(θx, 2θt) ∈ ΨLx,Lt−1(θx, 2θt) be de-
fined as in Lemma 4.21. Then for n̂ = 1, . . . , NLt−1 and j = 1, . . . , NLx we have,
using the notation and the results of Lemma 4.19,(

RLx,Lt
s Φ(θx, θt)

)
n̂,j

= ϕj(θx)
(
RLtΦ(θt)

)
n̂
= R̂(θt)Φ

C
n̂ (2θt)ϕj(θx)

= R̂(θt)Φ
C
n̂,j(θx, 2θt).

Applying this result to the vector ψ(θx, θt) ∈ ELx,Lt(θx, θt) with (θx, θt) ∈ Θf
Lx,Lt

results in(
RLx,Lt

s ψ(θx, θt)
)
n̂,j

= R̂(θt)U1Φ
C
n̂,j(θx, 2θt) + R̂(γ(θt))U3Φ

C
n̂,j(θx, 2γ(θt))

+ R̂(θt)U2Φ
C
n̂,j(γ(θx), 2θt) + R̂(γ(θt))U4Φ

C
n̂,j(γ(θx), 2γ(θt)).

Since ΦC
n̂,j(θx, 2γ(θt)) = ΦC

n̂,j(θx, 2θt) we further obtain

=
[
R̂(θt)U1 + R̂(γ(θt))U3

]
ΦC

n̂,j(θx, 2θt)

+
[
R̂(θt)U2 + R̂(γ(θt))U4

]
ΦC

n̂,j(γ(θx), 2θt),

which completes the proof.

Lemma 4.23 (Fourier symbol for the restriction for full-coarsening). With the
assumptions of periodic boundary conditions (4.1) the following mapping property for
the restriction operator holds:

RLx,Lt

f : ELx,Lt(θx, θt) → ΨLx−1,Lt−1(2θx, 2θt)

with the mapping ⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→ R̃f(θx, θt)

⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠
and the matrix

R̃f(θx, θt) :=
(
R̂(θx, θt) R̂(γ(θx), θt) R̂(θx, γ(θt)) R̂(γ(θx), γ(θt))

)
with the Fourier symbol

R̂(θx, θt) := R̂x(θx)R̂(θt) ∈ C
Nt×Nt ,

where R̂x(θx) ∈ C is defined as in Lemma 4.18.

Proof. For the frequencies (θx, θt) ∈ Θlow
Lx,Lt

let Φ(θx, θt) ∈ ΨLx,Lt(θx, θt) and

ΦC(2θx, 2θt) ∈ ΨLx−1,Lt−1(2θx, 2θt). By applying Lemmas 4.18 and 4.19 we obtain

for n̂ = 1, . . . , NLt−1 and ĵ = 2, . . . , NLx−1 − 1(
RLx,Lt

f Φ(θx, θt)
)
n̂,ĵ

=
(
RLx

x ϕ(θx)
)
ĵ

(
RLtΦ(θt)

)
n̂
= R̂x(θx)R̂(θt)Φ

C
n̂ (2θt)ϕ

C
ĵ
(2θx)

= R̂(θx, θt)Φ
C
n̂,ĵ

(2θx, 2θt).
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Using this result for the vector ψ(θx, θt) ∈ ELx,Lt(θx, θt) with (θx, θt) ∈ Θf
Lx,Lt

results
in (

RLx,Lt

f ψ(θx, θt)
)
n̂,ĵ

= R̂(θx, θt)U1Φ
C
n̂,ĵ

(2θx, 2θt) + R̂(γ(θx), θt)U2Φ
C
n̂,ĵ

(2γ(θx), 2θt)

+ R̂(θx, γ(θt))U3Φ
C
n̂,ĵ

(2θx, 2γ(θt)) + R̂(γ(θx), γ(θt))U4Φ
C
n̂,ĵ

(2γ(θx), 2γ(θt)).

With the relations

ΦC(2θx, 2θt) = ΦC(2γ(θx), 2θt) = ΦC
n̂,ĵ

(2θx, 2γ(θt)) = ΦC
n̂,ĵ

(2γ(θx), 2γ(θt)),

we obtain the statement of this lemma with(
RLx,Lt

f ψ(θx, θt)
)
n̂,ĵ

=
[
R̂(θx, θt)U1 + R̂(γ(θx), θt)U2 + R̂(θx, γ(θt))U3

+ R̂(γ(θx), γ(θt))U4

]
ΦC

n̂,ĵ
(2θx, 2θt).

With the next lemmas, we will analyze the mapping properties of the prolongation
operators PLx,Lt

s and PLx,Lt

f .

Lemma 4.24 (Fourier symbol for the prolongation for semi-coarsening). For
(θx, θt) ∈ Θf

Lx,Lt
the prolongation operator PLx,Lt

s satisfies the mapping property

PLx,Lt
s : ΨLx,Lt−1(θx, 2θt) → ELx,Lt(θx, θt)

with the mapping

(
U1

U2

)

→

⎛⎜⎜⎝
P̂(θt) 0

0 P̂(θt)

P̂(γ(θt)) 0

0 P̂(γ(θt))

⎞⎟⎟⎠(U1

U2

)
=: P̃s(θt)

(
U1

U2

)

and the Fourier symbol P̂(θt) ∈ CNt×Nt defined as in Lemma 4.20.

Proof. Let ψC(θx, 2θt) ∈ ΨLx,Lt−1(θx, 2θt) for (θx, θt) ∈ Θf
Lx,Lt

, i.e.,

ψC
n̂,j(θx, 2θt) = ϕj(θx)U1Φ

C
n̂ (2θt) +ϕj(γ(θx))U2Φ

C
n̂ (2θt)

=: ϕj(θx)ψ
C,1
n̂ (2θt) +ϕj(γ(θx))ψ

C,2
n̂ (2θt).

Let Φ(θx, θt) ∈ CNtNLxNLt be defined as in Lemma 4.2, and then we obtain with
Lemma 4.20 for n = 1, . . . , NLt and j = 1, . . . , NLx the statement of this lemma with(
PLx,Lt
s ψC(θx, 2θt)

)
n,j

= ϕj(θx)
(
PLtψC,1(2θt)

)
n
+ϕj(γ(θx))

(
PLtψC,2(2θt)

)
n

= P̂(θt)U1Φn,j(θx, θt) + P̂(γ(θt))U1Φn,j(θx, γ(θt))

+ P̂(θt)U2Φn,j(γ(θx), θt) + P̂(γ(θt))U2Φn,j(γ(θx), γ(θt)).

Lemma 4.25 (Fourier symbol for the prolongation for full-coarsening). With the
assumptions of periodic boundary conditions (4.1) the following mapping property for
the prolongation operator holds:

PLx,Lt

f : ΨLx−1,Lt−1(2θx, 2θt) → ELx,Lt(θx, θt)
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with the mapping

U 
→

⎛⎜⎜⎝
P̂(θx, θt)

P̂(γ(θx), θt)

P̂(θx, γ(θt))

P̂(γ(θx), γ(θt))

⎞⎟⎟⎠U =: P̃f(θx, θt)U

and the Fourier symbol

P̂(θx, θt) := P̂x(θx)P̂(θt),

where P̂(θt) is defined as in Lemma 4.20.

Proof. Let ψC(2θx, 2θt) ∈ ΨLx−1,Lt−1(2θx, 2θt) for (θx, θt) ∈ Θf
Lx,Lt

, i.e.,

ψC
n̂,ĵ

(2θx, 2θt) = ϕ
C
ĵ
(2θx)UΦC

n̂ (2θt) =: ϕC
ĵ
(2θx)ψ

C
n̂ (2θt).

Let Φ(θx, θt) ∈ CNtNLxNLt be defined as in Lemma 4.2, and then we obtain with
Lemmas 4.18 and 4.20 for n = 1, . . . , NLt and j = 2, . . . , NLx − 1 the statement of
this lemma with(

PLx,Lt

f ψC(2θx, 2θt)
)
n,j

=
(
PLx
x ϕC(2θx)

)
j

(
PLtψC(2θt)

)
n

= P̂(θx, θt)UΦn,j(θx, θt) + P̂(γ(θx), θt)UΦn,j(γ(θx), θt)

+ P̂(θx, γ(θt))UΦn,j(θx, γ(θt)) + P̂(γ(θx), γ(θt))UΦn,j(γ(θx), γ(θt)).

For periodic boundary conditions (4.1), we further obtain with Lemma 4.5 the
mapping property for the coarse grid correction, when semi-coarsening in time is
applied,

(4.11)

(L2τL,hL)
−1 : ΨLx,Lt−1(θx, 2θt) → ΨLx,Lt−1(θx, 2θt)(

U1

U2

)

→
(
L̃s
2τL,hL

(θx, 2θt)
)−1
(
U1

U2

)
∈ C

2Nt×Nt

with the matrix

(
L̃s
2τL,hL

(θx, 2θt)
)−1

:=

⎛⎜⎝
(
L̂2τL,hL(θx, 2θt)

)−1

0

0
(
L̂2τL,hL(γ(θx), 2θt)

)−1

⎞⎟⎠ ,
i.e., (L̃s

2τL,hL
(θx, 2θt))

−1 ∈ C2Nt×2Nt . For full space-time coarsening, we have the
mapping property

(4.12)
(L2τL,2hL)

−1
: ΨLx−1,Lt−1(2θx, 2θt) → ΨLx−1,Lt−1(2θx, 2θt)

U 
→
(
L̃f
2τL,2hL

(2θx, 2θt)
)−1

U ∈ C
Nt×Nt

with (L̃f
2τL,2hL

(2θx, 2θt))
−1 := (L̂2τL,2hL(2θx, 2θt))

−1 ∈ CNt×Nt .
We can now prove the following two theorems.
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Theorem 4.26 (Fourier symbol for the two-grid operator for semi-coarsening).

Let (θx, θt) ∈ Θlow,f
Lx,Lt

. With the assumption of periodic boundary conditions (4.1),
the following mapping property holds for the two-grid operator Ms

τL,hL
with semi-

coarsening in time:

Ms
τL,hL

: ELx,Lt(θx, θt) → ELx,Lt(θx, θt)

with the mapping ⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→ M̃s
μ(θk, θt)

⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠
and the iteration matrix

M̃s
μ(θk, θt) :=

(
S̃τL,hL(θx, θt)

)ν2
K̃s(θx, θt)

(
S̃τL,hL(θx, θt)

)ν1
∈ C

4Nt×4Nt

with

K̃s(θx, θt) := I4Nt − P̃s(θt)
(
L̃s
2τL,hL

(θx, 2θt)
)−1

R̃s(θt)L̃τL,hL(θx, θt).

Proof. The statement of this theorem follows by using Lemmas 4.22 and 4.24, the
mapping properties (4.8), (4.9), and (4.11), and the fact that

β : Θlow
Lt

→ ΘLt−1 with θt 
→ 2θt

is a one to one mapping.

Theorem 4.27 (Fourier symbol for the two-grid operator for full-coarsening).

Let (θx, θt) ∈ Θlow,f
Lx,Lt

. With the assumption of periodic boundary conditions (4.1), the

following mapping property holds for the two-grid operator Mf
τL,hL

with full space-time
coarsening:

Mf
τL,hL

: ELx,Lt(θx, θt) → ELx,Lt(θx, θt)

with the mapping ⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→ M̃f
μ(θk, θt)

⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠
and the iteration matrix

M̃f
μ(θk, θt) :=

(
S̃τL,hL(θx, θt)

)ν2
K̃f(θx, θt)

(
S̃τL,hL(θx, θt)

)ν1
∈ C

4Nt×4Nt

with

K̃f(θx, θt) := I4Nt − P̃f(θx, θt)
(
L̃f
2τL,2hL

(2θx, 2θt)
)−1

R̃f(θx, θt)L̃τL,hL(θx, θt).

Proof. The statement follows in the same way as in Theorem 4.27 by using Lem-
mas 4.23 and 4.25 and the mapping properties (4.8), (4.9), and (4.12).
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In view of Lemma 4.16 we can now represent the initial error e0 = u− u0 as

e0 =
∑

(θx,θt)∈Θlow,f
Lx,Lt

[
ψ(θx, θt) +ψ(γ(θx), θt) +ψ(θx, γ(θt)) +ψ(γ(θx), γ(θt))

]
=:

∑
(θx,θt)∈Θlow,f

Lx,Lt

ψ̃(θx, θt)

with ψ̃(θx, θt) ∈ ELx,Lt(θx, θt) for all (θx, θt) ∈ Θlow,f
Lx,Lt

. Using Theorems 4.26 and
4.27 we now can analyze the asymptotic convergence behavior of the two-grid cycle
by simply computing the largest spectral radius of M̃s

μ(θk, θt) or M̃f
μ(θk, θt) with

respect to the frequencies (θx, θt) ∈ Θlow,f
Lx,Lt

. This motivates the following.

Definition 4.28 (asymptotic two-grid convergence factors). For the two-grid it-
eration matrices Ms

τL,hL
and Mf

τL,hL
we define the asymptotic convergence factors

�(M̂s
μ) := max

{
�(M̃s

μ(θk, θt)) : (θx, θt) ∈ Θlow,f
Lx,Lt

with θx 	= 0
}
,

�(M̂f
μ) := max

{
�(M̃f

μ(θk, θt)) : (θx, θt) ∈ Θlow,f
Lx,Lt

with θx 	= 0
}
.

Note that in the definition of the two-grid convergence factors we have neglected
all frequencies (0, θt) ∈ Θlow,f

Lx,Lt
, since the Fourier symbol with respect to the Laplacian

is zero for θx = 0; see also the remarks in [41, Chapter 4].
To derive the asymptotic convergence factors �(M̂s

μ) and �(M̂f
μ) for a given dis-

cretization parameter μ ∈ R+ and a given polynomial degree pt ∈ N0 we have to
compute the eigenvalues of

(4.13) M̃s
μ(θk, θt) ∈ C

4Nt×4Nt and M̃f
μ(θk, θt) ∈ C

4Nt×4Nt

with Nt = pt + 1 for each low frequency (θx, θt) ∈ Θlow,f
Lx,Lt

. Since it is difficult to
find closed form expressions for the eigenvalues of the iteration matrices (4.13), we
will compute the eigenvalues numerically. In particular we will compute the average
convergence factors for the domain Ω = (0, 1) with a decomposition into 1024 uniform
sub intervals, i.e., NLx = 1023. Furthermore we will analyze the two-grid cycles for
NLt = 256 time steps. In numerical experiments it turned out that finer space-time
grids lead to almost the same two-grid convergence factors, i.e., these estimates imply
a scalable two-grid method.

We plot as solid lines in the Figures 3(a)–3(b) the theoretical convergence factors
�(M̂s

μ) as functions of the discretization parameter μ = τLh
−2
L ∈ [10−6, 106] for

different polynomial degrees pt ∈ {0, 1} and different number of smoothing steps
ν1 = ν2 = ν ∈ {1, 2, 5}. We observe that the theoretical convergence factors are
always bounded by �(M̂s

μ) ≤ 1
2 . For the case when semi-coarsening in time is applied

we see that the two-grid cycle converges for any discretization parameter μ. We also
see for polynomial degree pt = 1 that the theoretical convergence factors are much
smaller than the theoretical convergence factors for the lowest order case pt = 0.

We also plot in Figures 3(a)–3(b) using dots, triangles, and squares the numeri-
cally measured convergence factors for solving the equation

LτL,hLu = f

with the two-grid cycle when semi-coarsening in time is applied. For the numerical
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Fig. 3. Asymptotic convergence factor �(M̂s
µ) for different discretization parameters μ and

numerical convergence factors for Nt = 256 time steps and Nx = 1023.
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Fig. 4. Average convergence factor �(M̂f
µ) for different discretization parameters μ and nu-

merical convergence factors for Nt = 256 time steps and Nx = 1023.

test we use a zero right-hand side, i.e., f = 0 and a random initial vector u0 with
values between zero and one. The convergence factor of the two-grid cycle is measured
by

max
k=1,...,Niter

∥∥rk+1
∥∥
2

‖rk‖2
, with rk := f − LτL,hLu

k,

where Niter ∈ N, Niter ≤ 250 is the number of two-grid iterations used until we
have reached a given relative error reduction of εMG = 10−140. We observe that the
numerical results agree very well with the theoretical results, even though the local
Fourier mode analysis is not rigorous for the numerical simulation that does not use
periodic boundary conditions.

In Figures 4(a)–4(b) we plot the theoretical convergence factors �(M̂s
μ) for the

two-grid cycle Mf
τL,hL

with full space-time coarsening as function of the discretiza-

tion parameter μ ∈ [10−6, 106] for different polynomial degrees pt ∈ {0, 1}. We
observe that the theoretical convergence factors are bounded by �(M̂f

μ) ≤ 1
2 if the

discretization parameter μ is large enough, i.e., for μ ≥ μ∗. In Remark 4.14 we al-
ready computed these critical values μ∗ for several polynomial degrees pt. As before
we compared the theoretical results with the numerical results when full space-time
coarsening is applied. In Figures 4(a)–4(b) the measured numerical convergence fac-
tors are plotted as dots, triangles, and squares. We see that the theoretical results
agree very well with the numerical results.
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Overall we conclude that the two-grid cycle always converges to the exact solution
of the linear system (1.3) when semi-coarsening in time is applied. Furthermore, if
the discretization parameter μ is large enough, we can also apply full space-time
coarsening, which leads to a smaller coarse problem compared to the semi coarsening
case.

4.3. Two-grid analysis with inexact smoother. For the two-grid analysis
above we used for the block Jacobi smoother

Sν
τL,hL

=
[
I − ωt(DτL,hL)

−1LτL,hL

]ν
(4.14)

the exact inverse of the diagonal matrix DτL,hL = diag {AτL,hL}
NLt
n=1. In practice, it

is more efficient to use an approximation D̃−1
τL,hL

by applying one multigrid iteration
in space for the blocks AτL,hL , see also [36], where such an approximate block Jacobi
method is used directly to precondition GMRES. Hence the smoother (4.14) changes
to

Sν

τL,hL
:=
[
I − ωt (I −MτL,hL) (DτL,hL)

−1LτL,hL

]ν
(4.15)

with the matrix MτL,hL := diag{Mx
τL,hL

}NLt
n=1, where Mx

τL,hL
is the error proper-

gation matrix of the multigrid scheme for the matrix AτL,hL . In the case that the
iteration matrix Mx

τL,hL
is given by a two-grid cycle, we further obtain the represen-

tation

Mx
τL,hL

= Sx,νx
2

τL,hL

[
I − PLx

x A−1
τL,2hL

RLx

x AτL,hL

]
Sx,νx

1

τL,hL

with a damped Jacobi smoother in space

Sx,νx

τL,hL
:=
[
I − ωx

(
Dx

τL,hL

)−1
AτL,hL

]νx

, Dx
τL,hL

:= diag

{
2h

3
KτL +

2

h
MτL

}NLx

r=1

and the restriction and prolongation operators

RLx

x := RLx
x ⊗ INt and PLx

x := PLx
x ⊗ INt .

With the different smoother (4.15) we also have to analyze the two different two-grid
iteration matrices

Ms

τL,hL
:= Sν2

τL,hL

[
I − PLx,Lt

s (L2τL,hL)
−1 RLx,Lt

s LτL,hL

]
Sν1
τL,hL

,(4.16)

Mf

τL,hL
:= Sν2

τL,hL

[
I − PLx,Lt

f (L2τL,2hL)
−1 RLx,Lt

f LτL,hL

]
Sν1
τL,hL

.(4.17)

Hence it remains to analyze the mapping property of the operatorMτL,hL on the space
of harmonics ELx,Lt(θx, θt). By several computations we find under the assumptions
of periodic boundary conditions (4.1) that

MτL,hL : ELx,Lt(θx, θt) → ELx,Lt(θx, θt)

with the mapping ⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠ 
→
(
M̃τL,hL(θx) 0

0 M̃τL,hL(θx)

)⎛⎜⎜⎝
U1

U2

U3

U4

⎞⎟⎟⎠(4.18)
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and the iteration matrix

M̃τL,hL(θx) := S̃x,νx
1

τL,hL
(θx)Kx

τL,hL
(θx)S̃x,νx

2

τL,hL
(θx) ∈ C

2Nt×2Nt ,

Kx
τL,hL

(θx, θt) := I2Nt − P̃x(θx)Ã
−1
τL,2hL

(2θx)R̃x(θx)ÃτL,hL(θx) ∈ C
2Nt×2Nt

with the matrices

ÃτL,hL(θx) :=

(
ÂτL,hL(θx) 0

0 ÂτL,hL(γ(θx))

)
∈ C

2Nt×2Nt ,

Ã−1
τL,2hL

(2θx) :=
(
ÂτL,2hL(2θx)

)−1

∈ C
Nt×Nt ,

S̃x,νx

τL,hL
(θx) :=

⎛⎜⎝
(
ŜτL,hL(ωx, θx)

)νx

0

0
(
ŜτL,hL(ωx, γ(θx))

)νx

⎞⎟⎠ ∈ C
2Nt×2Nt ,

R̃x(θx) :=
(
R̂x(θx)INt R̂x(γ(θx))INt

)
∈ C

2Nt×Nt ,

P̃x(θx) :=

(
P̂x(θx)INt

P̂x(γ(θx))INt

)
∈ C

Nt×2Nt

and the Fourier symbols

ÂτL,hL(θx) :=
hL
3

(2 + cos(θx))KτL +
2

hL
(1− cos(θx))MτL ∈ C

Nt×Nt ,

ŜτL,hL(ωx, θx) := INt − ωx

(
2hL
3
KτL +

2

hL
MτL

)−1

ÂτL,hL(θx) ∈ C
Nt×Nt .

Hence we can analyze the modified two-grid iteration matrices (4.16) by taking the
additional approximation with the mapping (4.18) into account. For the smoothing
steps νx1 = νx2 = 2 and the damping parameter ωx = 2

3 for the spatial multigrid com-
ponent, the theoretical convergence factors with semi coarsening in time are plotted in
Figures 5(a)–5(b) for the discretization parameter μ ∈ [10−6, 106] with respect to the
polynomial degrees pt ∈ {0, 1}. We observe that the theoretical convergence factors
are always bounded by �(Ms

μ) ≤ 1
2 . We also notice that the theoretical convergence

factors are a little bit larger for small discretization parameters μ, compared to the
case when the exact inverse of the diagonal matrix DτL,hL is used. The numerical
factors are plotted as dots, triangles, and squares in Figures 5(a)–5(b). We observe
that the theoretical convergence factors coincide with the numerical results.

In Figures 6(a)–6(b) the convergence of the two-grid cycle for the full space-time
coarsening case is studied. Here we see that the computed convergence factors are
very close to the results which we obtained for the case when the exact inverse of the
diagonal matrix DτL,hL is used.

5. Numerical examples. We present now numerical results for the multigrid
version of our algorithm, for which we analyzed the two-grid cycle in section 4.2.
Following our two-grid analysis, we also apply full space-time coarsening only if μL ≥
μ∗ in the multigrid version. If μL < μ∗, we only apply semi-coarsening in time.
In that case, we will have for the next coarser level μL−1 = 2τLh

−2
L = 2μL. This

implies that the discretization parameter μL−1 gets larger when semi-coarsening in
time is used. Hence, if μL−k ≥ μ∗ for k < L we can apply full space-time coarsening
to reduce the computational costs. If full space-time coarsening is applied, we have
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Fig. 5. Average convergence factor �(Ms
µ) for different discretization parameters μ and nu-

merical convergence factors for Nt = 256 time steps and Nx = 1023.
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Fig. 6. Average convergence factor �(Mf
µ) for different discretization parameters μ and nu-

merical convergence factors for Nt = 256 time steps and Nx = 1023.
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Fig. 7. Space-time coarsening for different discretization parameters μL.

μL−1 = 2τL (2hL)
−2 = 1

2μL, which results in a smaller discretization parameter μL−1.
We therefore will combine semi-coarsening in time or full space-time coarsening in
the right way to get to the next coarser space-time level. For different discretization
parameters μ = cμ∗, c ∈ {1, 10}, this coarsening strategy is shown in Figure 7 for
eight time and four space levels. The restriction and prolongation operators for the
space-time multigrid scheme are then defined by the given coarsening strategy.

We now show examples to illustrate the performance of our new space-time multi-
grid method.
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Table 1

Multigrid iterations for Example 5.1.

Time levels
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

S
p
a
ce

le
v
el
s 0 1 7 7 7 7 7 7 7 8 8 9 9 9 9 9

1 1 7 7 7 7 7 7 7 8 8 9 9 9 9 9
2 1 7 7 7 7 7 8 7 8 8 9 9 9 9 9
3 1 7 7 7 7 8 8 8 8 8 9 9 9 9 9
4 1 7 7 7 8 8 8 8 8 8 8 9 9 9 9
5 1 7 7 7 7 7 8 8 8 8 8 9 9 9 9

Example 5.1 (multigrid iterations). In this example we consider the spatial do-
main Ω = (0, 1)3 and the simulation interval (0, T ) with T = 1. The initial decom-
position for the spatial domain Ω is given by 12 tetrahedra. We use several uniform
refinement levels to study the convergence behavior of the space-time multigrid solver
with respect to the space-discretization. For the coarsest time level we use one time
step, i.e., τ0 = 1 and we increase the number of time steps for finer time levels by a
factor of two. For the space discretization we use P1 conforming finite elements, and
for the time discretization we use piecewise linear discontinuous ansatz functions, i.e.,
pt = 1. To test the performance of the space-time multigrid method we use a zero
right-hand side, i.e., f = 0, and as an initial guess u0 we use a random vector with
values between zero and one. For the space-time multigrid solver we use ν1 = ν2 = 2,
ωt =

1
2 , γ = 1. We apply for each block AτL,hL one geometric multigrid V-cycle to

approximate the inverse of the diagonal matrix DτL,hL . For this multigrid cycle we
use νx1 = νx2 = 2, ωx = 2

3 , γx = 1. For the smoother we use a damped block Jacobi
smoother, where a block consists of the unknowns with respect to time and is of size
pt + 1; see also subsection 4.3. We apply the space-time multigrid solver until we
have reached a given relative error reduction of εMG = 10−8. In Table 1, the iteration
numbers for several space and time levels are given. We observe that the iteration
numbers stay bounded independently of the mesh size hLx , the time step size τLt ,
and the number of time steps NLt = 2Lt.

Example 5.2 (high order time discretizations). In this example we study the
convergence of the space-time multigrid method for different polynomial degrees pt,
which are used for the underlying time discretization. To do so, we consider the
spatial domain Ω = (0, 1)2 and the simulation interval (0, T ) with T = 1024. For the
space-time discretization we use tensor product space-time elements with piecewise
linear continuous ansatz functions in space, and for the discretization in time we use
a fixed time step size τ = 1. For the initial triangulation of the spatial domain Ω we
consider four triangles, which are refined uniformly several times. For the space-time
multigrid approach we use the same parameters as in Example 5.1. We solve the
linear system (3.1) with zero right-hand side, i.e., f = 0, and for the initial vector u0

we use a random vector with values between zero and one. We apply the space-time
multigrid solver until we have reached a relative error reduction of εMG = 10−8. In
Table 2 the iteration numbers for different polynomial degrees pt and different space
levels are given. We observe that the iteration numbers are bounded, independently
of the ansatz functions for the time discretization.

6. Parallelization. One big advantage of our new space-time multigrid method
is that it can be parallelized also in the time direction, i.e., the damped block Jacobi
smoother can be executed in parallel in time. For each time step we have to apply one
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Table 2

Multigrid iterations with respect to the polynomial degree pt.

Polynomial degree pt
0 1 2 3 4 5 10 15 20 25 30 35 40 45

S
p
a
ce

le
v
el
s

0 7 7 6 6 6 6 5 5 4 4 4 4 5 5
1 7 7 7 7 7 7 7 7 7 7 7 7 7 7
2 7 7 7 7 7 7 7 7 7 7 7 7 7 7
3 7 7 7 7 7 7 7 7 7 7 7 7 7 7
4 7 7 7 7 7 7 7 7 7 7 7 7 7 7
5 7 7 7 7 7 7 7 7 7 7 7 7 7 7
6 7 7 7 7 7 7 7 7 7 7 7 7 7 7
7 7 7 7 7 7 7 7 7 7 7 7 7 7 7

x

t

(a) Parallelization only in the time direction.

x

t

(b) Full space-time parallelization.

Fig. 8. Communication pattern on a fixed level.

multigrid cycle in space to approximate the inverse of the diagonal matrix DτL,hL .
The application of this space multigrid cycle can also be done in parallel, where one
may use parallel packages like in [8, 7, 26]. Hence the problem (3.1) can be fully
parallelized in space and time; see Figure 8.

The next example shows the excellent weak and strong scaling properties of our
new space-time multigrid method.

Example 6.1 (parallel computations). In this example we consider the spatial
domain Ω = (0, 1)3, which is decomposed into 49,152 tetrahedra. For the discretiza-
tion in space we use P1 conforming finite elements, and for the time discretization we
use polynomials of order pt = 3, which allows from an approximation point of view the
time step size τ = 10−1. For the multigrid solver in space we use the best possible set-
tings such that we obtain the smallest computational times when we apply the usual
forward substitution. In particular we use a damped Gauss–Seidel smoother with the
damping parameter ωx = 1.285, and we apply one pre- and one post-smoothing step,
i.e., νx1 = νx2 = 1. We also tune the multigrid parameters with respect to time, such
that we also obtain the best possible computational times for the presented space-time
multigrid solver. Here we use ν1 = ν2 = 1 smoothing steps, and since μ = τh−2 is
large enough we use for the damping parameter ωt = 1; see also Remark 4.15. Of
course we could also use the asymptotic optimal damping parameter ω∗

t = 1
2 which

would lead to slightly more multigrid iterations for this case. To study the scaling
behavior only with respect to time we keep the discretization parameter μ fixed for all
space-time levels, i.e., we apply no refinement in space and fix the time step size. Of
course it is possible to use also parallel solvers like [8, 7] with respect to the problem
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Table 3

Scaling results with solving times in seconds for Example 6.1.

(a) Weak scaling results.

Cores Time steps dof iter Time fwd. sub.
1 2 59 768 7 28.8 19.0
2 4 119 536 7 29.8 37.9
4 8 239 072 7 29.8 75.9
8 16 478 144 7 29.9 152.2

16 32 956 288 7 29.9 305.4
32 64 1 912 576 7 29.9 613.6
64 128 3 825 152 7 29.9 1 220.7

128 256 7 650 304 7 29.9 2 448.4
256 512 15 300 608 7 30.0 4 882.4
512 1 024 30 601 216 7 29.9 9 744.2

1 024 2 048 61 202 432 7 30.0 19 636.9
2 048 4 096 122 404 864 7 29.9 38 993.1
4 096 8 192 244 809 728 7 30.0 81 219.6
8 192 16 384 489 619 456 7 30.0 162 551.0

16 384 32 768 979 238 912 7 30.0 313 122.0
32 768 65 536 1 958 477 824 7 30.0 625 686.0
65 536 131 072 3 916 955 648 7 30.0 1 250 210.0

131 072 262 144 7 833 911 296 7 30.0 2 500 350.0
262 144 524 288 15 667 822 592 7 30.0 4 988 060.0

(b) Strong scaling results.

Cores Time steps dof iter Time
1 512 15 300 608 7 7 635.2
2 512 15 300 608 7 3 821.7
4 512 15 300 608 7 1 909.9
8 512 15 300 608 7 954.2

16 512 15 300 608 7 477.2
32 512 15 300 608 7 238.9
64 512 15 300 608 7 119.5

128 512 15 300 608 7 59.7
256 512 15 300 608 7 30.0
512 524 288 15 667 822 592 7 15 205.9

1 024 524 288 15 667 822 592 7 7 651.5
2 048 524 288 15 667 822 592 7 3 825.3
4 096 524 288 15 667 822 592 7 1 913.4
8 192 524 288 15 667 822 592 7 956.6

16 384 524 288 15 667 822 592 7 478.1
32 768 524 288 15 667 822 592 7 239.3
65 536 524 288 15 667 822 592 7 119.6

131 072 524 288 15 667 822 592 7 59.8
262 144 524 288 15 667 822 592 7 30.0

in space. This leads to the fully parallel space-time solver as mentioned in Figure 8,
which will be analyzed in some future work.

To show the parallel performance, we first study the weak scaling behavior of the
new multigrid method. We use a fixed number of time steps per core, i.e., 2 time
steps for each core, and we increase the number of cores when we increase the number
of time steps. Hence the computational cost for one space-time multigrid cycle stays
almost the same for each core. But the cost for the communication grows, since the
space-time hierarchy gets bigger, when we increase the number of time steps. In
Table 3(a), we give timings for solving the linear system (3.1) for a different number
of time steps. We see that the multigrid iterations stay bounded if we increase the
problem size and that the computational costs stay completely constant if we increase
the number of cores. We also compare the presented space-time multigrid solver
with the usual forward substitution. For this we apply for each time step the space
multigrid solver with the best possible settings from above. We run the space multigrid
solver until we obtain the same relative error tolerance as for the space-time multigrid
method. In Table 3(a) the timings for the forward substitution are compared with the
parallel space-time multigrid solver. Note that for the forward substitution we have
no parallelization, neither in space nor in time. We see that the space-time multigrid
solver is already faster when we use only two cores. Furthermore, when we increase
the number of cores we observe that the space-time multigrid approach completely
outperforms the forward substitution. Then the largest problem takes 58 days to be
solved by forward substitution on one core, compared to 30 seconds with our new
space-time multigrid method on 524,288 cores.

To test the strong scaling behavior, we fix the problem size for 1 to 256 cores by
using 512 time steps, which results in a linear system with 15,300,608 unknowns. For
512 up to 262,144 cores we use 524,288 time steps, which results in 15,667,822,592
unknowns. Then we increase the number of cores, which results in smaller problems
per computing core. In Table 3(b) the timings are given for different numbers of
cores. We see that the computational costs are divided by a factor very close to two
if we double the number of cores. All the parallel computations of this example were
performed on Vulcan BlueGene/Q Supercomputer in Livermore, CA.

Example 6.2 (parallel tests for one spatial unkown). To show the scaling behavior
with respect to time in more detail we test the weak and strong scaling behavior of
our new space-time multigrid algorithm for the case when we have only one degree of
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Table 4

Scaling results with solving times in seconds for Example 6.2.

(a) Weak scaling results.

Cores Time steps pt = 0 pt = 1 pt = 5 pt = 10 pt = 20
1 32 768 3.96 2.45 3.60 7.97 17.77
2 65 536 5.30 3.39 5.10 10.74 25.83
4 131 072 5.34 3.38 5.45 10.84 26.13
8 262 144 5.95 3.77 5.75 11.70 28.54

16 524 288 5.94 3.77 5.78 11.69 28.61
32 1 048 576 5.96 3.80 5.87 11.73 27.21
64 2 097 152 7.92 4.73 6.68 12.62 27.96

128 4 194 304 8.03 4.74 6.66 12.76 28.52
256 8 388 608 8.09 4.91 6.80 12.90 28.29
512 16 777 216 8.06 4.79 6.75 12.82 29.13

1 024 33 554 432 7.96 4.75 6.69 13.01 28.89
2 048 67 108 864 8.06 4.79 6.73 13.02 28.86
4 096 134 217 728 8.14 4.80 6.77 12.77 29.18
8 192 268 435 456 8.14 4.89 6.84 13.03 29.23

16 384 536 870 912 8.10 4.80 6.82 13.25 29.52
32 768 1 073 741 824 8.21 4.94 6.90 13.19 29.03

(b) Strong scaling results.

Cores Time steps pt = 0 pt = 1 pt = 5 pt = 10 pt = 20
1 1 048 576 129.11 78.79 117.99 254.95 535.43
2 1 048 576 85.66 54.69 82.36 172.46 396.71
4 1 048 576 42.90 27.22 41.17 86.81 199.71
8 1 048 576 23.83 15.08 22.90 46.87 107.77

16 1 048 576 11.91 7.57 11.50 23.40 54.06
32 1 048 576 5.96 3.80 5.87 11.73 27.21
64 1 048 576 3.98 2.45 3.31 6.50 13.70

128 1 048 576 1.97 1.18 1.67 3.23 6.97
256 1 048 576 0.984 0.598 0.808 1.57 3.49
512 1 048 576 0.508 0.299 0.407 0.787 1.77

1 024 1 048 576 0.264 0.155 0.210 0.444 0.904
2 048 1 048 576 0.146 0.0864 0.114 0.210 0.465
4 096 1 048 576 0.0861 0.0506 0.0653 0.116 0.243
8 192 1 048 576 0.0548 0.0329 0.0405 0.0743 0.129

16 384 1 048 576 0.0400 0.0230 0.0272 0.0424 0.0767
32 768 1 048 576 0.0511 0.0241 0.0288 0.0376 0.0608

freedom in space. In particular we study the case

Mh = (1) and Kh = (1).

We use different polynomial degrees pt ∈ {0, 1, 5, 10, 20} and a fixed time step size
τ = 10−6. For a random initial guess and a zero right-hand side we run the algorithm
until we have reached a relative error reduction of εMG = 10−8. We first study the
weak scaling behavior by using a fixed number of time steps per core (32,768), and we
increase the number of cores when increasing the number of time steps. In Table 4(a),
we give computation times for different numbers of cores and polynomial degrees. We
observe excellent weak scaling, i.e., the computation times remain bounded when we
increase the number of cores. We next study the strong scaling behavior by fixing
the problem size, i.e., we use 1,048,576 time steps in this example. Then we increase
the number of cores from 1 up to 32,768. In Table 4(b) the computation times are
given for different number of cores and polynomial degrees. We observe that the
computation costs are basically divided by a factor of two if we double the number of
cores, but for 32,768 cores and pt ∈ {0, 1, 5} we obtain no speedup any more, since the
local problems are to small, i.e., for pt = 0 one core has to solve for only 32 unknowns.
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These computations were performed on the Monte Rosa supercomputer at the
Swiss National Supercomputing Centre CSCS in Lugano.

7. Conclusions. We presented a new space-time multigrid method for the heat
equation and used local Fourier mode analysis to give precise asymptotic convergence
and parameter estimates for the two-grid cycle. We showed that this asymptotic
analysis predicts very well the performance of the new algorithm, and our parallel
implementation gave excellent weak and strong scaling results for a large number of
processors.

This new space-time multigrid algorithm can be used not only for the heat equa-
tion; it is also applicable to general parabolic problems. It has successfully been
applied to the time dependent Stokes equations, where one obtains similar speed up
results as for the heat equation. Furthermore, this technique has been applied suc-
cessfully to parabolic control problems, but the analysis and the results will appear
elsewhere.
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