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A Waveform Relaxation Algorithm with Overlapping
Splitting for Reaction Diffusion Equations

Martin J. Gander
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Waveform relaxation is a technique to solve large systenmsdihary differential equations (ODES) in parallel.
The right hand side of the system is split into subsystemshvhre only loosely coupled. One then solves
iteratively all the subsystems in parallel and exchangisrimation after each step of the iteration. Two classical
convergence results state linear convergence on unbotingedtervals for linear systems of ODEs under some
dissipation assumption and superlinear convergence ondeadutime intervals for nonlinear systems under a
Lipschitz condition on the splitting.

To apply waveform relaxation to partial differential equas (PDES), one traditionally discretizes the PDE in
space to get a large system of ODEs, to which then the wavefelaration algorithm is applied using a matrix
splitting. There are two problems with this approach: finedimation about how to split the right hand side is lost
during the discretization; second the convergence redatiged in this fashion depend in general on the mesh
parameter and convergence rates deteriorate when the snesimed. To avoid those problems a new waveform
relaxation algorithm is formulated directly at the PDE leWiéne differential operator on the right hand side is split
using domain decomposition. Itis shown for a scalar readiffusion equation with variable diffusion coefficient
that the new waveform relaxation algorithm converges dimgarly for bounded time intervals and linearly for
unbounded time intervals, extending the two classical e@@nce results to this type of PDE. Interestingly the
superlinear convergence rate is faster than the supearlo@®aergence rate obtained by the traditional matrix
splitting methods. It is shown how the convergence rategmkkmn the overlap of the domain decomposition
and a Lipschitz condition on the reaction function. Thetspg of the right hand side is naturally given by the
domain decomposition and the convergence rates are rolthstespect to mesh refinement when the algorithm
is discretized.

KEY WORDS Waveform Relaxation, Domain Decomposition, RiesxcDiffusion Equa-
tions, Overlapping Splitting

1. Introduction

The basic ideas of waveform relaxation were introducedéridke 19th century by Picard
[24] and Lindel®f [15] to study initial value problems. Tieehas been much recent interest
in waveform relaxation as a practical method for the sotutibstiff ordinary differential
equations (ODESs) after the publication of a paper by Letasss Ruehli and Sangiovanni-
Vincentelli[14] in the area of circuit simulation. For somblems there is even a speedup
for the sequential version of the algorithm, but the readiiest lies in the inherent paral-
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2 Martin J. Gander

lelism of waveform relaxation methods, making them attvador large scale applications
([27], [13], [23],[18], [4]).

There are two basic types of convergence results for wawefetaxation algorithms
for ODEs: (i) for linear systems of ODEs on unbounded timervels one can show
linear convergence of the algorithm under some dissipa&sumptions on the splitting
([29], [20,21], [12] and [4]); (ii)) for nonlinear systems @DEs (including linear ones)
on bounded time intervals one can show superlinear conmeegassuming a Lipschitz
condition on the splitting function ([20,21], [2] and [3For classical relaxation methods
(Jacobi, Gauss Seidel, SOR) the above convergence respisd on the discretization
parameter if the ODE arises from a PDE which is discretizespisce. The convergence
rates deteriorate as one refines the mesh and thus makesttimsmenpractical.

Mesh dependence can be overcome using multigrid. Lubicl@eterman prove in [17]
linear convergence for the one dimensional heat equattepiendent of the mesh param-
eter. Their analysis based on an eigenvector approach leovwgenot easily generalizable
[4]. A more general approach to analyze multi grid wavefostaxation was given by
Ta'asan and Zhang [26]. Further results can be found in daressd Vandewalle [11].

Another way of overcoming mesh dependence is by formulatiegivaveform relax-
ation using Schwarz overlapping domain decompositions Tvas done simultaneously
and independently by Gander and Stuart [8] who establiskadts of type (i) and by Gi-
ladi and Keller [10] who established results of type (ii)ttoéor dissipative linear PDEs.
We call this type of algorithms overlapping Schwarz wavefeelaxation.

In this paper we extend the linear and superlinear convemesults established in [8]
and [10] for overlapping Schwarz waveform relaxation to lim@ar parabolic equations
of reaction diffusion type with variable diffusion coeficit. The main tool in the analysis
is a Positivity Lemma, which is established in Section 2. &tt®n 3. we formulate the
overlapping Schwarz waveform relaxation algorithm fori&ction diffusion equation. In
Section 4. we prove linear convergence of the algorithm drounded time intervals at the
continuous level provided the growth of the reaction fumetis bounded by the smallest
eigenvalue of the Laplacian. In Section 5. we prove supsglitonvergence of the algo-
rithm on bounded time intervals assuming the growth of tlaetien function is bounded
from above by any finite constant. In Section 6. we generdlizeresults of Sections 4.
and 5. to the case where the diffusion coefficient varies ats@nd time. Numerical ex-
periments which support the convergence analysis aremiegbe Section 7. In the last
section we show how our estimates can be sharpened usinglatgament. We also show
how the analysis can be generalized to several subdomaitisteto an inherently parallel
algorithm. We conclude by an outlook on how the present amlyould be extended to
higher dimensional problems.

2. The Positivity Lemma

The Positivity Lemma is central in our analysis of the oveplag Schwarz waveform
relaxation algorithm for reaction diffusion equationss firoof can be found for example
for bounded time domains in [22], where the result is deddiced a Maximum Principle.
We give here a simple direct proof valid for unbounded timmedms as well.

Lemma 2.1. (Positivity Lemma) Suppose the functian € C([0, L] x[0, co])NC?1((0, L) x
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A Waveform Relaxation Algorithm with Overlapping Splittifor Reaction Diffusion Equations 3

(0, c0)) satisfies the differential inequalities

‘ 2
%%’—cz(a:,t)g%wLa(az,t)w > 0 0<z<L,t>0
w(0,t) > 0 t>0 (2.1)
wl,t) > 0 >0
w(z,0) > 0 0<z <L,

wherea(z,t) is a function bounded from below(z,t) > C for some constanf and
c*(z,t) > 0forall z € (0,L) andt € (0,00). Then

w(z,t) >0 Vzel0,L],te]0,0).

Proof Consider the case first where the functidiz, ¢) is strictly positive,a(z,t) > 0
forall z € (0,L) andt € (0,00). To reach a contradiction, suppose that the function
w(z,t) becomes negativey(z,t) < —0 < 0 for some positive quantity and some
z,t € (0,L) x (0,00). By continuity there exists a first timig and a pointz; wherew
reaches the valueg, w(zo,to) = —g. Then the time derivative af at that point is non-
positive,w;(zo, ) < 0and the second spatial derivative is non-negative{zo, to) > 0,
since otherwise there would be a point neafby, t) at whichw is already smaller than
—%. Butw satisfies the differential inequality (2.1),

wy (o, to) — 2 (, )wee (o, to) + alzo, to)w(zo,to) > 0,

which is a contradiction, since the first term is non posjtikie second non-negative and the
third one strictly negative. Therefore the functiortan not become negative in the interior
of the domain. But on the boundary, it is non-negative by dt&im and thus the result
follows. Now for general functiong(z, t) which are bounded from below(z,t) > C,
consider the function := e“*w. This function satisfies the differential inequality

vg — (2, ) g + (alz,t) — C)v >0,

with non-negative initial and boundary data. Becawge t) is bounded from below by’
we havea(z,t) — C' > 0 and hence by the above argumertan not become negative.
This implies thatw cannot become negative either, since= ¢ ~“*v, which concludes the
proof. [ ]

Remark: It suffices forw to be piecewise continuous at the boundary for the Lemma to
hold, since the continuity at the boundary was not used ipthef.

All the convergence results we obtain in this paper are faitinaous problems and
depend on the Positivity Lemma. An identical convergenadyais applies to the semi
discrete equations, as it was shown for the heat equati@j,ipfovided we have a discrete
Positivity Lemma. For completeness we present here a diséesitivity Lemma for a
finite difference discretization.

Suppose the inequalities (2.1) have been discretized bytaresl finite difference scheme
on a grid withr gridpoints,h = L/(n + 1). Then settings; (t) := a(jh,t) andc;(t) :=
c(jh,t) forj =1,2,...,n we get the set of discrete ODE inequalities

‘Z—’;’ > A(t)w 2.2)
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4 Martin J. Gander

where the matrixd(t) is given by

—261 (t) — a (t)hz C1 (t)
A(t) _ 1 Cg(t) —QCg(t) — ag(t)h2 Cg(t) (2 3)
cn(t) —2¢,(t) — a,(t)h?

and the initial conditionv(0) > 0. Note that all the inequalities are componentwise.

Lemma 2.2. (Discrete Positivity Lemma) Suppose:;(t) and a;(t) are bounded for all
t>0andl <j <n.Then
w(t) >0 Vte0,00).

Proof Using an integrating factor in (2.2) we obtain
w(t) > elo A®)dsqy(0).

Now definingC' := sup; ,(2¢;(t)/h* + a;(t)) and denoting the identity matrix by,
the exponential can be split into a scalar factor and the mempiial of a matrix with non
negative entries only,

w(t) > e—CtefOt A(s)+C’Ids,w(0)_

Thusw(t) > 0 sincew(0) > 0. [ |

3. The Overlapping Schwarz Waveform Relaxation Algorithm

We consider the one dimensional reaction diffusion equatiothe domairf2 = [0, L] x
[0,T),

2
8_1; = c%x,t)%Jrf(u) 0<z<L,0<t<T
u(0,t) = ¢1(¢) O<t<T (3.1)
U(Lat) = 92(t) 0<t<T
u(z,0) = wup(x) 0<z<L

with f € C'(IR) and¢? < ¢?(z,t) < ¢ for0 < z < Land0 < t < T. We assume
that f'(u) < C for a finite constant” and that the given data (¢), g2(t) andug(t) are
piecewise continuous. This gives existence and uniquexi@ssolution to (3.1) [22].

To obtain a waveform relaxation algorithm for (3.1) we depose the domaif? into
two overlapping subdomain®, = [0,5L] x [0,T) andQ, = [aL, L] x [0,T) where
0 < a < B < 1asgivenin Figure 1. We define two subproblems

%% = c2(x,t)%+f(v) 0<z<BL,O<t<T
v(0,t) = g1(t) 0<t<T (3.2)
v(BL,t) = w(BL,t) 0<t<T
v(z,0) = wup(z) 0<z<pBL
and )
%_t = c2(a:,t)677§+f(w) alL<z <L, 0<t<T
w(aL,t) = wv(aL,t) 0<t<T (3.3)
w(lt) = g 0<t<T
w(z,0) = wuo(w) alL <x < L.
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Figure 1. Decomposition into two overlapping subdomains.

Note that setting/(x,t) := u(x,t) on @ andw(z,t) := u(z,t) on 2, is a solution to
(3.2) and (3.3). A waveform relaxation algorithm to obtdiistsolution can be formulated
using a Schwarz type iteration introduced for elliptic gesbs in [25] and further studied
in [16], [6] and references therein. In the parabolic caseohtain the overlapping Schwarz
waveform relaxation algorithm

k+1 2, k+1
@at— = Cz(ﬂf;t)agx +fWEY 0<z<BL,O<t<T
okt 0,t) = gi(t) o0<t<T (3.4)
vHH(BL,) = wh(BL,1) 0<t<T
vM(2,0) = uo(z) 0<z<BL
and
k+1 2, k+1
a—wat— = () 5’2 + fwh)  aL <z <L, 0<t<T
whkt! (aL,t) = v’”(aL,t) 0<t<T (3.5)
whtH(L,t) = ga(t) 0<t<T
wht(z,0) = wuo(z) aL <z <L.

To analyze the convergence of this algorithm to the solutian ¢), define the errors on the
subdomaing* (z,t) := vk (x,t) — u(z,t) ande® (x,t) :== wk(x,t) — u(z, t) and consider
the error equations

a‘g;l = (z,t) azd;;l + fI(gF)dh ! 0<z<pBL O<t<T
d**10,t) = 0 0<t<T
d*"Y(BL,t) = €*(BL,t) 0<t<T
d**1(z,0) = 0 0<z<pL
(3.6)
and
@ak:—l = A(x,t) 8286:;1 + f'(nktL)ertt al <z <L 0<t<T
efti(al,t) = d*(aL,t) 0<t<T
eFTHL,t) = 0 0<t<T
ek (z,0) = 0 al <z <L,
(3.7)

where we have used the remainder term in Taylors theorem,

FH) = flu) = €k
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6 Martin J. Gander

for some functiore®*1(z, t) which lies between**!(z,t) andu(z,t) for 0 < = < BL,
0 <t < T,andsimilarly

P = flu) = £ ek

for some functiom*+! (x, t) which lies betweem*+! (z,t) andu(z,t) foraL < z < L,
0<t<T.

We first consider the case where the diffusion coefficienoisstantc?(z,t) = ¢*. The
case with variable diffusion is investigated in Section 6.

4. Linear Convergence on Unbounded Time Intervals

We prove linear convergence of the overlapping Schwarz feawverelaxation algorithm
(3.4) and (3.5) on unbounded time intervals= oo. We consider in the following func-
tions in L>® := L>(IR™; IR) with the infinity norm

1F Oloo = suplf(t)l-

Lemma4.1. Suppose that the derivative pin (3.1) is uniformly bounded from above by

a constantz < (CL") Then the error in the iteration (3.6), (3.7) decays lingaoh the
interfacest = oL andx = L. Specifically

&2 (aL, )loo < Alld*(aL, )]0, (4.1)
1€ 2(BL, Moo < Al (BL, )loos (4.2)
where the factoty € (0, 1) is given by
sin(¥2(1 - B)L) \ (sin(*ZEalL)
sin(¥*(1 — a)L) sin(**3L)
Proof Consider the differential equation
Gk 3k -
3%:2 = c2%+ad’c+2 0<z<pBL, t>0
d*2(0,t) = 0 t>0
A (BLt) = |l (AL, )l t>0 (4.4)
. in(¥2
#2(@,0) = [l (Bl ne ) 0 <0 <AL
sin(\/TEBL)
The solution to (4.4) is the steady state solution
. ﬁ )
32(2) = ¢ (AL, Yl ) (45)
I I sin(¥24L)

Note thatd**2(z) is non-negative fob < z < L since—oco < a < (T’T) . Hence the
differencew := d*+? — d*+2 satisfies

aa_qé; _ 0232_11) +adtt? — frEFF2)E2 0<z < BL, t>0
w(0,t) = 0 t>0 (4.6)
w(BL,t) > 0 t>0
w(z,0) > 0 0<z<pBL.
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A Waveform Relaxation Algorithm with Overlapping Splittifor Reaction Diffusion Equations 7

To apply the Positivity Lemma, note that the term on the rigdmd side in (4.6) can be
written as

ad~k+2 _ fl(£k+2)dk+2 — adk+2 _ fl(€k+2)dk+2 + fl(€k+2)dk+2 _ fl(€k+2)dk+2
= (a—f1(EF)dT? + F1(E .
Now using the fact thai**?2 is non-negative and the assumption tifiais bounded by,
the first term on the right is non-negative and therefore tiréigd differential equation in
(4.6) can be replaced by a differential inequality, namely
ot ox?
Now the Positivity Lemma applies so that = d*+2 — d*+2 > (. A similar argument

holds for the sumi := d**2 4 d**2 > 0, and thus the modulus af*2(z,t) can be
bounded by

— (" w >0, 0<z<pBL,t>0.

. ﬁ )
d* 2 (z, )| < d*3(x) = || T (BL, - misln( c ? . 4.7)
a7 (1) < d¥7(z) = || (BL, )] an(L5L)
Similarly on the second subdomain
in(Xe(r, —
€4 2,6 < @ (oL, )l e =) @.38)

sin(¥2(1 - a)L)

Evaluating this last equation at= L, taking the supremum over dll> 0 and inserting
the result into equation (4.7) leads to the inequality

in(X2(1-8)L in(¥2
@20, 0)] < ld*(aL, ) | RCLUZ AN (00D ) )
sin(¥2(1 - )L) ) \sin(X24L)
Now evaluate (4.9) at = «L and take the supremum owver 0 to obtain

14" (aL, )l < Alld" (L, )|l

with v as given in (4.3). The second inequality is obtained sityildr remains to show
that with the given condition oa the convergence facter < 1. Consider the cases= 0,
a<0andl <a < (%)2 separately. Fot = 0 the result for the heat equation obtained
in [8] is recovered, namely
lim v = M
a—0 ﬁ(]_ — Oé)
which is clearly less thabhfor 0 < a < 8 < 1. Fora < 0 the factory can be rewritten as

, (4.10)

VIal g7y cotn(¥1
7:c0th( —BL) — coth(~——=L) (4.11)

coth( \/maL) - coth(@L) '

c

Noting thatcoth(z) is monotonically decreasing far> 0 and using the fact thét< o <
B < 1one obtaingy < 1 fora < 0. In the last casd) < a < (%)2 rewritery in the form

cot(@ﬂL) — cot(X*L)
cot(L2aL) — cot( “L)‘

C c

B
h

(4.12)

IS
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8 Martin J. Gander

Noting thatcot(z) is monotonically decreasmg for< z < 7 and usmg) <a<pf<l

one obtains agaify < 1for0 < a < (<& ) Hencey < 1fora < (< ) and the proof is

established. [ |
For any functiory(z, t) in L*°([a, b], L>°) we introduce the norm

g (s lloe == sup gz, )loo-
a<z<b

Theorem 4.1. (Linear Convergence)Assume that the derivative $in (3.1) is uniformly
bounded from above by a constank ( ) Then the overlapping Schwarz waveform
relaxation algorithm for the reaction diffu5|on equatiag® 1) with two subdomains con-
verges linearly for any initial guess at a rate depending loa $ize of the overlap and the
ratio of the constant to the diffusion coefficienf. Specifically

e < A Culle’(BL, )l (4.13)
e lee < A Oalld (L, )]loos (4.14)
where
sin(¥2(1 - B)L) \ (sin(*ZEalL)
Y= Z . (4.15)
sm(‘[(l —a)L) sin(\/TEBL)
and the constant§'; andC5 are given by
sin(@w)
c, = sup —<——
0<e<BL sin(Y24L)
N (4.16)
sin(*~(L — x))
Cy, = sup \/_—_
aL<e<Lsin(¥*(1 — a)L)
Proof From equation (4.7) in the proof of Lemma 4.1. one obtains
. ﬁ )
P (1, 8)] < (|2 (BL, | D) (4.17)
| | <l | an(L5L)

Using Lemma 4.1. fof|e** (3L, -)||« in (4.17) and taking the supremum:ron the right
leads to
|+ (@, )] < Ciy*l1e®(BL, )|

which is the desired uniform bound inand¢. The second inequality is obtained analo-
gously. ]

We now analyze how the rate of convergenaepends on the size of the overlap deter-
mined by the parametecsandﬁ and on the constantsandc? given in the problem. First

note that fore = (—) the iteration factor becomes

_sin(n(1 - B3)) sin(ma)

) sin(ma)
~ sin(n(1 — a)) sin(xB) L

The last step follows from the |dent|tyn( b) = sin(a) cos(b)—cos(a) sin(b). Hence the

iteration stagnates far = (<= ) Fora < (T’T)2 Figure 2 shows how depends om for

L =1anda = 0.4, 3 = 0.6 andc? = 1. The graph depicts clearly that the convergence of
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a

Figure 2. Dependence of the iteration factoon the constani given by the problem

. . . . . . . . . . . .
0 0.1 0.2 0.3 0.4 05 ] 0.1 0.2 03 0.4 05 0.6 0.7 0.8
alpha alpha

Figure 3. Dependence of the iteration facioon the overlap size on the left (fixgt) and on the
position of the overlap (fixe@ — a) on the right fora = 1

the algorithm becomes faster the smadiés. This agrees with the intuition that the smaller
a is the faster the solution decays. In fact from (4.11)
lim v=0.
a—r—00
Note that a small diffusion coefficient amplifies the effect of.

The dependence on the overlap is shown in Figure 3. On ththkeftize of the overlap
is varied by fixings = 0.6 and varyingx € [0, 0.6]. Clearly the iteration converges faster
if the overlap is increased by decreasimgOn the other hand, if the overlap approaches
zero, the convergence factor becomes, using (4.3)

li =1

sy
and thus the algorithm does not converge without overlajs @grees with intuition as
well, since without overlap, no information is exchanged.

In Figure 3 on the right the size of the overl&p— « = 0.2 is fixed and the overlap

is moved across the domain from= 0 (8 = 0.2) to « = 0.8 (4 = 1). Note that the
convergence is slower if the overlap is in the center. As therlap moves towards the
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10  Martin J. Gander

boundary convergence gets faster and faster, until irstaous convergence is obtained if
one subdomain spans the whole domain.

5. Superlinear Convergence on Bounded Time Intervals

We consider now bounded time intervaisz [0,7"), T' < co. with the usual infinity norm
for functions inL>°([0, T'); IR),

NF Oz == sup [f(B)].
0<t<T

We are generalizing ideas introduced by Giladi and Kellefli] for linear parabolic
problems. A reformulation of their analysis in terms of Maxim Principles permits the
extension of their results to reaction diffusion equatidre following Lemma establishes
superlinear convergence of the overlapping Schwarz wawefelaxation algorithm on the
interfaces.

Lemma 5.1. Suppose that the derivative ¢fin (3.1) is uniformly bounded from above,
f'(u) < aforall uw € IR. Then the error in the iteration (3.6), (3.7) decays slipearly
on the interfaces = oL andxz = BL. Specifically

@L< maxe Vet " D@ @l 6
IEHGL )l < maer?, Derte BB G 62)

Proof Consider the differential equation on the quarter plane,

Th+2 o a2 Gk+2 _
3_dat_ — c2%+ad’““ e <BL,O<t<T
d+2(BL,t) = |ekI(BL, 1)) 0<t<T (5:3)
d+2(z,0) = 0 ¢ < BL.

Its solution is shown in Cannon [5] to be
t
dt? = / K, (BL — x,t — 7)e* =) M (BL, 7)|dr, (5.4)
0

where the kernek, (z, t) is given by

22

Ko (z,t) = P (5.5)

T _
o /mcts2”

Thusd®*2 is non-negative. Consider the differengce= d**2 — d**2 which satisfies the
differential equation

ow 5 0w Fh+2 10 k42 k42
T R AL
_ 0282_11) + (a_fl( k+2))Jk+2 +fl( k+2)w
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A Waveform Relaxation Algorithm with Overlapping Splittjrfor Reaction Diffusion Equations 11

Sincea is an upper bound on the derivative plandd*+?2 is non-negative the terfu —
f'(n**+2))d**2 is non-negative and thus satisfies the differential inequalities

2
3_15_(397@5_f'(nk+2)w > 0 0<z<pL0<t<T
w(0,t) > 0 0<t<T (5.6)
w(BL,t) > 0 0<t<T
w(z,0) = 0 0<z<pL.

By the Positivity Lemmaw = dk+2 — gk+2 > 0. A similar result holds for the sum
@ := d**? 4+ d**+2 > 0 and hence the modulus df*+2(z, t) can be bounded by

|d* 42 (2, )| < 42 = / Ka(BL -yt =) N BL Dl (5.)
0
By a similar argument the modulus &ft! (z, t) can be bounded by
lef 1 (z,1)] < /t K,(z — aL,t — 7)e**"7|d*(aL,T)|dr, (5.8)
0
Evaluating (5.8) ai L and inserting it into (5.7) one obtains

t T
#5201 < [ oL =)0 [ K (5L 7s)e (oL o)
0 0

(5.9)
By induction

t
|d**(aL,t)| < / K.((B—a)L,t —sp)e™t=5) ...
S2k—1
/ K. ((—«a)L,sop—1 — 82;@)6“(82’“*1_52k)|d0(aL, Sop)|dsag - - - dsq.
0

(5.10)
First note that the exponential terms can be combined, Isecau

ea(tfsl)ea(slfsg) . ea(SQk_lfsgk) — ea(tfszk)-

Hence one can take the supremune®f—*2+) and|d®(a.L, s2x)| out of the integral,

t
|d?*¢(aL,t)] < ||d0(aL, )]s max(e, 1) / K. ((B—a)L,t—s1)---
S2k—1 0 (5.11)
/ K. (B —a)L, sak—1 — Sai)dsay - - - dsi.

0

To unfold the convolutions, note that the Laplace transfofia convolution is the product
of the Laplace transformed kernels. In our case the Laplaresfiorm of the kernel is
(Abramowitz [1])

UK, (B — )L, t)dt = e~ 3 VE
0
and thus thek-fold convolution is the product of identical exponentiaisthe Laplace
transformed domain,
6_2’9(/32;0‘)‘3 \/g
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12  Martin J. Gander

Backtransforming this expression, one finds the bound
t
(L, 1)) < ||d0(aL,-)||tmax(e“t,1)/ K. (2k(8 — @)Lt —T)dr.  (5.12)
0

Performing the variable transform

_ k(B —a)L
At—1)

in the integration leads to

. k(B —a)L
d**(aL,t)| < max(e®, 1)erfd ——="2)||d° (aL, )|]:.
|[d™" (L, t)| < max(e™, 1)erfo( T ) d(aL,-)|l:
Noting that the expression on the right is nondecreasingnmequality (5.1) follows. In-
equality (5.2) is obtained similarly. [ ]

Defining for any functiory(z, t) in L*°([a, b], L*°) the norm
Mgz := sup lg(z, )]l
a<lz<b

one obtains

Theorem 5.1. (Superlinear Convergence)Assume thaf’ in (3.1) is uniformly bounded
from above by an arbitrary constaat Then the overlapping Schwarz waveform relaxation
algorithm for the reaction diffusion equation (3.1) withcngubdomains converges super-
linearly for any initial guess at a rate depending on the St¢he overlap, the length of
the time interval and the diffusion coefficient. Specificall

N1l < max(e2“T,1)erf0(%)”eo(ﬁ[a')|h (5.13)
e ol < maxe”, Derto MR Ly (514

Proof From inequality (5.7) in Lemma 5.1. one gets
T
5 (2, 8)] < [|e2* (8L, )| / Ko(BL — 2,7 — 1) =7 dr.
0

Taking the maximum of the exponential out of the integral anting that the remaining
integral is bounded by unity, one gets.

(@ (@, )] < max(e"  1)[|e (8L, ).

Now application of Lemma 5.1. leads to the desired resule 3écond inequality is ob-
tained similarly. ]
Remark: It is interesting to note that this superlinear convergaate is faster than
the traditional superlinear convergence rate, which isiefform(CT)* /k! for waveform
relaxation algorithms with matrix splittings, since asyotjally
1 22 Cck 1 e In DOk
erfo(Ck) ~ N KO whereas T kink+(1+in O)k
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A Waveform Relaxation Algorithm with Overlapping Splittjrfor Reaction Diffusion Equations 13
6. Variable Diffusion Coefficient

To obtain explicit convergence rates we need to bound theisnlof the partial differen-
tial equation with variable coefficients with the solutidrecconstant coefficient equation.
Then the above analysis can be applied. Such comparisoltsrasel obtained in the fol-
lowing subsections.

6.1. Steady State Upper Bound

Consider the differential equation with variable coeffitse

ou *u
T c(m,t)w-i—a(:v,t)u 0<z<pBL,t>0
w(0,t) = 0 t>0 (6.1)
w(BLt) = () t>0
u(z,0) = 0 0<z<pL,

wherea(z, t) is a function bounded from belowz,t) > C for some constant’ and
c1 < (z,t) < ¢ for strictly positive constants < ¢; < ¢ forallz € (0,L) and
t € (0,00) and compare it with the constant coefficient steady statatemqu

8%v

0 = 62W+€w 0<z<pBL
v(0) = 0 (6.2)
v(BL) = |lg()lls

Lemma6.1. If

& =sup (e, 1), aza2;((”§;tt)), 0<z<BL t>0 (6.3)
and
er\ 2

o< (51) €4

thenu(z) is a bound onju(z, t)|, v(z) > |u(z,t)],0 <z < BL,t > 0.

Proof Define the differences(z, t) := v(z) — u(z, t). Thenw satisfies

ow  ,0% u
o5 = Gz (w,t)@ +av — a(z, t)u
= @ -2l + @) 46— ale, ) +alz, tw.
) a‘r2 ) a‘r2 ) )

So if we can show that

F(z,t) := (&* - cz(w,t))% + (@ —a(z,t))v >0

then by the Positivity Lemma(x,t) > 0 and we are done. Using the differential equation
(6.2) we have

02 a

o2~ &’
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14  Martin J. Gander

and thus
a(e® — (1))

F(z,t) = (—6—2 +a— a(z, t)) v.

Now note tha > 0 with condition (6.4). So the second factorii{z, t) is non-negative,
and the first one becomes non-negative using the conditto8) &ince

—a(e? — A(m,t)) + ac® — a(x, ) ac’(z,t) — a(x, t)é?
& - 2 20,

which concludes the proof. ]
Using this lemma to construct an upper bound, the linear eg®nce results can be
extended to a variable diffusion coefficient.

6.2. Superlinear Upper Bound

Consider the differential equation with variable coeffits

@ 0%y

= — L T
o c(x,t)8$2+a(x,t)u r<pBL,0<t< (65)
w(BL,t) = g(t) 0<t<T :
u(z,0) = 0 z < pL,

wherea(z, t) is a function bounded from belowz,¢) > C for some constant’ and
c1 < c*(z,t) < e for strictly positive constants < ¢; < ¢, forallz € (0,L) and
t € (0,T] and compare it with the constant coefficient equation

2
v - 290 G w<BLO<t<T
ot or? (6.6)
v(BL,t) = |lg()lle 0<t<T
v(z,0) = 0 z < BL.
Note that these are quarter plane problems.
Lemma6.2. If
& =supc®(x,t), a>¢é a(z, 1) 0<z<PBLO<t<T (6.7)

z,t 02(33,1‘2),
thenu(z, t) is an upper bound on(z, t),
v(z,t) > |u(z,t)|, «<PL 0L<t<T.

Proof Define the differences(z,t) := v(z,t) — u(z, t). Thenw satisfies

ow  ,0% u | .
5 = ¢ @—c(x,t)@-l-av—a(x,t)u
= (@ -E( t))& + A lt)i + (@ - alz, t)v + alz, tw.
) 952 Y oz2 ’ ’

So if we can show that

8%v

F(x,t) := (&* — c2(az,t))@

+ (@ —a(z,t))v >0
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A Waveform Relaxation Algorithm with Overlapping Splittjrfor Reaction Diffusion Equations 15

then by the Positivity Lemma(z,t) > 0 and we are done. Using the differential equation

(6.6) we get
Po_L (0
0x2 2 \ Ot
and thus
02 _ 2(0 1) O a(e2 — 2(x.t
F(w,t):%ﬁ’)a—:-l-(—w+&—a(w,t))v.

Now % > 0 onz = L by the monotonicity of the boundary condition and at 0 since
v(z,t) > 0 by the Positivity Lemma. Sinc%’tl satisfies a linear reaction diffusion equation
as well, we havé};’ > 0 throughout the domain by the Positivity Lemma. Hence the firs
term in the sum is non-negative by the definitioré®fIn the second term of the sum, the
first factor is non-negative by the conditions of the Lemmé tre second factar(z, t) as
well by the Positivity Lemma, which concludes the proof. ]

Using this lemma to construct an upper bound, the superlcmaergence results can
be extended to variable coefficients.

7. Numerical Experiments

We perform numerical experiments to measure the actualecgance rate of the overlap-
ping Schwarz waveform relaxation algorithm and compareiti whe theoretical bounds
derived in the previous sections.

7.1. Linear Example
Consider a linear example problem, for which the derivedidsiare expected to be sharp,

ou 8*u

o = W+au O<ax<l,0<t<T
u(0,t) = 0 0<t<T (7.1)
u(l,t) = et 0<t<T
u(z,0) = 2?2 0<z <L

First we choose a large time intervdl, = 4 to be in the linear convergence regime. To
solve the partial differential equation, we discretize ttaplacian using centered finite
differences and the backward Euler method in time on a grttl wir = 5 x 10~2 and
At = 4 x 1073, For the first experiment we choose the constasat5 and split the domain
2 = [0, 1] x [0,T) into the two subdomaing®; = [0, 3] x [0,T") andQ; = [a, 1] x [0,T")
for two different overlapsia, 3) € {(0.4,0.6), (0.45,0.55) }. We call the grid point at the
interfaces L grid pointb and measure the error in the infinity norm in time at this gothp
Figure 4 shows on the left the convergence of the algoriththeagrid pointh for the two
overlaps. The solid line is the predicted convergence i@terding to Lemma 4.1. and the
dashed line is the measured one. The iteration with the bigelap converges quicker as
expected. The measured error displayed is the differenweske the numerical solution
on the whole domain and the solution obtained from the domedomposition algorithm,
and we used as an initial guess for the iteration the confitation v°(z,t) = 1. For
the second experiment we fix the size of the ovedag 0.4 andg = 0.6 and vary the
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16  Martin J. Gander

Error at grid point b
w
5

o1 o s T R S R R B R S R
Figure 4. Theoretical and measured linear decay rate ofrtbefer two different overlaps on the
left and for three different values afon the right

Error at grid point b
Error at grid point b

L L L L 8 L L L L L
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Iteration k Iteration k

Figure 5. Theoretical and measured superlinear decay frétte error for two different overlaps
on the left and for two different values afon the right

constanta € {—2,5,72}. The results are shown in Figure 4 on the right. Note how the
iteration stagnates far = 2.

To test the superlinear convergence bounds, we choose &tisheinterval, 7’ = 0.1.
Using the same numerical method as before on a grid vith= 5 x 1072 andAt = 1 x
10—* we perform the above experiments again. Figure 5 shows olefiithe superlinear
convergence of the algorithm at the grid pairfor the two overlaps and on the right the
same overlap for two values of the constarg {—2,12}. The solid line is the predicted
convergence rate according to Lemma 5.1. and the dashed line measured one. Note
that the iteration converges in the superlinear regime ¢veagh the constant > 72.
Furthermore one can see that the asymptotic convergemds rait affected by the reaction
terma, there is only a constant factor introduced for langas predicted by the analysis.
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Error at grid point b
-
5

H
S,
Error at grid point b

L L . L L L L L . L L L L L
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6
Iteration k Iteration k

Figure 6. Theoretical and measured decay rates of the emrtrd nonlinear example problem

7.2. Nonlinear Example
Consider now a nonlinear example problem, namely

ou &u

o = W+5(u—u3) 0<z<1,0<t<T
u(0,t) = 0 0<t<T (7.2)
u(l,t) = et 0<t<T
u(z,0) = a° 0<z<l1.

We apply the same numerical method as in the linear casepethes we treat the nonlinear
part explicitly in the backward Euler scheme. we split thendin witha = 0.4 andg =
0.6. Figure 6 shows on the left the convergence behavioffer 4 where the iteration is
in the linear regime. The solid line is the predicted coneeg rate according to Lemma
4.1. and the dashed line is the measured one. On the righireFigshows the superlinear
convergence behavior of the algorithm f6r= 0.1. As before the solid line denotes the
predicted convergence rate according to Lemma 5.1. andatsieed line is the measured
one.

8. Generalization and Future Directions

We first want to show how sharper estimates can be obtainadhbanes stemming from
the global assumptions on the growth of the reaction funcfioBoth the linear conver-
gence Theorem 4.1. and the superlinear convergence Thenfemastablish a uniform
contraction in a balB C L*°([a, b], L*°). The radius of the ball depends on the growth
rate of the reaction function, the quality of the initial ggeand in the superlinear case on
the length of the time interval. Since all the iterates remiaithe ballB, the constan in
the convergence rates stemming from the global boundedsssmption on the derivative
of the reaction function can be sharpened using the locahat f'(u) < a foru € B
and Theorems 4.1. and 5.1. still hold.

Second it is of interest to generalize the results for twodsufains to many subdo-
mains to obtain an algorithm which can be run in parallel. Tilvear convergence result
in Theorem 4.1. can be generalized in the same way as the festiie heat equation

31/10/2002 22:54 PAGE PROOFS paper



18  Martin J. Gander

was generalized in [8]. The resulting convergence rate kienwill depend on the num-
ber of subdomains as in the heat equation case, and the gemeerwill slow down as
one increases the number of subdomains, because infomietio the boundary of the
whole domain has to propagate into the interior across gubdts, taking one iteration to
cross each subdomain. This is because the steady stats Gasgng the convergence rate
on unbounded time intervals. This is different when the dingar convergence result in
Theorem 5.1. is generalized to many subdomains. Here irdomis propagated from the
initial condition, to which every subdomain is directly catted. Hence the convergence
rate will not depend on the number of subdomains. This cae®e directly from the local
decay properties of the kernel functions in the proof of Tkeen5.1. and is analogous to
the heat equation case investigated in [7].

Finally for applications results in higher spatial dimesavould be needed. The main
tool in the convergence analysis of the one dimensionalisabe Positivity Lemma 2.1..
This Lemma holds in higher dimensions as well [22]. In thetleepiation case, the one
dimensional results in [8] have been generalizeditdimensions in [9] by first using
the maximum principle in higher dimensions and then redytie estimates to the one
dimensional case. Such an approach is currently pursuéé ireaction diffusion case.
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